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5] 2 Since h (x) is harmonic on a neighborhood of B (a,r), we have

fﬁhtﬂda(x)=h(ay

(PE3C: Rl h () FERAABIR BCa,r) AL B | h(x)do(x)=h(a).)

iX L “we have” JE AR FATA " AF 24 AR 09, i & B o] RAAG A A8
e, A “we have™ Al LA AL one has™ , sl 1 i 45 et 45t , AR AS 52 i) I8

FRT.EXNFENAFTNTENERERANBEEMN

G NI Rt o S g e 7R (g (0D ARV 1 P S S G DI G R £ o O 2
A FE A AR . TR A BUAR B i B A SR A RS e AN gt T A H A
e 2O oK AEHE T A S B h EE e ARk e L KA R R R R
X b A S AR e W RS DR A R R TR i AR R O oK AT
AL

I KA %

TNESHRKEEHEB BN HERAZ s XX T EFAH T
ZA W) A A Bl 2 6 & 4), MiF 2 FEK . RAZ80 55—
PR, AN e e T B /) sUAL 5 ), ml BB AT TR 2B M 1 (i iy RGE) i ATR 55,
HL ] B4 w6 R 2% R LR sl 4ok 722 .

2. Ak FR 5E Bl i {o FH A3 &

AE BR € 3h ] 42 45 A 5 5, 406 ( BRAE 43 18) ik 25 4316 ) #0844 38, AT A 4 A
AR ARAR 5, 220 T E AR AR A, LK 3 4] 7 0k ] i i 50K

3. 24 Al A g b B At Tl 4k 22k i TE 3t B R B

Fir 3 24 1A A 45 #4 ( nominalization ) g & — Fl LA 44 8] 2k O i) (9 4638, v LY
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5l 1 The line rotates on x-axis, which forms a conicoid. (1% B 2% %% x B HES: |
e 17— b . )

1 f2 &R rotate ¥ i 44 17 rotation, | [ (1) 7] F 7] &5 K

The rotation of the line on x-axis forms a conicoid.

X, The rotation of the line on x-axis gt /& — AL E . BT mIHNE
(1) 5 WL FL (o 2 3k B ] ity , 22 8800 1 1 P 5 SRR AR 8 22 b A T 24 il fe 45 4, 3X
—¥F R AR Sl P AT P R B, R ) R L — B B SO R bR L /D
bl KR LA 2 il e S5 R U BE O § 4.1) ;s = 0 i1 TR0 E0 A 40 N i
JOT, s A is AR RN AT as BT BUE R L R R R - R TR AR
Z  LLVEATT R e n) 77 A ) 24 T A 450 i e B0 AE SR, b DL =ity " R S
Hia] 0 positivity ( IE ) , additivity ( 0] EE ) |, divisibility (3B ) %5 .
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f5l 2 Now we investigate whether the functions are integrable and why they are

integrable or not. (% 30 : BUAE , AT BF 981X £ p& BOE & o] BLLL SCE AT o] Bl A
A R ) o

A IE %5 1] integrable ( A] U ) 4 j) 45 14 integrability ( °] %) , &) - 0]
5 L :

Now we investigate the integrability of the functions. ( 1% 3 : BU7E , F A1 K W %5
IX 2 o B A AR L)

XY, 44 il fk 45 #4) integrability of the functions {83 | whether fil why 5| 1
M) AN ) - 157 0, 10 L S A e ol B

KT R ERM"RE W E AT 2 W F B LHSM‘ 1E4 Ja R 3
i AT LA DL 2 2o o HC At B ) A 2Rk @9 A

FR=Z HFENELE+SHRE

I BUefr s o XM RR A TR

TS R RERPCENEWRERTRA 8 CH, B2 (455 :0)
B R AFERBCE NS BERCE I F T H, BRI T W, % 7R 8CE s
UES R R o4 B

2. Al ARGE 2 a5 KR % B

BOEL AR, B ARECA AR TE il % DL ) 2 3e) 41 49 98 5 i B, o] DR
i EBCA P HARE S Lo ENRECEEE S B E A Gy, 2 80r K
1)1 B

LA I X B AR B BE A Y . A0 ; integer (48 880 , diameter ( FL42) ,
differential ( fi{4} ) , triangle ( = ffi}f£ ) , parallelogram (SF47 UL IE ) | fractal (43 JE ) ,
sheaf( J2,#% ) , continuum ( #£E4t ) , probability (#£3€) , capacitable ( 0] B Z5 511 ) |
homeomorphic ( [d] I/ ) , homologous ( [] ] /1 ) , holomorphic ( 4= 4l i ) .

A] BT B JUA [R) S %t B T ] — 1882, ] 2 s R i il A

count T80 W FE ( B14) ) ; caleulate 115 8 H (8] ) ; caleulation 15
(#410)) scompute 35 (8lii ) ; computation 15 (£ 1]) o

[vi] — 3] AR ) 1R) AR 22 () P 3] SCRT REAS ) ) , B AT AT A A B — & 81 A il 21
A e B e A B R E. W,

integrability nJ #14% ( 44 14) )

integrable A] 1A (JE %514 )

integral B4 (44 10]) , SRR 19 (FE & 0] ) , 80 OB 4834 )

integral calculus F143 2%

integralization ¥4k ( 44 7] )



§1.1 MBEEBENELRES S

integraph B0 ( £417])

integrate f143 ( &l iA] )

integrated circuit 4 i\ B §

integrated curve By hk

integrating factor 143 A F

integration 143 R4k (414])

integration formula 43/ =

integration by parts 43 F1 43

integrand B oK % ( 2414 )

mean value theorem of integral £ 43 1 {H & Bfi

EIRFN 2 Y SR — 08 FPE SR B E AR TR R 2 AN R A B R A |
H T 63k Hfth 848) ( 40 count  integral %5 ) & & n] 5 FH i 70 BB 88 K, (H
BH TR RE  H T b AL B H 98] S5 805 & SO R BOR 50 5 T HE 0 .
by b BEEARTE RS T HARIE R AR TE , 0T 40 R EARE

3. R HEARTE AN 16 L L

XUl S YEARTE L BR T EBCE PR R R AR E S X BUEAR
Ah B H (2 M) e H A2 LR H & B P A, HOL S SR A ee ARk
MENANBER(FEEZI ). B8 ® B RRE &, 3y hiEE"
(FE 0L — Al b AR 2 Bk PEARE ) B ER, &% X £ H Ik B 4%, BZFF
S HAE 35 6 A (8] i B

40 , function # FE“HLAE AEF " i, h R R "B F AR5 T, i F R X
A AL HEZWES”. HEWREFERTHHNRERZ -, FE BB M. E
IR 4 1] functional £E 24 33 iE sh R “ThRERY GEAER 0™ OB &) , (BE 8
hHIE AR R WA Z R (A ) % .

X 40 power — i), £ H % G W KR “BE S KN % B 1 ¥R
G BT B PR R IR BB MR AR T R P AR
ZE SIS o i (S R

NAan“set” —ia] , fE R P WAE R ISR fE A R 2 R TR ST  MEghi
PAim 42 20 H BN Rn“ 27 “ g ™ s B AE B W 8 o ol 4 gl ia] | 24 38 B 27 A ,
XEREZ.

Z 800 2 B AR R (0 H2 M8 ) A{UE ) 6 X 2, ol S
Y R A5, T A i — R L ISR A B R TR . B AN, ] function Az B
BOEARTEMNHE WERADT 40 &, WL, W0 HEHE6H #5492 8 Ll YA E By
o S, D)) 1 B SO AT AR O s ez RS LB L e BEH
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A anfa] £ RIS M .

4. BRI B A 2R B e R

CHACHITE (RSP T )" 7 W, BB e o A o B, R A
i IRAER .U XA Fama e, A%, a0 ik, b KiE
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oy A I KL B AR U Aer 2 B g SR ERE B E UN R TR 2
MIHLT 3, EMRES RN . X — 26 PSR & 0 8 f— i 5
R A 22 R, 85 0F S ANCAZ A ok — € W ME. QN icosahedral ( — - 1 {£
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algebra ( {8 %4 ) .geometry ( JL{i[ ) | trigonometry ( = ffi %% ) .isosceles triangle ( 4§ [
=fMIE) FE,

TV o ] L 45 1 2 B B S 3SR & 9 3R] 5 B 3], 40 ; right-handed ( system )
£ T % , joint—observation Bk 5 WM , jump —function ( Bk EK p& %Y ) . four-color-problem
(VU R ) , FoH i3 A A A B A B B, 0 pseudometnic (Oh BE#E)) .

R A v 45 04 2 58 1 X — ) I 8 B S 28 A ], 40 : irregularity (S (E
£ ) .interdependence ( H. 4 JCBX 1) ) . inhomogeneous ( E 55 X /) . idempotence ( FF
4 ) hypergeometric (# JLf] /Y ) (digitization ( {71k ) 55 .

FAECFEFE L F a2 AR IEIR 2, 1 : Jacobian ( M A] B 4741 X ) . Laplacian
(¥ Hi 755 ) Cauchy inequality ( #] P§ A~ 25 X, ) L Euler’s equation ( BXHL 5 #2) |
Gauss formula ( 5374 2) (Hilbert problem ( % /K {1 %5 0] & ) . Perron method ( {iil ¥
T %o

o 0K, K s A2 R 20 B0 W2 JE 1]+ 44 14, 41 abso-
lute error( 48X 1R 25 ) 3 44 1 + 44 1), W1 balance equation ( ] /7 #& ) 5 zh ia) + &l 3]
il converge uniformly ( —Zc8) 5 &l 5]+ 2514 , @0 uniformly bounded ( — 247 #
) 5.

20 {20 3 7 A B BCFE SCRR EE G RTL TR B IR B fd 2/ 2, Ak 5
BT N2 A OG0 B i) ) AR 2 H 22 BORR T T /0N 2 S sl 9 P . R
I, FATT e H BT H o g5 B A () 18] DA AZ BR AT A R L 2 6 ] L IR
A ) i ZH ] AR PR A TR SR I R AR & S A D B S Y
HERFERA BRI WA M T 240506 5 i 4L ]

5. R A HEBAR 4 i ) BY AR X R
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5l The function f(x) approaches infinity as x tends to zero. (P X : 2 x T 0
i, R f(2) T oo )

(2) I with 538 R &AM sorb 5 5% 04

|l Suppose D is an open set with its closure in G.( ¥ 3 :fE D &— 1
% HHMAETE G H.)

(3) Hi such that 2y i 3 i i A\ 5 2 7 2% 1 slo b 58 2% 14

5l  Suppose f(x) is a function on a domain D such that |f(x) | <M for all x e
D, where M is a constant. (FE3C:{BE f(x) & X3 D 4 —4 R, 43 % r 5
xeD, |f(x) | <M W7, it MJgE—1H%8)

a] i 43ia] “ satisfying” {4 134 “ such that” ,

(4) HIF##E3h 1 (0 suppose . let set assume ) {4 fiip 2 30 7 fRE | B (KT
&) F X

(5) FoRIA IR, 5 since as for F5 5| 7 B A1), Hor since ) f5 5
s BARA B L BE because 5 5 &), (H A5 AR ARAK, 5f # R AR AE 7 90 2R R
AN A H

(6) FnHEF AR H F“by 818", A Bt “ according to”

%l By Lemma 2 we have x=y. (I3 BH#E5[H 2 ol #EH x=y.)

(7) AR B RAR LG E] - " (HER)

%l Integrating the above inequality twice, we see that

y'(t) =c,tlog t.

(S0 H B — AR AR B y' (1) =cptlog t,)

(8) KM R UL AE IR, T 3k H HT M 415 25 45 B, 45 R AT This con-
tradicts the hypothesis.” Z B h]F R A FHRE R SRR FE

HARNE O, AT 2 WA 5 DY 3 i B0 3OS AR SE k™ A H: A SCiK .

6. JE L 1 — B Ll PR 5 A R K0 5 R AR O X

(1) TR IR

f5l The sufficient and necessary condition for the equality is >0 and p=3.
(B30 F ML T R F L >0 H p=3,)

] — &) Rl SO P IR R GA

The equality is valid when and only when a>0 and p=3.

H p*“when and only when” 0] J{J“if and only if” £ 2l 07 fa] 504 it 254X,
(HLH A i 0z 2 S A4 W] o

(2) & SeAT EHUE 1) &t

f5l  For any number £>0 there exists a number §>0 such that |f(x) —f(x,) | <&
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whenever | x—x, | <8. (IR L : AT BEE >0, fF1E— P 6>0, i 15 HE [x—x, <5,
A 1f(x) ~f(x,) 1<e5)

H A1 “For any number £>07 0] 2 5 “ Given £>0" , B A —F (W TF—5%) .

(3) FmH—E58 L 178

Bl (2) Ry AT SO

Given £>0,there exists §>0 such that|f(x)—f(x,) | <e for all x withlx—x,1< 8.
(I BUER >0 477E 86>0 {7 1/(x) ~f(x,) | <e XA 2 1 x—x, 1 <6 H x
AL )

(4) BB SR

Bl X Em R R S R G ] HZ RS R

Ve>0d8>0, lx—x,1<6=1f(x) —f(x,) | <e.

Horp“ V7 RR“WAEE " 8 X BT A7, AE £>0 R I &7 “ A AR B BUE 1)
e>0" 5" 37 RAR A", =" KRR “HEL" (imply) . X, “"RR“FMH T
A HALY " B

f is continuous at x, <> f ' (B) is a neighbourhood of x, for every ball

B=B(f(x,),r).

(PSS TE x, EELSEM FHENER B=B(f(x,),r) ./ (B) #R x, BI—
R )

B4 VLRI 4n) R Rl S i i) — e g H L) AR A, B Z
FANBHE S MEA TR ELBRP AR E) BRESHAR, A, EBEEAE
ANHZE I B R V)28 RERIE UL E AR 6, ol LR K2 S 8F %
e T PR (5] 15 T JRE A P A ) E AR A

§1.2 HEFTIWRBENRZSEE

e B2 O T AR B, B R R G L B A o R (AT By 48 S i3 I0) U
SRS A P 28 R PR SO R T A ik o O o R A 4R 5 R AR A IE
il #) B A, T R A L R B T TR B e FR AR . PR AEN T MR Hbl T
Brb [ 2 H WA ASEE O B, R /N2 I R 2 1 B il R e g e 3
e e ZEOEELMPHE T EMBENBE" , REA B HHE.
PR, 8335 B — A B SRR, A A A

1.2.1 #=Z=EZEiFR REHE
A 538 o A 0 A R B O 3 0 45 1 SR R B (U 2R R R A fiE 18 BT 1)
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2o A ) B A, 6 0 L s S S IR AR AR R BB o X R RE
J1 L 45

(1) AR4E E T SOk A2 i) SC sl il i 3 ;

(2) IEMHEA SR BSBZEINEHXR;

(3) XFH07 N A B2 (1) S AR f) 222 35 HE 2

(4) 94 B KRR 42 3CE .

T 4R R B L RE AT, R LA = AN 5 1 sk I 2k .

L 85 1 SR 1 S0 W FEAS ), 4R 0E T8 09 FEAS TR 14 L 20 BT ok A0 T R0
AR, B A8 KR A0 & ol S v B A 4 i) PC M Y

2. B YA PEECE T SR R b, B 2P R R R TR B A
RGBTSR . X T R SRR B, T DL — R AR X AR i
ORI 28 Wi 5 e M 3eify ) R B AR 7 NS XM B 225 (S e I
IR 4) o

3. 55 3448 A A B B A

(1) o200 LA T A0 Dy B2 A I 35 T AN A2 LA P ) Dy B {7 A Bl 132 5

(2) BRZ Ny, s e (32) B b ;

(3) Bz i S PMAE =9 SR s 40 IR

FEHE s A BRI B e AR89 F2 5 FIORGE o i B SCRR AR e A
FOSIEYESCIR . o TRRIE IR A 2R3 h O N S B RE, & e
PR /INBR AL, 5 B 3, AR Af 2 A 99 % ol RO B A T MO MR -

R : fRESEr BB FH3A i kel &t — 2R EERER (PO E
SC) PR B g LA S S A0 T B AR AR T TR B ) e A i ik
BT, B R R SO A M B0 AR U A]RE MM AT TR 9 8 SCAH TR Y
FI W, B SRR S A TR L ENTZE R AR

BN : X T AU 1R 3Ry, o AT OE X o i, TR
BAER NSRS W& CSHERR, HEa Rt iR 76 1 il
b BT B A , R 3, o P BUR 5 BOR Z BB G R L IB S I R
KFR AT — 5 0 2 W HE BRG] R, 06 S S o B — 2 Y A Uk DL T IR A
T 1 B8 8 21 IE 505 PR A AN TE 8 AN 0 U R 5 o e BRI R AT RE TR %1 b B
fire A 1R LRI MERR M T R SO R

T b 3 1 20 R o #0872 1) RO AT SR A OC AR I R i I 3
HER TR
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1.2.2 HFEZUREBFNERSERFZE

L Bl e il 8P i 20K

PR Y B A SR A AN

FHNERWEREEERP S E#A &L TR

S A BEAS BRI S0 Y 2R A 0 20 18O BLAF A e BLTE AL HE 135 Y ik
TN, SRV ) R, LB B, O K Sk

AT KBNS EOR A T A R PR, B AT R

FIr i B PE , 0 AE PR SCE & AR A AT I AR S BRAR B R S N B, SUAR
B IS B X —— % il 4 1 B DR SO b e B R AT RE AR 55 . il T3 A [
AT B ORI )k S A R R O B, M RO R N A SR SN R IR T A
7F JE T AN B SR FH BRI a0 R 3% R R R, B 4 D SO R (3 SO) B 1T A
e T ISCHTE 2, A7 I it AR A b S 8 08 2 158 168 0 g ik 2> — 26 ) 8 g A L At 0%
RS (R IME T ZHANTE 4 4, R h s T3S NS, |
PR SER T BT IR AR LR .

A 1L SRR R, B R

o R TSR S B AN T st U

. :E?J'@iﬁlﬁﬁi%.%?ﬁ?%%,

& S AN G R SO 2 R B

%Ejkl‘?f“%tlj A B i RS RO B R RIE R AR R, He
KA R Il 2 s/ D M HEAT IR o AP R IS 9 BT R AT R R S X LG
25 th LA i

Bl 1 HE 2SS UL " Take your time ! ” 1 5% 38 1l &5 56 U7 49 BsF [a] L™ B 5
W05 T BOF il p A takes its value 37 1 take ANPFEAL &7, takes value 25
AHCBUE”

f51 2 Long ago, when people had to count many things, they matched them
against their fingers.Jfi % “ match sth. against sh.” £ “ 15 A [ 38 5 01 7 AR 85 51 7Y
" o X HLN G S R R X R T iy I, 2 AT AU A AR PG
AT FE AR B8 25 PG FE O A T8 2Z [a) 2R 47 e % A EG AL

f5l 3 To be more accurate, we must measure what fractional part of the book

the desk exceeds 5 book-lengths. i X 4] i SR ANBE B IF. W IE)E L EEIER . N T

@ BHIFME =D BORE R R SCH KA. X TR R B L B & A
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15 1) 57 o o B (L, FRATD 20 PR AL S A B R IR A B (IR AR ) 43 Y L
BZ— s

2. BERIR

o5 — 2 IR A ROC (L E—Y) o

o5 2 AR M R IR R 30, B — R TR B AR R A 0T T 3
fif J SC RO HE R 08 FHAG 249 A9 vb S0 A0 5 I 3K 6 A8 R o A S M b 3% 0k S Ok
LR E ARG DR IR K TR L lk i B . R 2k 50 28 ) X, RIDAR — ) RS0
— ) B , TN AE 4 SO BE 2 B B, 56 4 BHEAS BRAR 9 SERR B A T B
F-RE . PR RS R AR U OR L RE R K TE 2, b A A A R A R el
2, ARTEAET AR T SRR AN R0 G o] F o S A 2 b 3 R X —
T SEA AR o X HLBEA B g 8 ( WF — B il 1), B 5 3 1Y oh SO IR 8
FRFARAN N KR , ifd B 7 A A B P AW 2 M & .

o= AT RS o DR T R SO R IR HERG G AR , T R R IR S
55 ISR A L1 LB AR A, 3 ) i s IR 2 5K B R SF AT 4 X b, 0 F 6+
AR (1 4] F i) 1 BT BERRZ AL T AN AR 1R, — i B i &% Ay AT
AR ER M IE o (A, X rp SO At K g — 20 B BRI 58 3% | ) 4 3 IR
Dy, R oK NG o PRI, X i B A A0 0k i ot — 22 TR, R PR SCAT 5 ORI
— Al AR

3. g R 9 52 1 o T

— PRV , B 4] o 19 ) 2 R AR 23 R S TR B, B R 22 ] Y OC R B B i
RE o HOME S T B A T B, U BRI A v R ) SR B B e |
o FATPRAE F—Bb A ey . ABE EF 9T kAT RYALHE

BRI A 1 — R 2 B —ar— &7, B MU AGA R, Bl ) B, A B A
s SR B A G il B RS SRR AR S, B R 2 IR A O AR s S 2R HT D
AR o Br P BRI R R 3C o T s H— A i .

%  The use of logarithms has decreased the labour of computing to such an ex-
tent that many calculations, which would require hours without the use of logarithms,
can be performed with their aid in a small fraction of that time.

SAT: ECHIRT e NS X R B A F DL A Rk 2 H

(1) JeiEm, 7P ORE

X6 B A0 1 1 B B K B0 T R kil b e A O SR A ST, DL T R4
RfHhLRE. BHEIN XPTENE—N"E—B—=""A, K 1if
J&“The use of logarithms” , 1§ iff /& * has decreased” , B 15 Jit “ the labour of compu-

ting” . WAHh B P FREDRTE “to such an extent”
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FIRRBA TR B4 A 0 Hal KRB 0 B A — B B TS
) TAER" o 3X 5Kk 4 1 B A7 48 N4 1 36 T kAl .

(2) AN A], BRI F K F

AR i 110 5 R, 3 LA P DA AT o 3K AN A X S DA ) Y 8 A R S
LA 23 B, ik SE B TE 4] 5 32 ) S\ ) Z [E] 1 56 R o

H1 “such---that” 5| 5 i A A1) R 45 AR TE A, - &M =40 . WA £ iF
J&“many calculations” , i 1% /& “ can be performed” (#f which 5| S M A& ITF)

i which 5 & # M A) J2& JF BR 1 4 5 3 A 4], 32 68 02 © which” | i 1F 2
“would require” ; {&fi “ many calculations” , :

458 — L A oA AT A0, 31X S DA ) TR AR ] ik — 2 U8 B 5 e
DT PR AR B A

(3) B4k, 7 B ik SE A

EPIA B BRIRATT R ZESR St A", H BTE T %2 5 FHEE AL, 3k o [
ANKRR 5 A 1 4 B R, AT TR Bt — A A Ak, A 4R m vER P A e B 1

AR AT 55 AR B 2%, A 20 A A0 Ak, R 1 1) LA A A Ak, 4 R R 1) AL
H 55 40) 10 G 2 10 W1 , 0045 ol B X [ R 1 fife 55 o 3 5 A 40 ) o 2 R 0 Of ok
EMALIFRRE . TR AT AR B A X BN A B8 (2) 808 4 4n 4k, B
20 th 1] A A SR .

that PA47) 1) 32 %2 B 43 & many calculations can be performed, H e 4 id) & 5
with their aid & 4514 ,in a small fraction of that time % 75 I} 8] 35 [#] .

which 5] [ 15 AR e #0185 A, U X calculations AR 2 ( FH A 1) 4
it without the use of logarithms 7R 254 ) , B 1 S A X%, nl GE 2248 |47 JL 4
/NIRRT

12X LA B 3 11 A © fraction™ X > FLIA] , ANH EL IR A0 80T N CE S in
a small fraction of that time” H A0 #1125 138 1 AR Be i) [a] B AR/ — 3847, 3 B¢

J& £ I A R R
| oS, X AR LR AR T e A ARG BDTE bR S BT 0 SRR bR AT R £
Ab B Cp ZEI ZERT (2) Fp M B AG BR EAS 5 A iR A LD 2 R ) | B A R Y
FIR, A A m) e T S T ) 3 S o

A RAK AT A -

S B A T B B A e D B X RE AR B 2R R R X
BT R #E BB /N 1T BEAE B T B 6 B A R R i) AR 2 A — 8 4 i T
AESE A"

1117 Ji5 2 A 0] s, S04 ks ] ik — 2046 A F 0
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1= K

A Z BT AARSHE , 2 5 o 4 F il ik A SR 0%, HL RO BoE AR
b Rk, EARM SRR EE N . REZEST AT AR & .

4. PR THS

MEENKADFTOAEREAXRK TR T, FHE-_FFZLE, A3 X
R AT 4 4 ik

FE /T ELY B s AT T LAE B, 7 8 Rt IR B2 — X R B A X
1 T D0E A3 19 K 07 SRR B G5 A IR ORZE 1, R A BRI, 120 3 BEAR A
S B % BER S LRI A 0 B R TR B AR 3R] SR E kAR ARG R R A
W) A A B R . T A 28 I A

(1) i8] LAY e+

HFRIER 12 AR LR R, & EZL, B0 B EF3C
14 ) B SRR A L 08 B i 1) o

B, wi R 9 power FEAS i) 4k 3 CAS )

Energy is the power to do work. ( 15 3C : B & 45 M I RE 11 5)

The logarithm of a given number is the power to which another number, called
the base, must be raised in order to equal the given number. ( iF 3 : — 4~ 2 HIE 1Y
K BUR 71— RN R A ECH T 5% T 2 B 41 A - H) R )

[] — A~ 18], A I 7 ] — >4 5 19 AS [R] Akt B, HC P i R A SE R A 2R 4, Y
I 0 B P A AN R A . il

Equations are of two kinds — identities and equations of condition, the latter is
called equations for short. (¥ 3 . F XX PR —EEFXMEHEF, 5 H R K
HITH)

X B, AN dE S — > equation PERL TR B AESFNMEN T HEPH—1F
B X SHCEF AT . B, XA F BT AS equation # PR AE S5 =X, T 5
J& —> equation PR 72 .

(2) 18 L5

BT SCH IR R AR OC R R SO LA ZE R 5] i, 2R LB DU
AIERRIE

%) 1 Two and three make five.(¥F X : M=% F5.)

J3C make A KA B “HIE" , IR A FTF",

f5) 2 Year after year and century after century the moon goes through its cycles
of changes. (¥ 30 : H RMA 52, —F X —F, - L XL, AmELH.)

X — ) BBl K, Horh 5 7 Ak, T B 4 A SR b Y A% A 1 1k R A
JRSCH) B
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(3) o) i 4 48 i

R T 19 T A8 R0 8802 e b 1) O 58 %o i S ) ) 5 2 4

il 1 An arithmetic or an algebraic identity is an equation. (3 fC BB A
1 4 2 LR 2 S8 )

TEESCH 9 SRy = Ab A ek i) “ a” Bl an” B T, HL 3% D0E A 15, 48
“or” BRI (—MRAF LT “or” R ACEAE ), S AN, 5 S E AR

$l 2 The formulas differ only in the signs preceding their left numbers. ( % 3 :
X P AN 2 A ) Z A AAE T 0 A B AT 2 120 9 Bl il i A 5 Z 25 5 o)

XL PAST RS B R SCHE B Ok a9 2 2 T R R R R SCRY 2T
M

AR — P E R W E R R

TE BB JF N ) v, 7 I T — /) B AT 6 8 o3 5 i — e A [ B, A [] 69 B2 20 T LA
o P Gk - R D DT SRS TR SRR 2N B i) ) AT S SR 23 R0 = i )
W P I 2 A R

% 3 Thus,,/-5 means something very different from+/5 , and \/-n from./n .
(B3 TR, V-5 RSB ZEARFENARE, B, V-n &5/ REK(KHE) )
X H R LG T “ means something very different” | 75 8% 0 8 &2 1757 H .

5] 4  After checking, we see =3 satisfies the original equation, but 3 does not.
(S0 LR KA, -39 R R (0 3 AR ) 48 BT S0 A1, does
not 5 I 45 W% | “satisfy the original equation” |, 3B B 4h i .

(4) in)Jy /Y42 8l

TEf% A SRTE Fy CIEB e ) 5 M A9 e i RO ) v, 0 T o 5230 A0 HE ) I Y
HIGEREAME ( EiF—EE—=iE) , AWK B AT, H7E SR 00T %
FAB P B 90540, DUR I 1% B SRR P i .

Bl 1 Such is the case. (17 3 : 75 I 5 & X £E L)

B A, U T I 25 Bl R RO ) A8 I I, — AR S B (R TE BB
A Z )5 ) T DU R T — R R PR B R e — % DA
> B AR R o ke i R A S8 B A i) BOTE A ) Y TR R R S B, B
A] 46 H A B0 A a5 L (HLL able, ible 45 2 i) B 25 1) 7 J5 L B8R I e R
&K I .

5] 2 The square root of a negative number is a pure imaginary. ( 1% 3 ; i %}
- HR S 2l fiE . ) 3X B, % 15 of a negative number £ 7 the square root [f)
E T o

5] 3 An equilateral triangle is one with all its sides equal. ( % 3 : " & 11 &5 #
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S =MD = MIET B FL EAERSAMMERN AT ) X A
% with all its sides equal f&4ffi one,
5l 4 something new ( LR 4 170 ) ;
the element known( E HIPICE ) ;
the conclusion required ( fif {5 Z 4518 ) -

5l 5 The values of the constructed function should not exceed the maximum
permissible. (13 3C : 14 i ) oA %50 FR) (ELAS 1o A 3 BT A2 0 A9 B K BBUMEL - )

5 6 The function differentiable on [a,b] is continuous. (¥ X :fE[a,b] |
A] T A PO S <)

(5) ia) P i Fe R

TR MRS SRR T B EATRKZER, ot § R, R A%
58 ELAAAT B, 20 Al b o 4% 1) — S 44 1), Bl i i Bl A, T A AT 4 R S0 R
AW A E R o DR, A I A ) S A A X B e . B T U Bl 1) 33 AR
% v, 24 18] i Bl n] | I 2 1) i3 R Rl 1], A A o

51 1 Applied mathematics aims at achieving the optimization. ( i 3C : WV Ff #2#
i H )R A B A . ) X BAE B 1A aims PERL T 440

f5) 2 The application of computers makes for a tremendous rise in calculation
speed. (13 3L« i FTH BB AT LUK R 42 8 31 55 38 B2 . ) 3X B2 48 4% 3 application I
rise 3413 Al 2 1]

Jeifi v — B I8 A ia £E a) - P AE R TR, AT DU i 4% 1) 5 gl i .

) 3  Rational number can be represented by the quotient of two integers,
which is different from irrational one. (F X . AT U X AR EBEBRE, X
T 5 R X 5 ) X BAETE A different 1354 14,

This strait line is perpendicular to the known plane. (I¥F . X FHZLEHEH TCE
ISR, ) X BF 3R JE 25 i8] perpendicular i3 B, 3l 1A .

(6) *)F g 5%

TEDCFERS 2R 1 FF G DU T 15Tl R, ] R e i /) v i) — 28 i 40 198 I
A A Ay . B AR R AL R, E IR R U TR 5T .

1l 1  The same signs and symbols of mathematics are used throughout the
world. (3% 3C: 4t 5B A ) B 9 257 10 5 AIUARE 5o ) 3K /) 418 3 s R 2R L 2
o HSE,7E " there+be+--- " A] Y v th 3 8 3 SOIR 78 PR AR F2 38 &

@i 2 The statement of the Gauss theorem is as follows. ( 1% 3 . & # & B AUA
F o) X AL ETE statement B T

HY (5) 0, 75 i) P A 45 it o 6 48 0] F ) o0 F 1 e
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(7) EES AR SR

R A 5 Al AT DA 8 gl o A A 8l iR S B B o R A8 gl i A R Bk
aHiEE .

5l 1 Recently, International Conference of Mathematicians 2018 was held in
Rio de Janeiro Brazil. (1% 3C: S it , B 74 BL 29 R 5 28 ) 1 2018 4F [H brfir K K
22 o) AT i SO B Bl 1A SR E S E A, ROk M sORIE R T EiE .

f5l 2 We call a triangle an obtuse triangle when one angle is an obtuse angle.
(FESC:AH— T ARNEA N =ML SR A =M. X BIEE SO EahiE S
=0 I R L E Y NCIRE 3 Wi o

Bl 3 A great deal of practical problems can be solved with the differential
equations. ( 93 : 4 FRSE J7 B, (AT ) AT LA vl ik S 1l )

LI i s E TR B B (48 & B8 ) B 5 0] ) Al 3 sl A FRA) s 4
LAt AT 3 RN FR A X AFR AT SR ) 49 2 8 0 e 4 R, IR
A BN AN AT

f5) 4 It should be noted that equations( 1) and(2) are merely two different
ways of expressing precisely the same relations. (133 W M+5 5, HFE(1) Fn(2) (X
] —FXRMMR AR RE ML)

5] 5 It was found that the dimension of a fractal might be not an integer. ( ¥
3C: NITABL, i TE M 4E 07T AA 28 5.)

5] 6 It is necessary for college students to understand the basic concepts of set
theory. (I K% 4 A LETHES L WEARME,) X B, ZH FiE college
students i‘%ﬁiii%o

(8) B Fk T AHEE

1 v BORE 5 (b ) AR BN 2k Iy s DUE A Z AR AR, B R
HBORH I 174 1 B R g

f5il 1 This year the output of our city has increased by three times as compared
* with that of 2016.(3F 3 : AR T =8 1 2016 80 3 % .) 7€ “ increase ( be |
go up) +by +BUF B R+ " MG P o by 5 R B 2 e 0 RO 5 %, B LA
MPEAH

f5l 2 This year the output of our city has increased three times as compared

with that of 2016. (P 3C: SR T A/~ {E Lk 2016 4EHm 2 f%.) lem) 5 LA s

AT —A“by” 4B LK 38 T ey 45 Bk 1,
5l 3 The cost of this product has been reduced decreased by 60%. (1% 3 :
MP4 B A FEAS T B 278 1 o) 78 “ reduce (fall, drop , decrease , -+ ) +by + (5"
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MIZ5 K, by Ji B B & Al e/ A 4, BT DL B AS ek

%51 4 The cost of this product has been reduced decreased to 40%.( ¥ 3 : MP4
(9 A 2] 1 B 40% o ) 7 “ reduce ( decrease drop, -+ ) +to+ 07" B L5 P,
B -7 M 5 =050 D 8= 37 Al | B S 242k 2| REEEE "o

5 With a new algorithm the computing time of the problem is shortened tree
times. (1 3C : R FBT A0 503, 12 ) 1) 113 ) 1] 4 4 3] (DR /) 173 ) FE S il i
G0 2R U 2 B SR AP 8, DU R IO 8 B A 70 R 1 0 BOK R B A R AR A
n B R ARG R JE SR AR B B (JRoR ) n 322 —"
W H 2z,

AN PR SR B — B R AL RS Ol o AR TR L A S A0 B0 Oy ik
F 15245 1T 25 ] ph P AL Tk K2 A1 i O 4 1) (R BESE IR BRI 26 ) o LIt
bRl , A3 35 2 0 folE T A i 268 o 33 A S B P I A LR B e, O AN T &
GG, A RBRE BT, MOXW, AR, BB HERAET S
A9 B AT LA 5 Y B 4R 22 2 - A A8 T IR SO & %k 238 MLVE B DL AT 1]
R BRI, AT LA L2 25 78 95 PR D0 R v A 3 2 0 AR 3l LAk B o, e I
4 HIEZ HIY, WBUYR“FEid” %A 1 5 AL B o

VPR 0k )

A B 2K 24 5 5 LA AR E 3 BRAE S SORUCCRR P o — R LAAS (1 30F
B, 8 H DL TSGR R (R E) B E K ABEFE KL T, W Newton (4, 32
) , Cauchy (A5 , 3% 3C) , Poisson (JA F2 , 35 3C) , Hilbert ( i R (1 45 , 18 30) 555 7
— R B (R AR ) AL 3L, 4N Urysohn (5 F7 4% , i 3C Ypbicon HY
HiR) o A LR —FIEA, b SO R R &R, A, F i U i
FiEEARRE, & A W R (F . A A8 Cauchy ¥« 5F /57 s “Fl &7
), AT ABiE TR AL o

PRAE [ PN 5 0 SO SCHR B A ER IR ik (—) FEARNEBCER N AT
(R A HCPRRAR 2B B FENMES —Fk; (Z) HBER
)24 F— A TR, BRI 2 I Sy AR SO (R 25, 24 a4
AR ) WRE R, DA FRA R IR S ER R SCG (=) R —REXH R
FRM LR B ARTA TR, B2 2R B H A A K A BRI A R 5
RATECHEXAR2H) #8625 s S BRI

$5 1 David Hilbert posed 23 mathematical problems in 1900.

PR : (1) 1900 A KT - AR AFFHRH 23 DECERE., (HARAFRE
2 WBEER A INFESE EJRIC)

HL A AL : (i) 1900 4 David Hilbert $2 H 23 M2 n) &1,
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AR AR : (iii) 1900 4 D Hilbert £2 i 23 4~ %27 [a] &,

5] 2 We may use Z Opial’s formula to solve this problem.

PERL : AT AT A R BCR (Z Opial) 22 AR X A, (N Z Opial &
MIARBBE B R, BONHE 5% EFR3C)

s R EATTAT A Z - Opial 22 #0OR A X A4~ )

18 0T : B K B

ERAEAEERRBELIFARESEH RO “RE KL AN 8F LAl
Za BREVPZEAME, BEEN-—F B2 BERX, F0 M L2AHK
W, EAH AR RTUE R, BELEHFAR, GERE, —EFFAXER
HHBREMFEAR MR TEAHATHAR . HEA. mXBEOHR, —
AZIAARER EENERIK , WHARAN,"

@ e R, R E 19 AR 20 #E2 AR BIR R AR T fE Ok RET B, K
W2 Oy o
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AERIRBBHE, AZEHOEIANE AFIHF L LR ENLR, 4
TH+ R AEAABCZEBELAB _BERAREEAIAN,CETLE
4], HREA

(1) ZAEEAAR(ZE20NFHFARE), LPR(—-)ARLABH
FIORBFIR A(Z)ARLCHFIEFNETREF R,

(2) IR, OHAERIPHAKNEL L3 FRAASFEENTF T
5,

(3) R EBLHA, B4R LA B P dhdaif46 (ERLP
AEAFL2,AFdREAEE);

(4) RIMEL, B FERXERFRFSHT,

A AZTARA(AAZBER TS HEK 9k k), TREFLE,

MFEHERALMFRIFLI I, HATHERXFEERNESBFOEEL
TR AT FTHRZERRFOLAR,

§2.1 HFE FESHLH

(Mathematics, Equation and Ratio)

{3 1-A  What is mathematics'"

Mathematics comes from man’ s social practice, for example, industrial and

agricultural production, commercial activities, military operations and scientific and
. 2 . . -

technological researches.” And in turn, mathematics serves the practice and plays a

great role in all fields. No modern scientific and technological branches could be regularly

D AHEXI-A BEEEZETXRO]OB M ERE . ATE 08 K ES L RE
H Ak B BB T Apostol T M.Calculus, Vol.1. New York: John Wiley & Sons, 1967,
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developed without the application of mathematics.

From the early need of man came the concepts of numbers and forms. Then,
geometry developed out of problems of measuring land, and trigonometry came from
problems of surveying. To deal with some more complex practical problems, man es-
tablished and then solved equation with unknown numbers, thus algebra occurred.
Before 17th century, man confined himself to the elementary mathematics, 1i.e.,
geometry , trigonometry and algebra, in which only the constants were considered.

The rapid development of industry in 17th century promoted the progress of eco-
nomics and technology and required dealing with variable quantities. The leap from
constants to variable quantities brought about two new branches of mathematics — an-
alytic geometry and calculus, which belong to the higher mathematics. Now there are
many branches in higher mathematics, among which are mathematical analysis,
higher algebra, differential equations, function theory and so on.

Mathematicians study conceptions and propositions. Axioms, postulates, defini-
tions and theorems are all propositions. Notations are a special and powerful tool of
mathematics and are used to express conceptions and propositions very often. Formu-
las, figures and charts are full of different symbols. Some of the best known symbols
of mathematics are the Arabic numerals 1,2,3,4,5,6,7,8,9,0, and the signs of ad-
dition “+” | subtraction “—=" | multiplication “x” | division “+” and equality “ ="

The conclusions in mathematics are obtained mainly by logical deductions and
computation. For a long period of the history of mathematics, the centric place of
mathematical methods was occupied by the logical deductions.’Now, since electronic
computers are developed promptly and used widely, the role of computation becomes
more and more important. In our times, computation is not only used to deal with a
lot of information and data, but also to carry out some work that merely could be done
earlier by logical deductions, for example, the proof of most of geometrical

: 4
theorems.

{#3 1-B  Equation'''?

An equation is a statement of the equality between two equal numbers or number
symbols.’

Thus a(a—5)=a’~5a and x-3=35 are equations.

O HES[ 1P OBFRRG RS SORE RS E CRE P HBNFS
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Equations are of two kinds — identities and equations of condition.

An arithmetic or an algebraic identity is an equation. In such an equation either
the two members are alike, or become alike on the performance of the indicated oper-
ation.’

Thus 12-2=2+8,(m+n) (m—n)=m’-n" are identities.

An identity involving letters is true for any set of numerical values of the letters
in it.’

Thus the identity x(a+2)= ax+2x becomes 3(7+2)=21+6 or 27=27, when,
for example, x=3, and a=7. |

An equation which is true only for certain values of a letter in it, or for certain
sets of related values of two or more of its letters, is an equation of condition, or sim-
ply an equation.” Thus 3x—=5=7 is true for x=4 only; and 2x—y=10 is true for x=6
and y=2 and for many other pairs of values for x and y.

A root of an equation is any number or number symbol which satisfies the equa-
tion.

To obtain the root or roots of an equation is called solving an equation.

There are various kinds of equations. They are linear equations, quadratic equa-
tions, ete.

To solve an equation means to find the value of the unknown term. To do this,
we must, of course, change the terms about until the unknown term stands alone on
one side of the equation, thus making it equal to something on the other side. We
then obtain the value of the unknown and the answer to the question. To solve the
equation, therefore, means to move and change the terms about without making the
equation untrue, until only the unknown quantity is left on one side, no matter which
side.”

Equations are of very great use. We can use equations in many mathematical
problems. We may notice that almost every problem gives us one or more statements
that something is equal to something; this gives us equations, with which we may

work if we need to.

£RS5RA(—)
addition[ a'difan | n. I, N algebraic[ ;@ldzi'breiik | ad). {CEAY
algebra[ '®ldzibra | n. U arithmetic[ 2'riOmoatik | adj. AR H

higher algebra /& Z5{C %} axiom| '&ksiam | n. /> #
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branch[ bra:nt[| n. 43 3Z
calculus [ 'kaelkjulos] n. L[ 2% |
( the differential and integral
caleulus [ 5 )
chart[ tfa:t] n. £, £
computation| kompju'teifon] n. {5
concept[ 'konsept | n. Hf &
conception[ kan'sepfon ] n. #f8, W5
constant[ 'kanstant | n. # %k
deduce[ di'djuis| v. #i S
deduction[ di'dak[on] n. #5454
logical deduction % 4 i ¥
definition[ ;defi'nifon ] n. & X
division[ di'vizon] n. [&,BR ¥k
equality [ iz'kwoliti | n. %0, f1 55
equation| i'kweifan] n. ¢, %K
equation of condition Z%4% =
differential equation fi{ 4y J5 2
linear equation Z& ¥4 77 ##
quadratic equation K /5 &
figure[ 'figa | n. &, EJE
form[ form | n. JE ,JEAR ;v. JE AR
formula[ 'farmjula | n. 245
function[ 'fapkfan] n. pR%L
function theory pR(it
geometrical [ dzia'metrikal | adj. JL{a[f#)
geometry| dzi'omitri| n. JL{a]2f
identity [ ai'dentiti| n. {8 %
indicate| 'indikeit | v. ¥§ 8], 45,
5 5
involve[ in'volv] v. 4 &
mathematical analysis (2743 ¥t
mathematics[ ma0i' matiks | n. ¥
higher mathematics & %5 $(¢

elementary mathematics ] % $(°F
measure|[ 'mezo | v. il
multiplication
[ \maltipli'keifan | n. 3, ik
notation| nou'teifon | n. ff%5 ,icik:
number| 'namba | n. %, 54
numeral [ 'njurmaral | n. % ;adj. 1Y
numerical [ nju:'merikal | adj. % {f Y,

BT

obtain| ab'tein | v. 1§ 3|, k15
operation[ jopa'reifon ]| n. 2% iz fE

military operations Z=H 73]
performance[ pa'farmons |n. $447, #24F
postulate[ 'postjuleit | n. /%
proof[ pru:f ] n. jiF B
proposition[ ,propa'zifon ] n. iy
reasoning method £ ¥ J5 1
root[ rust | n. 2
set[ set | n. £ 4 ,E£;v. &
sign[ sain] n. {55 ,i0 %
statement| 'steitmant | n. Bk, E

%0

subtraction[ sab'trekfan | n. U , J& 3%
symbol[ 'simbal | n. 75
term[ toxm | n. 3, Rif;v. fg 4

change the terms about #13X 615145
theorem|[ 'Biorom | n. & H
trigonometry[ triga'nomitri] n. = ffi %
true| tru: | adj. B, i 7
unknown[ 'an'noun] a. KA
untrue[ 'an'truz | adj. dEEM), AR
variable| 'veariabl | adj. 454k ;

n. ¢ &
variable quantity 7F &
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B EXK
L) A S A 4L (—) , W ER ST A (B, IR FEBEMEAL 8 1 ig 5 .
2. 52 ) BUAE By in) S o 2] LUR ] ) 45 R S SO Rk

(1) alike (2) bring about

(3) carry out (4) come from sth.

(5) deal with sth. (6) change the terms about
(7) be equal to sth. (8) be full of sth./sb.

(9) in turn (10) make sth.equal to sth.
(11) no matter (12) occupy

(13) occur (14) on the performance of sth.
(15) promote (16) resulting method

iE . A sth.3 /8 something, F sh. 3 /R somebody (ies) , [fii sth./sb. 3 7/~ 1%
Ab BEWT B something , t, 7] ] somebody (ies) ,,
3. B ph ik AR A w A k.

ER5ULAA

L ATRICA BITGE P12 7T 2 A 1807 i MR, Hp—3if
REHEEALTRRE P 2 W h B ia (L idil) o 338 N LAk 17]
A, SREREAN]

2. man FIEL B R N2, operation F 0 %°F HI v # % " 12 37, {H 17 41
“operation research” 1% iz & 2F

3. For a long period of the history of mathematics, the centric place of mathe-
matical methods was occupied by the logical deductions. X 4] B 1%¢ Al & 80 L8 M &
B SO IR A FE RO B AR A I 30T PN B A B — B R R T A R
DA o

4. In our times, computation is not only used to deal with a lot of information
and data, but also to carry out some work that merely could be done earlier by logical
deductions, for example, the proof of most of geometrical theorems. X 4] A] % Bl : B
e, R AU RAL BEAS B5 80 , M0 H A oK 58 1L — S8 7E LA AT 2 AE 5% 2 48 4 2K
T A 48] 2 U ) K 22 R LA i

5. An equation is a statement of the equality between two equal numbers or num-

ber symbols. 7 & , equation F P2 E . H R CH H) MEL (D) sequality A
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PR SF (D) A SE () o statement 4 20 & X, 4 FF ST
B NAR S XS EROCRM LA E 3k, B M. 5086 TF M4
BB RIS S I — R Rk 5 =L

6. In such an equation either the two members are alike, or become alike on the
performance of the indicated operation.iX H two members #& 7~ ( 255 11 ) P ¥ ; alike
BEEM A B2 —FE# o on the performance of-- 1] on 5| F— A A &L ik, 1F
RiEE i become alike, R {E XL either---or-- fY FI ¥ o % /a) A2 A« ik b 45 2 119
P S 24—, B AR S ATIR E M iB B 5B —H .

7. An identity involving letters is true for any set of numerical values of the let-
ters in it. 3 X B in it JE A iR TE , B M letters, A1) rp set AR R AT, BN (B
PR R B i i HARZ 43, 48 is true HIFON R EB T WA LA H HAERF E
AW Ao AE— MO T LR BUAL” o B0 Al i3 A & A7 B ) 4 45 200
Hh B [ A AT — 2 3501 AR AT .

8. An equation which is true only for certain values of a letter in it, or for certain
sets of related values of two or more of its letters, is an equation of condition, or
simply an equation. ¥ & X 7] 13k 1Y equation 145 B 1Y equation & X A[H], i An
equation R B /PRI, JLSL R BEH] An equation 275005 /2 I 25 11 . R I, 6 4] o]
B — A2 2 SO e i — A 7 B RS (BT, sE X H R A B 2 B
7 2 A SC IO (BRI B — A A R 55 2K, B AR T o

9. To solve the equation, therefore, means to move and change the terms about
without making the equation untrue, until only the unknown quantity is left on one
side, no matter which side. X ][] 315 M F G AR L oA A E 2. to move and change
the terms 28 FATE BN . without making the equation untrue 7 B2 $F
J7 R R) e , AN 05 A BT ) 2R AR T o no matter which side J5 I BE T it s,
R ] A PR A O A R A AT — FR B B U [ i AR T, B R A

B S U — 3, ARk,

iR SME A
L. 87T 51 4% 21 4 5] i 4 15 0 R I, R B AT R A S IR AR AL
(1) Borm 30 FJAR JU 5 A8 =M w807 W80 SR
O g TINCCE  §7A  G
(2) frkll ABEE AT E L ER . 5B S
(3) B % &7 BUE B A 5 gkl T JEE.
(4) BE:& MF AL/ H AL/ AR GF B EL RS, B/ ARE,
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BORBLEEGHRE AR KR

(5) B3 Nk 08k ek (BRik UE] HERR B HER

(6) W4 + b T E M 165 EMNIZER RKEEE S POoMb.

2. PR

(1) Bkl T ARS8, A4 TR 573, flk . FE 3 MR 4
AW F TS .

(2) WPRBA 2 FIRCe AT — DB BOR o3 KA v BB IE & A & .

(3) Mo P EEFEFELNEM, E%H TR EMGE, .

(4) 17 fe2d 2Z 60, A5 BR T 90 55 8o, BLAAT = A AR, IR i 2 2% )&
(58

(5) HFESHEARNFXMA T EEA LISz 5K R &

(6) J5 R XRR A 2 A5 2K, R D HE v i) R R ol i I e o/F RS S 5 A (L

(7) FREARA AT LA E R it P vF 25 552 s 0 1 1) el o

(8) fiff 7y 2 i B 47 — R 5 B8 50 A [ ff 22 T8, e Jm oK B O AR, BIoR R
7t H{HE

(1) Algebra has evolved from the operations and rules of arithmetic. The study
of arithmetic begins with addition, multiplication, subtraction, and division of num-
bers .

4+7, 37x682, 49 - 22, 40 + 8.

In algebra we introduce symbols or letters—such as a, b, ¢, d, x, vy, z—to de-
note arbitrary numbers and, instead of special cases, we often consider general state-
ments ;

a+tb, cd, x-y, x+a.

(2) The language of algebra serves a twofold purpose. First, we may use it as a
shorthand to abbreviate and simplify long or complicated statements. Second, it
proves a convenient means of generalizing many specific statements.

(3) Many expressions involve two or more operations. Grouping symbols tell us
which operation is to be done first. The common grouping symbols are parentheses,
(), brackets, [ ], and the fraction bar, —. For example, in the expression
2(3+4), we do the addition first and then we do the multiplication .

2(3+4) =2(7)= 14. |
4. B AR SiRgl( =) AR 1-C R B msDGE
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3z 1-C Ratio and measurement™

The communication of ideas today is often based upon comparing numbers and
quantities. When you describe a person as being 6 feet tall, you are comparing his
height to that of a smaller unit, called the foot. When a person describes a commodity
as being expensive, he is referring to the cost of this commodity as compared to other
similar or different commodities. If you say that the dimensions of your living room are
18 by 24 feet, a person can judge the general shape of the room by comparing the di-
mensions. When the taxpayer is told that his city government is spending 42 per cent
tax dollar for education purposes, he knows that 42 cents out of every 100 cents are
used for this purpose.

The chemist and the physicist continually compare measured quantities in the la-
boratory. The housewife is comparing when measuring quantities of ingredients for
baking. The architect with his scale drawings and the machine draftsman with his
working drawings are comparing length of lines in the drawings with the actual corre-
sponding lengths in the finished product.

DEFINITION. The ratio of one quantity to another like quantity is the quotient of
the first divided by the second.

A ratio is a fraction and all the rules governing a fraction apply to ratio. We write

a ratio either with a fraction bar, a solidus, division sign, or with the symbol “ :”
3
( which is read “is to” ). Thus the ratio 3 to 4 is Fi 3/4, 3+4, or 3:4. The 3 and 4

are called terms of the ratio.

It is important for the student to understand that a ratio is a quotient of like
quantities. The ratio of a line segment to an angle has no meaning; they are not quan-
tities of the same kinds. We find the ratio of one line segment to a second line seg-
“ment or the ratio of one angle to a second angle. This we do by measuring them and
then finding the quotient of their measurements. The measurements must be expressed
in the same units.

A ratio is always an abstract number; i.e., it has no units. It is a number con-
sidered apart from the measured units from which it came. Unless there is an impor-

tant reason to the contrary, a ratio should be expressed in its simplest form. In the

M L 1-C [ : Hemmerling E M.College Plane Geometry.New York ; John Wiley & Sons. 1986,
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previous example where the dimensions of a living room are 18 by 24 feet, the final

ratio of width to length is 3:4, but not 18 :24.

abbreviate[ a'brizvieit | v. 45 %0 , 44 W% grouping symbols( =sighs of grouping)

arbitrary[ 'a:bitrari] adj. {E&E ¥ e S (TR i)

bracket[ 'brakit | n. 55, F 55 measurement | 'mezomoant | n. il & , WL
round bracket [5] 4§55 parenthesis[ pa'ren@isis | n. A5 ( =

commodity | ka'maditi | n. H H & round bracket)

dimension| di'menfan | n. K/, 4% prove[ pruzv | v. ik B , #% i BH &

evolve[ i'volv ] v. & & BT ratio[ 'reifiou ] n. [ 4

expression| iks'prefan | n. Fik[ Jy 15 shorthand| '[a:thend | v. #id

fraction[ 'frekfan] n. 40%L, 43 simplify[ 'simplifai | v. fij{k

fraction bar PRk, 4r &2k solidus|[ 'solidos | n. B4R 4AT, B«

generalize[ 'dzenaralaiz | v. ) twofold[ 'tu:fould | adj. A&/

§2.2 LA5=f
( Geometry and Trigonology )

W3 2-A Why study geometry?q’)

Why do we study geometry? The student beginning the study of this text may
well ask, “ What is geometry? What can I expect to gain from this study?”

Many leading institutions of higher learning have recognized that positive benefits
can be gained by all who study this branch of mathematics.' This is evident from the
fact that they require study of geometry as a prerequisite to matriculation in those
schools,

Geometry had its origin long ago in the measurements by the Babylonians and
Egyptians of their lands inundated by the floods of the Nile River. The greek word ge-
ometry is derived from geo, meaning “earth,” and metron, meaning “measure”. As

early as 2000 B. C. we find the land surveyors of these people re-establishing

(D 32 2-A F12-B §i§i @ : Hemmerling E M.College Plane Geometry. New york : John Wiley & Sons. 1986,
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vanishing landmarks and boundaries by utilizing the truths of geometry.”

Geometry is a science that deals with forms made by lines. A study of geometry
is an essential part of the training of the successful engineer, scientist, architect, and
draftsman. The carpenter, machinist, stonecutter, artist, and designer all apply the
facts of geometry in their trades. In this course the student will learn a great deal
about geometric figures such as lines, angles, triangles, circles, and designs and
patterns of many kinds.

One of the most important objectives derived from a study of geometry is making
the student be more critical’ in his listening, reading, and thinking. In studying ge-
ometry he is led away from the practice of blind acceptance of statements and ideas
and is taught to think clearly and critically before forming conclusions.

There are many other less direct benefits the student of geometry may gain.
Among these one must include training in the exact use of the English language and
in the ability to analyze a new situation or problem into its basic parts,® and utilizing
perseverance, originality, and logical reasoning in solving the problem. An apprecia-
tion for the orderliness and beauty of geometric forms that abound in man’ s works
and the creations of nature will be a byproduct of the study of geometry. The student
should also develop an awareness of the contributions of mathematics and mathemati-

cians to our culture and civilization.
w3 2-B Some geometrical terms

1. Solids and planes. A solid is a three-dimensional figure. Common examples
of solids are cube, sphere, cylinder, cone and pyramid.

A cube has six faces which are smooth and flat. These faces are called plane sur-
faces or simply planes. A plane surface has two dimensions, length and width. The
surface of a blackboard or of a tabletop is an example of a plane surface.
| 2. Lines and line segments. We are all familiar with lines, but it is difficult to
define the term. A line may be represented by the mark made by moving a pencil or
pen across a piece of paper. A line may be considered as having only one dimension,
length. Although when we draw a line we give it breadth and thickness, we think only
of the length of the trace when considering the line. A point has no length, no width,
and no thickness, but marks a position. We are familiar with such expressions as pen-
cil point and needle point. We represent a point by a small dot and name it by a cap-

ital letter printed beside it, as “point A” in Fig.2-2-1.
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The line is named by labeling two points on it with capital letters or one small
letter near it. The straight line in Fig. 2-2-2 is read “line AB” or “line [”. A
straight line extends infinitely far in two directions and has no ends. The part of the
line between two points on the line is termed a line segment. A line segment is named
by the two end points. Thus, in Fig. 2-2-2, we refer to AB as a line segment of line
[. When no confusion may result, the expression “line segment AB” is often replaced

by segment AB or, simply, line AB.

A

=

Fig.2-2-1 Fig.2-2-2

There are three kinds of lines: the straight line, the broken line, and the curved
line. A curved line or, simply, curve is a line no part of which is straight. A broken

line is composed of joined, straight line segments, as ABCDE of Fig.2-2-3.
D

Fig.2-2-3 Fig.2-2-4

3. Parts of a circle. A circle is a closed curve lying in one plane, all points of
which are equidistant from a fixed point called the center (Fig.2-2-4). The symbol
for a circle is ©. In Fig.2=2-4, O is the center of ©ABC, or simply of © 0. A line
segment drawn from the center of the circle to a point on the circle is a radius ( plu-
ral, radii) of the circle. OA, OB, and OC are radii of © 0. A diameter of a circle is
a line segment through the center of the circle with endpoints on the circle. A diame-
ter is equal to two radii. A chord is any line segment joining two points on the circle.
ED is a chord of the circle in Fig.2-2-4.

From this definition it should be apparent that a diameter is a chord. Any part of

a circle is an arc, such as arc AE,which is denoted by AE. Points A and E divide the

circle into minor arc AE and major arc ABE. A diameter divides a circle into two arcs
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— ————
termed semicircles, such as AB and BCA. The circumference is the length of a circle.

iR 5iRAE(—)
abound[ o'baund | v. KEfF{E
angle[ '2ngl| n. f
appreciation[ o,prizfi'eifon |n. %5 HE S
arc[ atk | n. i
major arc ff; 3K
minor arc 45 il
architect[ 'arkitekt | n. #HFIN, 50
breadth|[ bred0 | n. i
byproduct[ 'bai,prodakt | n. g™ i
center[ 'senta ] n. s, B>
chord[ ko:d ] n. 9%
circle[ 'so:kl] n. [B JH , [&
circumference[ sa'kamfarans | n. J&{
cone|[ koun | n. [&] 4
critical [ 'kritikal | adj. 4 ¢ #9, Bk H
i, lhm A 1)
cube[ kju:b] n. 37 J7 A&
curve[ ka:iv] n./v. 25 il
curved line [ £5
cylinder[ 'silinda ] n. #:{&
define[ di'fain | v. Xf----- TSR
diameter[ dai'®&mito ] n. &
“dimension[ di'menfan] n. 4E%, K/
draftsman| 'dra:ftsman | n. | & 57
endpoint| 'endpoint | n. ¥ &
equidistant[ i:kwi'distont | adj. Z£
5 1
geometrical [ dzia'metrikal | adj. JL
fa 4
infinitely [ 'infinitli | adv. JGRE Hb

institution[ insti'tju:fon In. 2%¢£ Z A
inundate[ 'inandeit | v. #%&
label[ 'leibl ] v. #ric ;n. 5 5, b2
line [lain] n. 2k, 5%
line segment B2k B¢
broken line 72%
straight line B[ %%
machinist[ ma'[i:nist | n. LT, HLT
matriculation| mo,trikju'leifon| n. A
FEE, PR
orderliness[ 'a:dalinis | n. HRE JF
originality [ 9;ridzi'neeliti | n. €3 5
perseverance| pa:si'viorans | n. ¥ /)
plane[ plein | n. SF[f]
position[ pa'zifan] n. i H R&
positive| 'pazativ ] adj. 1F ¥, 1F A ),
H E 1
prerequisite [ pri:'rekwizit | adj. 704
HA W sn. Jotk x4
pyramid[ 'piromid | n. $& 4, 4 FIE
radius| 'reidjas | n. 242 ( & A radii
[ 'reidiai | )
ray[ rei| n. 52k
semicircle[ 'semi;sorkl | n. 2 [H]
side[ said]| n. i1
solid[ 'solid | adj. 37 & ;n. 7K
sphere[ sfia] n. Bk, Bk
stonecutter| 'stoun kata ] n.
surface| 'sa:fis | n. [, f#l 1@

surveyor| sa'veia | n. jlj &
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thickness[ 'Oiknis | n. J&J& vanish[ 'veenif | v. {HE ,ZERF
triangle[ 'traiengl] n. =f1E

M EXK
L W) A Al i g (—) , WS ERIC A (B I A7E BEXEAL M it 5 .
2. &) A Bl i) Bl o LA B e 4 R 0 R R

(1) appreciation of (for) sth./sb. (2) awareness of sth./sb.

(3) blind acceptance of sth. (4) change the terms about

(5) be composed of sth./sb. (6) be derived from sth.

(7) divide sth.into sth. (8) be equidistant from sth.
(9) expect to do sth. (10) be familiar with sth./sb.
(11) gain (12) be led away from sth.
(13) prerequisite to sth. (14) refer to sth./sb.as sth./sb.
(15) treatment of sth. (16) work with sth.

3. & 2 BAE i) Al 2 o iR 9 A

IR SR

1. Many leading institutions of higher learning have recognized that positive ben-
efits can be gained by all who study this branch of mathematics. H;# higher learning
PR R positive FERCFE TR R R IER T, X HLR R “ B ST BR
“HER" . AR U2 R OSSR LR ARG, BT 2 A XA B
o3 SCHY NAR RS A B AR 4T 1 Wi £ o

2. ---we find the land surveyors of these people re-establishing vanishing land-
marks and boundaries by utilizing the truths of geometry. i X ! find B B2 LM, J5 &
t1f the land surveyors, these people il re-establishing 5| 5 (1) 43 i8] %5 15 #F A2 1& i
B T (HE R BRI, w0 ] R R RS O R Ab . R g R s FRAT] A
85T O E 1 o< L= o < 601 O 1 O SR T 1 Bl 5 0 ST < o
BT e

3. A critical 28 W, EAS W HETEWR AW AEHMEN" “FHEHK"

4. ---training in the exact use of the English language and in the ability to ana-
lyze a new situation or problem into its basic parts-+- 0] 3¢ % « | 25 2 15 19 AE 6 {6 H
KAE 53 BT BT 05 8 [n] i A JE AR E R M RE ) .
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R IME AL

1. 385 5 4% 2 B B i ] 215 0 3R AR TR E TR A SR PR R AL AL -

(1) g RIS HUARI i B3 i AR

(2) @ &1 00 2 HER A B R Pk AT, il i

@ LR KR ST BR B TR

@ BB EAR R CER LSRRI 5

@ fa L =M CHM=MAE BHL Bl

® KB R R LE

© JUAA] 0y 7 A B 25l R S5 R A SRR

(3) BiFRBlE ) TR e m B RE T .

(4) HRTHHF A FPEMUE SR L B K& A AE & BT 1) Je ke
&1

2. PR

(1) ¥ 2% FARN A BOF I 5 ) AL 7 BOR 1 20 7 3 6l A e D R 1

(2) V407 16 0 4 A 0 JL Al g 5T B b A2 AR B 0 & el 0 et BOR , JL
S v A B 2O LTS T TV 2 B SR

(3) JLAA] 9 2 ~J {2 A A S % ) AU f S Jo 2 R 4L, T T AN 2 B H 2
{EAT 453 .

(4) BOFEEIRF A5 BB BE J , 15 ftu (7T BB AL FH 30T L 8 3 1 2 4 e 2
oK S TR [

(5) JUfa] FZEA R TR, 012 , 010 = M8 -7 e fR , AR
SR K

(6) — e (BT ) A B0 A G 5 1 ol i 2 F 167 ) A3 1 F98 (5 804 R
2R (E A 20) A KB (H RS A T8 , B4 5 B2 s i RAT (LB, 208 KD

(7) FFEMEA 5t K TC PR EE {5 P 2% A [l — i R M SR T fR . 3X
W 2% S R FR Dh 3 A A I, 20X WA T ) TR b EL AR SR A £
oA

(8) i L i AT pih 2 v A B — o 3] — 7 [ A PO R 0 50 0 55 I o A8 ] .
A 1 RE R O (B, 0 160 LG 1 4 i 7 (B ] ) R BERR O i1~ TR ) B A
HAR I — e 4 422 1 2% DA £ 0 4 BE U ARl

3. PRI

(1) In geometry an angle is defined as the set of points determined by two rays
[, and [, having the same endpoint 0.

(2) In trigonometry we often interpret angles as rotations of rays. To obtain an



§2.2 JI@5=/A 33

angle we may start with a fixed ray [, having endpoint O, and rotate it about O, in a
plane, to a position specified by ray [,. We call [, the initial side, [, the terminal
side, and O the vertex of angle.

(3) A right angle is a 90° angle. An angle § is acute if 0°<8<90° or ob-
tuse if 90° <A< 180°. A straight angle is a 180° angle. Two acute angles are
complementary if their sum is 90°. Two positive angles are supplementary if

their sum i1s 180°.

4. fEBhA R SR 4l (=) B 2R3 2-CL IR E R BIDUE .
{37 2-C Trigonometric function and solution of right triangles'"

The sides and angles of a triangle are mutually dependent. We know this from
gseometry. Trigonometry begins by showing the exact nature of this dependence be-
tween the sides and angles of triangles. For this purpose trigonometry employs the
ratios of the sides. These ratios are called trigonometric functions. The six trigono-
metric functions of any acute angle in a right triangle, as A, are denoted as fol-
lows:

sin A, read “sine of A7 ;

cos A, read “cosine of A” ;
tan A, read “tangent of A” ;
esc A, read “cosecant of A7
sec A, read “secant of A” ;
cot A, read “cotangent of A”.

These trigonometric functions ( ratios) are defined as follows ( see Fig.2-2-5) .

(1) sin A =opposite side( =i) ' B
hypotenuse cl’
(2) cos A:adjacent side :i '
hypotenuse cl’ .
(33 tan Azopposite side _a a
adjacent side b’
(4) csc A= hypoitenu?,e =1 ; x )
opposite side a 5
(5) sec A= bypotenuss = Fig.2-2-5
adjacent side\ b/’
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adjacent side/ b

(6) cot A= ——
opposite side\ a

These functions (ratios) are of fundamental importance in the study of trigonometry.
They must be memorized.

One of the most important applications of trigonometry is the solution of triangles.
Let us now take up the solution of right triangles. A triangle is composed of six parts,
three sides and three angles. To solve a triangle is to find the parts not given. A trian-
gle may be solved if three parts (at least one of these is a side) are given. A right tri-
angle has one angle, the right angle, always given. Thus a right triangle can be
solved when two sides, or one side and an acute angle, are given.

The general directions for solving right triangle are as follows.

(1) Draw a figure as accurately as possible representing the triangle in question.

(2) When one acute angle is known, subtract it from 90° to get the other acute
angle.

(3) To find an unknown part, select from (1) to (6) trigonometric functions
(ratios) , a formula involving the unknown part and two known parts, and solve for
the unknown part.

(4) Check the values found, when they satisfy relations different from those

used in the last step, they are correct. A convenient numerical check is the relation

2

a’= = b*=(c+b) (c-b).

£R5RA(D)

acule angle @3%

adjacent side & i/l

complementary| kompli'mentari| adj.
[ B IR

determine| di'tarmin | v. fifj &

right triangle E[fi —filE

rotation[ rou'teifn | n. JE¥% , 5 5
specify[ 'spesifai] v. ( H&) 455
straight angle - ffi

supplementary[ ;sapli'mentari | adj. [ ]

hypotenuse | hai'potinju:z | n. i1

initial side of an angle ffi [ i i1

mutually dependent A H_ {4 i (1Y) , T 4H
KEKHY

obtuse angle fli ffi

right angle F[ ffi

1Y
the terminal side Z£3))
trigonometric| trigona'metrik | adj. —
il 1

vertex| 'varteks | n. [l g4
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§2.3 KERLMEERHER
( Basic Concepts of the Theory of Sets)

%X 3-A Notations for denoting sets

The concept of a set has been utilized so extensively throughout modern mathe-
matics that an understanding of it is necessary for all college students.' Sets are a
means by which mathematicians talk of collections of things in an abstract way.’

Sets usually are denoted by capital letters: A,B,C, -+ ,X,Y,Z; elements are
designated by lower-case letters: a,b,c, - ,x,y,z. We use the special notation

xe S

to mean that “x is an element of S” or “x belongs to S.” If x does not belong to S,
we write x ¢ S. When convenient, we shall designate sets by displaying the elements
in braces; for example, the set of positive even integers less than 10 is denoted by
the symbol {2,4,6,8| whereas the set of all positive even integers is displayed as
{2,4,6,---1, the three dots taking the place of “and so on”. The dots are used only
when the meaning of “and so on” is clear. The method of listing the members of a set
within braces is sometimes referred to as the roster notation.

The first basic concept that relates one set to another is equality of sets:

DEFINITION OF SET EQUALITY. Two sets A and B are said to be equal ( or
identical ) if they consist of exactly the same elements, in which case we write A = B. If
one of the sets contains an element not in the other, we say the sets are unequal and we
write A#B.

EXAMPLE 1. According to this definition, the two sets {2,4,6,8| and {2,8,
6,4| are equal since they both consist of the four integers 2,4 .6, and 8. Thus, when
we use the roster notation to describe a set, the order in which the elements appear is
irrelevant.

EXAMPLE 2. The sets {2,4,6,8{ and {2,2,4,4,6,8| are equal even
though , in the second set, each of the elements 2 and 4 is listed twice. Both sets con-
tain the four elements 2,4 ,6,8 and no others; therefore, the definition requires that
we call these sets equal.” This example shows that we do not insist that the objects lis-
ted in the roster notation be distinct. A similar example is the set of letters in the word

Mississippi, which is equal to the set { M,i,s,p|, consisting of the four distinct
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letters M ,i,s, and p.
3 3-B Subsets

From a given set S we may form new sets, called subsets of S. For example, the
set consisting of those positive integers less than 10 which are divisible by 4 ( the set
{4,8]) is a subset of the set of all even integers less than 10. In general, we have
the following definition.

DEFINITION OF A SUBSET. A set A is said to be a subset of a set B, and
we write

ACB,
whenever every element of A also belongs to B. We also say that A is contained in B or
that B contains A. The relation T 1is referred to as set inclusion.

The statement A C B does not rule out the possibility that BC A. In fact, we may
have both AC B and BC A, but this happens only if A and B have the same elements.
In other words,

A=B if and only if ACB and BCA.
This conclusion is an immediate consequence of the foregoing definitions of equality
and inclusion. If AC B but A# B, then we say that A is a proper subset of B, we in-
dicate this by writing A C B.

In all our applications of set theory, we have a fixed set S given in advance, and
we are concerned only with subsets of this given set. The underlying set S may vary
from one application to another; it will be referred to as the universal set of each parti-
cular discourse. The notation

{xlx e S and x satisfies P}

will designate the set of all elements x in S which satisfy the property P. When the
universal set to which we are referring is understood, we omit the reference to S and
write simply {x|x satisfies P}. This is read “the set of all x such that x satisfies P.”
Sets designated in this way are said to be described by a defining property. For exam-
ple, the set of all positive real numbers could be designated as {x x>0} ; the univer-
sal set S in this case is understood to be the set of all real numbers. Similarly, the set
of all even positive integers {2,4,6,---| can be designated as | x|x is a positive even
integer{ . Of course, the letter x is a dummy and may be replaced by any other con-
venient symbol. Thus, we may write

{xlx > 0} ={yly > 0} ={tlt > 0}
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and so on.

It is possible for a set to contain no elements whatever. This set is called the
empty set or the void set, and will be denoted by the symbol (J. We will consider J
to be a subset of every set. Some people find it helpful to think of a set as analogous
to a container (such as a bag or a box) containing certain objects, its elements.’ The
empty set is then analogous to an empty container.

To avoid logical difficulties, we must distinguish between the element x and the
set {x| whose only element is x. ( A box with a hat in it is conceptually distinct from
the hat itself.) In particular, the empty set @ is not the same as the set { @ |. In
fact, the empty set J contains no elements, whereas the set { | has one element,
@. (A box which contains an empty box is not empty.) Sets consisting of exactly one

element are sometimes called one-element sets.

Diagrams often help us visualize relations
between sets. For example, we may think of a

set S as a region in the plane and each of its el-

ements as a point. Subsets of S may then be

thought of as collections of points within S. For

example, in Fig. 2=3-1 the shaded portion is a Fig.2-3~1
subset of A and also a subset of B. Visual aids

of this type, called Venn diagrams, are useful for testing the validity of theorems in
set theory or for suggesting methods to prove them. Of course, the proofs themselves

must rely only on the definitions of the concepts and not on the diagrams.

ERSEHA(—)

brace[ breis | n. X$55 (% FEEL braces)

consequence| 'konsikwans | n. 25, #Ei8

denote[ di'naut | v. /<,

designate[ 'dezigneit | v. $ric, 45 €,

i #4

diagram|[ 'daiagreem | n. [JE , & i
Venn diagram 4E & &

distinet|[ dis'tipkt | adj. & A [F] )

distinguish [ dis'tingwif[ | v. X 51, #¥ 5

divisible[ di'vizabl ] adj. n] 8 %R 1)

dummy[ 'dami | adj. Mg ;n. BEAE &
dummy index W5 , #i bR
even integer {H%{ ( =even number)
if and only if 4 H{Y Y4
only if {4
irrelevant [ i'relivant | adj. % 3¢ & 119,
TR BEEZH
Mississippi[ misi'sipi | n. % P4 gy He jn]
positive number |F %%
prove[ pruzv ] v. jiE B , # ik B J&



38 F_F BRRN—ANLE

roster[ 'rausta] n. £} validity [ va'liditi ] n. A %1

roster notation %% 7k vary[ 'veri] v. A4k
rule out HERE , & visual[ 'vizual | adj. o] #L11¥, & 2K
subset[ 'sabset ] n. T4 visualize [ 'vizuolaiz | v. 1] f#f 1k, 4
the underlying set JEREZE, &K% e %4
universal set 44 void set 75 £ ( =empty set)
R

LB A S (—) , W ERIC A B FFEREXEL I Eid 5 .
2. 5] sl Bh i g2 2] U B i) 2 B B AR i

(1) analogous to sth./sb. (2) be concerned with sth./sb.
(3) consist of sth./sb. (4) be contained in sth.

(5) distinguish between sth./sb.and sth./sh. (6) be divisible by sth.

(7) be referred to as sth./sb. (8) rely on sth./sb.

(9) be said to be sth./sb. (10) take the place of sth./sb.
(11) think of sth./sb. as sth./sb. (12) vary from sth./sb.to sth./sb.

3. H o EiE N L .

RS

Lo AR LL so---that--- Oy 3 45 ] #4) il — 45 AR N A) o 33X Bl DA /) il 3 %
B e e i e

2. Sets are a means by which mathematicians talk of collections of things in an
abstract way.iX ] #' by which 5] —~ & 1& M A, H-ip by which Fl in an abstract
way 2 il i talk of MIFT A Jr AR TE . ralk of JEE N RIE, X H A48 EF 3
MR RR” . B S REE RN M AR I Ak XKk — LY
AWM ITH,
' 3. therefore, the definition requires that we call these sets equal. (¥ & 3 i#] call
R BRI el G il XA AR A N RS, S E
AR, G P, R E CIRNTTA N IX S SF . TEE call FIAY iy — 8L
sl 4l denote, say, refer S0 REH A, 2l fEENTHY I

4. Some people find it helpful to think of a set as analogous to a container( such
as a bag or a box) containing certain objects, its elements. @] H1 helpful J&Zj i find
M Aol i i 4hE , o B sh i A U HOE M il fn)al . —2EA
WAL A, ESGEUTER(NMEUME ) KA KL
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L EERITR . BORM: — 28 A A B b M A 4 1, RIS LT 28 4% (i
HUMET)RA LKW, EGSHEMNITRK.

CORIME

L. HEF 525 241 /9 5 i) 21 5 0 0 73R i, B TR A SR MR AR L

(1) £ .78 L7824 58 L,

(2) IEH %, B 4t BE bR, KEES .

(3) AT LAGCRERR B L A (6] 1 (W SE 1 B R R,

(4) —BEMLEE , % A A RBOCR RIS 5 #R 48 R XA BT 10 ALK B
Z UEW E B EEAS e T AL .

2. DFHE:

(1) H/hT 10 HAE®E 3 #ERA IE BB M E R BEBENTE.

(2) Q2R 58, F AT AE A5 P F 2 0 R Ik KRR

(3) HfF 9 CRRENLERR, WAV, LFACBERRAHLET B,

(4) an/dl ACB 3 AHERR BCA KIATRETE

(5) Feafi 4 o] A48 FH 3% & A (R T 807

(6) 4 1 kEZ 4 by WME, TATLAHE LK x SIUEHICK x (I {x| X
i

(7) FEA B THESZRIFXRERL,

(8) & B 13k WA AL ACHCRE 48 & F0 2 0 B 4538, i A T & E .

3. JEREN

(1) If A is the set of all the letters of the alphabet,then listing each of elements
would be tedious. So we write A={a,b,c,--,z}.

(2) In the set A,the last element is z.Many sets do not have last elements.Two
important sets are N, the set of natural numbers,and W, the set of whole numbers.To
list all the elements in these sets would be impossible because they go on forever.So
we use three dots and write N=1{1,2,3,--| ,W=10,1,2,3,---1}.

(3) The whole numbers have many important subsets. A whole number is said
to be even if it is divisible by 2;2,6,and 18 are examples of even numbers. A whole
number is said to be odd if it is not divisible by 2;1,7,and 13 are examples of odd
numbers.The natural numbers greater than 1 are called prime or composite. A number
is prime if it is divisible only by 1 and itself. A number is composite if it is divisible

by a natural number other than 1 and itself.

4. fEBhA W SR () BARRR 3 3-CL 0P B iR i G .
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i3 3—-C Introduction to set theory

In discussing any branch of mathematics, be it analysis, algebra, or geometry, it
is helpful to use the notation and terminology of set theory. This subject, which was de-
veloped by Boole and Cantor in the latter part of the 19th century, has had a profound
influence on the development of mathematics in the 20th century. It has unified many
seemingly disconnected ideas and has helped to reduce many mathematical concepts to
their logical foundations in an elegant and systematic way. A thorough treatment of the
theory of sets would require a lengthy discussion which we regard as outside the scope
of this book. Fortunately, the basic notions are few in number, and it is possible to de-
velop a working knowledge of the methods and ideas of set theory through an informal
discussion. Actually, we shall discuss not so much a new theory as an agreement about
the precise terminology that we wish to apply to more or less familiar ideas.

In mathematics, the word “set” is used to represent a collection of objects
viewed as a single entity. The collections called to mind by such nouns as “flock™,
“tribe”, “crowd”, “team”, and “ electorate” are all examples of sets. The
individual objects in the collection are called elements or members of the set, and
they are said to belong to or to be contained in the set. The set, in turn, is said to
contain or be composed of its elements.

We shall be interested primarily in sets of mathematical objects; sets of
numbers, sets of curves, sets of geometric figures, and so on. In many applications it
is convenient to deal with sets in which nothing special is assumed about the nature of
the individual objects in the collection. These are called abstract sets. Abstract set
theory has been developed to deal with such collections of arbitrary objects, and from
this generality the theory derives its power.

( George Boole (1815-1864) was an English mathematician and logician. His
book , An Investigation of the Laws of Thought, published in 1854, marked the crea-
tion of the first workable system of symbolic logic.

G. Cantor ( 1845-1918) and his school created the modern theory of sets during
the period 1874-1895.)

ARSRAA(D)
composite [ 'kompazit | n. & % ; adj. comprise|[ kam'praiz | v. £ i

G LY correspondence | koris'pondans | n. X} /i



crowd[ kraud ] n. Af¥

electorate[ i'lektorit | n. ¥E2 A

flock[ flok ] n. (3 555 M)) B¥
individual [ indi'vidjual]n. #—f, 4>

il i
investigation[ in vesti'geifn | n. %%,
#wit, A

noun| naun | n. 44 iq]
odd number &7 %%
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primarily[ 'praimorili | adv. 3= % i

prime[ praim | n. ¥

profound [ pra'faund | adj. % i i, %
e dib]

reduce to fL1E R, 045K

symbolic logic £ 5 1% 4

tribe[ traib | n. % , f ik

whole number| JE i1 | 8 %{

workable[ 'wa:kabl | adj. W[z # [
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(Integers, Rational Numbers and Real Numbers)

R 4-A Integers and rational numbers

There exist certain subsets of R which are distinguished because they have spe-
cial properties not shared by all real numbers. In this section we shall discuss two
such subsets, the integers and the rational numbers.

To introduce the positive integers we begin with the number 1, whose existence
is guaranteed by Axiom 4. The number 1+1 is denoted by 2, the number 2+1 by 3,
and so on. The numbers 1,2,3,++-, obtained in this way by repeated addition of 1 are
all positive, and they are called the positive integers." Strictly speaking, this descrip-
tion of the positive integers is not entirely complete because we have not explained in
detail what we mean by the expressions “and so on” , or “repeated addition of 17 .
Although the intuitive meaning of expressions may seem clear, in a careful treatment
of the real-number system it is necessary to give a more precise definition of the posi-
tive integers.” There are many ways to do this. One convenient method is to introduce
first the notion of an inductive set.

DEFINITION OF AN INDUCTIVE SET. A set of real numbers is called an induc-
tive set if it has the following two properties :

(a) The number 1 is in the set.

(b) For every x in the set, the number x+1 is also in the set.

For example, R is an inductive set. So is the set R". Now we shall define the positive



42 F_& BRRN—ANLE

integers to be those real numbers which belong to every inductive set.

DEFINITION OF POSITIVE INTEGERS. A real number is called a positive
integer if it belongs to every inductive set.

Let P denote the set of all positive integers. Then P is itself an inductive set be-
cause (a) it contains 1, and (b) it contains x+1 whenever it contains x. Since the
members of P belong to every inductive set, we refer to P as the smallest inductive
set. This property of the set P forms the logical basis for a type of reasoning that
mathematicians call proof by induction , a detailed discussion of which is given in Part
4 of this Introduction.

The negatives of the positive integers are called the negative integers. The
positive integers, together with the negative integers and 0( zero) , form a set Z which
we call simply the set of integers.

In a thorough treatment of the real-number system, it would be necessary at this
stage to prove certain theorems about integers. For example, the sum, difference, or
product of two integers is an integer, bul the quotient of two integers need not be an
integer. However, we shall not enter into the details of such proofs.

Quotients of integers a/b (where b7#0) are called rational numbers. The set of
rational numbers, denoted by Q, contains Z as a subset. The reader should realize
that all the field axioms and the order axioms are satisfied by Q. For this reason, we
say that the set of rational numbers is an ordered field. Real numbers that are not in Q

are called irrational.
#R 3L 4-B Geometric interpretation of real numbers as points on a line

The reader is undoubtedly familiar with the geometric representation of real num-
bers by means of points on a straight line. A point is selected to represent 0 and an-
other, to the right of 0, to represent 1, as illustrated in Fig. 2-=4-1. This choice de-

“termines the scale. If one adopts an appropriate set of axioms for Euclidean geometry,
then each real number corresponds to exactly one point on this line and, conversely,
each point on the line corresponds to one and only one real number. For this reason
the line is often called the real line or the real axis, and it is customary to use the
words real number and point interchangeably. Thus we often speak of the point x rath-
er than the point corresponding to the real numbers.

The ordering relation among the real numbers has a simple geometric interpreta-

tion. If x < y,the point x lies to the left of the point y as shown in Fig. 2-4-1. Posi-
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tive numbers lie to the right of 0 and negative numbers to the left of 0. If a < b, a
point x satisfies the inequalities @ < x < b if and only if x is between a and b.

This device for representing real numbers geometrically is a very worthwhile aid
“that helps us to discover and understand better certain properties of real numbers.
However, the reader should realize that all properties of real numbers that are to be
accepted as theorems must be deducible from the axioms without any reference to ge-
ometry.’ This does not mean that one should not make use of geometry in studying
properties of real numbers. On the contrary, the geometry often suggests the method
of proof of a particular theorem, and sometimes a geometric argument is more illumi-
nating than a purely analytic proof (one depending entirely on the axioms for the real
numbers ) . In this book, geometric arguments are used to a large extent to help moti-

vate or clarify a particular discuss. Nevertheless, the proofs of all the important theo-

rems are presented in analytic form.

1 L

0 1
Fig.2-4-1

ERS5RA(—)
adopt[ 2'dopt | v. FH
appropriate| o'praupriat | adj. i 41
conversely[ 'konva:sli] adv. 222
correspond [ koris'pond | v. Xf i
deducible [ di'dju:sabl | adj. n] # &
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difference[ 'difarans | n. 2%
distinguished[ dis'tingwift | adj. # 2 11,
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entirely complete 5¢ 4% (1
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field[ fizld | n. ki, 35
the field axiom il 2> #f

geometric interpretation JL fof & X, JL

X ¥

Real numbers represented geometrically on a line.

fu] fife T
illuminating|[ i'ljurmi neitin | adj. A [
i, 16
W 11
induction[ in'dakfan ] n. ($(°%)
IEEAFS
proof by induction ( F %27 ) H24
ik 1
inductive set 1444
inequality [ jini'kwoliti | n. /A%
integer| 'intidza | n. #&¥{
interchangeably adv. n] H_H %2 {19
intuitive [ in'tjuzitiv | adj. FLLMY
irrational | i'raefonal | adj. JCH
irrational number JGF %%
negative|[ 'negativ | adj. iy, &
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Y, £ T Y rational number 45 F %

the negative 755 , #H K X real line 3C F £k

negative number /1 4§ real axis 2CHh
the order axiom Jy/2>Hf reasoning| ri:znip | n. #E#
ordered| 'a:dad | adj. 5 ¢ scale[ skeil | n. R B, Z| ¥
product| 'praodakt | n. sum| sam | n. F
quotient| 'kwoaufont | n. fg to the left of fE - W A i
rational [ 'reefonl] adj. A H ) to the right of fF -« w45 3h

s ER
LB A SR 4 (—) WS ER 3T A (B FFFE BEMEAL i [ ic 5 .
2. 57 s A Bl il ik o o DA Fia) i) 241 5 e T i A ORI

(1) be accepted as sth./sh. (2) clarify

(3) convenient method (4) depend on sth./sb.

(5) as illustrated in Fig.1 (6) mean sth./sb. by sth./sb.
(7) by means of sth. (8) more precise

(9) motivate (10) be presented in sth.
(11) be shared by sth. (12) a very worthwhile aid

(13) without any reference to geometry
3.8 ()AL S s R T, (2) 12 58 30K F e =L 52 35 )
M.

ERS5HA

1. The numbers 1,2,3,-+-, obtained in this way by repeated addition of 1 are
all positive, and they are called the positive integers. H vy 5f 2 47315 obtained 5| 2
— AN, HEABEH The numbers, /4 al 3@ &N B 1 FriG B,
2,3, AR IR, BT N IEHEEL

2. Although the intuitive meaning of expressions may seem clear, in a careful
treatment of the real-number system it is necessary to give a more precise definition of
the positive integers. iX B Although 5| 7 —/~iEA 4R & M), H F= 09 it B2 F
. X H expressions fCF AT MY “ and so on” Fl“ repeated addition of 17, ] 3 i}
CRARTECULIET . AR BAR X S AR LT R R (H R
e A FLAL PR SEB0CR G I 0 00 25 H — 1> 5T R AR 195G T IR B BUR E L,

3. However, the reader should realize that all properties of real numbers that are
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to be accepted as theorems must be deducible from the axioms without any reference
to geometry. X 7] 45 MAL & that 5] S M A] . 55— that )\ 4] {E realize () 315 ;
55 T that M\ 4] 4E properties [ %€ 1, to be accepted J&iZ M 4] 1 FiE . ¥ A)a] i
SR BRI, R RLZOARE], UBOR AR O E B BT A O T S8 B0 M JT AR 6 A
AN B F LA 0 RE A 22 BRHE

R IME A

L. AT 2 25 20 A B am) | ) 21 5 o R e i, B T A A SR PRI AR ICAZ

(1) HEH0 A BB TR S S SR, S LR S, R A e
W/ Fill o

(2) f.2 B WL AEK

(3) ¥ FAH BAH,

(4) AR S8R BKICHY & 241 3 Y T W o

(5) Al A9 AT A 52 e 138 38 R — 4 22 B8 X T 33 &
() IH R B, X046 50 4508 0 A RO R A R, 853X A3 m BL X )

2. WiFde.

(1) ™Rk, X R B BOE A8, B FATT B LU LU R #E™
CCREm T E R4

(2) A BBHM. Z8HE - TR HENIIEEHB AL RE—
%/

(3) 3k Fofr FH JUAWT R 2 7s 52 B3R I 2 % 1 5 B AT T B8 4 3 2 305 340 e S 8040
PR AR H A E

(4) JLfar 2846 o — 2045 s i) E F2 42 fEuE 0 S8 B (R 0) , 0 H., A i JL AT i
Ve UE BEAE 73 A A (5E 2 HOBE T 52 802 B ) TIE BH 5 37 B

(5) —1~ by S5 B R i B 16 A2 A0 T 2% A WU BR A F IX (6] (open interval )

(6) L8 a & -a WM BB, ENTMLEXHEM S, HXY a0 B, LTS
ATAl

(7) BB GF XA S8 B — i, ez S5 EiE— A, AR
H— 85 Z R .

(8) FEJLAaf |, 52 Bz 1a] (4 Uy 6 & AT LAZE 808 i R s th ok .

3. B

(1) A common mistake is to think that-x is a negative number.But —x can be
positive 0, or negative ,depending on the value of x.

(2) Each property that we covered in the last section involves only one opera-
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tion, such as ab=ba and 0+a=a.We now consider a property that links addition and
multiplication.It is called the distributive property or multiplication distributive over
addition and is illustrated with the following formulas .
a(b+c)=ab+ac; (b+c)a=ba+ca.
(3) Consider the decimal formed by writing the natural numbers in order;
.123456789101112131415---

Since the natural numbers do not terminate or repeat,this is a nonterminating nonre-
peating decimal. The decimal which cannot be converted to the ration of two integers is
called irrational number. This set of numbers is denoted by the symbol H, and

H={x: x is a nonterminating nonrepeating decimal | .

4. fEph A A 54 (=) B2FR 3 4-C, 3% e F R DUE .
{32 4-C Fractions and decimal fractions'"

Let us first turn our attention to fractions. You have surely met the expressions

“half” and * quarter” , they are used when the denominator of the fraction equals 2 or
1

4. ) is read “one third”. Other fractions are read in the same way. Thus we read

1 1L 1T 1 3 1

—,—,—,—,—,—— as one fifth, one sixth, one seventh, one tenth, one twenty-
5 6 7 10 25 100

fifth and one hundredth. These expressions are regarded as nouns and may therefore

; . 59 5 :
have a plural. Thus we read — as two thirds; similarly —,—,—— are read as five
3 6 10 100
sixths, nine tenths and five hundredths. However, if the last digit of the denominator
is 1 or 2, then we do not read the fraction in the above-mentioned way. For example,
5 "o " . . .
W PrOTOHGES) a8 five over twenty-one”. This method is also used in the other

| 501
or
1089 1205

over a thousand and eighty-nine” or “five hundred and one over twelve hundred and

case. If the fraction is not a common one |e.g., , then we say “one

five” .

Next, let us examine decimal fractions. They are very simple to pronounce. You
just read the integral part of the number in the ordinary way, then say “ point”
( stands for “decimal point”) and then read the decimal place one after the other.

Thus 12.65 is read twelve-point-six-five; m correct to 6 decimal place, equals three-
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point-one-four-one-five-nine-two, correct to five significant figures, equals three-
point-one-four-one-six. When the decimal fraction is smaller than one, it is not usual
in England to write, for instance, 0.56, but only .56. .56 is read * point-five-six” ,
.0007 is read “point-nought-nought-nought-seven” or more usually “point-three 0’ s-
seven’ .

2a-1

ax+

Now for algebraical expressions, fractions are again read “over”. is read

2a-1 over ax+b and brackets are indicated by the word “into” , e.g., (a+b) (a=b)

is read “a plus b into @ minus b”. Powers are indicated by indices or exponents. The

index 2 is read “squared” and the indices 3 “cubed” , or “to the third”. Other indices

are read “to the fourth, to the fifth, to the minus second, to the nth”. The identity
a'+b’=(a+b) (a’—ab+b")

reads “a cubed plus b cubed equals @ plus b into @ squared minus ab plus b

squared”. Or the equation

x_-%+\5/a72=0

reads “x to the minus two thirds plus the fifth root of @ squared equals zero”.

ER5RAE(ZD)
be converted to #f §% i i,
decimal[ 'desimoal | adj. - #F il i1, /)
B 0. /N
decimal fraction 37 il /)N %%
nonterminating nonrepeating decimal
T BRATE /N
denominator| di'nomineita | n. 3£}
distributive property W P [ £
exponent| eks'paunant | n. §§ %k
the fifth root of x squared x ¥ 5 ] 11
KR
fraction| 'freekfan| n. 43%, 73 X
index|[ 'indeks | n. ¥ %, 545
minus| 'maings | prep. J& ; adj. 11 [1;

n. W5, 15, T M

x to the minus two thirds « )1 =4
Z ZWH
multiplication distributive over addition
e 1 0 T3k £ 43
numerator| 'njurmoreita | n. 43 F
plural[ 'pluaral | n. & % ( 951515 8 H
W)
plus[ plas ] prep. Jil;adj. IEf;n. 1F
5Lme B

power| 'paua] n. B, jy,H
pronounce | pra'nauns | v. % 35, i
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§2.5 HFIILNLAENERFS

( Basic Concepts of Cartesian Geometry)

B3 5-A The coordinate system of Cartesian geometry

As mentioned earlier, one of the applications of the integral is the calculation of
area. Ordinarily we do not talk about area by itself, instead, we talk about the area of
something. This means that we have certain objects ( polygonal regions, circular re-
gions, parabolic segments,etc.) whose areas we wish to measure. If we hope to arrive
at a treatment of area that will enable us to deal with many different kinds of objects,
we must first find an effective way to describe these objects.’

The most primitive way of doing this is by drawing figures, as was done by the
ancient Greeks. A much better way was suggested by Rene Descartes ( 1596-1650) ,
who introduced the subject of analytic geometry (also known as Cartesian geometry) .’
Descartes’ idea was to represent geometric points by numbers. The procedure for
points in a plane is this;

Two perpendicular reference lines ( called coordinate axes) are chosen, one hor-
izontal ( called the “x-axis” ), the other vertical (the “y-axis™ ). Their point of inter-
section, denoted by O, is called the origin. On the x-axis a convenient point is
chosen to the right of O and its distance from O is called the unit distance. Vertical
distances along the y-axis are usually measured with the same unit distance, although
sometimes it is convenient to use a different scale on the y-axis.” Now each point in
the plane( sometimes called the xy-plane) is assigned a pair of numbers, called its
coordinates. These numbers tell us how to locate the point.

Fig. 2-5-1 illustrates some examples. The point with coordinates (3,2) lies
~ three units to the right of the y-axis and two units above the x-axis. The number 3 is
called the x-coordinate of the point, 2 its y-coordinate. Points to the left of the y-axis
have a negative x-coordinate; those below the x-axis have a negative y-coordinate.
The x-coordinate of a point is sometimes called its abscissa and the y-coordinate is
called its ordinate.

When we write a pair of numbers such as (a,b) to represent a point, we agree
that the abscissa or x-coordinate, a, is written first. For this reason, the pair (a,b)is

often referred to as an ordered pair. It is clear that two ordered pairs (a,b)and (¢,d)
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represent the same point if and only if we have a=c¢ and b=d. Points (a,b) with both
a and b positive are said to lie in the first quadrant, those with @ < 0 and b > 0 are in
the second quadrant; and those with a<0 and b < 0 are in the third quadrant; and
- those with @ > 0 and b<0 are in the fourth quadrant. Fig. 2=5-1 shows one point in
each quadrant.

The procedure for points in space is similar. We take three mutually perpendicu-
lar lines in space intersecting at a point ( the origin). These lines determine three
mutually perpendicular planes, and each point in space can be completely described
by specifying, with appropriate regard for signs, its distances from these planes. We
shall discuss three-dimensional Cartesian geometry in more detail later on; for the

present we confine our attention to plane analytic geometry.

i®3Z 5-B Geometric figures

A geometric figure, such as a curve in the plane, is a collection of points satis-
fying one or more special conditions. By translating Y

these conditions into expressions, involving the coordi-

. . . P(x.y)
nates x and y, we obtain one or more equations which 7

by

. - . . 4
characterize the figure in question.” For example, con-
sider a circle of radius r with its center at the origin, as

shown in Fig. 2-5-2. Let P be an arbitrary point on

this circle, and suppose P has coordinates (x,y).
Then the line segment OP is the hypotenuse of a right Fig.2-5-2
triangle whose legs have lengths |x| and |y| and hence, by the theorem of Pythago-
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ras,

x4 yl =y,
This equation, called a Cartesian equation of the circle, is satisfied by all points (x,y)
on the circle and by no others, so the equation completely characterizes the circle. This
example illustrates how analytic geometry is used to reduce geometrical statements about
points to analytical statements about real numbers.

Throughout their historical development, calculus and analytic geometry have
been intimately intertwined. New discoveries in one subject led to improvements
in the other. The development of calculus and analytic geometry in this book is
similar to the historical development, in that the two subjects are treated together.
However, our primary purpose is to discuss calculus. Concepts from analytic ge-
ometry that are required for this purpose will be discussed as needed. Actually,
only a few very elementary concepts of plane analytic geometry are required to un-
derstand the rudiments of calculus. A deeper study of analytic geometry is needed
to extend the scope and applications of calculus, and this study will be carried out
in later chapters using vector methods as well as the methods of calculus. Until
then, all that is required from analytic geometry is a little familiarity with drawing

graph of function.

SR5E4AE(—)
abscissa| @&b'sisa | n. AL bR distance[ 'distans | n. i &
analytic geometry fift £t JL{[ distance from sth. £+ 7 I 2

arbitrary[ 'a:bitrari] adj. {E &1
area| 'earia | n. [, [X 1§
calculation[ kelkju'leifan]| n. 155
Cartesian[ ka:'tizzjon | adj. i LY illustrate[ 'ilastreit | v. {50

Cartesian geometry §fi 5 JLJL{ improvement[ im'pruz:vmoant | n. g gf,

Rene Descartes( A45) R. i K JL 58
circular 'satkjula | adj. [B A9, & J& ) integral [ 'intigral | adj. & %1, 14

circular region [#] 1, (1) ;n. B>
confine[ kan'fain | v. /g fR T intersect| ;inta'sekt] v. #{2¢

hence| hens | adv. [A i,
horizontal [ hori'zontl | adj. 7K /)
hypotenuse[ hai'patinju:z | n. #}if1

coordinate[ kau's:dinit | n. A4 FR
coordinate axis A F5 %l
coordinate system A fR £

intertwine[ [inta'twain | v. @&, 454
intimately[ 'intimitli | adv. 'E%#h , 5% H
leg[ leg | n. filfih, & fiili



ordered pair £ X}
ordinate [ 'ordinit | n. ZAAR #5
the origin AL Fx 5L 5,
* parabolic[ pera'bolik | adj. i)k 1Y
parabolic segment #i% =5 &
perpendicular[ ;pa:pan'dikjula| adj.
[ HAH ] 3 H
polygonal [ 'poligonl | adj. Z1IEH)
polygonal region 25351 T [X 4,
the procedure for points % 5 i) ¥
quadrant[ 'kwodrant | n. 22
reduce[ ri'djuis | v. IH%5[ A |, 46T
regard| ri'ga:d ] n. PEH,IANE;v. FH
ﬁ": . j:Ell ...... ?‘I/Ey‘:’

B
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region| 'rizdzan | n. X1
rudiments| 'rTurdimants | n. (& %) A
[], e Al

scale[ skeil | n. RUEE, ZIBE, L@ ( R)

segment| 'segmant | n. 8B 4T

specify[ 'spesifai | v. 355 , B pUA

subject[ 'sabdzikt | n. 2ZF=F} | 50

three—dimensional [ Ori:'dimenfanal |
adj. =4

triangle[ 'traieengl] n. =¥

right triangle B fi = fiJE

the unit distance A J&

vector[ 'vekta | n. A&, K&

vertical [ 'vartikal | adj. "% B[

L B9 A il 5 4l (—) W PR 3C A B IR FEBEXEAL I Eic 5 .
2. &) A B e S5 o DU Bi] i) 45 v S SO R

(1) arrive at sth.

(3) by no other

(5) a geometric figure

(7) be intimately intertwined

(9) a little familiarity with sih./sb.
(11) mutually perpendicular planes
(13) the rudiments of calculus

(15) two units above the x—axis

3. & PRIE N %

R 5

(2) as mentioned earlier

(4) confine our attention to sth./sb.

(6) hypotenuse of a right triangle

(8) locate the point

(10) a much better way

(12) reduce sth.to sth.

(14) three units to the right of the y-axis
(16) with appropriate regard for signs

1. If we hope to arrive at a treatment of area that will enable us to deal with

many different kinds of objects, we must first {ind an effective way to describe these
objects. X B treatment Fil deal with [ L ER AL B, Wi i B B2 E . H
U, B AT AR v SO AR AT Bk e . 4 ) AT A AR FRATT A B AR A A
(93 53 i LA BE P & DR Ak B 22 Tl A ) 288 Y 1) I , 6 AT i 6 20 7 56 4 i i g
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XS IE A BN

2. A much better way was suggested by Rene Descartes( 1596-1650) , who in-
troduced the subject of analytic geometry ( also known as Cartesian geometry). iX i §§
gy ) iR E B A) . RO R L (1596—1650) §2 it 1 —Fpbf 15 2 8y Ip ik, OF &
ST BT LA (B FR A R L) X~ F

3. Vertical distances along the y-axis are usually measured with the same unit
distance, although sometimes it is convenient to use a different scale on the
y-axis. EA R, HARLEFRES T Na)p i BB FEE, A
although 5| 5 i) M\ A1) 3t & B AE £ ) Z A, & m) R AR - - (2 - R "
B, flrp LR AW —FE . 28 55 U B & £ although 5] 5 (19 M 4] 7F
G , B BT A, XN although B B /E“{HE"“Aid” . ajal . W&
vl # E E  H D [ R ) 7 I B R T R, S o A SR T A ] i R
(BT BE ) B 5 (il

4. By translating these conditions into expressions, involving the coordinates x
and y,we obtain one or more equations which characterize the figure in question. 4}
i) by 51—~ BUAE 23 1) BT AE O 2R TE , 10 involving 51 & i 3 7E 43 1) 2 18 48 i
expressions, the figure in question B A “ERIEFHEIE” “ZEIE” . 4500 iF
J - G0 S X L AR A R A S A A Ry BRI, NG R T — 124
HE 2 0] i Pl 22 5 E B 0 o

iR SME Ak

L A8 F 545 41 19 a4 5 0 0 2 R I o, OF 5B T A9 A O 1 K AR
itz .

(1) f#AT LT B R ILILAT =4, Aa bR AR AR LA bR D 6 A8 A 4 A
bi A bRl R IR, AR RUEE B EE

(2) [t 2B, M E I K VB R, MAE BE R

(3) =Ml HEM=Mk B BMl, K 20K . 208 XK, Y
2 LS IE, B B

(4) BUr it 5 B BRIl R I Y e A i B

(5) XAFSMOE 2 A2 A — A~ 1S5 AL S 73 — a4 2% 1 B i3 K ik
AR B RA 7E—k %0 3% ih 2 A FFAE

2. WiF .

(1) 5 BT B9 AU B 23 i — b 3 0 .

(2) £ «-fhi | O iANEE—TESK A IHEER 0 5 a9 B AR 8 307
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KEE

(3) Xf xy-Fifi b i) BE— A~ AR E T — D8O, R E A5

(4) VEIUM 2R HAHIE B A HZ, b — KRRV, 5 — /B, IEE
AT A SR AE O, FRON RS o

(5) HEATH X% (a,b) K KRV 0 AR, B E LIRSS —
L E.

(6) MM SMITMEENM AL FELEMMaE—E 1.

(7) G RAE I B oy WS B 5 LA, 5 B — A O ST A LA, X AP
¢ e FH 2 0] 5 /Y5 o

(8) A Ja FATTEXT = 4 A At JLAWT 500 40 F 52 , 8. H Aif R T 2% 58 i A A
JLAT

3. I

(1) Let A(x,,y,)be a fixed point on a straight line [ with slope m.Let P(x,y)
represent any point on the line [, where x # x,.Then the slope determined by P and A
is equal to m. That 1s

Y=

X =%,

=m,or y=y,=m(x-x,).

The last equation is called the point—slope form of the equation of a line.
(2) If a moving circle touches a circle (x+2)°+y” =4 externally and touches a
straight line x=2,find the equation of the locus of the center of the moving circle.
(3) Given C:x*+y +Dx+Ey+F=0. If A(x,,y,) is a point outside C,then two
tangents can be drawn; if B(x,,y,) is a point on the circumference of the circle C,

then the equation of tangent to C at B is

+x, +
x ‘._) +E(Y2Y:z) +F=0.

x2x+yz;v+D(
4. B A1 SR 4L (=) A SF IR 5-C, 8 B R o
i3 5-C Sets of points in the plane

We have already shown that there is a one-to-one correspondence between points
in a plane and pairs of numbers (x,y). Certain sets of points in the plane may be of
special interest. For example, we may wish to examine the set of points comprising
the circumference of a certain circle, or the set of points constituting the interior of a
certain triangle. One may wonder if such sets of points may be succinetly described in

a compact mathematical notation.
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We may write
t(x,y) ly=2x| (1)
to describe the set of ordered pairs (x,y), or corresponding points, such that the or-
dinate is equal to twice the abscissas. In effect, then, the vertical line in (1) is read
“such that”. By “the graph of the set of ordered pairs” is meant the set of all points
of the plane corresponding to the set of ordered pairs. The student will readily infer
that the set of points constituting the graph lies on a straight line.

Consider the set

{(x,y) ly=a"}.
Consistent with our previous interpretation, this symbol represents the set of ordered
pairs (x,y) such that the ordinate is equal to the square of the abscissa. Here, the
total graph comprises a simple recognizable geometrical figure, a curve known as a
parabola.

On the basis of these two examples, one may be tempted to believe that any ar-
bitrarily drawn curve, which of course determines a set of points or ordered pairs,
could be described succinetly by a simple equation. Unfortunately, this is not the
case. For example, the broken line in Fig. 2-2-3 is one of such curves.

Consider now the set

{ (x,y) ly>2x| (2)
to describe the set of points (x,y) whose ordinate is greater than twice its abscissa. In

this case, our set of points constitutes not a curve, but a region of the coordinate plane.

£E5RA(ZD)

compact[ kam'paekt] adj. ﬁ?ﬁﬁ‘{],%m

comprise|[ kom'praiz | v. 41

consistent| koan'sistant | adj. A & 19,
— B

constitute[ 'kanstitjuzt | v. 4

determine[ di'tarmin | v. #ff &

infer[ in'for | v. #EHI, #EWr

locus| 'loukas | n. #7b

one—to—one — Xf—[ 1Y ]

parabola[ pa'rebala | n. I PLL

recognizable| 'rekagnaizabl | adj. A iH
7

slope[ sloup | n. F}%

point=slope form g1 &}
succinctly[ sak'sipktli | adv. & B b
tangent[ 't@ndzont | n. YJZk , F Y] ;

adj. PIZkm)

touch [ tatf] v. Y], £ fih

touch externally #p1J]
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§2.6 EAPHBMSESRYTE

( Function Concept and Function Idea)

B3 6—-A Informal description of functions

Various fields of human have to do with relationships that exist between one col-
lection of objects and another.' Graphs, charts, curves, tables, formulas, and Gallup
polls are familiar to everyone who reads the newspapers. These are merely devices for
describing special relations in a quantitative fashion. Mathematicians refer to certain
types of these relations as functions. In this section, we give an informal description
of the function concept. A formal definition is given in Section 3.

EXAMPLE 1. The force F necessary to stretch a steel spring a distance x beyond
its natural length is proportional to x.” That is, F=cx, where ¢ is a number independ-
ent of x called the spring constant. This formula, discovered by Robert Hooke in the
mid-17th century, is called Hooke’ s law, and it is said to express the force as a
function of the displacement.

EXAMPLE 2. The volume of a cube is a function of its edge-length. If the edges
have length x, the volume V is given by the formula V=x".

EXAMPLE 3. A prime is any integer n>1 that cannot be expressed in the form
n=ab, where a and b are positive integers, both less than n. The first few primes are
2,3,5,7,11,13,17,19. For a given real number x>0, it is possible to count the
number of primes less than or equal to x. This number is said to be a function of x
even though no simple algebraic formula is known for computing it ( without
counting) when x is known.’

The word “function” was introduced into mathematics by Leibniz, who used the
term primarily to refer to certain kinds of mathematical formulas. It was later realized
that Leibniz’ s idea of function was much too limited in its scope, and the meaning of
the word has since undergone many stages of generalization.® Today, the meaning of
function is essentially this: Given two sets, say X and Y, a function is a correspon-
dence which associates with each element of X one and only one element of Y. The set
X is called the domain of the function. Those elements of ¥ associated with the ele-
ments in X form a set called the range of the function. (This may be all of Y, but it

need not be.)



56 $£_F BERRX—ANDE

Letters of the English and Greek alphabets are often used to denote functions.
The particular letters f,g,h,F,G,H, and ¢ are frequently used for this purpose. If f
is a given function and if x is an object of its domain, the notation f(x) is used to
designate that object in the range which is associated to x by the function f; and it is

called the value of f at x or the image of x under f. The symbol f(x) is read as “f of x”.
3 6-B The function idea

The function idea may be illustrated schematically in many ways. For example,
in Fig. 2-6-1(a) the collections X and Y are thought of as sets of points and an ar-
row is used to suggest a “pairing” of a typical point x in X with the image point f(x)
in Y. Another scheme is shown in Fig. 2-6-1(b). Here the function f is imagined to
be like a machine into which objects of the collection X are fed and objects of Y are
produced. When an object x is fed into the machine, the output is the object f(x).

Although the function idea places no restriction on the nature of the objects in
the domain X and in the range Y, in elementary calculus we are primarily interested
in functions whose domain and range are sets of real numbers. Such functions are
called real-valued functions of a real variable, or, more briefly, real functions, and
they may be illustrated geometrically by a graph in the xy-plane. We plot the domain
X on the x-axis, and above each point x in X we plot the point (x,y), where y=

f(x). The totality of such points (x,y) is called the graph of the function.

X

#

i

f(x)
(a) (b)

Fig.2-6-1 Schematic representations of the function idea

Now we consider some more examples of real functions.

EXAMPLE 4. The identity function. Suppose that f( x) = x for all real x. This-
function is often called the identity function. Its domain is the real line, that is, the
set of all real numbers. Here x =y for each point (x,y) on the graph of f. The graph

is a straight line making equal angles with the coordinates axes (see Fig. 2-6-2).



The range of f is the set of all real numbers.
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EXAMPLE 5. The absolute-value function. Consider the function which assigns

to each real number x the nonnegative number |x|. A portion of its graph is shown in

" Fig. 2-6-3. Denoting this function by ¢, we have ¢(x) = Ix| for all real x. For ex-

ample, ¢(0)=0,9(2)=2,p(-3)= 3. We list here some properties of absolute val-

ues expressed in function notation.

(a) p(—x)=g@(x).

(b) @(x*)=x".

(¢) e(x+y) <@(x)+@(y) (the triangle inequality).

(d) ple(x)]=p(x).

S)=x

Fig.2-6-2 Graph of the

identity function f(x)=x

the absolute = value function #i %} {f

BRI 5L
alphabet|[ '&lfabit | n. FFEF 3
correspondence[ koris'pondans | n.

i 1
cube[ kju:b| n. 37 &
displacement[ dis'pleismoant | n. {ii %
domain[ dou'mein ] n. X, & X 5§
edge[ ed3 ]| n. #,il1
function idea pR % JE A8
Gallup poll[ 'gaelop poul | 3 1% 3% & &
UL

(e) (x)= ‘\/17_2

y

Px)=|x]|

Fig.2-6-3 Absolute-value

function ¢ (x)= lx|

generalization[ (dzenaralai'zeifan]| n.
H#HE)™, — Mk

graph[ gra:f | n. [, EE

Hooke's law #f 73 € £

Robert Hooke( A%5) R. #7758

the ident;ly function fH %5 pR %X

image [ 'imidz | v. AH G n. (WS HY)
%, EB

Leibniz ( A 25 ) 346 JE 2%

limit[ 'limit | v. R il ;n. PR

nonnegative|[ non'negoativ | adj. E i i)

output[ 'autput | n./v. i
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plot[ plot | v. [ ( 5L[&)

prime[ praim | n. Z %, i %

proportional [ pra'pa:fanal | adj. i{ L
i i)

range| reindz | n. {H 35, 73 [#

the real-valued function 3 {H pR %X

real variable 7% &t

restriction[ ris'trikfon ] n. FR il

scheme[ skiim | n. HE ,itR

W ER

schematic representation [ fi# %/~

schematically[ ski'metikali | adv. ¥ fi#
b

spring constant £ & 2 %

stretch[ stret[ ]| v. $i{fi

totality [ tou'teeliti | n. 238, 1K

the triangle inequality — ffj A~ %5

volume[ 'voljurm | n. {AF, 5, 4&

L T A ] 5 Al 4] (— ), D SE PR 3T A (B IFTESEMEAR IS Eic 5 .
2. 527 siAv B v oy o DUR B e 21 5 R B ORI

(1) associate with sth./sb.
(3) do with sth.

(5) be familiar to sb.

(7) independent of sth./sh.
(9) pair sth./sb.with sth./sb.
(11) in a quantitative fashion
(13) be referred to as sth./sb.

3. &2 BUAE S 1) A o

ER5RHA

(2) certain kinds of sth./sb.
(4) be expressed in the form
(6) be fed into the machine
(8) be much too limited in sth.
(10) place no restriction on sth.
(12) refer to sth./sb.

(14) without counting

1. Various fields of human have to do with relationships that exist between one
collection of objects and another. H:H1 have to $ 3l ia] A 2 20, BBk 002017 8 A
BA" . do with 418, AR “LH", 2] 38 & 175l i A ATHS 2 %
WeE—RKBEY 5 KRB Z AR SRR

2. The force F necessary to stretch a steel spring a distance x beyond its natural
length is proportional to x. JE %5 id] 58 15 necessary to-- {E & G & i force, 4 /5]n]

PR 8 — 2R B i 59 SRR B QAR A O « B PR R ) F Y

x E .

3. This number is said to be a function of x even though no simple algebraic for-

mula is known for computing it ( without counting) when x is known. M\ iX ] a] ]

computing fl counting % X Z % 5. &0 Al X EFR N « 1) R, BB i
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WA — AR AT R A8 « 118 (A8 8ek) e mE,
4. It was later realized that Leibniz’ s idea of function was much too limited in its

scope, and the meaning of the word has since undergone many stages of generaliza-

~ tion. X B that I #9 4 a] W R R sl Al M F TR AR ) B R B A B, TR

I s JE R ANTA AR B, 3R A e 2k 19 i B0 AR 0 A9V R R BR 1, XA AR
A& SCAAR TR B Z21d 1 Z WA .

iR IME L \
L AR 50 45 4L Fi] ] 215 R i PR i, TR R E A TR A SR PR B AR L AL -

(1) KB E SCIR (R, 10 55 pR 200 46 0F (L pR 480 S {RL PR B SE AR it

(2) SEiR ARBLBRK, RE 2.

(3) SASEEM PLIF LR 2B AR B Bl

(4) P m( G )  BIE A

(5) AMERE R KA KM RBE X o TRROEE & TR,
AE-we e EABCH PR

2. PR

(1) W S afy 7 B A0 A i 7 B R R s e B

(2) A fR—THEMRE xR LB — P&, A5 f(x) Hk
i f 0 O BT v B (R

(3) I EKs W4~ AL bRl (19 2 £ 70 B > AH S5 1 A

(4) o] LAV 22 75 S 45 Y of B8R AY TR A i A

(5) & Hub By, a0 {5 el B 2 = M A5,

(6) X FoLE x>0, B g(x) F/R Al « 19 B TH

(7) PRERE— R %L, B A 46 T AR 7R B — > i AR A K

(8) 7 ek & s S, 56 F R SCHUR(E 5 o 1 X 52, e % A 5 4k A o]
B ]

3. BRI

(1) We can use the concepts of ordered pairs to give a new definition of func-
tions as follows. A function is a set of ordered pairs such that for each first coordinate
only one second coordinate exists.The domain of a function is the set of all first coor-
dinates. The range of a function is the set of all second coordinates.

(2) Let X and Y be sets and suppose f: X—Y is a function. If g:Y—X is
another function and has the property that

y=f(x) ifand only if x=g(y),
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then we call g the inverse function to f. Observe that x=g(y) is what we obtained by
solving the equation y=f(x) for x in term of y. However, in the general case, the
equation y=f(x) may have no solutions at all or else may have many solutions.Thus,
for f:X—Y to admit an inverse function,it is necessary that,for each y in the set Y,
the equation y=f(x) has a unique solution x in the set X.

(3) A complex function f on a measurable space X whose range consists of
only finitely many points will be called a simple function. Among these are the
nonnegative simple functions, whose range is a finite subset of [ 0, o ).Note that
we explicitly exclude = from the values of a simple function. If a, ,a,, "+, @, are
the distinct values of a simple function f, and if we set A, = |x:f(x) = a,|,
then clearly

1= z Cti)(,,{,

where X, is the characteristic function of A, .

4. fER A A () B AF R 6-CL 3R #F B IR DGE
3 6-C The concept of function

Seldom has a single concept played so important a role in mathematics as has the
concept of function. It is desirable to know how the concept has developed.

This concept, like many others, originates in physics. The physical quantities
were the forerunners of mathematical variables, and relation among them was called a
function relation in the late 16th century.

For example, the formula s = 16¢ for the number of feet s a body falls in any
number of seconds ¢ is a function relation between s and ¢, it describes the way s va-
ries with . The study of such relations led people in the 18th century to think of a
function relation as nothing but a formula.

Only after the rise of modern analysis in the early 19th century could the concept
of function be extended. In the extended sense, a function may be defined as follows,
If a variable ¥ depends on another variable x in such a way that to each value of x
corresponds a definite value of y, then y is a function of x. Thig definition serves
many a practical purpose even today.

Not specified by this definition is the manner of setting up the correspondence. It

may be done by a formula as the 18th century mathematics presumed, but it can
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equally well be done by a tabulation such as a statistical chart, or by some other form

of description.

A typical example is the room temperature, which obviously is a function of

 time. But this function admits of no formula representation, although it can be recor-

ded in a tabular form or traced out graphically by an automatic device.

The modern definition of a function y of x is simply a mapping from a space X to

another space Y. A mapping is defined when every point x of X has a definite image

y, a point of ¥. The mapping concept is close to intuition, and therefore desirable to .

serve as a basis of the function concept. Moreover, as the space concept is incorporat-

ed in this modern definition, its generality contributes much to the generality of the

function concept.

SR5RA(T)
admit[ ad'mit | v. #EiF
admit of 251F
admit of no NE&UF
characteristic function $¥F i pR %%
extend| iks'tend | v. #E)", 4 VB
extended| iks'tendid | adj. J© S
finitely many £ R Z 4~
forerunner| 'forrana] n. &7 #H
incorporate[ in'kaipareit | v. 3f A,
4

in term of v ] y KR

intuition[ 'intju'ifon] n. HW
inverse function JiZ pR&Y

mapping| 'mapin | n. WG}
measurable|[ 'mezorabl | adj. ] il {9
obviously[ 'sbviasli]| adv. & #X#h
ordered pair £ J¥ X%}

parabola[ pa'rebala] n. #ii¥4k
presume|[ pri'zju:m ]| v. {fE

set up #Ar

simple function ] 5. p %Y

trace| treis | n. 5 JE 5 ;v.i8 &

§2.7 FHRERR

( Sequences and Their Limits)

3 7-A The definition of sequences

In everyday usage of the English language, the words “sequence” and “series”

are synonyms, and they are used to suggest a succession of things or events arranged
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in some order.' In mathematics these words have special technical meanings. The
word “sequence” is employed as in the common use of the term to convey the idea of
a set of things arranged in order, but the word “series” is used in a somewhat differ-
ent sense.” The concept of a sequence will be discussed in this section, and series
will be defined in Section 11.

If for every positive integer n there is associated a real or complex number a_,
then the ordered set

a,,a,,a,,"* ,a,,

is said to define an infinite sequence. The important thing here is that each member of
the set has been labeled with an integer so that we may speak of the first term a, , the
second term a,, and, in general, the nth term a,. Each term a, has a successor a,,,
and hence there is no “last” term.

The most common examples of sequences can be constructed if we give some

rule or formula for describing the nth term. Thus, for example, the formula a,=1/n

defines a sequence whose first five terms are

1 1 1 1
SRR A
Sometimes two or more formulas may be employed as, for example,
ay =1 a,, =2n’,
the first few terms in this case being
1,2,1,8,1,18,1,32,1.

Another common way to define a sequence is by a set of instructions which ex-
plains how to carry on after a given start.” Thus we may have

a,=a,=1, a, =a, ta,, for n=2.

This particular rule is known as a recursion formula and it defines a famous se-
quence whose terms are called the Fibonacci numbers. The first few terms are

1,1,2,3,5,8,13,21,34.

In any sequence the essential thing is that there be some function f defined on the
positive integers such that f(n) is the nth term of the sequence for each n=1,2,3,++-. In
fact, this 1s probably the most convenient way to state a technical definition of sequence.

DEFINITION. A function f whose domain is the set of all positive integers 1,2,
3,-++ is called an infinite sequence. The function value f(n) is called the nth term of

the sequence.

The range of the function (that is, the set of function values) is usually dis-
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played by writing the terms in order, thus;
FCL) o FC2), K3) oo, FhBY
For brevity, the notation {f(n)| is used to denote the sequence whose nth term is
- f(n). Very often the dependence on n is denoted by using subscripts, and we write

a ,s5. ,%. ,U

n?'™n?*"n?

or something similar instead of f(n). Unless otherwise specified, all

n?

sequences in this chapter are assumed to have real or complex terms.
3 7-B  The limit of a sequence

The main question we are concerned with here is to decide whether or not the
terms f(n) tend to a finite limit as n increases infinitely. To treat this problem, we
must extend the limit concept to sequences. This is done as follows.

DEFINITION. A sequence {f(n)| is said to have a limit L if, for every positive
number g, there is another positive number N (which may depend on &) such that

| f(n)- Ll<e for all n=N.
In this case, we say the sequence {f(n)!| converges to L and we write

limf(n)=L, or f(n)—>L as n—®.

n—>

A sequence which does not converge is called divergent.

In this definition the function values f(n) and the limit L may be real or
complex numbers. If fand L are complex, we may decompose them into their real and
imaginary parts, say f=u+iv and L =a+ib. Then we have f(n)-L=u(n)-a+
ilv(n) = b].The inequalities

lu(n)=al<|f(n)-Ll and lv(n)-bl<I|f(n)- LI
show that the relation f(n) — L implies u(n) —>a and v(n) —>b as n— .
Conversely, the inequality
lf(n)-LI<l|lu(n)-al+lv(n)-=bl
shows that the two relations u(n)—a and v(n)—b imply f(n) —L as n—o . In
other words, a complex-valued sequence f converges if and only if both the real part u
and the imaginary part v converge separately, in which case we have

limf(n)=limu(n)+ i limo(n).

n— oo n—s o, n— %

It is clear that any function defined for all positive real x may be used to con-
struct a sequence by restricting x to take only integer values.” This explains the strong
analogy between the definition just given and the one in Section 6.4 for more general

functions. The analogy carries over to infinite limits as well, and we leave it for the
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reader to define the symbols
limf(n)=+ew and limf(n)= -

H—e o0 n—eo

as was done in Section 6.5 when f is real-valued. If f is complex, we write f(n)-—o
as n—o if 1f(n)l-—>+e .

The phrase “convergent sequence” is used only for a sequence whose limit is finite.
A sequence with an infinite limit is said to diverge. There are, of course, divergent se-

quences that do not have infinite limits. Examples are defined by the following formulas .
n . na ., 1 o
f(ﬂ):(_]) ’ f(n):sm7, f(n):(-—]) (]+:)' f(n).:e:_

The basic rules for dealing with limits of sums, products, etc., also hold for limits of

convergent sequences. The reader should have no difficulty in formulating these theo-

rems for himself. Their proofs are somewhat similar to those given in Section 3.5.

ARSRA(—)
assume| a'sjurm | v. &, B({H)
carry over to ZkZE T %
complex—valued sequence & {H ¥ %
converge| kon'va:dz | v. 8K
convergence| kan'va:dzons | n. L8
convergent[ kon'va:dzant ] adj. LS
conversely[ 'konva:sli | adv. & 2, &
1 K
convey[ kan'vei] v. ik ,’%ﬁ
diverge[ dai'vo:dz | v. & H(
divergence[ dai'vardzans | n. &
~divergent[ dai'va:dzont | adj. &L
event| i'vent | n. {4}
Fibonacei number 3 {57 A #2 %%
imaginary part Hg

M3 ER

imply [ im'plai] v. £ , i
infinite sequence JC%5 J¥ 41|
instruction[ in'strakfon ] n. 54
phrase[ freiz | n. 1%, W15, 00
v. JE S R
real part 3L
real valued sequence < {f J¥ 4|
recursion formula i #f 72> 2
sequence| 'sitkwans | n. [F%1 , 5
series| 'siarizz | n. 208, 7 %)
subscript[ 'sabskript | n. F#x
succession| sak'sefan]| n. 3% Bk
a succession of —i% Hi [
successor| sak'sesa ]| n. G4k H

suggest| sa'dzest | v. #HL, B/~

L. @i A e S iagi(—) , W PRSC A (B HF7EREXMEAS Lid 5 .
2. 5 2) oA B in] oy o LR ) e 215 R S SR

(1) carry on

(2) carries over to sth.
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(3) converge separately (4) decompose sth.into sth.
(5) extend sth.to sth. (6) formulate the theorems
(7) be known as sth./sb. (8) be labeled with sth.
(9) leave sth.for sb. to do (10) make the convention
(11) restrict x to take only integer values (12) a set of instructions
(13) similar to sth./sb. (14) somewhat

(15) analogy between sth./sh.and sth./sb. (16) unless otherwise specified

3. & 24 ] A0 ik

TR 5

1. In everyday usage of the English language, the words “sequence” and “se-
ries” are synonyms, and they are used to suggest a succession of things or events ar-
ranged in some order. jX 1] “sequence” 55 “ series” 0] B ¥ AN i | arranged in some
order J& i 2547 1A 515 & i things or events, K HIFE AW L5, "B EF
% AE B W i, B sequence” 5 series” S [\] SCinl , F LA ZR 7R # 5 Rh I HE
H i) — 7R P a3

2. The word “sequence” is employed as in the common use of the term to
convey the idea of a set of things arranged in order, but the word “series” is used in
a somewhat different sense. H. 41 employ F1Z) 7] use J& [a] X i), {H A< 4 H B use
A FRR AT o el R R0 T — R iE " sequence” T LI K 35
Fie 7 HE S 1 — 3 45 0 18 2 S (H RS, “series” —a] U A TS AR ) &R L (.
series /N RCEARTE R HET )

3. Another common way to define a sequence is by a set of instructions which
explains how to carry on after a given start. 3X /1) A by 5| 8 iH5EFE . 00
VR . o5 —Blhs T SCRP 3 O i 02, i 0 — o 48 2 1 W 76 45 5 8 TS e
2 th ) T A A 0

4. It is clear that any function defined for all positive real x may be used to con-
struct a sequence by restricting x to take only integer values. X /41) 0] i pl— 4],
AT LRl A R B n n] s AR, B — X T IR SE B« A U R B
AT AT # 3 — AN P 91, H I ik S PR« R B f .

RIME AL
L. T 8145 210 A B i) B 45 0 1 e 0, IR B T AR SR PR R AR 122
(1) FFo0 SR8 RARF 51 G55 7 9 8 SE IR 328, Ik 3% 5L
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Fhs A

(2) SE¥ HEH 23

(3) Wil sy AR AU

(4) BELSEWAL ,« BUE N 3 R B 40 7 — 555X 3R e B 5% |
fe Z IRER CBRAE 55 i B

2. PAFE:

(1) FPoIa %t n AR SCPE & A Fhrk R, S FIEX a, ,x, %

(2) DAIERE RS Ay i SO ) eR BOPR N 41

(3) —AEAG R F WSy HAL Y A0 S 50 0k 358 23 ) e84 o

(4) —DIFF {a, | 45 AL EIER e, FF7ED D IEB NN ATRES
A K) TR la,-Li<e XA n=N AL, 8K e, | ICECT Lo

(5) HEME, ZENE—PRAEHA— D EBEA Lids ., XE—K, 8
A AR IS — I 5 A — B0, RIS n 0

(6) A5 Jo o3 mep B, A B 0 52 0 e S AR ABE A S8 9 20 sl B2 1) 90

(7) 1E B % Hi# , sequence Hl series S [a] 3Cin) s (HAE N BUF AR, B3R R
A [A] Y & o

(8) A WEUF " 45 1Y 1 HA A BRI Fe 81, [ B, 1% R R 2 BR 1 )7
B AN S OSSR, T 2 B

3. RN

(1) A quantity that can take on successively different numerical values is called
a variable. It should be remembered that, although it is common for the successive
values of the variable to be related to each other in accordance with some law, these
values need not have had any definite relations one to another. As stated before, a
variable is commonly represented by a letter such as x,y,or z.

(2) If a variable V takes on successively a series of values which approach
closer and closer, to a fixed number L in such a manner that the absolute value of V-
'L becomes and remains less than any positive number however small , then V is said to
approach the limit L.

This may be written limit of V = L. The symbol — gives us the equivalent
notation V — L, which is read V approaches L as a limit.

(3) This is the most important function in mathematics. It is defined, for every
complex number z, by the formula

= n

<
exp(z)= —. (*)
n=10 n!
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The series ( * ) converges absolutely for every z and converges uniformly on every
bounded subset of the complex plane.Thus exp (z) is a continuous function. By the
absolute convergence of ( * ) one can prove the important addition formula
exp(a)+ exp(b)=exp(atb)

is valid for all complex number a and b.

FOARBI(L) (2) 1Y successively # n] PR AL e A WL o FE M BCEAR
15 1) % 22 R B AS 138 B successive function” |, [ W 0 (3) AR FE, 1¥E Al ¢ continuous
function™

4. A S A () BRI T-C, 0P B RRRDUE .
B3 7-C Monotonic sequences of real numbers

A sequence {f(n)| is said to be increasing if
f(n) < f(n+l) for all n=1.
We indicate this briefly by writing f(n) 7. If, on the other hand, we have
f(n)= f(n+l) for all n=>1,
we call the sequence decreasing and write f(n) “y. A sequence is called monotonic if
it is increasing or if it is decreasing.
Monotonic sequences are pleasant to work with because their convergence or di-

vergence is particularly easy to determine. In fact, we have the following simple crite-

rion.
THEOREM 7.1. A monotonic sequence converges if and only if it is bounded.
Note: A sequence {f(n)| is called bounded if there exists a positive number M
such that

lf(n) <M for all n . A sequence that is not bounded is called unbounded.

Proof. 1t is clear that an unbounded sequence cannot converge. Therefore, all we
need to prove is that a bounded monotonic sequence must converge.

Assume f(n) /7 and let L denote the least upper bound of the set of function val-
ues. ( Since the sequence is bounded, it has a least upper bound by Axiom 10 of the
real-number system.) Then f(n) <L for all n, and we shall prove that the sequence
converges to L.

Choose any positive number g. Since L—g cannot be an upper bound for all num-
bers f(n), we must have L-g < f(N) for some N. ( This N may depend on g.) If
n=N, we have f(N) < f(n) since f(n) 7. Hence, we have L—g< f(n) <L for all

n=N, as illustrated in Fig. 2-7-1. From these inequalities we find that
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0<L-f(n)< e

for all n=N

and this means that the sequence converges to L, as asserted.

1 1 1

S f2) f3) f4)

LIS T
J(N) f(n)

Fig.2-7-1 A bounded increasing sequence converges to its least upper bound.

If f(n) "4, the proof is similar, the limit in this case being the greatest lower

bound of the set of function values.

SRSRE(ZD)
absolute convergence #f Xf I &5 1
bound[ baund | n. %t R

lower bound | 7t

upper bound |- %
bounded | 'baundid | adj. & %11
complex plane & - i
continuous function % £ pK %X
converge absolutely # X I 6
converge uniformly — i £
criterion [ krai'tiarion ] n. | 53¢,

I

decreasing| di'krizsin | adj. 3% ¥ 1Y
definite[ 'definit | adj. & #, i € 1
however small Joi £ 4 /)
in accordance with AR 4Jg------
increasing[ in'krizsin | adj. 3% 3% ()
monotonic|[ monau'tonik | adj. B 1)
remain[ ri'mein | v. {58k, % T, 4 £
series| 'siariiz | n. %%
successive| sak'sesiv] adj. ZE K1, #
4K 1Y
unbounded[ 'an'baundid | adj. JC & ¥

§2.8 RPWEHMNEMN/ILAEX

( The Derivative of a Function and

Its Geometric interpretation )

1R 3 8—A The derivative of a function

The example described in the foregoing section points the way to the introduction

of the concept of derivative. We begin with a function f defined at least on some open

interval (a,b) on the x-axis. Then we choose a fixed point x in this interval and in-

troduce the difference quotient
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f(x+h) —f(x)
. ;

where the number h, which may be positive or negative ( but not zero) , is such that

(8.1)

-x+h also lie in (a,b). The numerator of this quotient measures the change in the
function when x changes from x to x+h. The quotient itself is referred to as the
average rate of the change of f in the interval joining x to x+h.

Now we let h approach zero and see what happens to this quotient. If the
quotient approaches some definite value as a limit ( which implies that the limit is the
same whether h approaches zero through positive values or through negative values) ,
then this limit is called the derivative of f at x and is denoted by the symbol f"(x)
(read as “f prime of x”)." Thus, the formal definition of f'(x) may be stated as fol-
lows .

DEFINITION OF DERIVATIVE. The derivative f'(x) is defined by the equation
flx+h) =f(x)
h 3

f'(x)=lim

h—0

(8.2)

provided the limit exists. The number f'(x) is also called the rate of change of f at x.
By comparing (8.2) with (7.3) in the foregoing section, we see that the con-
cept of instantaneous velocity is merely an example of the concept of derivative. The
velocity v(t) is equal to the derivative f'(t), where f is the function which measures
position. This is often described by saying that velocity is the rate of change of
position with respect to time. In the example worked out in Section 7.2, the position
function f is described by the equation
f(1)= 1441-16¢",
and its derivative /' is a new function (velocity) given by
f'(t)=144-321. (8.3)
In general, the limit process which produces f'(x) from f(x) gives us a way of
obtaining a new function f’ from a given function f.” The process is called differentia-
tion , and f is called the first derivative of f. If f', in turn, is defined on an open in-
terval, we can try to compute its first derivative, denoted by /" and called the second
derivative of f. Similarly, the nth derivative of f, denoted by ‘", is defined to be

"1 We make the convention that f'”' = f, that is, the zeroth

the first derivative of f
derivative is the function itself.
For rectilinear motion, the first derivative of velocity ( second derivative of

position ) is called acceleration. For example, to compute the acceleration in the
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example of Section 7.2, we can use Equation (7.2) to form the difference quo-

tient

v(eth) —v(r) [144-32(r+h)]-[144-32] -32h_
h B h kO

Since this quotient has the constant value =32 for each h#0, its limit as h—0 is also

—32. Thus, the acceleration in this problem is constant and equal to —=32. This result
tells us that the velocity is decreasing at the rate of 32 feet per second every second.
In 9 seconds the total decrease in velocity is 9 « 32 =288 feet per second. This agrees
with the fact that during the 9 seconds of motion the velocity changes from v(0)= 144
to v(9)=-144.

R 8-B Geometric interpretation of the derivative as a slope

The procedure used to define the derivative has a geometric interpretation which
leads in a natural way to the idea of a tangent line to a curve. A portion of the graph
of a function f is shown in Fig. 2-8-1. Two of its points P and () are shown with re-
spective coordinates (x, f(x) ) and (x+h, f(x+h) ). Consider the right triangle with
hypotenuse P(Q; its altitude, f(x+h)—f(x) , represents the difference of the ordinates
of the two points () and P. Therefore, the difference quotient

S(x+h) =f(x)
h

represents the trigonometric tangent of the angle « that P(Q) makes with the horizontal.

(8.4)

The real number tana is called the slope of the line through P and Q and it provides a
way of measuring the “steepness” of this line. For example, if f is a linear function,
say f(x)=mx+b, the difference quotient (8.4) has the value m, so m is the slope of
the line.

Some examples of lines of various slopes are shown in Fig. 2-8-2. For a
~ horizontal line, @ =0 and the slope, tana, is also 0. If a lies between 0 and
w/2, the line is rising as we move from left to right and the slope is positive. If «
lies between w/2 and 7, the line is falling as we move from left to right and the
slope is negative. A line for which a=m/4 has slope 1. As a increases from 0 to

w/2, tana increases without bound, and the corresponding lines of slope tana ap-
proach a vertical position. Since tan 5 s not defined, we say that vertical lines

have no slope.



§2.8 RENSWNeRN/@AEXY N

_-Vertical (no slope)

fxth)—f(x)

m - —
Horizontal

m=—4

x+h m indicates the slope

Fig.2-8-1 Geometric interpretation of the Fig.2-8-2 Lines of various slopes

difference quotient as the tangent of an angle

Suppose now that f has a derivative at x. This means that the difference quotient
approaches a certain limit /'(x) as h approaches 0. When this is interpreted geomet-
rically it tells us that, as h gets nearer to 0, the point P remains fixed, ( moves
along the curve toward P, and the line through PQ changes its direction in such a
way that its slope approaches the number f'(x) as a limit.” For this reason it seems
natural to define the slope of the curve at P to be the number f'(x). The line through

P having this slope is called the tangent line at P.

EiRSHA(—)
acceleration| &k sela'reifan] n. the first derivative — [} 5 %\
2k B the second derivative — i} 5%
altitude[ '&ltitjurd | n. &, & difference quotient 23
approach[ a'praut[] v. # T ,iE it differentiation[ difarenfi'eifon] n. fif
approach zero ¥ 1 0 Ak
average| '®varidz | n. F1Y fraction| 'freek fon ] n. 43r%, 435
average rate - 1475 ff interval [ 'intaval | n. [X[8] , 2k
average value -1 {H open interval J[X [d]
bound[ baund | n. % ,[E linear function Z& 14 pR £
without bound JC 7, LR numerator| 'njurmareita| n. 431
constant| 'konstant | n. #%{ position function i & pf %X

derivative[ di'rivativ ] n. 5 %{ rectilinear motion H 2% 1z &l
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respective coordinates £% [ Y A b tangent[ 'teendzont | n. IEY], P4k
steepness | 'stizpnis | n. FEWY , BE I velocity [ vi'lasiti ]| n. 3 fiF
i instantaneous velocity [ [} 3 F&F

slope [ sloup ] n. ¥ , &4

3] E K
L W) A v S e 41 (—) WIS ER 3C A B IR (e BEXMEAL S | id %5 .
2. & ] sl fif Bh iRl Lo o LATF Bial iRl 4 R A0 SRR

(1) approach sth.through sth. (2) begin with sth.

(3) compare sth./sh.with sth./sh. (4) happen to sth./sb.

(5) be interpreted geometrically (6) joint sth.to sth.

(7) make the convention (8) move along sth.toward sth.
(9) the total decrease in velocity (10) with respect to sth.

3. R4 | A AE S AGE .

ER5RA

1. If the quotient approaches some definite value as a limit ( which implies
that the limit is the same whether h approaches zero through positive values or
through negative values) , then this limit is called the derivative of f at x and is
denoted by the symbol f'(x) (read as “f prime of x” ). W50 H H B 7%F, ¥
WMARZEFUREN W EREABR(XERE AL P BOEMHEET 08 ER
AEEET O, R —F) , B X HRRFRAN T x 828, IEE S (x)
(B S— 2" ) o

2. In general, the limit process which produces /' (x) from f(x) gives us a
way of obtaining a new function /' from a given function f. iX 5] a way Jig iY & 1 ,
A ORI B, K ) o A AR — M, i1 f(x) PP S () 1
R R AR T — RN — PSR ER R S5 E —DF R KBS
Tk o

3. When this is interpreted geometrically it tells us that, as h gets nearer to 0,
the point P remains fixed, ) moves along the curve toward P, and the line through
P(Q changes its direction in such a way that its slope approaches the number
S (x) as a limit. W8] 5 FT 3 98 U 52 08 1] %k HLAF 4 R SCR9 23k 77 X0, ol i A
HIUE XA, s T 0 mf, i PORFEA S, A Q Wi 2k iz Py [al i,
S PORHEZAB AT M, & RHABRETHRES (), HFUENR
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(1) 8. —Fr 8. _Fr 8. ok,
(2) HZzgh AL &R & AR B | B3 B2 ke B
(3) MI& B3 BEH (RERE) (X [a] A/FR .
(4) 8o F 2w CF8 CEEME EAE,
(5) BT 0. %# x5 «+h X [E] fEHLE KRG M MELFEET/T
B AT ] A AL R SR AT R R i

2. RN

(1) ZRRRNRE S AEER v 5 x+h B X [E] ERF B,

(2) 55 T 5 el K 2 40

(3) s S5 B0y b B BT 2 A4 A JLART A B8 LA —Fb B AR A0 At 1 Ok T it
V)R Y B AR

(4) ZREERREL PQ 5K LI MAIEY] .

(5) fEEZLKE g, 35— B 80P O s % .

(6) TATLE [ =1, R f FH FRRE T EA S

(7) B3 9 e N, IR EEH v(0)=-144 m/s B T v(9) =
144 m/s L2 U, o S IER I 1 B AP 288 m,

(8) Y a MO MEB] w/2 B, tan o JCPRIG NN, 1T tan o B7 XS I B H 268 T %
JER A

3' Bgi&‘zﬂ:

(1) Examples of derivatives

EXAMPLE 1. Derwative of a constant function. Suppose f is a constant function,
say f(x)=c for all x. The difference quotient is

f(x+h)— f(x) EEC
h h

Since the quotient is O for all A0, its limit, f'(x) 1is also O for every x. In the other

words, a constant function has a zero derivative everywhere.
EXAMPLE 2. Derivative of a linear function. Suppose f is a linear function, say
f(x)=mx+b for all real x. If h#0, we have
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f(x+h) - f(x) =m(_x+h)+l:o-—(m.1c+b) :m_h=
h h h

Since the difference quotient does not change when h approaches 0, we conclude that

m.

[ (x)=m for every x.
Thus, the derivative of a linear function is a constant function.

(2) These three numbers, i.e., f'(a), f'(a) and f’ (a) are called, respec-
tively ,the derivative on the left, the derivative,the derivative on the right of f( x)at x
=a. For example, if f(x)= lx1|,then f'(0) does not exist,but f'(0)= -1
and £7(0)=1.

(3) We now introduce a natural generalization of partial derivatives.In the defi-
nition of f,(x,,¥,) ,the numerator of the difference quotient used involves the value of
f(x,y) at two points (x,+Ax,y,) and(x,,y,). As Ax approaches zero,the first point
approaches the latter along the line y=y,. For f,(x,,y,)a point (x,,y,+Ay) approa-
ches (x,,y,) along the line x=x,. We now replace these two special lines by an arbi-
trary line through (x,,y,).

(4) A direction & is defined as the direction of any directed line which makes
the angle « with the positive x — axis ( positive angles measured in the
counterclockwise sense as usual). Thus the line segment directed from the point (0,
0) to the point (=1,-1) has the direction &,_,, or & _,_,.

The directional derivative of f(x,y) in the direction & at (a,b) is defined as

a_f _ limf(a.+As cos a,b+As sin a)—f(a,b)-
0, | (apy B0 As
4. fEB A W SR () B2 PR3 8-CL B E DS .

€% 8-C Logarithms "

Logarithms were invented to shorten the work of extended numerical computa-

“tions, which involve one or more of the operations of multiplication, division, involu-

tion, and evolution. Their use has decreased the labour of computing to such an

extent that many calculations, which would require hours without the use of log-
arithms, can be performed with their aid in a small fraction of that time.

If we write the equation
n=5", (1)
we express then the essential relation between a number, n, and its logarithms, a,

for a given base, b. In the notation of logarithms this is written as
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log, n=a, (2)
and it is read “the logarithm of n to the base b equals a”. We can define verbally in
one statement both logarithm and base as follows

The logarithm of a given number is the power to which another number, called
the base, must be raised in order to equal the given number.

It is important to realize that equations (1) and (2) are merely two different
ways of expressing precisely the same relations, one the exponential way, the other
the logarithmic. Above all it is necessary to keep in mind the fact that a logarithm is
an exponent.

Thus in 81=3", the given number is 81, the base is 3, and the logarithm is 4;
that is, log, 81=4.

The base of the common system of logarithm is 10. Hence a table of common log-
arithms is really a table of exponents of the number 10. Since the greater portion of
these exponents is approximate values of irrational numbers, it follows that computa-
tions by means of logarithms give only approximate results. Tables exist, however in
which each logarithm is given to twenty or more decimals; hence practically any de-
sired degree of accuracy can be obtained by using the proper table. The common sys-
tem is used in numerical work almost exclusively.

The only other system of logarithms used in computations is called the natural
system. It has for its base the irrational number 2. 7182", which is usually denoted by

the letter “e” and is used mainly for theoretical purposes.

SiR5HEAE(ZD)
counterclockwise| kaunta'klokwaiz |
adj./adv. 90} £ )/ Hb,
in the counterclockwise sense $4 30 [}
L
directed line 45 1] F £k
directional derivative Jy [1n] 5 %{
the derivative on the left & 5 %%
the derivative on the right 47 3%}
evolution[ (i:va'luifan] n. JfJ
exponential [ ekspau'nenfal | adj. 4§

B

involution[ |inva'lu:fan] n. € J
labour[ 'leiba] n. 952h, (G M) T4E
logarithm[ 'logaridom | n. %f %

table of common logarithms 5 A %}

Bk

logarithmic[ loga'riomik | adj. % &/
the natural system [ 3R (X7 %) &
numerator| 'njurmareita | n. 4301
partial derivative {5 %
portion[ 'pa:fan | n. #4r

the greater portion of K45
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raise| reiz | v. ¥ahn, BrAd verbally[ 'va:bali | adv. fFi& 5
be raised to the power ¥ 1% H:1KX H %

§2.9 WA HEEINT

( Introduction to Differential Equations)

B3 9-A Introduction

A large variety of scientific problems arise in which one tries to determine some-
thing from its rate of change.' For example, we could try to compute the position of a
moving particle from a knowledge of its velocity or acceleration. Or a radioactive sub-
stance may be disintegrating at a known rate and we may be required to determine the
amount of material present after a given time.’ In examples like these, we are trying
to determine an unknown funetion from prescribed information expressed in the form
of an equation involving at least one of the derivatives of the unknown function.’
These equations are called differential equations, and their study forms one of the
most challenging branches of mathematics.

Differential equations are classified under two main headings: ordinary and par-
tial, depending on whether the unknown is a function of just one variable or of two or
more variables.” A simple example of an ordinary differential equation is the relation

S (x)=f(x) (9.1)
which is satisfied, in particular by the exponential function, f(x)=e". We shall see
presently that every solution of (9.1) must be of the form f(x)= Ce", where C may
be any constant.

On the other hand, an equation like

0'f(x,y) 0f(x.y) _
ax’ ayz

0

is an example of a partial differential equation. This particular one, called Laplace’ s
equation, appears in the theory of electricity and magnetism, fluid mechanics, and
elsewhere. It has many different kinds of solutions, among which are f(x,y)=x+2y,
f(x,y)=e"cos y, and f(x,y)=log(x’+y").

The study of differential equations is one part of mathematics that, perhaps more

than any other, has been directly inspired by mechanics, astronomy, and mathematical
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physics. Its history began in the 17th century when Newton, Leibniz, and the
Bernoullis solved some simple differential equations arising from problems in geometry
and mechanics. These early discoveries, beginning about 1690, gradually led to the
“development of a lot of “special tricks” for solving certain special kinds of differential
equations. Although these special tricks are applicable in relatively few cases, they do
enable us to solve many differential equations that arise in mechanics and geometry, so
their study is of practical importance. Some of these special methods and some of the
problems which they help us solve are discussed near the end of this chapter.
Experience has shown that it is difficult to obtain mathematical theories of much
generality about solutions of differential equations, except for a few types. Among
these are the so-called linear differential equations which occur in a great variety of
scientific problems. The simplest types of linear differential equations and some of
their applications are also discussed in this introductory chapter. A more thorough

study of linear equations is carried out in Volume [I .
R 9-B Terminology and notation

When we work with a differential equation such as (9.1), it is customary to
write y in place of f(x) and y" in place of f'(x) , the higher derivatives being deno-
ted by y",y", ete. Of course, other letters such as u,v,z, etc. are also used instead
of y. By the order of an equation is meant the order of the highest derivative which ap-
pears.” For example, (9.1) is a first-order equation which may be written as y'=y. The
differential equation ¥’ =x"y+sin(xy”) is one of second order.

In this chapter we shall begin our study with first-order equations which can be
solved for y" and written as follows;

y'=f(x,y), (9.2)
where the expression f(x,y) on the right has various special forms. A differentiable
function y=Y(x) will be called a solution of (9.2) on an interval / if the function Y
and its derivative Y’ satisfy the relation

Y'(x)=flx,Y(x)]
for every x in I. The simplest case occurs when f(x,y) is independent of y. In this
case, (9.2) becomes

y' =Q(x), (9.3)
say, where () is assumed to be a given function defined on some interval /. To solve

the differential equation (9.3) means to find a primitive of (). The Second fundamen-
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tal theorem of calculus tells us how to do it when  is continuous on an open interval
I. We simply integrate Q) and add any constant.’ Thus, every solution of (9.3) is in-

cluded in the formula

y=[0(x)dx+c, (9.4)

where C is any constant (usually called an arbitrary constant of integration). The dif-
ferential equation (9.3) has infinitely many solutions, one for each value of C.

If it is not possible to evaluate the integral in (9.4) in terms of familiar func-
tions, such as polynomials, rational functions, trigonometric and inverse
trigonometric functions, logarithms, and exponentials®V still we consider the differ-
ential equation as having been solved if the solution can be expressed in terms of inte-
grals of known functions. In actual practice, there are various methods for obtaining
approximate evaluations of integrals which lead to useful information about the solu-
tion. Automatic high-speed computing machines are often designed with this kind of
problem in mind.’

EXAMPLE. Linear motion determined from the velocity. Suppose a particle
moves along a straight line in such a way that its velocity at time ¢ is 2sin t. Deter-
mine its position at time .

Solution. If ¥ (¢) denotes the position at time ¢ measured from some starting
point, then the derivative Y'(t) represents the velocity at time 1. We are given that
Y'(t)= 2sin t.

Integrating, we find that

Y(t)= ZJ'sin tdt + C=-2cos t + C.

This is all we can deduce about Y(t) from a knowledge of the velocity alone; some
other piece of information is needed to fix the position function. We can determine C
if we know the value of Y at some particular instant. For example, if Y(0)= 0, then
C=2 and the position function is Y(¢)=2-2cos t. But if Y(0)= 2, then C=4 and
the position function is Y(t)= 4-2cos .

In some respects the example just solved is typical of what happens in general.
Some-where in the process of solving a first-order differential equation, an integration

is required to remove the derivative y’ and in this step an arbitrary constant C -

@k F3CH X B logarithms fl exponentials 43 %] J& logarithm functions fl exponential functions f¥) fi
BEA. EE.HELTFTXSHEM, - BAERHXHES,
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appears.” The way in which the arbitrary constant C enters into the solution will de-

pend on the nature of the given differential equation. It may appear as an additive

constant, as in Equation (9.4), but it is more likely to appear in some other way.

‘For example, when we solve the equation y'=y in Section 9.3, we shall find that ev-

ery solution has the form y=Ce".

In many problems it is necessary to select from the collection of all solutions one

having a prescribed value at some point. The prescribed value is called an initial con-

dition, and the problem of determining such a solution is called an initial-value prob-

lem. This terminology originated in mechanics where, as in the above example, the

prescribed value represents the displacement at some initial time.

£R5RA(—)
approximate evaluation ¥t fPL{ it
astronomy|[ a'stronami| n. K 2%
differential equation {73 5 #
Bernoulli ( A45) 1A% F
the Bernoullis {1 %% F| %€ ik | i $ ¢
#1111
disintegrate [ dis'intigreit | v. fi# &,
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differentiable [ difa'renfiabl | adj. #J
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displacement[ dis'pleismant | n. {ii %
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integrate| 'intigreit | v. Xfeeeee- By
integration[ jinti'greifon | n. 4}
logarithm [ 'lagaridam | n. Xf %%
logarithm function X} % p& %1 ( = loga-
rithmic function)
mathematical physics %27 %) B
mechanics| mi'kaniks | n. Jj2#

nature[ 'neitfo] n. #Ef, H R

ke

ordinary differential equation # i 43

ik
partial differential equation fig {43 J5 &
polynomial[ ;poli'noumjal ] n. £ 10 5
rational function G 3 pf %4
terminology[ tarmi'noladzi] n. Rif
trigonometric function = ffj pR %X

inverse trigonometric function JZ — i

PR A

L Wi A i) i 4 (— ), WIBEERIC A (B I AEREXELL L LI 5 .
2. & alifid Bh i) $ 2 2] LUF B R 45 R S AT



80 F_EF BEEN—ANLNLE

(1) arise from (in) sth. (2) be classified under sth.

(3) by sth. is meant (4) deduce sth. from sth.

(5) do enable sb. to do sth. (6) enter into sth.

(7) infinitely many (8) be inspired by sth./sb.

(9) in term of sth. (10) a knowledge of sth./sb.
(11) a large variety of sth. (12) must be of the form of sth.
(13) a presecribed value (14) radioactive substance
(15) be required to do sth. (16) at some particular instant

3. H 2 ivis (was) " Ry BY 8% ) 55 4 i ) ) i

B 5%

1. A large variety of scientific problems arise in which one tries to determine
something from its rate of change. X B which 5| () M\ 5] {& 1ffi problems, F 15 1] fE
AEREHE . # ETFXCEE, w R ERE: KE R R8T 2 AR 5
FY R RR L E ZSEY (M) .

2. Or a radioactive substance may be disintegrating at a known rate and we may
be required to determine the amount of material present after a given time. X ¥ pres-
ent JEIE A1), SR BAER" o 45iF b —1]9F 3k A For example™ , iX ] ffy “ or”
AR LN o A TR SR, R S 1 ) 5 AT BB T AE LA A
Fraeas , W S IRAT 00 5 AE — I 1] ) 3t B P B )

3. In examples like these, we are trying to determine an unknown function from
prescribed information expressed in the form of an equation involving at least one of
the derivatives of the unknown function. 4% A] B P 4~ 8 4] . E2EL 8 #] 7+,
B AT S1oRK i LA B SR B9 (5 BoR M E R R ek 2, X f B E L T
A AR B — R R

4. Differential equations are classified under two main headings: ordinary and
" partial , depending on whether the unknown is a function of just one variable or of two
or more variables. 33X /] § 13 B 75 35 2027 01 fg s b 78 FE B, £ 45 302 AR E 52 9%
B o A AT AR s g3 T R AR AR A TR A et P R R A 2 2 A A oK )
AR WO T R A o T R

5. By the order of an equation is meant the order of the highest derivative which .
appears. X EH X iER . HH“By A is meant B” J& 3l ia] mean (1) 2J {6 ] ¥ , &
ARYA RS X B E A B B”, /1) 5 “the order of the highest derivative which ap-
pears” ] 1% 4 “ th B 7E o 09 A B T B0 B ERC B0 A o i 5 B0 B
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B A o

6. We simply integrate () and add any constant. . integrate & M ) 2 i4] ,
simply B B . )l A F AT B XS Q U dFn B AT SR B, 1
T BBR R Q JEBh 1A integrate WY EEIT, #7 E [A] WY 45 B QT AR R o #EAT B
487, K ¢ with respect to x7 3X — i) £ , HUAE ) * integrate Q7 Z )5 .

7. Automatic high-speed computing machines are often designed with this kind
of problem in mind. H. " with this kind of problem in mind J&47 K J7 2K , 150 B
BT At 13 A S (] L 1) Ak 34

8. Some-where in the process of solving a first-order differential equation, an in-

tegration is required to remove the derivative y’ and in this step an arbitrary constant
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(1) Boundary conditions

The rate if increase with time ¢ of a population P of a colony of bacteria is pro-

portional to the population P at time ¢,i.e.
dP

=kP
dt

’

where k is a constant. It is easy to check that the general solution of this differential
equation is

P( L ) = (.'ek’ 4
where ¢ is an arbitrary constant. Suppose that one needs to calculate the population at
time t=100 in the case k=2. Then P(t)=ce’™.

To proceed any further, it is necessary to assign a particular value to the
arbitrary constant ¢. For this, further information is necessary. The conditions which
supply this information are usually called the boundary conditions for the problem.

(2) Historical introduction to complex numbers

The quadratic equation x°+1=0 has no solution in the real-number system be-
cause there is no real number whose square is —1. New types of numbers, called
complex numbers, have been introduced to provide to solutions to such equation. In
this brief chapter we discuss complex number and show that they are important in sol-
ving algebraic equations and that they have an impact on differential and integral cal-
culus.

As early as the 16th century, a symbol,/—1 was introduced to provide solutions
of the quadratic equation x°+1=0. This symbol, later denoted by the letter i, was re-
garded as a fictitious or imaginary number which could be manipulated algebraically
like an ordinary real number, except that its square was —1. Thus, for example, the
quadratic solutions x*+1=0 was factored by writing 2 +1=x"-i"=(x-i) (x+i), and
the solutions of x°+1=0 were exhibited as x =+i, without any concern regarding the
"~ meaning or validity of such formulas. Expressions such as 2+3i were called complex
numbers, and they were used in purely formal way for nearly 300 years before they
were described in a manner that would be considered satisfactory by present-day
standards.

Early in the 19th century, Karl Friedrich Gauss (1777 -1855) and William
Rowan Hamilton ( 1805-1865) independently and almost simultaneously proposed
the idea of defining complex numbers as ordered pairs (a,b) of real numbers en-

dowed with certain special properties. This idea is widely accepted today and is de-
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scribed in the next section.

4. fEBh Al Hial 4l (=) B4R 3 9-C, IR BRI .
_ R 9-C The basic properties of the integral

From the definition of the integral, it is possible to deduce the following proper-
ties. Proofs are given in Section 1.27.

THEOREM 1. LINEARITY WITH RESPECT TO THE INTEGRAND. If both f
and g are integrable on [a,b), so is ¢ f+c,g for every pair of constants ¢, and c,.

Furthermore , we have

b

j[ch(x)+ c,g(x) ]d:r=c,ff(x)dx + czjg(x)d.r.

a

Note ; By use of mathematical induction, the linearity property can be generalized
as follows: If f,,f,,*=-,f, are integrable on [a,b], then so is ¢, fi+ ¢, fL++ ¢, [,

for all real constants ¢, ,c,,+*+,c,, and

n?

h b
f[ Z c, ﬁ(r)] dx = Z [c,{fj}(x)dx] .
IR = it J
THEOREM 2. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTE-

GRATION. If two of the following three integrals exist, the third also exists, and

we have

ij(x)dx= jf(x)dx+ j‘f(x)dx.

Note : In particular, if f is monotonic on [ a,c ] and also on [ ¢,b], then both in-

¢ [ b
tegrals ff(x)dx and J-f(x.)dx exist, so ff(x)dx also exists and is equal to the sum

of the other two integrals.
THEOREM 3. INVARIANCE UNDER TRANSLATION. If f is integrable on [ a,

b1, then for every real ¢ we have

b b+e

J’f(x)dx= [f(x—-c)dx.

a i+

THEOREM 4. EXPANSION OR CONTRACTION OF THE INTERVAL OF IN-
TEGRATION. If f is integrable on [a,b], then for every real k#0 we have

If(x)dx=%1f(%) d.
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Note: In both Theorems 3 and 4, the existence of one of the integrals implies the
existence of the other. When k=-1, Theorem 4 is called the reflection property.
THEOREM 5. COMPARISON THEOREM. If both f and g are integrable on | a,

b] and if g(x) <f(x) for every x in [a,b], then we have

'jg(x)dx‘:\: jf(r)dx

An important special case of Theorem 5 occurs when g(x)= 0 for every x. In

b

this case, the theorem states that if g(x) =0 everywhere on [a,b], then Jg(x)dx

= 0. In other words, a nonnegative function has a nonnegative integral. It can also be
shown that if we have the strict inequality g(x) < f(x) for all x in [a,b], then the
same strict inequality holds for the integrals, but the proof is not easy to give at this
stage.

In Chapter 5 we shall discuss various methods for calculating the value of an in-
tegral without the necessity of using the definition in each case. These methods, how-
ever, are applicable to only a relatively small number of functions, and for most inte-
grable functions the actual numerical value of the integral can only be estimated. This
is usually done by approximating the integrand above and below by step functions or
by other simple functions whose integrals can be evaluated exactly. Then the compari-
son theorem is used to obtain corresponding approximations for the integral of the

function in question.

HRSHEA(ZD)

algebraically[ j@ldzi'breiikali | adv. 7F
8 b FACEO

approximate [ o'proksimeit | v. & iT,

| %)% F

arbitrary constant {1 & % %%

boundary condition 1 %t 2% {}:

a colony of bacteria (# 7%

complex number & % ( A % T 55 B

D

comparison theorem [ 4% 5E #f

(‘(mlra('tion[ kan'traekjan] n. llﬁ[gﬁ

evaluate[ i'veljueit | v. {iit,K{H

expansion| iks'penfan | n. § 5

factor[ 'feekta] n. HX, H F;v. B
I fift

fictitious[ fik'tifas | adj. HE #9111

impact|[ 'impakt | n. ppili, 520

imaginary [ i'madzinori | adj. 241

imaginary number i %{

integrable[ 'intigrabl | adj. v f1#
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integrand [ 'intigreend | n. # 1 pR %% FS8 1
integration| (inti'greifon | n. Fl4p simultaneously [ simal'teiniasli | adv. [d]
linearity [ lini'eriti ] n. &k s 4

* manipulate] ma'nipjuleit | v. #:4f step function [ pR %Y

population [ jpopju'leifon | n. 5 &, strict inequality 4% A~ %6 =,

§2.10 ZUTEHPHBEXSEXE
( Dependent and Independent Sets in a Linear Space)

#R3Z 10-A Dependent and independent sets in a linear space

DEFINITION. A set S of elements in a linear space V is called dependent if there is
a finite set of distinct elements in S, say x,,--,x,, and corresponding set of scalars

1
¢, ,¢,, not all zero, such that
k

z Cf.xl.zo.2

=i

The set S is called independent if it is not dependent. In this case, for all choices

of distinct elements x, ,++- ,x, in S and scalars ¢, ,**+ ,¢,,
k

Z cx,=0 implies ¢, =¢,=++=¢,=0.

i=1

Although dependence and independence are properties of sets of elements, we
also apply these terms to the elements themselves. For example, the elements in an
independent set are called independent elements.

If S is a finite set, the foregoing definition agrees with that given in Chapter 8 for
the space V, . However, the present definition is not restricted to finite sets.

EXAMPLE 1. If a subset T of a set S is dependent, then S itselfl is dependent.
This is logically equivalent to the statement that every subset of an independent set is
independent.

EXAMPLE 2. If one element in S is a scalar multiple of another, then S is de-
pendent.

EXAMPLE 3. If O € S, then S 1s dependent.

EXAMPLE 4. The empty set is independent.

Many examples of dependent and independent sets of vectors in V, were
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discussed in Chapter 8. The following examples illustrate these concepts in function
spaces. In each case the underlying linear space V is the set of all real-valued func-
tions defined on the real line.

EXAMPLE 5. Let u,(t)= cos’t,u,(t)=sin’ t,u,(t)=1 for all real t. The Py-
thagorean identity shows that u,+u,—u, =0, so the three functions u, ,u,,u, are de-
pendent.

EXAMPLE 6. Let u,(t)=1t"for k =0,1,2,+--, and ¢t real. The set S={u,,u,,
u,,| is independent. To prove this, it suffices to show that for each n the n+1 pol-
ynomials u,,u,, - ,u, are independent. A relation of the form > ¢,u, =0 means that

St =0 (10.1)
for all real t. When t=0, this gives ¢, =0. Differentiating ( 10. 1) and setting t=0,
we find that ¢, =0. Repealing the process, we find that each coefficient ¢, is zero.

EXAMPLE 7. If a,, -+ ,a, are distinct real numbers, the n exponential functions

u(x)=e" -, u(x)=e"
are independent. We can prove this by induction on n. The result holds trivially when
n=1. Therefore, assume it is true for n—1 exponential functions and consider scalars

¢, ,c, such that

> e =0. (10.2)
k=1
Let a, be the largest of the n numbers a , -, a

(10.2) by e ™, we obtain

Multiplying both members of

n*

n

> et =0, (10.3)

k=1
If £ M, the number a, —a, is negative. Therefore, when x — + o in Equation
(10.3), each term with k# M tends to zero and we find that ¢, =0. Deleting the Mth
term from (10.2) and applying the induction hypothesis, we find that each of the re-
‘maining n—1 coefficients ¢, is zero.

THEOREM 10. 5. Let S be an independent set consisting of &k elements in a line-
ar space V and let L(S) be the subspace spanned by S. Then every set of k+1 ele-
ments in L(S) is dependent.

Proof. When V=V _, Theorem 10.5 reduces to Theorem 8. 8. If we examine the
proof of Theorem 8.8, we find that it is based only on the fact that V, is a linear space

and not on any other special property of V . Therefore the proof given for Theorem

8. 8 is valid for any linear space V.
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133 10-B Basis and dimension

DEFINITION. A finite set S of elements in a linear space V is called a finite basis
" for V if S is independent and spans V. The space V is called finite dimensional if it has

a finite basis, or if V consists of O alone. Otherwise V is called infinite dimensional.

THEOREM 10. 6. Let V be a finite-dimensional linear space. Then every finite ba-
sis for V has the same number of elements.

Proof. Let S and T be two finite bases for V. Suppose S consists of k elements
and T consists of m elements. Since S is independent and spans V, Theorem 10.5
tells us that every set of k+1 elements in V is dependent. Therefore, every set of more
than % elements in V is dependent. Since T is an independent set, we must have m <
k. The same argument with S and T interchanged shows that k<m.’ Therefore k=m.

DEFINITION. If a linear space V has a basis of n elements, the integer n is called
the dimension of V. We write n=dim V. if V={0}| , we say V has dimension 0.

EXAMPLE 1. The space V, has dimension n. One basis is the set of n unit coor-
dinate vectors.

EXAMPLE 2. The space of all polynomials p(t) of degree <n has dimension

n+1.* One basis is the set of n+1 polynomials {1,¢,¢’

o+, 1" | . Every polynomial of
degree <n is a linear combination of these n+1 polynomials.

EXAMPLE 3. The space of solutions of the differential equation y"=2y"'-3y=0
has dimension 2. One basis consists of the two functions u,(x)=e " ,u,(x)=e". Ev-
ery solution is a linear combination of these two.

EXAMPLE 4. The space of all polynomials p (t) is infinite-dimensional.
Although the infinite set {1,2,¢°,+--| spans this space, no finite set of polynomials
spans the space.

THEOREM 10. 7. Let V be a finite-dimensional linear space with dim V=n. Then
we have the following.

(a) Any set of independent elements in V is a subset of some basis for V.

(b) Any set of n independent elements is a basis for V.

Proof. The proof of (a) is identical to that of part (b) of Theorem 8. 10. The
proof of (b) is identical to that of part (¢) of Theorem 8.10.

Let V be a linear space of dimension n and consider a basis whose elements e ,--
e, are taken in a given order. We denote such an ordered basis as an n-tuple (e, -

e ). lf xeV, we can express x as a linear combination of these basis elements .
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x= Z i
i= 1

The coefficients in this equation determine an n-tuple of numbers (¢, -

(10.4)

,c¢, ) that is

uniquely determined by x. In fact, if we have another representation of x as a linear

n

combination of e, ,--- e , say x = Z

then by subtraction from (10.4), we

find that Z (¢, —d,) e = 0.But since the basis elements are independent, this

implies ¢, =d, for each i, so we have(c¢,, -

56, )= {dy;7+5d,):

The components of the ordered n-tuple (¢,, -+, ¢, ) determined by Equation

(10.4) are called the components of x relative to the ordered basis (e, e, ).

ERSHERE(—)
basis[ 'beisis | n. &t B JiE
finite basis A R 3
ordered basis £ J¥* 3k
coefficient[ koui'fifont ] n. 4%}
component| kam'paunant | n. i4r,
g1 it
dependent[ di'pendont | adj. #H &1
differentiate[ difa'renfieit | v. 3K F
B, 5K
o
distinet[ dis'tipkt | adj. 5 A A [A] (1
finite dimensional A7 PR 4k [
hold[ hould | v. % 7, %%, 16 H
hold trivially & 4 i 37
hypothesis| hai'pa@isis | n. {&i%
the induction hypothesis ] 44 ¥ @9
B iz
independent [ indi'pendant | adj. JG
K HY
infinite dimensional JG PR 4k /1)
linear combination Z& k4] &

linear space £k {445 ]
logically equivalent 3% $§ % it i)
multiple[ 'maltipl ] n. {5%4;ad). ZHH
multiply[ 'maltiplai]| v. e, {544 ;adv.
ZHH, L 2RI i
e R AP
S 20 (P4 5 [ 20T /2] JBEE B BRI )
remain| ri'mein | v. #F , £ H
scalar| 'skeilo | n. #Fp&, 5 i
span[ span | v. gk h¥ , 3§
the subspace spanned by S H S 5K i,
i) F 45 [i]
n—tuple[ en'tju:pl | n. n—-JGZH
the ordered n—tuple 47 J¥ n-JC4
the underlying linear space J& fifi £8 ¥
75 [A]
uniquely|[ ju:'nizkli] adv. ME— b
vector[ 'vekta ] n. [i i, i ‘
unit coordinate vector BL{if A §p 1] 1
valid[ 'vaelid | adj. g 719, A %0
be valid for Xf -« gl 37

The Pythagorean identity
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M ER
L B A S (—) , W BT ER3C A (B JFFEBEMEAL i Eid 5 .
2. 52 > A Bl i) sy o DUR B ] 25 R A R L

(1) agree with sth./sb. (2) base on sth.

(3) be identical to sth. (4) by induction on n

(5) it suffices to do sth. (6) reduce sth.to sth.

(7) relative to sth./sb. (8) be restricted to sth.
(9) the same argument with sth. (10) span the space

(11) by subtraction from sth. (12) take in a given order

(13) uniquely determine

3. &2 (1) i Agoa] iy f k5 (2) B a9 Rk Ko

ERSEA

1. A set S of elements in a linear space V is called dependent if there is a finite set of
distinct elements in S, say x, -+ ,x,, and corresponding set of scalars ¢, ,**+ ,¢, , not all ze-
ro, such that---. H:Hf A set S of elements in a linear space V 0] BLPF R 2kfkas (] Vv
MIC R — AR 87 R B R I St ] V i —A 4 87,
TR T o 3, B SORCF A (CRp A S0) 6 2 A 3R 4598, TSCPE i T8 ] Bsf 412
FAF NIRRT o G20 B I, o SCOCHR L H X R T BiE . X FE—2K,
KA R PR AR A ] VAN FAE S BROAAICHY, Q2RAE S "W EEAEA BRI AR
2.0 x, e x, FIARL ) — A SR 0 % e, oo e flifT e

2. A O ARt . eSS o % 0 BT BB E O b
ZH) R

3. The same argument with S and T interchanged shows that k< m. X 1] 0] %
W A8 S 5 TG MERFERTHETIEY k<m,

4. The space of all polynomials p(t) of degree <n has dimension n+1. #& /%] uJ
VR : B B/ T 8055 1 n B9 A 20 20 2 2H 00 23 (8] A 4E B0 n+ 1, 8L has di-
mension n+1 ANPFER G HEE n+1" .

iR SME Ak
L 48 F 525 410 f0m] ia) 415 0 PR R O, R R E TR AR SR PR BR AR IE L -
(1) Zefkasim) FEahZe k=) 7o), Ak A PRI AP,
(2) FHORHY TIOOG M, 4E 8 A7 PR YE TG PR 4E .
(3) brhk & o/ g R AR R ] B e JUHL, AR R R B
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(4) ZEAFAXS A B« B X BRE (0, x) K TR 1 RF X ARE n
FTVAEN , ME— A A B . A Fir sk AR A £kt 25 [a) | 55 i 1T 45 A s S — B L
HEW X 5 s 1 .

2. YK

(1) AW P R I 56T ¢ BV, FRATTEA B — A B ils B E58 .

(2) AXER XA U JE AR % % B R X — 35 |, 55 Y
HoAt 1 G K

(3) Q2R3 () A7 A A BRAE AR 12 25 (] 2 JCRR4E 1) .

(4) BEXAEEIRA n—1 A48 SR BOR AL, AR IE W 458 XF n 445 5K
PR R A 1T

(5) XA E XAEZH ER B ASEH .

(6) BE X RAMEZ [ V bk AR HLRM — PRI KIS LOO) Bl X
SRR A 0], R4, L(X) B 8— P Iu AR AT LR /RN X BT R R4 5.

(7) BV IiE—A n 4 tE=s (8], % 18 B R — 3k, o0 K45 & MOy k)
He e, e,

(8) ZAMRRK R IE— n J0d, B o) B x ME— & .

3. B

(1) Let x,,x,,---,x, denote vectors. Any vector expressible in the form

a, X, ta,X,++a, x (with a,,a,, " ,«, scalar)
is said to be ( expressible as) a linear combination of x ,x,, -, x .(In the trivial
case n= 1, where we would be talking about “a linear combination of x,”, that
would simply mean a scalar multiple of x,.)

(2) We shall now define (for any x,y € E,) something called scalar product of
x and y. As the name suggests,this is a scalar (depending on x and y). It is denoted
by x - y, and it is defined as follows;

(a) If x and y are nonzero,then x - y=Ix|lylcos 8, where @ is the angle be-
tween X and y; (b) If x ory is O (or if both are Q) , then x - y=0.

n-2

(3) A polynomial in x is an algebraic expression of the a,x"+a,x" ' +a,x" “+--

+a,, where x is a variable whose value is not fixed and a,,a,,a,, - ,a, are all con-
stants with @, #0,and n is a non—negative integer and is known as the degree of the
polynomial ,a, is called the leading coefficient of the polynomial.

(4) A matrix with the same number of rows and columns is called a square

matrix. And an n th—order square matrix, which is denoted by A consists of n’

nXn *

numbers with n rows and n columns. For any matrix A, with real numbers entries,

nxn
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there is associated a unique number called determinant, designated by 1A l. Also, is

said to be a determinant of order n.
4. fF B AW S (=) AR 3 10-C, 308 B i NLE .
R 10-C Applications of matrices

In recent years the applications of matrices in mathematics and in many diverse
fields have increased with remarkable speed. Matrix theory plays a central role in
modern physics in the study of quantum mechanics. Matrix methods are used to solve
problems in applied differential equations, specifically, in the area of aerodynamics,
stress and structure analysis. One of the most powerful mathematical methods for psy-
chological studies is factor analysis,a subject that makes wide use of matrix methods.
Recent developments in mathematical economics and in problems of business admin-
istration have led to extensive use of matrix methods. The biological sciences, and in
particular genetics, use matrix techniques to good advantage. No matter what the
student’ s field of major interest is, knowledge of the rudiments of matrices is likely to
broaden the range of literature that he can read with understanding.

In this section we will give some elementary examples of how matrices are utilized.

The solution of n simultaneous linear equations in n unknowns is one of the im-
portant problems of applied mathematics. Descartes, the inventor of analytic geometry
and one of the founders of modern algebraic notation, believed that all problems
could ultimately be reduced to the solution of a set of simultaneous linear equations.
Although this belief is now known to be untenable, we know that a large group of sig-
nificant applied problems from many different disciplines are reducible to such equa-
tions. Many of the applications, require the solution of a large number of
simultaneous linear equations, sometimes in the hundreds. The advent of computers
has made the matrix methods effective in the solution of these formidable problems.

Example 1. Solve the simultaneous equations for x, ,x, and x,.

2x,+3x,+4x, =4,
2%, tx,tx, =—2,
—x,+x,+2x, = 2.
Solution. We may rewrite these equations in matrix form
2 3 4\[% 4
2 1 1||x%]|=|-2 (1)
-1 1 2)|a, 2
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and call the matrix of coefficients A, the 3X1 matrix of unknowns x, and the 3x1
matrix on the right k, we may then write Equation (1) in the form
Ax=k. (2)
If it was possible to find a 3%3 matrix, which is designated by A ™' and is called the
inverse of matrix, such that
A'A=I, (3)
where I is the identity matrix, then we would multiply both members of Equation (2)

by A™'. Equation (2) would then become

A'Ax=A""k. (4)
Using Equation (3), we could rewrite Equation (4) as

Ix=A"'k,

x=4"k- (5)

Specifically for this case, without telling you how we get it,

-1 2 1
A'=| 5 -8 -6|.
-3 5 4
Using this in Equation (5), we get
X -1 2 1 4 -6
%=l 5 -8 -6|-2|=| 24|.
% ~3 5 4 2 -14
Thus x, =-6,x,=24, and x,=-14. From the above discussion, we see that the

problem of solving n simultaneous linear equations in n unknowns is reduced to
the problem of finding the inverse of the matrix of coefficients. It is therefore not
surprising that in books on the theory of matrices the techniques of finding inverse
matrices occupy considerable space. Of course, we will not in our limited treat-
ment discuss such techniques. Not only are matrix methods useful in solving sim-
ultaneous equations, but they are also useful in discovering whether or not the set
of equations are consistent, in the sense that they lead to solutions, and in discov-
ering whether or not the set of equations are determinate, in the sense that they

lead to unique solutions.
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consistent[ kan'sistont | adj. # %)
column|[ 'kolom | n. %
determinant| di'tarminant | n. 1751
discipline[ 'disiplin | n. 0% , 2% F}
diverse[ dai'va:s | adj. A [a] iy
entry| 'entri| n. #F A, %, ZTH{HE
entry of matrix % [% ) G
inverse[ 'in'vo:s| n. 3
matrix| 'meitriks | n. %%
matrix of coefficients % %%
square matrix yilE
nth-order square matrix n By 75 [4

§2.10 HMZEPHERILRE 93

nonzero[ 'nonziarau] n. ElE?j_ﬁ

polynomial [ ;pali'noumjal] n. £ 1
polynomial in x [ &F |« )£ 01 X

psychological [ saika'lodzikal | adj. .(»

bLiEed1 )
reducible[ ri'dju:sabl ] adj. a] faj{L 1Y,
CINSESTiD]
row[ rau] n. 7
simultaneous linear equations Bt 37 J5 &
[ 4]
ultimately[ 'altimitli | adv. f& 2%, )5
untenable[ 'an'tenabl ] adj. ANu[iAF| [

0 AFIKEFED

What is mathematics?

Mathematics.

BRI AL B & #FK.)

ftaRME?
® HFITFHH(CF Gavss) EHFH KA FHRT HWHE, fik:

Mathematics is the Queen of the Sciences, and Arithmetic the Queen of

(BFRBAAFHNLE, MR ZEFN L E)
® EEYFXKHE(] Kant, 1724—1804) & R & MK 4 H. 3L
The science of mathematics presents the most brilliant example of how pure

reason may successfully enlarge its domain without the aid of experience.

(BF%RFEAH A RBERNAT RALTRAEB LR, SN HRE

® KHlwHEF KX ENAE(A Einstein) Bt 89 FF % T A B 313 .

But there is another reason for the high repute of mathematics: it is mathe-
matics that offers the exact natural sciences a certain measure of security which,
without mathematics, they could not attain.

(BFREBEBEZH A —ITREET: BREZRF . 2R ENEAH
FRETATERWITERIE.RALF, CNEELAXFENTRERE,)

@O A5 RE B9 ST A SOk 4] .
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§2.11 HIBBIEA]
( Elementary Mathematical Logic)

37 11-A  PredicatesV

Statements involving variables, such as
“x>3" ,%“x=y + 3" ,and “x + y=2",
are often found in mathematical assertions and in computer programs. These
statements are neither true nor false when the values of the variables are not speci-
fied." In this section we will discuss the ways that propositions can be produced from
such statements.

The statement “x is greater than 3" has two parts. The first part, the variables,
is the subject of the statement. The second part — the predicate, *is greater than
3”7 — refers to a property that the subject of the statement can have. We can denote
the statement “x is greater than 3" by P(x), where P denotes the predicate “is
greater than 3”7 and x is the variable. The statement P(x) is also said to be the value
of the propositional function P at x. Once a value has been assigned to the variable x,
the statement P(x) becomes a proposition and has a truth value. Consider the follow-
ing examples.

EXAMPLE 1. Let P(x) denote the statement “x > 37. What are the truth
values of P(4) and P(2)?

Solution. The statement P(4) is obtained by setting x=4 in the statement “x >
3”. Hence, P(4), which is the statement “4 > 3” | is true. However, P(2), which
is the statement “2 > 37 | is false.

We can also have statements that involve more than one variable. For instance,
consider the statement “x = y + 3”7, We can denote this statement by Q(x,y),
where x and y are variables and ( is the predicate. When values are assigned to the
variables x and y, the statement ()(x,y) has a truth value.

EXAMPLE 2. Let Q(x,y) denote the statement “x=y+3". What are the truth
values of the propositions (1,2) and Q(3,0)7

M AN =k% X A :Rosen K H. Discrete Mathematics and Its Applications. 4th ed. New York;:
MeGraw-Hill, 1999 .
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Solution. To obtain Q(1,2), set x=1 and y=2 in the statement Q (x,y).
Hence, Q(1,2) is the statement “1=2+3" | which is false. The statement Q(3,0)
is the proposition “3=0 + 3”7  which is true.

Similarly, we can let R(x,y,z) denote the statement “x+y=z". When values
are assigned to the variables x,y, and z, this statement has a truth value.

EXAMPLE 3. What are the truth values of the propositions R (1,2, 3)
and R(0,0,1)7

Solution. The proposition R(1,2,3) is obtained by setting x=1,y=2, and 2=3 in .
the statement R(x,y,z). We see that R(1,2,3) is the statement “1 + 2=3" | which is
true. Also note that R(0,0,1), which is the statement “0+0=1" | is false.

In general, a statement involving the n variables x, ,x,,+--,x, can be denoted by
P(x, %,,"",%_).

A statement of the form P (x,,x,, -, x,) is the value of the propositional
function P at the n-tuple (x,,x,,---,x, ), and P is also called a predicate.

Propositional functions occur in computer programs, as the following example
demonstrates.

EXAMPLE 4. Consider the statement

if x >0 then x:=x+1.
When this statement is encountered in a program, the value of the variable x at that
point in the execution of the program is inserted into P(x), which is “x>0". If
P(x) is true for this value of x, the assignment statement x; =x+1 is executed, so
the value of x is increased by 1. If P(x) is false for this value of x, the assignment

statement is not executed, so the value of x is not changed.
i 11-B  Quantifiers

When all the variables in a propositional function are assigned values, the resul-
ting statement has a truth value. However, there is another important way, called
quantification, to create a proposition from a propositional function. Two types of

quantification will be discussed here, namely, universal quantification and existential

(I Recall the following 4 symbels: 5 , A,V ,— which we read respectively as; “not” “and” “or” and
“implies” and which we call symbols for propositional connectives. The symbols 4 , A, \V ,— are respectively
called ; the symbol for negation , the symbol for conjunction, the symbol for disjunction and the symbol for implica-

tion”.
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quantification.

Many mathematical statements assert that a property is true for all values of a
variable in a particular domain, called the universe of discourse. Such a statement is
expressed using a universal quantification. The universal quantification of a proposi-
tional function is the proposition that asserts that P(x) is true for all values of x in
the universe of discourse. The universe of discourse specifies the possible values of
the variable x.

DEFINITION 1. The universal quantification of P(x) is the proposition “P(x)
is true for all values of x in the universe of discourse. ”

The notation

VaP(x)
denotes the universal quantification of P(x). Here V is called the universal quantifier.

The proposition ¥ xP (x) is also expressed as “for all xP (x)” or “for
every xP(x)”.

Remark’ ; it is best to avoid the word “any” since it is often ambiguous as to
whether it means “every” or “some”. In some cases, “any” is unambiguous, such
as when it is used in negatives, for example, “there is not any reason not to study
hard”.

EXAMPLE 5. Express the statement “ Every student in this class has studied
calculus” as a universal quantification.

Solution: Let P(x) denote the statement “x has studied calculus” .

Then the statement “ Every student in this class has studied calculus™ can be
written as Y xP(x), where the universe of discourse consists of the students in this
class.

This statement can also be expressed as

Va(S(x)—P(x)),
whiere S(x) is the statement
“x is in this class.”
P(x) is as before, and the universe of discourse is the set of all students.

Example 5 illustrates that there is often more than one good way to express a
quantification.

Many mathematical statements assert that there is an element with a certain
property. Such statements are expressed using existential quantification. With existen-

tial quantification, we form a proposition that is true if and only if P(x) is true for at
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least one value of x in the universe of discourse.

DEFINITION 2. The existential quantification of P(x) is the proposition “There

exists an element x in the universe of discourse such that P(x) is true.” We use

the notation

JxP(x)

for the existential quantification of P(x). Here 3 is called the existential quantifier.

The existential quantification 3 xP(x) is also expressed as

“There is an x such that P(x)"”,

“There is at least one x such that P(x)” , or “For some xP(x)”.

EXAMPLE 6. Let P(x) denote the statement “x > 3”. What is the truth value of

the quantification 9xP(x), where the universe of discourse is the set of real numbers?

Solution - Since “x>3" is true

for instance, when x =4

the existential

quantification of P(x), which is JxP(x), is true.

iR 5RAE(—)
assert[ a'soit] v. Wi, £k
assertion[ a'sa:fon ] n. ISWT, W 5
conjunction| kan'dzankfon| n. i
connective| ka'nektiv | n. % {d]
disjunction| dis'dzapkfon | n. 7 H
exclusive[ iks'klursiv ] adj. A~ a] 3 [
execute| 'eksikjurt | v. $if7
false| forls | adj. {110, A~ WL
inclusive[ in'klu:siv | adj. a] 3 [
phrase[ freiz | v. 155 £/~
predicate| 'predikit | n. i
preferable[ 'prefaorabl | adj. # n] H ¥,
A

proposition| propa'zifan| n. fiy &

propositional [ \propa'zifanal | adj. fy

W

M EK

propositional connective i & i ]
propositional function 7 8 pR %X
quantifier[ 'kwontifaio | n. 5 id)
existential quantifier {7 7F &t id]
universal quantifier 4§ & iq]
quantification[ kwontifi'keifon | n.#
A
universal quantification 4> 74k
existential quantification {£7F & {11k
statement| 'steitmoant | n. &%)
subject of the statement &%) 115
assignment statement ’ﬂﬂ,ﬁlﬁfﬂ
truth value EL{R{H
universe| 'jurniva:s | n. 8%, K 4E,
i 4

universe of discourse &35 , il £

L9 A ] I A (— ), IR S0 A B AR BEXEAN M Fic 5 .



98 F£_F BRRN—ANLE

2. 52 2) s A B A i o LUR B e A 25 RO I SR

(1) assert (2) be assigned to sth.
(3) be encourtered in some place (4) execute

(5) be phrased in term of sth. (6) produce sth.from sth.
(7) specify (8) universe of discourse

3. &> gyl R I I o

TR 5 iR

1. These statements are neither true nor false when the values of the variables
are not specified. 1 B {F It /m] # variables 7ij [fi] 4 7 in] the £ JC 5 18] I 55 () 22 5.
specify values X “ 7 & U™ 530 B & (B, TRT PR (B ™ o 30 ) AT 828 1) I LI
A VRN . A7 R G5 VA R T A A R A DU AS R K DR 120 ) R LR

2. MR, FENBRAFT RS "IN ST BN 5 B
“not(FERL AR )" Tor (FE AL B )" “and (L 5 7)) M implies (3 A ¢ 4
)7 N R A REA IS B . X AR B R R E RS IS L A
A5 RS, H A T B A S 3.2.2

3. Remark 2 fi5 i8] UL A ] any X A1l p9 B o B R IRE , H: op 451 4] i 7
ST, FM RSO S G S b . BRI B A any XS] RO B
ATREER T — "B R AW P RE G WA . R BT
WA T 15 2 A B, W 7E ) 1 there is not any reason not to study hard” ( % 4 {F i
B T B ) B any (98 LA RER .

R AME
L. 48R 50 4 40 5 im) iRl 21 5 0 PR ST, R R E AT A e E R AR A Z
(1) iEA)  EiE E W GEE W, B PR A A R
(2) iy 8 i R0 o A J03% ) 38 BT L8 L R
(3) By By B B, T ARE A el W IR AW .
(4) G W MR VAL, AR AR A7 i Al R
(5) £ 28 B 5] | e X FE I AT 7 A %8 ) BB T BT S A 1 AT
FH 1 ) o A A 3 BT A L el A B
2. PUFE .
(1) AT 6 Hy 3k B g A i i 1 A0 ik o
(2) Y~ am B pR B0 BT A A8 AR b 7L, PR AR B B A A T B (A .
(3) P(x) 2Rk i) 4 2 X A — A i 8 XHe b 1 B A, P () #FJE B
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(. 8 P(x) B FREIEICIE Y 2P (x) o

(4) B P(x) FiEA 2" =2x+3>0" 58300 SC B0, W 4 Fr & 36
VP (x) B{H 2 HB,

(5) P(x) WA 1E i b f R X AE — A B TR P P fE— 1 J0 R « flifS
P(x)#RIEHI . 8 P(x) WAFAERTAMICAHE 2P (%) o

(6) I FH 24 A5 Aktin), ol LU 2 48 3 1k Ok R SR 1R 1), RAERCF i
% g AR AN BE R AR R

(7) SRR« (X AME P (x) R EH RSP IRE R =01 AT 45 R «
e T 1.

(8) X F e B, % F—A> & #, AT R AIA 1k —Fh ) 45 I 1 R B

3. eiFil

(1) Thus p <> g is true if both p and ¢ are true or if both p and ¢ are false. The
following are English-language equivalents to p<>q:“p if and only if ¢” ,“p is a nec-
essary and sufficient condition for ¢”, and “p precisely if ¢”. :

It is worth emphasizing that the compound proposition p—¢ and its converse g—
p are quite different; they have different truth tables.

(2) Two compound propositions P and () are regarded as logically equivalent if
they have the same truth values for all choices of truth values of the variables p,q,
etc. In other words,the final columns of their truth tables are the same. When this oc-
curs, we write P < (). Since the table for P <> (@ has truth values true precisely
where the truth values of P and () agree,we see that

P < Q if and only if P <> Q is a tautology.

(3) We are typically faced with a set of hypotheses H, ,--- H from which we
want to infer a conclusion C. One of the most natural sorts of proofs is the direct proof
in which we show

H AH, A~ AH,=C.

Many of the proofs that we gave in Chapter 1

for example, proof about greatest

common divisors and least common multiples were of this sort.
(4) Proofs that are not directive are called indirect. The first type of indirect
proof is proof of the contrapositive .
AC = (H, AH,\N---\NH,).
Another type of indirect proof is a proof by contradiction ;
(H NH,\--NH, ) Nq C=a contradiction.

4. A A SR 2 (=) A 2R SC 11-C, JF 8 8 i L -
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B3 11-C Translation sentences into logical expression

In Section 1.1 we illustrated the process of translating English sentences into log-
ical expressions involving propositions and logical connectives. Now that we have dis-
cussed quantifiers, we can express a wider variety of English sentences using logical
expressions. Doing so eliminates ambiguity and makes it possible to reason with these
sentences. ( Section 3.1 covers rules of inference for reasoning with logical expres-
sions. )

The following examples show how to use logical operators and quantifiers to ex-
press English sentences, similar to the kind that occur frequently in mathematical
statements, in logic programming, and in artificial intelligence.

EXAMPLE 7. Express the statements “ Some student in this class has visited
Mexico” and “Every student in this class has visited either Canada or Mexico” using
quantifiers.

Solution. Let the universe of discourse for the variable x be the set of students in
your class. Let M(x) be the statement “x has visited Mexico”™ and C(x) the state-
ment “x has visited Canada”. The statement “ Some student in this class has visited
Mexico” can be written as 4 xM(x). The statement “Every student in this class has
visited either Canada or Mexico” can be written as Yx(C(x) V M(x) ) (assuming
that the inclusive, rather than the exclusive, or is what is meant here ).

EXAMPLE 8. Express the statement “ Everyone has exactly one best friend” as a
logical expression.

Solution. Let B(x,y) be the statement “y is the best friend of x”. To translate
the sentence in the example, note that it says that for every person x there is another
person y such that y is the best friend of x and that if z is a person other than y, then
z is not the best friend of x. Consequently, we can translate the sentence as

YxIyVz(B(x,y) A ((z#y)— B(x,2))).

EXAMPLE 9. Express the statement “If somebody is female and is a parent,
then this person is someone’ s mother” as a logical expression.

Solution. Let F(x) be the statement “x is female” | let P(x) be the statement
“x is a parent” , and let M(x,y) be the statement “x is the mother of y”. Since the
statement in the example pertains to all people, we can write it symbolically as

Va((F(x) AP(x)—3yM(x,y)).
EXAMPLE 10. Use quantifiers to express the statement “There is a woman who
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has taken a flight on every airline in the world™.

Solution. Let P(w, f) be “w has taken f” and Q(f,a) be “fis a flight on a.”

We can express the statement as

JwVadf(P(w, /) NQ(f,a)),
where the universes of discourse for w, f, and a consist of all the women in the
world, all airplane flights, and all airlines, respectively.

The statement could also be expressed as

dwVYadf R(w, f,a),
where R(w, f, a) is “w has taken f on @”. Although this is more compact, it some-
what obscures the relationships between the variables. Consequently, the first solution
is usually preferable.

As mentioned earlier, quantifiers are often used in the definition of mathematical
concepts. One example that you may be familiar with is the concept of limit, which is
important in calculus.

EXAMPLE 11. Express the definition of a limit using quantifiers.

Solution. Recall that the definition of the statement

lim f(x)=1L

X—>d

is: For every real number £ > 0 there exists a real number § > 0 such that [f(x)-L|
<g whenever 0<lx—a|<§. This definition of a limit can be phrased in terms of quanti-
fiers by
VeddVx(0<la—al<d—If(x)-Li< &),

where the universe of discourse for the variables £ and & is the set of positive real
numbers and for x is the set of real numbers.

This definition can also be expressed as

Ve>036>0Y x(0<lx—al<d—1f(x)-Li< g),

where the universe of discourse for the variables & and § is the set of all real num-

bers, rather than the set of positive real numbers.

HERERA(ZD)
ambiguous[ @m'bigjuas | adj. — XY, artificial intelligence A T3 fE
AN compound proposition & 5y i
unambiguous[ an@&m'bigjuas | adj. eliminate| i'limineit | v. J{§F%

HH B 1, T R emphasize| 'emfasaiz | v. 58/
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obscure[ ab'skjua] v. {ii 15 ME P fif rule of inference # S f £ 1|
pertain to e g K/ T proof by contradiction ¥ J& UE 8, 2
preferable [ 'prefarabl | adj. B a] B[ uEE
infer[ in'fa:] v. HEWT, #E S proof of contrapositive JZ [n] i B
inference[ 'infarons | n. #EW, #i 5 tautology [ to:'taladzi] n. #H F =
B HMFERES
BEREEER—MA?

AREAN ARHREFX BFX BEFXELAFGUETEF HATENA
ERYBECHEE,

%= B #7 (] H Jeans,1877—1946) %, .

The great Architect of the Universe now begins to appear as a pure mathema-
tician.

(FHNFARAMAET L ULBERER N S EHIA,)

A% i R /R Z AR 41 9 (Erlangen program) 1 El £ 9 B F X Xk B (CF
Klein, 1849—1925)A % :

The greatest mathematicians, as Archimedes, Newton and Gauss, always
united theory and application in equal measure.

(WP EXE FHEEHIFNRFANEER, EET R L
BEGNHASEERK,)

JLE(CJ Keyser, 1862—1947) £ EI L £ S X B HE R W E XA F (S
Lie,1842—1899) &t %, :

When the late Sophus Lie was asked to name the characteristic endowment of
the mathematician, his answer was the following quaternion: fancy, energy, self-
confident, self-criticism.

(BEHWRAE - ZEHFAE, A2 REKFRIBFAMNER, LM
ETHEXAMUTE: BEA . TH . B0 KMF,)

“HRoWFEZRX"#H AT (KT W Weierstrass, 1815—1897) * F
BPEZXNEBRADT-REMER . FRAINANEL =

A mathematician, who is not also something of a poet, will never be a com-

plete mathematician.
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(A - BFAARWEFREATRE L E2NEFR.)

FEEFEHLN LN WK F KA W B (J L Lagrange, 1736—1813)
A 2

Lagrange is the lofty pyramid of mathematical sciences.

(MBAERBFRFIFEENRTF )

§2.12 IR REHESIT
( Probability Theory and Mathematical Statistics)

B3 12—-A Special terminology peculiar to probability theory @

In discussions involving probability, one often sees phrases from everyday lan-

& ““

guage such as “two events are equally likely”, “an event is impossible” , or “an
event is certain to occur” . Expressions of this sort have intuitive appeal and it is both
pleasant and helpful to be able to employ such colorful language in mathematical dis-
cussions. Before we can do so, however, it is necessary to explain the meaning of this
language in terms of the fundamental concepts of our theory.

Because of the way probability is used in practice, it is convenient to imagine
that each probability space (S,B,P) is associated with a real or conceptual experi-
ment. The universal set S can then be thought of as the collection of all conceivable
outcomes of the experiment, as in the example of coin tossing discussed in the forego-
ing section. Each element of S is called an outcome or a sample and the subsets of S
that occur in the Boolean algebra B are called events. The reasons for this terminology
will become more apparent when we treat some examples.

Assume we have a probability space (S,B,P) associated with an experiment.
Let A be an event, and suppose the experiment is performed and that its outcome is
x. (In other words, let x be a point of S.) This outcome x may or may not belong to
the set A. If it does, we say that the event A has occurred. Otherwise, we say that the
event A has not occurred, in which case x € A’ so the complementary event A’ has
occurred. An event A is called impossible if A=(J, because in this case no outcome of

the experiment can be an element of A. The event A4 is said to be certain if A=S, be-

@D #Hx12-AA :Apostol T M.Calculus, Vol.2. New York: John Wiley & Sons, 1969,
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cause then every outcome is automatically an element of A.

Each event A has a probability P(A) assigned to it by the probability function
P. [ The actual value of P(A) or the manner in which P(A) is assigned does not
concern us at present. | The number P(A) is also called the probability that an out-
come of the experiment is one of the elements of A.' We also say that P(A) is the prob-
ability that the event A occurs when the experiment is performed.

The impossible event J must be assigned probability zero because P is a finitely
additive measure. However, there may be events with probability zero that are not im-
possible. In other words, some of the nonempty subsets of S may be assigned proba-
bility zero. The certain event S must be assigned probability 1 by the very definition of
probability, but there may be other subsets as well that are assigned probability 1. In
Example 1 of Section 6.8 there are nonempty subsets with probability zero and proper
subsets of S that have probability 1.

Two events A and B are said to be equally likely if P(A)= P(B). The event A is
called more likely than B if P(A)>P(B), and at least as likely as B if P(A) =
P(B).Table 2—12~-1 provides a glossary of further everyday language that is often
used in probability discussions. The letters A and B represent events, and x
represents an outcome of an experiment associated with the sample space S. Each en-
try in the left-hand column is a statement about the events A and B, and the corre-

sponding entry in the right-hand column defines the statement in terms of set theory.
TABLE 2-12-1. Glossary of Probability Terms

Statement Meaning in set theory
At least one of A or B occurs xeAUB
Both events A and B occur xeANB
Neither A nor B occurs xedAd'NB’
A occurs and B does not occur xeANB’
Exactly one of A or B occurs xe (ANB'YU(A'NB)
Not more than one of A or B occurs’ xe (ANB)'
If A occurs, so does B (A implies B) "ACBH
A and B are mutually exclusive ANB=g
Event A or event B AUB
Event A and event B ANB
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BRI 12-B  Two basic statistics concepts — population and sample ©

In the preceding sections, we cited a few examples of situations where evaluation
- of factual information is essential for acquiring new knowledge. Although these exam-
ples are drawn from widely differing fields and only sketchy descriptions of the scope
and objectives of the studies are provided, a few common characteristics are readily
discernible.

First, in order to acquire new knowledge, relevant data must be collected. Sec-
ond, some amount of variability in the data is unavoidable even though observations
are made under the same or closely similar conditions. For instance, the treatment for
an allergy may provide long-lasting relief for some individuals whereas it may bring
only transient relief or even none at all to others.” Likewise, it is unrealistic to expect
that college freshmen whose high school records were alike would perform equally
well in college. Nature does not follow such a rigid law.”

A third notable feature is that access to a complete set of data is either physically
impossible or from a practical standpoint not feasible. When data are obtained from
laboratory experiments or field trials, no matter how much experimentation has been
performed, more can always be done. In public opinion or consumer expenditure

studies, a complete body of information would emerge only if data were gathered from

every individual in the nation undoubtedly a monumental if not an impossible
task.” To collect an exhaustive set of data related to the damage sustained by all cars
of a particular model under collision at a specified speed, every car of that model
coming off the production lines would have to be subjected to a collision!® Thus, the
limitations of time, resources, and facilities, and sometimes the destructive nature of
the testing, mean that we must work with incomplete information — the data that are
actually collected in the course of an experimental study.

The preceding discussions highlight a distinction between the data set that is ac-
tually acquired through the process of observation and the vast collection of all poten-
tial observations that can be conceived in a given context. The statistical name for the
former is sample; for the latter, it is population, or statistical population. To further

elucidate these concepts, we observe that each measurement in a data set originates

=

@ i3 12-B HLH :Johnson R A, Bhattacharyya G K. Statistics concepts and methods. 3rd ed. New York ;
John Wiley & Sons, 1996,
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from a distinct source which may be a patient, tree, farm, household, or some other
entity depending on the object of a study. The source of each measurement is called a
sampling unit, or simply, a unit. A sample or sample data set then consists of meas-
urements recorded for those units that are actually observed. The observed units con-
stitute a part of a far larger collection about which we wish to make inferences. The
set of measurements that would result if all the units in the larger collection could be
observed is defined as the population.

Definition 1 A statistical population is the set of measurements (or record of
some qualitative trait) corresponding to the entire collection of units about which in-
formation is sought.’

The population represents the target of an investigation. We learn about the pop-
ulation by taking a sample from the population.

Definition 2 A sample from a statistical population is the set of measurements

that are actually collected in the course of an investigation.

£R5RA(—)
allergy|[ '®lodzi| n. o, K&
Boolean algebra #f /5 {4 %%
destructive nature §{ 351, A F 1R
discernible[ di'sa:nabl ] adj. a] {51 )
elucidate[ i'luzsideit | v. [# HH , fif BE
equally likely [v] %5 0] fE 1
event[ i'vent | n. F (¥
certain event 3R 35
complementary event 7% S {f
impossible event A~ 1] fig §5 1}
* exhaustive| ig'zozstiv | adj. 75 by 1), 55

S
expenditure [ iks'penditfa | n. 7§ %%,
i

feasible[ 'fizzabl | adj. A 47/
finitely additive measure £ R ] fiji ] ji
highlight[ 'hailait | v. 598, ™ & ;

n. I % i

inference| 'infarons | n. #E |, #E W7
monumental[ monju'mentl | adj. E%
K
mutually exclusive H_J§ [
outcome[ 'autkam | n. 455, 45 5
potential[ pa'tenfal ] adj. ¥&TEH;
n. fi %
population[ ;popju'leifan | n. S (4~ &
BEO A0
probability[ ;proba'biliti | n. #f%
probability space Hf %45 [A]
probability theory #f%i8
probability zero ZH#f %
relief[ ri'lizf | n. (975 %) 22 M1, 5%
rigid law Wi %€ F#
sample[ 'seempl | n. FEA
sampling unit FEAS BT BEAR AN A

statistics | sta'tistiks | n. Zif2¢
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mathematical statisties (P 4¢ i1 universal set 8 , ¢4
sustain[ sa'stein] v. $§%E, ¥ £ unrealistic [ 'anria'listik | adj. JE B
transient[ 'treenziont | adj. BF ), o S
JE 11 variability [ vearia'biliti | n. nJ 4% 4 |
trait[ treit | n. $F4E , Sk =5

trial[ 'traial | n. A58, i H

s ER
L B0 A Al a4l (—) , MR 30 A B I FE REMEAR S e 5 o
2. &) s Bl g o) LAT B ia) iR 4 T RO SRR

(1) be acquired through sth. (2) closely similar

(3) coin tossing (4) complete body of sth.
(5) conceive (6) draw from sth.

(7) field trials (8) learn about sth.

(9) make inference (10) originate from sth.
(11) particular to sth. (12) perform an experiment
(13) be subjected to sth./sh. (14) sustain

(15) the very definition
3. & 24 i) FRE B9

TR 5%

1. The number P(A) is also called the probability that an outcome of the exper-
iment is one of the elements of A. A<f] 1 that 5| —4~&F1& M 4], Hl T &M proba-
bility , 4] Al : 8 P(A) XFRA LK MR A —DIn MR,

2. “Not more than one of A or B occurs” )& X E“FA 5B 2L HA—1F
K"

3. For instance, the treatment for an allergy may provide long-lasting relief
for some individuals whereas it may bring only transient relief or even none at all
to others. A& f1] ff whereas 5| 5 — /& Xt /E F ) M 4], H th none & bring 11
A — & 4r, at all B 1M none, % 43) n] 3% Y« B 40, XF — Rk A 3G 97 AT LA
i BE 26 A 45 3 K I ] #4922 i, (H O T H At A nl BB R 2 R [R) A9 22 A 5 58
Eow v

4. Likewise, it is unrealistic to expect that college freshmen whose high school

records were alike would perform equally well in college. Nature does not follow such
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a rigid law. JX 4] AT PR : SR, Ay SR L8 A & b i BT — B I R — SE
BAEAE R P R — R R AL o F IR A 2B X — A [ RE AN Z 1
MAEETT o

5. In public opinion or consumer expenditure studies,a complete body of infor-

mation would emerge only if data were gathered from every individual in the nation —

undoubtedly a monumental if not an impossible task. X~ ELE R 5 E I, H
BAY) . Al BN FE4H, FE: fEARE I lfﬁ%?ﬁﬁﬁ’lfj’ilﬂﬂf LA 3 R
B2 B, S A RNZ E KW MR B . R X MEF
Bl v i 5 B, o 2 1 HE BB K1

6. To collect an exhaustive set of data related to the damage sustained by all
cars of a particular model under collision at a specified speed, every car of that model

coming off the production lines would have to be subjected to a collision! X 4] &

HEAAE A, ) R, TR s W OR 58 b S S SE R R IR L S P A — o
J 22T il 3R 6 S 45 ) AT OB L IR 4 0k A AR R R B S Y B — AR
AR SR 5T — i

7. A statistical population is the set of measurements (or record of some qualita-

tive trait) corresponding to the entire collection of units about which information is

sought. X~ 5E AR K, corresponding 5|2 i 43 1] 6 5 MH0E 1, R H UF A —
LGP SO TIRED ¥ *fﬁﬁﬂﬁ&‘é’fll-‘i%'ﬁﬁﬁ?‘%t%{m@E’J"Mﬁfﬂﬁiﬂﬁﬁgﬁﬁﬁﬁf
(0, e ORI s (B0 T AR P O i ok ) 4D R 46

RIME ML

1. 40F 51 25 41 i B ia] | i) 4 5 e 3R RO T, R R B AT I A e IR AR AL

(1) ME3 HERIS MRS H) FHER A AT 2, S R
A Al REF A AT e B R A, K8 I 45 S, A R AR R

(2) SEit BORG i FEA FEAR R SR AR W 255 RS .

(3) F5¥E AT R

(4) AfRARE S AEBLSE M, AE 5 K0, WTAT 19, 95 9 1, BRI .

(5) PorE M e SO R ™ R, A AR R IO RE AR WO H AR, A
FAARIC S AE W R R R, 5 — A O i B =5 ] .

2. PUFH »

(1) AR HE ARG S PR i A i Jr 2, JE AL 38 5 (8] % B T — 4> S5 B i 50 7
M5 .

(2) R P I A HBABERIC/E P(A) .
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(3) # P(A)>P(B), MFRFM A LLFMF B A ERK AT fEYE; 4R P(A) =
P(B) JWFRHAF A =AM B (] REPE—HE K.

(4) UHLHEBE 3 1 5 SO AT HE 0 SR P RO BE A48 € O 1, (H R mTREA 51 1Y
THRIBREN 1,

(5) ERMTHEMN B 7 MR EE R Z [ 25 .

(6) goit iy S ARBERT LA B th i 58 0 R R4 i 2, thv] DAFE S X
AN ST X L ) L 4 £

(7) Geit SRR REA R AE — DR 78 3 2 o ey 52 B i £ 9 00 Bt 250 308 21 At
S .

(8) BARACRMFEM Hbr. FRATA G A b fl BOREAK T 1% B A

3. TR

(1) The general rule for the addition of probabilities is

P(AUB)=P(A)+ P(B)- P(ANB),
where P(AU B) is the probability that either event A or B occurs ( at least one of A
and B occurs) , and P(ANB) is the probability that event A and B both occur at the
same time.

(2) Two events are said to be mutually exclusive when both cannot happen at
the same time. If E denotes an event, then the event that E does not happen is called
the complementary event of E, and is denoted by E’. Obviously, E and E’ are mutu-
ally exclusive. Since an event either happens or does not happen, the sum of their

probabilities is 1.

(3) Given a set of ungrouped data x,,x,, - ,x, , and let x denote the mean of
the data, the mean deviation of the data is defined by
ren

mean deviation = .
n

where n is the number of data.

(4) We shall use the Greek letter g to denote the arithmetic mean of a population
and the Greek letter o to denote the standard deviation of a population. In a normal
distribution almost all of the population lies between the values of variable that are four
standard deviations (40 ) either side of the arithmetic mean (w) of the distribution. In

fact, the range u—4o to u+4e spans 0.9999 or 99.99% of the population.
4. & B AR SR ( ) BRI 12-C 9R R E R BDUE
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I3 12-C Some basic principles of combinatorial analysis U

Many problems in probability theory and in other branches of mathematics can
be reduced to problems on counting the number of elements in a finite set. Systematic
methods for studying such problems form part of a mathematical discipline known as
combinatorial analysis. In this section we digress briefly to discuss some basic ideas in
combinatorial analysis that are useful in analyzing some of the more complicated prob-
lems of probability theory.

If all the elements of a finite set are displayed before us, there is usually no dif-
ficulty in counting their total number. More often than not, however, a set is de-
scribed in a way that makes it impossible or undesirable to display all its elements.
For example, we might ask for the total number of distinct bridge hands that can be
dealt. Each player is dealt 13 cards from a 52-card deck. The number of possible dis-
tinct hands is the same as the number of different subsets of 13 elements that can be
formed from a set of 52 elements.Since this number exceeds 635 billion, a direct enu-
meration of all the possibilities is clearly not the best way to attack this problem;
however, it can readily be solved by combinatorial analysis.

This problem is a special case of the more general problem of counting the num-
ber of distinct subsets of £ elements that may be formed from a set of n elements
(When we say that a set has n elements, we mean that it has n distinct elements.
Such a set is sometimes called an n-element set.) , where n=£k. Let us denote this

number by f(n,k). It has long been known that

(n,k)={" (12.1)
f!l, _(k)’ .

n
where, as usual (k) denotes the binomial coefficient,

n\ nl
(k)'kz (n—k) !’
52
In the problem of bridge hands we have f(52,13)= ( ]3) =635 013 559 600 different

hands that a player can be dealt.

There are many methods known for proving (12.1). A straightforward approach

M 3 12-C 4§ H : Apostol T M. Calculus, Vol.2. New York; John Wiley & Sons, 1969
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is to form each subset of k elements by choosing the elements one at a time. There are
n possibilities for the first choice, n — 1 possibilities for the second choice, and

n—(k=1) possibilities for the kth choice. If we make all possible choices in this man-

ner we obtain a total of

n(n=1)--(n-k+1)=

n!

(n—k)!

subsets of k elements. Of course, these subsets are not all distinct. For example, if

k=3 the six subsets

{a,b,c},{b,c,a},{c,a,b},{a,c,bl,{c,b,al,{b,a,c]

are all equal. In general, this method of enumeration counts each k-element subset

exactly k! times. Therefore we must divide the’number n! /(n-k)! by k! to obtain

fCn, k). This gives us f(n,k)= (:) , as asserted.

HRE5REA(Z)
binomial coefficient — Jiji =, 8 %{
bridge| bridz ] n. #f, # h#
combinatorial analysis 2 & 43t
commensurability[ ka;menfara'biliti |
n. A] P

complementary event £pZH {4
deck[ dek | n. —@&J (4CH) , B #, iKJZ
deviation| (di:vi'eifon | n. fi§ 2

mean deviation Y4 {2

standard deviation ¥y #fE 25
digress| dai'gres | v. {5 ( F )

distribution[ (distri'bjuzfan| n. 434
enumeration| injurma'reifon | n. %,
2

mean[ mi:n | n. FE3ySEHE

normal distribution 1F 74341

precision[ pri'sizon | n. 5 ( BF) ,
i ; adj. K5,
HE i 1

span[ span | v. jKi, 1%

straightforward approach B 4% i) i i

ungrouped data A 73 FEE IR

B ARKHFZE

Al 384—HT 322) ik

ATHAML HEH"ERL2F"WHERXEE - % (Aristotle, A T

Those who assert that the mathematical sciences say nothing of the beautiful

are in error. The chief forms of beauty are order, commensurability and precision.
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(BXAABFRFREXZTENAEE RN, EHNETERARAF.
ERAY: XK £

LKA NI EHZR D - #F % (von Neumann,1903—1957) i, :

I think it is correct to say (the mathematician’s) criteria of selection, and
also those of success, are mainly aesthetical.

(3 X RN, U8 oF 5K 2R A B U DL B b B B R o R T
FEREWNEN, XZEHN,)

TR FEA BN HFKEWFE( H Poincaré, 1854—1912) it ;

---the feeling of mathematical beauty, of the harmony of numbers and forms,
of geometric elegance. This is a true aesthetic feeling that all real mathematicians
know.

(BX: - RAEABFOHX,BREENE S KM, EEELATH®
BEXEZFAAREHNBEFEABAEENEHNRRL,)

Mx1 BEFAEEHSSEAMEE

G HE R B 1 B R R B A S K R (AR
W H UARMA S B, O 8 E 5 B 5 B0 UL IE R X ) 4% F B
BRI, B, L XFR AR o) R B 78 7 20 5 4% [ PR bR [ ei ] A0
[ pail i,

TR M EAZRF S SR g, EHEANERTSES]
SCHR, BRI S %GR 17 ] ;AR §2.4 IR 4-C H S LT HA
a4,

RN 'J-l'.liz__?ﬁ

1. fn3 ( Addition)

B +7 S plus, 40,142 BEAE" one plus two” ;a+3 4E"a plus three”

N+ BEIE S, AT 3E/E plus 5§ positive” , {1+5 $E4E“ positive five” 5§
“plus five” ,

2. ¥ ¥ ( Subtraction)

W5 =" EAE minus, #]40, 3-2 £ 4E “ three minus two” ;5-b A five
minus b” .

E Y- EBAER S E, 0] EE4E “ minus” 8¢ “ negative” , {1 -5 £ fE “ negative
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five” 5% “ minus five”

3. Fepk( Mulliplication)

Fe g x" 7 a3 times” 8% ¢ multiplied by” o 8] 40, 3 x2 33 4E
“three times two” Y “ three multiplied by two” ;a « b 8% ab #EFiEAE : “a times b” 5} " a
multiplied by 67 .

4. BE#: (Division)

B =7 B AE “ divided by” s FH“ /7 8 —" 2R B B L E © over” 8 “ divided

by" . il &0, 10+4 $E£4F “ten over four” 8f “ten divided by four” ;a/b ﬁﬁ{iﬁ'ﬁ!{’ﬁ“a
)
over b” 8¢ “a divided by 6" ,

s RS0 Bk A A% ?E Eﬂ‘ﬁ‘%ﬂl(f)lﬂﬁ-%uﬂf a over b”

3
(B4 175 2 H ARG I8 R H fth 32 36, . —bkf’k“a quarter” @ “ fourth” ; *4—‘ 3 1

“three quarters” %, WIEANAS 41 I § 2.4 PRIC 4-C.

5. el ( PFUP("““" )

el 455"« " e fEis to” o Wlan,a b iEEa is to b” 3 5 B 3 4E * the ratio
of a to b”

6. 3 J7 ( Power)

x W) on W7 x"— IR E x to the nth power” . &1, ab"iE4FE " a times b to the
nth power” ;6" '{E/E“b 1o the n minus one power” ;6™ "E/E“b to the m plus n pow-
er” , (HIE,YM n=2,3 BHEMEA A " {EE “x squared” 3 “x square” ;2" FEAE “x
cubed” 8% “x cube” ,

7. J¥J5 ( extraction)
n J 5
x [ n W HHSx (8% x7 ) — B 1EME “ the nth root of 7L, e EEE L
fifth root of a squared” , *§ n=2,3 W3 A 6] Jx (TR %2 )bg‘f’ﬁ the square root of
x” ,\/;( iy xT ) EEAE “ the cube root of x”
— . K/hx % ( Comparison of quantities)
¥ a=b iEfE“a is equal to b” 8 “a equals b” , i A EfE“a is b” ;
x+2=T7 E/E“x plus 2 is equal to 7”7 8% “x plus 2 equals 7" , b 0] {3
YE“x plus 2 is 77,
AETF: a#biEE a is not equal to b” 8 “a does not equal b” , 1 7] ZEAF

“a is not b,
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H%F. a=biZfE“a is identical to b” 8" a is identical with b”
IERLEEF ca=~b i E4E“ a is approximately equal to b” .
w=~3.14 E/E" 7w is approximately equal to three point one four” ,
/N a<b EME“a is less than b” ;3+a<m=3 {EAE“3 plus a is less than m
minus 37
KT a>b EYE“ a is greater than b”
INFEZET . a<b iEfE“a is less than or equal to b7
KFEFET: a=biLff"“a is greater than or equal to b”

=. ¥ S ( Signs of grouping)
[ 4 5 ( )T HES | KHES b 43 5 3 A © parentheses™ (5l

“round brackets” ) . “square brackets” . “braces” ,

55 o0 B ETE L ECRR B, W (a+b) , SE B £ F 35 5 (open parenthesis ) , fif
B a+b, fie J5 E A7 F 45 5 (close parenthesis ) , # 4~ =, 1 £ ff “ open parenthesis a
plus b close parenthesis” , A T i {#, (a+b) 0] 2% L “ the quantity a plus b7, [f]
55 WO S CRIE S B 2L,

Pk — L ML % the quantity, 41 ;

(a+b) (a=b)iEYE“a plus b into @ minus b” , (into [LE“F” , =W §2.4 i}
X 4-C,)

. ¥ %K {& ( Special evaluation)

26 %1HE ( Absolute value) : | x| E/E “ the absolute value of x”
i KAH ( Maximum value ) ; max f( x) 3£ {E “ the maximum value of f(x)”,

max | x,, =, x, | BE/E“ the maximum value of the series x sub one to sub n"”
fe/)ME (Minimum value ) :min f(x) 34 “ the minimum value of f(x)” ,min{x, -,

x, | E4E“ the minimum value of the series x sub one to sub n”

K Z I AI(the sum of the terms indicated ) : z a, EAE " Capital sigma a, from

k=1

k equals one to k equals n” 8" Sum of all a, from k equals one to n” ;
Z a, EAE" Capital sigma a, from k equals one to k equals infinity” 5% “ Sum of
=1 -

all a, from k equals one to infinity” ,

3K 3% FE B (the product of the terms indicated) :n! EA4E “ Factorial n” ; n b,

k=1
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BEAE“ Product of all b, from k equals one to n” ; n b, 1EAE“ Product of all b, from k
k=1

equals one to infinity”.

E N ERNIEETSH § 2418 4-C,



F=8 FWXE—IHNFR

AZEAT BT 2AET T, EFNBHHFANERR, SHERAEL
FEME, P—FTAMARBIGF T, F -V AMFAALERF I E N85
AKARBEF AN TNBHFEEFO TR F T ARE NS
RHBOE s AR PO T RAFHERNS L ARKFHRS R, LMY
ZR BRREELRN KFERVOAERLBEFF IO FETRAMMAT £,
HHERERZAHAFZ P RBBERARGE KR, o HETF My F M
BTN FOEAALRPENP A ALIERF IR EATNBHEH
MEHPL—DPREHZA W WA ERRFHOA LR, ENEA
#meERRR— Fm EFANGIER

AFTTHAZROMBBRFTARN, ATHFBWFF, E— P THARES
HUFIER” AT EL R EBSHN Mk H A,

EE T HRR AFERELMNBHRFT AL F L KRFRZ, LEG%R
BamK T, EAREELEESRE.

(1) Az, 2IZRTRTR, 5 TEARKTHLLHY T
SHAERIEEE RERBEEEE T mm, i BEREBFERE AL
(B P ESRAH L, AR FFREREHANANE, LEHTHABE D
FROGFIIRRT 7KK,

Q) MFEARELTRAR,FEHAZOTLANRZIAREARTE, M E
HREACHERKFAMLBRI VI BEIT(ZARIFEFUER), KA
DR RBG AT, ol §3.2 4 §3.3 PALLKHFNER AR
BT RERT TR AF#HE, SR, RERMTF4 A% %E
M FhoRAFT, EHSHAT, B4 EMBEMR—6 R —KEE, LM
AEBELPHREFSIAUAEMELETINERXEL, LN TRER,
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§31 MEEBHFE

— AR B A5 F AL I Sk B ¥ S (preface, SUFR N AT ) , B4R — H R
Foa. BFEFEEFSPEMAELABNEEAN EZANE BERHFOMILE
X, R TS PR AR A O 0 AE R BER R R B N 2 B R
P

TR W, B A 2EEAEX BAH6 KA A, H A8
EVER—-THCHICR, KX —-THCHMER., FHEFE ¥ #&5E/IELCF
P i b B B0, ) A R A s IE R RO LA R 2 [ T 2
i E BB T . S EME, AP N RE B3 E X2 AR E—FRES T
$o HSC, i TR NEBAE G, R al 5 B F b R SORHEDR 357 5 A B
fift , FE T A X P AR BT A5 S, R0 bl T e A R R, BUA B =)
TR X [ 55 R 3, 0 58] 2 i A A X R AL

i, FATNL T 1% 7 5 B RBAF A A7 & A X EE m R EmER
BT WARFATREIAE 7 5 09 58 a0 F 05 AL A, B 6B A B 356 DA% o &R .
P AU B, ARG e T o R A SRR, BB SRR AE AW R iR, X
45—t S 15 E .

— FEHNEXRE

¥ 5 SRR AT, AR A S — %K, S o] 8 N A A
K=K

FH-wa AEENITGA, 8T =THE.

LoZ B EEE RS EEE(FE NFA ALk, H &P iat il ) .
T Preface 1 H1  fE & Fr“ The main purpose of our text, then, is to make learn-
ing about harmonic functions easier” ,$% [ 5 8tE [ & W H 2 09 LR H1H .

2. AR (R 5 HAh B A M Z b, 3= %R AL R EHE RIS T
E)

3. AR A R I A R BRI 4R S 1 I R RO R A

B E B ENER A . R A R TR A MR T G
i) ) AN [R) LA k6 R ik B — A e (EL G I 1 v A 2 A ) R SR PR Y

IR Y (DO RSN SRR (VRSP DNIAE: ¢

VA b 25 3843 EAS [R5 5 0 BT o8 0 0 T 22 ] 20 o ] 48 g, 550 N4 2 %
R HAB N2 . B AMEM R A TR F &M —RiE b5 a s sk
AHIR,
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C.ETERLREMQRESG

L R B 32 1 5 I, — 7 B T Y ] ) 2R M A ] SR A R R
FH iR i) SCRIHERE , f a0, AN B — L 3 current, 5 LA & HL L, — WL 3] integrate,
MU RERITRIY . RS NEREF S PR R ARETE A, A B
MR BE, Xk, piRE B R4 & B BEKF o B e — 264 1.

1. “igZ m ARG KRty EiE A

(1) The only prerequisite for this book is -

X HL“ prerequisite” T 45 “ IV H A M HE R R AFT .

(2) It is assumed that the reader is familiar with ---.

X | be assumed T A AS A5 UG B B BUE R (EE R 7 T A A
)7

(3) A grounding in calculus is assumed. 358 BEEH C HA WMF 5 1) 35
fith 1P

(4) A prior exposure to advanced mathematics is not required. &5 . JCHIEA
7 3k e S5 B0 32 A B B S AR (A SR T SR ) .

2. EHEITTHAARAT LB M2 B 6F AFHH

EE TR AT R A B4 B 69 SO 2 385 H1 A attempt to” [ 5] B,
LI T 25 Y A R R

3. FHBANEA A EERMANY SR AKX

i) — i P & P, Il — > SR8 O & o B 22k, R nl R 0k Oy 20 AN TR
@l hn, AR /AR, 7] 4> B 2k B describe, treat, concern , discuss, deal with,
present, cover % I R HIA R4 BRI Lk, a0, o] fE 5 J5 H B “ this book” “ this
text” “the material”" 25 & ER“A P .

4. AT BT REMGEAFEL S

J¥ & # B be due to-- (4] B, be due to MR E X, — KR T
“HINTF" (WG H K Preface 2) ; R E/RERM. BEHRAERFSHHNZHET
BEE
LA 5 A R 2 A A ) 1
(1) A special debt of gratitude is due to Prof. Wang.
(2) The author would like to express his deep gratitude to Mr.Brown.
(3) The author takes great pleasure in thanking Doctor Li for his helpful sugges- -

Lions.



§3.1 NEEBHES 119

3.1.1 Preface 1D

RER . X E—APBZ K Harmonic Function Theory RZ M T 5 o

Harmonic functions—the solutions of Laplace’s equation—play a crucial role in
many areas of mathematics, physics, and engineering. But learning about them is not
always easy. At times each of the authors has agreed with Lord Kelvin and Peter Tail,
who wrote ([12], Preface')

There can be but one opinion as to the beauty and utility
of this analysis of Laplace; but the manner in which it has
been hitherto presented has seemed repulsive to the ablest
mathematicians, and difficult to ordinary mathematical
students.’
The quotation has been included mostly for the sake of amusement, but it does
convey a sense of the difficulties the uninitiated sometimes encounter.

The main purpose of our text, then, is to make learning about harmonic
functions easier. The only prerequisite for the book is a solid foundation in real and
complex analysis, together with some basic results from functional analysis. The first
fifteen chapters of Rudin’s Real and Complex Analysis, for example, provide suffi-
cient preparation.

In several cases we simplify standard proofs. For example, we replace the usual
tedious calculations showing that the Kelvin transform of a harmonic function is har-
monic with some straightforward observations that we believe are more revealing. An-
other example is our proof of Bécher’s Theorem, which is more elementary than the
classical proofs.

We also present material not usually covered in standard treatments of harmonic
functions. The section on the Schwarz Lemma and the chapter on Bergman spaces are
examples. For completeness, we include some topics in analysis that frequently slip
through the cracks in a beginning graduate student’ s corriculum, such as real-
analytic functions.

We rarely attempt to trace the history of the ideas presented in this book. Thus

the absence of a reference does not imply originality on our part.

M A1 H :Axler S, Bourdon P, Ramey W.Harmonic Function Theory.2nd ed., New York: Springer,
2001 .
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In addition to writing the text, the authors have developed a software package to
manipulate many of the expressions that arise in harmonic function theory. Our soft-
ware package, which uses many results from this book, can perform symbolic calcu-
lations that would take a prohibitive amount of time if done without a computer. For
example, the Poisson integral of any polynomial can be computed exactly. Appendix
B explains how readers can obtain our software package free of charge.

This book has its roots in a graduate course at Michigan State University taught
by one of the authors and attended by the other authors along with a number of gradu-
ate students’. The topic of harmonic functions was presented with the intention of
moving on to different material after introducing the basic concepts. We did not move
on to different material. Instead, we began to ask natural questions about harmonic
functions. Lively and illuminating discussions ensued. A freewheeling approach to the
course developed; answers to questions someone had raised in class or in the hallway
were worked out and then presented in class (or in the hallway). Discovering mathe-
matics in this way was a thoroughly enjoyable experience. We will consider this book

a success if some of that enjoyment shines through these pages.

AR5

1. ([12],Preface) K/R“WXEK [ 121 FF ", [12] R Z BT 12
A~ 3CHK

2. X Bl T A G H1 S I8 ) 4R, B T — ) a] A AR BR E R i A
A AL A UL Y ) B A — B, 2 i B f ME ] . in which it has been hitherto
presented H1[f] which {3 analysis of Laplace, it {{ % the manner;but one opinion
as tos=- G AKX eeeeee HA B " BB AN — B0k X
i Laplace 43 AR ¥ ELA T, (B2 12 4 45 Hh i A O I A O X0 F 3% 5 A fE
I14) 502 2 A S 3 DR, B 3 Y 0 4 2 A SR 3 A HE

3. taught by --- fil attended by --- Jit B 4~ 3 51| (9 & 25 43 il A 15, [R] 06 42 A
course, M) FHAC, AT EERL M /D] AT N A TR B B ECRM ST R SE 1 — TTE 5 A
AR ZR Rl A A A U, HfEE -t RAE S S T RIRBENE
o (WA ZBA=T1EE.)

FIEK
L EFBMTFAE:
(1) 23X EEMPOER AR ERNE,
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(2) 10 /~87 H BE Y sl % FH i Be2e AR il £0.45 harmonic function (8 F1 R %)
Laplace’ s equation (73 H7 7 4 F2) , polynomial ( £ 1 5 ) , software package ( 4K {F
f1) , Kelvin transform ( J- 2% 3078 $0 ) 45
' 2. (A0 [n)

(1) fE4E /" V8 F R E0E ™ B FELEAE Al g1 ?

(2) 1E4& B FRAA A ] 0 R RS 6,7

(3) A5 anfe] 4 5 /2

3.1.2 Preface 2V

WE LT AL E Counterexamples in Topological Vector Spaces W R 5 -

During the last three decades much progress has been made in the field of topol-
ogical vector spaces. Many generalizations have been introduced; this was, to a cer-
tain extent, due to the curiosity of studying topological vector spaces for which a
known theorem of Functional analysis can be proved. To justify that a class C, of to-
pological vector spaces is a proper generalization of another class C, of topological
veclor spaces, it is necessary to construct an example of a topological vector space
belonging to C, but not to C,; such an example is called a counterexample. In this
book the author has attempted to present such counterexamples in topological vector
spaces, ordered topological vector spaces, topological bases and topological algebras.

The author makes no claim to completeness, obviously because of the vastness of
the subject. He makes no attempt to give due recognition to the authorship of most of
the counterexamples presented in this book.'

It is assumed that the reader is familiar with general topology. The reader may
refer to B[ 18] for information about general topology.’

To facilitate the reading of this book, some fundamental concepts in vector
spaces and ordered vector spaces have been collected in the Chapter called * Pre-
requisites” . Thereafter each Chapter begins with an introduction which presents the
relevant definitions and statements of theorems and propositions with references
where their proofs can be found. For some counterexamples which require long and
complicated proofs, only reference has been made to the literature where they

are available.

O AFIELH B :Khaleelulla S M. Counterexamples in Topological Vector Spaces. Berlin; Springer-Verlag,
1982,
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The books and papers are listed separately in the bibliography at the end of the
book. Any reference to a book is indicated by writing B [ ] and to a paper by P [ ],

The author would like to express his deep gratitude to Professor T. Husain, Mc-
Master University, Hamilton, Canada, and Dr. I. Tweddle, University of Stirling,
Stirling, Scotland, who have given him both moral and material support during the
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3.1.3 Instructor’s guide®

TER X E AW I ) (Differential Equations ) Zb 89 i 5 45 H (9

Accompanying this text is a Guided Tour of Differential Equations using Computer
Technology by Alexandra Skidmore and Margie Hale. This supplementary book offers
computer projects in differential equations with necessary keystroke instructions for
Maple, Mathematica and Derive. This work can be combined with selected examples -
and exercises to constitute either a one or two semester course.

In what follow, we outline the possible of ones semester course following either
the traditional study of the nth-order equation with systems being relegated to the
background, or a study of systems of liner differential equations through the medium
of matrix algebra. There is sufficient material here so that the instructor can pick and
choose among the latter four chapters. Indeed, one can easily see how to use this text
in a two semesters survey of the initial and boundary value problems. Our suggestions
follow.

Chapter 0: Complex Numbers, Roots and Matrices

Section 1-3 provides a review of the theory of equations. All of this material is
needed in the study of the constant coefficient equation, but particular emphasis
should be given to complex roots and the exponential form of complex numbers. Sec-
tions 4—6 are best left until needed in Chapter 2.

Chapter 1: First-order Differential Equations

Here we acquaint the student with first-order linear equations. This is a good
place to explain what it means to solve a differential equation, to explain the distine-
tion between specific and general solutions and to describe and illustrate initial-value
problems. Towards this end, we present a number of simple applied problems. The
instructor is encouraged to select two or three examples.

This chapter also provides an introduction to change of variables in a linear
equation by offering the method of variation of parameters for the first-order linear
equation.

Section 5 offers a brief excursion into the most common integrable nonlinear

@ A iE 4 A : Goldberg J, Potter M C. Differential Equations:A Systems Approach.Upper suddle River,
N J: Prentice-Hall, 1998
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equations, variables separable and exact equations. Some users may wish to skip this
section ; this can be safely done because no future work depends explicitly on this ma-
terial.

Chapter 2; Linear Systems

Instructors who wish to use this text for a more traditional course without relying
on systems material may skip this chapter and go immediately to Chapter 3. For those
using a systems approach, we recommend first returning to Chapter 0, Sections 4 to
review notation, row-reduction, determinants and linear independence. In this
regard , the relationship between det A =0 and Ax =0 having nontrivial solutions usu-
ally needs special emphasis.

We recommend doing all sections in this chapter although one may skip Sections
2.5 and 2.8 to save time.

Chapter 3 Second-Order Equations

This is the traditional treatment of the second-order constant coefficient linear
equation. One might choose to skip Section 3.2 because it is a bit more theoretical
than the remaining sections and skip Section 3. 3 since sectionally continuous
functions are used only in Chapter 5, The Laplace Transform (its natural home!)
and Chapter 8.

As in Chapter 1, we offer the instructor a choice of the classical applications to
electrical circuits and spring-mass systems.

We have made Section 3.11, The Cauchy-Euler equation of second-order option-
al. Section 3.12 is the standard, and in our opinion, rather difficult approach to vari-
ation of parameters. We believe that Section 4.6, variation of parameters for systems,
is a far more natural method of presentation; first, because it is so similar to variation
of parameters for the scalar first-order equation and second, because there is no need
_to puzzle over the hard-to-motivate equations which comprise the classical approach.
( One never sees the classical variation of parameters for the third-order equation,
and not just because it is tedious!)

Chapter 4 Higher-Order Equations

Sections 1-3 handle the nth-order equation without reference to systems. These
sections, then, provide a natural extension of the material of Chapter 3 to higher
order equations. We recommend these sections because they are good practice on the
ideas introduced earlier. Sections 4 — 6 discuss the central idea of converting an

nth-order equation to a ( companion) system. For instructors using a systems
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approach we recommend doing the entire chapter, albeit some of the more theoretical
aspects can be done lightly or even skipped.

Chapter 5; The Laplace Transform

As mentioned in the preface, Chapter 5 is one of optional chapters. We begin
with the traditional approach to the Laplace transform with applications to sectionally
continuous forcing functions ( square-wave, saw-tooth, and the like ). Section 5.8 is
optional and Section 5.12 treats the Laplace transform of systems.

Chapter 6: Series Methods

This optional chapter presents a fairly complete discussion of power series meth-
ods in the solution of linear differential equations with variable coefficients. Besides
the expansion of solutions about an ordinary point, we present solutions about the reg-
ular singular point ( the Frobenius series) and a method we call the Wronskian meth-
od. The classical Bessel, Legendre, Lagueree, Hermite and Bessel-Clifford equations
are used as illustrations.

Chapter 7: Numerical Methods

This chapter introduces the methods of Euler, Heun and Runge-Kutta. We use
the Euler method to explain the main ideas in numerical approximations. The Heun
and Runge-Kutta methods are presented for comparison purposes and to illustrate how
improved accuracy is obtained. The last section is devoted to an explanation of these
methods applied to systems.

Chapter 8: Boundary-value Problems

This chapter introduces the boundary-value problem as a consequence of the
separation of variables in the wave, diffusion and Laplace equations. This leads di-
rectly to the expansion of functions in Fourier series. Motivation for this material is

provided by physical applications.

B 5
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3.2.1 The basical concept of sets’

Many of the objects we shall study are themselves collections of other objects.
These collections or sets may be finite or infinite; later we shall meet sets with addi-
tional structure, but for the moment we shall look at abstract sets and the ways in
which they can be combined to form new sets.

- By a set we understand, then, any collection of objects. For example, the fol-
lowing are sets; ( ] ) all the stars visible from my house at 9 pm tonight, ( i ) all
one-legged magicians, (111 ) all odd numbers. We see that in some cases it may be
difficult to check which objects belong to the set (e. g. ( | ) above) or whether the
set has any members at all (( ]l ) above). All that matters is that the definition is

sufficiently clear for us to be able to tell (in principle at least) whether any given ob-

M XY XH A :Cohn P M. Algebra. New York: John Wiley & Sons, 1982,
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ject is or is not a member of the set.

Remark: According to G. Cantor ( 1845—1918 ), the mathematician who de-
veloped set theory, “a set is a grouping together of single objects into a whole.” Note
that no uniform property of the objects in the set is implied other than that they are
grouped together to form the set. The totality of students taking college algebra forms a
set. The collection consisting of a desk, a chair, and a book constitutes a set.

We usually denote sets by capitals and their members, also called their ele-
ments, by lower case letters. However, it will not always be possible to keep to this .
convention, especially when we are dealing with sets whose members are themselves
sets. If S is a set, we write x € S to indicate that x is a member of S; in the contrary
case we write x € S.

A set, in this sense, is no more and no less than the totality of its members; no
considerations of order or multiplicity enter. Thus: Adam and Eve; Eve and Adam;
Adam, Eve and the mother of Cain, all describe the same set. In a more precise form
this can be stated by saying that S and T denote the same set; S=T, if and only if,
forallx, xeS e xeT.

Every set encountered in the real world is finite, by this we mean that its mem-
bers can ( at least in principle) be counted, using the natural numbers, and this
process stops at a certain number. Otherwise the set is infinite, e. g., the set of all
odd numbers is infinite. It is this occurrence of infinite sets in mathematics that re-
quires rather careful analysis. Although no critical situations will arise in these pages,
it should be kept in mind that too free a use of set-theoretic notions can easily lead to
contradictions. The best known of these is Russell’ s paradox’: A set may be a mem-
ber of itself, e. g., the Union of all Registered Charities may be a Registered Charity.
Now consider the set M of those sets that are not members of themselves. Is M a mem-
ber of itself, i. e. is Me M? If Me M, then M & M ( by the definition of M) , while
if M & M, then M e M. Thus we reach a contradiction in either case. The paradox is
resolved by restricting the ways in which sets can be formed, so that it becomes inad-
missible to consider “the set of all those sets that are not members of themselves”®.
There are several ways of doing this, but they need not concern us here; they will not
play a role in the rather simple set-theoretical arguments we shall meet.

Let S and T be sets. If every member of T also belongs to S, we say that T is a
subset of S and write TE S or also S2T. E. g., the odd numbers form a subset of the

set of all numbers. Any set S is a subset of itself; this is called an improper subset of
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S in contrast to the proper subsets of S which are different from S itself. We write TC
S or SO T to indicate that T is a proper subset of S.

Frequently we describe a subset of S by means of a propositional function, thus
{xe SIP(x)| denotes the subset of S consisting of those (and only those) elements
x for which P(x) holds. E. g., if the set of all natural numbers is denoted by N,
then the subset of odd numbers may be denoted by | x € Nlx is odd}. On the other
hand, forms like {x1P(x) |, in which the domain over which x ranges is left un-
specified, are best avoided.

Let S and T be any sets, then the elements which belong to both S and T form a
set which is called the intersection of S and T and is denoted by SNT. E. g., if Sis
the set of all one-legged creatures and T the set of magicians, then SN T is the set of
all one-legged magicians. It may happen that SN T has no members at all; this means
that SN T is the empty set. By definition this is the set with no members; it is gener-
ally denoted by . Two sets whose intersection is the empty set are said to be dis-
joint.

From two sets S, T we can form another set, the union, written SU T, which
consists of all the members of S or T. E. g., a public library may admit as borrower
anyone who is either ( | ) a householder in the district or ( il ) a resident of at least
3 years’ standing. Denoting the sets of persons named in ( 1 ), (i) by A, B re-
spectively, we see that the set of people eligible as borrowers is AU B.

In most cases, the sets under consideration in any given case will all be subsets
of some given set U, the “universe of discourse”. Thus U might be the set of natural
numbers, or of triangles in the plane etc. In this situation we can, for any set S, form
its complement, i. e., the set of all members of U that are not in S; it is denoted by
S'. Thus, if S is the set of all odd numbers, then its complement (in the set of all
natural numbers) is the set of all even numbers. This example makes it clear why the
“complement, to be useful, has to be taken within a given set as universe. We also
note the following brief way of describing intersection, union and complement, which
brings out a certain analogy with the rules for combining propositions.

SNT={xelUlxeSAxeT|, NS ={xellxes,, forall i},

SUT={xeUlxeSVxeT|, US={xelUlxeSs,, for some i},

S'={xeUlx & S}.
Here U is the universe containing all the objects under discussion. We also define the

relative complement S\T=|xe Slx & T}.
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Although many of our sets are infinite, we shall also be dealing with finite sets.
In particular, with any object x we can associate the set { x| whose only member is
x. It is important to distinguish between the set { x| and the object x ( which may it-
self be a set). E. g., the set N of natural numbers is infinite, but the set | N},
whose only member is N, is finite. If S is any finite set, its members can ( by the
definition of finite set) be labelled or indexed by the integers from 1 to n, for some
integer n. Thus if the elements of S are x,,++,x,, then S={x, -+ ,x, | ; if distinet
elements have received distinct labels, i. e. if x, 7 x, for i#, then S consists of ex-
actly n elements. But it is usually more convenient not to impose this restriction, 50
that there may be repetitions among x,, -, x, . If we wish to consider the objects
x,,*+,x, in the order given, we use parentheses: (x,,-+-,x, ), and call the result a
sequence or, more particularly, an n-tuple, e. g., a roster selecting pilots for flying
duties is of this form. By contrast, the set {x,,---,x, | where the order is immaterial ,
is written with curly brackets (braces). A set which has been indexed in some way
by the numbers from 1 to n is also called a family; more generally even infinite sets
can be indexed if we use an infinite indexing set. E. g. if A ,,. denotes the plane tri-
angle with vertices A, B, C, this provides an indexing of all triangles in the plane by
triples of points and we may speak of the family { A, | of triangles obtained in
this way.

From any two objects x and y we can form the sequence (x,y); it is called an
ordered pair, and of course is different from (y,x), unless x=y. If S and T are any
sets, we denote by SXT the set of all ordered pairs (x,y) withx € Sandy e T.
When T=S, we also write S* in place of SXS. The set SXT is called the Cartesian
product of S and T, after R. Descartes who showed how to describe points of the plane
by the Cartesian product of the real line with itself.

Examples, ( 1 ) At a dance, let S be the set of gentlemen and T the set of la-
dies, then SXT is the set of possible couples, (i) If S=10,4,6} ,T={1,4!, then
SxT=1(0,1),(0,4),(4,1),(4,4),(6,1),(6,4)}. (iii) f S=T=R, the set of
real numbers, then R’ is the set of pairs of real numbers and these pairs may be used
to represent points in the plane.

More generally, from n sets S, -+ S we can form the product S, xS, x-+ xS
whose elements are all the sequences (x,,-,x,), in which x, e S(i=1,-- ,n);
when §,=---=8§ =8, say, one also writes S" in place of SxSx---XS§ and §" is called

the nth Cartesian power of S or the Cartesian square when n=2.
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Exercises

(1) Prove the following formulae for subsets of a set U; ( | ) ANA=A, (i)
AUA=A, (1li) ANB=BNA, (iv) AUB=BUA, (v) (ANB)NC=AN (BN
C), (vi) (AUB)UC=AU(BUC), (vii) AN(BUC)=(ANB)U(ANC),
(vin) AU(BNC)=(AUB)N(AUC). (Compare with Ex. (1), 1.1.)

(2) Illustrate the formulae of Ex. (1) by taking A, B, C to be the set of all
quadrilaterals, all regular polygons and all polygons large enough to cover a penny
( not necessarily respectively) .

(3) If A has a elements and B has 8 elements, find the number of elements in
AXB. If, moreover, A and B are disjoint, find the number of elements in AU B. What
is this number when A N B has § elements?

(4) How many subsets are there in a set of n elements? ( Do not forget to in-
clude @@ and the set itself.)

(5) Give examples of sets such that ( ] ) all and ( {i ) none of their members

are also subsets.’
(6) (De Morgan’s laws). Show that (AUB) '=A'NB’,(ANB)'=A"UB".
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3.2.2 Logic¥

Mathematics is the study of relations between certain ideal objects such as num-
bers, functions and geometrical figures. These objects are not to be regarded as real,
but rather as abstract models of physical situations. As examples of the relations that
can hold, consider the following assertions that can be made about the natural num-
bers:

(a) every even number is the sum of two odd numbers,

(b) every odd number is the sum of two even numbers,

(¢) every even number greater than 2 is the sum of two primes.

Of these assertions, (a) is true, (b) is false, while for (¢) it is not known whether
this is true or false ( (¢) was conjectured by Goldbach® in 1742 and has so far resis-
ted all attempts to prove or disprove it).

If our mathematical system is to serve as a model of reality we must know how to

recognize true assertions, at least in principle (even though in practice some may be

M AR H : Cohn P M. Algebra. New York: John Wiley & Sons, 1982,
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as in the

hard to prove). When the object of discussion is intuitively familiar to us
case of the natural numbers—we take certain assertions recognized to be true as our
axioms and try to derive all other assertions from them. Once that is done, we can for-
get the intuitive interpretation and regard our objects as abstract entities subject to the
given axioms. When we come to apply our system to a concrete case, we need to find
an interpretation for each notion introduced and verify that each axiom holds in the
interpretation; we are then able to conclude that all the assertions derived from the
axioms also hold. This underlines the need to keep the axiom system as small as pos-
sible.

The advantage of this axiomatic method of study is that we can examine the
effect on our system of varying the axioms and that the proofs become more
transparent the more abstract the system. On the other hand, it takes a little time to
familiarize oneself with the abstract notions; here the ( more or less concrete) model
on which it was based will help, although it is not strictly necessary and certainly no
part of the theory.

Studying these abstract notions is rather like learning a new language; as in that
case we shall find that as our knowledge widens we recognize more landmarks; this
makes learning very much easier. But whereas we use a foreign language to talk about
the same concepts as in our native tongue, the purpose of the mathematical language
is to talk about new ideas which can be expressed only with difficulty (or not at all)
in a natural language like English.

There is another respect in which the process differs from learning a language .
we shall need to reason about the new concepts and this will require careful attention
to the logical interrelation of statements. Of course it is true that even in everyday af-
fairs we can spurn logic only at our peril, but there the patent absurdity of our con-
clusion usually forces us to abandon a faulty line of reasoning. By contrast, when we
* pursue an abstract line of thought, involving unfamiliar concepts, we may reach con-
clusions by logical reasoning, but we will no longer be able to check these
conclusions by commonsense. It is therefore important to be fully aware of the rules of
logic we need and to realize that these rules can be applied without regard for the ac-
tual meaning of the statements on which they are used. For this reason we begin by
describing very briefly some concepts and notations from logic.

Propositional logic describes ways in which true statements ( also called

assertions or propositions) can be combined to produce other true statements. E. g.,
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if it is asserted that ‘ Jack was running’ and ° Jill was singing’ , then we may con-
clude that

‘ Jack was running and Jill was singing’ . (1)
"On the other hand, if Jack was not running then statement (1) is false irrespective of
what Jill was doing. By enumerating further possibilities we can thus give a precise de-
seription of the way the word “and’ is used to link assertions. In order to do this concise-
ly, let ‘A" stand for an assertion, such as ‘Jack was running’ , and ‘B’ for a second
assertion, not necessarily different from A. Then we can form the expression ‘A and B’ ,
also written ‘A A B’ and called the conjunction of A and B, and make a table which indi-

cates in which cases A A B is true, using ‘T’ for ‘true’ and ‘F’ for ‘false’ ;

A I T F F
B T F T F
ANB T ) F F

This is called the truth-table for conjunction. It shows that A A B is true when A is true
and B is true, and false in all other cases. For our purposes we may assume that each
statement is either true or false; the relevant value T or F is called the truth-value of
the statement. Since there are two possible truth-values for A and two for B, we have
2x2=4 possibilities in all, which are listed in the above table.

A second way in which assertions can be combined is by using “or’ ; ‘ John went to
the cinema last night, or to the theatre’. This is a true statement if in fact John last night
went to the cinema, and also true if he went to the theatre; the possibility that he went to
both is not really envisaged, but if he did, the statement would still be regarded as true.
This causes some ambiguity in everyday life; if A and B are both true, is the statement
‘A or B’ to be regarded as true? The situation is usually cleared up by the context (but
not always, ef. ‘ This summer Jane will go to Italy or Austria’ ). In mathematics the ex-
pression ‘A or B’ is always taken to mean ‘A or B or both” ; it is written ‘AV B’ and is

called the disjunction of A and B. Its truth-table is

A T T F F
B i i F T F
AV B T T T F

A typical use of disjunction in mathematics is the sentence: If a and b are two real
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numbers whose product is zero; ab=0, then a=0 or b=0. Clearly we must not ex-
clude the case where a=0 and b=0.

With every statement we can associate its opposition or negation by inserting
‘not’ in the appropriate place. Thus ‘ Max is the biggest liar’ has the negation ‘ Max
is not the biggest liar’. Generally, if A is any statement, then its negation is ‘ not

A’ , also written ‘71 A’ | and it is true precisely when A is false. Its truth-table is

A T F

A F T

Here there are only two possibilities because only one statement is involved.

The notion of implication is particularly important for us and its use in mathe-
matics differs in some ways from everyday usage, though the underlying meaning is of
course the same. Thus ‘A implies B’ or “if A, then B’ , written ‘A—B’ means for
us: ‘either A is false or B is true’. It is expressed in the truth-table.

For example, a mathematical proof might contain the line: ‘If n>5, then n>3".
A parallel use in everyday English would be: *If this book was influenced by Shake-

speare must been written after the Canterbury Tales’ .

A T T F F
B T F T F
A—B T F T T
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3.2.3 Mappings”

Let S and T be sets; any subset of SXT is called a correspondence from S to T. E.
., let S be the set of all points in the plane and T the set of lines; the relation of in-
cidence (the point P is incident with the line [ if P lies on /) defines a correspon-
dence from points to lines. To each point P correspond all the lines through P and to
each line [ correspond all the points on [. This is an example of a * many-many corre-
spondence’ |, where to each element of S correspond many elements of T and vice ver-
sa.' In general, to each element of S there may correspond many, one or no elements
of T.

An important special case of a correspondence is that of a bijective or one-one
correspondence, also called a bijection. Here there corresponds to each s € S just
onet € T and to eacht e T just one s € S. The following are some examples of bi-
jections: ( 1 ) At a gathering of married couples there is a bijection between the set
of men and the set of women: to each person there corresponds precisely one spouse
of the other sex. ( ] ) The real numbers may be represented on a line ( the x-axis,
say, in coordinate geometry) so that to each real number corresponds just one point
on the line and to each point on the line corresponds one real number, (il ) The cor-
respondence x <> 2x defines a bijection between real numbers; on the other hand
(1v) the correspondence x = x” does not, because x and—x have the same square
for any real x.

The last example makes it clear that the notion of bijection is too restrictive to
account for such simple functions as x*. But the notion of function, or mapping, in
various guises, plays a basic role in mathematics. For this reason the next definition

is fundamental in all that follows.

(D AR 3Cd [ :Cohn P M. Algebra. New York: John Wiley & Sons, 1982,
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A mapping from S to T is a correspondence between S and T such that to each

x € S there corresponds exactly one y e T. If fis the mapping, one writes f: S—T

or S—f+T and calls S the domain and T the range of f. The unique element y € T
that corresponds to x € S is called the image of x and is written f(x) or f , or more
often xf. We also write x = y to indicate the correspondence between x and its image
y. Often the set of all images, namely {y € Tly=xffor some x e S| is also called
the image of the mapping f and is written Sf or imf; in practice this double use of the
term ‘image’ does not lead to confusion.

Examples of mappings. ( 1 ) With each newborn baby associate its weight in
grams to the nearest gram. This is a mapping from the set of newborn babies to the
natural numbers. ( i ) Let S be the United Kingdom and T a map of the United
Kingdom. There is a ‘ mapping’ which associates with each place in the country a
point on the map. (iii ) and ( iv ). The examples (iii ) and ( [V ) of correspondences
considered earlier define mappings from R to itself, namely x = 2x and x = x” re-
spectively. (v ) If S=(x,) is a family indexed by a set A, then we have a mapping
ab=x_from A to S. (y]) Given a Cartesian product P=SxT, we can define map-
pings from P to S and T by the rules (x,y)F=x and (x,y)r= y; they are called the
projections on the factors S and T. Similarly, in an n-fold product P=8§, x--- XS, we
have for each i=1,++-,n a projection g,: P—S,, given by (x ,*,x ) =x,.

Clearly a bijection is a particular type of mapping. On closer examination we see
that two properties are required for a mapping to be bijective; it is useful to consider
them separately. A mapping f: S—T is said to be injective or an injection or one-one if
distinct elements of S have distinct images, i. e., s#s' implies s f#s'f. The mapping
is called surjective or a surjection or onto T if every element of T is an image, i.e., if
Sf=T. Thus a mapping is bijective precisely if it is injective and surjective. In the
“above examples, ( ] ) is neither surjective nor injective (at least if we take enough
babies) , while ( i ) and (ii) are bijective. The mapping x + x” of R into itself
considered in ( v ) is neither injective nor surjective, but on the set C of complex
numbers it defines a mapping from C to itself which is surjective, though not injective
(the surjectivity is just an expression of the fact that every complex number has a
square root ) .

Let fi S—T, g:T—U be any mappings, then we can compose them to get a

mapping h:S—U, given by
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xh=(xf)g forall xeS. (1)
A graphic way of expressing this equation is shown in the accompanying diagram ( Fig.
3-2-1). Starting from an element x € S, we reach the same element of U whether
.we govia T, x+x ft=(xf) g or direct, x = x h, we express this by saying that the
triangle shown commutes.
The mapping h defined by (1) is called the composite or product of f and g and
is denoted by fg; in this notation (1) reads
e(fa)= (2N g (2)
As a rule one omits the parentheses and denotes ei- 3
ther side of (2) by x f g. We observe that fg is defined
only when the range of f is contained in the domain of g.
Further we note that if we had written mappings on the
left, (2) would read; (fg)x=g(fx). It is to avoid this h

reversal of factors that we put mappings on the right of Fig. 3-2-1

their arguments.

As an example, let f, g: NN be given by x f=x+1, xg=x", then x f g=(x+
1)*,xgf=x"+1. We see that fg# gf, so attention must be paid to the order in which
the mappings are composed.

When S is a finite set, f and g may be given explicitly. Let us indicate each
mapping by writing down the elements of S as a sequence and under each element

1 2 3

write its image. Thus if S=1{1,2,3}, and f is given by (2 " ]) , while g is

i 2 3
3 2 1

|

1 2 3
( 2 1 3

i 3 2),thenjgis( ),and gf=(

). Again fg # g f; on the

I 2 3
other hand if A is (3 ; 2) then fh=hf.

An important rule in composing mappings is the associative law: For any map-
pings f: ST, g:T—U, h:U—V,we have
(fg)h=f(gh). (3)
Observe that both sides of (3) are defined, by what was assumed about f, g, h.
More generally, the equation (3) holds for any mappings f, g, h such that both sides
of (3) are defined.

To prove (3) we apply each side to an element x of S, remembering (2):

x[ (fg)h]=[x(fg) lh=((xfH)g)h and x[ f(gh) | =(xf) (gh)=((xf)g)h; now a
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comparison gives (3).

With every set S we can associate the identity mapping 1, which maps each ele-
ment of S to itself: x = x. Clearly this is always a bijection. Further, for any f:S—T
and h: U—S we have 1, f=f,hl =h.

Let S be any set and T a subset, then there is a mapping ¢ from T to S, defined
by x¢=x for all x € T; this is called the inclusion mapping of T in S. Although ¢ and
1, have the same effect wherever they are defined ( namely on T) , they must be care-
fully distinguished ; e. g., whereas 1, is bijective, ¢ is injective, but not surjective
(except when T=S and so ¢=1;). In fact ¢ may be obtained from 1 by restricting the
domain to T'; this is often expressed by writing ¢ =1,17. Generally, if f; X—Y is any
mapping and X' is a subset of X, then the restriction of fto X', denoted by f1X", is de-
fined as the mapping f'; X'—Y given by x f "=x ffor all x € X'. We observe that this
restriction may be written as /' '=¢ f, where ¢ is the inclusion of X' in X.

Using the composition of mappings we can describe bijections. In the first place
we have

LEMMA 1 If f: S—T, g: T—S are any mappings such that

fe=1s, (4)
then f is injective and g is surjective.

For let x,y € S and xf=yf, then x=xfg=yfg=y, hence f is injective. Given
any x € S, x=xfg=(xf)g and this shows g to be surjective.

Suppose that f: S—T, g: T—S satisfy

fe=1s, gf=1y, (5)
then f is both injective and surjective, by the lemma, and so is a bijection. Converse-
ly, if f; S—T is a bijection, then we can always find a unique mapping g: T—S to
satisfy (5). For, given u € T, we know there exists just one x e S such that xf=u.
Put ug = x, then this defines g on T and ugf=u, xfg =x, therefore (5) holds.
~ This proves

THEOREM 2 A mapping f: S—T is a bijection if and only if there is a map-
ping g: T—S to satisfy (5).

There can be at most one mapping g to satisfy (5), for any given f. For assume
that (5) holds and that g’': T—S is another mapping such that fg'=1,, g'f=1,,
then by the associative law, g' =g’ 1, =g'fg =1, g =g. The unique mapping g
satisfying (5) is called the inverse of the bijection f and is written /~'. In this notation

(5) reads ff '=1,, f'f=1,.
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The distinction between finite and infinite sets is an important one which will be
taken up in greater detail in Vol. 2. Here we shall only note one useful property of fi-
nite sets (actually it can be used to characterize them) :

LEMMA 3 An injective mapping from a finite set to itself is also surjective.

For let f: S—S be injective and take @ € S; we must find b € S such that

a=bf. (6)
Consider the effect of performing f repeatedly. Let us write f~ for ff and generally ab-
breviate ff--+f (with n factors) as f". In the series of elements a, af, af’, - there
must be repetitions, because S is finite, so assume that
af'=af’, (7)
where r>s say. Since f is injective, xf=yf implies x =y, so we may cancel fin (7). If
we do this s times, we get a f " =a, i. e., (6) holds with b=af""".

Later we shall meet many applications of this lemma. It is not really a surprising
result and, to newcomers at least, not as surprising as the fact that it no longer holds
for infinite sets. To give an illustration, if in a club each member succeeds in borrow-
ing £1 from another member but no two have borrowed from the same person, then
everyone has also had to lend £1 ( by the lemma) so no one is any better off. But
suppose that we have an infinite club, with members A, A, , -+ indexed by the posi-
tive integers ( where it is assumed that A # A, for m# n). If now for each n, A

n

borrows £1 from A, , then A, is £1 better off, while all the others come out
even.

The failure of Lemma 3 for infinite sets makes it seem difficult at first sight to ex-
tend the notion of counting and cardinality (or ‘ number of elements’ ) to infinite
sets. These difficulties were overcome by Cantor who laid the foundations of set theory
in the 1870s. This does not concern us directly as we shall (in this volume) use the
notion of cardinality only for finite sets. With every finite set S we associate a natural
number |S|, the number of its elements ( sometimes called the cardinal of S). In a
complete account one would have to show that this is uniquely defined, i. e., that
different ways of counting S give the same answer. This will be proved when we come
to the axiomatic development of numbers in Vol. 3.

Exercises

(1) S is a set of four elements. Find (i) the number of mappings of § into it-

self; (11) the number of bijections of S to itself. ( Hint. Try sets of two and three ele-

ments first. )
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(2) Hf: A—>B and g; B—C are both injective (or both surjective) , show that
Jg is so too. If fg is injective (or surjective) what can be said about f and g?

(3) If fis any bijection and f ' its inverse, show that the domain and range of
f " are the range and domain respectively of f. Show also that ' is again bijective
and (f™) "' =f.

(4) If f: A>B, g: B—~C, h; C—A are three mappings such that fgh=1,, ghf
=1, and hfg=1,, show that each of f, g, h is a bijection and find their inverses.

(5) Let fg=1,: if f is surjective, or if g is injective, show that both [ and g
are bijective and inverse to each other.

(6) Let fg=1,: we say that g is a right inverse of f and that f is a left inverse
of g. Show that when the domain of f has more than one element, f is bijective iff it
has a single right inverse, or also iff it has a single left inverse. ( Hint. To get coun-
terexamples, look at mappings from N to N.)

(7) (i) For any integer a define a mapping w, of N into itself by the rule p,: x
= xa. Show that u, =pu,. (ii) For any integer a define a mapping v, of N into it-
self by »,: x = x+a. Show that v, =v v,.

(8) A mapping f: S—T is said to be constant if x f=y ffor all x,y € S. Show
that for any two distinct constant mappings of S into itself, f g+# g f. What happens
when S has only one element?

(9) In an infinite club indexed by the integers, {A,,A,,-+|, how much does
A, have to borrow from A, , in order that each member shall be £1 better off than

before?

n+l

(10) Let S be the set of finite sequences of Os and ls and define a mapping f of
S into itself by the rule; lf a=a,a,-*a,(a,=0 or 1), then af=a/a,+a’, where 0'=
01,1"=10. Show that af has no block 000 or 111 and that in af’( =aff) any block of
length at least five contains 00 or 11.

(11) Show that AXB=BXA only if A=B or one of A, B is empty. Is it possible
for non-empty sets to satisfy (AXB)xXC=Ax(BxC)? (Hint. Take B to consist of one

element. )

S |
1. &%) " * many-many correspondence’ 1] i il “ 2 | Z (1) X K7, “ vice
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§3.2 HEEUSVEDZE 141

2. For any integer a define a mapping u, of N into itself by the rule g, : x = xa.
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3.2.4 Equivalence relations”

By a relation on a set S we mean a correspondence of S with itself. E. g., ‘being
related’ is a relation on the set of all humans ( provided that we are equipped with an
exhaustive genealogy).' Let @ be a relation; we write xwy to express the fact that x
stands in the relation @ to y, i. e. that the pair (x,y) belongs‘lo w. Frequently rela-
tions are denoted by a symbol such as ~, thus in place of x @ y we write x~y.

Many relations have one or more of the following three properties .

E.1  For every x € S, x~x(reflexive).

E.2 Forall x,y € S, if x~y, then y~x(symmetric).

(D A3 A :Cohn P M. Algebra. New York: John Wiley & Sons, 1982,
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E.3 Forall x,y, z € S, if x~y and y~z, then x~z(transitive).

For example, the relation ‘x is father of ¥’ (on the set of all humans) has none of
these properties. On the other hand, ‘x has the same parents as y’ has all three, ‘x
is ancestor of y’ is transitive and ‘x is brother of y’ is symmetric on the set of all hu-
man males, but not on the set of all humans. This last point illustrates that we must
always specify the set on which we are operating.

A relation on S which is reflexive, symmetric and transitive is called an equiva-
lence on S. This is an important notion, which in some ways generalizes the notion of
equality, for the relation of equality (on any set) trivially satisfies E. 1=3. An
equivalence on S separates the elements of S into classes, grouping together objects
which agree in some particular respect.” E. g., ‘x has the same parents as y' is an
equivalence which groups siblings together. Similarly, the relation ‘x has the same
remainder after division by 2 as y” on N groups all the even numbers together and all
the odd numbers.

Let us see how this can be done generally, for any equivalence on a set S. For
any x € S, we group together all the elements equivalent to x into an equivalence
class or block S 1. e. we put

S.=1y € Slx~y}.

By the reflexivity, x € S, we claim that any two blocks S, and S either are dis-
joint or coincide. Suppose that S, and S, are not disjoint; we must prove that S =S,
and we begin by showing that x~y. Since S, N S # J, there exists z € S,N S, by
definition this means that x~z and y~z. By symmetry, z~y and hence, by transitivi-
ty, x~y. Now let u € S then y~u, hence x~u (by transitivity) and so u € S ;
this proves that S € S_. A similar argument shows that S, € § and so S, = § , as
claimed. Thus the different S provide a division of S into non-empty subsets, any two
of which are disjoint. This is called a partition of S.

Given an equivalence ‘ ~’ on S, we can form a new set S /~, whose members

,
are the different blocks S, and we then have a mapping A ; S—S/~ which assigns to
each x € § the block S_; A is called the natural mapping from S to S/ ~. It is surjec-
tive, but not injective, unless the equivalence on S was just equality; S /~ is called
a quotient sel.

We note that conversely, every partition on a set S arises in this way from an

equivalence. For suppose that S is partitioned into sets A, B, ---. Then each x € S

belongs to just one set of the partition, say x € A. We put x~y il x and y lie in the
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same set. This is an equivalence on S with blocks A, B, ---.

The example considered earlier, ‘x and y leave the same remainder after
division by 27 gives a partition of N into two blocks, the even numbers and the odd
numbers. Similarly, in any given year, the relation “x and y fall on the same day of
the week’ gives a partition of the days of the year into seven blocks, corresponding to
the seven days of the week.

Any mapping f: S—T gives rise to an equivalence on S by the rule; x~y if and
only if xf=yf. The reader should verify that this is indeed an equivalence.

Exercises

(1) Which of the following relations between positive integers are reflexive,
which are symmetric and which are transitive? (i) a#b, (i) a<b, (iii) a differs
from b by less than 2, (iv) any positive integer dividing a also divides b.

(2) Which of the following are equivalence relations? (i) x is within sight of y
( where the objects are points on the earth’ s surface), (ii) x is on the same lati-
tude as y, (iii) x has the same number of digits as y ( numbers in decimal nota-
tion ) .

(3) Let * ~7 be a reflexive relation. Show that * ~’ is symmetric and transitive
ffa~b, a~c=b~ec.

(4) What is wrong with the following “ proof’ that every relation on S that is sym-
metric and transitive is reflexive? For any a, b € S, a~b implies b~a (by symmetry)

and hence, by transitivity, a~a. Give a counter-example to the assertion.
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SRS ) |, quotient set ( F 4 ) , remainder ( 42 ¥4 ) , division ( & ¥, 43 ¥ ) , partition
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3.2.5 Mathematical methods—teaching and learning”

( 1) How to solve it'—Procedure for solving problem

UNDERSTANDING THE PROBLEM

First. You have to understand the problem .

What is the unknown? What are the data? What is the condition? Is it possible to
satisfy the condition? Is the condition sufficient to determine the unknown? Or is it
insufficient? Or redundant? Or contradictory?

Draw a figure. Introduce suitable notation.

Separate the various parts of the condition. Can you write them down?

DEVISING A PLAN

Second. Find the connection between the data and the unknown. You may
be obliged to consider auxiliary problems if an immediate connection cannot be
found. You should obtain eventually a plan of the solution.

Have you seen it before? Or have you seen the same problem in a slightly differ-
ent form?

Do you know a related problem? Do you know a theorem that could be useful?

Look at the unknown! And try to think of a familiar problem having the same or
a similar unknown.

Here is a problem related to yours and solved before. Could you use it? Could you

use its result? Could you use its method? Should you introduce some auxiliary-

1 A =5 ¥ iE g :Polya G.How to Solve It: a New Aspect of Mathematical Method. Princeton, N.
J.: Princeton Univ. Press, 1985,
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element in order to make its use possible?

Could you restate the problem? Could you restate it still differently?

Go back to definitions.

If you cannot solve the proposed problem try to solve first some related problem.
Could you imagine a more accessible related problem? A more general problem? A
more special problem? An analogous problem? Could you solve a part of the problem?
Keep only a part of the condition, drop the other part; how far is the unknown then
determined, how can it vary? Could you derive something useful from the data? Could
you think of other data appropriate to determine the unknown? Could you change the
unknown or the data, or both if necessary, so that the new unknown and the new data
are nearer to each other?

Did you use all the data? Did you use the whole condition? Have you taken into

account all essential notions involved in the problem?

CARRYING OUT THE PLAN
Third. Carry out your plan.
Carrying out your plan of the solution, check each step. Can you see clearly that

the step is correct? Can you prove that it is correct?

LOOKING BACK
Fourth. Examine the solution obtained.
Can you check the result? Can you check the argument?
Can you derive the result differently? Can you see it at a glance?

Can you use the result, or the method, for some other problem?
( I ) How to solve it — A Dialogue

Getting Acquainted
Where should T start? Start from the statement of the problem.
What can | do? Visualize the problem as a whole as clearly and as vividly as you
can. Do not concern yourself with details for the moment.
What can I gain by doing so? You should understand the problem, familiarize
vourselfl with it, impress its purpose on your mind. The attention bestowed on the

problem may also stimulate your memory and prepare for the recollection of relevant
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points.

Working for Better Understanding

Where should I start! Start again from the statement of the problem. Start when
this statement is so clear to you and so well impressed on your mind that you may lose
sight of it for a while without fear of losing it altogether.

What can I do? lsolate the principal parts of your problem. The hypothesis and
the conclusion are the principal parts of a “problem to prove” ; the unknown, the da-
ta, and the conditions are the principal parts of a * problem to find”. Go through the
principal parts of your problem, consider them one by one, consider them in turn,
consider them in various combinations, relating each detail to other details and each
to the whole of the problem.

What can I gain by doing so? You should prepare and clarify details which are

likely to play a role afterwards.

Hunting for the Helpful Idea

Where should I start? Start from the consideration of the principal parts of your
problem. Start when these principal parts are distinetly arranged and clearly con-
ceived, thanks to your previous work, and when your memory seems responsive.

What can I do? Consider your problem from various sides and seek contacts with
vour formerly acquired knowledge.

Consider your problem from various sides. Emphasize different parts, examine
different details, examine the same details repeatedly but in different ways, combine
the details differently, approach them from different sides. Try to see some new mean-
ing in each detail, some new interpretation of the whole.

Seek contacts with your formerly acquired knowledge. Try to think of what
helped you in similar situations in the past. Try to recognize something familiar in
what you examine, try to perceive something useful in what you recognize.

What could I perceive? A helpful idea, perhaps a decisive idea that shows you at
a glance the way to the very end.

How can an idea be helpful? It shows you the whole of the way or a part of the
way; it suggests to you more or less distinetly how you can proceed? ldeas are more
or less complete. You are lucky if you have any idea at all.

What can I do with an incomplete idea? You should consider it. If it looks advan-
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tageous you should consider it longer. If it looks reliable you should ascertain how far
it leads you, and reconsider the situation. The situation has changed, thanks to your
helpful idea. Consider the new situation from various sides and seek contacts with
“your formerly acquired knowledge.

What can I gain by doing so again? You may be lucky and have another idea.
Perhaps your next idea will lead you to the solution right away. Perhaps you need a
few more helpful ideas after the next. Perhaps you will be led astray by some of your
ideas. Nevertheless vou should be grateful for all new ideas, also for the lesser ones,
also for the hazy ones, also for the supplementary ideas adding some precision to a
hazy one, or attempting the correction of a less fortunate one. Even if you do not have
any appreciable new ideas for a while you should be grateful if your conception of the
problem becomes more complete or more coherent, more homogeneous or better bal-

anced.

Carrying Out the Plan

Where should I start? Start from the lucky idea that led you to the solution. Start
when you feel sure of your grasp of the main connection and you feel confident that
you can supply the minor details that may be wanting.

What can I do? Make your grasp quite secure. Carry through in detail all the al-
gebraic or geometric operations which you have recognized previously as feasible.
Convince yourself of the correctness of each step by formal reasoning, or by intuitive
insight, or both ways if you can. If your problem is very complex you may distinguish
“great” steps and “small” steps, each great step being composed of several small
ones. Check first the great steps, and get down to the smaller ones afterwards.

What can I gain by doing so? A presentation of the solution each step of which is

correct beyond doubt.

Looking Back
Where should I start? From the solution, complete and correct in each detail.
What can I do? Consider the solution from various sides and seek contacts with
your formerly acquired knowledge.
Consider the details of the solution and try to make them as simple as you can;
survey more extensive parts of the solution and try to make them shorter; try to see

the whole solution at a glance. Try to modify to their advantage smaller or larger parts
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of the solution, try to improve the whole solution, to make it intuitive, to fit it into
your formerly acquired knowledge as naturally as possible. Scrutinize the method that
led you to the solution, try to see its point, and try to make use of it for other prob-
lems. Scrutinize the result and try to make use of it for other problems.

What can I gain by doing so? You may find a new and better solution, you may
discover new and interesting facts. In any case, if you get into the habit of surveying
and scrutinizing your solutions in this way, you will acquire some knowledge well or-

dered and ready to use, and vou will develop your ability of solving problems.

(') Teachers’ purpose in the classroom

1. Helping the student. One of the most important tasks of the teacher is to
help his students. This task is not quite easy; it demands time, practice, devotion,
and sound principles.

The student should acquire as much experience of independent work as possible.
But if he is left alone with his problem without any help or with insufficient help, he
may make no progress at all. If the teacher helps too much, nothing is left to the
student. The teacher should help, but not too much and not too little, so that the
student shall have a reasonable share of the work.

If the student is not able to do much, the teacher should leave him at least some
illusion of independent work. In order to do so, the reader should help the student
discreetly , unobtrusively.

The best is, however, to help the student naturally. The teacher should put him-
self in the student’ s place, he should see the student’ s case, he should try to under-
stand what is going on in the student’ s mind, and ask a question or indicate a step
that could have occurred to the student himself.

2. Questions, recommendations, mental operations. Trying to help the
~ student effectively but unobtrusively and naturally, the teacher is led to ask the same
questions and to indicate the same steps again and again. Thus, in countless prob-
lems, we have to ask the question: Whai is the unknown? We may vary the words,
and ask the same thing in many different ways: What is required? What do you want
to find? What are you supposed to seek? The aim of these questions is to focus the
student’ s attention upon the unknown. Sometimes, we obtain the same effect more
naturally with a suggestion: Look at the unknown! Question and suggestion aim at the

same effect; they tend to provoke the same mental operation.
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It seemed to the author that it might be worth while to collect and to group ques-
tions and suggestions which are typically helpful in discussing problems with students.
The list we study contains questions and suggestions of this sort, carefully chosen and
-arranged ; they are equally useful to the problem-solver who works by himself. If the
reader is sufficiently acquainted with the list and can see, behind the suggestion, the
action suggested, he may realize that the list enumerates, indirectly, mental
operations typically useful for the solution of problems. These operations are listed in

the order in which they are most likely to occur.

ERE 5 A

1. HAELBEFEE XA (G Polya, 1887—1985) (1) 4 & How to
solve it 7 WP iRA, 4524 A CEREME) , B th idk 1982 4F i, A1 28 — 3
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3.3.1 Integers”

The integers are familiar to us from elementary arithmetic, but here we shall
want to express that familiarity in precise terms. We do this by writing down a list of
properties which the integers possess and on which we shall base all our deductions.
Later, in Vol. 3, we shall see that all the properties listed here can actually be de-
duced from quite a brief list of axioms, but this is immaterial at present.

We denote the set of positive integers ( also called natural numbers) 1, 2,
3, =+ by N and write Z for the set of all integers, positive, negative and zero. Here
N stands for number and Z for Zahl, the German for number; both abbreviations are
- generally used in mathematics.

The set Z admits three operations; addition, x+y, subtraction, x—y, and multi-
plication, x * y or xy. Often it is convenient to express subtraction by adding the neg-
ative; x=y=x+(—y). These operations are connected by the following laws:

Z.1 Associative law: (x+y)+z=x+(y+z),(xy)z=x(yz).

Z.2 Commutative law; x+y=y+x, Xy = yx.

@O AW A :Cohn P M. Algebra. New York: John Wiley & Sons, 1982,
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Z.3 Existence of neutral element: x+0=x, x1=x.

Z.4 Existence of (additive) inverse; x+( —x)= 0.

The number 0 is said to be neutral for addition because adding it to any number x
leaves x unchanged; likewise 1 is neutral for multiplication. Every number x has the
additive inverse —x ( which undoes the effect of adding x) , but apart from 1 and -1,
no integer has a multiplicative inverse. However we shall find such inverses once we
come to consider rational numbers in 2.4.

In addition to the above laws, there is a further law, relating addition and multi-
plication .

Z.5 Distributive law: x( y+z)= xy+xz.

A set R with two operations x+y, xy and a negative —x, satisfying Z.1-5 is called a
ring ; more precisely it is a commutative ring ( because the multiplication is commuta-
tive, cf. Ex. (1), 6.1). Thus the set Z of all integers is a commutative ring. Howev-
er, these laws are not yet sufficient to determine Z; in Ch. 6 we shall give a general
definition of a ring and we shall find that there are many different types.

We now look at some consequences of the above laws. It follows from the distrib-
utive law that x0=0 for all x. By the associative law, the sum of any number of terms
is independent of the way in which brackets are placed, and by the commutative law
the order of the terms is immaterial. A similar remark applies to multiplication; for
the present we shall accept this without proof and return to this point in Ch. 3 to give
a general proof.

Thus the sum of numbers a, ,-+-,a, may be written a,+++-+a,. Often one abbre-
viates this expression by writing down the general term a, with a capital sigma, > , to
show that the sum is to be taken, with some indication of the range over which the
terms are to be summed (unless this is clear from the context). So instead of a,+--+a,

we may wrile

n

n
Z a, or Z L a, or Z a, or simply Z a,,
p=1 v

where in each case v is a dummy variable (ef. 1.1). When n=0, the sum written
here is empty and, by convention, this is taken to be 0. This notation is not only
briefer; it can also help to make our formulae more perspicuous as well as more accu-
rate. For instance, in the expression
142+:-+4n,

the reader is expected to guess that he is dealing with an arithmetic progression; the
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expression Z | @, removes all doubt. Thus the formula for the sum of the first n natu-

n 1
ral numbers may be written z | v=7n(n+l ). We observe that for n=0 the right-

hand side reduces to 0, so with our convention about empty sums, this formula still
holds for n=0.
For another example consider the distributive law. This has a generalized version
which reads (cf. Ex. (2))
(ayteeeta,) (by+oe+b,) = a,b, +a,b, 4 +ab,
or in abbreviated form Z a, - z b,= Z ot a,b,. Here we have not indicated the
precise range of summation, since it is immaterial, but only the indices of summation
KLy V.
A similar abbreviation exists for repeated products, using capital pi, II, in
place of > . Thus instead of a,a,--a, we write

n a, or 1—[ a, or ﬂ a, or simply ﬂ a,.

v=l 1 v
For example, the factorial function may be defined as n! = H n. An empty product
is taken to be 1; thus empty sums and products are neutral for addition and multipli-
cation respectively.

It is an important property of the integers that the product of two non-zero inte-
gers 1s never zero:

Z.6 For any integers a, b, if a#0 and b#0, then ab#0; moreover 17# 0.
This has the following useful consequence:

Cancellation law: Fora, b, ce Z, if ca=cb and ¢#0, then a=b.

This asserts that multiplication by a non-zero integer is an injective mapping of Z into
itself. To prove it, suppose that a# b, then a=b#0 and hence (by Z. 6) c¢(a-
b) #0, therefore ca—ch=c(a—-b) #0.

Besides the operations on Z we have an order relation, i. e. an ordering on Z:
x<yory=x If x<y but x#y, we write x<y or also y>x. This relation satisfies the
requirements for a total ordering (see 1.5) and is related to the operations of Z by
the following rules:

2.7 Ifx <=x,andy <y,, then x,+y <ux,+y,.

2.8 Ifx<y and z>0, then zx <zy.

The presence of these rules means that Z is a totally ordered ring. Using the ordering



§3.3 AV JIO=SREE 153

we can describe the set N of positive integers as
N={xeZ|x>0{. (1)

Later we shall see how to reconstruct Z from N; for the moment we note that,
for every x € Z, either x=0 orx € N or =x & N and that these three possibilities
are mutually exclusive. In fact, this is true in any totally ordered ring, taking N to be
defined by (1). For we know that just one of the following holds ( because we have a
total order) ; x=0 or x>0 or x<0. Now x+( -x)= 0, hence, if x<0, then O0<—x by
Z. 7. Thus either x=0 or x>0 or —x>0, as asserted.

In order to fix Z completely, we use the following condition on the set N of posi-
tive integers

I ( Principle of induction) : Let S be a subset of N such that 1 € S and n+1 e
S whenever n € S. Then S=N.

This principle forms the basis of the familiar method of proof by induction. Let
P(n) be an assertion about a positive integer n, e. g., P(n) might be the sum of the
first n positive integers is n(n+1)/2. Suppose we wish to prove P(n) forall n, i. e.
(VYn) P(n). Then by I it will be enough to prove (i) P (1) and (ii)
(¥n) (P(n)=P(n+1)).” For this means that the set S of all n for which P(n)
holds contains 1 and contains n+1 whenever it contains n. Hence by I, S=N, i. e.
P(n) holds for all n € N.

There are two alternative forms of I that are often useful.

I': Let S be a subset of N such that 1 € S and n € S whenever m e S for all
m<n; then S=N.

I” ( Principle of the least element) : Every non-empty set of positive integers has
a least element.

To prove I, I' and 1" equivalent we shall establish the implications I=sI'=1"=1.

I=T'. Let S be such that 1 € S and n € S whenever m € S for all m<n. Define
I'=ix € NlyeS for all y<x|, thus x € T precisely when all the numbers from 1
to x lie in S. Clearly T C S, so it will be enough to show that T=N. Since 1 € §,
we have | € Tand, if n € T, theny e S for all y<n, hence n+1 € S and so y
e S for all ysn+1; but this means that n+1 e 7. Applying I, we see that T=N.

I'=1". Let S be a set of positive integers without a least element; we shall show
that § is empty. Denoting the complement of S by S’, we must show that S'=N. Now,
since S has no least element, 1 &€ S, so | € S'; moreover, if m e S’ for all m<n,

then n € S, for otherwise n would be the least element in S. Thus by I'; S"=N and
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S must be empty.

I"=1. 1 is the least element of N (for if the least element r satisfied r<1, then r
<r, a contradiction). Let S be a subset of N such that 1 € S and n+1 € S whenever n
e S, then the complement S’ of S in N has no least element. For 1 € S" and if n e
S", then n—=1e S’, hence, by I", S'=¢ and so S=N as we wished to show.

We end this section with a practical remark on proofs by induction. Generally a
theorem is easier to prove, the stronger the hypothesis and the weaker the conclusion.
But in an induction proof the conclusion at the nth step becomes the hypothesis at the
(n+1)th step and the theorem may actually become easier to prove if the conclusion
is strengthened ; for an instance of this see Lemma 4.3. We also remark that an induec-
tion frequently starts at 0 (instead of 1) ; clearly this does not affect the validity.
Exercises

(1) Prove that (a+b) (¢+d) = ac+bct+ad+bd from the axioms.

(2) Prove a( z b,,) = z ab, by induction. Deduce the general distributive law .

(Sa)(Sh)= Sab
(3) Prove that for any integer a, a0=0.
(4) Prove the rule of signs;: (—a)b=-ab, (-a)(-=b)= ab.
(5) For any integers m, n, prove that m, n =1=mn =1, with >’ unless

3
m=n=1.

ERSAA

Lo AT B SR AT S 3 82 4l ARl {H 2 800T A B S HS B A e ik s U4
I 3o o an : A

Z.1 Associative law; (x+y)+z=x+(y+z), (xy)z=x(yz).

Z.2 Commutative law: x+y=y+x, Xy = yx.
2 5 M F| Associative law 7 “45 5", Commutative law }“ A2 A" . 2501, A
R 3 #E I M . Distributive law 8 “ 43 B 7, commutative ring f “ A2 # R 7
neutral element F“EILZE ", (additive) inverse J“ (MM ) Wit & ", Principle
of induction H“ HAN R HE” , Principle of the least element 2 * i /N EC L B | re-
peated products i “ #EFEFL”  empty product A “ 43 FEF” | indices of summation Ay
“RFFEART S

2R A SO HE I TG AR i 0 A < U0 LS IE

2. (i) P(1) and (ii) (VYn) (P(n)=P(n+1)) REHIizH K,
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“(Vn)P(n)" R “awil P XMER n JMAL” =7 R, (1) P(1) F(ii)

—RFRECF WL N, BB AR R () Y n=1 Ny P oL,
(i) Rl P AAEE n ML R P AHME R n+1 857,

' 3. For any integers m, n, prove that m, n =21=mn=1, with * >’ unless m=

n=1.]% B with G 18 05 8 AE RO TR o 88 0] nT R XL BB UEW] m,n=>1

M mn=1, MHYAHI m=n=18 mn>1 {7 .
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(1) BB 2 W 2812 55 ML A 2

(2) ey FH &80 U5 98 35 Uk Y i el 7

(3) n o] ik W B0 U3 49 Dt B 5 e /N B0 3 55 2

3.3.2 Prime numbers”

The following classification of the integers according to the integers that they di-
vide, or are divisible by, will greatly facilitate our study. Zero has been defined
( Section 1.5) as the identity under addition. The integers +1 and —1 are called units
( Section 2. 1). An integer p that 1s not zero or a unit is said to be prime if its only di-
visors are +p and the units. An integer is called composite if it has two or more prime
divisors ( not necessarily distinct). For example, 6 =2 - 3 and 121 = 117 are
composite numbers. We shall find that every integer belongs to one of four classes:.
zero, units, prime numbers, composite numbers. Since zero is neither positive nor
negative , this will mean that every positive integer belongs to one of three classes and
every positive integer greater than one is either prime or composite. In the following
discussion, negative prime numbers are assumed to be expressed in the form ep,
where e is the unit —1 and p is a positive prime. Thus only positive prime numbers

need be considered.

@ A E : Meserve B. E.Fundamental Concepts of Algebra. New York: Dover Pub. Inc, 1982,
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We now use these definitions in the proofs of several theorems.

THEOREM 2.2 Every integer greater than one has a positive prime divisor.

Let m be any given integer greater than one. Then m is prime if and only if its
only positive divisors are m and 1.

If m is not a prime, it has a positive divisor m,, where m, # m and m, # 1.
Thus if m is not prime, it may be written as the product of two positive integers,
m=m,m, ,where neither m, nor m, is a unit. If neither m, nor m, is prime, then
M=m m,m, m, where no m, is a unit. If no m,, is a prime, then m =
Ty T T T 5y Ty Ly 3 Mgy MLy, Where no m, is a unit. This process will terminate
if and only if at some step at least one of the m’ s is a prime number. We shall now
show that for any given positive integer m the process must terminate, i. e., it cannot
continue indefinitely. First, we observe that any positive integer m, which is not a
unit satisfies the order relation m,>1 (Section 1.6). Then we also have m=m m,>
m, and, in general,

m>m>m; >m;,>" "
for as many steps as the process continues. Thus the process terminates if and only if
the set of positive integers m, m,, m,, , m,, ,* is a finite set. However, this set is a
subset of the finite set m, m—1, m-=2, -, 3, 2, | and therefore must itsell be fi-
nite. Thus the above process must terminate after a finite number of steps, and m
must have a prime divisor.

We have also proved that any given positive integer m can have only a finite
number of positive integral divisors greater than one. Our next theorem indicates
which positive integers need to be considered when one seeks the positive divisors of a
given integer m.

THEOREM 2.3 [If a positive integer m is composite , it has a positive prime di-
visor <[, where [ is the greatest integer whose square is <m.

By Theorem 2.2, any positive integer m greater than one has a positive prime
divisor p, that is, m =pm . Also, if m # p, then m, has a positive prime divisor
<m,. If Theorem 2.3 were false, there would exist a number m that was composite
and had no positive prime divisor </. In this case, we would have I < p, I < m, or
I+1<p, I+1<m,, and (I+1)*<pm,=m, contrary to the assumption that / is the
greatest integer whose square is <m. Thus Theorem 2. 3 must be true ( method of in-
direct proof, Section 1.10).

Before we can use Theorem 2.3 to determine whether or not a given integer m
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say 359, is prime, we need some method for determining the primes <I where I’ <
m<(I+1).” For the case m=359 we need to know the prime numbers < 18.

The prime numbers bounded by any finite integer N may be found by a method
~called the Sieve of Eratosthenes: Write down the integers from 1 to N, exclude 1 since
it is a unit, counting from 2 strike out every second number thereafter, counting from

3 strike out every third number, and, in general, counting from any remaining

integer k which is < \/N ( Theorem 2. 3) strike out every kth integer. For example,
the prime numbers bounded by N=18 are 2, 3, 5, 7, 11, 13, 17, and may be
found from the array

2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18
in which it was only necessary to exclude the unit and multiples of 2 and 3 since the
next remaining integer, 5, has a square greater than 18.

We now may use Theorem 2. 3 and determine whether or not 359 is a prime by
testing 359 successively for divisibility by 2, 3, 5, 7, 11, 13, 17. On this basis we
may assert that 359 is a prime number.

One reason for considering such mechanical methods as the above for
determining primes lies in the fact that no analytical representation or formula for all
primes has yet been found. However, we may prove several theorems regarding
primes. The following theorem is a modern version of Proposition 20 in Book IX of
Euclid’ s Elements. -

THEOREM 2.4 The set of positive prime numbers is countably infinite.

Suppose there were a largest prime number, say P, then the number N=P! +1
must have a prime divisor ( Theorem 2.2). But no number< P divides P! +1=N\.
Thus N has a prime divisor greater than P and there is no greatest prime, i. e., the
set of positive prime numbers is countably infinite. For example, if P=2, then N=21
+1=3, which is prime, if P=5, then N=5! +1=121, which has 11>5 as a prime
divisor. This process for determining the existence of a prime greater than a given
prime P may also be used, together with the existence of a single prime number 2, to
prove by mathematical induction (Section 1.4 ) that there exists a countably infinite
subset of the set of positive prime numbers. Then, since the set of all positive prime
numbers is a subset of the set of positive integers, which is countably infinite, we
have another proof that the set of positive prime numbers is countably infinite.

The best-known properties of primes concern divisibility. Given any integer m
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and prime p, the only positive divisors of p, and therefore the nloy possible positive
common divisors of p and m, are p and 1. Thus we have

THEOREM 2.5 [f p is a prime and m is any integer, then either p divides m
or (p, m)=1.

Another common theorem may be proved as follows: Suppose p is a prime num-
ber, and a and b are each positive integers less than p. We wish to prove that p does
not divide the product ab, written p { ab. We shall use the method of indirect proof
and suppose that p | ab. Furthermore, we shall assume that b is the smallest positive
integer such that p | ab, that is, ab is the least multiple of a such that p | ab. This
last assumption may be made without loss of generality, since if there exists a single
integral multiple, there must be a smallest positive integral multiple of a that is divis-
ible by p (Section 2.2). Now by the Division Algorithm, there exists an integer m
such that

mb < p <(m+1)b,0 < p-mb <b.
Actually mb # p since 1 < b < p and p is prime. By assumption, p| ab and thus p |
mab. Then from p | ap we have p | (ap-mab) and p | a(p-mb), whence
a(p—mb) is a multiple of a which is divisible by p. But also a(p—mb) <ab, contrary
to the assumption that ab is the least multiple of a that is divisible by p.Thus p does
not divide ab, and we have given an indirect proof of the following theorem.

THEOREM 2.6 Ifpis a prime, and a and b are two positive integers each less
than p, then p 1 ab.

This theorem may be extended to include any two positive integers a and b such
that p { @ and p t b. Let a=mp+r, b=np+s, 0 <r < p, 0 <s< p. Now if p | ab,
we also have p | rs, contrary to Theorem 2.6. Thus if p { @ and p { b, then p | ab.
In other words, if p | ab, then p | a or p | b. Since the product of two integers is

an integer, we may also take a, * a,=a, a,=0b and prove that if p | a,a,a,, then p
'divides at least one of the numbers a,, a,, a,. By repeated application of this
process, we have

THEOREM 2.7. If p is a prime and p | a,a,*--a,, then p divides at least one of

the integers a,, a,, "=+, a,, where n is any positive integer.

A very important application of this property of prime numbers is found in the
factorization of all positive integers as products of powers of prime numbers ( Section

2.4). Throughout the remainder of this text we shall make extensive use of the prop-
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erties of prime numbers and the analogous properties of irreducible polynomials ( Sec-
tion 3.6).
Exercises

I. Find the prime numbers less than 200, using the Sieve of Eratosthenes.

2. Determine which of the following are prime numbers:

(a) 85, 103, 179, 539,

(b) 267, 781, 859, 937,

(c) 1245, 2287.

3. Write out a formal proof of Theorem 2.7, using mathematical induction.
Is n°~n+41 a prime number for all positive integral values of n? Explain.
Give four numerical examples illustrating Theorem 2. 5.
Repeat Exercise 5 for Theorems 2. 6 and 2. 7.

Given any integer NV, how could you find all its positive prime divisors?

gai = B LA g

Prove that n”+1 is a composite number if n is greater than one.

9. Prove that 3"=1 and, in general, m"—1 is composite if n is greater than one
and m is greater than 2 ( see Exercise 7, Section 1.4).

10. A number of the form 2" -1 that is prime is called a Mersenne prime. Find
five such numbers.

11. Prove that 2" =1 is composite if n is composite ( see Exercise 9, Section

1.4). Give an example of a composite number of the form 2"-1 where p is a prime.

FIEK
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3.3.3 Polynomials and Algebraic Functions”

1. Polymomials

The positive integers have been used in Chapter 1 to define rational, algebraic,
transcendental, and real numbers. Properties of the ring of integers have been dis-
cussed in Chapter 2. In this chapter we shall use a ring of polynomials in one variable
to define rational, algebraic, transcendental, and analytic functions. Divisibility, the
Division Algorithm, the Euclidean Algorithm and properties in the ring of polynomials
corresponding to prime numbers, bases, and congruence’ s in the ring of numbers
will be discussed. Our purpose is threefold; to understand the basic properties of
polynomials, to see the relationships between polynomials and other common func-
tions, and to introduce a few concepts that will be needed in our discussion of the
theory of equations in Chapter 4.

In the first two chapters, we have been primarily concerned with numbers: inte-
gers, rational numbers, real numbers, and complex numbers. We now introduce a
new set of symbols x,y, ¢, and consider equality, addition, subtraction, multiplica-
tion, and division in the total set composed of the new symbols and the complex num-
bers. The new symbols may be considered simply as symbols without any sets of
values or assumed relations. In this case they are called indeterminates. The new sym-
bols may also be considered as variables that take on values from a subset of the set of
complex numbers. We shall usually call the symbols variables, although we shall at times
mention corresponding properties of indeterminates. A great deal of the theory consid-
ered in this chapter will apply to both variables and indeterminates.

Given any indeterminate x, we define the symbol x" for any positive integer n to
represent the product of n factors x, x"=1,x"x"=1, and (x"")"=x. Similar defini-
tions hold for any variable x, with the exception that " and x™" are undefined when
x=0. Addition and multiplication of the new symbols and complex numbers may be
defined such that they are unique, commutative, associative, and satisfy the distribu-
tive laws. Thus ax+bx = (a+b)x and (ax) (bx) = abx’ for any complex numbers

a, b.

The product of any set of complex numbers and the new symbols is called a mo-

nomial. For example, 15, x, 2x, 5x°y't, and 3,/2 xy are monomials. The sum of two

@D AR [ :Meserve B. E. Fundamental Concepts of Algebra. New York: Dover Pub. Inc, 1982,
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monomials is called a binomial. A sum of three monomials is called a trinomial and,
in general, a sum of one or more monomials is called a polynomial.

A monomial of the form bx™, where m is a nonnegative intezer and b is a com-
plex number, is called a monomial in x with coefficient b and, when b # 0, of de-
gree m. Any complex number b is itself a monomial. The monomial 0 has no degree.
When b % 0, the monomial b=hx" has degree zero.

A polynomial of the form
(3.1) agx"+ ax"'+ - +a,  xta,,
where the a; are complex numbers and a,5#0, is called a polynomial of degree m in
x. The a, are called the coefficients of the polynomial. The nonzero leading coefficient
a, is called the initial of the polynomial. Since indeterminates do not take on numbers
as values, two polynomials in an indeterminate x are equal if and only if the coeffi-
cients of corresponding powers of x are equal. Thus, for an indeterminate x, the
equation

ax’ +hx+c=x+2
implies thata = 0, b = 1, and ¢ = 2. Two polynomials in a variable x may be equal
for any nonnegative integral number of values of the variable x. Thus for a variable x,
the equation ¥’ =2x=3=0 implies x=3 or x=-1.

The degree of a polynomial depends upon the variable under consideration. For
example, 3x°y" is of degree two in x with coefficient 3y” and of degree five in y with

coefficient 3x”. The polynomial 10x" may be considered as a polynomial of degree six

in x with coefficient 10, a polynomial of degree two in 2x° with coefficient —, a poly-

nomial of degree twelve iny/x with coefficient 10, and in many other ways. We shall

use the notation p(x) to indicate a polynomial in x, p ( /2x )to indicate a polynomi-
al in \/2x.

2. Algebraic functions

A polynomial equation f(x,y)= 0, where f(x,y) is considered as a polynomial
in y with coefficients from the ring of polynomials in x with complex coefficients, de-
fines y as an algebraic function (Section 3.16) and has as its real graph an algebraic
plane curve. The concept of an algebraic function is an extension of the concept of a
polynomial in that every polynomial p(x) satisfies f(x,y)=y—p(x), that is, a poly-

nomial is a special case of an algebraic function that arises when f(x,y) has the form
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y=p(x). Similarly, a rational function ( Section 7.6) is a special case of an algebraic
function that arises when f(x,y) has the form p(x)y—q(x).

We have seen ( Section 3.10) that any polynomial p(x) is a single valued func-
tion of x. Also, a rational function of x is single-valued whenever it is defined ( Sec-
tion 3.3). However, an algebraic function defined by a polynomial equation f(x,y)=
0 of degree n in y may have n values of y corresponding to a given value of x. For ex-
ample, y’—x=0 associates two real values of y with each positive value of x. Our dis-
cussion in this section consists of a very brief introduction of a graphical
representation (the Riemann surface) of the n values of the algebraic function y ( not

necessarily real or distinct) corresponding to each value of x ( Theorem 4.2).
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3.3.4 Groups?

1. Monoid

The number systems described in Ch.2 had two basic operations: addition and
multiplication, and sometimes their inverses; subtraction and division. We now want
to study the general properties of an associative but not necessarily commutative oper-
ation. The method of doing this is not to look at a particular system such as the inte-

gers or the rational numbers, but to assume that we have an arbitrary set with an op-

@O AT H : Cohn P. M. Algebra. New York: John Wiley & Sons, 1982,
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eration satisfying the associative law and see what consequences can be derived in
this way. It will be useful to begin with a formal definition.

By a monoid we understand a set S with an element e and a mapping u: S°— S
such that if w(x,y) is the result of applying u to the pair x,y €S, then

M.1 p(x, p(y,z))=pu(u(x,y),z) for all x,y, ze S.

M.2 pu(e,x)=u(x,e)=x for all xe S.

Note that by definition, a monoid is never empty. A mapping such as u which acts on
pairs of elements of S is called a binary operation, with values in S, and an element e
satisfying M. 2 is said to be a neutral element for u. There cannot be more than one
neutral, for if we also have u (e', x)=u(x, ¢’')=x, then e=pu(e, e')=e'.

Clearly both addition and multiplication are instances of such a binary operation,
and in fact Z is a monoid under addition ( with 0 as neutral) as well as multiplication
(with 1 as neutral). This example illustrates that in discussing particular instances of
monoids one must name not only the set but also the operation unless this is clear
from the context.

2. Groups; the axioms

By a group one understands a monoid in which every element is invertible.

The commutative law is not assumed; when it holds, i.e. if xy=yx for all x,y,
the group is said to be commutative or abelian ( after N. H. Abel). Thus a group G is
defined by the following four conditions

G.1 G has a binary operation xy defined on it.

G.2 The operation is associative; (xy)z=x(yz) for all x,y, z € G.

G.3 G has a neutral element 1; lx=x1=x for all x € G.

=1 -
=x x=1.

G.4 Every element x € G has an inverse x ' ; xx

It is a remarkable fact that the whole of group theory, which includes many deep
results and is far from being fully explored yet, rests ultimately on this simple set of
axioms. Of course we shall only be able to touch on the most basic properties in this
chapter and in Ch. 9, but it is hoped that even this brief account will convey some-
thing of the inherent simplicity and beauty of the theory.

We begin by observing that the axioms G.1 -4 are to some extent redundant:
less is needed to verify that we have a group. This remark is of practical use as it may
help to shorten our verifications. Before proving it we note another useful consequence

of the group axioms:

G.5 Given a, b € G, the equations bx = a, yb = a each have a unique solu-
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tion, namely x = b ' a, y = ab .

For if bx =a, then b'a = ™' bx = lx = x, so there is at most one solution
and, in fact, b(b'a) = bb'a = la = a. Thus bx = a has exactly one solution; by
symmetry the same holds for yb = a.

THEOREM 1 Let G be a set with a binary operation which is associative. Then
the following conditions on G are equivalent

(a) G is a group,

(b) G is not empty and for all a, b e G, the equations bx = a, yb = a each
have a solution ,

(¢) there exists e € G such that xe = x for all x € G and if we fix such e, then
for each x € G there exists x" € G such that xx' = e.

Note that we do not assume that the solutions in (b) are unique.

We shall prove the theorem according to the scheme (a)=(b)=(c)=(a).
The remarks preceding the theorem show that (a)=(b). Now assume (b), take a
€ G and find e € G to satisfy ae = a. For any b € G there exists x € G such that
xa = b (by (b)) and hence b = xa = xae = be; moreover, aa’ = e always has a
solution a’, therefore (¢) follows.

Next assume (c¢); we must show that G is a group. Given x € G, we can find x’
e G with xx" = e and then x" € G with x'x" = e. Hence x'x = x'xe = x'xx'x" =
x'ex” =x'x"=e; thus xx' = e= x'x. Moreover, x= xe = xx'x=ex, hence e is neutral
and x" 1s an inverse of x, i.e. G is indeed a group.

As a first application we have

PROPOSITION 2 A finite monoid S with either of the properties

xz = yz=> x = y forall x,y, z €S (right cancellation) , (1)
zx = zy = x = y forall x,y, z €S (left cancellation) (2)
is a group.

Proof. Assume that one of (1), (2) holds, say (2); by (2) the mapping A,
x—zx of § into itself is injective, hence bijective ( by Lemma 3, 1.3, because S is fi-
nite ). Thus bx = 1 has a solution for any b € S; hence S satisfies (¢) of Th. 1 and is
therefore a group.

The notions of homomorphism, isomorphism, endomorphism and automorphism
defined for monoids carry over to groups as a special case. We note: to verify that a
mapping f: G-— H between groups is a homomorphism we need only check that

(xy)f=x f+ y [, for if this holds then (1,/)*=1,f, where 1, is the neutral of G; by
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division it follows that 1, f is the neutral of H. Since homomorphisms preserve neutrals
it will cause no confusion to denote the neutral in any group by the same symbol 1.
We also note that for any group homomophism f, we have (x f) (x ' f)= (xax')f=1f
=1, and similarly (x'f) (x /)= 1, hence
(s =a"", (3)

Let G be a group, then by a subgroup of G one understands a subset H of G
which is a group relative to the operations in G. Thus H is a subgroup of G iff (1)
leH, (ii) x,y e H=xy € H, (iii) x € H=x ' € H. Alternatively, H is a sub-
group of G iff (iv) H# @ and x,y € H=xy ' e H. Clearly (iv) holds for any sub-
group of G; conversely, when it holds, take @ € H, then 1 = aa ' € H, hence for
anyx € H, x'=1x"" € K, and whenever x,y € H then y"' € H by what has just
been proved, and so by (iv), xy=x(y') ' e H, therefore H is indeed a subgroup
of G.

In discussing groups the following notation is often useful. Let A, B be any sub-
sets of a group G and write

AB={xylxeA,ye B}, A ={x"IxeAl.

If A reduces to a single element: A={a}, we write aB instead of {a} B, and similar-
ly for B. To give an example, the condition for a non-empty subset H of G to be a
subgroup may be restated as HH C H and H' C H, or equivalently, HH ' C H.
Some care must be taken to write HH and not H ( which is sometimes taken to mean
{x*lx € H}).

PROPOSITION 3 Let G be a group. If H and K are any subgroups of G, then

so is their intersection H N K.
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3.3.5 The parallel postulate™

Euclid’ s first four postulates have always been readily accepted by mathemati-
cians. The fifth ( parallel) postulate, however, was highly controversial. In fact, as
we shall see later, consideration of alternatives to Euclid’ s parallel postulate resulted
in the development of non-Euclidean geometries.

At this point we are not going to state the fifth postulate in its original form, as it
appeared in the Elements. Instead, we will present a simpler postulate ( which we will
later show is logically equivalent to Euclid’ s original ). This version is sometimes
called Playfair’ s postulate.

Because it appeared in John Playfair’ s presentation of Euclidean geometry,
published in 1795, although it was referred to much earlier by Proclus (A. D. 412~
A.D.485). We will call it the Euclidean parallel postulate because it distinguishes Eu-
clidean geometry from other geometries based on parallel postulates. The most impor-
tant definition in this book is the following:

DEFINITION. Two lines L and m are parallel if they do not intersect, i.e., if
no point lies on both of them. We denote this by L// m.

Notice first that we assume the lines lie in the same plane ( because of our con-
vention that all points and lines lie in one plane, unless stated otherwise; in space
there are noncoplanar lines which fail to intersect and they are called skew lines, not
“parallel” ). Notice secondly what the definition does not say: it does not say that the
lines are equidistant, i.e., it does not say that the distance between the two lines is
everywhere the same. Don’ t be misled by drawings of parallel lines in which the lines
appear to be equidistant. We want to be rigorous here and so should not introduce into
our proofs assumptions that have not been stated explicitly. At the same time, don’t
jump to the conclusion that parallel lines are not equidistant. We are not committing
ourselves either way and shall reserve judgment until we study the matter further. At
this point, the only thing we know for sure about parallel lines is that they do not
meet.

THE EUCLIDEAN PARALLEL POSTULATE. For every line L and for every

D A4 LA G :Singer D V. Geometry. New York ; Springer, 1997,
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point P that does not lie on L there exists a unique line m through P that is parallel to
L. (See Fig. 3-3-1).

e

L

Fig. 3-3-1 Lines L and m are parallel.

Why should this postulate be so controversial? It may seem “obvious” to you,
perhaps because you have been conditioned to think in Euclidean terms. However, if
we consider the axioms of geometry as abstractions from experience, we can see a
difference between this postulate and the other four. The first two postulates are ab-
stractions from our experiences drawing with a straightedge; the third postulate
derives from our experiences drawing with a compass. The fourth postulate is perhaps
less obvious as an abstraction; nevertheless it derives from our experiences measuring
angles with a protractor ( where the sum of supplementary angles is 180°, so that if
supplementary angles are congruent to each other, they must each measure 90°).

The fifth postulate is different in that we cannot verify empirically whether two lines
meet, since we can draw only segments, not lines. We can extend the segments further
and further to see if they meet, but we cannot go on extending them forever. Our only re-
course is to verify parallelism indirectly, by using criteria other than the definition.

What is another criterion for L to be parallel to m? Euclid suggested drawing a
transversal (i.e., a line ¢ that intersects both L and m in distinct points) , and meas-

uring the number of degrees in the interior angles @ and 8) on one side of t. Euclid

predicted that if the sum of angles a and B turns t m
out to be less than 180°, the lines (if produced &

sufficiently far) would meet on the same side of ¢ \ﬁ =K
as angles a and B ( see Fig.3-3-2). This, in fact, Fig. 3-3-2

is the content of Euclid’ s fifth postulate.

The trouble with this criterion for parallelism is that it turns out to be logically
equivalent to the Euclidean Parallel postulate that was just stated ( see the section
Equivalence of Parallel Postulates in Chapter 2). So we cannot use this criterion to

that would be cir-

convince ourselves of the correctness of the parallel postulate
cular reasoning. Euclid himself recognized the questionable nature of the parallel pos-

tulate, for he postponed using it for as long as he could (until the proof of his 29th



168 E£=F ZJWE—HNFTE
proposition ) .

FIEK

LRI NE

(1) 230 EEMPOER SBRWEZNE.

(2) 10 4~ i BL s H R BCEARE 3 ~6 RN ECH M 8, Hp
BF AR 15 42§ - postulate (2 % ) , parallel postulate ( F 47 2 % ) , supplementary
angles( #Mff1 ) , congruent to each other( B #4255 ) , transversal ( B #5110 , #( £k ) , cri-
terion ( #E W , F) 5132 ) , non-Euclidean geometries ( JEREK JLA ) %5 .

2. [R5 40F [A)

(1) ASCHR R Se g2, 73 th WP Lt 3= B4 187

(2) BRJLRAG 178 4 B d 5| 43 ( controversial ) 7

(3) T4 V47 T 5 U, A A A A A7 U0 R 4% B 26 11 B 25 4 Ak A 45 2

3.3.6 Vector space of n-tuples”

The collection of all n-dimensional vectors is called the vector space of n-tuples ,
or simply n-space. We denote this space by V.

We introduce now a new kind of multiplication called the dot product or scalar
product of two vectors in V, .

DEFINITION IfA = (a,,**+,a,) and B=(b,,--+,b,) are two vectors in V,_,

their dot product is denoted by A+ B and is defined by the equation

n

AB= > ab,.

k=1

Thus, to compute A+ B we multiply corresponding components of A and B and
then add all the products. This multiplication has the following algebraic properties.

THEOREM 1 For all vectors A, B, Cin V, and all scalars ¢, we have the fol-

lowing properties ;

(a) A-B=B-A ( commutative law) ,
(b) A+ (B+C)=A-B+A-C ( distributive law) ,
(¢) c(A*B)==(cA)B=A-(cB) ( homogeneity) ,
(d) A-A>0if A#0 ( positivity ) ,

(e) A-A=0if A=0.

(D AW A : Apostol T M. Caleulus, Vol. 1. New York: John Wiley & Sons, 1967,
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Proof. The first three properties are easy consequences of the definition and are
left as exercises. To prove the last two, we use the relation A+A= 3 a;. Since each
term is nonnegative, the sum is nonnegative. Moreover, the sum is zero if and only if
. each term in the sum is zero and this can happen only if A = 0.

The dot product has an interesting geometric interpretation which will be de-
scribed in Section 5. Before we discuss this, however, we mention an important ine-
quality concerning dot products that is fundamental in vector algebra.

THEOREM 2 THE CAUCHY-SCHWARZ INEQUALITY. If A and B are vec-
tors in V, , we have

(A-B)’<(A-A)(B*B). (6.1)

Moreover , the equality sign holds if and only if one of the vectors is a scalar mul-

tiple of the other.

Proof. Expressing each member of (6.1) in terms of components, we obtain

n n

(Sab) <(Xa)(X 8,

k=1 k=1

which is the inequality proved earlier in Theorem 1.4.

We shall present another proof of (6.1) that makes no use of components. Such
a proof is of interest because it shows that the Cauchy-Schwarz inequality is a conse-
quence of the five properties of the dot product listed in Theorem 1 and does not de-
pend on the particular definition that was used to deduce these properties.

To carry out this proof, we notice first that (6.1) holds trivially if either A or B
is the zero vector. Therefore, we may assume that both A and B are nonzero. Let C be
the vector

C=xA-y B, where x=B+B and y=A-B.
Properties (d) and (e) imply that C- C=0. When we translate this in terms of x and
y, it will yield (6.1). To express C+C in terms of x and y, we use properties (a) ,
(b) and (e¢) to obtain

C-C=(xA-y B) - (x A-y B)=x(A-A)-2xy(A-B)+ y'(B-B).
Using the definitions of x and y and the inequality C-C=0, we get
(B-B)*(A-A)-2(A-B)*(B-B)+(A-B)*(B-B) =0.
Property (d) implies B+ B>0 since B# 0, so we may divide by (B+B) 1o obtain
(B-B)(A-A)-(A-B)*=0.

which is (6.1). This proof also shows that the equality sign holds in (6.1) if and on-
ly if C = 0. But € = O if and only if x A = y B. This equation holds, in turn, if and
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only if one of the vectors is a scalar multiple of the other.

The Cauchy-Schwarz inequality has important applications to the properties of
the length or norm of a vector, a concept which we discuss next.

Fig. 3—3-3 shows the geometric vector from the origin to a point A = (a,,a,)
in the plane. From the theorem of Pythagoras, we find that the length of A is given by

the formula

length of A = ,/a;+a:.

A corresponding picture in 3-space is shown in Fig. 3-3-4. Applying the theorem of
Pythagoras twice, we find that the length of a geometric vector A in 3 —space is

given by

length of A = ,/a| +a;+a; .

az \\\
~
\\ al
~
My

O al / az

Fig. 3-3-13 Fig. 3-3-4

Note that in either case the length of A is given by (A-A)'"?, the square root of the
dot product of A with itself. This formula suggests a way to introduce the concept of
length in n-space.

DEFINITION If' A is a vector in V,, its length or norm is denoted by | A ||
and is defined by the equation

I A =(4-4)".

The fundamental properties of the dot product lead to corresponding properties of
norms.

THEOREM 3 If A is a vector in V_ and if ¢ is a scalar, we have the following

properties ;

(a) ||A]| >0 if A# 0 ( positivity ) ,
(b) 4] =0 it 4=0,
(¢) |[eA] =lel= ] A] ( homogeneity ).

Proof. Properties (a) and (b) follow at once from properties (d) and (e) of

Theorem 1. To prove (c¢), we use the homogeneity property of dot products to obtain
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| eA || =(cA-cA)*=(c’A-A)"*=(c*)"*(A-A) " =lcl- ||A].
The Cauchy-Schwarz inequality can also be expressed in terms of norms. It
states that
(A-B)'s [ A*IB]" (6.2)
Taking the positive square root of each member, we can also write the Cauchy-
Schwarz inequality in the equivalent form
IA-Bl< ||A]|l- || B - (6.3)
Now we shall use the Cauchy-Schwarz inequality to deduce the triangle inequality.

THEOREM 4 TRIANGLE INEQUALITY. If A and B are vectors in V_,

we have

[A+B || < A +] B] .
Moreover , the equality sign holds if and only if A = O, or B = O, or B = cA for some
c>0.

Proof. To avoid square roots, we write the triangle inequality in the
equivalent form

lA+B || *< (A +]| B )" (6.4)
The left member of (6.4) is

| A+B || *=(A+B) - (A+B)=A -A+24-B+B-B= || A | *+24-B+| B | *,
whereas the right member is
(NAL+IBI) = A2 AI-IBI+]B]*
Comparing these two formulas, we see that (6.4) holds if and only if we have
AB< |A|-|B]. (6.5)

ButA-B<I|A-Bl,so (6.5) follows from the Cauchy-Schwarz inequality, as
expressed in (6.3). This proves that the triangle inequality is a consequence of the
Cauchy-Schwarz inequality.

The converse statement is also true. That is, if the triangle inequality holds then
(6.5) also holds for A and —=A, from which we obtain (6.2). If equality holds in
(6.4) ,then A-B= || A ||| B| , so B = cA for some scalar ¢. Hence A+B =
c|A|*and ||A|+|| B =c| A ’.If A0 this implies ¢=lc|=0. If B # O then
B = ¢A with ¢>0. ’

FIEK
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3.3.7 Conic sections”

The general real quadratic equation in two variables has the form

Ax* +Bxy+Cy +Dx+Ey+F =0, (7.1)
where the coefficients are assumed to be real and A* +B*+C’ # 0. The graphs of
equations of the form (7.1) are called conic sections, since for every set of real coeffi-
cients for which (7.1) has a nonvacuous graph, the graph may be obtained as the in-
tersection of a plane and a right circular cone ( possibly degenerate ). In this section
we shall discuss briefly the development of the hyperbola, parabola, ellipse, and cir-
cle as the intersections of planes with a right circular cone, i.e., as plane sections of
a right circular cone. We shall also mention several of the properties of these conic
sections as a review of analytic geometry.

A circle may be defined as the locus of points in a plane equidistant from a given
fixed point () of the plane. When there is a coordinate system (x,y) and a distance
relation in the plane, the circle is the graph of a polynomial (x—=h)*+(y-k)’-r",
where its center () has coordinates (h, k) and the distance is r = 0. A circle with r
=0 is called a point circle and is classified as a degenerate form of the circle.

Consider a nondegenerate real circle with center 0 and let P # () be an
arbitrary real fixed point on the line that passes through Q and is perpendicular to the
plane of the circle. The locus of points on the set of lines joining P to points of the

circle is called a right circular cone (Fig. 3-3-5). The cone has two nappes meeting

@D AR H :Meserve B E. Fundamental Concepts of Algebra. New York : Dover Pub. Inc, 1982,
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at P. The locus of points on the set of lines perpendicular to the plane of the circle
and through points of the circle is called a right circular cylinder (Fig. 3-3-6) and

may be considered as a limiting case of the cone as the distance P() increases without

bound.

N y
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Fig. 3-3-5 Fig. 3-3-6

Let I1 be an arbitrary real plane and consider the right circular cone generated
by lines through the fixed point P and a given nondegenerate circle with center Q as
above. Let the constant angle between the generating lines and PQ be a. A graph of
the quadratic equation (7.1) is said to be degenerate if and only if it is obtained by
passing the plane IT through P. This condition may also be expressed algebraically as

follows: The graph is degenerate if and only if A = 0, where

2A B D
A=|B 2C FE
D E 2F

A nondegenerate graph of (7.1) is a hyperbola, parabola, or ellipse according
as B*=4AC >, =, or < 0. Geometrically, these three cases, respectively, arise ac-
cording as the smallest angle # between the plane II and the line PQ is <, =, >«
(Fig. 3-3-7). (The normal to the plane makes an angle with PQ equal to the complement
of 6.) For example, consider the cone 3x"+3y”—z* =0, with «=30°. For any real num-

ber k,the plane z=k, with 6 equal to a right angle , intersects the cone in a circle 3x°
+3y’=k’=0; the plane z=x+k with #=45°> q intersects the cone in an ellipse 2x" +
3y’=2xk—k* = 0; the plane z=x./3 +k with @ =30° = o intersects the cone in a
parabola 3y’ —2xkJ/3 —=k*=0; and the plane z=2x+k with § < « intersects the cone in
a hyperbola 3y"—x"—4xk-k> =0.

The degenerate conics may be identified algebraically or geometrically. From a
geometric point of view ( Exercise 1), a hyperbola may degenerate into two intersec-

ting lines, a parabola into two coincident lines or two parallel lines (using a right cir-
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cular cylinder) , and an ellipse into a point. The ellipse becomes a circle when it is a

right angle.

f=a a<0=90°
a<f<90°
Fig. 3~3-7

If the coordinate axes are rotated ( Section 5.15) through an angle ¢y where tan 2
Yy=B/(A-C) if A # C and y=45° if A = C, it is shown ( Exercise 6) in most ana-
Iytic geometry texts that the equation (7.1) takes on the form

A'x*+C'y +D'x+E'y+F' =0. (7.2)

It can also be shown ( Exercise 7) that the numbers A+C, B°—4AC, and A are
unchanged by a rotation or translation of the coordinate axes. Thus B> —4AC =-4A'C’
and the graph, possibly degenerate, of (7.2) is a hyperbola, parabola, or ellipse ac-
cording as A'C" <, =, or > 0. Since A’ and C’ cannot both be zero in the quadratic
equation (7.2), the general equation of a nondegenerate parabola may be written in
one of the forms

(y=k)*=2p(x=h) or (x=h)*=2p(y-k). (7.3)

Similarly, if A'C"#0, let h=-D'/2A" and k=-E'/2C’. Then a nondegenerate

ellipse has an equation of the form

(k) O=k)* _

a b”

1, 0<a,0<b, (7.4)

and a nondegenerate hyperbola has an equation of the form

(x=h)* (y=k)* _ (y=k)* (x~h)*
- —=1 or —— -

a” b a” b”

=1. (7.5)

The first parabola in (7.3) has axis y = k, vertex (h, k), and passes through
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the points (h+p/2, k+p). It may be defined in the plane as the locus of points
equidistant from the line x=h-p/2 (called the directrix) and the point (h+p/2,k)
(called the focus).

The ellipse (7.4) has center (h, k) and, assuming a’>b°, the ends of its

major axis are at ( h+a, k), the ends of its minor axis are at (h, k+b) , and its foci

are at (h+y/a’=b", k). If a®=b", it is a circle. The ellipse may be defined in the
plane as the locus of points P such that PF,+PF,=2a, where F| and F, are the foci.

The first hyperbola in (7.5) has center (h, k), ends of its major axis at (h

+a, k), foci at (h:m, k), and asymptotes b(x—h)= xa(y—k). It may be
defined in the plane as the locus of points P such that PF,-PF, = +2a.

Thus the real graph ( when such exists) of the general quadratic equation (7.1)
may be obtained as the section of a right circular cone ( possibly degenerate) by a
plane and is called a conic section. The form of the graph may be specified in terms
of the quantity B*~4AC and the rank (Section 5.10) of the determinant A. The defi-
nitions of hyperbola, parabola, and ellipse as loci on a plane can be proved to be
equivalent to the definitions as sections of a right circular cone. A very readable treat-
ment of conic sections may be found in [ 38; 102-138 |, a more complete treatment in
[18; 171-236], a history of conic sections and quadric surfaces in [ 11].
Exercises

l. Draw figures illustrating how each of the following nonvacuous degenerate
conics may be obtained as a plane section of a right circular cone or a right circular
cylinder: (a) two intersecting lines, (b) two coincident lines, (¢) two distinet par-
allel lines, (d) a point.

2. Graph the following conic sections;

(a) x4y’ =25, (b) 9x2+4y2=36,
(e) 9x1—4}'2=36, (d) x"=y+2,
(e) x*—2x=y, (f) x=y"-2y+5,

(g) y=x"-6x+7.
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3.3.8 Higher plane curves”’

The graphs in the xy-plane of polynomials f(x,y) of degree greater than two are
called higher plane curves. These graphs have been completely classified when f(x,y)
has degree three or four, i.e., for cubic and quartic curves. Many other curves have
been extensively studied. In this section we shall define a singular point and, in par-
ticular, a double point. Then we shall classify double points and finally classify cubic
plane curves in terms of their double points. A few general properties of higher plane
curves will be mentioned.

A point P of a curve such that every line through P intersects the curve with a
multiplicity ( Section 8.2) at least two at P is called a singular point of the curve. If
some line through a singular point P intersects the curve with multiplicity two at P,
then P is a double point. Any line is either entirely on (i.e., a component of) a
curve of degree n or intersects the curve in at most n points. This can be proved using
the fact that if an equation f(x,y)= 0 of degree n and the equation of the line are
solved simultaneously, then the resulting equation in one variable is either identically
zero or of degree at most n.

Similarly, two curves of degree m and n either have a component in common or

intersect in at most mn points. Using such arguments, it can be shown that a curve of

1
degree n can have at most ?(n—l)(n—Z) double points [ 23; 41-42]. In particu- -

@ AT E Meserve B E. Fundamental Concepts of Algebra. New York: Dover Pub. Inc., 1982,
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lar, a cubic curve has at most one double point ( Exercise 1).

At an ordinary ( nonsingular) point, a curve of degree n has a unique tangent;
at a double point it has two tangents; and, in general, at a singular point P it has k
tangents when every line through P intersects the curve with multiplicity at least k at
P and some line intersects the curve with multiplicity exactly & at P.

Double points are classified as nodes when the tangents are distinct, cusps when
they coincide. When the tangents are conjugate imaginary lines, the double point is
called a node or isolated point. The Folium of Descartes, x' +y’ = 3axy ( Fig.
3-3-8) ,has a node at the origin and the line x+y+a =0 as an asymptote ( Section
6), the semicubical parabola y*=x"( Fig. 3-3-9) has a cusp at the origin, and the
curve v’ =x’(x—1) (Fig. 3-3-10) has an isolated point at the origin.

¥ Y y

7

Fig. 3-3-8 Fig. 3-3-9 Fig. 3-3-10

Cubic curves are generally classified as follows, in terms of their double points;

(1) Cubic curves without double points: elliptic cubics ,

(i1) Cubic curves with a node:. nodal cubics,

(1) Cubic curves with a cusp: cuspidal cubics.

Many of the properties of cubic curves may be found in [23; 139-243] and [ 26;
201-263].

Quartic curves may also be classified in terms of their singular points. Such a
classification and many of the properties of quartic curves may be found in [ 23;
244-328 ] and [26; 264-349 ].

Plane curves of any degree n may be considered in terms of their double points
and other singular points. In particular, any irreducible curve (Section 7-9) having
its maximum number of singular points, i.e., zero deficiency, is called a unicursal
curve. A unicursal curve is characterized by the fact that the coordinates of every point

on the curve may be expressed rationally in terms of a single parameter. Unicursal
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curves are important in several mathematical theories.
The next two sections contain further details on the graphing of higher plane

curves.
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3.3.9 Zeros of an analytic function”

If p(z) and ¢ (z) are two polynomials then it is well known that p(z) =
s(z)g(z)+r(z) where s(z) and r(z) are also polynomial and the degree of r(z) is
less than the degree of ¢(z). In particular, if a is such that p(a) = 0 then choose
(z—a) for q(z). Hence, p(z)= (z—a)s(z)+r(z) and r(z) must be a constant poly-
nomial. But letting z=a gives 0=p(a)=r(a). Thus, p(z)=(z=a)s(z). If we also
have that s(a) = 0 we can factor (z—a) from s(z). Continuing we get p(z) =
(z—a)"t(z) where 1 <m<degree of p(z), and t(z) is a polynomial such that 1(a)
#0. Also, degree 1(z) = degree p(z)-m.

Definition 1. If /;G — C is analytic and @ in G satisfies f(a) = 0 then a is a
zero of [ of multiplicity m = 1 if there is an analytic function g:G — C such that
f(z)=(z—a)"g(z) where g(a) #0.

Returning to the discussion of polynomials, we have that the multiplicity of a zero
of a polynomial must be less than the degree of the polynomial. If n = the degree of the

polynomial p(z) and a, -+ a, are all the distinct zeros of p(z) then p(z) = (z-a, )"

@ A ELH A :Conway ] B. Functions of One Complex Variable. 2th. ed.Berlin: Springer, 2002,
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v+ (z=a, )" s(z) where s(z) is a polynomial with no zeros. Now the Fundamental The-
orem of Algebra says that a polynomial with no zeros is constant. Hence, if we can
prove this result we will succeeded in completely factoring p(z) into the product of first
degree polynomials. The reader might be pleasantly surprised to know that after many
years of studying mathematics he is right now on the threshold of proving the Funda-
mental Theorem of Algebra. But first it is necessary to prove a famous result about ana-
Iytic functions. It is also convenient to introduce some new terminology.

Definition 2. An entire function is a function which is defined and analytic in
the whole complex plane C ( The term “integral function” is also used.)

The following result follows from Theorem 2.8 and the fact that C contains
B(0;R) for arbitrary large R.

Proposition. If / is an entire function then f has a power expansion

=

fz)= Z az'

n=0
with infinite radius of convergence.

In light of the proceeding proposition, entire functions can be considered as pol-
ynomials of “infinite degree”. So the question arises: can the theory of polynomials
be generalized to entire functions? For example, can an entire function be factored?
The answer to this is difficult and is postponed to Section VII. 5. Another property of
polynomials is that no non constant polynomial is bounded. Indeed, if p(z) = 2"+
a, ,z""++-+ a, then ]iTp(z) = liTz" [1+a, z'+-+a,z"] = . The fact that
also holds for entire functions is an extremely useful result.

Liouville’ s Theorem. If / is a bounded entire function the f is constant.

Proof. Suppose |f(z) | <M for all z in C. We will show that f'(z) = 0 for all z
in C. To do this use Cauchy’s estimate ( corollary 2.14). Since f is analytic in any
disk B(z;R) we have that |f'(z) | <M/R. Since R was arbitrary, it follows that
f'(z) = 0 for each z in C.

The reader should not be deceived into thinking that this theorem is insignificant
because it has such short proof. We have expended a great deal of effort building up
machinery and increasing our knowledge of analytic functions. We have plowed,
planted, and fertilized; we shouldn’ t be surprised if, occasionally, something is
available for easy picking.

Liouville’ s Theorem will be better appreciated in the following application.
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Fundamental Theorem of Algebra. If p(z) is a non constant polynomial then
there is a complex number a with p(a) = 0.

Proof. Suppose p(z) # 0 forall zand let f(z) = [p(z) ] '; then fis an entire
function. If p is non constant then, as was shown above, li::;n p(z) = o; so
llj::f(z) = 0.In particular, there is a number R > 0 stllch that If(z) | < 1if Izl > R.

But f is continuous on B(0;R) so there is a constant M such that |f(z) | <M for |z|
< R. Hence f is bounded and, must be constant by Liouville” s Theorem. It follows
that p must be constant, contradicting our assumption.

Corollary. If p(z) is a polynomial and a , -+, a, are its zeros with a, having
multiplicity &, then p(z) = ¢(z-a,) “evi(z=a, )" for some constant ¢ and k +--+k

is the degree of p.
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3.4.1 Newton’s law"

To begin our investigations of mathematical models, a problem with which most
of you are somewhat familiar will be considered. We will discuss the motion of a mass

attached to a spring as shown in Fig. 3-4-1.

’,

Fig. 3-4=1 Spring-mass system

Observations of this kind of apparatus show that the mass, once set in motion,
moves back and forth (oscillates). Although few people today have any intrinsic in-
terest in such a spring-mass system, historically this problem played an important part
in the development of physics. Furthermore, this simple spring-mass system exhibits
behavior of more complex systems. For example, the oscillations of a spring-mass sys-
tem resemble the motions of clock-like mechanisms and, in a sense, also aid in the
understanding of the up-and-down motion of the ocean surface.

Physical problems cannot be analyzed by mathematics alone. This should be the
first fundamental principle of an applied mathematician ( although apparently some
mathematicians would frequently wish it were not so). A spring-mass system cannot

be solved without formulating an equation which describes its motion. Fortunately

(D A5 304 B : Haberman R. Mathematical Models. Englewood Cliffs,N.].: Prentice-Hall Inc., 1977,
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many experimental observations culminated in Newton’s second law of motion de-
scribing how a particle reacts to a force. Newton discovered that the motion of a point

mass is well described by the now famous formula

-~ d
F=—(m7v), (1.1)
dt

where F is the vector sum of all forces applied to a point mass m. The forces F equal
the rate of change of the momentum m v, where v is the velocity of the mass and ¥
its position ;

dx
s

U=

(1.2)

If the mass is constant ( which we assume throughout this text) , then
- dv
F=m —=ma,
dt
where @ is the vector acceleration of the mass
dv d'x
dt dei*

Newton’ s second law of motion (often referred to as just Newton’s law) , equation

a=

(1.3)

1.3, states that the force on a particle equals its mass times its acceleration, easily
remembered as “F equals ma”.The resulting acceleration of a point mass is propor-
tional to the total force acting on the mass.

At least two assumptions are necessary for the validity of Newton’ s law. There
are no point masses in nature. Thus, this formula is valid only to the extent in which
the finite size of a mass can be ignored. For our purposes, we will be satisfied with
discussing only point masses. A second approximation has its origins in work by twen-
tieth century physicists in which Newton’ s law is shown to be invalid as the velocities
involved approach the speed of light. However, as long as the velocity of a mass is
_ significantly less than the speed of light, Newton’ s law remains a good
approximation. We emphasize the word approximation, for although mathematics is
frequently treated as a science of exactness, mathematics is applied to models which
only approximate the real world.

Exercises

1.1 Consider Fig. 3—-4-2, which shows two masses (m, and m,) attached to

the opposite ends of a rigid (and massless) bar;

m, is located at ¥,, and m, is located at ¥,, The bar is free to move and rotate
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due to imposed forces. The bar applies a force F| to mass m, and also a force F, to

m, as seen in Fig. 3—-4-3.

Fig. 3-4-2 Fig. 3-4-3

Newton’ s third law of motion, stating that the forces of action and reaction are

-

equal and opposite, implies that ﬁ2=—Fl.

(a) Suppose that an external force é, is applied to m, , and G, to m,. By apply-
ing Newton’ s second law to each mass, show the law can be applied to the rigid body

consisting of both masses, if ¥ is replaced by the center of mass ¥ _ [i.e., show

m(d’x,, /di*)= F, where m is the total mass, m = m,+m,, ¥, is the center of

cm

mass, ¥ _ =(m ¥ ,+m,%,)/(m,+m,), and F is the sum of forces applied, F=G, +

62]. The motion of the center of mass of the rigid body is thus determined. However,
its rotation remains unknown.
(b) Show that ¥, lies at a point on the rigid bar connecting m, to m,.
1.2 Generalize the result of exercise 1.1 to a rigid body consisting of N masses.
1.3 Fig. 3-4-4 shows a rigid bar of length L.
(a) If the mass density p(x) (mass per unit length) depends on the position

along the bar, then what is the total mass m?

(b) Using the result of exercise 1.2, where is | 1
the center of mass ¥_ 7 [ Hint; Divide the bar up L
into N equal pieces and take the limit as N—o. ] Fig. 3-4-4

(¢) If the total force on the mass is F, show

that m(d’%_/dt*)=F.
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3.4.2 Applications in the Biological Sciences"

Nonlinear differential equations occur widely and are very interesting. It is some-
times quite a challenge to explain why some behavior that the solutions of a problem
exhibit is not behavior that would be expected of the physical system that the equation
purports to model.' Often the defect can be remedied at the expense of clarity and
ease of understanding. This can be an expensive trade-off; simplicity and ('larity with
possible fallacious behavior, versus obscurity and accuracy of behavior.” Here are
several applications of nonlinear differential equations to the biological, the physical,
and the social sciences. Most of these equations have variables separable, but others
are examples of special classes of differential equations that can be studied produc-
tively.

At first we consider the applications in the Biological Sciences. One of the
typical examples is the following Logistic Equation.

The nonlinear differential equation dy/dt=y(b-ay) is called the logistic equa-
tion. This name is from the Greek word AoywoTikol ( logistikos), which means
“skilled in calculating.” Presumably this is because this equation works so well in a
wide range of applications. Here the topic is populations where the growth is restrict-
ed, rather than unrestricted as it was in Section 1.2. But differential equations similar
to the logistic equation, such as the equation

dy
dt

=(d-cy) (b-ay), (2.1)-

D AN H :Ross C C. Differential Equations — An Introduction with Mathematica.2nd ed. Berlin;
Springer. 2004,



§3.4 WENNWHESHAHEBT 185

which is clearly a generalization of the logistic equation, govern such other processes
as bimolecular chemical reactions and the spread of flu epidemics. Both of these
equations are a special type of separable differential equation where dy/dt=F(y).
Notice that the independent variable ¢ is not present on the right hand side. Such
equations are called autonomous, and their solutions behave in special ways. For in-
stance, if y(¢) is a solution, then so is y(t+k) for any k. ( Any horizontal translation
of a solution is also a solution. This is left as an exercise.)

Autonomous differential equations are solved in the standard way for separable
equations to obtain

1

F(y)

which we want to solve for y. Sometimes G has an identifiable inverse so that we can

dy=t+c,

(= |

explicitly find y(¢)= G '(t+e).

In the last section we saw that the differential equation for unrestricted growth
was dy/dt=ry. However, it is not reasonable to think that any support system can
sustain unrestricted growth for any extended period of time. Early in a process, the
growth may appear to be unrestricted, but since the earth and every habitat in it is fi-
nite in extent, restrictions have to appear. A closer look at the equation for unrestrict-
ed growth indicates that we have successfully accounted for deaths in our population
in this way: Suppose that the death rate is d per unit population and the birth rate is
b per unit population. Then the rate of population change is r=b—d. This says that the
effective growth rate is the difference between the birth rate and the death rate. If the
birth rate and death rate are equal, dy/dt=0, and the population is stable. If the
birth rate is numerically greater than the death rate, the population is increasing. If
the death rate exceeds the birth rate, the population is in decline. But all of this as-
sumes that any possible growth is unrestricted if 6>d. How does one account for the
fact that natural resources, be they an agar medium in a Petri dish, or a tropical rain
forest, or the Pacific Ocean, are finite?

The standard technique for accounting for restricted growth is to assume that the
death rate is not a constant, but depends on the size of the population. That is we
take as our equation of growth, dy/dt=by—(ay)y=by—ay’ =y(b—ay). Here b is the
birthrate , but the death rate is (ay), which depends on y. Strange as it may seem at
first glance, this equation has served very well at predicting the size of populations

living in restricted environments. Note that if y is small, the equation is essentially



186 =8 TWXE—HNTR

dy/dt=0by, which is the equation of unrestricted growth. But as y increases, no
matter how small a is, so long as it is nonzero, the term (ay) begins to have an
effect, and the rate of population growth begins to slow. We assume an initial popula-
tion of y,.

The two constant solutions, y=0 and y=5/a have significance. If y=0 the popu-
lation has become extinct. No further growth of this population is possible. The other
constant value y=5b/a is called the carrying capacity of the environment. The carry-
ing capacity of the environment is the maximum population that the environment can
sustain. If the population reaches this level then it cannot increase further because the
death rate becomes larger than the birth rate. We will solve the logistic equation and
observe how that equation models the phenomenon of restricted growth. It 1s of eritical
importance for a population (such as humanity) to know the value of a. Part of the
problem of estimating a is that there are competitors for all natural resources, and the
equation as formulated does not take this explicitly into account. All of the effects of
competition are incorporated into the one coefficient @, so a is more than merely an
observable “death rate.”

Since the portion of the curve in which we have special interest ( because it de-
scribes most populations living in restricted environments) lies between y=0 and y=
b/a, this interval will be implicitly used in our solution. For 0 < y < b/a, separate

variables to get

i..
Jy( b(—)ay)= Jdl+cn.

Then integrate to get

1 1
?ln y - ?ln( b-ay)= t+c,.

i)
co=—In :
b\ b-ay,

Multiply through by b, combine logarithms, and exponentiate to get

When t=0, y(0)=y,, so

v ,V
} n . 40 ehl‘ (2-2)

b—ay b-ay,

Solving for y gives

by,

y(t)=

ay,+(b-ay,) e ™
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Notice that y(t) — b/a as t—+e , and that y(t) —0 as t——o . See Fig. 3—-4-5.

population
b/a

]

time

Fig. 3-4-5 A typical logistic curve.

A quick calculation reveals that y"=(b-2ay) (y) (b—ay), so that y is concave
up between 0 and b/(2a), and y is concave down between b/(2a) and b/a. When
y=b/(2a) , which is half-way between extinction and the carrying capacity, y"=0,
so the population curve y has its maximum slope there. If earth’ s population is fol-
lowing a logistic curve, then we are not yet at one-half of the carrying capacity of the
earth, because the rate of increase of population is still increasing. If we were past
half-way, then the rate of increase would be decreasing. Of course the flaw in this
reasoning is that we are probably not following a logistic curve, and we may be in
greater trouble than this simple analysis would dictate. There certainly are regions of
the earth that have essentially reached the carrying capacity of those regions to
support their own populations.

Observe the disturbing fact that for most of its early history a population is small.
It then experiences a short period of very rapid growth that increases the size of the
population to near its possible maximum, and then the size of the population becomes
nearly constant at this very large size (the carrying capacity ). The population of the
earth has dramatically increased during this century, so it would appear that mankind

is in the short period of rapid growth.

IR 5IRA

1. It is sometimes quite a challenge to explain why some behavior that the solu-
tions of a problem exhibit is not behavior that would be expected of the physical sys-
tem that the equation purports to model. X 7] 0] 158 . A3 B2 38 2 X FE— 1R G Bk
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2. This can be an expensive trade-off: simplicity and clarity with possible falla-
cious behavior, versus obscurity and accuracy of behavior. 1X 4] ] 33 5%« 3X 0] fiE 4 —
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3.4.3 The utility of graphs™

This book is about a branch of discrete mathematics called graph theory. Discrete
mathematics — the study of discrete structures (usually finite collections) and their
properties — includes combinatorics ( the study of combination and enumeration of
- objects ) , algorithms for computing properties of collections of objects, and graph the-
ory ( ithe study of objects and their relations). Many problems in discrete mathematics
can be stated and solved using graph theory. Therefore graph theory is considered hy
many to be one of the most important and vibrant fields within discrete mathematics.

The best way to illustrate the utility of graph is via a “ Cook’ s tour” of several

(D AN B : Agnarsson G, Greenlaw R. Graph Theory: Modeling Applications, and Algorithms.
New York: Pearson Education, 2007,
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simple problems that can be stated and solved via graph theory. We do this in an in-
tuitive manner prior to presenting formal definitions in § 1.4. Graph theory has many
practical applications in various disciplines, including, to name a few, biology, com-
puter science, economics, engineering, informatics, linguistics, mathematics, medi-
cine, and social science. As will become evident after reading this chapter, graphs
are excellent modeling tools. We now look at several classic problems.

We begin with the Bridges of Kénigsberg. This problem has a historical signifi-
cance, as it was the first problem to be stated and then solved using what is now
known as graph theory.

Problem 1. The Bridges of Konigsberg

Fig. 3—4-6 shows the layout of the Kénigsberg Bridges. The Pregel River in the
Konigsherg has two banks (labeled B, and B, ), and its splitting forms two islands
(labeled I, and I,). These islands were connected to each other and to the banks
with seven bridges as shown in Fig. 3—4-6. The problem was to make a round trip

through downtewn Kénigsbherg, traversing each bridge exactly once.

Pregel River

Fig.3-4-6 The bridges of Kinigsherg.

Euler distilled the problem into its simplest #i
form using the diagram (that is, graph) shown
in Fig. 3 —4 - 7. The black dots ( that is,
vertices) represent the areas of land, and the h 5
line (that is, edge) represent the bridge.
Looking at Fig. 3—-4-7, we see that the
B,

problem now is to start at some black dot, go
; Fig.3-4-7 The graph of the bridges of
along each line exact once, and end up at the % e i

. . Kénigsberg problem.
starting dot. As we shall see in Chapter 5,
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Euler gave an exact characterization of when such problems have solutions, in term of
each dot having an even number of line-ends going into it, thereby showing in parti-
cular that the problem of the bridges of Kénigsherg has no solution.

Problem 2. World Wide Web Communities

The World Wide Web Communities can be modeled as a graph, where the Web
pages are represented by dots or vertices and the hyperlinks between them are repre-
sented by lines or edges in the graph. One can discover interesting information by
examining this “Web graph.” As an example, the graph shown in Fig.3-4-8 is
termed a Web community. This name is bestowed because the vertices represent two
different classes of objects, and each vertex representing one type of object is con-
nected to every vertex representing the other kind of objects. In graph theory such a

graph is called a complete bipartite graph.
travelagencyl.html

alitalia.com
travelagency2.html

travelagency3.html delta.com

travelagency4.html

united.com

travelagency5.html

Fig.3-4-8 World Wide Web community.

On the left-hand side of Fig. 3-4-8, the five vertices are displayed with labels
travelagencyX.html, where X=1,2,--- /5. Each such label travelagency X.html re-
| presents an HTML file for a given travel agency. On the right-hand side of the figure,
the three vertices have labels alitalia.com ,delta.com, and united.com. Each of these
labels is a Web site of a well-known airline. Note that there is an edge between each
HTMH file and each airline, but there are no edges between two HTML file, nor are
there any edges between airlines. Such a graph is common on the Web between com-
petitors in the same industry. Rival companies do not have hyperlinks on their Web
pages to their competitors. For example, Delta has no hyperlink to United Airlines.

To be able to offer the best deals for their customers, travel agents often have hyper-
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links from their Web pages to all of the airlines, as shown in Fig. 3—-4-8. The travel
agencies are also competing among themselves, so they too have no hyperlinks from
one agency to any other.

Such Web communities can be discovered by finding complete bipartite subgraghs
in the Web graph. Web community information can be used for marketing purposes or

for examining the relationships among companies in a given industry.
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3.4.4 Nonstandard Problems in Linear Programming™

Thus far, we have seen how to solve a problem of standard maximum form by the
simplex algorithm, and we have seen how to solve a standard minimum problem by
solving the dual maximum problem, and applying the Strong Duality Theorem. In this
section, we discuss a technique for nonstandard LP problems'. The approach requires
two phases of computation. The first phase involves reformulating the original
objective function, and performing the simplex algorithm on the new problem. Its goal

is to produce a basic feasible solution. The second phase uses the final system of the

(U AR 34 A Hastings ] K. Introduction to the Mathematics of Operations Research.New York ,N.Y:
Marcel Dekker Inc., 1989,
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first phase, together with the original objective function, to produce an optimal solu-
tion by the ordinary simplex method.

The following proposition, whose proof is requested in Exercise 5, allows us to
treat maximum problems only.

4.1 PROPOSITION Suppose that g(y) = b’ + y is objective function for a
minimum problem with some nonempty feasible region F. Define f(x) = —-g(x) =
- (b" - x). The problem of maximizing / over F' has an optimal solution x " if and on-
ly if x* is also optimal for the problem of minimizing g, and in addition,

min g = = (max f).

Therefore, given a minimum problem, we may solve instead the problem of
maximizing the negative of the objective over the same feasible region. It should be
pointed out that there are other ways of solving minimum problems directly, and it
may not be computationally most efficient to translate all minimum problems into max-
imum problems in this way. But this proposition does allow us to focus our attention
only on solving ( nonstandard ) maximum problems, and therefore it has the
advantage of simplifying the exposition.

4.2 EXAMPLE Consider the two-variable problem .

maximize f=4x +x, (4.3)
subject to; —%, +i, = -1
x1+x222
22, +x, <8
x,%, =0 (4.4)

This is not of standard form , because of the presence of a negative number on the right
side of the first constraint, and inequalities in the “ =" direction in the first two con-
straints. The feasible region is depicted in A
Fig. 3-4-9. Notice that the origin is not fea- (o)

“sible. This is in contrast to the situation for .
standard maximum problems, in which the
origin is always feasible. Recall also that in -
the simplex algorithm, the initial system re- &

presented the origin, which was feasible,

%

and at each succeeding step another basic

feasible solution was produced. The main

difficulty with nonstandard linear programs is
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the need to produce an initial simplex system that represents a basic feasible solution.
Once that is done, the simplex algorithm can finish the problem.

The first step of our Phase algorithm is to remove negative signs on the constant
constraint bounds by multiplying through by =1, if necessary. Referring to the

problem of Example 4.2, the first constraint in (4.4) becomes

—_—

x,—xzs

.

Now introduce slack variables into all * <7 constraints. At the same time, intro-
duce surplus variables into all “ =" constraints—e.g., in the second constraint of .
(4.4) here exists a nonnegative surplus variable x, such that x, + x,-x,= 2. We
should note there that if a constraint is already written in “ =" form, then no slack or
surplus variables are necessary, and the constraint may simply be left untouched.
Thus, the first step of Phase 1 produces the following system of equality constraints
for Example 4.2

%, —X,+tx, =1 (4.5)

I et P

2%, +x,+x, =8

x.= 0 for all ¢

4.6 REMARK We have generalized the standard maximum problem by allo-
wing negative entries in the vector b, allowing “ =" constraints, and allowing “ ="
constraints. There is one other direction that we could take, namely, to permit nega-
tive values of the variables x,. We show briefly how to convert such a problem into the
current form. If a certain variable x, is bounded form below by some number L <
0, then
x, =L
=%, —L=0

We see that if we change variables in the constraints and the objective function by x/ =

x,— L, then the new variable x’ is constrained to be nonnegative. If no such lower bound

. . . . . + -
L is present, then x, may be split into two nonnegative variables x; and x, by

+ - + -
X, =X, X, x; ,x, =0
X, if x, =0,
" i
where x; =
0 otherwise

{ 0 if x, =0,

—x otherwise.
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This introduces one extra variable into the system for every such x, that is unbounded
below, and increases the complexity of the computation. We will not discuss this
issue further here; for more information, the reader may see Hillier and Lieberman
[31] or Gribik and Kortanek [26]°.

The second step in Phase 1 is to solve a different maximization problem. To be
specific, insert a new artificial variable a, into each equality constraint of the current
system, and define a new objective function to be the sum of the negatives of the a,
terms. In the problem of Example 4.2, we produce

maximize ; g=-a,—a,—a, (4.7)
subject to: X, —x,tx,ta, =1 (4.8)
%, 4%, %, ta, =2
2x,+x,+x,+a; =8
x,,a,=0 for all i
The reason for doing this is given in the following theorem.

4.9 THEOREM Let A be an m X n, matrix with n,= m, let ¢ be a vector
of n, entries, let b be a vector of m nonnegative components, let I be the m X m
identity matrix, and denote by 1 the vector all of whose m entries are equal to 1. Con-

sider the following two LP problems:

(LP1) maxi:mize; c-Xx
subject to; Ax=b,x=0

(LP2) ma:ii!:lize; 0-x+(-1) - a
subjéct to . Ax+la=b, x,a=0

We have the following.

(a) Problem LP2 is both feasible and bounded hence the simplex algorithm pro-
duces optimal solucions x* |, a”

(b) The optimum value of LP2 is strictly less than zero if and only if LP1 is in-
feasible.

(¢) If the optimum value of LP2 is zero, taken on ata”™ =0, then x~ is a basic
feasible solution of LP1. Also, the final simplex system of constraints for LP2, with

a = 0, is equivalent to the initial constraints Ax=b for LP1.

FTBE5RA
1. LP J& Linear Programming [J4§5 ; LP problem 3 f& “ 28 & B %] [o] &5
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2. We will not discuss this issue further here; for more information, the reader
may see Hillier and Lieberman[ 31 ] or Gribik and Kortanek [26].3X B[ 31 ] 1] 26 |
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3.4.5 Construction of Mathematical Models™”

In the preceding discussion we viewed modeling as a process and considered
briefly the form of the model. Now let’ s focus attention on the construction of mathe-
matical models. We begin by presenting an outline of a procedure that is helpful in
constructing models. In the next section, we illustrate the various steps in the proce-
dure by discussing several real-world examples.

STEP 1 Identify the problem. What is the problem you would like to
explore? Typically this is a difficult step because in real-life situations no one simply
hands you a mathematical problem to solve. Usually you have to sort through large

amounts of data and identify some particular aspect of the situation to study. Moreo-

D ANiE X A :Giordano F R, Weir M D ,Fox W P. A First Course in Mathematical Modeling. 3rd ed.
Beijing: China Machine Press, 2003,
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ver, it is imperative to be sufficiently precise (ultimately) in the formulation of the
problem to allow for translation of the verbal statements describing the problem into
mathematical symbology. This translation is accomplished through the next steps. It is
important to realize that the answer to the question posed might not lead directly to a
usable problem identification.

STEP 2 Make assumptions. Generally, we cannot hope to capture in a
usable mathematical model all the factors influencing the identified problem. The task
is simplified by reducing the number of factors under consideration. Then, relation-
ships among the remaining variables must be determined. Again, by assuming rela-
tively simple relationships, we can reduce the complexity of the problem. Thus the
assumptions fall into two main activities .

a. Classify the variables .

What things influence the behavior of the problem identified in Step 17 List
these things as variables. The variables the model seeks to explain are the dependent
variables and there may be several of these. The remaining variables are the inde-
pendent variables. Each variable is classified as dependent, independent, or neither.

You may choose to neglect some of the independent variables for either of two
reasons. First, the effect of the variable may be relatively small compared to other
factors involved in the behavior. Second, a factor that affects the various alternatives
in about the same way may be neglected, even though it may have a very important
influence on the behavior under investigation. For example, consider the problem of
determining the optimal shape for a lecture hall, where readability of a chalkboard or
overhead projection is a dominant criterion. Lighting is certainly a crucial factor, but
it would affect all possible shapes in about the same way. By neglecting such a varia-
ble, possibly incorporating it later in a separate, more refined model, the analysis
can be simplified considerably.

b. Determine interrelationships among the variables selected for study:

Before we can hypothesize a relationship between the variables, we generally must
make some additional simplifications. The problem may be sufficiently complex so that we
cannot see a relationship among all the variables initially. In such cases it may be
possible to study submodels. That is, we study one or more of the independe-nt variables
separately. Eventually we will connect the submodels together. Studying various techniques,
such as proportionality, will aid in hypothesizing relationships among the variables.

STEP 3 Solve or interpret the model. Now put together all the submodels 1o
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see what the model is telling us. In some cases the model may consist of mathematical

equations or inequalities that must be solved to find the information we are seeking.

Often, a problem statement requires a best or optimal solution to the model. Models of
this type are discussed later.

Often, we will find that we are not quite ready to complete this step, or we may
end up with a model so unwieldy we cannot solve or interpret it. In such situations we
might return to Step 2 and make additional simplifying assumptions. Sometimes we
will even want to return to Step | to redefine the problem. This point will be amplified
in the following discussion.

STEP 4 Verify the model. Before we can use the model, we must test it out.
There are several questions to ask before designing these tests and collecting data — a
process that can be expensive and time-consuming. First, does the model answer the
problem identified in Step 1, or did it stray from the key issue as we constructed the
model? Second, is the model usable in a practical sense: that is, can we really gather
the data necessary to operate the model? Third, does the model make common sense?

Once the commonsense tests are passed, we will want to test many models using
actual data obtained from empirical observations. We need to be careful to design the
test in such a way as to include observations over the same range of values of the
various independent variables we expect to encounter when actually using the model.
The assumptions made in Step 2 may be reasonable over a restricted range of the in-
dependent variables but very poor outside of those values. For instance, a frequently
used interpretation of Newton’ s second law states that the net force acting on a body
is equal to the mass of the body times its acceleration. This law is a reasonable model
until the speed of the object approaches the speed of light.

Be careful about the conclusions you draw from any tests. Just as we cannot
prove a theorem simply by demonstrating many cases that support the theorem, like-
wise, we cannot extrapolate broad generalizations from the particular evidence we
gather about our model. A model does not become a law just because it is verified re-
peatedly in some specific instances. Rather, we corroborate the reasonableness of our
model through the data we collect.

STEP 5 Implement the model. Of course, our model is of no use just sitting
in a filing cabinet. We will want to explain our model in terms that the decision
makers and users can understand if it is ever to be of use to anyone. Furthermore,

unless the model is placed in a user-friendly mode, it will quickly fall into disuse.



198 F=F ZBWNH—HMNTE

Expensive computer programs sometimes suffer such a demise. Often the inclusion of
an additional step to facilitate the collection and input of the data necessary to operate
the model determines its success or failure.

STEP 6 Maintain the model. Remember that the model is derived from a
specific problem identified in Step | and from the assumptions made in Step 2. Has
the original problem changed in any way, or have some previously neglected factors
become important? Does one of the submodels need to be adjusted?

We summarize the steps for constructing mathematical models in Fig.3-4-10.
We should not be too enamored with our work. Like any model, our procedure is an
approximation process and therefore has its limitations. For example, the procedure
seems to consist of discrete steps leading to a usable result, but that is rarely the case
in practice. Before offering an alternative procedure that emphasizes the iterative na-
ture of the modeling process, let’ s discuss the advantages of the methodology

depicted in Figure model.

Construction of a mathematical model

Step 1. Identify the problem.
Step 2. Make assumptions.
a. Classify the variables.
b. Determine interrelationships among the variables selected for
study.
Step 3. Solve or interpret the model.
Step 4. Verify the model.
a. Does it address the problem?
b. Does it make common sense?
¢. Test it with real-world data.
Step 5. Implement the model.

Step 6. Maintain the model.

Fig. 3-4-10

The process shown in Fig. 3-4-10 provides a methodology for progressively fo-
cusing on those aspects of the problem we wish to study. Furthermore , it demonstrates
a curious blend of creativity with the scientific method used in the modeling process.
The first two steps are more artistic or original in nature. They involve abstracting the

essential features of the problem under study, neglecting any factors judged to be un-
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important, and postulating relationships precise enough to help answer the questions
posed by the problem. However, these relationships must be simple enough to permit
the completion of the remaining steps. Although these steps admittedly involve a de-
~ gree of craftsmanship, we will learn some scientific techniques we can apply to ap-
praise the importance of a particular variable and the preciseness of an assumed rela-
tionship. Nevertheless, when generating numbers in Steps 3 and 4, remember that

the process has been largely inexact and intuitive.
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3.4.6 Mathematical financeV

1. What is mathematical finance

Mathematical finance, also known as quantitative finance, is a field of ap-

(D AU SCH — 446 @ : Wikipedia. Mathematical finance. 55 #8704 F| Ross S M. An Elementary

Introduction to Mathematical Finance. 3rd ed. New York : Cambridge Univ.Press, 2011,
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plied mathematics, concerned with financial markets. Generally, mathematical
finance will derive and extend the mathematical or numerical models without necessa-
rily establishing a link to financial theory, taking observed market prices as input.
Mathematical consistency is required, not compatibility with economic theory. Thus,
for example, while a financial economist might study the structural reasons why a
company may have a certain share price, a financial mathematician may take the
share price as a given, and attempt to use stochastic calculus to obtain the corre-
sponding value of derivatives of the stock (see: Valuation of options; Financial mod-
eling) . The fundamental theorem of arbitrage-free pricing is one of the key theorems
in mathematical finance, while the Black—Scholes equation »nd formula are amongst
the key results.

Mathematical finance also overlaps heavily with the fields of computational fi-
nance and financial engineering. The latter focuses on applications and modeling, of-
ten by help of stochastic asset models ( see: Quantitative analyst) , while the former
focuses, in addition to analysis, on building tools of implementation for the models.
In general, there exist two separate branches of finance that require advanced quanti-
tative techniques; derivatives pricing on the one hand, and risk and portfolio man-
agement on the other.

2. The Black-Scholes Formula

In this chapter we derive the celebrated Black-Scholes formula, which gives

under the assumption that the price of a security evolves according to a geometric

Brownian motion the unique no-arbitrage cost of a call option on this security.

Consider a call option having strike price K and expiration time ¢. That is, the
option allows one to purchase a single unit of an underlying security at time ¢ for the
price K. Suppose further that the nominal interest rate is r,compounded continuously,
and also that the price of the security follows a geometric Brownian .aotion with drift
parameter g and volatility parameter . Under these assumptions, we will find the
unique cost of the option that does not give rise to an arbitrage.

To begin, let S(y) denote the price of the security at time y. Because {S(y), 0
<y<tj follows a geometric Brownian motion with volatility parameter o and drift pa-
rameter w, the n-stage approximation of this model supposes that, every i/n time
units, the price changes; its new value is equal to its old value multiplied either by

the factor
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1
p,:e"m with probability ?( 1+i\/t/n,)
o

or by the factor

1
d=e """ = with probability 7( Ji= %) .
o

Thus,the n—stage approximation model is an n-stage binomial model in which
the price at each time interval ¢/n either goes up by a multiplicative factor u or down

by a multiplicative factor d. Therefore, if we let

i1
) ifS(L—) =uS((i-1)1/n),
n
X.=

i

i
0, i{'S(—) =dS((i-1)t/n).
n

then ii follows from the results of Section 6.2 that the only probability law on on
X,,-+, X, that makes all security buying bets fair in the n-stage approximation model

is the one that takes the X, to be independent with

p=Pi{X =1}
B l1+r t/n—d
N u—d

=g fLin
l—e ™""+r t/n
em/r‘/n _ewm/,‘/n o

Using the first three terms of the Taylor series expansion about 0 of the function e’
shows that
e = 1- g/t/n + a’t/2n,

e TV o 1 4 oJt/n + a’t/2n.

Therefore ,

oJ/t/n — a’t/2n+rt/n

2a+/t/n

1 rt/n o\ t/n
+ o

P =

2 " T ag 4
1 —-0’/2
=—(l+ o i/,
2 o

That is, the unique risk — neutral probabilities on the n-stage approximation

model result from supposing that, in each period, the price either goes up by the fac-
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a/t/n

tor e with probability p or goes down by the factor g

with probability 1-p.
But, from Section 3.2, it follows that as n— o this risk-neutral probability law con-
verges to geometric Brownian motion with drift coefficient r - ¢*/2 and volatility pa-
rameter o. Because the n-stage approximation model becomes the geometric Brownian
motion as n becomes larger, it is reasonable to suppose (and can be rigorously prov-
en) that this risk —neutral geometric Brownian motion is the only probability law on
the evolution of prices over time that makes all security buying bets fair. (In other
words, we have just argued that if the underlying price of a security follows a geomet-
ric Brownian motion with volatility parameter ¢, then the only probability law on the
sequence of prices that results in all security buying bets being fair is that of a geo-
metric Brownian motion with drift parameter r-¢°/2 and volatility parameter ¢.) Con-
sequently , by the arbitrage theorem , either options are priced to be fair bets according
to the risk—neutral geometric Brownian motion probability law or else there will be an
arbitrage.

Now , under the risk-neutral geometric Brownian motion,S(¢)/S(0) is a lognor-
mal random variable with mean parameter (r - ¢°/2)t and variance parameter o 1.
Hence C, the unique no-arbitrage cost of a call option to purchase the security at time
t for the specified price K, is

C=e"E[S(t)-K)"]
=e"E[(5(0)e"-K)"], (7.1)

where W is a normal random variable with mean(r - ¢°/2)t and variance o’t.

The right side of Equation (7.1) can be explicitly evaluated ( see Section 7.4 for
the derivation) to give the following expression, known as the Black-Scholes option

pricing formula

C=5(0)p(w)-Ke"p(w-ait), (7.2)

where

_rt+a’t/2-log(K/S(0))

it

and where ¢(x) is the standard normal distribution function.

w

Example 7.1a Suppose that a security is presently selling for a price of 30,
the nominal interest rate is 8% ( with the unit of time being one year) , and the secu- .
rity * s volatility is .20. Find the no-arbitrage cost of a call option that expires in three
months and has a strike price of 34.

Solution.The paramelers are
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t=.25, r=.08, ¢=.20, K=34, 5(0)= 30,
so we have
_.02+.005-1og(34/30)
S (2)(S)

® = ~-1.0016.

Therefore ,
C =30p(-1.0016) - 34e Zp(-1.1016)
=30(.15827) - 34(.9802) (.13532)
~.2383.

The appropriate price of the option is thus 24 cents. ]

Remarks.1. Another way to derive the no—arbitrage option cost C is to consider the
unique no—arbitrage cost of an option in the n-period approximation model and then
let n go to infinity.

2. Let C(s,t,K) be the no-arbitrage cost of an option having strike price K and
exercise time t when the initial price of the security is s. That is, C(s,t, K) is the C
of the Black-Scholes formula having S(0) = s. If the price of the underlying security
at time y (0 <y <t) is S(y)=s,, then C(s ,t - y, K) is the unique no-arbitrage
cost of the option at time y. This is because, at time y, the option will expire after an
additional time ¢ - y with the same exercise price K, and for the next t — y units of
time the security will follow a geometric Brownian motion with initial value s .

3. It follows from the put-call option parity formula given in Proposition 5.2.2
that the no-arbitrage cost of a European put option with initial price s, strike price K,
and exercise time t — call it P(s, t, K)—is given by

P(s,t,K)=C(s,t,K)+Ke "-s,
where C(s, t, K) is the no—arbitrage cost of a call option on the same stock.

4. Because the risk-neutral geometric Brownian motion depends only on ¢ and
not on u, it follows that the no-arbitrage cost of the option depends on the underlying
Brownian motion only through its volatility parameter ¢ and not its drift parameter.

5. The no-arbitrage option cost is unchanged if the security’ s price over time is
assumed to follow a geometric Brownian motion with a fixed volatility o but with a
drift that varies over time. Because the n-stage approximation model for the price his-
tory up to time ¢ of the time-varying drift process is still a binomial up-down model

=o/1/n

with u=e”’"" and d=e , it has the same unique risk—neutral probability law as

when the drift parameter is unchanging, and thus it will give rise to the same unique
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no—arbitrage option cost. (The only way that a changing drift parameter would affect
our derivation of the Black—Scholes formula is by leading to different probabilities for
up moves in the different time periods, but these probabilities have no effect on the

risk-neutral probabilities. )
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3.5.1 Introduction to numerical methods®

The subject of numerical analysis is concerned with the derivation, analysis and
implementation of methods for obtaining reliable numerical answers to mathematical
problems. We use the adjective ‘reliable’ to indicate that it is essential to have con-
fidence in any answers produced and an assessment of reliability can form part of the
analysis of a method. In subsequent chapters we shall apply numerical methods to a
variety of problems including finding some or all of the roots of an algebraic equation,
solving a set of linear simultaneous equations and calculating the value of a definite
integral. We can at this stage make a number of preliminary observations on the words
“derivation’ , ‘analysis’ and ‘implementation’ which appear at the beginning of
this paragraph.

The *derivation’ stage is concerned with deriving and describing the sequence
of numerical steps which is expected will eventually lead to the required numerical
answers. The complete description of these steps, perhaps written in some pseudo-
programming language , is called an algorithm. This stage may or may not be easy and
often intuition and experience will play an important role. As a simple example of a
derivation, we may cite the so-called trapezium rule in which we try estimate the val-

ue of the definite integral

D ANWiEXHEA : Phillips €, Cornlius B. Computational Numerical Methods. New York ; Ellis Horwood ,
Halsted Press, 1986,
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I= f'f(x)dx,z»a. (1.1)

In Fig. 3-5-1 (a) we suppose the curve y=f(x) is plotted. Then, remembering the
interpretation of a definite integral, if A is the point (a, f(a)) and B is the point
(b, f(b)), we can say that an approximation to / is given by the shaded area. This

corresponds to the area of the trapezium with base b — a and vertical sides

f(a) and f(b); that is,
b—a
’zT[f(a)+f(b)]- (1.2)

We ought now to ask immediately about the accuracy of the approximation (1.2).
Trying to find an answer to this question forms a part of the ‘analysis’ stage to which
we have referred. For the present we observe that the error is represented by the un-
shaded part of the area under the curve. It may be ‘small’ in the sense that the tra-
pezium rule approximation is sufficiently acecurate for the purpose in hand, or it may
be unacceptably large as illustrated in Fig. 3=5-1(b). It is important to realize that,
in general, we shall not be able to find this error. What we can do, however, is to try
to find a bound for it; that is, if E denotes the error, we try to find a positive number
bound M for which we can assert that |E| <M.

¥ ¥

y=fx)

(a) (b)
Fig. 3-5-1

Intuitively, we would expect that an improvement in accuracy can be obtained
by dividing the interval of integration into a number of subintervals and then applying
the trapezium rule to each sub-interval in turn. In section 6.8 we describe a method
which employs interval subdivision to estimate a definite integral correct to some
specified tolerance.

In producing a computer program which implements a numerical method, due
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attention must be paid to efficiency; by this we mean that time and storage require-
ments must not be excessive. Suppose that we wish to estimate (1.1) using the trape-
zium rule with f(x)=2x"-3x’+4x+1. Clearly, we need to evaluate 2a’-3a’+4a+1
(and, of course, 2b"~3b"+4b+1) and this would appear to involve six multiplica-
tions, one subtraction and two additions. However, by expressing f(a) as ( (2a=3)a+4)
a+1 we can reduce the number of multiplications to just three. Although this may
seem a fairly small reduction in the number of operations (and hence the time taken
to evaluate the expression) for high degree polynomials the savings achievable are

very large indeed.

FIEK
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3.5.2 Prelude to Numerical partial differential equations™

Numerical partial differential equations is a large area of study. The subject in-
cludes components in the areas of applications, mathematics and computers. These
three aspects of a problem are so strongly tied together that it is virtually impossible to
consider one in isolation from the other two. It is impossible (or at least, fool-hardy)

to consider the applied aspect of a problem without considering at least some of the

D A8 3088 B : Thomas ) W.Numerical Partial Differential Equations. Berlin: Springer, 1995,
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mathematical and computing aspects of that problem. Often, the mathematical aspects
of numerical partial differential equations can be developed without considering appli-
cations or computing, but experience shows that this approach does not generally
yield useful results.

Of the many different approaches to solving partial differential equations numeri-
cally ( finite differences, finite elements, spectral methods, collocation methods,
etc.) , we shall study difference methods. We will provide a review of a large range
of methods. A certain amount of theory and rigor will be included, but at all times
implementation of the methods will be stressed. The goal is to come out of this course
with a large number of methods about which you have theoretical knowledge and
with which you have numerical experience.

Often, when numerical techniques are going to be used to solve a physical prob-
lem, it is not possible to thoroughly analyze the methods that are used. Any time we
use methods that have not been thoroughly analyzed, we must resort to methods that
become a part of numerical experimentation. As we shall see, often such experi-
mentation will also become necessary for linear problems. In fact, we often do not
even know what to try to prove analytically until we have run a well-designed series of
experiments.

As in other areas of experimental work, the experiments must be care-fully
designed. The total problem may involve the physics that describes the original
problem; the mathematics involved in the partial differential equation, the difference
equation and the solution algorithm for solving the difference equation; and the
computer on which the numerical work will be done. Ideally, before experiments are
designed, one should know as much as possible about each of the above aspects of
the problem.

Several times throughout the text we will assign small experiments that will hope-
fully clarify some aspects of the schemes we will be studying. It is hoped that these
experiments will begin to teach some useful experimental techniques that can be used
in the area of numerical solution of partial differential equations. In other parts of the
text, it will be necessary or best for the reader to decide that a small experiment is
needed, and then design and run that experiment. It is hoped that one thing the read--
er will learn from this text is that numerical experimentation is a part of the subject of
numerical solution of partial differential equations.

Numerical methods for solving partial differential equations, like the analytic
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methods, often depend on the type of equation, i.e. elliptic, parabolic or hyperbolic. A
slight background in the methods and theory of partial differential equations will be as-
sumed. An elementary course in partial differential equations is generally sufficient. In
addition, since part of the emphasis of the text is on the implementation of the differ-
ence schemes, it will be assumed that the reader has sufficient programming skills to
implement the schemes and appreciate the implementations that are discussed.

The methods that we develop, analyze and implement will usually be illustrated
using common model equations. Most often these will be the heat equation, the one
way wave equation or the Poisson equation. We will generally separate the methods to
correspond to the different equation types by first doing methods for parabolic equa-
tions, then methods for hyperbolic equations and finally methods for elliptic
equations. However, we reserve the right to introduce an equation of a different type
and a method for equations of different types at any time.

Much of the useful work in numerical partial differential equations that is being
done today involves nonlinear equations. The one class of nonlinear equations that we
will study is in Chapter 9, Volume 2, ref. [ 13 ], where we consider the numerical
solution of conservation laws. Often an analysis of the method developed to solve a
nonlinear partial differential equation is impossible. In addition, the discrete version
of the nonlinear problem may not itself be solvable. ( Of course, methods like New-
ton’ s method can be used to solve the nonlinear problems. But Newton’ s method is
really an iteration of a series of linear problems.) A common technique is to develop
and test the schemes based on model linear problems that have similarities to the de-
sired nonlinear problem. We will try to illustrate some methods that can be used to
solve nonlinear problems. Below we include four model nonlinear problems. The
reader should become familiar with these problems. When we develop linear methods
that might be applicable to these nonlinear problems, a numerical experiment should
be conducted using the linearized method to try to solve the nonlinear problem. Hints

and discussions of methods will be given when we think we should be trying to solve

problems HW0.0.1-0.0.4.

HWO0.0.1 ( Viscous Burgers’ Equation)
v+ =, x e (0,1), >0, (0.0.1)
v(0, t)=v(1,t)=0, >0, (0.0.2)
v(x,0)=sin 2mx, xe [0,1]. (0.0.3)
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We wish to find solutions for v=1.0, 0.1, 0.01, 0.001, 0.0001 and 0.00001.

The reader should be aware that there has been a large amount of work done on
the above problem. There is an exact solution to the problem which is not especially
useful to us. It is probably better to try to work this problem without knowing the exact

solution since that is the situation in which a working numerical analyst must funection.

HWO0.0.2 (Inviscid Burgers’ Equation)

g, =0, = e (0,1),%>0, (0.0.4)
v(0, t)=v(1,t)=0,1>0, (0.0.5)
v(x,0)=sin 2mrx, xe [0,1]. (0.0.6)

We note that the only difference between this problem and HWO0.0.1 is that the v
term is not included. As we shall see later, this difference theoretically changes the
whole character of the problem. We also note that this problem is well-posed with a

boundary condition at both x=0 and x=1.

HWO0.0.3 ( Shock Tube Problem)

Consider a tube filled with gas where a membrane separates the tube into two
sections. For the moment, suppose that the tube is infinitely long, the membrane is
situated at x=0, for x<0 the density and pressure are equal to 2, for x>0 the density
and pressure are equal to 1 and the velocity is zero everywhere. At time (=0, the
membrane is removed and the problem is to determine the resulting flow of gas in the
tube. We assume that the gas is inviscid, the flow is one dimensional and write the

conservation laws for the flow (mass, momentum and energy) as

po+(pu), =0, (0.0.7)
(pv),+(pv2+ p).=0, (0.0.8)
E+[v(E +p)], =0 (0.0.9)

where p, v, p and E are the density, velocity, pressure and total energy, respective-
ly. In addition, we assume that the gas is polytropic and write the equation of state as

p=(y-1)(E- pv*/2), (0.0.10)
where y is the ratio of specific heats which we take to be equal to 1.4. Clearly, both
as a physical problem and as a practical numerical problem, a finite domain and
boundary conditions are necessary. These conditions will be discussed in Chapter 6

when we prod you into beginning to solve this problem.
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HW0.0.4 ( Thin Disturbance Transonic Flow Equation)

Consider potential flow over a symmetric, thin, circular arc airfoil. Expansions
based on the thickness of the airfoil reduce the problem to one involving the thin dis-
. turbance transonic flow equation. For example we consider the following problem de-
scribing the transonic flow past a 5% half circular arc airfoil.

[1-M 7 -(y+1)M ¢, 1.+ ¢,, =0,

(x,y) € R=(-1,2)x(0,1), (0.0.11)
¢d.= 0on dR-{(x, 0):0 = x < 1}, (0.0.12)
-{x—1/2)

on {(x,0):0=<2x<1}, (0.0.13)

" /6.375 625-(x-1/2)°

(i) Solve this problem for y=1.4 and M _ =0.7 and

(ii) y=1.4 and M_ =0.78.
Though nonlinear, the partial differential equation above will look like either an ellip-
tic equation or a hyperbolic equation, depending on the sign of the term [ 1-M. —(y+
DM ¢, 1.

As you will see as you attempt to solve problems HWO0.0.1-0.0.4, when
we apply schemes developed for model linear problems to nonlinear problems, the re-
sults are often not what we anticipated. For this reason, much care must be taken

when we work the above problems.
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3.5.3 Introduction to the theory of Computation”

Let’ s begin with an overview of those areas in the theory of computation that we
resent in this course. Then, you’ Il have a chance to learn and/or review some
P y

mathematical concepts that you will need later.

AUTOMATA, COMPUTABILITY, AND COMPLEXITY

This book focuses on three traditionally central areas of the theory of computation ;

automata, computability, and complexity. They are linked by the question:

What are the fundamental capabilities and limitations of computers?
This question goes back to the 1930s when mathematical logicians first began to ex-
plore the meaning of computation. Technological advances since that time have greatly
increased our ability to compute and have brought this question out of the realm of
theory into the world of practical concern.

In each of the three areas — automata, computability, and complexity — this
question is interpreted differently, and the answers vary according to the
interpretation. Following this introductory chapter, we’ Il explore each area in a sepa-
rate part of this book. Here, we introduce these parts in reverse order because starting

from the end you can better understand the reason for the beginning.

COMPLEXITY THEORY

Computer problems come in different varieties; some are easy and some hard.
For example, the sorting problem is an easy one. Say that you need to arrange a list of
numbers in ascending order. Even a small computer can sort a million numbers rather
quickly. Compare that to a scheduling problem. Say that you must find a schedule of
classes for the entire university to satisfy some reasonable constraints, such as that no
two classes take place in the same room at the same time. The scheduling problem

seems to be much harder than the sorting problem. If you have just a thousand clas-

(D AR 3% B :Sipser M. Introduction to the Theory of Computation. Boston; PWS Pub Co., 1997,
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ses, finding the best schedule may require centuries, even with a supercomputer.
What makes some problems computationally hard and others easy?

This is the central question of complexity theory. Remarkably, we don’t know the an-

swer to it, though it has been intensively researched for the past 25 years. Later, we

explore this fascinating question and some of its ramifications.

In one of the important achievements of complexity theory thus far, researchers
have discovered an elegant scheme for classifying problems according to their compu-
tational difficulty. It is analogous to the periodic table for classifying elements .
according to their chemical properties. Using this scheme, we can demonstrate a
method for giving evidence that certain problems are computationally hard, even if we
are unable to prove that they are so.

You have several options when you confront a problem that appears to be compu-
tationally hard. First, by understanding which aspect of the problem is at the root of
the difficulty, you may be able to alter it so that the problem is more easily solvable.
Second, you may be able to settle for less than a perfect solution to the problem. In
certain cases finding solutions that only approximate the perfect one is relatively easy.
Third, some problems are hard only in the worst case situation, but easy most of the
time. Depending on the application, you may be satisfied with a procedure that occa-
sionally is slow but usually runs quickly. Finally, you may consider alternative types
of computation, such as randomized computation, that can speed up certain tasks.

One applied area that has been affected directly by complexity theory is the
ancient field of cryptography. In most fields, an easy computational problem is prefer-
able to a hard one because easy ones are cheaper to solve. Cryptography is unusual
because it specifically requires computational problems that are hard, rather than
easy, because secret codes should be hard to break without the secret key or pass-
word. Complexity theory has pointed cryptographers in the direction of comp-

utationally hard problems around which they have designed revolutionary new codes.

COMPUTABILITY THEORY

During the first half of the twentieth century, mathematicians such as Kurt Gadel,
Alan Turing, and Alonzo Church discovered that certain basic problems cannot be solved
by computers. One example of this phenomenon is the problem of determining whether a
mathematical statement is true or false. This task is the bread and butter of mathemati-

cians. It seems like a natural for solution by computer because it lies strictly within the
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realm of mathematics. But no computer algorithm can perform this task.

Among the consequences of this profound result was the development of ideas
concerning theoretical models of computers that eventually would help lead to the con-
struction of actual computers.

The theories of computability and complexity are closely related. In complexity
theory, the objective is to classify problems as easy ones and hard ones, whereas in
computability theory the classification of problems is by those that are solvable and
those that are not. Computability theory introduces several of the concepts used in

complexity theory.

AUTOMATA THEORY

Automata theory deals with the definitions and properties of mathematical models
of computation. These models play a role in several applied areas of computer
science. One model, called the finite automaton, is used in text processing, compil-
ers, and hardware design. Another model, called the context-free grammar, is used
in programming languages and artificial intelligence.

Automata theory is an excellent place to begin the study of the theory of compu-
tation. The theories of computability and complexity require a precise definition of a
computer. Automata theory allows practice with formal definitions of computation as it

introduces concepts relevant to other nontheoretical areas of computer science.
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3.5.4 P versus NP Question and NP completement®

I ) P class, NP class

For our purposes, polynomial differences in running time are considered to be
small, whereas exponential differences are considered to be large. Let’ s look at why
we chose to make this separation between polynomials and exponentials rather than
between some other classes of functions.

P is the class of languages that are decidable in polynomial time on a determinis-

tic single-tape Turing machine. In other words,
P= (J TIME(n").
K

The class P plays a central role in our theory and is important because

1. P is invariant for all models of computation that are polynomially equivalent to
the deterministic single-tape Turing machine, and

2. P roughly corresponds to the class of problems that are realistically solvable
on computer.

NP is the class of languages that have polynomial time verifiers. (A verifier for a
language A is an algorithm V, where

A={w!|V accepts <w, ¢> for some string c|.

We measure the time of a verifier only in terms of length of w, so a polynomial
time verifier runs in polynomial time in the length of w. A language A is polynomially
verifiable if it has a polynomial time verifier.)

The class NP is important because it contains many problems of practical interest.
From the preceding discussion, HAMPATH and COMPOSITES are members of
NP. The term NP comes from nondeterministic polynomial time and derived from an
alternative characterization by using nondeterministic polynomial time Turing machine.
I ) The P Versus NP Question

As we have been saying, NP is the class of languages that are solvable in poly-

nomial time on a nondeterministic Turing machine, or, equivalently, it is the class of

@O A5 A :Sipser M. Iatroduction to the Theory of Computation. Boston; PWS Pub Co., 1997,
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languages whereby membership in the language can be verified in polynomial time. P
is the class of languages where membership can be tested in polynomial time.- We
summarize this information as follows, where we loosely refer to polynomial time
solvable as solvable “quickly”.

P = the class of languages where membership can be decided quickly.

NP = the class of languages where membership can be verified quickly.

We have presented examples of languages, such as HAMPATH and CLIQUE,
that are members of NP but that are not known to be in P. The power of polynomial
verifiability seems to be much greater than that of polynomial decidability. But, hard
as it may be to imagine, P and NP could be equal. We are unable to prove the
existence of a single language in NP that is not in P.

The question of whether P = NP is one of the greatest unsolved problems in
theoretical computer science and contemporary mathematics. If these classes were
equal, any polynomially verifiable problem would be polynomially decidable. Most re-
searchers believe that the two classes are not equal because people have invested
enormous effort to find polynomial time algorithms for certain problems in NP,
without success. Researchers also have tried proving that the classes are unequal, but
that would entail showing that no fast algorithm exists to replace brute-force search.
Doing so is presently beyond scientific reach. The following figure (Fig. 3-5-2)

shows the two possibilities.

NP

0

Fig. 3-5-2  One of these two possibilities is correct.

The best method known for solving languages in NP deterministically uses expo-

nential time. In other words, we can prove that

NP C EXPTIME = | TIME(2"),

k

but we don’t know whether NP is contained in a smaller deterministic time complexity
class.
) NP-Completeness

One important advance on the P versus NP question came in the early 1970s
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with the work of Stephen Cook and Leonid Levin. They discovered certain problems in
" NP whose individual complexity is related to that of the entire class. If a polynomial
time algorithm exists for any of these problems, all problems in NP would be polyno-
_mial time solvable. These problems are called NP-complete. The phenomenon of NP-
completeness is important for both theoretical and practical reasons.

On the theoretical side, a researcher trying to show that P is unequal to NP may
focus on an NP-complete problem. If any problem in NP requires more than polyno-
mial time, an NP-complete one does. Furthermore, a researcher attempting to prove
that P equals NP only needs to find a polynomial time algorithm for an NP-complete
problem to achieve this goal.

On the practical side, the phenomenon of NP-completeness may prevent wasting
time searching for a nonexistent polynomial time algorithm to solve a particular prob-
lem. Even though we may not have the necessary mathematies to prove that the prob-
lem is unsolvable in polynomial time, we believe that P is unequal to NP, so proving
that a problem is NP-complete is strong evidence of its nonpolynomiality.

The first NP-complete problem that we present is called the satisfiability problem.
Recall that variables that can take on the values TRUE and FALSE are called
Boolean variables ( see Section 0.2). Usually, we represent TRUE by 1 and FALSE
by 0. The Boolean operations AND, OR,and NOT, represented by the symbols A ,
V', and 71, respectively, are described in the following list. We use the overbar as a

shorthand for the =1 symbol, so x means 7 x.
0A0=0, 0V0=0, 0=1,

0A1=0, OVI=1, 1=0,

1AN0=0, 1Vo=1,

IA1=1, 1VI=1.

A Boolean formula is an expression involving Boolean variables and operations.
For example,
d=(xANy)V(xAz)

is a Boolean formula. A Boolean formula is satisfiable if some assignment of Os and 1s
to the variables makes the formula evaluate to 1. The preceding formula is satisfiable
because the assignment x=0, y=1, and z=0 makes ¢ evaluate to 1. We say the as-
signment satisfies ¢. The satisfiability problem is to test whether a Boolean formula is

satisfiable. Let
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SAT={<¢p>|¢ is a satisfiable Boolean formula} .
Now we state the Cook-Levin theorem which links the complexity of the SAT
problem to the complexities of all problems in NP.
Cook-Levin theorem SAT e P iff P = NP.
Next, we develop the method that is central to the proof of the Cook-

Levin theorem.
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3.5.5 Artificial intelligence and its tasks?

What exactly is artificial intelligence? Although most attempts to define complex
and widely used terms precisely are exercises in futility, it is useful to draw at least

an approximate boundary around the concept to provide a perspective on the

M A1 ¥R 30 H : Knight R. Artificial Intelligence. 2nd ed. New York: MeGraw-Hill, Inc, 1991,
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discussion that follows. To do this, we propose the following by no means universally
accepted definition. Artificial intelligence ( Al) is the study of how to make computers
do things which, at the moment, people do better. This definition is, of course,
. somewhat ephemeral because of its reference to the current state of computer science.
And it fails to include some areas of potentially very large impact, namely problems
that cannot now be solved well by either computers or people. But it provides a good
outline of what constitutes artificial intelligence, and it avoids the philosophical issues
that dominate attempts to define the meaning of either artificial or intelligence. Intere-
stingly, though, it suggests a similarity with philosophy at the same time it is avoiding
it. Philosophy has always been the study of those branches of knowledge that were so
poorly understood that they had not yet become separate disciplines in their own right.
As fields such as mathematics or physics became more advanced, they broke off from
philosophy. Perhaps if Al succeeds it can reduce itself to the empty set.

What then are some of the problems contained within Al1? Much of the early
work in the field focused on formal tasks, such as game playing and theorem proving.
Samuel wrote a checkers-playing program that not only played games with opponents
but also used its experience at those games to improve its later performance. Chess al-
so received a good deal of attention. The Logic Theorist was an early attempt to prove
mathematical theorems. It was able to prove several theorems from the first chapter of
Whitehead and Russell” s Principia Mathematica'. Gelernter’ s theorem prover
explored another area of mathematics: geometry. Game playing and theorem proving
share the property that people who do them well are considered to be displaying intel-
ligence. Despite this, it appeared initially that computers could perform well at those
tasks simply by being fast at exploring a large number of solution paths and then se-
lecting the best one. It was thought that this process required very little knowledge
and could therefore be programmed easily. As we will see later, this assumption
turned out to be false since no computer is fast enough to overcome the combinatorial
explosion generated by most problems.

Another early foray into Al focused on the sort of problem solving that we do every
day when we decide how to get to work in the morning, often called commonsense rea-
soning. It includes reasoning aboul physical objects and their relationships to each
other (e.g., an object can be in only one place at a time ) , as well as reasoning about
actions and their consequences (e.g., if you let go of something, it will fall to the floor

and maybe break ). To investigate this sort of reasoning, Newell, Shaw, and Simon
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built the General Problem Solver (GPS)*, which they applied to several commonsense
tasks as well as to the problem of performing symbolic manipulations of logical expres-
sions. Again, no attempt was made to create a program with a large amount of knowledge
about a particular problem domain. Only quite simple tasks were selected.

As Al research progressed and techniques for handling larger amounts of world
knowledge were developed, some progress was made on the tasks just described and
new tasks could reasonably be attempted. These include perception ( vision and
speech ) , natural language understanding, and problem solving in specialized
domains such as medical diagnosis and chemical analysis.

Perception of the world around us is crucial to our survival. Animals with much
less intelligence than people are capable of more sophisticated visual perception than
are current machines. Perceptual tasks are difficult because they involve analog
(rather than digital ) signals. the signals are typically very noisy and usually a large
number of things (some of which may be partially obscuring others) must be perceived
at once. The problems of perception are discussed in greater detail in Chapter 2.

The ability to use language to communicate a wide variety of ideas is perhaps the
most important thing that separates humans from the other animals. The problem of un-
derstanding spoken language is a perceptual problem and is hard to solve for the
reasons just discussed. But suppose we simplify the problem by restricting it to written
language. This problem, usually referred to as natural language understanding , is still
extremely difficult. In order to understand sentences about a topic, it is necessary to
know not only a lot about the language itself (its vocabulary and grammar) but also a
good deal about the topic so that unstated assumptions can be recognized. We discuss
this problem again later in this chapter and then in more detail in Chapter 15.

In addition to these mundane tasks, many people can also perform one or maybe
more specialized tasks in which carefully acquired expertise is necessary. Examples of
* such tasks include engineering design, scientific discovery, medical diagnosis, and
financial planning. Programs that can solve problems in these domains also fall under
the aegis of artificial intelligence. Fig. 3—5-3 lists some of the tasks that are the tar-
gets of work in Al

A person who knows how to perform tasks from several of the categories shown in
the figure learns the necessary skills in a standard order. First perceptual, linguistic,
and commonsense skills are learned. Later (and of course for some people, never) ex-

pert skills such as engineering, medicine, or finance are acquired. It might seem to
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make sense then that the earlier skills are easier and thus more amenable to computer-
ized duplication than are the later, more specialized ones. For this reason, much of the
initial Al work was concentrated in those early areas. But it turns out that this naive as-
sumption is not right. Although expert skills require knowledge that many of use do not
have, they often require much less knowledge than do the more mundane skills and

that knowledge is usually easier to represent and deal with inside programs.

Mundane Tasks

e Perception

— Vision

— Speech
e Natural language

— Understanding

— Generation

— Translation
® (Commonsense reasoning

® Robot control

Formal Tasks

e (Games

— Chess

— Backgammon

— Checkers

— Go
®  Mathematics

— Geometry

— Logic

— Integral calculus

— Proving properties of programs

Expert Tasks
® [Engineering
— Design

— Fault finding
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— Manufacturing planning
® Scientific analysis
e  Medical diagnosis
®  Financial analysis
Fig. 3-5-3 Some of the task domains of artificial intelligence

As a result, the problem areas where Al is now flourishing most as a practical
discipline (as opposed to a purely research one) are primarily the domains that re-
quire only specialized expertise without the assistance of commonsense knowledge.
There are now thousands of programs called expert systems in day-to-day operation
throughout all areas of industry and government. Each of these systems attempts to
solve part, or perhaps all, of a practical, significant problem that previously required
scarce human expertise. In Chapter 20 we examine several of these systems and ex-
plore techniques for constructing them.

Before embarking on a study of specific Al problems and solution techniques, it
is important at least to discuss, if not to answer, the following four questions

1. What are our underlying assumptions about intelligence?

2. What kinds of techniques will be useful for solving Al problems?

3. At what level of detail, if at all, are we trying to model human intelligence?

4. How will we know when we have succeeded in building an intelligent program?

The next four sections of this chapter address these questions. Following that is a

survey of some Al books that may be of interest and a summary of the chapter.
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3.5.6 Big Data—Definition, Characteristics and Techniques®

Big Data is a term for data sets that are so large or complex that traditional data
processing application soft wares are inadequate to deal with them. Challenges include
capture, storage, analysis, data curation, search, sharing, transfer, visualization,
querying, updating and information privacy. The term “big data”™ often refers simply
to the use of predictive analytics, user behavior analytics, or certain other advanced
data analytics methods that extract value from data, and seldom to a particular size of
data set. “There is little doubt that the quantities of data now available are indeed
large, but that’ s not the most relevant characteristic of this new data ecosystem. ”

Analysis of data sets can find new correlations to “spot business trends, prevent dis-

eases, combat crime and so on.” Scientists, business executives, practitioners of

D AR — . /NI [ : Wikipedia. Big Data, % =/N1 4% £1:Chen C L P, Zhang C Y.
Data-intensive applications ,challenges ,techniques and technologies: A survey on big data. Information Science, 275
(2014): 314-347,
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medicine, advertising and governments alike regularly meet difficulties with large
data-sets in areas including Internet search, finance, urban informatics, and business
informatics. Scientists encounter limitations in e-Science work, including
meteorology , genomics, connectomics, complex physics simulations, biology and en-
vironmental research.

Data sets grow rapidly in part because they are increasingly gathered by cheap
and numerous information-sensing mobile devices, aerial ( remote sensing) , software
logs, cameras, microphones, radio-frequency identification ( RFID ) readers and
wireless sensor networks.The world’ s technological per-capital capacity to store infor-
mation has roughly doubled every 40 months since the 1980s; as of 2012, every day
2.5 exabytes of data are generated. One question for large enterprises is determining
who should own big-data initiatives that affect the entire organization.

Relational database management systems and desktop statistics packages often
have difficulty handling big data. The work may require " massively parallel software
running on tens, hundreds, or even thousands of servers”.What counts as “big data”
varies depending on the capabilities of the users and their tools, and expanding capa-
bilities make big data a moving target. “ For some organizations, facing hundreds of
gigabytes of data for the first time may trigger a need to reconsider data management
options. For others, it may take tens or hundreds of terabytes before data size
becomes a significant consideration.”

1. Definition

The term has been in use since the 1990s, with some giving credit to John
Mashey for coining or at least making it popular. Big Data usually includes data sets
with sizes beyond the ability of commonly used software tools to capture, curate,
manage , and process data within a tolerable elapsed time. Big Data “size” is a con-
stantly moving target, as of 2012 ranging from a few dozen terabytes to many
‘petabytes of data. Big Data requires a set of techniques and technologies with new
forms of integration to reveal insights from datasets that are diverse, complex, and of
a massive scale.

In a 2001 research report and related lectures, META Group ( now Gartner) de-
fined data growth challenges and opportunities as being three-dimensional, i.e. in-
creasing volume (amount of data) , velocity ( speed of data in and out) , and variety
( range of data types and sources). Gartner, and now much of the industry, continue

to use this “3Vs"” model for describing big data.In 2012, Gartner updated its defini-
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tion as follows: “ Big Data is high volume, high velocity, and/or high variety infor-
mation assets that require new forms of processing to enable enhanced decision mak-
ing, insight discovery and process optimization.” Gartner’ s definition of the 3Vs is
still widely used, and in agreement with a consensual definition that states that “ Big
data represents the Information assets characterized by such a high volume, velocity
and variety to require specific technology and analytical methods for its transformation
into value”. Additionally, a new “veracity” is added by some organizations to de-
scribe it, revisionism challenged by some industry authorities. The 3Vs have been ex-
panded to other complementary characteristics of Big Data:

e Volume; Big Data doesn’t sample; it just observes and tracks what happens

e Velocity: Big Data is often available in real-time

® Variety: Big Data draws from text, images, audio, video; plus it completes
missing pieces through data fusion

® Machine learning: Big Data often doesn’t ask why and simply detects pat-
terns

e Digital footprint: Big Data is often a cost-free byproduct of digital interaction

The growing maturity of the concept more starkly delineates the difference be-
tween Big Data and Business Intelligence;

® Business Intelligence uses descriptive statistics with data with high
information density to measure things, detect trends, etc..

® Big Data uses inductive statistics and concepts from nonlinear system identifi-
cation to infer laws ( regressions, nonlinear relationships, and causal effects) from
large sets of data with low information density to reveal relationships and dependen-
cies, or to perform predictions of outcomes and behaviors.

2. Characteristics

Big Data can be described by the following characteristics
Volume

The quantity of generated and stored data. The size of the data determines the
value and potential insight and whether it can actually be considered big data or not.
Velocity

In this context, the speed at which the data is generated and processed to meet
the demands and challenges that lie in the path of growth and development.
Variety

The type and nature of the data. This helps people who analyze it to effectively
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use the resulting insight.
Variability

Inconsistency of the data set can hamper processes to handle and manage it.
Veracity

The quality of captured data can vary greatly, affecting accurate analysis.

Factory work and cyber-physical systems may have a 6C system

e (Connection ( sensor and networks)

® Cloud ( computing and data on demand)

e Cyber ( model and memory)

e (Content/context ( meaning and correlation)

® Community (sharing and collaboration )

e Customization ( personalization and value)

Data must be processed with advanced tools (analytics and algorithms) to reveal
meaningful information. For example, to manage a factory one must consider both vis-
ible and invisible issues with various components. Information generation algorithms
must detect and address invisible issues such as machine degradation, component
wear, etc. on the factory floor.

3. Techniques

Big Data needs extraordinary techniques to efficiently process large volume of
data within limited times. Reasonably, Big Data techniques are driven by specified
applications. For example, Wal-Mark applies machine learning and statistical tech-
niques to explore patterns from their large volume of transaction data. These patterns
can produce higher competitiveness in pricing strategies and advertising campaigns.
Taobao ( A Chinese company like eBay) adopts large stream data mining techniques
on user’ s browse data recorded on its website and exploits a good deal of valuable in-
formation to support their decision-making.

Big Data techniques involve a number of disciplines, including statistics, data
mining, machine learning, neural networks, social network analysis, signal process-
ing, pattern recognition, optimization methods and visualization approaches. There
are many specific techniques in these disciplines, and they overlap with each other
hourly (illustrated as Fig. 3-5-4)

Optimization methods have been applied to solve quantitative problems in a lot
of fields, such as physics, biology, engineering, and economics. In [ 153 |, several

computational strategies for addressing global optimization problems are discussed,
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Fig. 3-5-4  Big Data techniques

such as simulated annealing, adaptive simulated annealing, quantum annealing, as

well as genetic algorithm which naturally lends itself to parallelism and therefore can
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be highly efficient. Stochastic optimization, including genetic programming, evolu-
tionary programming, and particle swarm optimization are useful and specific optimi-
zation techniques inspired by the process of nature. However, they often have high
complexity in memory and time consumption. Many research works [ 44,102, 198 |
have been done to scale up the large-scale optimization by cooperative co-evolutionary
algorithms. Real-time optimization [ 160 ] is also required in many Big Data applica-
tion, such as WSNs and ITSs. Data reduction [ 197 ] and parallelization [ 173,35,
199 ] are also alternative approaches in optimization problems.

Statistics is the science to collect, organize, and interpret data. Statistical tech-
niques are used to exploit correlationships and causal relationships between different
objectives. Numerical descriptions are also provided by statistics. However, standard
statistical techniques are usually not well suited to manage Big Data, and many re-
searchers have proposed extensions of classical techniques or completely new methods
[41]. Authors in [ 132] proposed efficient approximate algorithm for large-scale mul-
tivariate monotonic regression, which is an approach for estimating functions that are
monotonic with respect to input variables. Another trend of data-driven statistical
analysis focuses on scale and parallel implementation of statistical algorithms. A
survey of parallel statistics can be found in [ 141 ]. and several parallel statistics algo-
rithms are discussed in [ 22 ]. Statistical computing [ 91. 193 ] and statistical learning
[ 63 ] are the two hot research sub-fields.

Data mining is a set of techniques to extract valuable information ( patterns)
from data, including clustering analysis, classification, regression and association
rule learning. It involves the methods from machine learning and statistics. Big Data
mining is more challenging compared with traditional data mining algorithms. Taking
clustering as an example, a natural way of clustering Big Data is to extend existing
methods (such as hierarchical clustering, K-Mean and Fuzzy C-Mean) so that they
‘can cope with the huge workloads [ 205,39,24 |. Most extensions usually rely on ana-
lyzing a certain amount of samples of Big Data, and vary in how the sample-based re-
sults are used to derive a partition for the overall data. This kind of clustering algo-
rithms [ 90 | include CLARA ( Clustering LARge Applications ) algorithm,
CLARANS ( Clustering Large Applications based upon RANdomized Search ),
BIRCH ( Balanced Iterative Reducing using Cluster Hierarchies) algorithm and so
on. Genetic algorithms are also applied to clustering as optimization criterion to reflect

the goodness.
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Clustering Big Data is also developing to distributed and parallel implementation
[ 150 ]. Taking discriminant analysis as another example, researchers try to develop
effective algorithm for large-scale discriminant analysis [ 33, 165 ]. The emphasis is
‘on the reduction of computational complexity. Taking bioinformatics as another exam-
ple, it becomes increasingly data-driven that leads to paradigm change from
traditional single-gene biology to the approaches that combine integrative database
analysis and data mining [ 23 |]. This new paradigm enables the synthesis of
large-scale portraits of genome function.

Machine learning is an important subjection of artificial intelligence which is
aimed to design algorithms that allow computers to evolve behaviors based on
empirical data. The most obvious characteristic of machine learning is to discovery
knowledge and make intelligent decisions automatically. When Big Data is
concerned, we need to scale up machine learning algorithms, both supervised
learning and unsupervised learning, to cope with it. Deep machine learning has be-
come a new research frontier in artificial intelligence [ 68, 21, 69, 13, 200]. In ad-
dition, there are several frameworks, like Map/Reduce, Dryad LiNQ, and IBM par-
allel machine learning toolbox, that have capability to scale up machine learning. For
example, Support Vector Machine (SVM ), which is a very fundamental algorithm
used in classification and regression problems, suffers from serious scalability
problem in both memory use and computation time. Parallel SVM ( PSVM) [ 196,
121] are introduced recently to reduce memory and time consumption [ 17 ]. There
are many scale machine learning algorithms [ 152, 177, 106, 85, but many impor-
tant specific sub-fields in large-scale machine learning, such as large-scale recom-
mender systems, natural language processing, association rule learning, ensemble
learning, still face the scalability problems.

Artificial neural network ( ANN) is a mature techniques and has a wide range of
application coverage. Its successful applications can be found in pattern recognition,
image analysis, adaptive control, and other areas. Most of the currently employed
ANNs for artificial intelligence are based on statistical estimations [ 113 ], classifica-
tion optimization [ 131] and control theory [ 105]. It is generally acknowledged, the
more hidden layers and nodes in a neural network, the higher accuracy they can pro-
duce. However, the complexity in a neural network also increases the learning time.
Therefore, the learning process in a neural networks over Big Data is severely time

and memory consuming [ 166, 206 |. Neural processing of large-scale data sets often
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leads to very large networks. Then, there are two main challenges in this situation.
One is that the conventional training algorithms perform very poorly, and the other is
that the training time and memory limitations are increasingly intractable [ 161, 49 ].
Naturally, two common approaches can be employed in this situation. One is to
reduce the data size by some sampling methods, and the structure of the neural net-
work maybe remains the same. The other one is to scale up neural networks in
parallel and distributed ways [ 119, 40, 9, 202 |. For example, the combination of
deep learning and parallel training implementation techniques provides potential ways
to process Big Data [ 20, 97, 42].

Visualization approaches [ 169 | are the techniques used to create tables, ima-
ges, diagrams and other intuitive display ways to understand data. Big Data visualiza-
tion [ 88, 64, 53] is not that easy like traditional relative small data sets because of
the complexity in 3Vs or 4Vs. The extension of traditional visualization approaches are
already emerged but far away from enough. When it comes to large-scale data visual-
ization, many researchers use feature extraction and a geometric modeling to signifi-
cantly reduce the data’s size before the actual data rendering [ 103, 182 ]. For more
closely and intuitively data interpretation, some researchers try to run batch-mode
software rendering of the data at the highest possible resolution in a parallel way
[ 112, 10]. Choosing proper data representation is also very important when we try to
visualize Big Data. In [ 182 ], author tried to compact data and give a good approxi-
mation to large-scale data.

Social network analysis (SNA) which has emerged as a key technique in mod-
ern sociology, views social relationships in terms of network theory, and it consists of
nodes and ties. It has also gained a significant following in anthropology, biology,
communication studies, economics, geography, history, information science, organi-
zational studies, social psychology, development studies, and sociolinguistics and is
-now commonly available as a consumer tool. SNA include social system design
[204 ], human behavior modeling [ 95 ], social network visualization [ 127, 164 |,
social networks evolution analysis [ 27 |, and graph query and mining [ 111 ]. Re-
cently, online social networks and social media analysis have become popular [ 104,
82 ]. One of the main obstacle regarding SNA is the vastness of Big Data. Analysis of
a network consisting of millions or billions of connected objects is usually computa-
tionally costly. Two hot research frontiers, social computing and cloud computing , are

in favor of SNA to some degree.
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Higher level Big Data technologies include distributed file system [ 148, 32],
distributed computational systems [ 136 |, massively parallel-processing ( MPP) sys-
tems [ 185, 181 ], data mining based on grid computing [ 34 ], cloud-based storage
- and computing resources [ 154 ], as well as granular computing and biological com-
puting. These technologies will be introduced in the following sub-sections.

Many researchers regard the curse of dimensionality as one aspect of Big Data
problems. Indeed, Big Data should not be constricted in data volume, but all take
the high-dimension characteristic of data into consideration. In fact, processing
high-dimensional data is already a tough task in current scientific research. The
state-of-the-art techniques for handling high-dimensional data intuitively fall into di-
mension reduction. Namely, we try to map the high-dimensional data space into
lower dimensional space with less loss of information as possible. There are a large
number of methods to reduce dimension [ 147, 109, 56 |. Linear mapping
methods, such as principal component analysis ( PCA) and factor analysis, are
popular linear dimension reduction techniques. Non-linear techniques include kernel
PCA, manifold learning techniques such as Isomap, locally linear embedding
(LLE), Hessian LLE, Laplacian eigenmaps, and LTSA [ 98 ]. Recently, a gener-
ative deep networks, called autoencoder [ 70 |, perform very as non-linear dimen-

sionality reduction. Random projection in dimensionality reduction also have been

well-developed [ 25 ].
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- 3.6.1 Wavelets and Fourier analysis"

Fourier series and the Fourier transform have been around since the nineteenth
century and many research articles and books ( at both the graduate and under-gradu-
ate levels) have been written about these topics. By contrast, the development of

wavelets has been much more recent. While its origins go back many decades, the -

@ A5 04 B :Boggess A, Narcowich F J. A First Course in Wavelets with Fourier Analysis. 2nd ed.
Hoboken ,N.].:John Wiley and Sons,2002,
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subject of wavelets has become a popular tool in signal analysis and other areas of ap-
plications only within the last two decades or so partly as a result of Ingrid Dau-
bechies’ s celebrated work on the construction of compactly supported, orthonormal
 wavelets.
Fourier Analysis
The basic goal of Fourier series is to take a signal, which will be considered as a
function of the time variable ¢, and decompose it into its various frequency compo-
nents. The basic building blocks are the sine and cosine functions:
sin(nt) cos(nt),
which vibrate at a frequency of n times per 27 interval. As an example, consider the
following function :
f(t)=sin(t)+2cos(3t)+0.3sin(50 ).
This function has three components that vibrate at frequency 1 [ the sin(z) part], at
frequency 3 [ the 2cos(3t) part], and at frequency 50 [ the 03sin(50 ¢) part].
The graph of fis given in Fig. 3-6-1.
3
2

Fig. 3-6=1 Plot of f(1)=sin(t)+2cos(3 t)+0.3sin(50 ¢)

A common problem in signal analysis is to filter out unwanted noise. The back-
eround hiss on a cassette tape is an example of high-frequency (audio) noise that va-
rious devices ( Dolby filters) try to filter out. In the preceding example, the compo-
nent, 0.3sin ( 50¢), contributes the high-frequency wiggles to the graph of f in

Fig. 3—6-1. By setting the coefficient 03 equal to zero, the resulting function is

]( t)=sin(t)+2cos(3t)
whose graph (given in Fig. 3—-6-2) is the same as the one for f but without the high-
frequency wiggles.

The preceding example shows that one approach to the problem of filtering out
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unwanted noise is to express a given signal, f(t), in terms of sines and cosines;
f(t)= Z a,cos(nt)+b sin(nt)

and then to eliminate (i.e., set equal to zero) the coefficients (the @, and b, ) that
correspond to the unwanted frequencies. In the case of the signal f just presented,
this process is easy since the signal is already presented as a sum of sines and co-
sines. Most signals, however, are not presented in this manner.The subject of Fourier
series, in part, is the study of how to efficiently decompose a function into a sum of

sine and cosine components so that various types of filtering can be accomplished eas-

ily.
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Fig. 3-6-2 Plot of f(t)=sin(t)+2cos(3t)

Another related problem in signal analysis is that of data compression. Imagine
that the graph of the signal f(¢) in Fig. 3—6—1 represents a telephone conversation.
The horizontal axis is time, perhaps measured in milliseconds, and the vertical axis
represents the electric voltage of a sound signal generated by someone’s voice. Sup-
pose this signal is to be digitized and sent via satellite overseas from America to Eu-
rope. One naive approach is to sample the signal every millisecond or so and send
these data bits across the Atlantic. However, this would result in thousands of data
bits per second for just one phone conversation. Since there will be many such con-
versations between the two continents, the phone company would like to compress
this signal into as few digital bits as possible without significantly distorting the signal.

A more efficient approach is to express the signal into its Fourier series:f(t)= Z a,

cos(nt)+b, sin(nt) and then discard those coefficients, a, and b, , that are smaller -

than some tolerance for error. Only those coefficients that are above this tolerance need
to be sent across the Atlantic, where the signal can then be reconstructed. For most

signals, the number of significant coefficients in its Fourier series is relatively small.
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Wavelets

One disadvantage of Fourier series is that its building blocks, sines and cosines,
are periodic waves that continue forever. While this approach may be appropriate for
filtering or compressing signals that have time-independent wavelike features ( as in
Fig. 3-6-1) , other signals may have more localized features for which sines and co-
sines do not model very well. As an example, consider the graph given in Fig.
3-6-3. This may represent a sound signal with two isolated noisy pops that need to
be filtered out. Since these pops are isolated, sines and cosines do not model this sig-
nal very well. A different set of building blocks, called wavelets, is designed to
model these types of signals. In a rough sense, a wavelet looks like a wave that
travels for one or more periods and is nonzero only over a finite interval instead of
propagating forever the way sines and cosines do [ see Fig. 3—6—4 for the graph of the
Daubechies (N=2) wavelet |. A wavelet can be translated forward or backward in
time. It also can be stretched or compressed by scaling to obtain low-and high-fre-
quency wavelets ( see Fig. 3—6-5). Once a wavelet function is constructed, it can be
used to filter or compress signals in much the same manner as Fourier series. A given
signal is first expressed as a sum of translations and scalings of the wavelet. Then the

coefficients corresponding to the unwanted terms are removed or modified.
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Fig. 3-6-3  Graph of a signal with Fig. 3-6-4  Graph of Daubechies
isolated noise wavelet

In order to implement efficient algorithms for decomposing a signal into an ex-
pansion (either Fourier or wavelet based ), the building blocks ( sines, cosines or
wavelets) should satisfy various properties. One convenient property is orthogonality ,
which for the sine function states
if n#m,

if n=m.

] 2w 0
—J sin(nt)sin(mt)dt:{
mJo |
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The analogous properties hold for the . y ' ¥ J J
cosine function as well. In addition, =

2m 1+
j sin(nt)cos(mt)dt =0 for all n and

0 051
m. We shall see that these orthogonality 0
properties result in simple formulas for -0.5¢
the Fourier coefficients (the a, and b, ) -1

. - o . - —]5 i i 1 1 i

and efficient algorithms ( fast Fourier 26 4 2 0 2 4 6

transform ) for their computation. N _ _
Fig. 3-6-5 High-freequecy Daubechies wavelel
One of the difficult tasks in the

construction of a wavelet 1s to make sure that its translates and rescalings satisfy anal-
ogous orthogonality relationships, so that efficient algorithms for the computation of
the wavelet coefficients of a given signal can be found. This is why we cannot con-
struct a wavelet simply by truncating a sine or cosine wave by declaring it to be zero
outside of one or more of its periods. Such a function, while satisfying the desired
support feature of a wavelet, would not satisfy any reasonable orthogonality

relationship with its translates and rescales and thus would not be as useful for signal

analysis.
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3.6.2 The discovery of fractal geometry”

The aim of this chapter is to give the reader a short summary of the fundamentals
of fractal geometry. There are, of course, excellent works on this, some of which are
listed in the bibliography, which will take the reader further with the analysis that is
only sketched out here. All we attempt here is an elementary presentation of the rela-
tions that have to be known in order to follow, without difficulty and with a eritical
mind, the scientific literature dealing with the concept of time in physics in a fractal
environment. We have preferred clarity to mathematical rigour. In this study the reader
will find that the key element of fractal geometry, the non-integral dimension, is inti-
mately associated with the way in which we evaluate our space, measure its bounda-
ries and “weigh” its contents, the meaning of the concept of dimension will be seen
to be, above all, physical. He will see also that the aim of a measure is to try to free
the mind of the paradoxes that characterize “ pathological” behavior, whilst using ex-
amples of such behavior to enrich our vision of the world. Finally, he will see that
this freedom can be exercised at the mathematical level, perhaps more there than
elsewhere — something that the engineer too often forgets.

The surveyor’s task: rectifiable curves, measuring by arc lengths

For most human beings the length of a curve is a primitive notion, acquired in
the first years of life. Doubtless Neanderthal man, although never having formalized
the knowledge, knew that the “longer” a path the more time it would take him to fol-
low it; and similarly he would know that it was easier to walk on the flat than up a
mountain. Even so, he would not know the meaning of rectification, a term invented
much later to express our ability to measure the lengths of smooth curves.

Consider this concept for a moment; let us call a certain path an arc I', and
suppose that a person walks along this at a “speed” expressed by a certain function
v(t). Each point on I" will be determined by a function [(¢) which gives the distance
travelled from the starting point, where “t” is the “time” of arrival at that point. We
say that the curve is parametrised by [(t), which initially we assume to be defined
and continuous everywhere. This will be the case if the walker does not jump errati-

cally from place to place, and indeed the principle of the walk requires that he does

(1) AR A L' mehaate A. Fractal Geometries. London:Penton Press, 1991,
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not. The step is the human gauge for measuring lengths along the paths we take. But
even without any jumping about the walker will not follow the curve in all its infinites-
imal details; implicitly, he will approximate it by a polygonal line whose general form
is given by steps of length n placed on the ground in succession.

Let A (#) be the length of the plane polygonal line [ f(0), f(t,), f(t,), -,
f(t,) ], where f(t,)=[x(¢,), y(t,) | and Zis the finite sequence [¢t,, t,, -, t, ]
We say that the arc is rectifiable if the upper bound of the real numbers A (.#7) when
p — o is a finite number L, which is then called the length of the curve I

So far no constraint has been placed on the elementary segments that constitute
the polygonal line; suppose now that these are all of the same length n(p) and that
all the time intervals ¢t,— ¢, are equal and have the value At. Then the sequence .7 is
equivalent to giving the number p of measuring steps. If ¢ is the total time needed to
make the measure, p=t/At, and if p=t/7, where 7, is some constant time then p can
be regarded as a generalized frequency and used as a Laplace variable. We have now

A(p) = N(p)»n(p), (1.1)
where N(p) is the number of steps in the polygonal line and A (p)= A (7). Rectifi-
ability can be understood simply from a graph of A (p) as a function of n(p): it
means that A (p) must tend to a finite limit, L, as n(p) tends to zero,see Fig.

3-6-6. The necessary analysis can be performed in Laplace or Fourier space.

A(2)=2nR

Wi

o (N
A(625)

Fig. 3-6-6  Approximation to a curve by steps of length 5, for p=4 and p=625.
We know that the perimeter of the circle is the finite number A =2wR, where R is
its radius; this is the value obtained when n—0.
A(p) — L when p — = | that is when At — 0 and ¢ is finite.
Stated otherwise, the space gauge tends to zero when the time gauge tends to ze-
ro, or equivalently when the frequency gauge tends to infinity; an infinitely precise
measure requires an infinite frequency. Note that if p is the generalised frequency de-

fined above, the number of steps per unit time is proportional to p and also
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”

N (p) ~p, where by the symbol “~" is meant “behaves like”.

The concept of rectifiability is simple, intuitive and almost natural, but does it
hold universally? Ten years ago almost everyone except for a few mathematical spe-
‘cialists would have said yes. However, as Mandelbrot recalled in 1975, the true an-
swer is no, a study of Fig. 3—6-7 should put us on our guard. Approximating a recti-

fiable curve assumes some very special properties.

Curve length

F , Fractal

/

log A

R , Rectifiable

=0 Gauge

—=oo log n e

Fig. 3-6-7 Characteristics of rectifiable (R) and fractal ( F) curves. For R the length
A(n) measured in steps of length n approaches a finite limit L as —0, for F there is no

limit. The concept of non-integral dimension is related to the slope of a fractal curve.

There are curves with strange properties, such that the length does not tend to a fi-
nite limit as the step length n(p) tends to zero. How can we classify these, what proper-
ties are hidden in them? The essential aim of this chapter is to show that the concept of
“measure” , in the physical sense of the term, enables us to bring the prop-erties of these
strange objects under our control. But we shall now leave further discus-sion of the pa-
rameter p to the next chapter, and concentrate on the analysis of the space.

During the last century mathematicians established the formal existence of certain
pathological curves: for example, Cantor, Peano, Hausdorff, Bouligand among others.
But it was the expatriate French geometer Mandelbrot who first understood the depth of
this work and made it more widely known, in particular characterizing the strange objects
by the term fractal. This was not easily achieved, his first book, published in 1975, was
effectively ignored and he had to wait until 1983 for recognition of the importance of his
contribution. Eight years after the birth of his ideas, and thanks to a generation of young
physicists led by Mandelbrot himself, the importance of these pathological objects has at

last been acknowledged by the great majority of the scientific community.



240 EFE=F ZBWNE—HMNBE

ERE51EE

1. IBM 2 5] W 35 62 35 b K22 B e 282 B B Mandelbrot T 1975 4E ) 8 T
S B

2. G Cantor( 1845—1918) 7 [&] % 2 %% ; G Peano ( 1858—1932) & K FI B2 % F
Hausdorff ( 1868— 1942 ) 7% [E %°# % ; G Bouligand ( 1889—1979) {: HE (4% .

$SER

1. ERWMTHE:

(1) 23X EEMPOER FEHEZNE,

(2) 10 437 b BRI sl 3 A BA ARE 5~ 8 N RRBUEm B ) L, Horp
A AR IEALFE . fractal geometry (4312 JL{0] ), pathological (%524 11) , rectifiable
curves ( A[ KRG I £R ) , rectifiability ( 0] 3R 1) , approximation (i T ), non-
integral dimension (JE¥EE4E) , parameter ( Z%{) , gauge ( B, HLIE) 55,

2. [A] 40T fa) B

(1) AAEHEREERRZA?

(2) FA7 K0 — 2855 il 19 PR A2 RSP A AR 7 A 28 il 2k g 4l m] oK
K27

(3) i foy 35 £ b 2 A9 I 88 B4k 9B &7 X AN AE 0 B LR bl AT 4
fEHI?

(4) 3B LT R ey K2 BLEK 7 1975 4F 43 2 JLAAT W B S 16, AT 1 245
andar 2 Ja ok B 4F I S ane] 7

3.6.3 The concept of the fuzzy set”

Fuzzy sets and fuzzy logic have become one of the emerging areas in contemporary
technologies of information processing. Recent studies spread across various areas,
from control, pattern recognition, and knowledge-based systems to computer vision
and artificial life. A significant number of direct real-world implementations range from
home appliances to industrial installations and involve fuzzy sets, both by themselves and
hand in hand with other modern approaches, including neural networks.'

Essentially, fuzziness is a type of imprecision that stems from a grouping of ele-

ments into classes that do not have sharply defined boundaries. Such classes — called -

M A 4 A :Kandel A. Fuzzy Mathematical Techniques with Applications. California; Addison-Wesley
Pbl, 1986,
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fuzzy sets — arise, for example, whenever we describe ambiguity, vagueness and am-
bivalence in mathematical models of empirical phenomena. Since certain aspects of
reality always escape such models, the strictly binary (and even the ternary) ap-
proach to the treatment of physical phenomena is not always adequate to describe sys-
tems in the real world; and the attributes of the system variables often emerge from an
elusive fuzziness, a readjustment to context, or an effect of human imprecision. In
many cases, however, even if the model is precise, fuzziness may be a concomitant
of complexity. Systems of high cardinality are rampant in real life and their computer
simulations require some kind of mathematical formulation to deal with the imprecise
descriptions.

The theory of fuzzy sets has as one of its aims the development of a methodology
for the formulation and solution of problems that are too complex or too ill-defined to
be susceptible of analysis by conventional techniques.

The theory of fuzzy sets deals with a subset A of the universe of discourse X,
where the transition between full membership and no membership is gradual rather than
abrupt. The “fuzzy subset” has no well-defined boundaries where the universe of dis-
course (the universe X ) covers a definite range of objects. Fuzzy classes of objects are
often encountered in the real world. For instance, A may be the set of beautiful
women in a town X, or A may be the set of long streets in town X. Traditionally, the
grade of membership 1 is assigned to those objects that fully and completely belong to
A, while 0 is assigned to objects that do not belong to A at all. The more an object x
belongs to A, the closer to 1 is grade of membership X ,(x).

In abstract (or conventional, or nonfuzzy) set theory, the sets considered are
defined as collections of objects having some very general property P; nothing special
is assumed or considered about the nature of the individual objects. For example, we
define a set X as of streets. Symbolically,

X=1{xlx is a street}.

Now what about the “clags ofslong streets™ 7 First all, is it a set in the ordinary
sense? Before we answer that, we may first ask:“ How long is a long street? Is a one-
mile street a long street? If so, then is there any difference between a half-mile street
and a one-mile street, etc?” Frankly, we do not know how to answer these questions
adequately from the information “long street,” because the “class of long streets”
does not constitute a set in the usual sense. In fact, most of the classes of objects en-

countered in the real physical world are of this fuzzy, not sharply defined type. They
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do not have precisely defined criteria of membership. In such classes, it is not neces-
sary for an object to belong or not beiong to a class; there may be intermediate grades
of membership. This is the concept of fuzzy set, which is a “class” with a continuum
of grades of membership.

Fuzzy-set theory, introduced by Zadeh® in 1965, is a generalization of abstract
set theory. In other words, the former always includes the latter as a special case;
definitions, theorems, and proofs of fuzzy-set theory always hold for nonfuzzy sets.
Because of this generalization, fuzzy-set theory has a wider scope of applicability than
abstract set theory in solving problems that involve, to some degree, subjective evalu-
ation.

Intuitively , a fuzzy set is a class that admits the possibility of partial membership in
it. Let X = {x| denote a space of objects. Then a fuzzy set A in X is a set of

ordered pairs

A={x, X,(x) } ,xeX,

where X, (x) is termed “the grade of membership of x in A.” We shall assume for sim-
plicity that X,(x) is a number in the interval [0, 1], with the grades 1 and 0 represen-
ting, respectively, full membership and nonmembership in a fuzzy set, as discussed before.
We have assumed that an exact comparison is possible for the truths of any two inexact
statements “x e A” and “y e A,” and that the exact relation so obtained satisfies the min-
imal consistency requirement of transitivity and reflexivity ; the ordering x = y means “x
is at least as true as y” with x < y denoting “x is not truer than y.”

The grades of membership reflect an “ordering” of the objects in the universe; it
is interesting to note that the grade-of-membership value X, (x) of an object x in A
can be interpreted as the degree of compatibility of the predicate associated with A
and the object x. As will be seen later, it is also possible to interpret X, (x) as the
degree of possibility that x is the value of a parameter fuzzy restricted by A.

We now give an example of fuzzy sets.

Example. Consider the class of all real numbers that are much greater than 1.
We can define this set as

A=|xlx is a real number and x >>11.

But it is not well-defined set for the reasons mentioned before. This set may be

defined subjectively by a membership function such as

X,(x) =0forxs1; X, (%) = for x> 1.
x
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The assignment of the membership function of a fuzzy set is subjective in nature
and, in general, reflects the context in which the problem is viewed. Although the as-
signment of the membership function of a fuzzy set A is “subjective” , it cannot be as-
. signed arbitrarily. For example, it would be totally wrong to assign the membership

function of above example as

X(x) ={ x
0, x>1.

EB5iA

1. A significant number of direct real-world implementations range from home
appliances to industrial installations and involve fuzzy sets, both by themselves and
hand in hand with other modern approaches, including neural networks. 4<41] Ay i 51
f] ,range Fl involve J& 3 %1 i1 15 , BL A 47 18 42 1 including neural networks j& ap-
proaches Y& 1 ( neural network , Bl 4§ 28 o) 4% | JL AL L& B — 4~ H 22 41
A3 ) o 4] AT BRI« DA A L 3 T 18 il ) % A TR, N AT R S B flk
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recognition ( 2§ K 485 %1 ) , knowledge-based system ( £ F %1 () & 48 ) , neural
network ( #f 28 ¥ 2% ) , multiple-valued logic ( £ {f # $1 ) , artificial intelligence ( A1)
( N TR, I FR Al) ,ambiguity (BLHE B 1] ) , vagueness( 75§l ) , ambivalence ( A4~ B
) , imprecision ( A B g #4 ) , ill-defined ( AS#ffj 5€ ) ) , empirical phenomena ( L) 5
B FEMPE) , binary( —JGIH) ,ternary ( — JGIY ) , readjustment ( T 38 N, 3557
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(1) a7 /EREH R 8 JE (the grade of memberships) ?
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3.6.4 Poincaré conjecture and Perelman’s Theorem®™

1. Poincaré conjecture

In mathematics, the Poincaré conjecture is a theorem about the characterization of
the 3-sphere, which is the hypersphere that bounds the unit ball in four-dimensional
space. The conjecture states :

every simply connected, closed 3-manifold is homeomorphic to
the 3-sphere.

An equivalent form of the conjecture involves a coarser form of equivalence than
homeomorphism called homotopy equivalence; if a 3-manifold is homotopy equivalent
to the 3-sphere, then it is necessarily homeomorphic to it.

Remark 1. For compact 2-dimensional surfaces without boundary , if every loop
can be continuously tightened to a point( ¢.f.Fig. 3-6-8) , then the surface is topolo-
gically homeomorphic to a 2-sphere (usually just called a sphere). The Poincaré con-
jecture, proved by Grigori Perelman, asserts that the same is true for 3-dimentional

spaces.

Fig. 3-6-8

Remark 2.In Fig.3-6-9, it is shown that neither of two colored loops on this
torus can be continuously tightened to a point. A torus is not topologically homeomor-

phic to a sphere.

D AREIH /DA : Wikipedia. Poincaré conjecture. 85 — /N4 B F X 695 5 % 4r: Tao T.

Perelman’ s Poof of the Poincaré Conjecture: A non-linear PDE Perspective. arXiv :math.
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Originally conjectured by Henri Poincaré, the theorem concerns a space that lo-
cally looks like ordinary three-dimensional space but is connected, finite in size, and
lacks any boundary (a closed 3-manifold). The Poincaré conjecture claims that if
- such a space has the additional property that each loop in
the space can be continuously tightened to a point, then it
is necessarily a three-dimensional sphere. The analogous
conjectures for all higher dimensions had already been
proved.

After nearly a century of effort by mathematicians,

Perelman G presented a proof of the conjecture in three pa-

pers made available in 2002 and 2003 on arXiv. The proof

built upon the program of Hamilton R S to use the Ricei
flow to attempt to solve the problem. Hamilton later intro- Fig. 3-6-9

duced a modification of the standard Ricci flow, called Ricci flow with surgery to sys-
tematically excise singular regions as they develop, in a controlled way, but was una-
ble to prove this method “converged” in three dimensions. Perelman completed this
portion of the proof. Several teams of mathematicians verified that Perelman’ s proof
was correct.

The Poincaré conjecture, before being proved, was one of the most important
open questions in topology. In 2000, it was named one of the seven Millennium Prize
Problems, for which the Clay Mathematics Institute offered a $1,000,000 prize for
the first correct solution. Perelman’ s work survived review and was confirmed in
2006, leading to his being offered a Fields Medal, which he declined. Perelman was
awarded the Millennium Prize on March 18, 2010. On July 1, 2010, he turned down
the prize saying that he believed his contribution in proving the Poincaré conjecture
was no greater than Hamilton’ s ( who first suggested using the Ricci flow for the solu-
tion) [ 3]. As of 2017, the Poincaré conjecture is the only solved Millennium
problem[4],[5].

On December 22, 2006, the journal Science honored Perelman’s proof of the
Poincaré conjecture as the scientific “ Breakthrough of the Year” , the first time this
honor was bestowed in the area of mathematics.

2. Perelman’s proof of Poincaré conjecture

Abstract. We discuss some of the key ideas of Perelman’ s proof of Poincaré con-

jecture via the Hamilton program of using the Ricci flow, from the perspective of the
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modern theory of nonlinear partial differential equations.

1.1 Perelman’s theorem. In three remarkable papers [28], [29], [30] in
2003, Perelman G significantly advanced the theory of the Ricci flow, which was a
quasilinear PDE introduced by Hamilton R S [ 16| and then extensively studied by
Hamilton and others in a program to understand the topology of manifolds. In particu-
lar, in [29] Perelman showed that in three spatial dimensions there was a well-de-
fined Ricei flow with surgery procedure, which is the Ricei flow PDE punctuated at a
discrete set of times by carefully chosen surgery operations which may possibly change
the topology of the manifold, with the following remarkable property.

Theorem 1( Perelman’ s theorem, finite time extinction case) Let M= (M,
Z,) be a closed smooth three-dimensional compact Riemannian manifold whose fun-
damental group is a free product of finite groups and infinite simple groups. Then the
Ricci flow with surgery ¢t = M, = (M,, g,) is well-defined for all t = 0, and be-
comes extinct in finite time (thus there exists T, such that M, =() for all t > T, ).
Furthermore, at all times ¢t = 0 the manifold M, is topologically equivalent to a finite
union of connected sums of quotients of $*( which in particular includes the projective
space RP as a special case) , and S’-bundles over S'.

Applying the conclusion of this theorem at t = 0, and using standard topological
methods to detect which of the possible connected sums are simply connected, one
obtains as a corollary the Poincaré conjecture: every closed smooth simply
connected three-dimensional manifold is topologically equivalent to a sphere. A more
diffcult version of this theorem proven in [ 28], [29], [30] for general ( not neces-
sarily simply-connected) closed smooth manifolds M =M does not have the finite ex-
tinction time result ( which is false), but through an analysis of the final state (or
“scattering state” ) as t — +o , enough control on the topology of M, at each time is
obtained to prove the geometrization conjecture of Thurston (see [5], [22] for
~ full details, including several clarifications and alternate derivations on certain
diffcult parts of Perelman’s papers; see also the paper [ 35] which fleshes out a key
step in the geometrization argument ).

Perelman’ s result thus completes Hamilton’ s program and settles two major
conjectures in geomelry and topology, and shows the way for further progress in
these fields. But, as one can already see from the statement of Theorem 1, a large
part of Perelman’ s work is actually conducted in the arena of nonlinear PDE.

Indeed, even if one deleted the final claim in Theorem 1 ( thus removing the
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applications of this theorem to geometry and topology ), the remaining arguments
(and its generalization to non-simply-connected manifolds ), which are almost
entirely nonlinear PDE arguments, would already be (in my opinion) the most
-technically impressive and significant result in the field of nonlinear PDE in recent
years; the fact that this PDE result also gives the Poincaré conjecture and the more
general geometrization conjecture makes it (again in my opinion) the best piece of
mathematics we have seen in the last ten years. It is truly a landmark achievement
for the entire discipline.

1.2 Purpose of these notes. Perelman’s own description [ 28], [29], [30]
of the arguments, which appeared in 2003, are highly succinct, with many steps
which would take over a page if written out in full often compressed to a few lines; for
a few years it was not entirely clear whether the argument was complete and correct,
though it was evident from the very beginning that major breakthroughs had been
made regardless. However, in most cases these steps were of a standard type known
to the experts, and could be fleshed out with reasonable work; only in a few cases
were there significant enough issues with one or two steps which required more non-
trivial effort to resolve, though, as noted in [22, § 1], all such issues could be re-
solved using the general methods of Hamilton and Perelman. Very recently ( in
2006 ), three essentially simultaneous expositions of Perelman’ s work have
appeared, by Kleiner-Lott [ 22 ], Morgan-Tian [ 27 ], and Cao-Zhu [5]. Each of
these works, which emerged from large collaborative projects, some of which were in
communication with each other and with Perelman, have performed an immense serv-
ice to the field by giving an complete and detailed account of the entirety of Perel-
man’ s arguments, and it is now certain that Perelman’ s original argument was
indeed essentially complete and correct in every important detail. In particular the
notes here draw heavily on these three expositions as well as on the original papers of
Perelman.

In these notes, I will attempt to give a high-level overview of the proof of Theo-
rem 1, from the perspective of nonlinear evolution equations, while also attempting a
sort of “concordance” between Perelman’ s papers and the three expository mono-
graphs of Kleiner-Lott, Morgan-Tian, and Cao-Zhu. The main point of this is to try to
convey some aspects of Perelman’s work on Hamilton’ s program to those mathemati-
cians versed in nonlinear PDE, but are not experts in either geometry or topology. In

particular, | want to convey that Perelman’s work is in many ways the epitome of a
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nonlinear PDE argument, in which all the major milestones in the argument are fa-
miliar PDE milestones, but where the execution requires extremely delicate analysis
and several major technical breakthroughs, many of which arise by carefully
exploiting the rich geometric structure of Ricei flow.

In order to keep things as simple as possible 1 will only focus on Theorem 1,
which is suffeient for Poincaré’ s conjecture, and not discuss the more complicated
version of this theorem which also yields the more general geometrization conjecture.
This simpler theorem already captures a large fraction of the breakthroughs that Perel-
man made, and should already be suffcient for conveying the points discussed in the
previous paragraph.

Because the focus of these notes will be on the nonlinear PDE aspects of the
work, the other aspects from geometry and topology will be downplayed. In particular,
various geometric structural equations arising from Ricci flow shall be presented simply
as miraculous identities, with no derivation or intuitive geometric explanation given;
also, the use of standard topological tools to convert one type of topological control on a
manifold (such as control of homotopy groups) to another will be sketched only briefly.
Thus these notes should not be in any way construed as a balanced presentation of
Perelman’s work or more generally of Hamilton’ s program, as it shall be by conscious
design heavily slanted towards the PDE component of the work. This is in part for rea-
sons of space and time, but also because 1 am not suffciently qualified in geometry or
topology to expertly comment on the other components of these papers.

We will not attempt here to give anything resembling a complete or detailed pres-
entation of Perelman’s work, or even of just the nonlinear PDE aspects of this work ;
for such presentations, we refer the reader to [ 5], [22], [27]. In particular, we
will often choose to sacrifice rigour for sake of exposition, and in fact will commit a
number of small lies in order to suppress certain technical issues which might other-
wise obscure the underlying ideas. In a similar spirit, we will often not discuss the
strongest version of any given component of the proof, but instead focus on a much
simpler model proposition which is not strong enough for the full proof of Poincaré
conjecture, but does indicate the main ideas that are used in the proof of the true
proposition. We will also not attempt to systematically survey the literature and other
context which Perelman’s work and Hamilton’ s program builds upon and is placed
in; for this, we refer the reader to [25], [26], [1], [37]. Finally, it should be

noted that the arguments here are arranged in an ahistorical order, in order to
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expedite the natural flow of the proof. In particular, recent arguments ( such as those
of Perelman) will sometimes be juxtaposed with earlier arguments ( such as those of
Hamilton ) , reflecting the fact that different parts of Hamilton’ s program to prove the
" Poincaré conjecture via Ricei flow were understood at different times.

As has been made clear in several other places (see e.g. the introduction of
[5]), the primary contributions here are those of Hamilton and Perelman. Of
course , as with all other modern mathematical achievements, many other mathemati-
cians in the field have also made important contributions, either by laying .
foundational work, establishing tools, developing insights or suggestions, or by clarif-
ying, refining, generalising, or giving alternate proofs of key results. In particular, as
has been mentioned earlier, the efforts in [5], [22], [27] to fully explicate all the
details of Perelman’ s arguments have been a significant, and extremely non-trivial
service to the field. Assigning credit to each particular idea or insight is of course diff-
cult to do with absolute accuracy. While we will try our best to attribute things here ,
we will refer the reader to the careful and detailed expositions in [5], [22], [27]

for a more thorough treatment of each of the steps and their provenance.
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W MFERE—HFRAEE:

The mathematical method is the essence of mathematics. He who fully
comprehends the method is a mathematician.

Music has much resemblance to algebra.

Pure mathematics is the real magician’s wand.

The real mathematician is an enthusiast person; without enthusiasm,
no mathematics.

One may be a mathematician of the first rank without being able to compute,
it is possible to be a great computer without having the slightest idea of
mathematics.

What logarithms are to mathematics, that mathematics are to the

other sciences.
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W SR RE 5 18] 45 1Y 2 34 E 3 6
WOCHH BEAE A, R B S 2 4518 s 4518 19 22 55 1 S i TR0 4 7 52
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R ERIFEFRIEF R B iS4 6 7 5 /ANE 1R, 018 4% 223 19 N 2 5K
Fe ik 7 AR ERHAE 1 .

1. R 9 8l i A5 18 ) K 5 5 i 202 BG83, B i WL o

o 1

On the Uniqueness of Inverse Problems of the Potential Theory

Abstract Inverse problems of potential theory are considered for two and three
dimensional domains.The uniqueness theorems are proved under specific restrictions
on the boundaries of the domains and the densities of potentials.

G XIS R AE S B BRI 4 K BB A,
) B A SCAE SRR R 2R F T 1 I 458

SEF . (EH ) KT AL H 8 0 ] 85 o — Pk

WE ASCHIE 2 4B 3 4E D A9 A3 8 0 ] &8, 76 X X 30 5 Ao
P AR IR PR 64 2% F R UER T E— R B

&) 2

A Critical Point Theory for Nonsmooth Functionals

Abstract A new generalized notion of | df(u) || is introduced, which allows
to prove several results of critical theory for continuous functional. An application to
variational inequalities is shown.

B XRAMER AR SE N . B AR T ik S AR AR
HE I — R o

SEFX: (EH) X TAREHEZ Ry ln 5 e

WE ALGIART || df(w) || 89— e B98EE, OF A LGIE B 6 F %
iz R S A A A T AR, MRS R ENEE R AFXPH—4
A5 I8

Bl 3

Lagrange Interpolation on Conics and Cubics

Abstract A bivariate polynomial interpolation problem for points lying on an
algebraie curves is introduced. The geometric characterization introduced by Chung
and Yao, which provides simple Lagrange formulae, is here analyzed for interpolation
points lying on a line, a conics, or a cubic.

MV X AR s iR SR A . B — AR BT I8 B, B A A A
HEF T A A SCE— B WEFE 0 AR 75

SEFN: (HH ) B HE 2R 0 2R B R0 B H A i

WE AXNH—FE A TARBHZ& B oo 20 A G {EM S h
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Chung F1 Yao 5| 1k 5 JLAf 54k $2 1 1 ) 80 09 5 A% B A 22 50, X B4 £ 00 T H
5 IR ES oy i o O I o T =6 (BB VDR I (18
Bl 4
Integrable Harmonic Functions on R”

Abstract A class of radial measure . on R" is defined so that integrable har-
monic functions / on R" can be characterized as solutions of convolution equations
f*u=f In particular, it is proved that f* e ™' =f, fe L'(e™"") is harmonic if
and only if n < 9.

ST BB A B T A T A0 4 A TG 9 it is proved
that -t J& H 1A 2

SEF3 . (BH)R" Ll B A pR L

BE ACEXT R LM —FAR 0 w, @53 R E A a] BLE F1eR 2 f 7T
FIEC N B RRRE f e n=f M RED,IE TR f+e ™ =fHHRE fe
L'(e ™™ ) AN HALY n < 9,

2. RAB =AM ENBESEIR P ERELREEG TFERM., XHEH=A
PR 15 % & this paper 5§ the author(s) ,

55

On Multiple Positive Solutions for a Non-Linear Elliptic Problem in R"

Abstract By making use of variational method, the authors obtain some results
about existence of multiple positive solutions and their asymptotic behavior as the pa-
rameter A—oe for a semilinear elliptic problem in R".

RV 0 SR A = APk 3 gl i A 08 A, 150 W R KE A F 9 12k 3R A
HA TSR .

BEFN (B H) KT R EARZ [ 0] 8 £ & O i

WE BB R L2 v B o) B, A< SR TS 43 7 349 51 1 £ 8 IE R
HIAFAETE DL R A BT PR (28 A — o0 1) (Y —BEZE0R

3. KM — AMER (we) M EZIHESITRBE R EWERITFMN.
Bl 6
A Sharp L'-Liouville Theorem for p-harmonic Functions

Abstract We study L’-Liouville properties of nonnegative p-superharmonic

and, respectively, p-subharmonic functions on a complete Riemannian manifold M.
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In particular, we prove that every p-harmonic function u e L' (M) is constant if
g>p—1,

AV A SCR M Eahifasii g Rk o 5 — ) BB BT 50 19 X R, 50 ) i i
- Ho R R R AR

SEFN:(HEH ) KT p-T 1K EH — 58 L' -Liouville & #

WE  KAHESCHE Riemann FiJE M E5r 50858 7R p- LRI R B
p- NI pRECY L -Liouville ¥ i ; 85 5, WEW] 1724 ¢ > p—1 W, B — > p-IH Al
PRAC we L"(M) #81EH 4L

WA $6 t , A7 — 8 43 2l i) A5 4 9 b B A B L B, B A discuss,

consider,deal with, study,investigate, present, propose, give,develop %,
4.1.4 X177 (key words)

S B 1] 8 DI SCHY TE 3C A =2 A il M i, AE 2R SCI A A L RS I
HA 92 B 3 SO R B I ]9 . O 8 ) R J T i SR Y RS AL % B 1] L
K2 JE# lEAE | B 200 FAT K 28 8 SO sl il FUE 28 1) 55, — B3 4 0 SCk
I 3~8 4~ K8, 9 TMEZ G

il an, il 6 ) 5 8 16 n] 3% “ Liouville theorem; p-harmonic function; Rie-
mann manifold”  JHEEMTREMEZG , BE 17,7785 " Key words” , |

Key words Liouville theorem; p-harmonic function; Riemann manifold

ME P SCEERCFIS SO S SOIRZ G M E 5 SCRUH 45 28 A G 5 i
WL, BR 2% EIREORAN, — b 2R v S S0, A B b SCR R 4
1 G et ) B ot % 8 2 B b A O (O R B R b SRR 2T 2 R A
ia] ) 2 K 1) HE B 1

FEHI,“ Key words” Z J5 A JE 5, & M A 8 8 2Z (1) 70 5 R OF, s
— AR Z S5 AR £

% 8 F i 28 Bl A Bl SO R S, AR ISR T = R IE W R R L TR
FHR B SUE I8 SO b g S B OGBSO SR R [ B R S
fifl B 5 R, X B g HE 1T R ) s 2%,

Bl 1

B A sh 2 50 3 o A2 ROK SR 4 Z 858

WE e SCHR D Br AR A A A L A TR AR S O R
A FE MR i, 3 ek 1 4 00 3 A A 7 R K, 5 B IR R A 4k il T B E S A 1S B
220G B DU FEAE R RS S LU HE T B E R GR IR £ B R 2K A by
154 3 B0 B AT Bl 28 56 1) J2 IR R 4
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KWW BRI AL £ JZUOKFR) 5y

On the Principal Component and Hierarchical Level Division of the
Basic Mathematical Activity Experience

Abstract: A research hypothesis to the primcipal component of the basic mathe-
matical activity experience was given basing on literature analysis and investigation.
Through test paper and factor analysis, four principle components were determined
inductive generalization, analogy extension, mathematical expression, mathematical
proof. By cluster analysis, hierarchical level diversion of basic mathematical activity
experience was also determined.

Key words: Basic mathematical activity experience; principal component; hier-
archical level division

Bl 2

i BB X {2 ik B0 F A SRR B A (e 20 b

BE [FEBARBALBCAZT A M T B ah 5 8 4 5 B SO R 5L, 2T
X B Xk B I P 1) B 5 AT ] T 99 6 U 9 4 ) 72 U A R 9 5 A 3 A R 2P
A ) T Oy FEAR ) PR R e A ) R B S R R M A A TR R R S
S BCA AR SRRV A B SEAR S B ROR B R A RUR LT IR &, R A
Boow AR ™= A R TR NN -

RER Bos AR EEEAR BrHH

Value Analysis of Information Technology in Basic Mathematical Thought

Abstract Integration of Information technology into mathematical education is
conducive to show the characteristics of abstract thoughts’ rational culture, to
enhance the understanding of the relevance of mathematical objects, to help enhance
the objectivity of inductive reasoning and profoundity of deductive reasoning, to
-provide abundant materials for the modeling and solving problems with models. It is
also beneficial to show in classroom the cultural backgrounds of mathematical
thoughts, the links of mathematical thoughts and the relevance between mathematical
thoughts and mathematical knowledge, and to highlight the generating, development
and application in basic mathematical thoughts.

Key words Basic mathematical thought; information technology ; mathematical

education
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Bl 3

H A /N B0 3O OR8] —— Ry 97 RO RE )
WME BUPRE ERIR A " RIARE 7 H AR 2008 4 (/hag s o) 48
BTN, ERRE B R E S EX X N R B iR
— ) B FF S MR L, IR G B FR B KRB N T WA Tk
KA HANEHE BURRE; " RIEGED "R

A New Reform Trend of Primary Mathematics Education in Japan
——"Presentation Ability” Training

Abstract “ Presentation ability” training in mathematics class is one of the
new contents of Teaching Guideline for primary Education in Japan in 2008, which
reflects a new reform trend to raise students comprehensive quality. This paper studies
the background and significance of the new trend and introduces some methods for
training mathematical “ presentation ability” .

Key words Primary education in Japan; Mathematics curriculum; “ Presentation

ability” training
4.1.5 35|35 (introduction)

G BUEIE TR 8, R 1E SR TSk i ar o I B AR RE SO L H
MRS, —RE B Mg E W FLDNE:

(1) WF5ER9 A d | H R 5

(2) PR AHCHE 5256 B il A F 58 5 ik 5

(3) BUMBIE R ZIAF A X

Be b, Wb B 51 5 ik Al A Z A SOR B IC 5 V295 , 4 78 S0 & 21 i o3

BZ 51 i3 S AUA IR 9 (2 e 25 Tk, 0 8 SCHY A 48 B H IR

515 EAERLEE LA 25K

(1) & B, 2 HE A

(2) JFIIOLL, B 4m 34

(3) SHREAHEE(EIFHBE L TlENENSANEEHE L
MER) o

NG| S AR 9 B[R], A A 178 2 Y T R

BOARSCR 51 5 ol 20w 1515 " (Introduction ) /NGRS ; A7 I Wl LLAE
AX 0 20 A A 41 WA R, S R b /bR 5155 45 B4 7 (Introduction and
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preliminaries) . Aud, 7E WA AR, 9] 5 &40 A H “ Introduction ™ E /)N by
BV 2z BE G /N i, B8R i HCAth BE Sz a2 B b O RS B /AR A

515 1 FE R ZE 9 R by | B B9 R S 28 6 RG] 2 g M, T SCH A b 7E Ay
28 A R H A AN A5 R B e B AR ke . AR X S T S T bR g1 A I
Kb o AR H 746 S R A SCRR 5 2 G, B AN, [ 6] 3R HE S 7618 SUK 2 Ref-
ferences AL B S5 7N i SCHR. ARalECH HBA A8, Kb B oy BRI A
(1) fER A F A R4, M in[6]7;(2) N L5 R3CF, " (see [6])" 5K
“(see also [6],[7]) 745 A WML : HIEBAER S AR A A (FEAHL A
i AT ) Z e, AT AR (A G G5 ) SR H B A 1938 3K ( H RiE R Y
fid:) B, BT a0 ... Brown motion'® ...” | J§ # Wl ... Brown motion[ 6] ..." .
BEHSHE T B S KA w5 A BB % 2,

Bl F M e — e 8K The boundary Harnack principle for the fractional
Laplacian ( 73 8O L LT 5 1 49 0 AW 98 5o 58 ) 1951 5, 4E & K Bogdan, &
#< T Studia Mathematica ,123(1) (1997) .43—380.

The boundary Harnack Principle for the fractional Laplacian
KRZYSZTOF BOGDAN( Wroclaw)

Abstract We study nonnegative functions which are harmonic on a Lipschitz
domain with respect to symmetric stable processes. We prove that if two such
functions vanish continuously outside the domain near a part of its boundary, then
their ratio is bounded near this part of the boundary.

1. Introduction The boundary Harnack principle ( BHP) for nonnegative har-
monic functions has inportant applications in probability theory and potential theory.
Among these are approximations to excursion laws for the Brownian motion ®', “3G
Theorem” and “ Conditional Gauge Theorem”'*'. BHP was first proved in [9] for
Lipschitz domains by analytic methods (see also [ 12],[ 11]). Later, the classical
link between harmonic fun(‘tions and the Brownian motion in R" was used to give a

-probabilistic proof of BHP *'. The result and generalizations of BHP to elliptic opera-
tors and Schriodinger operators have yielded stimulating interplay between probability
theory, harmonic analysis and potential theory (see [7],[3],(8],[16],[1]).

The Brownian motion is a particular (and limiting) instance of the standard ro-
tation invariant a-stable, process, a e (0,2]. The infinitesimal generator A*” of the
latter and the related class of a-harmonic functions have simple homogeneity
properties analogous to those of the classical Laplacian and harmonic functions (a=

2) in R". Also, the potential theory of A“*(n>a) enjoys an explicit formulation in
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terms of M. Riesz kernels, and is similar to that of the Laplacian in R", n>2tB,
The main result of this paper is the following theorem which gives another exten-
sion of the classical theory (a«=2) to the case ¢ € (0,2).
THEOREM 1. Let &« € (0,2) and n>2. Let D be a Lipschitz domain in R" and
V be an open set. For every compact set K C V, there exists a positive constant C =
C («a,D,V,K) such that for all nonnegative functions u and » in R" which are con-
tinuous in V, a-harmonic in DNV, vanish on D°' NV, and satisfy u(x,)=v(x,)>0

for some x; e DNK, we have

C'u(x)<wv(x)<Cu(x), xeDnNK. (1.1)
Moreover, there exists a constant n =9 (a, D, V, K) >0 such that the function
u(x)/v(x) is Holder continuous of order  in KN D. In particular, for every
dD NV, lim u(x)/v(x) exists as D s x—().

Generally, we follow the approach designed by W. Hansen'”' for elliptic
operators (see also [ 11]). In particular, Lemmas 1,3,4,10,13 and 16 below have
their analogues in [ 12] [ 11] and [ 7], with major changes in the proofs. The main
obstacle to our development is the non-locality of the integral-differential operator
A“?*, resulting in non-locality of the definition of a-harmonic function and even of the
notion of nonnegativity for such functions. This makes many of the arguments essen-
tially different compared with the case of elliptic operators. In reward we are confront-
ed with new concepts shedding new light on the classical theory. To prove results on
the class of a-harmonic functions, we rely vn basic properties of the corresponding «-
stable process. While a purely analytic approach is possible ([ 13 ] provides an ana-
lytic introduction to a-harmonic functions) , the probabilistic methods are very often
more natural and convenient.

KE—mERHEE 2mmsl 5. L h B, 55— BudR il G )
SO ER R AR, 5 TV S0EK, D S B R R 9 64 2 A 0 Tk B A
BB o R R A R GTANE T AR S AS B I L T 2 BB B My
W BB A SO E AR BIE 1, IR 45 B 2 M B M DG 45 R 1)
HEJ™ o HEDUBE, U0 B AR A5 A AR A B A 3 R B A B o R R BOE X
AR R AR, (R 4t 2Z BT LAGE e iROX — WXt TR T a8 i B 1Y 2
AR, BI4E 1 A SCR SR I 0 B AR 7 15 S R 1 O i o

E RS SRR AR T 2ROk A L E BB R AT R 2 &
— i A B S0 SO (% ) o A %8R 1 132 7 P ACEE — 25 1 ) 32 R HE A
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4.1.6 i ( proof)

WUERB M —RIe SO FK  ER SCh S FER . & DI (
WERIY ) 7 R T /AR, BN BURSGEIE— R FE A TS, B
A8 SCH IE SCRT 43 LA U A4S 48

(1) 515;

(2) Wi MIRYS FEEE,

(3) 513 R HUEW ;

(4) FEEGRMUEN

HAELET SO 2 B LA, WAESE 2 Wk A H 2 o) FEags 1
MRS 4 3P 5 EEEE R IE . R et A £ H KA 2 %,
PRI B T2, W aT LA Z 4y JLER 43, #6554 38 4343 58 i, B4~ 3 43 i 4% —
AS/NFREE . — 26 R A 98 SCE0OC T 5 B0 98 A8 SCE I B R BB 2
(7 o311

T UERR 25 1F i AR R 2 .

(1) AW, BT, BIESH, 2 ;

(2) Hcund, Bl e, it B iR,

(3) CFM &5, Rk Y), RPETERE, 2 W0 ;

(4) PR BUE AL bR AT TR/ SE ) fi LY 5

(5) ZF R 5 R 74 HL B/,
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“use of Abel ergodic theorem to simplify the proof.
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275 CHKE B SO b B L 43 Z — o BHEGE SCH 2 2 5% S0k i 15 it
], & S AR T B B 7S B RO A T I AR LR Rl A T A R
REHE B g SCER e #AN N ARG (0L 4.1.5) , 78 4 SR 5 % S0k &
(references) H R X SESCHRAK T 51 o SRR I 3 R 2 A A Hh RERCRE B A 1) B A%
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Y S SR A £ A L SCHR 4 BR SR T AR 00 A 1) 44 (BB AR R A )
AW AT RS (3 Y R L A ) . R B S RS
WL§ 5.2, KUK i, [N K222 CRLAE AT 584 ) 1 B8k 38 3T 19 258 SCHR L #%
R AT T A R SR A S8R A e ) e R B % 1) % Ak A
Kt RRDLA i 2Kk B .

AT iEEE MES AT G RN AER R, AT ES N T RAMR,
Horp i 2 2—RSH030GH R 3 Z2REEE2 EHH  Elsevier HH Wtk i kit
i) Journal of Mathematical Analysis and Applications ( 0% 47 8 Je i FH 4% 35 ) 18
M VEFZUAT (F o) P ds T xR S RN EMBERA(ESEX
K (14 25 SR A% ) T SR LA R R IR SE A DGR

§42 REYFRXPNEZTIRAE

B0 SOR T B A TSR, BORAT SR 45, TR IE#, AR . R
1 S5 e 3 B R A IR AR 2 5 B SR BN A S B 1R SO R I
PE TR A0 R UL ) A8 — e b 7 R 9, b B4 R BRI S A A S R
TEX b 11— SO 55 (0] B85 53 b, A 5 246 2 M0 {00 3 A v 10 B3] ) 2T LA

4.2.1 FHBAR

fE8E ) E 5K A B e SO T AU A HE B, (5 W S S, U E K
W BEH EAA RIS SO AR, R —IEE MR B, A RIEFEAAN,
PR st 07 38 B 55— 5 — AFRAR B, U RO i AR — AFREAEC T . A ke Y
SR EESHG L, TESHB L AN B/ F AR L, RIEABA
shf f, Wik, AL AR S —Fh ok, mECEERD AR H® T
EWVEAE RN N/

% G R o =L 2 - Py o e | QO (51 44 I E I <19 B e A
fi1(we) ™ A RS — AFRPRCL" o 764k F b, A5 16 we have-” | 3RIR
R0 I ATl & I A W 1 ARV SO0V il £ | B S 37 o0 A W Y

422 FHMESSHE
B EBEREOE OPERI M BRI & HAME AT Gt fE R SE
B =R AN RS ER S ESPRAES (W ESY) . Al

(% —5) SR A X 2R e T8 EWHE LT ABOR . XA
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V8 SO B 0] 38 4 AR W 90 i) 48 T 55 50 W 7™ A 18 I 1) DL B B T =2 ]
R OC ZR , 4 W0 2 2 — e B 8, WK ok B REHE T 55 . DRL b, I 285 %) 0 A 1 )
RE M,

BHEGESCh AR S 5N EA BV R X HIE i — e W o, i WA

(1) BUA & SCOFFE Z 6 i £ 47 19 LA, i 2 58 UK, 40 This had been the
case before«-+ |

(2) S22 0t

(3) EFEH—BIAER : The second column of Table 2 represents the sum of A
and B.(R2FE2HEERRAE BZA),

(4) — B — M BAE I o — B BOF 500 (A6 B0 i L & UE BH R
SEI G BE E PSR ) FNHE Tl R A B AE B o DRI, — R O AR P B e S g
7 LA ER Ay B A b — AR B AE T

(5) TS S ke A% T 44 0 T 30 1) 45 SR M R I

423 FiIEMBEEH LW —H

fEf A X FEBSHIEER E -SWERaE S5 R HBRES
Eif A 2 R ) A B IR B2 R N B R R . R A 2
o T B

(1) By 08 T S g sh il 2805, & 8CE 5 & 88 in) Y iH 18 .

Bl X equals to Y. (X%ETY,)

They are equal. (CEMNTHSE.)

(2) E4A 1AM and &0 55 30— E 5.

Bl 3 and 5 are prime numbers. (3 fl 5 HIEEH )

(3) H or,nor,either -+ or, neither -+~ nor % & i) P > = 15 A8 S 500, 2]
B 2 P A TR AR S RO T Bl ) T R R

] Neither 3 nor 5 satiefies the equation. (3 1 5 &AW LX)

A — A B, T — A O B W E Bl ia) 5 AR R R A KK
—2, .

Neither Einstein nor his students have considered this problem. ( 2 [K i H#1 fl{ih
(27 A AT #R A 5 B X [ Je )

(4) £5 20T iEn, e CRE RS, 080 2 i 8 e Rk
VA5 A BB 43 I O T B i) 2 8

The committee has agreed to the plan. ( Z& 612 [A] & aX 4~ i4] L)

The committee were at odds over the question. ( 25 i 2319 25 61 1] & X 4~ o) &
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A1)

(5) H there 5} 5 —A) i, i 1 8h 6] £ 5 & F5 10 0 55— > 44 1) 2 A

FiF)—3H.

There exists a number belonging to A in this interval. (£ 3X [X [8] A7 76— %
J&T A.)

There exist infinite elements in the neighborhood of x. (£ x [ X 4~ 4B 1k £
fEELFZPICR )

(6) Setrial Al O & A iA A T 2l 6] 1 BOE — 2

This number is the upper bound that has been proved the best. (X5 3k
W Y fe Ak )

(7) number /E F i H L5 8 — 4> of 51 iy & & I, 25 & i & 1Y e i) &

he™ | UL FH 81 i) SR8, DAL R B e 48 e AN B0 A B e B e 3 O e, T i 2

ia FH & %0, R “a number of " 2 — A iE, B RN FET,

The number of absentees is small. ( HJiE A% .)

A number of students are out today. (L4 A KT .)

RF Bk & 9 &2 80308, 40 B 2 A 50 SR i T o Bl i
i,

Sixty dollars is too much to pay for the unit. (X /~HLJ0H; 2 4E 2% 60 30, K
Z71,)

424 FHAWERENITENE TEIE

A — G SRR e s B shialieil A K . FERT S A LA TE
] R A G ZE A 0 A A AT e ()RR 3 T8 3l i) i A A A A B ) S EE
BRI 2RAR X X R — AL AR Z A S T, it ab
I B 28 B T e 0k v B 2 AT B T A

1. 4336 K ) alin) 5 A Ky shin) ) fdi

EE(L) A KW shin A a] e, R — e oL, A B gl i R
NER;

(2) DB FRE S EIERE AR EAN,

Bl #7a,b AR, A ’“‘%;ﬁﬁ<— M4 a=b i, 13 22K

a+b _
(If @ and b are negative, we have the inequality \/ab <-——;and the equalit
g 1 ¥ 2 q y

occurs when a=b.) ( & , occur A LY zhia . )
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B2 AR E A T XA E B B E W] L The theorem easily prove”
45 1, N 2 A “ The theorem is proved easily” 8y i i “ The theorem is easy to
prove” ,

2. 38 24 3K i) X R i) 4% 1) B 2K+ make ™ 22 288 ) BUAR B il ELAKAT R Bl 24
V1 Y A Y

b= e G PR 248 B0 18 SO b 8E R 44 18 P 0 (4 1)
egikg) , AR F CYR WA s =850, A flar 450 #m o H3E, e 30h
e A B I8 1 g e L F S e T R A il % 4% 18 | make 850 (4 AT 85 BC )
shid K AE, HAM LKA E—FEH.

@ 1 Irrational numbers are compared with rational numbers here ( X H | £ {]
I8 BB A7 PO T B ) W

A comparison of irrational numbers with rational numbers is made.

$] 2 Fundamentals of a digital computer is briefly introduced in this book ( A<
5 18] A GBCF I R HLAEEA ) H ek

A briefly introduction is given to fundamentals of a digital computer in this book.

3. W3] B O o 4

(1) 2 241 ial i { H

FRATTHNIE | 3 25 438 o] T4 1 9 8h ) .

51 1 The function is well defined. ( X RO LT E(ENLLT 7))

BRGSO BR T H BB R Ah, O T A3 A T 2, ik W o 25 o il A v iR
AR AT O 5 1 ) 1 B 3 7 S TR 4 .

1 2 Al required condition f;#% the condition which is required ( fiIf 7 %
IR o

JH] the normalized polynomial f{;#% the polynomial which is normalized ( 1 {1t
(TH))ZHA) .

i 2 VR TR 25 ) A0 2o [ 7€ i 2ROk X

il 3 the well-ordered set. ( ¥4 .)

generalized solutions. (] X fiff.)
ok 2 53 A S 250 ROR AR F ABOE SE
Bl 4 Given £ > 0,there exists 8 > 0 such that---. (X451 >0, f£17E 6>0

f5] 5 The first problem being solved, the second problem will be solved easily.
() S — i n] LA e, (B2 ) 58 Al st A S b3 1 5)
5 6 All things considered, the solution is the best in our problem. ( % [E 5| %
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AN T3 T, 32K AR R ATTAX A ) 8 A S LR L)

(2) BRAE i) i

T 2 K= 0T, A 73 1) ) S ) 2ok 7 45 4 AR JBCAE = 4 i TR 2R A
) F LA UG 28 3 B Aoz 85 CBLo3 I Lok 3 (BR AU R %5 ) T 18 B 45 R .

f5) 7 Setting n— o« , we obtain the desired result. (4 n—0, {15 3| i 2 11
gi%.)

5] 8 Dividing the same number a in both sides, we deduce the solution of
equation 1. ( W31 [a] B AR o, WESRAS 5 FE 1 M%)

TE I T B2 U, (1 FH B A 20 1) ke i R I 5 % R iR A AR 22 il o T B
253 E € T, vT DAL BT 8 1 9 1) 2 A0 302 0 () 143 ) 3 ) o

]9 A moving body always resists being accelerated. (iIZ i HEMWPWIKBR RS
Jin A XL )

% 10 A body moving with uniform speed in circle is not in equilibrium. ({E%Z]
1R iz s AL T AR L)

4. FR R SCEDR T — St g ]

(1) FmBi e (A4 E ) W 8)ia]

X T ] B AR B e BE L B k. A

Let x be a set. (1% x &2—14.)

Suppose that x is a non-empty set. (i x %—4‘%5%%”50 H et that a] P
Y W%, Suppose A] i i Assume,, )

Set N=1{1,2,3,---|. 8 PutN={1,2,3,-+{. (A N={1,2,3,--}{,)

Denote by df the differential of the function f. ( F df /R REf M55 .)

Denote 0] L #E2h . filan, b —&)den] &k

The differential of the function f is denoted by df.

FE55 ) e B8 LY ) Y v | Suppose 5 Assume n] BAHERAR  (H I, %F F BT
Wi B LA A B8, i SR assume SRy slial i), A

We can assume A <o , otherwise there is nothing to show. (A1 0] LA B &
A<oo B IMAUEEH W)

We can assume A<oe without losing any generality. 5§, Without loss of generality ,
we may assume A<oo . (AR —BHE, AT IR E A< o)

(2) FamHET 458 sl R A ik W45 H ) 3l i)

W HE ST W W) s iR A deduce [ imply | obtain | yield  have %, A & ¥
i A follow .occur 5§ ; —364a) 4 , Wl arrive at 5t n] Ln X A= E L .

We deduce that x=3. (Ff15H x=3.)
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We have the equality a” =b"+¢’. ({1135 % K o’ =b"+c",)

Equalities A=B and B=C imply that A=C. (% A=B 5 B=C# % A=C.)

From (1) and (2) follows that x=y+1. (#5( 1) f(2) X FH x=y+1,)

The conclusion is obtained. (1§ H 44515 .)

It follows that x*+y =2, (#illy x*+y" =2.)

fjid] conclude F1 complete H HIk FT /RS uEMI 45 . Wi .

Because r is arbitrary, we conclude the proof of equality( [ ). (A H r B &
M, 5 C ) UER SE e (8 ATER FX (1)) o A s conclude A 4 jf,
complete (2] ) o AL complete {1 B 7E F& 25Uk W 58 5 19 4] 1 b, BE 28 HAE W JE
i, B8Ok

Because r is arbitrary, the proof of equality ( [ ) is complete.

(3) RRAFAER Bl ia] 5 4] Y

FHEIE be 5 exist ¥4 5% [ %] &Y . there is (are) -+ Fil there exist(s) .

(4) K2R CHR A 3l 1)

For the detail,we refer the reader to Zhang’s paper [ 2].

(PR EE Z Wk it SC[2] (i o [ 2] Ron 2 2 35 SCHK o ir 31 119 56
—AN iR )

(5) ﬁﬁ;\“m ...... f;"j\jg ...... "“.}‘E ...... iafﬂz ...... “H(ij‘”ﬁ—:llijiﬁ]éﬂ

5 4 call, say, refer to---as---, term as, denote,designate 2§, i E T 11
L .

For simplicity, we will refer to the elements of L' (X) as function instead of
equivalence class. (2 T A W, A1 L' (X) 890 Z Bk R 50, 10 A FR R
FHRE)

(6) Fm“Eeeree X J&E" 1) hin

F 3 contradicet,

This contradicts the property of A. (X 5 A W¥E A G )

R B AW E 4 contradictory to-++ 145 17) 1] 4H in contradiction with -+ 1]
P T 287 [a] BE R, (ELJE B85 1) A i) AN SR 465

(7) have m] B, H F a8 R R/ EE BT kA5l H A 58 A v i 5

5l 1 The table has a height of 105 centimeters. (33X 9§ 5 & 105 JH % )

5] 2 This segment has an approximate length of 20 centimeters. (X 552k Bt ‘
24 20 JHK )

f5l 3 This ball has a smaller volume than that cube. (3X7/~EK (& 8L L B4 57
TR E AT )
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f51 4 The unit matrix / has the property that AI=A for any matrix A with the
same order. ( FLAZRR P BLAT 3K A A PE BT XL ][] B R A B A2 AT=A)

(8) be AR, HIF 278 ROT R/ | M B iR s LA R Aol A5 55

i ] have ) B 75 i 9] 1—3 A] AH B 2R

5] 1  The table is 105 centimeters high.

f5l 2 This segment is approximately 20 centimeters long.

% 3 This ball is smaller in volume than that cube (is).

Be+JE 45 1A 15 2 Be+of+JE 25 1] + 44 1) & H] LA 68 HAT KRR AL

5l 4 The set is uncountable. (X 4EREARTEH.)

#l 5 Cauchy criterion is of great use. (4] Pq#EM RS H.)

4.2.5 BRI MNE

o P & ] B W 3 T R S DU Y S ) =z A R ) Y 1) S BT 4B A Y 8 )
AR R O A B, T T — S

(1) Z¥E0 A ] e s i i shinl Z J5 o HA , 36 990 B F0 A 1 2 I 1] 1)
&3] ( 41 often, always, never, already, seldom, quite, almost, hardly, generally,
usually , frequently % ) 38 5 BCFE AT A 80 10 Z 11 ; {8 25 4] o A 1% A 2 ie) | Bh 3h i) 2§
Zin] be, WA X 2618 (38— A1) Z 05, HoAR & 7] ( 40 easily, particularly 5§ ) 4
At X FE TR

51 1 They often study this kind of equations. ({hfljZe % W98 XK #E )

f5l 2 The conversion is usually effected. (§%4kiH 5 &A% )

5] 3 The conclusion can easily be obtained by using the following methods.
(HTFHAERED KRGS E.)

(2) — et s, A SEHE I A e 2 W) shie) 5 B = Z 8], 0 H AR — 4
W AR T CAE S 3 in) 5 8 Z (8] 0l H VAR BT iR Z S A AT
JRAE Bl ] Z i

$l 1 They find the solution quickly and accurately. ({ﬂfl]]ﬁ&ﬁﬁ?ﬁﬁﬁf&jiﬂj
K .)

5 2 They correctly interpret the situation that---. (fth {7 1F #f o [ B [ - 19
THIE )

(3) 2 2 A ) R g 18] B ) A T % 1) 19 T TRT R A2 i JE %8 19 , A0 infinitely
many ( JGRR Z#)) , uniformly bounded (—H(A7 A1) o X, A fE Bl & A B 17 5 28 -y
LR e 25 o e Ah R R B G Sl -y f R A, I OE
)42 o] A f# " 0] L) iF B entirely radial positive solution, {H A4S B i B entirely ra-
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dially positive solution,

4.2.6 HTEABAKELER.BAMNSEHBIE

T2 > TN -1 QRN LU S 1)) G T

TERF LR A HE S L B b, 8O BB R 2 H because, 1l # 1 since (47 B 2
H as 5 for) 51 5 J5 PR A A] A D HfE 30 09 2% A4 A B el o 3 26 M) A i A 3 )
ZHIERZ G o WE R A, S 5 DOE A A, 3 0] A IR BT DA™ 50 R
i % ] SR 5 I

) Since the hypotheses (2) and (3) are valid, we can construct a
convergent subsequence of {x, {. (T4 (2)F1(3) o7, A1l LAFg & {x, | /)
— ST )

E R EARRA(2) AN(3) R C R A, o n] DK A fRT AR R < By
the equalities (2) and (3), we....

2. “FrLEAT AT AT B AN A

Hence, therefore 547 275 “ Fif LA™ “ [ " * AT " #9 & 5L, AH E AT 3% A A
since 5% because £51iC , H 2l TRm ik — L M HET .

il From the inequality (3) follows x°+y* =1, hence the conclusion is valid.
(HAEA(3) F il 2 4y =1, AR )

3. Such that M 4] 1 4E H

FERF 38 P R ] such that DA ) 3 75 X6 o O 6] 11 2 — 25 158 W A0 BR ] (356 B
B A BT 2R 78 ) B0 R A D A R B 2R ) o

f5l Suppose X is a topology space such that each close subset of X is a G,-set.
(fBE X X PR Fhas ) X B8 — M FIRAE G-I ) X— M4 T

Suppose X is a topology space satisfying that each closed subset of X is a G, -set.

A IR oo ore M IB ) woeee ™ oo™ 1 B
IF 551 5 g WA B0 17 o 1 08 7 P, AL I 0 4 ) 15 DL 6 ) 0
(B ) oo ree U (B 20 ) e ee™ SR oo eve oo ™ AL, LI, 335 00 )58 96 S

H 5 DO U] (8 2 ) ™ = 30 ™ o VLAY 3 4 ) 5 70 B2 B il v, Y AR R SR 4 08
SRR LR, oI AE ) 30 U 1 RIA] then (1R 231 EHLIE 75 2 if -+« then--- " {f
Sy — R ) o 1 WA AT A ) 2 T, T B 5 2 0 1 A 0 O
F i —~ if N, 43l s R/

1 If x e V, we can express x as a linear combination of these basis
elements. (#7 x e V, FRATHL 0] LUE x Fm sUX ST E LA A L)

5 2 If the domain D is regular, then the problem has a unique solution if the
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given function f on gD is continuous. (#5 X 3% D [F 0, B4 oD 45 & MR f
HESE I e R A HE— (9 il o )

5. “HHAY" W FRRIE

When and only when, if and only if ¥ /R 24 HAUY " , 4 05t 45 0% 5% iff,

{5 : The in equality is valid when and only when p>1. (X A% A Y HALY
p> 1 A )

6. “ BREemeee I E NS

The term measurable applied to a set in S will always mean V-measurable unless
stated otherwise. (ALY ML, WX AREM T S M- T EGH BERH V-
Af )

427 (FERIEEHEHZEH
R g E T L B T R B AR L A Ab , B B AR R i e 225K R E K

B AR — Bk, BN, 2R ) i) B, A E T ask, i ff A inquire, I
P25t — 2 0 R W B 35 5 P R R R A — R AR [ S

H-tf commence ( begin) , #E3 conclude (end)

5¢ i, complete ( finish) , 2% eventually (in the end) ,

{#i Fl employ %, utilize (use), 2% sufficient (enough) ,

% many(a lot of) , R rapid ( quick) ,

*4.0» caution (care) , i, , 712K endeavor (try) %,

AL, e — R B STk b T SR VA D B — RS A E] 40 begin try 254
B

4.2.8 EMEFELRIE, RAEM"ZIEFRE

ARV B I 9, ST RO R U S AN 2 TR 4 rp SO ) B R A 3
PRl A Tt 1) S35 A VF 2 20ROy sUAN IR 1 v 3, B DAY EL AR DO S 13 B i &2 oF
R EAMIETE” . W DR R — TR, X TR 573, X B TR 25 i
JLA B 7 76 9 ] gt

L. VR & 7 BRI AR 5] KA

FEZ P EAES RSO, &5 b SO, It E R . XA R RITFH.
{H 2 W W) 573 BE R BB g7 Jo 5 4R BUF %l R TR, i 3 SCAS A1 40 A ik, 17 1
SR ] PR (LSRR B A BR) Ik A R ORRE W T ARG, fln, —
B He g SCHE ™ %5 6] " i B son space ()i A subspace) , 48 H 4R P true
son set BY J& true subspace ( i & proper subset) , % 7 P41 " i i equation group
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( WA system of equations) , %555, B UL AN fif

PRI, 32 A6 4 b ke il 19 5 ) b v, 0 %5 ) 4R — e s T BUFE AR JF
AL B B0 5 S Rk 77 =N 57 6] .

2. A E S 0 DU E XS 13 1) e Mk AR TE AE 7 1 2203

B WA 8] 7 B 53 38 R A — 28 36] 1 28 0L AR 38 2k Rk A Al A&, B4
VRO I A SO, 3 & el B2 [a)—AMal . B4, i =]

module , modulo, modulus ( & %4 moduli)

BRI S AR B, BT . {H module A1 modulo PR F AR Bak A %4 &, Hop
module 78 “ Nk 2 HE” 2Z FE 802 45 F4) ; modulo F 4 B modulo rho-homology
group(“fL p W PARE" ) 55 % a4 Z v 5 1ifif modulus W A GE t B AE 2 %% o>
S, H A% SCBE 53 SCAS )1 22 531 EE R, s DO, 8l 28 i, 1 modulus of continuity
(“HELM” , T EIEiE) , modulus of convexity (“{M4L” |, WLF 4347 ) , conformal
modulus (“FEJEHL” , WF R &L ) o

5 [A) i , modular (“HEfY 7 ) J& 5 module X5 (9 JE 2515 , B ke 8 1 (1) % ol
AIEIR Z , @ modular ideal (“FiFAH" ) , modular ring (“ B ") %5, 1l modulus
VA xR JE 28 3], modulus A< B % 4 4 §6] P 5 15 4 L% b R i, 4 modulus
principle (“HJFHE” ) ,modulus theory (“H BB ) , b Ah b 41 B — L8 38 45 2% |- (1)
R,

SODUHE BT (CUBEET ) X R A 3 T 2 mold BY mould 5 * IR X N ) 98
2 model s If “ A" X B A9 S TE L pattern, QI 55 55, 132 AS W5 41 2 i B

3. AN E KA T ERIAE

Bl 1 IR TSRS A AN AT N R R

Our emphasis is put on what is described in chapter 2 (FE“NE" ALK HIFE).

B2 XA AL 3 YER " I Hb i A

The linear space has dimension 3 (X} “ 2" FFAXKHis" K EHIFE).

B3 “Arht A HARGRE B Z )Y ¢ AR 1 BRAL A O 2R 18 3 3 1 15 A
- Variable A is related to variable B by the Euler formula ({EE“ X &" " %

RTIHFREFE).

B 4 X AN T3 R ) 5 ¥ kL AR 2 B0 I M S i 15 A

The equation is solved by choosing suitable transformation parameter ( & " Jy
LHARERFE).

Bl S AR BRI B I A T R I o 1 O

Recent years have witnessed a very rapid growth of developments of Fuzzy math-

ematics (£ EIEZE A 1 Recent years” 53X /n) 0] 7 i FF IR 7] L) .
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X TR 2 B AR OE b i BIE 2 — MR, T AE A ) P BRI R
2, AR R A EIEEEKF .

4. T T b X5 P AR 1 2 A 19 5 i

FEEEESEEEEEEENETAE ALEHS HiamEr s i
A0V (R 4) o AR 927 AR B BT R A8 &k RIE RS A A, A [E] 4
F G AR XS 2 A7 7 22 0o B an A R B RTR W R, Z28ORIE IR H R
J* boundary™ {H LA 3% [ ¥ 2 BREOE KT W K Haymann 2h 5 i) 27 9k W0 % ] 46K
i frontier” F /R s A I BOAARTE 0 F1IBR ", fE 935 1 K H sweeping out &R, H
{LF 51 2 & K8 WK i balayage (J5U2 1 HBCE % B AY) 3L g B - 48
B ANRE A GI AR T HA S sweeping out [ 38 7 % SR -

At RATES — 516 SO, B A I AR R FI4E— i 54~ o (X 8l A 4K 1) R
75 2, kG B 17 X B BF T AR RE B B AT S A — Je Rl .

$4.3 HEHFRIMNBEHEX

FIEBHEOE U UFTEN 45, BUAIB SCHUR NG o T 1 0 28— SR R K .

1B SCH A FR) R D A S A

B If function f( x) is a continuous function on [a,b ]|, then there exists a
maximum point ¢ in [a,b]. 5] F ¥ (HIE —4 function B g B & &, {H A GE ]
Ho & R 5 1, Rl

If function f(x) is continuous on [a,b ], then there exists a maximum point ¢ in
[a,b]. (FRE(x)ME[a,b] %L  MAELa,b]H—THAREM c.)

2. WA EE ) A

f5l The results ( which were) obtained show the new method is better. H 45
SHE T . (RS RRY L H ki)

3. kB AFRACH it R 2

5l It was concluded that a new method must be devised. 0] 2 A1 8 #5
THMRE T

A new method must be devised. (A2 —FhEr HEk.)

4. Wik Z " the”

AR B R 8 SCEE AR 2D 5 18] the ™ ({1, BB T4 .

] 1  “The coating of the fabric took 10 hours (¥ 25 41 fh i )2 2 A 10 ~/h
i) " Al M pl “ Coating the fabric took 10 hours”.

IV % VE B R 2, F the ™ 55 A T the ™ A i L 55 SCHR A R[], 75 A L i DA X
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gl L AN AT Bt 4 g

Bl 2 —R5ie SCHI B H #7 8 “ The principles of caleulus™ , M| £ 78 “ fif $243 i
Fr A B, ol bR SO 4 K i — S5 RE 1 R A IR s K R i ¢ the " A
25, I 7R OB i SE S B

5. T M AE T A s (O — R SR iR E ) o

§$44 HERRANBEHSHERER

44.1 HRHFS

S TERHBOE SO bR AT B T BR T AR — SBE i R Ab 8 B A B e gy
PR, PELAE MRS &5, a5 " 585 " Iz,

L. ]

EHEA -

(1) HEMRRZ 4R,

5l The proof is complete. (UE 5Z 5 )

(2) fE H Wik, A HRERRGRS | (BAE R8O AF 5 09 9615 5 18] 16 45
HAM A .

Gl Dr., Prof., Ms., a.m. 455 ,Mass. &/ Massachusetts( & % ZE M ——F
] F— ) 1 2 W T 5, 2 A )

B2z log A, cos A H1[f log, cos 43 5| & logarithm | cosine fY 455 |, 11 & I
A £

(3) HFRRER,

Bl The question is---. H & %21 .

14243+ +n+-- Fog 2k

2. 8%

PR BCA IR PR S IR B 1O R T e SO S Z AR 7R R S
il 5 Z A H E S .

(1) 48— R 5| H5 1 i) 881, 2 A1Z 5 A and

Bl  Positive fractions, negative fractions and zero are called rational numbers.
(IEST 80 5 BOME R A B )

(2) @i ) A0 &l i) e s i AR, EHLE S

5l The purpose of the investigation, namely to establish optimum conditions,

was clearly stated. (W58 89 H 1, BREE 7 B AE M R/, C AR ERET o)
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(3) — BB A 3 0] 2Z i, Wi ) Z J5 #ER1E S .

5 If all needed variables and parameters are considered and supposed, the
modeling may be started . ( 418 fir 47 265 i) 72 BRI 2 8038 © % OB, ik ol LA
TR,

(4) AR BRAE ¥ ) B L 50 T, 5 R E P M A A T TG 5 23 0F

The method that proved most convenient was employed. H H7 that M ] J2& B & 1
[, that Z Hi A FHE S0 IF . (BOEUE N B R FIEBCRH T o)

The third method, which is considered as most convenient, was employed. H f
which AR FRZE 1 , which Z BT AIE 540 JF. (B =R EBCRA T, E#0A
A I E N )

3. %5

{58 FH -

(1) rbamifIt5]4a (AH and) .

$il In this paper, conventional algorithm was specified throughout; encryption
algorithm was not mentioned. ( 3C HXF & MU M Sk B A T VEANIE AR | 1 9% 65 5
LR K )

(2) —A] gy s A E L, # FEIMaNCH 17iE5, W55 %
B E BB IT K

il PC include CPU ( central processing unit) ; monitor, for output; and key-
board, for input. (4~ AHLI o1 CPU( Hh s 4b BEAR ) , fib7s 2 (] % ) g 480 (
THiA)H )

4 = e

- B

i FH Y6, -

(1) BSHTF KA 4] ZHi .

5l The use of the graph is illustrated as follows; where the function f(x) is
decreasing and where f(x) is increasing and there are how many local maximum and
minimum points. (X & AT IR 156 W o8 K5 (o) 7 WP HE 2% isf 0k 7Y , 7 WOP P RS 3o Y
1,4 Z 0 Rk B /MER )

(2) S T—RIIMBEEZHI

il  When you define a variable in C++,you must tell the compiler what kind of
variable it is; an integer, a character and so forth. ( 2R € X C++1— 4~ {6},
WA VR 2 PF a1 2 R R A R A e A )

(3) HSHTEPGENEREZG .

#l Theorem 1 --- f(x)is a constant function if and only if f/"(x)= 0 for all x in
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(a,b).
Proof “Only if 7 part; since f(x) is a constant function «--. (WAZfE AR

S(x) S W AR PR 2o )

“If” part; let x,, x, be in [a,b] such that x,<x,. Then ---. ( &40 ¥ x,,
xy,€[a,b] HAE o, <xy U -oveee )

(4) B9 HTRm LLRFEE

5l The operating ratio was 7:9 at 8:30 a.m..

(PFEEEERAE L 8:30 F i 7 1 9.)
442 HEFMEEFEHFSHES

L. —4]% LLBCH TG e, BOH 2 e B R A5 iR A 4.
5  Sixty manhours are required to complete the job. ( 72 B X T T 4 77 2 60
T )
2. — ) — ML IR F e 45 550 BT 3 2 7 0 A
5  1If a=b,then ¢ holds too( [F1ffi ).
If a=b,c holds too( A5 Y).
If a=1.23,c¢ is finite( /A5 25) .
3.AEM =" —4) CFF A & E4)) W = il {8555 n] AE A )
i
5l  When (7) is substituted in (8) ,one obtains a=b(154).
When (7) is substituted in (8), a=b( AHY).
Since x+y=1,we have x=2 and y=—-1 by (3.1) (45 34).
4. PR AR R AL I A2 0485, e 0 i A EEHTE SRR T
% By using the equation a=b, we have - ({5 ).
By using the equation, a=b, we have - ( A5 4).
By using the equation (a=b), we have - ( AAH ).

k2 ZERT(Hx)

XA 2017 4R K TAF 22 BloE b 48 -8 2 4 (Annales Academize Scientiarum
Fennicae -Mathematica) 55 42 & (p.799—802 11 ) i) — i B Fie L. fE& S 5 -
(5% — AR 43 ) v FH T8 e A S 156 W T S ) ey R MBI 58 AR, JF 300 8 17 A SO £ 32
GG X FEA R — (ER 1.2) #4977 UEW] 58 =3 W] oy — F &
GER (AR 1.4) o A5 5 2k SO, oF % CRS lie 3l , LA S0 Al A% K — 8. o)
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b, B TR BOCRE A M CER X BRI R G MM 5] 5 A4, LR sy
PSR = BB 70 B b el , 4= 3] £ R E H M 5 .

- A SIMPLE PROOF FOR THE BOUNDARY SCHWARZ
LEMMA FOR PLURIHARMONIC MAPPINGS

Hidetaka Hamada
Kyushu Sangyo University, Faculty of Engineering

Abstract In this paper, we give a simple proof for the boundary Schwarz
lemma for pluriharmonic mappings between Euclidean unit balls. We also give some
generalization to C' —mappings between domains with smooth boundaries.

Key words Boundary Schwarz lemma, pluriharmonic mapping

2010 Mathematies Subject Classification 32U05, 30C80

1. Introduction

Let B" be the Euclidean unit ball in C" and let B* be the Euclidean unit ball in
R™. Each z = x + iy € C" corresponds to z'= (x, y) € R, where T denotes the
transpose of vectors and matrices. For ze C", || z | denotes the Euclidean norm on
C".For xe R", | x| denotes the Euclidean norm on R". For each z e dB*, the
tangent space T ( aB™) is defined by

T,(aB™) = {BeR™: z," B= 0}.
A C* mapping f : B"—>C" is said to be pluriharmonic if the restriction of each compo-
nent f, to every complex line is harmonic.

Let  be a domain in R". For a C' mapping / : Q—R", lel J,(x) denote the
MxXm Jacobian matrix of fat x € (2.

In recent years, the Schwarz lemma at the boundary for holomorphic mappings
has been studied by many authors [ 1, 2, 3, 5, 6]. More recently, the following
boundary Schwarz lemma for pluriharmonic mappings between Euclidean unit balls
was proved by Liu, Dai and Pan [4].

Theorem 1.1. Let f : B"— B" be a pluriharmonic mapping for n, N = 1. If f is

C'"" at z, € dB" for some a e (0, 1) and f(z,)=w, € dB", then we have

(1) Jf(Z:,)B S T,.,*,( BBZ\) for any Be T«‘(’.( BBZ") :

( ') There exists a positive A € R such that J (z5) T, = Az, ,where z; and wj, are

real versions of z, and w, respectively , and



278 T RBEHFLENSEERLM

ol MASOR INPY

I\ = 22:1-[

For the proof, they used the Schwarz lemma for pluriharmonic mappings [ 4,
Theorem 1.1], a technical lemma [ 4, Lemma 2.1 ]| and the Harnack inequality for
nonnegative harmonic functions on the Euclidean unit ball in R"[ 4, Theorem 3.1 ].
In this paper, we will prove the following theorem by using the Harnack inequality for
nonnegative harmonic functions on the unit disc U in C and elementary arguments.
We do not use the Schwarz lemma for pluriharmonic mappings [ 4, Theorem 1.1 | and
a technical lemma [ 4, Lemma 2.1 .

The novelty of our theorem is as follows. We only need that fis C' at z, € 9B".
Also, in (1), the assumption that f is pluriharmonic is not needed. In ( I ), we give
an improvement of the lower estimate for A.

Theorem 1.2. Let f : B"— B" be a C' mapping for n /N = 1. Assume that [ is
C' atz,edB" and f(z,)=w, e oB".

( 1) Then we have J(z;) Be T,.( aB™) for any Be T aB™) and there exists
a nonnegative A € R such that J (z;) Twh=Az);

( I ) Moreover, if f is plurtharmnic on B", then

INT
1—(f(02) ) wt.al— ||f2(0) o
We give an example of a real anaytic mapping f such that A= 0 in ( | ) of the

A=

=

above theorem. So, we cannot conclude that A > 0 in ( [ ) of the above theorem.
Example 1.3. Let f(z)= (e ™" 0,---,0)", f:B"—B", where z=(x,, -,
x,) +i(y,,,y,)". Let z,=(1,-+,0)" € 9B".Then we have w,=f(z,)= (1,
0)" e aB" and J(z;5)= 0. Therefore ,A =0.
We give a generalization of Theorem 1.2( [ ) to C'—mappings between domains
~ with smooth boundaries. Let {) be a domain in R". () is said to have C" boundary
(r=1), if there exist a neighbourhood U of 4{) and a real valued C" function p on U

such that QNU={xeU: p(x)< 0}, Vp#0 on 902, where
9 9 ! .
Vo(x)=[-L(x),,~2(x)] , forx=(x,,,x, )" eU.
ox, ax,

p is called the defining function for ). For each x, € a(),the tangent space to 9{) at

%, is defined as follows .

T, (aQd)=1BeR": Vp(x,)'B=01}.
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Proposition 1.4. Let ), CR" be a domain with C*~boundary and Q,C R" be a
domain with C'=boundary for m, M = 1. Let p, be the defining function for (), for j =
1, 2, respectively. Let f . Q,— €, be a C' mapping. Assume that fis C' at x, € 38},
and f(x,) =y, € 38),. Then we have J (x,) Be T, (3Q,) for any Be T, (3Q,) and

there exists a nonnegative A € R such that J( x,)" Vp,(y,) =X Vp,(x,).
2. Proof of Theorem 1.2

3. Proof of Proposition 1.4

References
[ 1] KrantZ, S. G.: The Schwarz lemma at the boundary. Complex Var. Elliptic
Equ. 56, 2011 ,455-468.
(2] Lw, T., and X. Tanc: A new boundary rigidity theorem for holomorphic
self-mappings of the unit ball in C". Pure Appl. Math. Q. 11, 2015, 115-130.
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1. INTRODUCTION
The Journal of Mathematical Analysis and Applications will publish carefully se-
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Submission Limitations

Due to publishing constraints, only two submissions per author per year will be
considered, at the discretion of the Editors—in—Chief. Cognate papers by the same
author will not be published in the same issue; such series of papers will be consid-
ered only with the understanding that, if accepted, they will not appear in the same
i1ssue.

Contact details for submission

Authors may suggest an associate editor appropriate for the paper; however, as-
signment to that associate editor is not assured. Consult the list of associate editors
and their specializations on the journal webpage or on a print copy of the journal.

Submission checklist

You can use this list to carry out a final check of your submission before you
send it to the journal for review. Please check the relevant section in this Guide for
Authors for more details.

Ensure that the following items are present :

One author has been designated as the corresponding author with contact details ;

® FE-mail address

® Full postal address

All necessary files have been uploaded .

Manuscript ;

® Include keywords

e All figures (include relevant captions)

e All tables (including titles, description, footnotes)

® Ensure all figure and table citations in the text match the files provided

® Indicate clearly if color should be used for any figures in print

Graphical Abstracts / Highlights files ( where applicable)

Supplemental files( where applicable )

Further considerations

® Manuscript has been ‘spell checked’ and * grammar checked’

® All references mentioned in the Reference List are cited in the text, and.
vice versa

® Permission has been obtained for use of copyrighted material from other

sources (including the Internet)
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® Relevant declarations of interest have been made

® Journal policies detailed in this guide have been reviewed

® Referee suggestions and contact details provided, based on journal require-
ments

For further information, visit our Support Center.

2. BEFORE YOU BEGIN ( k#§3%)

3. PREPARATION

LaTeX

You are recommended to use the Elsevier article class elsarticle.cls to prepare
your manuscript and BibTeX to generate your bibliography. Our LaTeX site has de-
tailed submission instructions, templates and other information.

Article structure

Subdivision — numbered sections

Divide your article into clearly defined and numbered sections. Subsections
should be numbered 1.1 (then 1.1.1, 1.1.2, ...), 1.2, ete. (the abstract is not in-
cluded in section numbering ). Use this numbering also for internal cross —
referencing : do not just refer to* the text’ . Any subsection may be given a brief head-
ing. Each heading should appear on its own separate line.

Introduction

State the objectives of the work and provide an adequate background, avoiding a
detailed literature survey or a summary of the results.

Theory/calculation

A Theory section should extend, not repeat, the background to the article
already dealt with in the Introduction and lay the foundation for further work. In con-
trast, a Calculation section represents a practical development from a theoretical ba-
SES

Discussion

This should explore the significance of the results of the work, not repeat them.
A combined Results and Discussion section is often appropriate. Avoid extensive cita-
tions and discussion of published literature.

Conclusions

The main conclusions of the study may be presented in a short Conclusions sec-
tion, which may stand alone or form a subsection of a Discussion or Results and Dis-

cussion section.
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Glossary
Please supply, as a separate list, the definitions of field—specific terms used in

your article.

Essential title page information

Title

Concise and informative. Titles are often used in information —retrieval systems.
Avoid abbreviations and formulae where possible.

Author names and affiliations

Please clearly indicate the given name(s) and family name(s) of each author
and check that all names are accurately spelled. Present the authors’ affiliation ad-
dresses ( where the actual work was done) below the names. Indicate all affiliations
with a lowercase superscript letter immediately after the author’ s name and in front of
the appropriate address. Provide the full postal address of each affiliation, including
the country name and, if available, the e—-mail address of each author.

Corresponding author

Clearly indicate who will handle correspondence at all stages of refereeing and
publication, also post—publication. Ensure that the e—mail address is given and that
contact details are kept up to date by the corresponding author.

Present/permanent address

If an author has moved since the work described in the article was done, or was
visiting at the time, a ‘ Present address’ (or ‘ Permanent address’) may be
indicated as a footnote to that author’ s name. The address at which the author
actually did the work must be retained as the main, affiliation address. Superscript
Arabic numerals are used for such footnotes.

Abstract

A concise and factual abstract is required. The abstract should state briefly the
purpose of the research, the principal results and major conclusions. An abstract is
often presented separately from the article, so it must be able to stand alone. For this
reason, References should be avoided, but if essential, then cite the author(s) and
year(s). Also, non-standard or uncommon abbreviations should be avoided, but if.
essential they must be defined at their first mention in the abstract itself.

Highlights

Highlights are a short collection of bullet points that convey the core findings of
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the article. Highlights are optional and should be submitted in a separate editable file
in the online submission system. Please use ‘ Highlights’ in the file name and include
3 to 5 bullet points ( maximum 85 characters, including spaces, per bullet point).
You can view example Highlights on our information site.

Keywords

Immediately after the abstract, provide a maximum of 6 keywords, using Ameri-
can spelling and avoiding general and plural terms and multiple concepts (avoid, for
example, “and’ | “of” ). Be sparing with abbreviations: only abbreviations firmly es-
tablished in the field may be eligible. These keywords will be used for indexing pur-
poses.

Abbreviations

Define abbreviations that are not standard in this field in a footnote to be placed
on the first page of the article. Such abbreviations that are unavoidable in the abstract
must be defined at their first mention there, as well as in the footnote. Ensure consis-
tency of abbreviations throughout the article.

Acknowledgements

Collate acknowledgements in a separate section at the end of the article before
the references and do not, therefore, include them on the title page, as a footnote to
the title or otherwise. List here those individuals who provided help during the re-
search ( e. g., providing language help, writing assistance or proof reading the
article, ete.).

Formatting of funding sources

List funding sources in this standard way to facilitate compliance to funder’s re-
quirements :

Funding: This work was supported by the National Institutes of Health [ grant
numbers xxxx, yyyy |; the Bill & Melinda Gates Foundation, Seattle, WA [ grant
number zzzz | ; and the United States Institutes of Peace [ grant number aaaa | .

It is not necessary to include detailed descriptions on the program or type of
grants and awards. When funding is from a block grant or other resources available to
a university, college, or other research institution, submit the name of the institute or
organization that provided the funding.

If no funding has been provided for the research, please include the following
sentence

This research did not receive any specific grant from funding agencies in the
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public, commercial, or not—for—profit sectors.

Math formulae

Please submit math equations as editable text and not as images. Present simple
formulae in line with normal text where possible and use the solidus (/) instead of a
horizontal line for small fractional terms, e.g., X/Y. In principle, variables are to be
presented in italics. Powers of e are often more conveniently denoted by exp. Number
consecutively any equations that have to be displayed separately from the text (if re-
ferred to explicitly in the text).

Footnotes

Footnotes should be used sparingly. Number them consecutively throughout the
article. Many word processors can build footnotes into the text, and this feature may
be used. Otherwise, please indicate the position of footnotes in the text and list the
footnotes themselves separately at the end of the article. Do not include footnotes in
the Reference list.

Tables

Please submit tables as editable text and not as images. Tables can be placed ei-
ther next to the relevant text in the article, or on separate page(s) at the end. Num-
ber tables consecutively in accordance with their appearance in the text and place any
table notes below the table body. Be sparing in the use of tables and ensure that the
data presented in them do not duplicate results described elsewhere in the article.
Please avoid using vertical rules.

References

Citation in text

Please ensure that every reference cited in the text is also present in the refer-
ence list (and vice versa). Any references cited in the abstract must be given in full.
Unpublished results and personal communications are not recommended in the refer-
ence list, but may be mentioned in the text. If these references are included in the
reference list they should follow the standard reference style of the journal and should
include a substitution of the publication date with either ‘ Unpublished results’ or
‘ Personal communication’ . Citation of a reference as °in press’ implies that the
item has been accepted for publication.

Reference links

Increased discoverability of research and high quality peer review are ensured by

online links to the sources cited. In order to allow us to create links to abstracting and
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indexing services, such as Scopus, CrossRef and PubMed, please ensure that data
provided in the references are correct. Please note that incorrect surnames, journal/
book titles, publication year and pagination may prevent link creation. When copying
references, please be careful as they may already contain errors. Use of the DOI is
encouraged.

A DOI can be used to cite and link to electronic articles where an article is in—
press and full citation details are not yet known, but the article is available online. A
DOI is guaranteed never to change, so you can use it as a permanent link to any elec-
tronic article. An example of a citation using DOI for an article not yet in an issue is;
VanDecar J] C, Russo R M, James D E, Ambeh W B, Franke M (2003). Aseismic
continuation of the Lesser Antilles slab beneath northeastern Venezuela. Journal of
Geophysical Research. Please note the format of such citations should be in the same
style as all other references in the paper.

Web references As a minimum, the full URL should be given and the date when
the reference was last accessed. Any further information, if known ( DOI, author
names, dates, reference to a source publication, etc.), should also be given. Web
references can be listed separately (e.g., after the reference list) under a different
heading if desired, or can be included in the reference list.

References in a special issue Please ensure that the words * this issue’ are
added to any references in the list (and any citations in the text) to other articles in
the same Special Issue.

Reference management software  Most Elsevier journals have their reference tem-
plate available in many of the most popular reference management software products.
These include all products that support Citation Style Language styles, such as Men-
deley and Zotero, as well as EndNote. Using the word processor plug—ins from these
products, authors only need to select the appropriate journal template when preparing
their article, after which citations and bibliographies will be automatically formatted
in the journal’ s style. If no template is yet available for this journal, please follow the
format of the sample references and citations as shown in this Guide.

Reference formatting There are no strict requirements on reference formatting at
submission. References can be in any style or format as long as the style is consistent.
Where applicable, author(s) name(s), journal title/book title, chapter title/article
title, year of publication, volume number/book chapter and the pagination must be

present. Use of DOI is highly encouraged. The reference style used by the journal will
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be applied to the accepted article by Elsevier at the proof stage. Note that missing data
will be highlighted at proof stage for the author to correct. If you do wish to format the
references yourself they should be arranged according to the following examples .

Reference style

Text: Indicate references by number(s) in square brackets in line with the text.
The actual authors can be referred to, but the reference number(s) must always be
given.

Example: *..... as demonstrated [ 3,6 ]. Barnaby and Jones [ 8 | obtained a dif-
ferent result ....’

List: The list of references is arranged alphabetically and then numbered ( num-
bers in square brackets).

Examples

Reference to a journal publication .

[ 1] J. van der Geer, J.A.]J. Hanraads, R.A. Lupton, The art of writing a scien-
tific article, J. Sei. Commun. 163 (2010) 51-59.

Reference to a book :

[2] W. Strunk Jr., E.B. White, The Elements of Style, fourth ed., Longman,
New York, 2000.

Reference to a chapter in an edited book ;

[3] G.R. Mettam, L.B. Adams, How to prepare an electronic version of your
article, in; B.S. Jones, R.Z. Smith ( Eds.), Introduction to the Electronic Age,
E-Publishing Inc., New York, 2009, pp. 281-304.

Journal abbreviations source Journal names should be abbreviated according to
the List of Title Word Abbreviations.

4. AFTER ACCEPTANCE (Xk##%)

5. AUTHOR INQUIRIES

Visit the Elsevier Support Center to find the answers you need. Here you will
find everything from Frequently Asked Questions to ways to get in touch.

You can also check the status of your submitted article or find out when your ac-
cepted article will be published.
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5.3.2 (HFFR)PREITE N

MR X 454 4 26 3 1) SCRR 45t — 2R 0F CVFIR) 3PP I 60 35 i 2 A (5 B A
(1) AZKFPFH MR JF315 OO S (X — Tty MR 48 faiE) . (2) X
WA EBUr K5 (3) SURRIIPE B E 4 A RAF B (4) SURRAY 4 PR R fd Y
LF e (5) KEFEICHM BRI TEA S B . (6) MR 5 3¥ i P 2 (33X — I 3
MR B ) o BEAMEA (7) W B I (5 B (430 0F h 4 8 00 405 1 i A o
BL) o (8) B Y SCHR Hh 3 5% (102 25 SCHK, 38 i 4F SR A7 MR 114 [ 4% fit
HHBLAY o X4 B AR 5 B — 22 i M o 1l L AN o, A 2T RE A s ) 40 3F
Bil.

LA MR (R 28 iz ) X AS 57 8 B9 — B 18 SCHR P R B, A 2 — 20 3 .

MR2317493 (2008d:35071) 35)J60 (35B40 35B45)
Wu, Jiong Qi (PRC-ZNU)
Bounded positive entire solutions of singular quasilinear elliptic equations.
( English summary )
J. Differential Equations 235 (2007), no. 2, 510-526.
The author investigates the equation
Au+f(x,u, Vu) u”=0 (1)
in RY, N> 2, whenever B8 = 0, fis locally Hélder continuous and such that
f(x,u,p)l<C(1+Ipl?) (2)
for all x € D, D is a bounded subset of ", 0 < u < M and p e ". In particular,
under further conditions on f, it is proved that if Be [0,1), then, equation (1) ad-
mits at least one positive entire solution satisfying either
u(x)?aqo(lxl),a>0,l‘llirflmu(x)=0, (3)
or
aqo(le)SlL(.t)ste"cp(]xl), O<e<l (4)
in ", where
e(lxl)=min{l, x1*"}.
Finally, the author proves sufficient conditions under which, for every §=0,.
the equation (1) admits infinitely many positive entire bounded solutions u such that
each solution u has a positive lower bound.

Reviewed by Roberta Filippucci
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AFFERELRNOEF LKR(ZERAH SR T AHKMN) FF AL
L, A4 220 %, AP XS RBMFAE(SFLREFFLLAE)  LOHT
FEFAG—RAA BEARMLALE, RAZRRETREN K54 $
ARG ZEPHBREIRFARRGFR, AARAR—F 3 I RS

FR R A,

A

adj. ITE41,
2L A
SRR, AR Y
apriori distribution  Jg 55 73 A

apriori error bounds GG R 25

abac [ '®&bak] n. HH

abacus [ '®&bakas| n. W

aposteriori [ 'eipas teri'aurai |

apriori [ eiprai'azrai |

abbreviation [ abrizvi'eifan | n. 5,

=

Abelian function Bl D1 /K o 44
Abelian group AZ4RH¥, ] D1 /K
Abelian integral o] 01 /8§43
v. KEfFAE
n. f51 A2 5

adj. 4 Xt (1)
absolute address  #a X #l hi
absolute continuity 4 X} % ZE 1
absolute convergence 46 X WL S 1
absolute error 48 Xif i 2=
absolute value 4 X} {fi

abound [ 2'baund |
abscissa [ &b'sisa ]

absolute [ '&bsalu:t |

absolute-value function 4 Xf{f PR &L

absolutely summable series 4 %} a] F1 2% ¥

absolutely unbiased estimator 4 X JC fii fili
it ht

abstract [ '®bstrekt] n. 1%, HE

abstract algebra i % {0 ¥ ¢

abstract code  Hl %

abstract harmonic analysis il 42 V8 1 43 ¥t

abstract integral  $il % f14>

absurd [ ab'sa:d] adj. P iEH

acceleration [ ®ksela'reifon] n. hi

accessible [ ok'sesabl] adj. n] iK1

accessible boundary point 0] JK 1 B 5

accident error 8RR {& %

accumulated error RFlIRE

accuracy [ 'mkjurasi] n. ME#HE K #G
acnode [ '®knoud]| n. L7 55

active constraint & {E ] ) £ 5
actual infinity 3£ %5

acute angle 4 ffi

acute triangle Biffi = f1IE

acyclic set  AEYH 3 ¥ %

13 0 g5 P Ak

adaptive optimization
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add [&d] v. N algebraic function ¥ e %L

addend [ a'dend] n. %k algebraic geometry UL JLA]

adder [ '®&da] n. Nk 2% algebraic plane curve %0 i il ¢

adder-subtracter n. f[l J 2% algebraical [ ®ldzi'breikal |  adj. 18 (¢

addition [ a'difan] n. fn,fnik i, A

additive [ '®ditiv] adj. Ik, mEm algebraical difference {4 2=

additive congruential method  Ji[l [7] 43 1 algebraically closed  {t % &} 4]

additive group  Jill #2: B algorithm [ '®lgoridom | n. F3:, M0 R4

additive operation  fll iz ¥ algorithmic language B A

adherence [ ad'hisrans] n. $Efil alignment chart %128 & | 5 &

adhesion [ ad'hizzon] n. [f{ 35 aliquot part ¥ 5 4

adjacent sides 4l allege [ a'leds] v. R, M5

adjoint [ o'dzoint | adj. fEFEH all-purpose computer i H i # #L

adjoint determinant  fERfi 1731 =X almost everywhere  JL°F 4k 4k

adjoint difference equation ¥ bifi 2% 41 /5 almost everywhere convergent  JL °F &b A&k Yk

adjoint differential equation #F%ﬁﬁﬁjfﬁ S

adjoint matrix  {F bifi 50 4 almost periodic function ¥ J&] 1] g %X

adjugate determinant 5 ¥ {EBf 17 41 = alpha code “FHES

adjugate matrix % B {¥ b 5 % alphabet [ '®:lfabit | n. FHE

admissible [ ad'misabl] adj. ZEiFH) alpha-numeric digit 7 £F -7 %063

admissible curve 25 i £& alternate angle 3CHE 1, S5 ff

admissible error Z{VFiR £ alternate determinant A2 54741 =

admissible estimate 2 1F{4 it alternate series A8 & 90 ¥

admissible function 2§15 pA %X alternative [ o:l'ta:nativ ] adj. B F W, %

affine [ o'fain] n. {4} iy

affine connection {5 5} B¢ 2% altitude [ 'aeltitju:d] n. 58, B2

affine coordinate  {J5 5 4 $r altitude of a triangle = fIEMN &Lk

affine differential geometry {fj 5 #4440 JL{] ambiguous [ @m'bigjuas] adj. X, A
. affine geometry  {jj 4§ JL{a[ R

aggregate [ '®grigit] n. 4 amicable number % F1 %L

airfoil [ 'eafoil] n. 3| H amount [ 2'maunt | n. S5, AR

algebra [ '®ldzibro] n. fC¥2E L% amount of information {5 B &t

algebra of logic % #5303} amplify [ '®emplifai] v. ¥ K,k

algebra of matrices %[440 %% amplitude [ '®@mplitju:d] n. B, ¥k iE

algebraic [ @ldzi'breik | adj. {C¥9 amplitude modulation i

algebraic adder {00 : 8% an ordered pair —F FF Xt

algebraic curve Ul £k analogue [ '®nalog] n. B, KLY



n. KL, K
n. 4+ #r
analysis of covariance  fp 5 25 41 By
_ analysis of variance 7 224t
analytic curve fiff §7 il £%

analytic function i #r 6 %X

analytic geometry  ff# B JL{o]
analytic sheaf 472

analytical [ ;@na'litikal |

analogy [ a'naladszi]

analysis [ a'nalisis |

adj. 4+ #7 (9, il
Hr
analytical model i H7 #5¢ %Y
analytically irreducible i #f A 0] 24 (1)
analytic extension i #7 H#

angle [ 'zngl] n. ffi, &

angular bisector ffj 432k

angular domain  ffj 1§,

angular velocity  ffj ¥ &

anharmonic ratio  2¢ , 3E 8 il kb
annihilating ideal % {f A8
annihilation operator E{LE T
annular domain  [B] 5§ 5§

annular region  HJE [X i

antecedent [ @nti'sizdont | n. {40, /i {4

antidifferential [ ;@ntidifa'renfal] adj. 2
ik 41 B

anti-homomorphism [ @nti-homa'ma:fizm |
n. [Z R &

anti-sine [ @nti-'sain] n. K& IF#%

anti-symmetric [ @nti-si'metrik |  adj. JzZ %}
PR i)

antitone [ '@ntitoun]| n. R

apex [ 'eipeks] n. T

apolar conies M AC B — ¥k il 2%

applicable surface ] It iy

application [ @pli'keifoan] n. i

applied mathematics  Jij F £ 2F

n. fliit

appraisal [ 2'preizal |
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v. BF,#i;n
it 38 i

approach [ a'praut/ ]

approach zero T 0
approximate [ a'proksimeit] adj. VT el
approximate calculation if {Pl11%
approximate error ¥ {lli% %

approximate evaluations T {LL4d it
approximate expansion T fBLJ& JF X,

approximate value U7 {BL{H

approximation [ o,proksi'meifon] n. ¥,
18 T
approximation by least squares JH f& /N — %
Ji (3

approximation of 1st degree — Ui {Ld
approximation of 2nd degree YL
approximation of root R i) i1 {1
Arabian cypher B 57 {f £ h%

Arabic ['®rabik ] adj. FIHI{A1HY
Arabic numeral P[4 {7 B F

arbitrary [ 'a:bitrari] adj. fiE M {ETEMN
arc [a:k] n. 9K

arc length gl

arc of a graph Y90

arc-hyperbolic function 52 XU p& %

arch [a:itf] n. 5JE

Archimedian valuation  Bo] B K 7 i, {F
architect [ 'a:kitekt ] n. @G, %3G
n. JIE&

arcwise connectedness 9 [ 3% i P

n. JEFR, DX 5

area of a curved surface iy [ ffi F!

areal coordinates  Hi.0» A4 FR

n. B, [ AR R,
& 6

argument function 4 ffj p& B, A8 oA L
argument of a function pRELM H AF i
arithmetic [ 2'ri@moatik]  adj. AR ;0. A

arcsine | ja:k'sain |

area | 'earia |

argument [ 'aigjumant |
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al

arithmetic continuum FHGELS
arithmetic division 5 AR 3k
arithmetic expression AR FK A
arithmetic mean 3 AR 101 535 AR - 1y
arithmetic operation ¥ Riz8H
arithmetic progression B A 2 4§

arithmetical [ @ri@'metikal ] adj. 5 K 9,
BA LR

arithmetical invariant B AR A28 4

arrangement [ o'reindzmant | n. f{f#]

n. %A

array identifier Z41F57 iR A
array list $4l %

array of difference 2= 43 4% 3
artificial intelligence A T8 fiE
ascending order 3 1% J} I

assemblage [ a'semblidsz |

array [ a'rei]

n. 4

assembly program - % £ )7

n. Wi, W75, B

v. JrBC, 15

assignment statement W {f 15 %)

adj. FFEAY;v.
...... ﬁg,{gﬁg‘j%ﬁ

associated ideal #f {FFE AR

association [ 9;saufi'eifon] n. Z5&

assertion | a'sa:fan ]

assign | o'sain |

associate [ a2'saufieit |

association scheme #£58G H%E

associative algebra 25 & {05

associative law 45 & 1

. associative law of addition il {545 51
associative law of multiplication € ik &5 & ft
v fBGE  BC(fE)

n. fiE

n. 25

n. BILL

n. K%
asymmetrical [ aesi'metrikal] adj. ASXFFRA
n. A &R

assume [ a'sjurm]
assumption [ a'samp[on ]
asterisk [ '@storisk |
asteroid [ '&starosid |

astronomy [ a'stronami |

asymmelry [ &'simatri |

n. Wi £k
adj. #rit i
asymptotic behavior ¥ 4R A&
asymptotic curve ¥ it [ £&
asymptotic line  # iff £
asynchronous | ei'sipkranas |
atomic event 53 {4
atomless set function it J51 1 (9 4 R 5L
n. Bk
n. B
n. 5147, 5]
n. J&
n. BN
auto coding [ 45 14

autocorrelation | artaukori'leifan| n. [H 4K

asymptote [ '@simptaut ]

asymptotic [ @simp'totik |

adj. 4[] 25 1)

attainability [ a,teina'bilati |
attenuation [ a;tenju'eifan |
attraction [ 2'traeek[an |
attribute [ a'tribjuzt |

augend [ '>:dzend |

auto-covariance [ o:toukou'vearians | n. [

b 75 %

automata [ 'artamata] n. H 3hHL
automatic coding [ h % i
automatic data processing [ #f %35 4k B
automorphic function [ 5F pR %Y
automorphism [ a:ta'ma:fizm ] n. [ [
autonomous differential equation [ 14 % 4+

TR, AEMY TR

EREES
adj. % B 9

aulonomous syslem
auxiliary [ o:g'ziljori ]
auxiliary circle i ff [
auxiliary problem  fj Bh [n]

0. 4 sadi. 51
average error F- PR 25

average rate FHJAE{L

average rate of convergence I8k &
average value SEHJ{

adj. Hh =1 i

axiom [ 'aksiaom] n. S H

axiom of choice BE$E/ B

axiom of completeness 5S¢ #5120 H

average | '@evaridz |

axial [ 'aksial ]



axiom of parallels 477 H
axiomatic method 72 P i
axiomatic set theory AP LGB
axis [ 'aksis]  n.

axis of reals SE%H ( =real axis)

axisymmetric [ @ksisi'metrik | adj. fli & FRAY

B

balance equation -y 7 %
balayage method 1 i
Banach algebra [ S Ak H
Banach space [ % %5 []
bar graph 2R JE A

barrier function [ i e %Y

barycenter [ 'baerijsenta] n. Hil>
barycentric coordinates . AL B

n. JiK, 5

base angle JiE ffi

base of a triangle = fiIE MK

base of exponential function 5 % o U i€
base vector %t [n] &

Bernoulli (A4 ) 1A%

bl ZE /K - va F) 48 78
K

Bessel’ s inequality Dl € /)% A~ 26 X,

best approximation fi {4 j# iiT

best estimator  fefEAl i1 It

beta function B—pA%L

UL A

biased [ 'baiast | adj. £ {1

biased error A7 fli 1% 22

bicontinuous function A% 5 pR 4

bicubic interpolation ¥ = ¥ 4 (i

n. B
biharmonic equation  BLYE 1 J7 F#

bijection [ bai'dzekfon]| n. MG, ——BR 5

base [ beis ]

Bessel-Clifford equation

betti group

bifurcation [ baifa'keifan |
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adj. AR AYEH)
n. +42
adj. A, G
binary arithmetic 3 il 3 K
binary digit 3 il $CF
binary operation . JGi&E

binary quadric form 70 “RKIERX

bilinear [ bai'linia |
billion [ 'biljon |

bhinary [ 'bainari ]

binary relation —JCK &

binary code — gE il

binomial correlation i ff &

binomial equation I J;

biprojective space  BUH § %5 [A]

biquadratic equation X K f £
biquadratic form X K JE

biquadratic interpolation X K4 {&

n. R,
adj. DU PR Y

bisector [ bai'sekta |
bisymmetric [ baisi'metrik |
bit [ bit] n. {if

blank [ blegk] adj. 25 F1HY
block diagonal matrix 43 He X ) #1 [
block diagram HE [

block multiplication 43 3t 4] €
block relaxation M 4 it

block search Jp4tt il 58 i

body of rotation  Jig 5% {4

hondage [ 'bondidz]| n. 24§
Boolean algebra i 7S 8

Boolean formula i /K2

Boolean variable #ji /K 4% #

Borel set {H 5 /K4

bound [ baund| n. % B8

boundary | 'baundari| n. B ,h#
boundary point  #1 5 /5

boundary value problem  #1{f [] &
bounded [ 'baundid | adj. 5 %1
bounded above 4 |- #11Y

bounded below 4 F A1)
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bounded set A #%
bounded variable 45 A48 it
bounded variation 5 #A4F %

box [ boks] n. fE,H¥JC

brace [ breis] n. K¥FES

bracket [ 'brakit] n. &%, H &S
branch [ braintf] n. 5%

branching point 3 85,

breadth [ bred®] n. %

breakpoint information 43 #| & {5 &

bridge [ bridz] n. #f, #f

bridging order i [i] 4§ 4>

broken line #74k

Brownian motion process Afi Bz &l it #2

bundle space M %3 [H]

by induction on n  ( FIEUF A DK ) X n i
(=R

byproduct [ bai'prodakt | n. @™

&

calculable | 'kaelkjulabl |

calculation | ,kaelkju‘lei]‘sn]

adj. Al M
n. it 5
n. 83
n. WA [%],
e
calculus of variation 7433k
call in A
call on  i}j[q]

cancel [ 'ka&nsal |

calculator [ 'keelkjuleita |

calculus [ 'kalkjulas |

v. B L 2T
adj. JLHYH
canonical form S5 A bR o A

cap [ kep] n. 32, K3ZiEH

cap product K
capacity [ ka'paesiti |

canonical [ ka'nonikal |

n. F i
capacity dimension ¥ i 4 %4
cardinal [ 'ka:dinal] adj. JEE0H ;n. FEE

cardinal number KE%{
carry over to (i 4k%E T X
n. k{7

Cartesian [ ka:'tizzjan |

carry | 'keeri |
adj. i JLAY
Cartesian basis L&t

Cartesian coordinates i K JL AL #5
Cartesian geometry i JLJLfT
Cartesian product K JLFR[ %]
cartography [ ka:'tografi] n. i %
cascade carry B {7

n. Hx

categorical syllogism F&H —Bit

n. i, AR

n. BEL

Cauchy inequality # P4 A~ 5§ 5
Cauchy-Schwarz inequality  #1] /4 ~ jifi FL 2 A

catalogue [ 'katalog |

category [ 'kaetigari |

catenary [ ka'tirnori ]

%
center [ 'senta] n. P, B L

center focus  H.0E 2

center of a circle [&].[»

center of gravity Hi.(»

center of inversion FZ {ifi H0»

center of similarity  F{El 0>

center of sphere ERK.[»

center of symmetry X FR L
centered affine space 1.0 ) 5 %5 [A]
centered conic A0 K £k
centered difference  H1 0> 2 4}
central confidence interval H.0 {5 [X [6]
central quadric A0 — Y il i
certain event IR FH

chain [tfein] n. #

chain condition % 5 {F

chain homomorphism % [A] 2

chain rule 4% 2 72 1)

chance move  BEHLHE L , BEHLFS 2l

change [ tfeindz| n. A58 Ay



change of scale 7%t R Jif

n. FFAELBR ], F4F
adj. ¥FAEAY
characteristic basic manifold $F{iF 3 JE
characteristic class RS

characteristic curve $F{F i 28
characteristic root $F{EAR

characterisic value AfE{H , $F4E{H
characterisic vector JF1iF [i] ft

chart [tfa:t] n. 4%, FFE

check [tfek] v. £&Xf

check formula 365 22

chi square criterion X’ f 5

character [ 'karikta ]

characteristic [ karikta'ristik ]

Chinese remainder theorem fh 7 % 4 & B ,
o [ R B

chord [ ko:d] n. 5%

chord at contact ¥J] 55 9%

circle [ 'satkl] n. [@F], [#

circle at infinity JG%5 k[ HE |

circuit [ 'satkit] n. ¥ %
circular [ 'satkjula] adj. @AY, & &8, @
¥ 1

circular arc  [& 9

circular cone  [@]

circular cylinder  [B fF

circular cylindrical coordinates  [&] A A {5
circular dise &

circular frequency [ 4l

circular points  J 6 55

circular region  [f] 1

circular ring 0

circulating decimal ¥ /N %

circumeircle [ 'satkom'sa:kl] n. #pER
circumference [ sa'kamfarans]| n. @R, &K
circumradius [ satkam'reidias |  n. #p§2E ]
iz
circumseribe [ 'sotkomskraib] v, g e
i Pl i £, 4 4
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circumscribed circle  #p 4% [5]
circumscribed triangle #hY] =M TE
class [ kla:s] n. 26,0k
classification [ klesifi'keifan ] n. 2%,
4
classification statistic 432481t
clockwise sense i B & 75 []
n. ¥, H
adj. M)
closed aggregate ({4 ( =closed set)
closed curve [ i £k
closed operator [ T
clothoid [ 'klou@oid] n. [f] i i £&

closure [ 'klouza] n. HfL, A&

close [ klauz ]
closed [ klouzd ]

cluster point 3 5

cluster point of a sequence J¥ %] i) ¥ &
cluster set HR{HHE
code [ koud] n. %

code data  H it i) B 48

code machine %3 fl
coefficient [ koui'fifant] n. &H
coefficient of alienation ASHH K R E
ERiPF %
coefficient of regression [0] 5 & %%

adj. 5 il )

n. REF, /TR
adj. LR 1Y

n. 7% R
cogradient matrices ] 2 4 B, A
v. —BLAA
adj. — B0, #F
gy
n. 5 BE

adj. 3LZ
collinear vectors  1L£E [n] &t

collineation [ kalini'eifan ]

coefficient of autocorrelation

coercive [ kau'a:siv]
cofactor [ kau'faekta]
cofinal [ kau'fainal ]

cofunction [ kau'fapkfan ]

coincide [ kauin'said ]

coincident [ kau'insidant |

collection [ ka'lek fan |

collinear [ ka'linja |

n. EAT, 2k
n. fic &

collocation [ kola'keifan |
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collocation method it & =
n. #,%
column matrix % 40 %

combination [ kombi'neifan ]

column [ 'kolom |

n. 45
combinatorial analysis £ & 4 #r
combinatorial topology #H & #1 b
combined method 4 & H ik

combining estimate of correlation A 3¢ i) &
At

comentropy [ ka'mentropi] n. {554

command [ ka'maind] n. 4

commensurable [ ko'menfarabl] adj. #] 2
JE Y

n/v. T8, L
adj. 22 3L 3 i

common denominator {L}é}'ﬂ

comment [ 'koment |

common [ 'koman |

common difference %2

common factor > [H 1

common multiple 2> {5 %

common ratio 4\ [t

commonsense reasoning 4 LfE P

adj. HJ 22 # [
commutative algebra 22 e/ %
commulative group A8 i fif

commutative law A2 i ft

adj. '&1

commutative [ ka'mjustativ ]

compact [ kom'pazkt ]

compacl sel }E’%

comparable | 'komporabl]| adj. W Fb 419
adj. b HHY,
4 1y

n. $5FEEF, KL

adj. FHARY

compatible event A2 H A

compatibility [ kom peti'biliti ]

' comparative [ kom'parativ |

compass [ 'kampas |

compatible [ kom'pztabl ]

n. M2
n. i iFREIT i i
n. 4, %k

compiler [ kam'paila ]
complement [ 'komplimant |
complement form %M IE 3

complementarity law H 43t
adj. [ ]
R, [ Ab

complementary [ kom,pla'mentori |

complementary angle 4% ff

complementary event #h S {4
complementary space 43%5 [A]

adj. 564/, 5 & HY
complele axiom system %%’2}@%5‘1’3
complete induction 5% 4 5 44 ¥
completely additive 5¢ 4 0] fill )
completely continuous operator 4 L5
adj. B, H 40
complex analysis & 4347

complex analytic curve R pT ih 2k
complex conjugate & 1L#p

complete [ kam'pli:t ]

complex [ 'kompleks ]

complex integration & 4y
complex number n. &%

complex plane & -]

complexity [ kom'pleksiti] n. &4

complex-valued sequence BHEFY

component [ kam'paunont] n. B¢, 4 &,
Vi3

component ideal 7 FiAH

component of a vector [1] i [f) 43 i
adj. 51
composite mapping & & B
composite matrix 5 B3 4

compound function & £ A%

composite [ 'kompazit ]

computability [ kam pju:ta'biliti |  n. #J 3}
B

computable [ kom'pju:tabl] adj. w5

computation [ kompju'teifon] n. iH

computational efficiency 3K
computational instability 8 i A fa &t
computational method {15 J5 ¥k

n. iR AL
computer graphies {13 L il [

computer [ kam'pjusta ]



compuler program ﬁ“%m%ﬁ“

computer programming language 15 HLF ¢
ma

. computerize | kam'pjustaraiz | v. iHHlL{k

adj. M9

concave curve [U] i £&

concave up  [n] | [V]

concavity [ kon'kaviti ]

concave | kon'keiv ]

n. U4
concentric circles  [a].(» [H]

n. &

n. #:&
n. 451
adj. Ft M
condensation test  Jf 3 K 56

n. %Ak

conditional distribution &4+ 4

& B F
R
conditionally convergent 2k {4t 8%
n. [B] 4k

confidence interval & {5 X [H]
confidence level ‘B {5 /K F
configuration [ konfigju'reifon |

concept | 'konsept |
conception [ kan'sepfan |
conclusion [ kan'klurzan]

concurrent [ kan'karant |

condition [ kan'difan ]

conditional probability density

cone [ kaun ]

n. #WiE,
i J& 4 Ja , LA

v. PR PR RE

conformable matrices  AJ A 7€ & I

adj. ff My, 3

i1

conformal geometry {RJE JLA[ , HJE JL{n]

R 2 e, 26T

25 e

n. [dl4, 45

adj. [d] 4% Hy, 4

I

congruent integer [d] 4% ¥ %

congruent to each other T4 4%%

congruent transformation 4> %75 i

confine | kan'fain |

conformal [ kon'farml ]

conformal transformation

congruence [ 'kongruans ]

congruent [ 'kongruont |
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congruent triangle 4% =ffJE

conic polar  #§ Ik i £8

conic section [ HERNLR , — UK i £k

conical [ 'konikal] adj. [B4E /Y, 5 #E TE 19

conicoid [ 'konikoid | n. YKt il

Conics [ 'koniks | n. [#4E &6, HEL &

n. AR A

conjugate [ 'kondzugit | n. 3t #g; adj.
38 1

conjugate compex number i & £

conjugate conics 4 5 #E il £&

n. A

conjunction of propositions iy # iY) {5 HU

conjunctive matrix 345 5 [

v. HEHEBRG, OCHR

connected [ ka'nektid | adj. % 1)

connected region 3% i [X 4

connected space % il %% [H]

n. k4%

n. % %16 ; adj. K

11

conic | 'konik |

conjecture | kon'dzekt[a]

conjunction [ kan'dzapk[an |

connect [ ka'nekt |

connection [ ka'nek[an |

connective [ ka'nektiv |

connectivity [ konek'tiviti] n. % ¥
consecutive [ kan'sekjutiv ] adj. #{K X 11,
B
consequence [ 'konsikwons] n. #if
consequent [ 'konsikwant| n. J5II, f5{F
conservation [ konsa:'veifon] n. 5F{H
conservation laws SF{H & f#
consistence [ kan'sistons| n. f%&,—

consistency principle — 2 J5iL )]

adj. fHZER, —
By

n.

constant coefficient 3 Z& 5

consistent [ kan'sistant |

constant [ 'konstant |

constant curvature ‘& fif] %
constant input H Bl A
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constant term ’ﬁ'ﬁlﬁl

constructible [ kan'straktabl ]  adj. n] #4
J

construction [ kan'strakfon] n. f4ik

construction problem {f [ &

constructive definition #4185 & X

consult [ kan'salt] v. if# .5 %
contact | 'kontakt]| v. $Efik
contain [ tan'tein] v. U
content [ 'kontent| n. &

content function %% Ji pR %Y
content zero & %5 ¥
context [ 'kontekst] n. HifFXE, I FX
context-free grammar |~ | 3CJC K iE
continuable adj. A #E 4 (1], o] ZE {1
continued equality 3% % 5%

continued fraction 3% 47 %

continued multiplication % %€ i
continuity from above | i %k

continuity from below F %%k

continuity in the mean ¥ )y i% 4¢

adj. 7% ZE 1
continuous function % 2% pR %X

continuous mapping 4 ZE it 5}

n. ELEG

n. FJZk, [iE , 1] #%
contravariant tensor Sz 78 5 &

n. Y045, 4 3
~ contraction mapping & 4q B §f

contradiction [ kontra'dik fan ]

continuous | kan'tinjuas |

continuum [ Kan'tinjuam |

contour [ 'kontua ]

contraction [ kon'trek[an |

n. ¥
adj. F J&5
contrary [ 'kontrori] adj. M5, 511
contrary proposition ] iz iy £

n. 4% il

control circuit 55 il 2§ %

control theory 5 il ¥ i

v. sk

contradictory [ kontra'diktari |

control [ kon'troul |

converge [ kan'va:dsz ]

converge absolutely & X g 8
converge uniformly — SIS
convergence | kKan'va:dzans | n. i8¢
convergent [ koan'va:dzant | adj. Y8
convergent sequence S ¥ ¥
n. 3% ;adj. %9

adv. RZ , R
adj. {1y
n.
v. ik, el
n. AL R

converse | kan'va:s |
conversely [ 'kanva:sli]
convex | 'kon'veks |
convexity [ kon'veksiti |
convey | kan'vei |
coordinate [ kou's:dinit |
coordinate axis A f5 il
coordinate system A bR £
adj. 3T f
n. BT, H&K
n. B8
n. &,#EiE
n. & IiE

v. X

correspondence [ koris'pondans |

coplanar [ kau'pleina |
coprime [ kau'praim |
corner | 'kaina]
corollary [ ka'ralari |
correction [ ka'rekfan |
correspond [ koris'pand |
n. R B
adj. X N f9
17 11
corresponding angles [ {3 ffi , X i ff)
corresponding point  Xf i 5
n. R
cosine law 4 9% 5 HH
cotangent | 'kou'tandzant |
v. 1HE

countability [ kaunta'bilati ]

corresponding | koris'pandip |

cosine | kau'sain |

n. &Y
count [ kaunt ]
n. A &
adj. A i} 3 @,
BE{

countable | 'kauntabl |

countable base 1 ¥k

countable infinite ] ¥ JC %5 1Y

countable set 7] $(4E

countably addtive 0] £ 044 1)

countably addtive measure 1] £ fj1 1k I B
n. i B

counter [ 'kaunts |



counter clockwise  Jz B}l A [

counterexample [ 'kauntarig'zaimpl] n.

counting principle 1% Jii 7

couple ['kapl] n. {#,#5

covariance [ kou'vearions | n. Py 2

covariant [ kau'veariont ] adj. FLAF Y

covariant tensor FLAF g &

cover [ 'kava] v. %

criterion [ krai'tiarian] n. #EN , ) 513

criterion chi square X K 5

critical [ 'kritikal] adj. Wi 50, F & 1)

critical point Iffi 5 &

cross check A H K %

cross correlation function  H A ¢ pR %L

cross cut 3¢, IE38

cross line I 384k

cross product [u] H L, L1

cross ratio A€ b, AE I A L

crossed products A2 X He A

crossing off | B

cryptography [ krip'togrofi| n. %45

cube [ kjurb] n. SE O, S v, RS K

cube root 777 AR

cubie [ 'kju:bik |
=K

cubic binary quantic 70 — K fCEUE L

cubic curve = K £k

cuboid [ 'kjuibaoid] n. £ Hik

cumulative error Rt iR 2

cup [kap] n. RKIFiEH

curl [ ka:l] n. JEJE

curvature [ 'ka:vatfa] n. i %

curvature of a curve [ £& (%) ] R

curve [ kav] n. £k v. &l

curved [ korvd] adj. 25l /Y

curved space 25 il 25 [H]

curved surface i [

adj. 57 KM, ST,
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curvilinear [ karvi'linia ] adj. £k Y
curvilinear integral £k fip

curvilinear motion [ 2k iz &

cusp [ kasp] n. 2345, B4

cuspidal cubic 43 =W £k

customary [ 'kastomari] adj. 2R, 154 A4
cut [ kat] v. #i, 8, #

cutting plane ¥ 1f

cycle [ 'saikl] n. fE¥

eycle limit 4 20 4 fi

cyclic graph 1§ 34 &

cycloid [ 'saikloid] n. 24

cylinder [ 'silinda] n. [, @ 4 f
cylinder functions A pf %

cylindrical coordinates ¥ [f] 42 5
cylindrical helix I [fi] 8 Jig £k

cylindrical polar coordinates ¥ [ 4% 44 45

D

damped vibration PHJE #ik 8

data [ 'deita] n. ¥4 (datum /) 5 50)

data compression B e 45

data handling  $4f &b #§

data mining (4% 42

data processing B4 4b Bl

data reduction system ¥4 i 1k & 4t

datum [ 'deitom | n. ¥4

debug [ dii'bag] n. ¥, HEESF

decade [ 'dekeid]| adj. il (19

decagon [ 'dekagon]| n. 1i1JE

decay [ di'kei] n. $AF, ¥k

deceleration [ diysela'reifon]| n. P

decidable [ di'saidabl] adj. A] 3] ¥

decile [ 'desil] n. 4%k

decimal [ 'desimoal] n. + 34l /%5 adj. +
AT 6 2B
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decimal-binary [ 'desimal-'bainari| n. |
=

decimal code + BEEHS

decimal notation i $ 3k

decimal number 3 il %%

decimal part /BB 4

decimal point  /NES

decimal system | 3 il

decimal system of counting -} il

n. HRE  ROR, eE

decision model Pt 3 A5 X

decision process g9 it

decision theory R it

declaration [ dekla'reifan |

decision [ di'sizan |

n. i
n. i A
n. PR, i AR S
n. 4fif
decomposition into direct sum £ Fl47 fif
v. I8P
decreasing function P PR %X
decreasing sequence | [ ¥ %
deduce [di'djuis] v. #fi
deducible [ di'dju:sabl] A #E 5/
deduction [di'dakfon] n. #Eif, 2
deductive [ di'daktiv] adj. #EiEH, 2511
deductive method  §iif ZF
deficiency [ di'fifonsi] n. 5%, 5 #
define [ di'fain] v. 5 X
definite [ 'definit] adj. #f§ & (1)
definite form & H!
definite integral % F4)
definite quadratic form 5 — 78

n. G
n. W4, 48

n. S i

n. 28I
n. i1k

declarator [ di'klaerata ]
decode [ di:'kaud ]

decomposition [ ditkompa'zifan |

decrease [ diz'krizs |

definition [ defi'nifon ]
deflation [ di'fleifan |

deflection [ di'flek[an ]
deformation [ di:fa:'meifon ]

degeneracy [ di'dzenarasi|

degenerate conic iH L Tl £k
degenerate differential equation Bk H 2

degree [di'griz] n. K, B, B
degree of an angle ffi (1) & %X
degree of freedom [ B

degree of a polynomial 25 31 =X, ) Uk %4
degree of precision I %
delete [ di'lizt] v. MR

deletion [ di'lizfan] n. fi|ER
demand [ di'ma:nd] n./v. THE

demand function 753K pR %%

demi-continuous mapping K % &E B 5

denary logarithm L - A JiE #) % %

denary notation 3 il 10

denominator [ di'nomineita] n. 4p &}

v. TR, 10

adj. B4 #Y

dense everywhere Ak 4bH %

adj. "] 4
n. A%

adj. 1R

dependent event #H K F 14

dependent linear equation ] 32k Pk 1 #2

dependent variable [ 48 &

depression of order ik

derangement [ di'reindzmant ]

derivable [ di'raivabl]

derivate [ 'deriveit |

denote [ di'naut ]

dense [ dens |

density [ 'densiti |
denumerable [ di'njurmoarabal ]
dependence | di'pendons |

dependent [ di'pendant |

n. B
adj. A [

n. G

n. R[]

n. S8, TR

derivative on the left & F%

derivative on the right 5 5%

derivative order {5 Bt

derivatives of higher order & [ 3%

v. 158, 2

derived function 3 pR %L, F 1H R %L

derivation [ deri'veifan |

derivative[ di'rivativ ]

derive [ di'raiv |



Descartes, R( A4 ) R.#f L

describe [ dis'kraib] v. 5,0k

descriptive geometry [} 7 JLu[ [ 2% ]

v. #®it

v. fRic, 6 it
adj. #4951

detached coefficient 43 55 R %

detection of error 1% 2= i) § #r

n. 474158

determinant divisor {74 = &

determinant factor 1741 & H

determinant of coefficient 4751

determinant rank {751 3 4 Bk

determinantal expansion 1751 = & Jf =

deterministic policy i 72 ¥4 2 3K

deterministically i & ¥ b

v. I IV K, A

developable surface W] Ji ] [fi]

design [ di'zain |
designate [ 'dezigneit |

designated [ 'dezigneitid |

determinacy [ di'tarminasi |

determinant [ di'tarminant ]

develop [ di'velop ]

deviation [ diivi'eifan] n. {2

diagonal [ dai'®=ganl] n. Xfffi £k

diagram [ 'daiagrem ] n. EJE,E#,EHE
diameter [ dai'@mita] n. H##

diamond [ 'daiamand| n. 3FJE

dichotomy [ dai'kotomi] n. —43ik
difference [ 'difarans]| n. 2%, %%

difference coefficient 5y, 2= 2%

difference equation Z 41

difference method 2547k

difference of sets &2

difference quotient 2%

differentiability [ 'difarenfia'bilati|] n. A
b

differentiable [ difa'renfiabl| adj. W] {1

differentiable function 1] {3 pR %X

differentiable manifold {43 i 1B

differential [ difa'renfal] n. §4r;adj. &
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it

differential and integral calculus  fiff 1 4
(%]
differential calculus fi{{432¢
differential equation {43 77 ¢
differential equation of first order — P i 43
i

= B i

ST
v. R T8, K
sy
differentiation [ difa;renfi'eifon | n. i

IR’

differential equation of higher order

differentiate [ difa'ren/ieit |

n. ik
diffusion equation § HUH

digit [ 'didzit] n. $F

digital [ 'didzitl] adj. 71

digital approximation ¥ {f i it

digital computation ¥ ¥

digital filter 8738 ¥

digital bits ¥ FF T

digital-analogue type $UFELHLI%KY

n. BEHK , {4
n. PEHE L, MR
n. 4 ¥, H K,
it 49
Diophantine equation % 7 [& Jy ##
dipolar coordinates XU A& $r

direct product

direct ratio 1E Ht

direct sum  F

directed graph A7 [u] [

directed line 45 [ B2k

directed set A7 ] 48 , 5@ ] 4

direction [ di'rekfan] n. J[q)
directional derivative i [a] 5 %

n. SE, 4 M

diffusion [ di'fju:zan ]

dilatation [ dailei'teifan ]
dilemma [ di'lema |

dimension [ di'menfan ]

directory [ di'rektari ]
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directrix [ di'rektriks] n. #EZE

Dirichlet series %k ] 52 H5 2 %X

dise [ disk | n. [0 #%

discernible [ di'sanabl] adj. af 85 #
disconnected [ diska'nektid | adj. A %
i 1Y

adj. A i%E
ZE 11

discontinuous [ diskan'tinjuas |

discontinuous solution  [&] W fi#

n. I, 8k
discrete [ dis'krizt ] n. Bl ;ad). BiHH
discrete space B H{{ %5 []

discrete time 2§ {5 (8]

discrete variable B {48 Ht

discretization [ dis kri:ti'zeifan ]

discourse [ 'disko:s |

n. B HL
n. F 55X
v. ik, w AR
adj. AAHAZ
n. Hr i
n. {1 %,
i

discriminant [ di'skriminant |
disintegrate [ dis'intigreit |

disjoint [ dis'dzaint |
disjunction [ dis'dzapk[on ]

displacement [ dis'pleismant |

displacement method {3 ¥ 7%

n. &4
n. g
adj. i ), A BB Y
adj. 7E 9 HY,
B FEM
distinguished subgroup 1E M 1§
n. BjAE, K H
n. g4, ST,
ISR

dissection [ di'sekfan ]
distance [ 'distans |
distant [ 'distant ]

distinguished [ dis'tipgwift ]

distortion [ dis'ta:fan |

distribution [ distri'bju:fan |

distribution law 43
distribution of primes Z 84 fi
distribution of values {1 43 1fi
distributive [ dis'tribjutiv| adj. 431
distributive law %) it £t

disturbance [ dis'ta:bans ]

n. £z

diverge [dai'va:d;r,] vo K, X, a8

divergence [ dai'va:dzons] n. Kl
divergent [ dai'vardzont] adj. & #(#
divide [ di'vaid] v. &

divided difference ]2

dividend [ 'dividend] n. B3
divisible [ di'vizabl] adj. "JBR A, B ER A
division [ di'vizan] n. B&,PRIL

division algorithm 7 4B &

divisibility [ dijvizi'bilati] n. 8B

n. BR¥CH T

n. + A

n. DB S

adj. 7 Bd 89, #

il 1
dominant function §# pR %Y

dominant series & 2% %

divisor [ di'vaiza]
dodecagon [ dau'dekagan |
domain [ dou'mein |

dominant [ 'dominant ]

s il Wi S
& B

dominanted convergence theorem

dot [dot] n. g

dot product g

double ['dabl] adj. X, —

double angle formula %/
double integral " H f14}

double interpolation 4 (i
double limit 4 fi

double point T &

double sampling XU i ¥
draftsman [ 'dra:ftsman] n. | & 5
dual ['djuzal]  n. f {8 ;adj. 8
duality principle X {8 i 2

adj. WE

dummy index W45 F5 , B fx , HbR
dummy order HEHE 4

dummy suffix W T #5

n. {5 55 i
duplication formula 52X

dummy [ 'dami]

dump [ damp]



gl 75 M &
Bk
dynamic system N RS .IWEREG

n. & J1°F

dynamic programming algorithm

dynamics [ dai'nemiks ]

E

eg. PIIN(HL TIEME S , #24 T for exam-

ple)
eccentric circle B0 5]
edge [ed3] n. #%,ilI
effect [i'fekt] n. W
effectiveness [ i'fektivnis] n. BT
effectiveness theory REFTHEPEIE
efficiency [ i'fifonsi] n. A&
eigenfunction [ 'aigan,fapkfan ] n. ¥ fE
g
eigenvalue [ 'aigon,valju: | n. FF{E{, &
ik
electronic digital computer H FXF 7 L
element [ 'elimant] n. JGE
element of arc length N ICE
element of area [f] FloC &
elementary [ eli'mentari] adj. %)%

elementary algebra )% {CKL[ % |
elementary geometry %] % JL{o] [ 27 |
elementary matrix ¥ %55 4

v. HEBR , I BR

n. Tk, %
elimination by addition or subtraction  JIl i i

Jok

eliminate [ i'limineit ]

elimination [ ilimi'neifan ]

elimination method {70 , 14 £ 14

n. H 5

elliptic cone i [64 4 1l

elliptic function 4 [ pA %%

elliptic partial differential equation £ [5] % {h
oy i B

ellipse [i'lips]
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elucidate [ i'lju:sideit ] v. [ BH i B¢
embedding [ em'bedin] n. EEA
empirical [ em'pirikal] adj. 25 3 X1
empty [ 'empti] adj. FH)

empty product %5 JEf

empty set 254

endless [ 'endlis] adj. JCIEBE69, 57 M

endomorphism [ endau'mo:fizm ] n. H
CiF

endpoint [ 'endpoaint | n. S s, 2850

entire function % pR %4

entirely complete ¢ % [t}

%A

n. #EA 8, R P AIE

entry of a matrix 1§19 7T

enumerable [ i'nju:marabal ]

entity [ 'entiti |

entry [ 'entri ]

adj. "] MR
enumerable set O] Fr 4R |, A ¥ 4E
v. Bl %

enumerate [ i'nju:mareit |

enumeration [ injuima'reifan] n. B %,
i

enumeration function  H{4¢ pR ¥

enumerator [ i'njurmoreita] n. i} ¥#%

envelop [in'velop] n. %%

equicontinuity [ i:kwikan'tinjurati| n. %
JiE % 2t

equal ['izkwal] adj. %M ;v. FF

equality [ ir'kwoliti] n. #%F, %X

equally likely [A] % 0] GEfY

equation [ i'kweifan] n. %K

equation of condition {55, KM H#E

equidistant [ jirkwi'distont |  adj. 2§ B9

equilateral [ jirkwi'letaral] adj. I

equilateral polygon il £

equilibration [ izkwilai'breifon]| n. Sy

equipotential line 5§V £

equivalence [ i'kwivalans | n. 2541, 55 ¥,

FH
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equivalence relation %} € &
adj. 55 ft 19
ergodic hypothesis i Jf7 P4 {5 i3
n. R

error control 5% 2= 5 il

error estimate % 2= {11
establishment [ is'tzblifmant ]

equivalent [ i'kwivalont |

error [ 'era |

n. @57
estimate [ 'estimeit | v. fil;n. {514, &5
estimate value f{H

adv. % % (et cetera ¥ 45
)

Euclidean algorithm [ JL ¥ 15 % 1%

Euler (A% )B4

Euler number  Ek $7 %

Euler’ s angles  RK$7 ffj

evaluate [ i'valjueit |

ete. [ et'setara]

7 A 7
n. WE SR A

adv. $L & 1 ;adj. BEH

even function { pR %L

even integer {H¥ ( =even number)

n.

evolution [ i:rva'lu:fan |

evaluation [ ivaelju'eifon |

even [ 'izvan |

event [ i'vent ]
n. JFH
exact differential equation 15 54> I 7
n. il 4k
exceptional value i ¥MF
n.
adj. 77T 3 A
v. AT
v. Bk, @ 7w  AF

exception [ ik'sepfan]

excess | 'ekses |
exclusive [ iks'kluzsiv]
‘execute [ 'eksikjust ]

exemplify [ ig'zemplifai |

n. 95 % FER
adj. 75 % 19, %5
R

n. fF7E

existential quantification 47 ft {7k

existential quantifier {f £F §t i

exhaustion [ ig'zo:st [an |

exhaustive [ ig'zo:stiv ]

existence [ ig'zistans |

n. B, BIF
expansion in series 2% % & T

expected value 1 H 1
expenditure [ iks'pendit[o]

expansion [ iks'pan[on ]

n. I %%, 3
experiment [ iks'perimant| n. L5 56
experiment design 45 ¥ i

expert system HERE

explicit definition I & X

exponent [ eks'pounant] n. §5%
exponential [ .ekspau'nenfal]| adj. 5 %11,
B R

exponential equation §§ ¥ Jy #
exponential function 5 % e %
exponential law 58t

exponential time 4 ¥ f [i]

v. Fik, AT ROR
n. X, RKiEX
vo JFE E M, R
extended real number |7 S S ¥

n. ShEE 75K, TF
extension of field B [1) 4§ 5k

extension of mapping BGF 1§ 7K
extension ratio {9k

exterior angle #pffi

exterior differential ~ #p3f 41

exterior product Apf!

extract [ iks'trekt] v. J ), K
extract a root SRR, Iy

extrapolate [ eks'trepaleit |

express | iks'pres ]
expression [ iks'prefan |

extend | iks'tend ]

extension [ iks'tenfan ]

v. HfEST, A
extrapolation [ ekstrapau'leifan]| n. #Mf
extrapolation method  #p i 3

extremal length % {H £

extreme point  H& &0, $% 4 25

extreme value #z{f

face [ feis] n. Jfif



face of a dihedral angle — [fij ffi ¥ [fi
factor [ 'fekta] n. HF, B ;v. 200 H X
factor module i #
factor ring ¥
factoring [ 'fektorin] n. A 4
factorization | fektorai'zeifan ] n. A+
1 fif
false [ fa:ls |

family [ 'faemili]

adj. B, A Y
n. FKEE WK, R
family of circles [&] j%
family of sets £ &
fast access PR A7 1L
feasible [ 'fizzabl]  adj. 4711
feature [ 'firtfa] n. ¥§1E
feedback [ 'fi:dbaek]| n. Sz fit
Fermat Conjecture 9% L5 AH
Fibonacci number 4 Ji JIf 52 %4
fibre bundle £ 4 M\
fiducial [ fi'djuzfal] n. B{5
field [fizld] n. 3,55
field axiom  Jaf 2% #f!
n. B, EIE, &, BT
n. J8F, GEPEAR v, LB
adj. 4
adj. A PFRM
finite basis A PR 3k
finite difference 47 PR 2243
finite dimensional 47 PR 4 (1Y)
finite element R JC
finite iteration A7 P % (¢
finite set 47 PR #
finitely additive measure 45 B2 0] f1 i) g
first derivation —Bfi 3K &
first order difference equation — [ 243 7 ##
first order equation — By Ji it
first term  §§ 301
fit [fit] v.i@Q

figure [ 'figa |
filter [ 'filta ]
fine [ fain |

finite [ 'fainait |
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fixed point  AE) A, &AL
fixed value ANZAE{H
flag [ fleg] n. bri&
floating number ¥ i ¥ ( =float number)
flow chart HE &
flow diagram ¥ [i] &
flux [ flaks] n. &, 00 &
focal distance fERf
focal point i
focus [ 'foukas| n. 44
forcing function 58 il pR %%
forecasting function il 4% pR %X
n B JEAR B ;v TE K
formal inference JE 5 #E Fil
v. IE1E, Bk
n. f% X

n. 23
v. HAXER, U
fif ¢ 3k
forward error analysis  Hif [a] i 2= 43§t
foundation of mathematies % 2¢ AL fif
four color problem Y {f, [i1] i
four dimensional geometry  PQ& JL{n] [ 27 |
Fourier analysis  {#f B i 43§y
Fourier series {H H M- 2% %
n. 7M€ ;adj. SHIE M
fractal geometry 43I JLAT] [ 2% ]
fraction [ 'frekfan] n. 4%, 430
fraction in lowesl terms  fiz fa] 4+ %4
adj. 4800y, ZNEUT
fractional part 438004, NEURE 53
n. HEZE bR ie
free vector [ f [n]

form [ farm |
formalize [ 'fa:molaiz ]
format [ 'formaet |

formula [ 'farmjula]

formulate [ 'formjuleit |

fractal [ 'fraektal]

fractional [ 'frak[anl ]

frame | freim |

frequency [ 'fritkwonsi] n. 553 48 5
full group 52 4= fif

full rank 7 Bk

function [ 'fapkfan] n. pR%K
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function digit B
function idea pA %S AR
function theory pR ¥t
functional [ 'fapk[anl | n. {Z pf; adj. ¥
PR

functional analysis {Z P2 BT

functional dependence PR A &

adj. F: il 19,
HEA 11

fundamental [ fanda'mentl ]

fundamental group JFEAB¥
adj. BRI, A48
fuzzy mathematics 5 # ¥ ¢

fuzzy [ 'fazi]

G

gain [ gein| v. K45, 3445 0. iR

Gallup polls 5 3% R &2 0 56

Galois equation il % FL 75

Galois group % FLitE

n. X, A

gauge [ geidz] n. BERL, MLV

Gaussian distribution & #7 4- fp

Gaussian elimination & #y i J: ik

)7 B G
(582

game [ geim |

general continuum hypothesis

general solution i fi#
general lerm  Jff] 71
generalization [ dzenaralai'zeifon] n. —
fictl 4T
adj. 7 3,
e BY
| .
oA

generalized [ 'dzenaralaizd |

generalized binomial distribution

generated ring /= il Hf
generating [ 'dzenajreitin | n. 4 5% ; adj. 4
1Y

generating curve £f [l 28

generating line #}£%
I n A£G, B
n. 7%

generator [ 'dzenareita

genus [ 'dziinas |
] o 2R

geometric [ dzia'metrik] adj. JL{[ 4, JL{

FH

geometric interpretation  JL{o] fiff B¢

geometric invariant  JL{a] A AE 5

geometric mean JLAA] -1y

geometrical [ dzia'metrikal |

geodesic [ dzizou'desik

adj. JL {7 ¢
i, JLAA Y
n. JLfa]2f

geometry of plane S [fj JLa] %

adi. B ARHY, B
KK

global [ 'glaubal] adj. 4 &)

global error 2 J5i% %

golden section 8 4 7+ #|

n. FHEHE

n. &, EJE

graph theory [
graphical [ 'grafikal

geometry [ dzi'omitri ]

gigantic [ dzai'gaentik |

gradient [ 'greidiant |

graph [ gra:f]

adj. P&
graphical method [ fi# %

great number A ¥

group [ gruzp] n. 4], B

group of algebra { ¥ B¥

H

half [ ha:f] n. —, -2 —
half line 2 H £, B £k

half period 2 J& ]

hardware design 1 (4% i1

adj. 8 1
harmonic function i il R %%
harmonic series i 2% %4

height [ hait] n. &, &

harmonic [ ha:'monik |



helicoid [ 'helikoid ]
heptagon [ 'heptagan |

n. B2 1 [
n. LihiE
adj. 1514 i)
. hereditary property 18t f& ¥ i
hexadecimal [ heksa'desim (2) 1]

hereditary [ hi'reditari ]

n. +75

2k il

n. ANilfE

high degree polynomial 55 [ 2 5 5

higher algebra 5 % 4 %

higher mathematics /5 2 $(2F

higher plane curve & B F i i £

highlight [ 'hailait | v. 388, ™M B;n. £ &

FH Ry

Hilbert problem & 2K {f1 4% In] 5

n. H 7B, #

JE B

v. JRSL AR E

adj. 4l

holomorphic function 4> &li pf % , 7 #7 o %X
adj. [q]
i 6

n. 7
adj. FF
W

7T W 51

i

adj. [w] ¥

n. [A &4

hexagon [ 'hcksagan ]

histogram [ 'histaugram |

hold [ hauld ]

holomorphic [ ;halau'mo:fik |

homeomorphic [ haumiau'mao:fik |

homogeneity [ homoaudze'ni:iti |

homogeneous [ homau'dzimnjas |

homogeneous differential equation

homologous [ ha'moalagas |

homomorph [ 'haumamoa:f ]

homomorphism [ homa'ma:fizm] n. [0 &
homotopic [ homa'torpik | adj. [W]{& (1
homotopy [ homa'ta:pi] n. [
Hooke , R.( A% ) R.#7g

Hooke law  #] 5 2 1
horizontal [ hori'zontl]  adj. 5 F 2k 119, K
i 0. K2R
horizontal line 7K -4k

hyperbola [ hai'pa:bala] n. XL £k
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hyperboloid [ hai'patbaloid] n. XUk @
hypergeometric distribution  # JL{o] 43 7
hyperplane [ 'haipoplein] n. i ifij
hypersurface [ haipa'sa:fis] n. #i g i
hypotenuse [ hai'patinju:s] n. 5}
hypothesis [ hai'po@isis | n. %
I

icosahedral [ jaikousa'hedral] adj. — | i

Z3ib]

idea [ai'dia] n. A2k, BA WA

ideal [ai'dial] n. FHAR, Bl A%

ideal element HAH L&

idempotent [ 'aidompautont] adj. FFZH
identical [ ai'dentikal]| adj. {6 %11
identical element HL{i7 L% , % JC
identification code i 5| %

v. W15, A TR
n. {53, 1%L
identity element BV IC[ # |, 40
identity function {8 25 pR ${(
identity law  [a] —f
identity matrix  BL{ K [§
if and only if 4 HAY 4

illuminating [ i'ljurmi,neitip |

identify [ ai'dentifai |

identity [ ai'dentiti]

adj. W]y,
G

v. Wil i , e, )
n. R, Bxiv. R

adj. M/, HE ¥ i)

illustrate [ 'ilastreit |
image [ 'imidsz ]
imaginary [ i'madzinari ]
imaginary axis  Hg #l
imaginary number K
imaginary part Hg 7

v. B4

implementation [ implimen'teifan |

imitate [ 'imiteit ]
n. 9B
n. ZiH , #fE
adj. B ;n. 2K

implication [ impli'keifan ]

implicit [ im'plisit |
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v. 419, HfE
impossible event A~ 7] fE 4 4
improper fraction 70 %0, ] 2541 ¥
improper subset {f B f4E

imply [ im'plai |

inclination [ jinkli'neifan]| n. i1
incline [ in'klain] v. {f{[] T , B4}
include [ in'klu:d] v. f1&

inclusion mapping 4 7% ikt 5

inclusion of sets HESMWU T X R
adj. i) FE A
incomparable [ in'komparabl] adj. A~a] FLiY
incompatibility [ 'inkom pata'biliti] n. A&

inclusive [ in'klu:siv ]

Mt
incorrect [ inka'rekt ] adj. #5 iR, A E
i 1)
increasing function 14 pf %
increment [ 'inkrimant ] n. 34 i1, 1 Kt
indefinite equation A 5E 7 &
indefinite integral 75 B4}
indefinitely [ in'definitli] adv. AN 2
independence [ jindi'pendans]| n. %
(4], M0 [ 4]
independent [ jindi'pendont | adj. JGEM,
LAY
independent variable [ 7F kt
independent event it 7 H {5
indeterminate [ indi'ta:minit | adj. A&
) ;0. AR &I

n. i %, 45 b
index set {5frtE
indicate [ 'indikeit ]

.index [ 'indeks ]

(O L I
indivisible [ jindi'vizabl]  adj. B AR H
induced mapping 7% 5 ik 5}

n. [ %05 A9k
induction hypothesis I 44 3 1% i%
induction principle 5 44 3 J5 0]
inductive set  H4E

induction [ in'dak[an ]

n. F% RER
inequality constraint 55 #R

n. Yk

inessential singularity 4 Pk 25 &4

v. HEF HfE

n. HEF, HEWT

n. B

n. X551, KR
infinite decimal JC /R /N L

infinite dimensional  JG [ 4 (1)

infinite product JG%5 #e 1

infinite sequence JG %5 ¥ 5|

infinite series  JC%7 9 ¥

infinite set JC%7 £
infinitely [ 'infinitli ]

inequality [ ,ini'kwoliti |

inertia [ i'na:fja]

infer [ in'foa: ]
inference | 'infarans |
infimum [ in'faimam |

infinite [ 'infinit |

adv. JC55 b , G PR

n. JG45 7/
[t sadj. K37/

infinitesimal caleulus f{ 43 [ 27 |

infinitesimal element %/ E

infinitesimal [ ;infini'tesimal |

infinity [ in'finiti] n. JC% K
inflection point #5745 , [H1 47 5

n. i &
information channel {55 & i iff

initial condition %] 4 & {4

initial data ] 4 $C 48

initial value #J{H

initial value problem ] {f [n] &

n. S, B

adj. K&,
BAWH

information [ infa'meifan |

injection [ in'dzek[an ]

innumerable [ i'njurmarabl |

input data i A B0 4%

input output analysis & A = H 4087

v. A, @AY
inscribed cone PN 4% [0 4

inscribed polygon WX L JE

insertion algorithm i A %7

n. A Al fif 69

inscribe [ in'skraib ]

insolvable [ in'salvabl |



instantaneous | instan'teinjas |  adj. Bj A}
1, Bk Y
instantaneous velocity  BJ) i} 3 &

instruction [in'strakfan] n. f§4
instrument error Y 2§ 1% 2%

n. 8

integrability [ intigra'biliti ]

integer [ 'intidza ]
n. Al B

adj. a] Bl

adj. RH), L1 0.
Ry

integral calculus 1432

V. g:]’......fﬂﬁ
integrating factor 43

integration [ inti'greifan |

integrable [ 'intigrabl |

integral [ 'intigral ]

integrate [ 'intigreit |

n. B4, Bk
n. 5& B
v. X, HE

b
interchangeably [ inta't feindzabli ]

intensity [ in'tensiti]

interchange [ inta'tfeind3z |

adv. 1J
H A
interdependence coefficient {7 2 %
interior [ in'tiaria] n. &
interior angle [N ff§
intermediate value 4
internal regression [N [6] 4
interpolation formula  $fi{i 23X
v. iR, Ui
interpretive order fiff B4
interrelationship B & &
v. M3
n. 3%, 3 48,
5
n. [X[A] 2k 17
interval estimation  [X [8] {1
adj. 1 AT 2 9,
A% 3 1
adj. NTERY
n. B X

interpret | in'ta:prit |

intersect [ jinta'sekt |

intersection [ inta'sek[an |

interval [ 'intaval]

intransitive [ in'transitiv |

intrinsic [ in'trinsik |

intuitionism [ intju:'ifonizm |
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intuitive [ in'tjuitiv] adj. B
invariant set AAE4E
n. S, ;adj. 396
inverse circular function 2 = ff R %L
inverse correlation 33 #f ¢
inverse function [z PR %X
inverse image i{R,JA{%
inverse mapping i it 5}
inverse matrix 33 % [
inverse point i i &5 | B2 A5
inverse sine fZ F 7%
inverse trigonometric function JZ = ffj pR %X
n. SO, R, R e
invertible matrix 0] 330 %1 B
n. F&Jr, 0

inverse [ 'in'va:s]

inversion [ in'va:fan ]

involution [ jinva'lu:fan]
v. 1
inward normal P[] #: £k

irrational [ i'refanal ]

involve [ in'valv ]

adj. JCH ), G B
B
irrational number G B
irreducible [ jiri'djuisabl] adj. A0 Z) 1
irreducible fraction A~ 1] 271 %
adj. lL H LY, JE
H R

n. AIERLHE
adj. 24 1)

irreflexive [ iri'fleksiv |

irregularity [ iregju'leriti]
isentropic [ aisen'tropik |
isogonal line %5 ff1 2%
isolated [ 'aisaleitid| adj. K 71
adj. 51 19
n. S

n. [

isomorphism [ 'aispu'mo:fizm |

isometric [ jaispu'metrik |
isometry [ ai'somitri |
isomorph [ 'aisaumo:f ]
n. [ £
isoperimetric inequality % & As % =
isopotential [ aisapa'tenfal] n. FF{7#ALL
isosceles trapezoid ¢ fEEL B

isosceles triangle %518 = f§1E

n. {7

isotone [ 'aisautaun |
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isotropic [ aisau'tropik ]  adj. 2% [, % [ il
i)
item of information {5 /& Jil
iterated interpolation method 3% U4 {f 1
n. %L
iterative solution % 1t fif

iteration [ jita'reifan ]

Jacobi algorithm  # 5¢ bt 33 3%
n. HE v L4741
3 sadj. HE o S HY

v. B, E . KA
adj. &M K-S K

joint estimate  BK 5411

joint observation B & . il

Jordan are #5249

jump function Bk EK pR %

Jacobian [ dz&'kaubian |

join [ d3ain]
joint [ d3oint ]

K

Kelvin transformation /K 372 e

kernel [ 'ka:nl] n.

Klein bottle 7% 3€ [H iy

knowledge-based system 3T HIHH & 46
adj. 211

known function 2 Hl R ¥

known [ naun ]

L

label [ 'leibal] n. $55 #5325 v. $rid
Lagrange multiplier $ii 4% [ H 3

4% B H
A K

Lagrange’ s interpolation formula

Laplace equation 735 17 7 #
Laplace transform i 3 7 W7 2% 4
lateral face {ill [fg

lattice [ 'l&tis] n. 4%

lattice point % &

law of association %54t

law of commutation 3¢ ffa f§t

law of contradiction ¥ Jf& {}t

law of distribution 43 fig ff

law of identity [a] —ft

law of large number JHE

law of reciprocity B JZ {it

leading diagonal = X ffj 2k

least common multiple  fiz /NS5 %K
least square method /v €3k
left ideal ZZPfAH

Leibniz G.W. ( A4 )G.W. ¥4 JE %
n. 5| B
lemniscate [ 'lemni skeit |
length [len®] n. £ JiF
length of are K

level line % & 2%

lemma [ 'lema ]

n. XAZ

lexicographic [ leksika'graefik |  adj. °F gt
K

library of subroutine ¥ ¥

like terms  [a) 2SI

limit function % BR pR %

limitation [ limi'teifon] n. BRI, J5 PR

n. £, &

line of reference Z ¥4k

line segment P42k By, 4k B
linear combination £ ¥4 &
linear correlation £8P 4H
linear differential equation £ 44§41 /7 #&
linear equation 2% i 2
linear estimation ZePEfh it
linear function 2§ 1 pR %k
linear operator 2k VLT T
linear regression £k P[] I
linear space £k {25 i)

line [ lain |



linear transform £k £ 48
linearly dependent  £& 4 AH X 11
linearly independent £ 1% JG X 11
literal constant 3C°F #
.Iiteral equation 7

local coordinates  J&) & AL b5
locally bounded Jaj i #11)
locally convex  J&)#f ™ 9
location of root 43 %

location test  {if ¥ K 50

n. ik

n. X 4L
logarithm function X %5 R %%
logarithmic [ loga'riOmik] adj. XJ %1
logarithmic table X} ¥ #%

logical deduction % %5 #E Pl
logical order #FH{F4

logically equivalent % % % {1 (Y
loss of information {55 B 1 %
lower bound | #

lower extreme | Y

lower limit R

lozenge [ 'lozindz ]

locus [ 'loukas ]

logarithm [ 'laga;ribm ]

n. ZJp

M

machine arithmetic §L #5155
machine computation HL35i18&
n. HLEEIT, HL T

macro instruction 245 %

machinist [ ma'[fi:nist ]

magnitude [ 'magnitju:d |
main diagonal 3 X i £k
major arc  { il
major axis {4l

many sorted predicate calculus

n. B ECE

2 Fh 2 in)
e
many-valued function 2 {H pR %X
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many-valued logic Z{HZ

map into B A

map onto [ |, ik 5

mapping [ 'maepig] n. BGf
margin analysis 12k 73 #r

marginal classification 14 4r 28
n. R, 2T v, FoR
Markovian process /KA K i #2
v. FCX, PEic
mathematical analysis (270 #r
mathematical induction 2% 1 44 i
mathematical model %27 &Y
mathematical physics $(2¢ %) #
mathematical statistics ${ P45 i}

mathematician [ ;ma@ima'tifan |

mark [ ma:k ]

match [ mat [ ]

n. HER
n. #F
n. FEE, 85
matrix trace 51 [% (K] b

maximal [ 'maksimal ]

mathematics [ yma6i'metiks |

matrix | 'meitriks |

adj. BRI, B K
n. #OK A, B
PN 1
maximum slope fi A 5}

maximum value # K{H , B K{H

n. 8 FHE

mean center difference ) .05 £ 4

mean deviation 1) g 2=

mean proportional {5 2 361

mean square error ] Jy iR %

mean value F¥{H

measurable [ 'mezarabl |

maximum [ 'maksimam |

mean [ mizn |

adj. A
vo R . 2
measure space ] J& 43 [A]

measure [ 'meza ]

n. & 0

n. J]%¢

measurement [ 'mezamoant |
mechanics [ mi'kaniks |
median line 14k
memory dump {5 5L 5% i
memory space A7 fif§ %5 [A] , {7 fiff it
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mental arithmetic L8 8 hiz %
meromorphic function  F 4l p& %

method of concomitant variation H£7% ¥
method of exhaustion %5 ¥ ¥

method of induction 144 #;

fif E &
ok

n. JEH;adj. BERE
metric space Ji¥ %53 [i]

method of undetermined coefficient

metric [ 'metrik ]

million [ 'miljon |
B

minimal [ 'minimal] adj. #&/NAY, E /N

minimal surface £ /)N i 1]

minimal value % /M

minimax method  # /MM K

n. d/ME R /MA

minor [ 'maina ] adj. /M ;n. X

minor arc 4§

minor axis %9 %l

minor determinant 47 %1 X,

minimum [ 'minimam |

minus [ 'mainas |
W, 5, T 16

minus sign  Ji 5
missing [ 'misin | adj. A WL, B
mixed fraction 7fF 4+ %
mixed initial value {2 #I{f
model [ 'moadl] n. fEAY
modeling [ 'modlin | n. @A
. modeling process 5 i

modern algebra T {4 %%
modified formula & iF 2 5
modular [ 'madjula] adj. BLAY, BLELHY
n. 5, h %l

n. &
n. —— Xt i
n. ZR¥
adj. HLiE Y

moment [ 'maumont |
momentum [ mau'mentam |
monogamy [ ma'nogami |

monoid [ 'manaid |

monotone [ 'monataun |

num. {77, A7 4 ;n

prep. J; adj. i f9; n.

monotone class  HLiE 2

monotonic [ mona'tonik | adj. iR

monotonicity principle P ¥4 5L H#

multiform function 2 {ff R %K

n. ZK¥;adj. %

K-

n. 58 adj. ZHE

multiple error 4R %

multiple sample plan ZHEME HE

multiple valued logic Z{H%#

multiplication [ ymaltipli'keifan ] n. 3
%, %

v. &, fEH, 7K

adv. L 2 R E 2 it

multiply connected 2 % 3ifi )

multiply connected region 4 3% i [X i

n. B

multivalent function £ M g%

mutually exclusive H Ff

mutually inverse H j¥iff)

monotonicity [ manata'nisiti]

multilevel [ malti'leval ]

multiple [ 'maltipl ]

multiply [ 'maltiplai ]

multipole [ 'maltipaul |

N

naive assumption FpZE 1R 1%

natural boundary of a function pR %) H 2R
IR

natural frequency  [& 47 #i %

natural system [ SRR

nature [ 'neitfa] n. PR, H AR

n-dimensional vectors n 4 [u] 4

necessary and sufficient condition 7% & 1{F
necessary condition 5 &4

negative [ 'negativ |
negative definite 1 g )
negative exponent 171 5§ %%

adj. il

negative sign i &



neighborhood [ 'neibahud ]
nested interval [X [i] £
net [net] n. K, M5
net force ¥t Jj 4 fj
neural network 1 25 [ 4%

neurology [ njua'raladsi]

n. 2f 5§

n. fgE W
W o

n. Pk, FI0; adj. P
[B] )

neutral element F0E , 0

Newton 1. ( A%5) 1. 4=

Newton' s second law of motion =il 8§ — iz

BE

neutral [ 'njustral |

nodal cubic &4 &5 = K £k

node [noud] n. 4§44

non-algebraic [ 'nan- @&ldzi'breiik |  adj. JE

B

non-countable [ 'non-'kauntabl] adj. A af
i)

non-Euclidean geometry JERXJLA[ [ 2% ]

non-existence [ nonig'zistans | n. A ff
fEtE

non-integral dimension 3 % ¥ 4k

v. AHER

adj. 47510

adj. FEE M

non-overlap [ 'non-ouva'lep |
non-vacuous | 'nan-'vaekjuas |
non-vanishing [ 'nan-'vanifin |
noncentral conic  Jo.0> YK i 1fi]
nondegenerate [ nondi'dzenareit | adj. [
SER ALY
adj. i B i, TC AL B4
#H
nonhomogeneous | 'monhoma'dziinjas] adj.
{EFF i
adj. A~AH [H] 1,
ANE T
adj. JELRAEH)
nonlinear equation AE£R ¥ Jy f&

nondense [ 'non'dens |

nonidentical [ 'nonai'dentikal |

nonlinear [ 'non'linia |
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nonnegative [ 'non'negativ] adj. JEf Y

nonnegative type A fii

nonnumerical [ 'nonnjur'merikal | adj. JF %X
iy
nonpositive [ 'non'poazitiv] adj. JEIEAY

nonsingular [ 'non'singjula] adj. JE&F M
n. i %
adj. 1IEH 1, IEA M, 1E
AW 0. KA
normal derivative 0] 5 %
normal distribution E &4 A
normal family 1F 8l %
normal process 1EZ& ol
BT 4R
normalize [ 'normalaiz |
normalized form  Fp ok %Y
n. ff45,id %
n. P, i

n. .5
n-tuple [ 'en'tjurpl] n. n-JCH4
null [ nal] adj. & ,%5
null set B4, 254
null vector & [n]

number [ 'namba ]

norm [ nom |

normal [ 'normoal |

normal set

v. 1E#fk

notation [ nau'teifan ]
note [ naut |

nought [ no:t |

n. 8,5

number of terms  Jji ${
number system ¥ &
number theory ¥(if
numeral [ 'njurmoaral] n. ¥ sadj. BOFM
n. ¥

adj. BOF I, BUFLAY
adj. %71, &
(D)

numerical analysis  $C{8 43 7

numerical coding  $0F 4i i%

numerical computation B 5

numerical experimentation B {f 924

numerically adv. FI¥F , 8 F |

numerator | 'njurmareita |
numeric [ njur'merik |

numerical [ nju:'merikal |



numerous | 'njurmaras |

adj. &R £ 89, ¥F

% (#)
0]
objective function H #r R %
oblateness [ 'sbleitnis | n. fij %

oblique [ a'blizk ]  adj. {ii 4%}y
oblique prism  2}pgH:
observation [ obza'veifon] n. W £, W
2

obtuse angle i ffi

obtuse triangle Hiff =

octadic [ ok'tedik | adj. /\ 36l

octal system /\ JE il

odd [od] adj. #FH, HEEM

odd function &y pR

odd number Ay %Y

odd permutation A HES , A7 B i

odevity [ ou'deviti| n. 7y {H ¥
one third =4p2Z —

one-one correspondence —— X i
one-to-one  — Xf— [ {#] ]
open interval H[X [d]
operation [ opa'reifon |
operational code FE{EM

iz % %% ( = operational

n. &8 B E

operations research

research )
.operative symbol ZHfF 5
operator [ 'oporeita| n. EHF,H T

opposite [ 'apazit] adj. HIXF, H KZ H
opposite sides X} il]
optima [ 'aptima |

n. I € (optimum ) &

¥0
optimal approximation % {£ i it
optimal basic feasible solution i {f 3 4% ]
i

optimal control  F {4 il
optimal solution  #{I; fi#
optimization [ joptimai'zeifan ]

n. JAg

n. Bk
optimum [ 'sptimam |
orbit space #| i 25 [H]
n. B, KF

order code 5415

order of a determinant 4741 = (1) By
ordered [ 'a:dod]  adj. £ ¥
ordered basis £ J¥ J&

ordered n-tuple A4 n—-J04

ordered set § JF 4

ordered topological  J¥ 4 b

n. HREF

order [ 'a:da ]

orderliness [ 'a:doalinis |
order relation ¥ [ £ &
ordinal [ 'a:dinl] adj. FF%CfHY
ordinal number JF %
ordinary defferential equation & #{43 i #&
ordinary solution i % fi#
n. AR

adj. 7€ [a] f) , A7 [ ()
n. Ji s
originality [ a,ridzi'naliti]

ordinate [ 'a:dinit |
oriented [ 'arrientid ]
origin [ 'aridzin ]
n. Gl 0

adj. 1ESZMH

IE A br &,
H A b5 &
orthogonal trajectory 1E 32§12k
orthogonality [ 5:05ga'naeliti ]

orthogonal [ 2:'8aganl |

orthogonal coordinate system

n. 1EASPE A
e

v. #ik 3l

n. s, #R 8l

n. 458, 45 5

oscillate [ 'asileit ]

oscillation [ osi'leifan |

outcome | 'autkAm]

outer product A FH

outline [ 'autlain| v. M 48 B , 0% i

output [ 'autput] n. HiH v, il
P

pairwise orthogonal P ¥ [ 4¢



parabola [ pa'rebala] n. #iP£L

parabolic [ peera'bolik] adj. ##1H

parabolic curve il ¥ fh £&

parabolic segment 1% 5 JIE , WL B

paraboloid [ pa'rebaloid] n. #ifi ¥

paradox [ 'peradoks| n. $%if

parallel [ 'paralel] adj. 47/, 3471 ;n.
VAT

parallel computer  FF471H3 HL

parallel lines 474k

parallel postulate 4774

parallelogram [ jpara'lelogrem| n. F4704

ugZ

parameter [ pa'remita] n. ¥

parity [ 'peeriti] n. A

partial derivative {5 %, Iw T35 /%

partial differential equation {3 7 i #2

partial ordering {i J¥

particular solution ¥ff#

partition [ pa:'tifon] n. 8|43, 404,508

path [ pa:0] n. i, #il

pathological [ pa&fa'laodzikal] adj. %4 A5

pattern recognition S %Y 5|

pencil of circles [&] 5

pentagon [ 'pentagan| n. fLi1JE

perfect set  5¢ % 5, 5¢ i 4B

perfect square 5% FJ

performance [ pa'formons| n. 8547,5

¢

I

c

perimeter [ pa'rimita] n. i K

period [ 'piariad ] n. J& 1l

periodic [ piari'adik | adj. J& ]9

periodic decimal I #5 /N 8

permutation [ pa:mju'teifan | n. Hf %,

e

perpendicular [ pa:pan'dikjula] adj. [ H
F13E B 0. LR

Perron method  JiE [ A ¥
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perspective [ pa'spektiv] n. &M ;ad). &

phase space %3 [i]

i

phrase [ freiz] n. ﬁ%.ﬁl?ﬂ,"ﬁ}ﬁ%.v
i S Fom

pie charts 43 P

piecewise polynomial interpolation 43 Bt £ Tiji

piecewise smooth function

plane [ plein] n. F1f

plane analytic geometry

plane of symmetry X} Ff

A
2 B o KK

S 1t fife Ay JL Ao
- i

player [ 'pleia] n. JHH A

plot [plat] v. 4.2

P, i (5P )

pluri-harmonic 2 & Fil (1)

plus [ plas] prep. il ;a
S AR
plus sign &

dj. IEAY sn. IE5 0

Poincaré conjecture  FE Nl 354 AR

point [ point] n. g

point of discontinuity A~ % £ £

point of inflection 5 4

Poisson equation [ #3 i &
polar [ 'paula] adj. $& ;n. B2k, 1
polar coordinates  § A 45

polarity [ pau'leriti] n.

Mc i [ 22 e ]

pole [ paul] n. #&, 84

pole of order 1 — % &%

I

polygon [ 'poligan] n. ¥

polygonal [ pa'liganal ]
polygonal line {74k

adj. ZHIEH

polygonal region 2 i1 JF [X 5§
polynomial [ poli'naumial] n. Z Wi
a polynomial in x  XF x i Z 1

polynomial interpolation
polynomial-time algorithm

polytropic [ pali'tropik |

2 191 A A
Z 5 A () 59 9%
adj. Z7FK
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n. G, A0
position [pa'zifan] n. (iERE

position function {37 i PR £

adj. 1E M), & & /), fH
P i

positive definite  1F & 1Y)

positive number  [F %%

positively homogeneous  1F 75 ¥ [

population [ ;popju'leifon ]

positive [ 'pazativ |

positivity [ 'pozitiviti] n. 1EE

possibility [ posa'biliti] n. #] B4

postulate [ 'pastjuleit | v. f& %, & & ; n.
A7

n. {7 adj. BAER
n. IR, FE T, B AL
power series T 2% 5

precision [ pri'sizon |

potential [ pa'tenfal]

power [ 'paua]

n. B K
n. 5iA , i i
predicate caleulus 1 i) iif 3
adj. S ATIRAY, B
bR
v. e, ME
adj. FEH),¥IH 1
n. KA (K ; adj. K
B
prime ideal Z P40
prime number & %}
primitive form KA JE
primitive function  Jii pR &L
adj. FE
principal direction 5 Jy [1]
principal value of an integral #1431 3+ 1
n. JF B
principle of argument i ffj JFL Bf
principle of induction -1 44 3 J5L i
principle of the excluded middle 4t
principle of the least element 5 /)N 3 Ji B
n. P 5EAY

predicate [ 'predikit |

preferable [ 'prefarabl |

prescribe [ pri'skraib |
primary | 'praimari |

prime [ praim |

principal | 'prinsapal |

principle [ 'prinsapl |

priority [ prai'oriti]

probabilistic [ probabi'listik] adj. #fE

probabilistic method % Jr ¥

n. B

probability of occurrence 35 {4 Hf %

probability sample #{ #FE A

probability space #f#%7 [a]

probability theory #f#if

probability zero %

n. AR

procedure chart F¢ ¥ [&]

process of iteration 1% {t 7k

n. FEF

product formula 14 A
repeated product i e !

n. ¥

program design ¥ it

programmer [ 'praugr&ma ]

probability [ jproba'biliti |

probe | praub |

product [ 'pradakt |

program | 'praugrem |

n. 8t
B R
n. MR, %
5
programming language FEFiE8 5
programming skill 4 £ 15
n. 4
n. G5, # i,
B4t
projective method  §f 527  # 5 i:

prolongation [ praulop'geifan |

programming [ 'praugramip |

progression [ pra'grefan |

projection [ pra'dzek[an |

n. JiE <,
i

n. it W]

proof by contradiction  FZ il

proof by induction [ FI14K2% ] U214 o E W
proof-generating technique {iF B 4 g £ R
proper [ 'propa] n. IEH ;adj. (EHE A, HAY
proper fraction HAr ¥

proper integral 1F % B4y

proportion [ pra'po:j’an]

proof [ pru:f |

n. L
adj. Jf Lb B 6

proportional [ pra'pa:fanal]



n. iy

adj. i A )
propositional connective iy i3 i% i)

- propositional function i &3 bR %X

v. UEH, BUE

pseudo area { ] F

pseudo code n. fh#5 , Ph (S
pseudo-programming language {hFE 7 5
n. 3
o1 #r

proposition [ propa'zifan |

propositional [ propa'zifanal ]

prove [ pru:v |

psychoanalysis [ ;saikoua'nalasis |

public key 23 J %

pure imaginary number #i i %{

n. B4, & T8
Pythagorean identity  H& 3K Bf 7 37 2% =X

pyramid [ 'piramid |

Q

Q. E. D. (#h2%18] quod erat demon-strandum
M4 ) A% UE 5
quadrangle [ 'kwodrengl] n. VU ¥

n. £

quadratic curve U £R

quadratic differential form K4 E X
quadratic equation YK Jj f#

quadratic function YK pR%L

quadratic surface ¥ [ [l

n. SR [ | B, 5K
Bar B %
quadrature formula K1/ 30

quadric form —IE X, kR

quadrant [ 'kwoadrant ]

quadrature | 'kwodrat [a]

qualitative [ 'kwolitativ] adj. £ F#, &
TE )
quality [ 'kwoliti] n. i, & i
quantification [ kwontifi'keifan ] n.
ik
quantifier [ 'kwontifaia] n. i

adj. BOR ), E

quantitative [ 'kwontitativ |

g
quantity [ 'kwontiti] n. &

n. BT g
n. Y52z —

quasi-divisor [ 'kwa:zidi'vaiza |

quantizer [ 'kwontaizs |
quarter [ 'kwarta]
n. A ¥
n. P9I

v. EBA s n. HFBA

queueing theory HEPA B

quotient [ 'kwaufant] n. §§

quotient set fj 4

quotient space fif %3 [6]

quaternion [ kwa'tarnian |

queue [ kju: |

R

radial [ 'reidial ] adj. 2 [a] (1)

n. JEHEE

n. R, 15
n. T I $
n. 42 (BN cradii)
v. fif B 7, R [n) )
raise to a power f# [ FEH|--- - "
adj. Fifi Bl )
random event PBfi {135 {4
random occurrence  Pifi /L F {5
random walk  Bifi HL i &l
randomized computation FHHLIL T
n. D8R, 0, (B0, B 22
range of values {H 178
rank [repk] n. £
n. i, ¥
ratio of equality %[t
adj. B ¥
rational function 45 B pR %
rational number 4 i ¥

radian [ 'reidjan |
radical [ 'redikal |
radicand [ 'reedikand |
radius [ 'reidjos ]

raise | reiz |

random [ 'rendom ]

range | reindz |

ratio [ 'reifiau |

rational [ 'raefanl]

ray [rei] n. gﬂ'ﬁ,i}(‘ﬁﬁ
real [rial] adj. 2/
real axis SCHl



real line S HZ

real root AR

real variable SC7F f | 55745 pR %

adj. AJSCELAY
real-valued function SC{H pR %
real-valued sequence S {H F¥ ¥
rearrangement [ riza'reindzmant |
reasonable constraint £ Bl i) £ 5
n. HERR, PF B BHE ;

realizable [ 'rialaizabl ]

n. 5L HF

reasoning [ ‘ri}Z?ﬂiU]

adj. HEBH Y
reasoning method  #fi Bl 75 ¥
reciprocal [ ri'siprokal ]  adj. {8 ¥ 1, H
[ ]

reciprocal ratio  JZ [

recommendation [ rekomen'deifan] n. #ff
#LOER, B

n. HiE

rectangle rule HiJE AL , I

adj. HIE#) , B

HAM

rectangular coordinate system B ffj 4 b1 &

rectifiable [ 'rektifaiabl] adj. 3R /9

rectifiable curve 0] 3K < ) i 2%

adj. ELZM, HM

rectilinear motion {4k iz 3}

recurrence formula  {i§ ¥ 2 3, 8 #E 2 2L

recurring decimal  {I§ ¥ /) %%

recurring period  /NECH 1 BR YT

n. i3 H A, E HE,

1 2

recursion formula 3 #E2S 20, 388 112 L

v. fil 1k, ¥ 4k , 1L i

n. A] Z)¢E

adj. A & 1L /Y, 0J

12 Y

DIEDE) &'

n. fiifk, 0%,

rectangle [ 'rektzngl]

rectangular [ rek'tzpgjuls]

rectilinear [ rekti'linia ]

~recursion | ri'ka:fon ]

reduce [ ri'djuzs |
reducibility [ ri,dju:sa'biliti]

reducible [ ri'dju:sabl ]

reducible fraction

reduction [ ri'dak[an ]

redundant [ ri'dandant] adj. Z4&M
n. 2% Wk
reference system BER

n. S, BEA

reference [ 'refrons |

reflection [ ri'flekfan ]
reflex angle I ffi
reflexive [ ri'fleksiv] adj. {8 K, 2 51
n. X

regional coding  J&) 3 4 15

regression analysis  [0] 5 43 ¥

region [ 'rirdzon |

regular [ 'regjula] adj. 1E W]
regular curve  JF I i £k
reject [ ri'dzekt] v. EFF HH4h

relation [ri'leifan] X &

relation of inclusion {18 X &

relational algebra 3¢ £ (U %K

relative coding  #H X % %

relative complement A %f %b

relatively complemented  H #p )

n. A, HE S
the theory of relativity A%} i

relaxation factor  #45th [H 1

adj. £ K, KEKAY

n. &M, e

v. BT, RHE

n. R

repeated integral R4

repeated products % e fH

repeated root H AR

repeated summation  F LUK Ak

repeating decimal  {i§ ¥ /N 5{

replacement [ ri'pleismant |

relativity [ rela'tiviti |

relevant [ 'relavant |
relief [ ri'li:f ]
remain [ ri'mein |

remainder [ ri'meinda |

n. B, B
representation | reprizen'teifon] n. #/R
required value i W {1
rescaling [ riz'skeilin] n. # 5
n. BRI E R
resolution of a unit  FL{ [1Y) 57 it

n. 458

residual [ ri'zidjual |

result [ ri'zalt ]



reverse order i Jf

reversible process 0 ¥ iif #2
n. ZJE
Riemann surface %8 |ij 1]
right angle 1 ffj

right circular cone 1F [H # , L 57 [A #
right circular cylinder  IF [&] FE
right triangle Fffi =f1F
right-handed system 7 F &
rigid body Wi {4

rigid law  FI ¥4 & &

rigid motion KA iZ 5

ring [rin] n. ¥

ring surface B Jfi

Robot control  HL2% A 5 il
root [rust] n. 42

rhombus [ 'rombas |

rotation [ rau'teifn] n. g
round angle & ffi

rounding error & AR %
rounding off & A

row [rau] n. 47

n. K o
rule of combination 41 45 A W
rule of inference  #E 75 # M|
n. RGCER

n. Z|BE, BB sadj. HCHY

rule [ ru:l]

ruler [ 'ruzla]

ruling [ 'rulip ]

S
saddle point $& 5
saltus [ 'seltas] n. ¥R, B 1
sample [ 'sempl] n. BEA

sample space Ff A< %5 [i]

sampling plan i EE R

sampling unit  FEAR LT FEAR K

n. Al i 2
adj. A] 3 21

satisfiability [ s@tisfaia'biliti]

satisfiable [ 'satisfaiabl ]
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satisfy [ 'saetisfai] v. @&, W E
scalar [ 'skeila] n. $r &, 4l i ; ad). br &
i, %RE Y

scalar field #rit1g

scalar multiple #5 BEA5 %L

scalar product  FrifE L, BB, AR

n. R, BREE, 218

scaling law 9t | & b it

schematic representation [ fif /=

adv. [ i
E

scale [ skeil ]

schematically [ ;ski'metikali ]

n. B, 46135

search method % % 1

adj. PIAY, #IE9 ;0. #ILK,
I

second order difference By 254>

secret code 1Y

secret key %]

sectionally continuous 4rEiEZER
sectionally smooth 43 Bt % ¥ /)

n. KRB AT

segment of a circle 5JE

scope [ skoup |

secant [ 'sitkant ]

segment [ 'segmant |
self-adjoint [ self-'®d dzsint] adj. H £/,
H 3t 8

n. 2 [&

adj. 2 Ef P )
semi-continuous function 2} % 4% pR %X

adj. ] 73
separable space 0] 4}%5 [a]
separated [ 'separeitid ]

semi-circle [ 'semi-'sakl]

semi-closed [ 'semi-'klauzd |

separable [ 'separabl ]

adj. 4 B§ 19, Bk

yidiy)

separated variable differrential equation 7F
SrE WY TR

n. J¥ 5, 83

n. %8, —EH

n. 8,4,E;v. ¢

sel function £E pR ¥

sequence [ 'sitkwans |
series | 'siarizz |

set [ set]
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shioat [ fiLE]
sheet [ fizt] n. M,

shift [ fift] v. #7248, E¥,n. (VF W
shifting function & {37 R %

side [said] n. i

sieve of Eratosthenes JE I Z {4 0ifi ik

n S, /5

sign of evolution %5

significant [ sig'nifikant |

n. JzZ, i

sign [ sain |

adj. AW, A
S W 1)
significant digit A &8, A 8L
significant figure 88 7]

similar polygon AH{Ll £ i1 JE

similarity [ ;simi'leriti] n. F{ELHE
similarity ratio A {Pl ke

simple curve 17 B il 2%

simple root  HiLAR
simplex [ 'simpleks] n. HijE , §4lijE
simply connected region ¥ 3% i [X Jif
simulation [ ;simju'leifon] n. £

n. [E5%

single cycle  HL{ff B

single valued function HL{f pg %L
singular [ 'sipgjula] adj. & 519, A 19
singular equation @y 5 f &

singular point A7 7 &

singularity [ ;sipgju'leriti |

sine [ sain |

adj. aF 5 4,
AT A
n. K/, B
n. FHE B, B
smoothed curve O #F il £&
software package {41
solid ['solid]  adj. P& ;n. STk
solid angle 37 {4 ffi

solution [ sa'lu;fan |

size | saiz |

slope [ slaup |

n. fiff, il ik
solution of a triangle = i J& (Y fif %
solution of equation  J5 2 () fi#

solvable [ 'salvabl]
solve [ 'solv] v. fi#
sorting problem 432 0] g

adj. ] fif 9

space LSPEiS] n. %5 [i]
span [Spa‘:ﬂ] v. 9&1&.,}:‘}?

special function FF¥k A £

specification [ spesifi'keifon]| n. ik, #

L L

v. Wl b Bk | 95 %E
adj. 1, 61 Y

spectral analysis %4 #7

specify | 'spesifai |
spectral [ 'spektral ]

spectrum [ 'spektrom ] n. i

n. BRIE , BR i

adj. BRI, BKTE 9
spherical polar coordinates ERH 4 b5
spring-mass system i FERE RS

n. £, 0, KR
square root F- J fi#

stability [ sta'biliti| n. &M
standard deviation §pifE 2

standard error 5 UE 1R 22

star domain & JE 5§

state space RAE %5 ]

sphere [ sfia ]
spherical [ 'sferikal |

square [ skwea ]

n. BUA, ¥IE Ty
i)
adj. FE2 1
statistical control 4t it
statistical inference 4 i1 #E Wt

n. Geit Gt
n. BE Y
step counting function i pR%K
adj. FHHLAY
stachastic analysis  Bfi HL 53 B
n. ffil A% , A7 fif Bt
n. A5l , 77-fif 4%
straight angle - ff]
straight line F 2R

statement [ 'steitmant |

stationary [ 'steifanari |

statistics [ sta'tistiks ]

steepness [ 'stizpnis ]

stochastic [ sta'kastik |

storage [ 'storridsz |

store [ stor]



straightforward approach B (1) J 1%
strategy [ 'straetidzi] n. B, XK
strictly monotone function 4% 5] pf %4
string [ strig ] n. 17,58
strip [ strip]  n. 4F
strong law of large numbers 38 A ¥E
subadditivity [ sabedi'tiviti] n. J0] Nk
subbasis [ 'sab'beisis| n. FH
subclass [ 'sabkla:s] n. 2
subdivision [ 'sabdi,vizan] n. 44
subfield [ 'sabfi:ld] n. F
subgroup [ 'sabgruip| n. FH¥f
subinterval [ 'sab'intoval] n. F[X [i]
submanifold [ 'sab'manifauld] n. FifiIE
subscript [ 'sabskript] n. F#5
subset [ 'sabset]| n. T8
subsist [ sab'sist] v. & fF ,fF 1E
subspace [ 'sab;speis] n. F%3[d]
the subspace spanned by § 1 S 4 W4 F
7 (6]
substitution [ ;sabsti'tju:fan | n. {4 e,
A
subtract [ sab'traekt] v. P, Mooeeeee il X5
subtracter [ sab'trekta] n. WL
subtraction [ sab'trekfon] n. W, W%
subtrahend [ 'sabtrahend] n. Jl ¥
succession | sak'sefon] n. B, iE B
successive [ sok'sesiv]  adj. & K 1Y, #
4k i)
successive integration 2 K 43
successive substitution 2 A 2%, 26 18 s
successor | sok'sesa] n. J54EE 54k
suggest [ sa'dzest] v. EHW, KR
sum [ sam]| n.
summary [ 'samori| n. {§E =
summation [ sa'meifan ] n. 5 F1, 1, K
i S
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superfluous [ sjur'pa:fluas| adj. ZHM, it

HH

superposition [ sjurpapa'zifan] n. &

superseript [ 'sjurpaskript] n. E#R

supplementary angle

i

supremum [sju:'pri:mam] n. J:@ﬁ
surd [sa:d] n. B, AR

surface [ 'sa:fis] n.

T, fi 1T

surjection [ sa:'dzekfan] n. J# 5}

surveyor [ sa'veia |

n. i 4 &

sustain [ sa'stein] v. ff&E, B FF
symbol [ 'simbal] n. ff%5
symbol structure 5 454

symbol system ff5

A4

symbolic logic £F 52 #

symmetric [ si'metrik

] adj. XFFRHY

symmetric algebra X FR 1L %
symmetric figure Xf Ff & JE
symmetrical [ si'metrikal ] adj. X FE 1, B

symplectic geomelry

eliv)
F LAy [ 2 ]

synonymous [ si'nonimas| adj. [f] S )

system [ 'sistam]| n

R FR B

system design AL it

system of equations

A

systematic [ sisti'matik ] adj. &4 M, &

EN Y]

systematize [ 'sistimataiz| v. £4fL

systems analysis  ZR 4t /- #r

T

table of difference #4r %

tabular [ 'tbjuls ]

tabulate [ 'teebjuleit ]

adj. KM
v. B eeeees Gl

tally ['teeli] v. i85 ,454 ,it4, — 5

tangent [ 'teendzant ]

n. 1EY], VI ;adj. V]
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tangent space 1] %7 [H]

tangential equation )£k J ##

n. 5 A

n. 5K it

tensor field 9k it i5

n. A, 5

v. &k

n. Rifi

termwise differentiation & J {3 41

ternary quadratic form = G KB

testing of hypothesis {5 46

text processing A< 4b A

the first derivative — i S5%(

the intuitive meaning  FL W &% X

n. & B, 0

theorem of mean  H{E i F , S ¥4 {f f B

n. Big

theory of fields 5538 , i

theory of substitution F i

thickness [ '0iknis | n. JEJ&

three-dimensional [ 'Ori: di'menfanal]  adj.
=4

n. B ], A5 2, KB v. LU

time-delay system I #ff 5 4t

adj. RAME, BN

to complete square [t Jy

tolerance error % VF iR 2

top [top]  n. THHK;adj. @y, EEM

topological algebra #FME %K

topological basis 4 fp Ak

topological space i1 $h%5 1]

topological vector space #f ¥ [u] it %5 [1]

n. #ifh[ %]

tautology [ to:'taladsi]

tensor [ 'tensa]
term [ ta:m |

terminate | 'ta:mineit |

terminology [ ;ta:mi'naladsi ]

theorem [ 'Giarom |

theory [ 'Oiari]

time | taim |

tiny [ 'taini]

topology [ ta'paladsi ]
total derivative 4 5%
total differential 4> {3 7
total variation 47452

totality [ tou'taeliti] n. 28,44, 8K
n. 3 GEE v, JBBR

n. FFHE FRAE

n. [FEA | BLE

transcendental [ trznsen'dental] adj. &

i

trace [ treis |
trait [ treit |

trajectory [ 'traedziktari |

v. 58 IR

n. ¥ 8%, L
transfinite diameter R H#

adj. BERS Y, o PR

transfer [ traens'fa: |

[ 'trensfa: |

transient | 'tr&nziant |
transition law $E1f

transitive | 'trensitiv |

adj. W] % [, 0T /Y

transitivity [ trensi'tiviti] n. 0] & @ ¢
translate [ trens'leit] v. E5 , #iF
translation [ trens'leifan] n. T8, Wi
transonic flow 4 & # it

transport [ trens'pait] n. I
transpose | treens'pauz] v. B ;n. $FH
transversal [ trenz'va:sal] ad). BE#EMY
trapezium rule B ¥E i W

traversing [ 'tr&evasin | n. @i Jh

tree algorithm  # 8 3:

trend analysis B #9Hr

trial [ 'traial] n. iK%,

triangle [ 'traieggl] n. =ffIE

triangle inequality = ffi A~ % 3
trigonometric [ trigona'metrik | adj. — ffi
[ 1H
trigonometric function = ffj pR ¥

n EME.=
fl o |
trinomial [ trai'naumjal] n. =i

adj. = {1

triple integral — & Bl4

v ff seests a =0, =
&

trisection [ trai'sekfon] n. =% 4

trigonomeiry [ triga'nomitri |

triple [ tripl ]

trisect [ trai'sekt |



truck [ trak] n. {55 0

true [ truz] adj. B, BT Y
truncate [ 'trapkeit]| v. #H7, #E2
truth table FE{H 3%

truth value EL{{H
Turing machine  [& & #L

twofold [ 'turfould] adj. XLFE K
type [taip] n. B R
U

ultimate [ 'aAltimit ] adj. F20, &5 8

n. € ¥

adj. B #ff
1, 5 2 )

ultrafilter [ altra'filta ]

unambiguous [ 'Anzm'bigjuas ]

unbiassed estimate  JCRfhit

adj. TR
unbounded function  JG % R %X
unbounded set  JGH4E
unchanged [ 'an't feind3zd |

unbounded [ an'baundid |

adj. LM,
AUUER
undecidable ring A~ ] B 5 ¥
underlying set K fif 5

underlying space 7K #% %5 ] , B Al 25 (8]
undirected graph  JG 1] &

ungrouped data A 432 B

unicursal curve BfT £k, A Pl £k
adj. — B
uniform boundness — &4 &M
uniform convergence — B8
uniform divergence — 8 &
uniformly bounded — 347 A1)
uniformly continuous —— B % 2 1]

uniform [ 'jurniform |

union [ 'jumjon] n. Jf,JF4E
union of sets R IF
unique [ ju:'nitk | adj. ME—fH

uniquely [ ju:'nizkli] adv. ME—Hb
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uniqueness [ ju:'nitknis| n. ME—¥E
n. Bf
unit circle B [
unit coordinate vector  FL{V Ak i [1] HE
unit distance {7 K &
unit interval  BAL{j [X [H]
unitary matrix P4 %1 [
universal quantification 4> F5 & in {k
universal quantifier 4> Ff &t A
universal set 4% G4l HE
universal set JHEE  FH E
n. A, AR
universe of discourse &
adj. R H#;n R
1K

unit [ 'junit |

universe [ 'jurniva:s ]
unknown [ 'an'naun |

unknown term A 15
unlimited [ an'limitid |  adj. G BR /9, JC IR
il f
unproved [ an'pruzvd] adj. ﬂ'éiIEHﬂE‘j TARE
W SE 1)

adj. AEBLILHY
unsolvable [ 'an'solvabl] adj. A nf fif (19
adj. A fRE R, K #
R
unstable [ 'an'steibl] adj. AFEEM
adj. A~ Al 3k B 1)
untrue [ 'an'tru:] adj. ASE, A WAL
updated [ ap'deitid |  adj. & B (1, & 1E 1
upper bound 3, KA
upper boundary I

upper extreme |- Vi

unrealistic [ 'anria'listik |

unsolved [ 'an'salvd |

untenable [ 'an'tenabl ]

upper limit | R

v

valid [ 'veelid |

validity [ va'liditi |

adj. JlA7HY AR
n. ATRC, AR
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value [ 'velju] n. {f

v. R, BRF

adj. ZE4L A9 ;0. A8 H
variable range AF it {5 [
variability [ ,vearia'biliti ]
variance analysis Jy 24§t
n. 285y, 24k
variation principle 48 43 i B

variety [ va'raiati] n. #E

vector [ 'vekta] n. [0 &, k&

vector field [0] Kt 1%

vector space [o] 1t 45 [H]

n. &

Venn diagram 4 L [&

vanish [ 'vanif ]

variable [ 'veariabl |

n. AJARYE 2 5

variation [ veari'eifan ]

velocity [ vi'lositi |

n. 8k, uE W]
n. K %e A% , Kok ik
v. 5, B E , B
n. T0 A

verification [ verifi'keifan ]
verifier [ 'verifaio |
verify [ 'verifai |
vertex [ 'varteks ]
vertex angle il ffi
vertical [ 'vartikal] adj. FE 5, H A ;0.
T B AL

vertical angle X [ ffy
vertical line "% £k
vibration [ vai'breifan] n. #zzh

adj. W[ PLHY,FH I

n. A4

visual [ 'vizjual]
visualization [ vizjuoslai'zeifan |
void set Z54E ( =emply set)

volume [ 'volju:m] n. (AF , 58, &

w

wave equation i & i B
n. /N

Weierstrass elliptic function

wavelet [ 'weivlit |
B 2K 38 5 r M
A6 [58] 7y #

weight function & %
weighted means I ACF ¥ {H

well-defined [ 'wel di'faind] adj. 7 M7 i
E LY
well-ordered [ 'wel 'a:dad] adj. RIFH

B8R

whole number [ JEffi | %

width [ wid0] n. FEHE, )
without bound  JG % ) ( =boundless)

well-ordered set

X
x-axis [ 'eks @&ksis| n. x i
x-component [ 'eks kom'psunant] n.

x 4 ht
x-coordinate | .eks Kkou's:dinit| n. x A bR
x-direction [ eks di'rekfan] n. x Jj[u]
x-intercept [ eks inta'sept] n. x #ER

Y
y-axis [ 'wai &eksis| n. y Bl
y-coordinate [ 'wai kau'o:dinit] n. y 445

yield [jizld] oo 0, kv, =4 4 il
yvield condition 4 &K &4, Jit IR 2% 1F

Z

zero ideal ZHAH

zero-one law EF
zero-vector [ 'ziarau 'vekta]
zela function  { pR %X

zonal sampling  [X B3l B

zero | 'ziarau ]

. F il it
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