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HQELPERER —TEE . FiILH REFE. PA . EERELRM
47 FERBEFEPTRIFEGHHWE, — REAGERE MG E L. &
& Cantor %Wl%'ﬂﬂﬂ"]iﬁ&(ﬂﬂ%ﬂ]ﬁ%ﬁ),%ﬁ(set)%?ﬁﬁg
AR R — R T A N RS E Y — B, X

---------------------------

W rEAE T REAERRFE-NEE . BECEHE TEMNY
FoHEADASEMEYSINRZERR TEZES. (BHER, —1
HYBNRERAEESHRR, AR THAR THRR, I XH
fir. ) XFHEREH R E . RBANO LN AEEREEC 2B,
(MR — WA S ERFPHEAFZELR, WAFER
.

A2 BSIANEEXHE MBS B A TEEEMEDH
BKFHEMEW HREZFD MR NP, 2 E S TEE;
ZRLVERICHIET IR 8, 588 40 B X 43 5 X B &
W, BB T &R A B R B i R A TR 3R B 5 . X R L AN
FERAE 18 A B E TP E B3, Flanshitgh i bt — S0

@ G.Cantor(1845—1918) , EK¥ K.
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A M2 2 2 R G B A AT RE H BLE B B L S5 5. Rl BB fe it
XA AR RGBT A3 J1 . Rk B 2 HT 897 B AL BT 5| R H X S5
EREM K. B0, Cantor B H T id of B A 1 22 53 89 73 2K
[F] L.

1.1 £45F&4

— e EENMF S KRS F8 AB,C, -, X,Y, Z FkE

RCEAMILEANEFEH a by rxy, 2 FRER. K AZE A
A Ao RANILEENIEH aCEAFE R a BT A);a€CAFRN a

ARFAFR a FEA WITE. FIN.2/3€Q/2€Q,%%.

WERHANESGRREAWF. K252, . Flanh1,2,3,
4,5 IR MESICH A B BARS

A=1{1,2,3,4,5)}
KFn. W R, EAFES{ THBEHITE - —FIZHk KR
FATCE Tl i — & R A B 0 iR A ] B AR
A= {x: x<<6, xEN}.
EXE VSN AFIS RS BAMFS " RIT il — 8 2
AP LEMREFS F—HoRRATEMERENZGSRTHR
BAENKITERTFANMEER. ARBEES A SR
{xE&N.: < 6}.

Bl1 HEG{zER: 0<Tsinz<<1/2} F/RHWHE 0<sinz<<1/2 )
L x BT AL A RS B {x: 0<lsinz<<1/2}.

Bl2 HEH{(zER: |z—x, | <8z, ER}FLE G  HFF X ]
(xo—0sx01+9).

EX L1 XTFHANMERASB.HcARA B, MK A
EBHMFER.HHKAREBWFE.ILH

ACB BB BDA.

ACBH#HNA ETBsBaEEA. BRACA. % ACB HFEB
hLEARBRT AR AZBWEFE.

B3 & A=({1,2,3,4,5),MEHF{1},{1,3}.{1,3,5},{1,2,3}
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HEANEFE.(1.2,3.4,5) FAEAMETE.

EE, LHAP (L RAHENTE I"THENES . EE2 AN
THEMAR A FITE, ANTTATH{1,(2,3} ) A2 A MFE.

HATRRESZBEMNHE, RINEHE -FHTEER. EEAEE
ERTENES . END. ZHITRE—-EENTE.

EX 1.2 BHABEFINESR. #H ACB HBCAMKEAS A
5 B HEHMEE.ich A=B.

A5BH%EHEA 5B MW TRELME.BNA 5B EZR -4
4.

B4 {(xER: 2*>1}={x€ER: |x|>1}.

E£h{x: p() 5EE (x: I EBTHEREF LML p() 5
q() BB HFH.

EX 13 RIRAEN-NTES.XNTE 1T, EKAEE
—PES A EXHERIMABIGFZES EMNPHEAEKRIESE. I
H{A: a € NEHA, e KB T HRNERE. S I=NE.E4
AR LS il H{A T (A, 5.

Bl5 Brosa REAEARAHRMEH A={r,s,t},B=1{r,5.¢},C=
{rsistort). B A=B=C,W{r.s,t}={1,w,w’ }, Hrh

w="1EB e

WERR NN AR S LR LT Z AR R BT LUK AR A T i 2T EER

{EFT, B A5 2 0 =B %A 5. H A A K WA

rt+ste=r+s8+e =rs+st+rt =K,
PNIEE =]

K= (r+s5s+=GC+s+8)+20s+st+rt)

= 3K,

B K=3 50 0. X NEUEMFFAE . MEA
rst = rZSsz-
SR rst=1. T2 7 K=3 8 /Al ros.t HHE
=32 +3x—1=0

AR IRl (z— 1) =0 R HE A r=s=t=1. A FHE. X K=0.1t
B rosot R



IR LB x=1 DL J 2=(—1+/31/2.
§1.2 £AWEBH

EEHIRE SRR &S Z EARE R R U RH O &
i — b A 2 T B DT o 4 3 98 T A S AR o 08 AR AR A
FH. XA 5 5 BT LAGE S 25 b B 18] 2 R ARk BUR B
5 EEARE RN 4.

(=) #5%

EX 1.4 BABEWNMES HER(z: 2€AHEBINA
5 BHHE,ICHAUB. EREM A5 B LM TREMMIES.

HEWER AR R BEGBHEEBHES. X E
JEF A Venn K. AUB WK 1. 1.

i)‘( 1.5 iiA!BE?Wj4\%%’%%%{I. IEAquB}j‘jA
5BMZEGCHNANB. ERHASB WAL TTEMBRMES WL
H1.2).#ANB=J.l# A 5B ER#EZX%.
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)
g

Bl # S & R ) SEE R % N

{z: 1< f(2) <k} = {x: f(2) = N{x: () <k}
KTHEXSHEAHKGZE A TR EZME.

EE L1 BAESGAB5ECN

(1) ik,
AUB=BUA, ANB=BNA; (1.1
(i) ZiaH.
AUBUOC = (AUB)UC, .5
AN(BNOC = (ANBNC;
(i) 4rFeft .

AN(BUC) = (ANB)UANC),
AUBNC) = (AUB)N(AUO).
K, mTLLE XN EANHESZE. BAEEREA, e
Tl XHIHESZEMT .

U A, ={x: FHE €1, 2€A,},
a€l

(1. 3)

M A. = {z: Y a€L,z€A,}.
aE |

AN BRI HRB SS e EHN TEEZ M EANEIL. X
— UL, YA E RS (LR 7 2O RiF 2 F R & Wi,
W2l FEREHRTEESHIFE REFELIFERIE. RS
B RSB R F . T ELAE IF 56 I 5 S5 B R 6. 28R, 3t F 32 i
ERE RN EF oA T UE R

(i)Aﬂ(LEJIB',>=U(AﬂBa);
a e€ 1

> AU(B.)=[) AUB..
e€ 1 a€l
Bl2 & f(oRlab] EHSAERE WA ELT U85 -

oo

[a,b] = U {x € [a,b]: |f(x)|<<n},

n=1

(z € [a,6]: |f(|> 0} = {IE [a6]: [f(@)]>+).

n=1



(=) £53%h

EX 1.6 &A, BEANMES.
R{x: x€EA,2EB} N A5 B HE
£.id 8 AABGEEA B B), ERHBTE
EGATMAEES B P —YxT

W13 ZHRKES (LA 1. 3).

TE LiRE X, B &2 A MFEN.FRA\B NES B #XF£
AANMERRE BF ERIMBEREWEEN, T EXNES
BEEMAEN"KRES XHFE.KNK X hL K. W £46 B
HMT2E X WA ERETRI B WAAERKE, N B X
“B. B

B = X\B.
e LAY B 2% X i, RPN EZRM L% X ik
S e — RS R R HFE T2 B dhidk
B = {z€X:. x€B}.

B EATAE T IR AL

() AUA =X, ANA=0, (A)=A, X=0, J=X.

(ii) AAB=AB-.

(iii) # ADB, | A°CB ;% ANB=J .| ACB".

e RATA FARAWAFEZEN .

EI2 1. 2(De. Morgan ;% M)

(i) (UA,,)r=ﬂA:; (1.0
a€l a€ 1l
G (Na.) =UaA:. (1.5)
a€ 1 a€ I
EW UOHE.# e (UA) iz JA mx—b
a€ 1 a€l
«E1H €A, KA. XM —V] o €E1.H 2€ AL #18 z€ [) AL
e€ I

RZ.# z€ (AL MM —Y] « €1, 2 €A, BNt —Y] o€ I, 2€
a€ I
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A, XA
x e U A,, IE(U A,,)Lv.

e€ 1 a€l
ATHENEES . 2E X B IMEFEASA BH
#FE. RATHE EATLGE T A RBFSE AL IS 8 7] LUR AN EE B 1
PEFUOR L& R RIEW 5K,
EN 17T BABAHWINES HKESABUMBAKASB HXHKRE
£.28AAB, ERHBEET A.BZ—HXAFENJE TFEN—Y TE MK
A LA 1. 0.

B4

HE XIS AUB=(ANB UAAB). At . MHREERERIFED
BAITTE S H . BR . RITE THIRAIEL.

() AAG=A, ANA=F, ANA =X, AAX=A".

(i) ZZ#HH: AAB=BAA.

(i) 548 : (AABYAC=AA(BAO).

(iv) 38 53 FR 2206 2 o B e

AN(BAC) = (ANB)A(ANO).

(v) AAB'=AAB; A=AAB % B ¥%B=4.

(vi) MIEEES A5 B, FHEW—MES E. 18 EAA=BERR I E=
BAA).

B3 &AABC=1E4.1

() (ANBUMBNOUCNAEREBEFABECHELHANELEMNIT
EeBERNES.

() (AUBUON(AABAOXTRET ABS5CHELHAIELGERE
FEANEANTELEEBRNES.

(i) (AABAONANBNOERBEFABE5CH—-NMESBRBTSH
AP EENTELEBERNES.
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B4 (DRABELEX WHNTE. HXEEMN ECX. 1
4 ENA=EUB,I| A=X,B=¢.

(i) HESR AB, W A=B Y H{UYHFLEEA C.E#H

ANC= BNC, AUC=BUC.

R () RE=X,MM\FERZMA=X; LB E=A", | i &%
MP=A"NA=A"UB=ZUB,B B=d.

(i) LEMEBR HIER . hERX

A=AUCNC) = (ANOUANC)
AALAUC=(ANCHUC. F#EA BUC=(BNCHOUC. £EF CN
(ANCH=F=CN(BNC),XFANC=BNC, NmKMTA
A= ((ANOUANC) = (BNOUBNC) = B.
BERE KW T .
1. ®A,B,EZ22E X HF&,1
B = (ENA)N (E‘UA) %4 HIL% B° =E.
2. A CA,CCA,C++, BCB,C+-CB,C+-, |

(Ua)n(Ue)=U @ans.

3. i& Al DAgD"'DA,,D"' ) Bl DBZD"'DB"D"' 7mIJ

(N 4)u(n B.)= M A.UB.
4. BEHESE A.B,EMF.
() # AUB=EUF,ANF=J,BNE=J, N
A=E H B=F;
(i) # AUB=EUF,4 A,=ANE,A,=ANF,N
A UA; = Al

(=) EETIBHRR (&)

B REAT ERZEN TR AELEBETESE D,
KN LFIAL - BRAERSRREPHEREM. REXMNE, B
B3 i R ER T DU . X BR R AT SR I8 R A S
TRZH.
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EX 1.8 WA NR—TERY. &
AL DA DDA D,

IR B 250 3 5 51, B HL 2t () Av WA AT (AL ) B
#&KE%JE?@ ELTAM%{A;J%E
AT CA CCA C--,

WIFR (AL 2 A B, B 02 | Al S (AL ) B R A, i
7@] limAk.

hro

Bls #FHA =[n,+too)n=1,2,),0 }L@A,,Z@.
Bl6 XAE R LA A S oK $F
FHlx) < frlx) < < fulx) Koy
B limf, (x) = f(x). BAEX T 478 B L8 ¢ ARG
E,={x: f,(x) >t} (n=1,2,).
BR%E ECE,C--CE,C-, i B3 %

imE, = | J{z: f.(2) >t} = {z: f(2) >1},

oo
n=1

Hp
}ijg{x: folz) >t} = {x: f(x) >t}
X F— B E AT, AT 2T HI LT R BR Ak kA
L TFREMEE.
EX 1Y F{AIER—E85,.%

Bi: UA& (j:1929"')7
=5
i%ﬁ BjDBj+1 (j:l y2!"').&ﬁ]fl’r\

}ing,, = QB,. = ﬂ OA,,

=1 k=j

HESIIAS B ERBRE . HFHHN ERE.ICH

mAk - ﬂ [JAI:-

AT i=1 k=j
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seusm Bt U (A BRATIA) i FRBS, FH 5 TR,
icH

limA, = U ﬁAk-

o =1 k=j

AL CFIREMSE, WEH(ADHRBREFEIF ST ELRESTRE,
iﬂﬁ ELTAI;
%l7 & E.FEBHNES EEST
E, kA&
F, kAEK

(B =1,2,++),

P =

LNITE:A(EE]
,}i_mAk = EUF, limA, =ENF.

P

F L TREMNZE, G FRELML:

(€)) E\E—Ak:h_m(E\Ak); (ii) E\limA, Zzgn—(E\Ak).
koo == o oo

T 1.3 H{AH—FEEF, 0

(€) g—rLlAkZ{x: SAE—BRE jFTE (k=) 2 €A}

(i1) li_mA,,:{I: ﬁ&ﬁ%ﬁ jo,% k}]o H‘]',IEAk}.

—

XAV, (A ERERHE T ANPEFENEEGHNTE I
B {AGKITRERB RABF AP ERENEESWTE K
J B4 AT S7 B AT A

limA, D limA,.

koo o

ﬁEHﬁ Lj(ll)yﬂgd%fe%gAkvmu#EQ%ﬁ](nﬁig

1’6 nAk,

k=j,

Mﬁﬁ% k)]-o Hrj‘,ﬁ rEA;. &Z»%ﬁ&a%ﬁjo9§ k>j0 Nvﬁ
IEAk 15\“]'1%@]

.1'6 ﬂA‘-

E=j,

s € (J (A =limA,.

=1 k=j



B8 R{f.(OIUK f(2)EEXFE R EHLERE NE 7, () Rl
T f@OM—YUK 2 IR RES D TRAHN

s U ﬂ U {2: 1f.0 = s> 1)

EAEERRNAWERRA & RE AT B, H &A1k Rk E
BLEMIEABAEE. KRAE . & f. (O FEH o RESEF f(x0), MAFFE
e >0, WAL H AR b L n=>k (75

| falae) — Flo) | = €0
gt R, 4
Eley) =1z | fola) — )| = a)s
W& o BB FIE, (e) ) PZHRF EZANEEH I 20 &FI(E, () ) 1 LIREN.
RZ MEEHEN 0.{E, ()i EREPHEMERNRS A B2, X -
FREEFEXS e SRIFEE I AT # A2 A RIS TR LR e Tl — 31 {ee } (s >
e > g >0 R ARE. KR o =1/k 0F , 5158 D ERARR.

BE@E KW T 6.

Lo, (o LR f(o) #B 28 AE R ERSC(E RS, B A

limf,,(x) = f(x), zx€ER,

W%t te R A
{xeR: f(x) <

}

D
ﬁCJx

t
[j {IER; fula) < z+%}.
s

2. % a, —>a(n—*oo

U ﬂ <a,,—%,a,,+%)= {a}.

k=1 m=1n=m

(M) FEHER

g~

EX 110 XY RWINES. HK—UWAHF TR (2, )
(K ze X yeEVMEBHWESH X 5Y WERE . ICH XXY, |
XXY = {(x,y): x€X,y€Y},
E':P(I.y):(rl.yl)%% 1=1'.y:y’.XXX‘l‘EiE%JX2.

B9 [0,1]X[0,1]% ¥ L 8 E I .
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(—) mr5t

B KF A & XAELa,b] E B —A 328 ok Bt & 4B
Bla.b]5 R —FxT R X R, BAE, RITELX — B SHE 2 — i
FES L BT AFESZ KR,

EX 111 #Z XY ARPESER. H#ME e X HHFE
ME—) yEY 5Z X RL, WFRIX AN X R A B & (R ek EmED. & /
FER X A R, W52 K

Fo X ==Y,

IR S REMNX B Y B — DB, teat, o€ X Y P RXTRIIT v R
Hox WS f TR KAy B—TREK. 2N y=f(2). &
Mg yeY WA z€ X R/ y= (), WFRIL fF AN X B Y 1
FEELEFR SN X B Y R

T f: XY PUERACX,F&ATiE

f(A) = {y€Y: x€A,y = f(2)},

IR S(ARES AEME f FTRHMWORE(N(DH)=2). BR.&
i1 T 5 f g o .

@ r(Ua.)=Ur@n: G f(NA)c N rAn.
a€ 1 a€l a€l aE I
F f: X—>Y LR BCY, &ATid
f1(B) = (z€X. f(x)EB),

IR fI(BYABET f HEKE. BR.BIMNAETHIMpEL.
(i) # B,CB,, 1l f " (B)Cf (B, (ACY);

G 1 (UB.)=Us B (B,CY.w€D;
a€l e€1

Gi) £ ((VB.)= (/" (B,) (B,.CY,a€D;
a€ I o€l

(iv) fFH(BHY=(f"(B)° (BCY).
ESL 1.12 iﬁf: X”Y.%%I;-IzéXEIlifg H:j-yﬁ
fxy) #= f(xz),
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Bl X h AR RICA ARE G WER f 2N X BIY ) — D Ba. A f I
R RSV f X B Y E——mrSE fEXFY b
B —— B WER T Y PRS-y A X PR —IT 2.
15 y=/f(o). NmIRATXAE Y 5 X b Y B 5
g: Y= X, gly) ==z,

HpzHXRy=f(OWE K g I [ OERE.icHh . T&,
BLSAXAY LW ——BHn  RIMKEEXEFY ZEFE——
MR (5 f: X—=>Y 28t 0 £ 2 X 3 £ OO E——g

EX 113 % f: X—>Y.g: YW,

h(z) = g(f(x)) (z€X)

EXW h: X>W K g 5 fHEEHE.

EEZ R AR A S B LR E X, M HREHIRES
EWSHRPNERTFE. YY BRI, X—>Y — &Kk E. B9l
0 F X R FEAGRIME

1, €A,
0, x€X\A,
HFfXa: X>RZEEXAE X LA NSFESEE.

AT LAE L FRIE R Xy E— B X LAlfERN A KGR
HONTAT LA EMFRETHESAS. Hlin.A#4B 2
XaFXp T ACB 5 X, ()<Xz (D) REMHN . Z%. BR.BITAET
F| ] B S

(1) Xayp(x) =X4 () +Xp(x)—Xans(x);

GD) Xans(x) =X4(x) » Xp(2) s

(i) Xap (@) =Xa () A —2Xp(2));

Gv) Xapp (@)= |Xa (@) —Xp(2) .

BEE HKUEH T 6.

1. % f: R>R,ig i) =Ff(@), fu()=f(f, 1 (2))(n=2,
3y ) EAFTE no AR £, (O =2, f R REF f(R) E#——BLE.

2. AEER FRES R [ B XHEE R\Q 22—
A Q LA R ——mtgf.

3. f: XY BHH Y HCYMIEENEFEBCY A

Xalx) =
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f(f " (B))=B.
4. W f: XY WG W F AR A3 4 .
() fR——B5t;
(D XEEM A,BCX,H f(ANB)= (AN f(B);
(i) Xt ANB=JK A,BCX,H f(ANf(B)=J.
(iv) MEER ACBCX,H f(BNA=Ff(B)\f(A).
EX114 BXE-NEZESG HXWUFEBRET. X
HE)RTREEBHESHN X WEE . ILh AXD).
Bl n MU EERMESR E ZBE AE)IEF 2" MLE.
Bl 1ICRFARSBNAT R BXE-TESEE6. 86 AX)—>HX).
X AXDFHE ACBREEA.B, LA f(AC (B, MFE TCHX) , ff
B f(D=T.
iR fEE4A S.T:
S={A: A€eHX) HAC f(A},
T= UA(E;/‘(X)).

A€Ss

4 f(DH=T.
HE LA RE AESTTHAC (A AT ACT Al 18 f(AC f(T). 1R
BACSHHACHTD Xt S5

UA C (T, TcC f(D.

A€ES
B HHE. X TCFCDH f(DCFCT). Xl f(T)ES, KA1
A f(DCT.

BEE KIEW T o 4.
5. K f: X—=Y,g: Y>X. EMEEN 2 X A g(f(2)=
x U f RS, g AT

(=) EH

MF-TEERE . EEGTTRNZ O RREEANREZ —. 10
RAWNMES ASB, RIZER: ANTRELB WIXRZEZD?
;E—HZ

X F A BREER UL 1 E te B ey 8, IR OA FRATT AT A B AR BB B AT
MICE N AT A5 B #ELRER . HFRRART. MRA
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EREERMEFAEEF2MEANTEES BN ITE -HE".
Lhr b X TEAHBE LM E L. A AR TR —TARE
FIEE. fln, A 5 RES B XEFAZEER? XERKNH
S5 EXMNERER ERRANAFESTEAMILFEOSEREME. X#
RHERALFHESH TR LUIEF—X — Dt sk, A2t
AL BAERMEX B BHE TERE, U REBERHITER
Z .

EX1.15 BHEAFAEB EGHGHE—-TNARB L——
gt MRESASBEEHERE.TUE A EB SR TE
i 3o WS — — Xt R AR KD ik A~B.

Bl2 ARBESEMBEMNE. B N~{y: y=2n,nEN}.

Bl 3 NXN~N. il 4n, 46— — gt £

FG)) =272 — 1), (i,j) € NXN.
X AE— AR T HE— R R N
n=2"+q (pNEREH.q NIEFE,
mixfAE AR p EAE g, LAME—/ i, jENER
p=i—1, g=2j—1.
B4 (—1,D~R,HNEE——BG

f) =125, z€ LD,

BRMEXRAWT HREAMR .

(i) A~A;

(i) & A~B,ll| B~A;

(iii) &% A~B,B~C, | A~C.

ATUAEXEHR, A TIRBHNESZEN ——X LR
i1k vl Lz FH v el 46 A o ¥ 09 7 k. e S L 38 W] LUK F 4 % B 1 5%
A, JUHZ T i Cantor-Bernstein & 3 , H 2R {TIEHE & X F K
HEFE.

SIE L4 ESEMSTHSBY #A f: X>Y.g: Y>X,
WU FF 7E 53 %

© AF|F R Banach E37#).
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X=AUA~, Y=BUB™,
He f(A)=B.g(B")=A" . ANA " =ZL Kk BNB~=J.
R X T X M FE ECRIIERE Y\ f(E)#2) . #& 2
ENg(Y\f(E)) =&,
MFRE N X hrgaessE. 3 X hiasErmekich D, HEE
I
A= | JE.

Eer

RiTA Aern FL L W FEENEED. T ADE M
ENg(Y\f(E)) = &
AAMENgY\f(A) =G, \iiFF ANg(Y\f(A)=Z. X A

EX P EERED PHRATLO.
MAES f(A)=B.Y\B=B" LI & g(B )=A", & 5HH
Y = BUB".
HR BT ANA = BN G5B/ AUA =X, FL L. EARRIB
L 2, €EX 18 1, EAUA™. BLFEME Ao =AU {x } . RATA
B= f(A) C f(A), B DY\f(A),
MITH A" Dg(Y\ f(AD)). XFEEB.A 5 g (Y\f(ADAHE. H
iACIEE
A, N g(Y\f(A)) = .
X5 ARD WEKITHTE.
EIE 1. 5(Cantor-Bernstein EI8)? HFHELH X EFYMWEAH
FEXMEY 5X MENEFESE N X~Y.
R WMERAAERS £ XY 584 g Y>X, RIEMG
53 fif i R0
X=AUA~, Y=BUB", f(A)=B, g(B")=A".
FEIXEMN f: A>BRUKkg ' A" =B R —— 5, B Al E
XEY EH——Bg F.

D FHETXER.
@ AEBSE Cantor i H B, 7 8 S5 44 T IF #4399 & Bernstein. 3X B %3 B 77 #:
J& F Banach.
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I L
g (), €A™,
XU X~Y.
ERP RS ZES AB.CHETRRR:
CC ACB.

# B~C,| B~A.
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(i) #(F,: « € R R g — N EHE NI KE F = (F,

a€ 1
Az N
iR (D) WK
F,UF,= (F,UF») U (F,UFY’
— (F,UF») U (F,UF)
— (F,UF) U (F,UF))
= Fl UF:’
ﬁf%ﬂ-% F,.F, JHA .0 m:l’:; UF,. B F,UF, %m%
(i) WA —Y) «€ 1,4 FCF, iU —¥W €. F FCF, =
F,. \iif
Fc ()F,=F.
a€l
{8 FCF,# F=F. X8 F 2H%.
R G2 IHERNIFER—ERAE. #lan, 4
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_r_1 17 _
ka[k+l.kyzk (B =1:2,),

A | F = 0,10, SefliE s

OFk =2 OF,,.
B RV FAE AR & ECR (€ )
UE.c UE., E.c< NE..
FREBES T R OHK AR
EIE 1.17(Cantor AEEEE) #(F)ER FhHdE=H RHA

%yq-ﬂﬁﬂ FlDFzD'"DFkD"'»m h Fk = @'
ER EAE(F) AT E AR B A 2 B AR
U k>k, I F Fo=F, . Wit (\Fe = F, # 2. B4ERG R

—Y kFooi & F, MEFEBP

Fk\Fk+l #g (#Atl] k)’
FHATER 2, € FA\Foi (B=1,2,-), W{z,} &2 R HFHHEREFH
3. #84% Bolzano-Weierstrass & ¥ A Al , fA1E {x LA K z ER",fli T3
lli‘rrcllrk(—x|=0. HFEA F SBRME . 8 z€ F (k=1,2,--), 8]

5 if 6 ﬁFk-

BEZ METH NS,

1. RECREFZHE . HZEPE—FTHEE AL, AR E &
A PR 7

2. #A,BRERPLAE, AN : X ANB=ANB —&MLE?

3. # E.CR'(k=1,2,),4 E= | JE.. 4 =, € E',iXl.
=1
RE—EHF E, 13 2, €E, 7

4 WECR,RIEY ERGASEM—YMEF 25.
E=[)F.

FOE
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5. W FCR ZFRME, (O RENTE F LBy R &=
SAFEW 2, €F ¥ H f(x)>+oo(2€F H xz—x,) . RiFA F &

CIE- &3 ( U : f(x)<n})

6. & FECR),RIEM F={(x,y): f(x)=y} 2 R* HFHH4.
7. 7 R A AT A BN A A B9 #R 2% R B 4E.

(D) &

EX1.24 HGCR.# G =R'\G 2%, G HFE£.

M E L BD AT AL R A B 52 £ R FFE R P E AR
T4 AR AR R P 4R

Ble & f(HENAER LN fFECROM TS DEFMEZ,
SHEREK tER, S

E, = {z€R"; f(x) >1t}), E, = {x€R": f(zx) <t}

R ITEE.

EELISFENSEMR () H(G.: €} R R H—

T % G = |G, BIFE;

(D) # G (k=1,2,,m) & R" PIFF & NMHZEGC = (G
k=1

RITEHRADIFERKTERTTE) 5
GiD) & G2 R PidEs 5, W G RIFRI B ERMNE,
T G E— 5z, FF7E 0>0, 8115 B(z,0) CG.

iR (D BE XA G (€ DRME, BA G = (G, RiEH
a€l
ERPEBAT R G ZH%E B G BIFE.

(i) B XH G (k=1,2,,m) RAE, HH G = UG i

WA ERME R A G ZHE 0 G RITE.

(i) ZGRAEH G NHETF G RALELU K x €GOl {IFE
# 0>0,f#18 B(x,8) CG.

RZ . EX G RHE—& x , F-7E 6>0,ff1F B(x,0) C G, Ml
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B(xz,»NG = &,
M = A G RSB G MRRAEE TG XM G &M
%00 G RIT4E.

EX1.25 & ECR'. X x€ E. &1 60,118 B(«,) CE,

Wk = HE BRA.E RN ELEKICHE 5K ERMRE & 2€E

{Hx EEUFR « K E WhR&. R E 2 KiLH oF.

B AEENIFE. ERMFRGDIEHTERRZES PR A
#HENCAHESR.

Bl 7 BEREL f(2FE B(a,80) EAEX. 4

wy(x) = L!ITD\ sup{ | f(z") — f(2)|: 2’2" €B(x,+8)}
BATFR w/ (x) R fHE xo RWIHRIE. 2 G B R P4, H (& LFE G |,
WX AR A tE R, &
H = {2€G: w/(x) <t}

RITEE.

EB AW HZJ. 3 F H FEAE— 8 20 WA o () <o, fT AFFFE
8 >0,f#18 B(x,,8,)CG, B H

sup{ | f(z) — f(a)|: 2/ .2" € Blay,0:)} < t.
BAEX F € B(xo,00) » A AZEBL 6, >0, 815
B(z,8,) C B(ay +80).
BRE
sup{ | f(z") — f(2)|: 2’2" € B(x,81)} < 1,
MR ) ()<<t BJ
B(x,.8,) C H.

XU H i S# RN S H B E.

Y S E R R A R A T —
AR AR

EFE1.19 () R HyEZ FF 4 2 7T 504 B A 2K B FF X ]
(XBEWMAFE(—oc,a), (b, +o0) L R (—oo,+o0)) HFF4E;

(D) R FRHERE 48 G 2 a5 4 B A 32 /2 - 3 7 i1
HE.

ER O BRGERPHHAE N FCHHE—Ha, HTa



§1.5 R oA KEE. ME - T4 - Borel & » Cantor £ 35

G BN R B >0, 1% (a—0.a T+ CG. AL

a’ = inf{z: (xya) C G}, d" = sup{z: (a,x) C G}
GXH o' A AR —o0,a” AR +o0), B o' <a<<d"H(d',d")CG.
XS R X (") AR — 8 2 AW o' <2<la, W x,
H18 o <ax<z H(z,a) TG, Bl zEG. NI FX 8] (2" »a”)
RHGCGEETH OMMAXE L.

mE L=C'.d").I,= B .62 G ik X 8, A8 4 7] LLiE B

EATESGRE A B0 A I AT a<<b. #
LN, # 9,
WA b <d. FE2 minla b} = ¢, maxid’ 0"} =d, WEH (c.d)=
(a'ydHU W 6. Wz I, N1, W I,=(c.d) B MK, B
(c,d) = (a’,d") = &' ,6").

I Ja  FRATANIE R vp BUARHH 2Z fY DX ) e 2 AT 5.

G HEH R RS (RS W RBO 2 A A HKA 11
KA TR AL R T, B ¥ T P B RS0 =%,
WA TTRBE AT 4y 20 A KR 1/2 B FFA ik, e T R an gt
BUS Y F IR R K Ry Ty gk e ik — 4 F %, T A H i & Or
A Sk R /N B AR R AL R B (D ) X B T R AN IR KR
2% H TR R Do PAH LB 27 A BN M S B9 7 IR B OF 4. FRATTAR
Rt 53 B T Ak g U 4.

BERD, PRLET G AWM RBUE K, iId 2N H,. it
r, fgF

G\U]

JEH,
(J R7nFTF A 3007 4O A 9 7 (RBUH Sk i 2k H, . Rtk
*Eon y‘jplz ':Fg:.':
AUy
WE T RE 2. B8R, —PIH Ho(k=0,1,2, ) o1 {9 75 A H B Y 5
GRAFIH. WA GRIFE, TUMNERER 2 €G, 71 0>0, 15
B(zx,0) C G. Ti I' FEITIAR) B Y k—>colf 2 T 69, T A]
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Mz B R ATEA T T K. X 15
G=J UJ: JFR®REFH_#IE.

k=0J€H,

RO HELE - NEEEL. R PHEEHRITINDFTFES
R FFERD . #8 R P E—FEHRD hREEFEMIFE. HE
L. ATBCH

{B(I.%)= B R PEAE IS kR RS

BT —AIFIEE. KR A F R FEG WIE— 8 = FFTE 620,
#i% B(x,0) CG. BERAHEE ' fH18 d(x.2)<1/k, Hh k>
2/8, T A
x € B(z',1/k) C B(x,8) C G,
SR, — R E B 1/ R ERE G.
BEFE HETHINE.
1. #% ECR",iif ¥ E=(E) ,0E=E\E.

2. X UE P B3
_[xsin(1/y),  y# 0,
f(l',y) = O, g 0
MAESZRERNEME.

3. UEH] GCR" EHEHBHNYE GNoG=J; FCR" 2%
Y HXHoFCF.

4, BGCR RESHE, 1 >0. EXFEEHN € G, FEF K
B(zro) RiE# A= | JB(z.ro) BIFE.

z€G

5. WFCR 2 XRAE. KIEAFEF PR FEE, #15
E=F.

6. X ECR" iy s &8 2 E MK &, iXIEBA E B REFFEM
PE ST 5.

EX1.26 B ECR.WITRERR BFH—IMHEKE ZXEEN
z€EEHFHEGET B z2ECMH T AER—ITFEBE KT EE
f— A EE EDCIRE W— A FEZ WK ATCET E)
H— 1 FEE.
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51 1.20 RRPEEEMNE-FEEDHIAH -1l 8TF
.
TIE B DA B
FEIE 1. 21(Heine-Borel FRFEEZEE) R 1A RHALENLE
—HEBEHYEA - TERFEE.

iEB W FER PTHMAERAL.TEF M- HER G LA
g1, " LUMEE T i Al 31 A4 FF S 41 A -

Tl 6 By eullss5),

&
4 H,= |JG:, L,=FNH; (k=1,2,).
=]

B H, BFE.L, EWEHEA L, DL, (k=1,2,-). 2B A&
Ol: () F7AE ko (75 Ly RZ&E B H, FAE F B NTTH FC
H, EBAHE; G) —Y) L, BIEEE, W Cantor EE & H ]
HWEES 20 €L (k=1,2,),B0 2, €F H 2, € H,(k=1,2,+).
XREW F PHEES 2o ABT—Y H, . 5ERFE 8O GD Fi
AFRAE.

FE.ELREED HRAOEFRAGRERM. fln, £ R thxf
BARMEEFEZ ((— /D), n+ /2D MAGFEAR FE .
[FIRE AR Rt ANRE B . B 4N, 78 R dhxd s (1,1/2, -,
1n,1EFFEE

{(%_%,%Jrzl_n)} G = 18555
RAFHEARFESE.

B8 HFRR FTHAARAE.GER FHITE,H FCG, WHFE >0,
HEY x| <<ont,

def

F4+{z}=—{y+zx:. yeF} CG.
iR X TFEER yEF, BT yEG. HAFAE 6,>0.#HB(y,6,)CG. [H A
{B(y,0,/2): yEF) K F —AFF B35, Fr LR 48 Heine-Borel 4 [} 1 5%
T vy, €F R

m 8,
FC UB(yk-Tk).
k=1 -
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FTR. B YEFEPRFEANB(016,/2).Hy 56 PHE—R = ZEK
BE B

ly—=2|=lz— w3 —yI> 8, — 8, /2=26,/2.
BAER

1 .
o= 7mm(6_v! 28y, 10008, 1o

Y| x| <o, y+z€G, B F+{z}CG.
EE 122 BRECR.ZEENE-HEHLTARTFESE.
W E2FFHE.
EB & y€E LM FE—4 x€E, fF7E 0.0, 1%
B(x,8,)NB(y,6.) = J.
B {B(z,0,): x€E} R EM—MHEG AERNFEARTE

A

B(flaazl)q A B(.T,,,va_rm).
S BP A E B A R BE A
8@ = min{a’\ ’.‘.’31'" > .

W B(y.8,) NE= i yEE . X#W] E'CE,l E &M %. A FHt
B

EE MR EME-FEZNASARTFES RIRKE N
EE CRFAEIRY LR PR REREA RAE.

BEE M THIME.

7. AR (G, & E W—FFE . R 0(G,) feE % E 92

8. % I'={[a,+b,]: «€[0,1}, B I EAE B BIA B X 5] 2 A
3 AE W

) [a..b.]%# &.

e€[0,1]

9. % FCR Bz a8 & iAIEH F & A 9L A

10. &{f, (o)} R R ERIEREEEESL KBS EHEARAEF
E fu(2)>0(n—>0) ,iRIEH f, ()7 F L - FZE.

FE P4 TR AR RO M TR AN A 6 B A9 ZE Al b, JRATT R AT DA R
SEAT R R OC T i SR M HE A DL B CAE A IXCT] b Y 3 S R B
THEAFLEMTHE
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EX1.27 & f(o)REXLE ECR FHSSIE RS2, €E.

RIEEW e>0,F7 6>0,.H18% xr€ ENB(a, , O A
| flx) — flxe) | < e

AR f(FE 2=z WBEHE K 0 F (OB —NEZERFE 2, EE
HIETE , B z, & E IS S0, f(2) BRTE z=x, 2b3ESE). # E h
BME— S EN F(OMESES WK [(DEE LEL. i E L
SRz el CE).

AR X F CE) i R R ARt 2l s 5 i . B
ASHEIE B R 555 GIEBA DA WS)

w®FER PRAERAE, f€CE), N

(D f( R F LA RREH ()R PHAHRE;

(i) f#fE x, €F, y, € F,ffi15

f(xy) = sup{f(x): x€F}), [f(y,) = inf{f(zx): xEF};

Gi) f(FE F ER—BUEZEN BIXEL K >0, 57 6>0.
M eF B2 —2"| <60t A [f(xl) == f(.r”)\< €.

Ak ECR" b 2 s 803 { £ () ) — BT £, W
f() R E F %S R%L.

B9 W FCREARME.f: F>F. 54

lf(x) — fpI<lz—yl, =,y € F,

W AEAE 2, € F #118 f(x) =2, (R AD.

R FERE ()= |x— f() | 5 g€ CCF), AT [a] 81 VA 45 4y 1 W 47
£ 1, EF. f§18 g(x,)=0.

FRRIER:. BE g(2)>0 (€ F), MfF1E 6€ F, f[#i45

0<g® =1= j?g(g(l)}.
EEI3IIE]
g(f(®)) =|f& — ffeN<le— f&| =1,

Heh f(OEF. X—FIEHM f()fE F hfFER3h .

BEE RIEWH T 68 .

11. #% FCR 2%, H f€CF) W EE{(z€F: f(x)=0} 1
4.

12. ¥% f: R>R,E,,E,CR,H fEC(E,)),fEC(E,).

() #FEE, #2FE. M f€ECE,UE,);
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(i) & E,E, & RFEE&E, N fECE NE,).

13. WECR. ZEBAN fECE)HRARRE. N E BARM
#5580 (€CE)EREE LikBI&KME. W E ZFRAE.

14. & XA ECR FHYRE f(oO R : X EhifE—FF
& K. HH FECK) N fECE). (& z,—x,(n—>c0), M| S 4
{zoszysxzs ) RARALE.D

15. % fEC(R).HY GCR' BIFE, f(G)HRETFE, N
FCO R MR, (f((a,0)) RIFE, f()fEla,b] EHIRK &
JME N BB AT f () <f () UX a<a<lb, bFH

Fl@<f(x)<f(b).)

(=) Borel &

FEESHERR TEEANES LR YA ER PEAE
ZHEEFAERNESFE. SLATHMNH . RELEBE T IHE
A% N H AR XA EASENZEREMERRRH
fib ) 2 B X JE IR AT 7E X BB A 9 BT E Borel 4.

EX1.28 (F,,G; &) # ECR" Za]HAHAEKIFE MR E
N F,(BD%&;:# ECR Z2AI BN FHERNCE MK E NG, (BDE.

HiE A HEHER L F, EAMERG, %G EWHERF, £.

Bl 10 i R KA AN (r ), WA B4R

U {Tk}

=1

A F, £.

Bl IN(EHELE RSN & () RE XTEIFE GCR B
SCH RN (O MELESER G .

A 2w (@RF (O x SHIRE.SHA (O 2=z, &b
HEENTTVEZNR o, (2)=0. HEAH f()WESESERL
A
ﬂ{fec;, w (@ <],

k=1

HHA{xEGC: w ()<1/k}RIFE UL f()HELHER G, £.
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EX1.29 BTrEMESX M- ETEFARMESHABL TR
ESi

(i) FET;

(i) #F A€W A €T;

(i) #F A, €T (n=1,2,+) .1 U A, €T,
n=1

X I B—1 o-KREL
Hh %E SOz RIVAT 0T R S S

() # A, €EP(n=1,2,,m), M | J A, €
=1

(i) # A, EQ(n=1,2,+)

(\A.€r, TmA,er, lmA,€r;

(i) # A,BE€T. M A\BET;

(iv) XET.

EX L30CER o-RE) WSEEAEX W HTERBRWESK. %
EAE S REIOHE ACS. UF ACT. X T BEFEER 1 HX). il
BESHRDe-RENTS. R EH, E—BE M- RED & A€
N, MAer F I i 2 MK o-RE.

EX 1.31 i R A — ) JF 8 4 AR A9 FF 46 5 B A2 LB o - R EFR A Borel
BT K 2. B TR N Borel £.

B R FRHE JFEF, £5 G, % H Borel 5 ;£ — Borel Hi##h4E
J& Borel % ; Borel #£5#)3F .28 . I CF) R ® H Borel %. #0. F,, 5 (7§41~
F, £ 193¢ %) & Borel 4.

12 & f,€CRY) (k=1,2,-),BH

Einlf.(x) = f(x), xER",
WU fCa) B i 8 i B

NUEG)
B G BE, HP E,(e)={(2z€R"; |fi(x)— f(2)|<e)}.
R () B xR E f(MESEE. BB ER 0. 477E ko E
?5‘fkn (20)— flxo) | <e/3. HFFFE 60,75
| Fflx) — Flay ) | <<e/3s \f;o(I)—_ﬂ”(J'u)1<e/3. rEU(x),8) s

M 2EUCa,,8)  H
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L fi, (0 — f(@D|<es Ulay»® C Eio).

2 o€ | o). Xt e MEERHE THA

(i) # 20 € ﬂ U P"Ik(%). it e>0. B m>3/e. 1 F 1 € U ’3‘*(%)’

m=1 k=1 k=1
HOEAE ko 78 0 € B, () AT 4 U 10 CE (= ) o

. 1 e
|fk“(f)‘—f(1‘)|<; <?9 .TEU(J':\n&U).

EREE [ (A x=x, AbIESE, A 6, >0, 15
| fi (@) = fi(a) | < =5 2€UCa0,00).
it 0=min{d +81 }, MY 2€ Uz O H | f(2) — fla) | < e. XH f()1E
r=ux, RbFEEE.

F L RIXE T S sk B9 O BR R 8K f (o) B9 2 &y Baire % — &R
#,8k fE€B (D. 1AL R: & f,€B, (R, H f, ()7 R E—BECTF
f(2) 0 f€ B, (R).

5%]&33@&% ’X‘T{fﬁ kENsﬁE nkeNsﬁ?%

| fu(2) — f(D) < 1/2" (z€RD.

EERGNGE my <y <o <my<ore. BE D[, (D — £, (] HHRATA
| fr, (2 — fo, (DI S, (2 k—:lf(x)\-i-lf“(r) — £
<gitan <y e,

Bk g(a) = i‘,[f,,mm—fu(z)]eBl (R). BRA g(o)=f(x)— f,(x) H
f(I)=g(1)+f:(lf).iﬂfEF.

2. RFIESE F, 5 I Fo RE%.

BEE KUY T

L & f,€Ca:bD) (n=1,2,), BFEHRR lim £, (2) =
f(2) x€[a ], MIXHERER tER, i

{z € [a,b]: flx) <t}
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2 F, £.

2. w{f. (o)} A% FCR FREL RSN [, (o) F L&
FISUEER FL .

3. % f. R—>R, | di 4

xER; limf (y) ﬁﬂ?}
E G, %.
EIE 1.23(Baire £8)° KR ECR £F, %,WE= |JF.. F
k=1

(k=1,2,) ZHE. HEA F. XA E RIS

iER  # EAWEER 0 JUFFFE 8,0, ff B(x,,0,) CE. A
K Fy BTN EE, BT LULEAE © € B(x0,0,), HA x EF,. XHEH
F, 2%, Bt LAnT LURE 6, (0<a,<D) . ffif5

B(x,,6,)NF, = &,
[ A B(x, +6) CB(xo+60). M By +8,) H & LA ABL i) e #14 H
F F. A48 B(x,.8:) NF. =, A B(x,,8,) C B(x,,81), X
HAfLAE R 0<o, <1/2. #hEExX — b #, v 18 219 {x } 5 IE8F
{ou} RN BNERE LA
Bz +8:) C B(xy 1+0i1)y B(x,d)NFe = O,

H 0<6,<1/k. HTF Y >k B A 2,€B(xs,60) 1
1
s
X (2, ) & R 9 B A B (Cauchy 1)) . W T 2 W 8431, B 77 7E
rER", #18 }LELI"_Il: 0.

A s WA 55

lz— o |<|lz—x|Hlxo, — x| <|lx—x |+ 8y [ >k

SEBPAT I (4 1>00) | x— 2, | <. X 2€ B(ay 500) 5 BIXF—4) &,
z€EF. X5 x€E K4 FE.

13 AHEHEE QARG £.

|1'1_-1'k|<6k<

HELE. A Q={r: k=1,2,},BEQ= ﬂG A G Gi=
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L.2.-) BIE NEEL£RK /
R=(R\Q) UQ= ( ng)U (Ul{m).

KRB RAE RS G B AAE. THEM G =R ITHE4 G
TN AR, XU R 2 A5 N S Z £ 1 IF 4. T B Baire
EFAH RBIEN S X —TFIERH QAR G, £.

EX1.32 HECR.ZE=R'.MHKE IR THETE; &

E=2 WF E % R 0T 4 B4R 5 7T 04 T Ab 58 35 42 10 9 45 ik
FRERE—NE. ALY HERNE - RE.

Bl 14 (G, & R FEFEHE LS. G, = ()G fER P
iER AR R L —H Bk B=B(,0) .84 G NB#J
BT SR BRGER : BEfFAEMER Bo=B(x0,8,) - #18 G, N B, =,
| &
R" = (G,NBy)* = G5 U By,

B, =R'NB, =GiNB = ((]G:) NB: = J GNB.
k=1 k=1

B_fﬁ@] GZ %%W)ﬁﬂ"]%%,ﬁiﬂﬂ Baire %Emﬂvgom%p‘],ﬁ~
XIE.
B 15 B fLECR)(k=1,2,). & }ir{lfk(l)zf(f)(re R, 72

AN U R B — AR
ER HEE f(OESZSENRR, RFE G W 1D

() (e(3)= Ua ()
EE—HE 5 e>0.4

File) = ﬂ {zER": |fi(x) — fis (D)< €}

=1

FAR = | J Fi(e),Fi () CE () \TTT K
k=1

F.(e) C Ei(e) C Glo), U Fiite) (= GLeD.
k=1
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H Bt A

[Gle)T = R \Ge) C R”\ U f’k(e)
k=1

= JR©\|JR©c |JIFE©\E©]= | JaF. .

HR Fo () ZHE T oF: (o) R RAFEE. XRP (G EFE—HE.

16 & fecdo,1D.HA

Fil) = f(@)s fola) = fil@)s =y fola) = fur(x)s *=.

XA 2€ [0, 1], #BAF4E B AR £ AETS £ () =0, f(x)=O0.

iR AR (OO0 1R —FEE LR o Bpal. xf ik, 17
Lo, 1R B —A M F X 1A] T, 942

Fo={z €1 filx) =0} (k=1,2,).

B GA Fo BRHSE, B T= | Fo. 98 Baire T8/ F, ERE—

AXJE Cay ). B RLE (ao ) b fila) =0, T f(2)=0,2€ (a,p). T EF
(a s I, BI15 BFE.

BEF KW T3 6.
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M, EME CEMNEn+1 B0 B L F b R =05 XL X i
B{z—8,z+OAETFC.

(iv) Cantor 2 HHEEE c.

FC L0, 1] B SE B = HEAL /DR I, W Cantor £
x 5T &R =# 0 /MR T

=%, a=02

=1

——XtRE. T C i SE R34 (45 (0, 1]/ AL /NICEL D).
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%)

(v) HE €M (i=1,2,-), MHEHELET A HHXH—-LFH
ENE, =& (i),



74 % =% Lebesgue M &

m(UE)= > m ED,
B 7€ A3 2 AT ECRT it (EOBR R o W)
WA (D) BT
(i) HEEBN(E) =E, & ] 57 B8 4518
(i) X FHE—%E TCR . R\EES B (SHE 2.2) 5540 5
B AT, AT A
m ()< m" (TN(E,UE,)) +m" (TN (E,UE,))
=m" (TN(E,UE,))) +m " ((TNE)NEY)
<m'((TNEDNE.) +m" ((TNEDNE)
+m " ((TNEDNE,) +m"((TNE) NE).
N E\E, BT ilEm , EX A vt 2
m* (TNE,) +m (TNE) = m"(T).
X 1 B
m* (T) = m*"(TN(E,UE,)) +m"(TN(E,UE,)).
ki E, UE, J2& 0 4.

E, E,

TNENE,

TmElmzfg

Tﬁ E{NE,

. TNENE;

/////,_// |||i

B 2.2

MiE E,NE, ZAlil4 ., AFEE E.NE.=(E;UE;)* Bin].
X E\E,=E,NE;, A& ,E \E, Zna] 4.
(iv) %% E, E, . E,, .- 2 HAMZ,.H2

oo k
S = L=J11~: S, = U]E B=1,2,
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i GiD J A S, #RE A4 N XHE—2 T,.RAITA
m (T)=m " (TNS:) +m " (TNS,)

= O (TAED )+ m"(TNS))

=
= zk:m'(TﬂEi)—%m'(TﬂS;).
mF TNS,DTNS,n 'I;[;
m*(T) > zm (TNE) +m*(TNS).
R koo, B
m*(T) > Zm (TNE) +m*(TNS.

itk AT 15
m*(T) = m*(TNS) +m " (TNS).
XL Se .
1 W /N

m'(T) = Zm (TNE) +m"(TNS)

PUTNSHHT, ﬁ!'JRT1%

m (TNS) = Zm (TNED.
{Efir"ﬂT\%itE\%ﬁEj%ﬁﬁ'ﬁ;kﬁiﬁ

m'(TNS) = im"(TﬂE,).
5B AR T %2 ) R BT WA T £ g

m(S) = m" DE.): im‘(E,-).
Em.iﬁ?—ﬂ&%ﬂmﬂﬁﬁﬁ;lE,},iﬁﬂ‘“]:;:v\

Si=E, S=E\(UE) &>2

i=1

(s, ) REAMZ A Mg wim JE = S . UE &2
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IR

ME B 456 (1), Gi) A B Gv) AT 1, R Ara] i) 48 28 4 j— 4>
o- 0B X F AT 4E E, AN BEFR N M E . ick m(E). X5t 2 # %
fF e B R” _E 1) Lebesgue I B .

HORE X BESES. B X T EMRMN B .
R o b — A REHWR

(i) 0<pu(E)Y<+oo(EE ) ;

G p(2)=0;

Giii) pfE o b RATECT AN
TR o 2 o L0 CIESRO T BE . o ¥ g SRR AR R (o) TR A TR (X, ol ) BN
A f37 23 ). A5 BT 7 00 BE 25 e B CR” L ).

EIE2.7 GRETFTNEINNNEZE) FHASEMANES E C
Ezc...ch...,mu

m( }@Ek)z limm(E,). (2. 4)

B AT ko 115 m(E; )= +oo, W5 38 [{ 4R A7 BL7E R
EX—Y] kA m(E)<<+oo. HIRIZE E. € M (k=1,2,),# E,,
H5ENE, 25 A 38 0 w] 0 4. i I BE # ] i i

m(E, ) + m(E\E,,) = m(E,).
Ak m(E, )24 BRI, Br LR T 15
m(E\E; 1) = m(E,) —m(E,_,).

IE—IPJE& = OE/, — O.(Eb\Elzfl)-
O R0 B2 4 AT R e, AT A
m( limE; )= m( UENE D)

= D> 6n(E) —m(Eiy))
k=1
3

= lim > (m(E) —m(E.))

i=1

= limm(E,).
ko0
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#it 2.8 GEARFMEINMNNEEZE) HFHHBMANES E D
E, D DE, D+, H m(E,)<-+oo,

m( 1imEk)= limm(E, ). (2.5)
koo k—>oc
T R limE, RATWER limm(E) RAE LK. B

EN\E. CE\Ew, k=2,3,",
R EN\E: ) R#IEEESY. TRHA L AREHE A

m(El\lirpE,,): m( klirp(El\Ek))

= limm(E,\E,).
BT m(E)<tco, i XA R
m(E) —m( limE; ) = m(E,) — lim m(E,).

HEmE) . KANEFE

m( limE, ) = limm(E,).

h>oc ko0

B2 EHEATWMESE),BE D mE) <+oo, Il

m(EEE,,):o.

koo

JERR (llmEk)—l}mem(UE )<11m2m(E) = 0.

#i£ 2.9 F{EEATRES, N
m(li_mE,,)gli_mm(Ek).
k—»co k—co
ﬁEHH [E?‘JmE,CEk(kzlyzq'")!ijuﬁ
(ﬂ < mED k=12,

4 hemoo 0 ( (), Bk AT

r;z(g_r?Ek)z limm( Q E,—)< limm(E,).

koo

|
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= I %

m(li__mE,.)gli_mm(E,,). m(EE,)}li_mm(E,,)
Sk BE 38 ) Fatou 5| H (JLEE I F).
BEF  fHE T E .

1. % EC[0,1]. & m(E)=1,iXiEH E=[0,1];%& m(E)=0,

RiEH E=¢.
2. WAV REARMEZHATMES,B,CA, (n=1,2,),ik
IE
m'( UB">: Zm‘(B,.).
3. RAMMSEE E,,HE, Bul%E. & m(E,AE,)=0,i{IEH
E, Zrli4, H
m(E,) = m(E,).
4, BEEBWLE: XX FHESL >0, MAEATME A, 15
m*(AAB)<le,iXiEB] B & r[ 4.
5. # ECR, H 0<<a<<m(E),iXIEMGFFE E F A RHAEF f
B m(F)=a.
6. ¥ X={E,} 2 R s 52T RH 2§ IE 4 T8 R A £ % K
EB X 2 AT $ .
7. WA RPMATESNE}, BY k=k, B ,E,Cla,b]. 5
“ klirgEsz,ﬁtiE%
m(E) = limm(E,).
8. & 0<e, <1 (n=1,2,),ikXiEM &,>0 (n>0) T LN E
MR & E.CL0,1],m(E,)=¢,(n=1,2,) ,{#1%

S (@) <to0, z€[0,1\Z, m(Z) = 0.
n=1

(E.=[0,e.]s m(TmE,)=0.)

n—=oo
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2.3 W45 Borel £/K %

ELE—THRIE B, BEEB R P95 (& (STF 5D B A ATl
B TR 1N P BE B A1 B A BT IE B X — g3, DA 57 BP AT 1 AL Borel
AR AT AR . A K e — AT 4L 5 Borel EM X R, X —%
Fia RN EGH AR TH— 2 7 al ISER TR,
5|32 2. 10 (Carathéodory 5|38) ¥ G#R" BJf%#, ECG.%
E,={z€ E.dx,G)=>=1/k} (k=1,2,-),
il lim m*(E,) = m"(E).

koo

W (D BHIE. ) ZiBiEs. 5 }ithkCE. Yt z€EE,HF =

R G P, HS b T4 KA AT 2 € Ey X 0] EC U E.. \Ti
A ‘
E = limE, = U E..
(i) BRAE ,}irgm'<Ek><m'<E;T]ﬁﬁEfir‘ﬁJ?ﬁ%ﬁ.Mfﬂa%
limm*(E)<+o0. 4 A, = B,y \Eo(k = 1,2,+), 5351 d(A,,A,,.,)>0

k—voc
k=1

(G=1,2,-). BEES E,D A, 714
=1

k—1 k—1
m (Ey) =m* (| Ag,>= Sm (A,
i=1 i=1
X5 (4 h—>oo)
im'(Azp <+ oo, (;!s{um%u DA <+oo)
i=1

g=1

HAMEEER &, BATA i »
E:Eu U (QAZ/')U (QA2}+I)’
FrLAXHER R &, BLA

m* (E) <m" (Ey) + D>om"(A,) 4+ D m " (A,.).
=k =k
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BAE 2 koo JFERE B G0 EFIE TF, Ktk U
m*(E) <££1pm"(Eb),
B 4% BT iE.
EE2.11 AE=HEF 2L,
ERR XME—RKE T.hF T\FCF =G 27/ &, ikh L5
FALFFAE T\F P43 (F. ).
d(Fi s F) > 1/k (B = 1,2,+), ’}iﬂlm'(Fk) =m " (T\F).
M EATA GHE— XK E T)
A" (T) 2w [(TAP) UFE:] = a"(TNE) +m*(F,).
4 koo, W14
m (T) =m"(TNF) +m ' (TNF).
XU F AT 4.
L 2,12 Borel 2T,
UERR  fh PR & R0 AT A R T I AL STER Ok T A K R
— o~ {REL. BT LAE— Borel S 7.
EE2.13 HECMNIELRE 0. KATA
() FHEAT E MIFEG. 18 m(G\E)<e;
(i) ST E WAL F 1 m(E\F)<e.
iER (D) HEZEm(E)<t+ooWEE. AEXM.FEEN

L-BHL) 8 DI LI<m(E)+e.4G= L, WG RBEE
k=1 k=1

WL s B m(G)<<m(E) +e. AR m(E) <Aoo, fi I TS & IF
1% m(G\E) <.
HKIHE m(E) &+ 1EkE. &

E,=ENB(0.,k), E= DE,,, k=1,2,
HR m(E,)<<eo (k=1,2o"'>»5’fd;'jfﬁééﬂﬁ e>0.fFEAT E B
TG, M8 m(G\E)<e/2' MIEMEREG= UG“ W GDOE B
hF . BATA -
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G\E C U (G\ED 5

Mo m(G\E) < Zln(Gk\Ek S 2 2€k =&
=1

(D) ZE E. O SESRE >0, FHEMAE ENIFEG,
f#18 m(G\E) <e. BL7ES F=G . B8R F ZHEH FCE. X}
E\F=G\E",fii i1 %] m(E\F) <e.

ETE2.14 EEC.AN

(i) E=H\Z,,H G, £,m(Z,)=0;

(i) E=KUZ,.K & F, #£,m(Z,)=0.

EBR (D MTEAMARK A HER 2. 3OA M. FEAR E

(0 TFE G i m(G\E) <. BUEAE £ 8 H = () Gos W H HG,
% H ECH. Rlyxt—41 &, 84
1

m(H\E) < m(G,\E) < =

il m(H\E)=0. #% H\E=Z,,{& E=H\Z,.
G X FEDARE R HEM 2. 13GDA M. FES T E HA

$ Fo A8 m(ENF)<1/k. BUAEAESSE K = |JFoo WK £ F, %
k=1
H KCE. [ 33X —4] b 84
m(E\K) < m(E\F) <

Bl m(E\K)=0.#4% E\K=2,,|1% E=KU Z,.

G, % .F, %} Borel ££, N1l FiRZEH B T Lebesgue nJ il
% 5 Borel 5 ({8 B C R, AL 0 SR UM BE () F BE KB R4 L
EHIEN . GHEAS ENEH. B8 m(HD=m(E);FESTERN
E K/ m(K)=mE). RINHKWMKH HEK HE WENES
L% F T — B SE E RSNt R K. XN ERE
HAEH P E SRR T.

EIE2.15 GMUBEKEMNY) #F ECRVMFHEELE ENG,
£ H [/ m(H=m" (E). (W EAEFR H A E HEN€.)
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iER X TFHBIERB L GFEAST EMAEG. fHH
m(Gy) < m (E)+—

Fﬂﬁ(ﬁ,ﬁ%H: ﬂG"’ mUH%GoﬁﬂHDE@jﬂ
k=1
m(E) <m(H) <m(G,) <m (E)+—

frA m(H)=m"(E).
EE.E HEE WENEHEm (E)<loco,Uf
m(H) —m*(E) =0,
B m (H\E)A—E%SFTE. AL UIEH H\E ®{E—7T I F5%E %
oSS
#iL 2.16 % E.CR" (k=1,2,-) 1

m*(li_mEk) < limm " (E,).

b koo

iERR XA E. 9ESFNE H, .
HkDEkq m(Hk):m‘(Ek) (k:l,Z,-"),

AT 4%
m*(LimE, ) < m(limH, ) < limm(H,) = limm"(E,).
koo k—>ca koo k—>co
Wi 2.17 H{E ) ZBHEER N
limm*(E,) = m*(limE}). (2.6)

koo kw0

EE2.18 HEc Mz, €ER" M (E+{x,})EMHE
m(E—I— {Iu}) = m(E).

iFER HER 2. 14 AT A
E = H\Z,

Hip H= ﬂck, G BMEFHE. M) =0. BHH G+ {x ) BIF
%, Fi LA
h(c,,+{xo}>

ST AR ARESMU B BF R AR, TR Z+ (2 | RFME,
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FRMEKX
E+{x}= (H+{ze D\(Z+{z )

(ﬂ(@ ENPNCARENDY

SEEPAT N E+ € A TSN BE 69 8 A AR P15 3
m(E+{z:}) = m(E).

b EAE Borel o-fRB FE LT 4. EXEE K Au(K)<
+oo, MFR 1y Borel I (B4R, R LY Lebesgue | B /& —F Borel 1l ).

A LGER (REEIS) : #5 p & R L8 FBARZEW Borel ] B , W A7 7E % 8 A
{E73 % R" #14§—4> Borel £ B. ¥4

#(B) = am(B).

R T — % B A5 F4b, Lebesgue Wl FE 2 R |- 58 A8 725 (4 ME — (1
Borel il J&.

Bl1 L0, 1] —HEMWE E.

B A{r,)=00.11NQ L, =, —2"* .r,+2 ", kEN), B A

”’( O’m)@*‘”»m( ﬂ U I,‘k)zo. HFEA I\U I, (kENYH R Fhb

marte o E— () | L s,

k=1 n=1

B2 ®ACRHMW €A FHEEFZNEA(p, (pq€EZ,q=1) , i 75
|z—p/ql<1/q¢" s WU m(A)=0.

iER () 4 B=[0,11NA,EEZ ztn—(ptng)/g=z— p/g.th A=

U(B+ n)) T R # 4 th m(B)=0.

n=—co

. _[2_1 .1
(i) 4 I,,‘,,—[?—q—s,?—kq—g],mu z€1, ¥ T

—qizgpngJriz. 2.7
SR q=2 K q=1.EKEN 2/ WXEFELH —-IH= Aﬁﬁ i r€B

MARY r RFEF LN B,:
B, = [o.1In(|J 1)
T XA H D m(B,) <+ oo. ,
&1(2.7)%&&#%& . I, N[0, 1]+*TH R
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~-Lcr<otd.
q q
fE q=2 B XA T 0<<p<<q. WL . KATH
m(B,) < 2g+D/g"s

B 15 BT HIE.

BEE HETHHE.

1. % ECR",H m" (E)<+oo. &K

m'(E) = sup{m(F): FC ERAHHE).

WIERA E 2 r[ 4.

2, &AE#.BCR"J‘ﬁﬁEﬂﬂ

m (AU B)+m (AN B) =m"(A) +m"(B).

3. W f(2).g(x)La,b] b ™ & 32 18 ) 7% 22 e 80, B XHE R
tERH

m({x € [a,b]: f(x) >t}) = m{x€[a,b]: glx) >1t}),
RIEM f(2)=g(x). € (a,b).

Y2.4 IEDBESE SHMAE K FR

FATFGE R A B9 I BE R T BB w0 RE A AR FRUOR B &
B F X F— P EEEMENSECRHANREEREDTS, A
DEREM KL —ER“F"EX-TEEN, A EEENE
48 AR B I 4 b X B e B B X A3 I B S MO R A R R 22
A,
EE2.19 ®EZR HHANE, B m(E)>0,0<2<<1,M7F
AR IR
AlI|< m(IN E. (2.8)
iER A m(E)<<too, W F 0<e<QA '—Dm(E), £ E

W L-E% (L) 78 D ILI<m(E)+e. WTFTE ko HHAIL <

m(L, NE). #EL b EXN—YU kA
AML|=m(I.NE),
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RS m(E) < > m(L,NE) <A, | L]
k=1 k=1

< AGm(E) +e) < m(E).
XS E m(E)<m(E).;=4 FJ§.
bR E A FRAT AR — N E RS R S s
PR AW A0 B 25/ T B AE 45 8 B IE B e, 29K, X — 0 i 2%
A—ERETE.
Bl [o.1]sPAEAEIEI 4 E, X0, 1 fE—TFIX | I. 4
0<<m(END < m(D.
B BHh.EL0.1]H/EZ Cantor £ H,: m(H,)=1/2. H&.
fELO 1] Hy M&R X | {1, } i A 1, W HEEZE Cantor 4 H,; .

m(H)=|1,,1/2° IFie Hy=|J Hy. /)5 % H, U H, 483 X i
7=1
{Iz,}ﬁg/ﬁ}/l\ Iz,vlﬁiié Cantor % Hz,: m(H:,): | IL’_;‘ | /2%, FHid

H,= | Ho, AR Sk SESEAT W45 (H,, ). 4 E= | H, . 8.
=1 n=1

J

EIE 2. 20(Steinhaus EF) % E 2 R a4, H m(E)
>0 fE(mEZE) S8

E—E {m—v: .,y € E},
WAF#E 6,0, E—EDB(0.8,).
R BAWRE 1—2 “"V<a<<l. i@ 2. 15 Al | FEAE AR A
LB/ AT I<m(IN E). BAEIL I MEREARKHK S IHFEITRER

]: I:(elvezy'"sgn): |Ei\<%(i:1929"'7n) J

M RFEUEN JCE—E BI AT, g2 REE A B4 2 € T, 526
ENI#5EEEND +H{z M WHNEAH y.2€ENTEH y—==
x) BIALL WK T RUE S AL KA 6 BT R, BTLL T #F R
FEAK T+ A T E L, AT R

m(I N T+ {x})) > 27 [I].

def

H I AT £
m(I U I+ {z})
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Lebesgue ] &

=|I|+m+{zx}) —mUT N T+ {x}))

£ 2 | Il—=2= [I];
B m(I U (T+{x})) <2x|I].
BHTENISEND+{x ) AEMF W EIFEHKF AL
i AR E T TU (T4 {2 ) 2Z o 8B AT 6 58 M 3E , 78 T O S )
ZRF 21|, NTi5E&FJE.

B2 EAEXAER MR (0,02

flxz+y) = f(x)+ f(y), zx,yER,
H7E ECR (m(E)>0) AR M f(x)=cx (x€R), H 1 c= f(1).

ERR (D) B, R rE€Q A f(r) =rf(1).

(i) K.t m(E)>0 AJ |, fFfEXE I. ICE—E. Rk
f(DI<M(z€E), XXMEEW €1, 4 2/ €EE 18
=z —2 M

| f(o) | =|f(z") — F&E|<| &) |+ f(&7) < 2M.

i I=la,b], 3 EEH[0,b—al. Z 2€[0,b—a], | z+a €
La,b]. NTITH f(x) = f(x+a)— fCa) A, | f(2)| <4M,
z€[0b—al. it b—a=c, X

| f(2)| << 4M, =z € [0,c].
5 Hl | f(x) | <<4M, xE€[—c,c].

CHMAEERN c€ERULKARE . WHFEEAHE r. #1353

|x—r|<<c/n, A A5 ]
| f(@) —xf D |=|flx—r)+rf1) —zf ()|

=|flz—r+ G- D] M

BRYE n B AR IR (o) =xf(D.
BEE HE T M.
1. % ECR, H m(E)>0,iIEHFRE >0, fH15
(E+{z)NE#QZ (|z|<a).
2. B ECREZME,aER,6>0. HXH R | 2| <6 — =,
YH atx€E S a—x€ERIUEH m(E)=>S.
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§2.5 AW W £

R i S SE AR ER 2 AT 4E , X — 5 Lebesgue Z< A H 5 i WL
BT AR — AN AR R B F = BB R FIE#E K Voltera
A B B AT, YR — R R B B A
LSRR8, B8 H B R A TR, DLBR TR e 2e iR
R 1 38 7 Y0 R T A1 ke sk e 0 B R 02 B AU IR Z. R R AR AT
4 #7178 F Sierpinski.

BI(RATE ®WQ AR FHAHEAE XFR PHLx
Hy,HZx—yeQ Wi h z~y RPEX —FMXER“~", H R |
—UIEAE AAEMXZEYR LW Q" 4 & A 2k Hrh—
). NAERBEELAHO, LB PBH— S HRB— SRS
IR WL W SRR 4.

HEL LA W Fal g, W —FEIE R m(W)>0. TR TE
S2.4hEM 2. 19 MEM 2. 20, T EAEW—W 5§/ — =
B(0,8) , H L 7E

€W —W)HNQ', zF#0.
XHEW . FEWHPHEy Sz, HR 2=y 2,7z X5 WH
MSFE. TRAESE _FMEE AL : m(W)=0. HE ke & FEAT 514
%
W_*.{r(“}, {r(l”r(“,...,r(*’,...} :Q",

BRA R = | JW+ (%D,

k
HTFmW)=0, T m(WH+{r® =0,z EH R 2FTME. X
—FIERHE _fERE W ARGER L. TR W K& Lebesgue AT 4.
FE, LR EE—A m(E)>0 5% E h ¥ &8 A 4.
L ERARTMEW R R B — Y% 42 b ik R TR R L (B 2 BR
EIHRAHAEMMAER P EL TR AR BRERN T ESER.E

© RAZERRIEIL.
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W OSETT LA 55 2. AR —ROE SRR R W R BE e —
UIHE R 2tk S X — 1] >0, B FFLE W E S i m (W) =o GEW E I 5
B . HERIEEE# 2. W Monthly, 1979, Aug. -Sept, No. 7).
2. WEMAHENAESREZ & R/ND ILERTEAZHM.: HER
B MR —F A MR E—HE N RE"E
JEEAFATNE W KRZEEAIESNEN A EMEATH AL Int ]
Math, Educ. Sci. technol. . 1988, Vol. 19, No. 2, 315~318).
3. EW BATMAE . MHARRMEFEAT AT RGEKE: 71 >0.ME7H
X i A
ADW, BODOW
FAEEMATE A S B.YE
m(ANB) = e.
XKW S Wi S E KR SR B EE. NS —MER
id B =C. i CCW. iR 456 3 8, A 1T i 48 2 TG v T ATl 4 B S Fn e
7 0 >k 38 5T
4. R PHEFAEZMEE,(F E+E R0 4.
5. [0V FF{ERTI B4 E (S E—E TN A

6. (0,17 7E B AR HIZC AR T A5 (W, ) U .=(0,1],

7. % (0,+o0)=E,UE,,E,NE,=&. %ﬁ/rls(z:ll 2) (KT ) X ik
ER RN E, E, 8% K 0 4.

BER HETHNE.

1. kA BB NE ECL0,1], 85 FEEN xERF
£ yE€E, A z—y€Q?

2. A BRI S ESE, ) 18

m(|JE:) < D m"(ED.
3. WAELO ] E— AT HUE WL fif8 W—W JCH .
4, B W BAFMLE E Zr[ 4 GGE EAW 2R 4.
5. WA KA E.EMERE MW 2
FCECG
MH%E FRTEG.H
st;p{m(F)} < ing{m(G)}.
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BEM E A el il
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82.6 LA A4

MEAAETHER LR TERSERH, ARFT LS HEEERI &
Fa T F B A, 0250 A AT 4R A58 3 o B AR 20 ek B A S A T A
JB— T A SR R AT T A A A B A X TR AR R T E A
TE518 T — RO 5 X — IR B AR B L 7E X B 2 xS A R
EX AR LU EROB -1 B. EHFLRP ATHERSE AN
fife « 107 AR 4% L A4 50 T 5

EX 2.3 WAHAHR T: R"—>R". EXHME—IF % GCR" iRk

T(G) B {zER": T(x)EG)
E—TFEMKETREMAR B R (HEZETH

EE2.21 A T: R"—>R" EESAELN T 0B KR HE— 8 x€

R U BAE M e >0 477E 6>0. 15 Y | y—x| <o W 4
[T(y) — T(x) | <e.

R Z2H WE—H z€R UREEN 0. H B FHE

T (B(T(x),e)),

M AFEAE 60, [#5

B(x,6) C T (B(T(x).e)).

XYW Y| y— x| <o B A yET '(B(T(x).e)),
[T(y) — T(x)| < e

ok BRGER FE—FE. BT ' GOAEZE MIME—K €
TG H T(x) €G. HIL . F77E e>0, 15 B(T(2),e) CG. R¥E T/ MK B
E XTI e>0. 7746 650,815 | y—x| <o . &

[ T(y) —T(x)|<e, Bl T(y) € B(T(x).e).
XU B(z,0)CT (G).B T '(G)RFFE.

Bl1 #T: R—>R ELRMELH N T RELTH.

R 4e(i=1,2, )RR FH—HE N R PEEHz=(&.&,
....E"),ﬁ

= &fe +&e + -+ &en.
BA Tl)=x(i=1,2,,0) , XF
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T(I) — 511'1 +$21'2 +"'+En1n-

eM=(Dla) wn

i=1

IT@I<L & ] 2 [ +1& ] |22 |+ oo +1&] |24l

<(Z1al) (2 1er)” = Mlzl.
o T 4
| T(y) — T |=|T(y—) < M|y—=zx]|.

XU T RS2 it

EE2.22 #T: R>R BESETH. EH KER PHEE,NTEK
R PRy EE.

iR X F TUKOME—FERE(H .2 G=T '"(H).W{G}E KK
TER M. AR R TR AT AE (G, ) HEAE G, (G, oG, 18

K C UG,}.
i=1

M 15 K c |16 < |JH,.
UL TCK) 2 R iy 4.
#i£2.23 B T: R—>R EEETH. HZELF, £ MUTEEF, %£.
#iL2.24 & T:. R—>R" BHELETHk. EX R FE—-FNEZ,. T(D
W R WA, WX R A AR — TS E, TCE) 464 7 1 £,
iRl WMETH2.11.4 E=KUZ.H P KEF, £.Z2ZWE. EHX
T(E) = T(KYUT(2),
M T(K)2 F, 8. T(Z) AFME T TE) 27T 4E.
FEEETS TR AET NSRS FRETL; RITEA TR
45
EHE2.25 EFT: R—>R ZHFFLHEAH ECR
m*(T(E))=|detT| D « m*(E). (2.9
iR id
I ={x=(&:6,:6): 0< <], 1<i<n},
I={z= (B+608): 0 &2, LK< i ).
BRI BE2ATWEBETI+ () (G=1,2,,2%)WHE, T £ 2* 4

@ |detT|RRHRE T #9775 X 89 4 X {H.
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T A4z} j=1,2,00,2%
RIJFE.MEAGERE T ' RiESEH
m(TU+{z,})) = m(T(D), j=1,2,,2%,
BAEME Q. DXXMF L, ML
m(T(I,)) =|detT |, (2.10)

i} | detT | = 2"*m (T(D)).
KA m(D=2"* )45 5|
m(T(D) = 2" |detT |=|detT | m(I).

LI 2. D AR GA T AR T BB S A B W T 0 (2. 9) A% 7T 84~ |
AN B AR T8 HE 7 1k B0 O S8 2 S A o R B8 3 X AE — JT 56 GC R (2. ) K

9 ST T N0 P S U A 4 A 38 7 3 BT %S — R 4R (2. 9) AL

FHEAEW 210X, REME T E2L 0 LLE RN TF IILD 9 S48 1

Fe A :
) AR & 08 oo & Z BT8R
(1) & —>p& .&—>6(i=2.3,,n);
(i) &>& 1 &, &6 (=2,3,,n).

OISR, BRA |detT| =1, T, =1I,. Wi 7] &1 (2. 10) 2 557

EGOBETE ERE T A] iy fE 5 M 728 — 173 LA B i A5 3] L i A
T) = {2 =(&:&+38): 0L & <1 (i = 2,3,,7),
08 <BP>0,<EKO @B
AT AT S0 o (TCL)) = [ Bl B (2. 10) 2 A A7
1 Gid) 1T , Beit detT=1,1fi B A
T(I) ={i=(&:&,:&): 0L <1 (i£ 1),
0 —& <1l

i
A= {xz=(§.6,,8) € T(): & <1},
e, = (1,0,-+,0), B = T(;)\A.
BiTH
A={z=(4 88D € L: &< &),
B—e ={zx=(6,8&,:8&) € L: &§ <&}
H 15 2

m(T(I;))= m(A) +m(B) = m(A) + m(B—e;)
=m(l,) =1 = detT.
XA (2. 100X I, BT
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BIEAYGE T=T, - T, « =~ « T, XBHES T, HEGD~GDEEZ
— o WA TTT FR A AN i AT R
m (T(E))= m(T, (T, (+=(T;(E))*+)))

= | detT; | | detT, | ==+ [detT; | m"(E)
=|detT | m"(E).
E fE|detT| =0 B T ¥ R 450 — M RGE Lt 755 o], AR (g 4 &

FME KA
m(T(E)) =|detT | m(E) =0, ECR".
#i£2.26 & T: R>R BIEFRFEUESTR. FEC AN T(E)E M HA
m(T(E)) =|detT | m(E).

B2 # ECR® A& UK E 1E s 22 5 By s g v il 5, Bl B
AR,

B3 R =AY A e R E R

iERR AR PR — = MR AR TS, R F IR T B R AR L BOR
iR E = A — A TUSER S D =M T, HEBE R | T|. W Am(T =
m(— D) JFULTFBETE 2m(T) =m(T) +m(—T)=m(P) , Ht P &F47
Winfe. 4% P F=MEAERESTFR, I PHERIEEQ HA
m(P)=m(Q)=|P|=2|T|.\ifitd m(T)=|T]|.

B4 BED={(x,y): 2*+y¥<,/ &R P 4. H n(D)==n".

B i P. 5Q. AD MWESIYIIE WK .t P, §5Q, M il 5
M D REAE. FES P,CDCQ,, UK

» sin(xt/n) w 2
m(P,) = =r’ —/COS——>1V’ (n—> o),

n/n

(@) = W—»mj (n—00),
T/ 7

A H m(D)=xnr".

R AR B B L P2 — A4 SROT T B8 T T 8 1 1) -

Bl5 FEC(—rn], 0<<a<b<H+oo,4

Sg = Seg(a,b) = {(rcosl,rsin): a < r << b, EE}.
REHE . E=(a. W Sp 828 H T BEIE  HLEE N
*—a®)(f—a)/2.
D X F—s%k ERAMNA
m*'(S) < (¥ —a*I)m"(E)/2.

GEELXE m (S) 2 Z4ESMUE .m ™ (E) 2 —4E5MUE. )
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EM () B b<foo delt XHES >0 AEF KAL) | LDE,

n=1

DLl <m (B +e B8, | S, DSe Ml
n=1 =

n=1

m*(Sp)<<m”® ( O.S)" )g im'(sl")
n=1 n=1

= P e i
— =)D | L | 2< S (B o,
n=1

e B4 B0 R A5 BT IE.
(i) ¥ b=+co,m"(E)=0. Wi, Xt n=>1, D H
m" (Sgla.n) < (0 —a®)m™ (E)/2 = 0.
PNIDEEE!
m” (Sgla, +o0)) = '!me (Sg(n)) = 0.
(i) ¥ b=+oo,m" (E)>0. &5 B,
(2) % EC(—m x| RAT I, S 2T,
EB 1 F Se(ayb) =Sp (0, +00) N S (as b)) B A T 35 1
Sg (0, +oc) AT Bp A
" IC(—n,n] BRI XEE T=S,(a,6) (FHBE).E=(—=n,x]\E U K&
Se=S8p(0,+c) , KMTH
m* (TN Sg) +m (TN Sg)
= m"(Sinela0)) +m " (Sin (a.b))

¥ —a’

2

. ;“2 Il = m(T) GFFREERD.

BRE—NFEE.ZRAETHERAHENTINNITARE T, AR 22
E—FWECGLF). Bt (EE, JF3H B 7T )15 2
m (RN Sg) + m (RN Sg)

<

{m"(INE) +m "(INE)}

< D m(T.NSe) + > ,m"(T,NSs)
n=1 n=1

< STy = n(JT. )= mm®.
=1

XU HE—R R A
m(R) = m*(RNSg) +m" (RN Sk ).
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i See B Se HOHME (RIFAUSD) L BLRBE S R TTH 4.
] 8 2

1. % ECR, B q: 0<<¢<<1,f#EXH{F— X8 (a,b) . ERH FF
X a5 {rI,} .

EN(a,b) C U L. Zm(l,,) < (b—a)q,
RERH m(E) =0. - -
2. AL A,CR,A CA, A, BATTIE, H m(A)D)=m"(A;))<
+oo, i UEB] A, 20T 4E.
3. W A,BCR" #Bj2 ] £ , ik 3 B
m (AUB) +m " (ANB) = m " (A) +m"(B)
(H A,AUB 5 4).
4. W) R BAATEME F,FCTla,b]H F#[a,b], 1
m(F) = b—a?
5. W7E R P AE i B2 TE B B0M iR A A & F L (43 m (F)>0.
6. ¥ I=[0,1]1X[0,1],%

E=|z.»el sinz < -, cos(z+ ) %%E&%ﬂz},
ok m(E). (% =/6)
7. R(E )RR cfuaqﬁnmu%ﬁu,%m(g E.) <+ oo, RIEH
m(mE, ) = Tmm(E,).

-

8. W{E L0, 1R M&ES ,m(EH)=1 (k=1,2,-),i&
F B

wl (V) =1.
9. 1& El ’Ez s""Elz %[O,IJCFE@EIE'J%,E%

k
> m(E) >k—1,
i=1



BE m éE,)>O.

10. % A.B,C &R bl &4
m(AAB) =0, m(BAC) =0,
RIEBH m(AAC)=0. (AA\C=ANCNBUB)Y=[ANB\O U
[CNA\B) D
11. (B, },c, & R HH—KEIFER,iE G= LEJ,B"' HH 0<a<

m(G) IR A 1 BRA R A C MO FFER B, B, B, , i

m A
(B, ¥ >+
2 m(B,) > 5

(# KCG B4 m(K)>2,7#e | B, DK hIRH 6 RAH 54k

NS HE AL, B ARRK =1 )
12, # (B} R s AT M4 5], m (A)<<+oo. L E;=A

Bi(k=1,2,),E= (| Es,iRIEH
k=1

limm (E,) = m"(E).

k—=>co

13. % ECR',HDE H H Zn[Wl£. % H\E Mt —aT il F4
EOAEME, KN HEZE N5ENam?
14, KIEAEE EMMM TS DERMER: WESH >0, 41
4 G,,G,: G, D E,G, DE, {18 m(G, NG)<e.
15. & EC[0, 124, HA
m(E) >e>0, z;€[0,1],7i=1,2,,n,

e n>§,fmﬂﬂ E fE A S HEE ST (r a2, ) PR

(R =A Nk
16. & W L0, 1]JREARR &, KIEAFE . 0<e<<l,flifd
XtFLO R R m(E) = A4 E,WNE A4,
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E ic

(—) Lebesgue 2§45 i B ¥ 36 2 I o9 S B A 308 o 2 57 SR Y.

B ECLa b1 SN EE m* (E) 58 L5 A F B A 2 SCH [E) CHE R4 9 IX [
i A B 2 SR

m(E) = (b—a) —m " ([a,b]\E).
Hom (E)=m.(E),MF E Rnlil 4, B CHE N
m(E) = m*(E) (= m,(E)).

SR X —RETXEHMNARGEMEN, ERRE B RO EH
Sl A B P B AR S L B S MR L H A ET N A BE R ] L LA
HABRFE. 7T LA B 2 A0 B EL A T i o Bt B A AT H Rz

(Z) fE 2.3 . FRATHE HE R F (1 Borel B2 (Y, B AE— 77 4 2 —
A~ Borel 525 — DM & 0 4. I8 4 & BB A A& Borel /AT WE? [l
R R BAEFATLL R K 36 A & Borel 48 19 %I 48 7 E (1. M ik,
S B — A — T 3.

513 i f()JEENAE ECR RS RE T2 R o — 28 744 i Y
¥, B EET. &4

#d={ACR: f'(A eI,
0 o & o- U8R

iEB () BEA f N (RV=EET, Ll RE 4

(i) ZFACAMBE f'(A)=E\f '"(A),qH f'(A)ETr. \ii %
A‘e .

(i) F{A )R AP —FE&FE f 1 (ADED) M

£ DA.) - Uf ‘A

e UA) SN DA&EJ.

ER=FHREHA 72— - LEL

#iE W S(OER EMESRE. & ACR 2 Borel £, ' (At 2
Borel 4.

iERR 4 I RFM Borel o U5, G 2 R G FF4E. BRI £ WELEME,
fTHGOWMRIFE. Hit, #F4
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o= {A: F'(A) eI},
W £ (Grer Iifi GE &, LiR5I g o & —1 o- U8 f1 51— Y] Borel
HEEBT A/ XHHEE A2 Borel £, £ '(A)ET BN £ (A Borel 4.
%1 (3E Borel EERATME) F & R PHL0, 1 X E @) 2[0,1] |-y Can-
tor KA. 1 B3

Y(x) = %(1‘4-@(1)). z & [0,1].

BRTRL0.1] B b M E SRR H w0 =0, w(H =1 id LR &N
T B RESE(H——X R Y R L.

BMAEHLO0. 1] ) Cantor 4 C,HAfEWE B HE LB KA P R =0IF
KA Ly n=1,2,3=1,2,,2"" ) HKEH L. | W o, O RKEHN
| Lo | /2 BFF I E] GERE O FE L LREFEFO. i S &

L ool

WU Ur)

n=1 k=1

W EE R 1/2. %4 (O =H, /4 m(H)=1/2.

AW R H PR, i v ' (W)=S. /H N SCC.HrA S Za 4,
{2 S AR Borel £, & MR L3RS W L2 Borel 5, I 4 7T I 4E.

A, KT Borel fll 5 Lebesgue M &, FKATA FTAZ®L: e 2R LK
Borel B H x([0,11)<+co0, ZEXEEH K [a.b) . LIK R A% D b
E—8 o A

pLasd) +{z}) = p([a\b),
N (E)=am(E) (E J& Borel A {l|4£).

FEE, O WERNE cERAE D hEHH {de}: di—>c (k—>o0) ] H
[a+disb+c) Dlat+deisb+0)s b= 1.2,
[b+disb+c) Db+ disisb+0) )

}ir:lo[a+dk,b+c) =[la+c.b+0o);
giﬂ[b%—dﬂb-ﬁ—c) = .
MY koot , &
wLa,0))= p(la+disb+di))
= pla+dib+0)) —p[b+di b+ )
—u(la+tcsb+c)),
Hp pla.0))=pla,b)+{c}).
(D) WHEER AR m,n, FEED
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w([0,m/n)) =/,( L:J I:’_l L
- Sullo 2+ {£)- W(@.%)),

w00, = ([0, 2)) = me([0. 1))

A[m%)):%’#([o.l)).
T 77 € Q. A
w7 N = w{r' Y + 00,7 =¥ M
= (' —p0,D)) = am ([, 7)),

Hep a=p([0, ). fit B 4 a . bERAMWE p([a.b))=Am[a,b)). FH i, i}
FIE G 8t A w(G)=rm(G). Tixf—ft Borel 4 B, 7] L& B i) 3 T £ 51
i, B8 B k.

A (D X F Borel £ B, , B, , 324 B, — B, "—E1j /& Borel £;

(i) B FAEFEAE Borel 19 Lebesgue A[ |4 E, X £ Borel  H: HDE,
m(H) =0,k 21k Borel £ % L\ &3 &2 Borel M| B » # 559 W BE %5 8] (R,
Bop) RATAN

(iii) FETEMBEZS (/] (Ry ody )« DB AFFH AWML E RERN

E=BUZ, Be%, u(2)=0;

(iv) R* fr i &R — %€ & Borel £

(v) R #f Borel £ £ & i) FHE c.

(=) & ECR ZF&E. ZXH{ERW 2 €ER.E

m(EA(E+ {z,})) = 0,

oy m(EAE +{x})) =0, m(E) + m(E) =0.

() ECR.EHEFE O EXMNEENXE ICR,HE " (END=
8+ m(D MY E KAl £&rf, 5 m(R\E)=0.

(R) EEAE KRAHE

EEGRHIEEGEMER D RNEFFEE-BESPERTE. H
BREEE R ESLE. B2 XM MEREERFER? XFE—MAE, T
HESEAE AXEATHERRE REAEBE. “E T 2H EAMHW—&iE
ZEAHMERMEGE WEAEES X, EHZENE - EEFHR—
EMPRN. "EXE, B FRAHHEELERES P —TE. BofEANTX
E45 XWHFAERAESR. 20k 60, MRE S E NENEFRE R AR
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FHIEETY R— A B AX B3 E RN P ER— RERER—1EE .
AKX RS RUARMBE EN, HLTEAFWAE. NRAEFLE
HE.NT . Bl S — A E IR BT 2 H8CE T,

B RANEFEAEAERAFLMNTE? AANEVEELN 2. F. A5
EERRET EFEAERMEN. HR . EEGTHHMAARSTH? AR A
NEREFHFARYS ZF. ABESL R HAM A H R 5 ARM ST 1.

TEXSEHR TAERIF M RN ATERGFZ 5ERFEARENHEFMIER
B A IR 2 RUF SR B B 2 R R BR TR IR IE SCrh BT R B R
A £ B AFAE S U B S SR FR 1 Hamel 3% 37 oA 430 7 1 89 Hahn-Banach
P79 E AR o e BRI Hh A3 A B M 1Y Tuxonos 5 B %

SR« R BEAE BE PR 0 00 PR o 3 3 LA AN W 0 IR L 3O A (T M0
T R B YE . 5 tn . 7E 1924 4F , Banach #1 Tarski 8§ 4. W 3£ 82
A — IR R AR R S EH A AR RO A5 R ER K E B K
AR, X—Z 5 AMWERZELSER A S & a5 K2 LT E.
CHIR XA FRAS R £ R AR T4 D

KPATMAE AR IE TP En FRATH R TR, R AR
— N BN Z.F. ABRESIL RS (ML EEAH) f1,1964 4E Solovy i
T —TEGIER, a4 S EEA R Lebesgue ATl 9 (Ann. of Math. , 92
(1970)). HE X — 85I R EFEATEAR I A B S EA T T,
AL R T AR A AT 4, BB 0 BB A . S2BR [, i Cohen BT i i 451 A
5 H L BE A BN BT A AR AT AR A7 AE. O T MAS W 0 42 o £ 7 S #fE o ik
ANEEARE LR A AR A i PR A FRR A Y T A NE AR T

IR — f BEF (o) &0, BV 7R A ik 48 0 381 7 S 258k 4 o B R ol ) 4
R 2 24 T 0 BE i AT AT X — B (0,107 =1 A KPR A2 H
IR E WAL . — R R BOROR AT B B A B (HX A R X
KA 53— 7 vk b A BRAT A d. 20 42 20 448 Banach H{Z & IE i &
BT RMHE EXEHSEL ETEIHRIAHFRAEELNXTRY S
WRZ R FFE T REFERT.

KT ESEH WA E. R Sglovay B, MR RN AT ERNT
¢ B AT B SEAF7E » AR 2 R0 48 2 F8 R R B ik P o B8 e 3 b S T 0 4 £ 77 A 1
AT, AR BUNT c WAT BT EFE M2 ELETNE. FE L, Mk
ERARAE F. Hm(E)>0, WA EHKXE Jo.J,: Jo NI =3 &

m(FNJ,) >0, m(FNJ) > 0.
gt FNJ, 5 FNJ #47 LRBEIF—ET . T/ TAE:
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0
Jooo Toon Towo J, J100 Y N0 I

XHYTFH IR FEREINZLE . EHERE . X—THEHRHA
m(F)=0.

E ORI E AN

(D BEFEATEINAL 5

GD) ME—-EFEE X HHFE——BH T: X>XXX;

(ZX) WRXF R PRENSE EAFERPWIENSE A 5 B, (15

m(E) = m(A X B),

WFx EREMER. THIEH R FRESNSENEMRCQEA ENER.

B i2[0,1]# 3 Cantor £ C. : m(C.) >0,V 4.

E={(zxyy): x—ye C.} C[0,1]%X[0,1], m(E)>0.

RAEBREFEL P IENS%E A5 B, ffif§ AXBCE.N2%% A—BC
C..HH m(A)>0,m(B)>0,ffh A—BHIEZE N L. FIE.

(£) dE Jordan AT £

i8[0,11NQ=({r,},0<e<1. X nEN fEF K I,. I,C[0,1],r,€1,,

m(I,)=¢/2". X4E G= U I,,K=[0,11\G, |

() GHRIENFe.

(i) G MAMME=1, G=[0,1].

(i) G &2F %, H3E Jordan AT 4E ; K B4, H Z3F Jordan A il 4.
O 2FR

EX W ECR. X <€EEEH

Iimm’ (EN(—h,x+h) _
F\O 2h

MFRE x HREE WS L%ES. GFERTME, MKz HE WEELH)
WA B ECR, E FJLF A4 G ER RS 2% AT

19
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R AWiREERARE I 0<t<1MHAFTHEBAE

. {IEE- limm'(E N (z—h,z+h))
T No 2h

REWMEMT. X AT SHELH >0,.0H m (A)<e(1+3¢ )T,
() fEFF4E G: GDA.m(G)<m"(A) +e. BEIX G HIE—TTI T4 B. A
m (A)< m' (A N B)+m (G\B)
< m'(AN B)+m(G) —m(B).
HAT 8 m (AN B)=m(B) —e.
(D) MEEW €A EUA BB A HEAHFXE 1. € ICG, H
m (EN < {—0m(D.
W AT 2 AT XA B, ) . 15

OI,DA. OI,,CG.
n=1 =1

<1—t}

HA
m(ENL)<A—0m(,) (n=1,2,).



F=ZF WO & H

Riemann F 43 ) 58 S, ML b 138 2 % 25 8 27 % S (4 o8 80T 1
() Cof D) M 138, — A 8 XAELa, 6] F B9 A R %2 Riemann 7] FH 7
Ar L S R R S M 4E ) Lebesgue M BERHE, LT &), 5245 0K
B BT B H# L/ Lebesgue BT S R BEH B MR Y TR E KM —
KR CIN g &l o

5 S BN [A , T  eR B B PR 2 B R R B X R AT 2
SER R FE R R ENER. AT G, RATEREE 2 AT
PR B 5 % S pR . T R BB B S S SIS — B SR B DD Bk
R.XEAXAMERSEHWAMZEBENNEER>ERPREER
YEA.

§3.1 I oA B E SR A R

AT IR EEMS—, 4 F RATE R B AT oF B 7217 R 8
BE” oo, (R RU{Foo} U{—oo} )" LEHE. D BAELKA X
TooEREMMAEMT (FE, XBMN o RRIELHF KER):

(1) —co<lHoo,# 2ER, N —colx<Hoo;

(i) # z€R, M

z+ (£ o) = (£c)t+x= ()4 (L) =+,
z— (Foo) = (o) — (Foo) =F oo,
+ (£ oo) =+, £ (Foo)=—00,
| £ co| =+ oo
(iii) zER H z#0 IS RE AN
: +1y >0,
S1gNx — _1’ I<O,
x » (4 o0) == (signx)oo,
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(£o0)(£ o) =+o00, (Foo)(Foe)=—o0,
HRE(+oo)—(Foo), (o) +(Foo)BERTE XL ;

Gv) B E 0« (Fo0)=0.

FEE, tooZHEHiLH oo.

EX 3.1 #® f(o)RE XAENE ECR ERY) CE{E R
X TN LR, S5E

{z€E;: f(x) >t} (BMEER{z: f(x)>1})
A UK (o) E ERRT R E, SFR /(o) 7 E LR,

X—EXPRERRENENEZ (ER BT W, KN R
WA RPN RABEPRT r BHES (2. (O >r) AT
BMATLAT.

EE31 ®(ORANEE FREE.D 2R PH—H%
£.EMEEN reD, S {x: () >r 2 E, W XHEE K
tER, HE(x: f(O)>1) BRI,

IERA XHE— S8 ¢, EE D P g3 () AR

ro =t (k=1,2,+); limr, =t.

koo

HATH

(2 f@ > 1) = |Jlz: f@) >l 3.1

k=1

HABD G {x: [ >r  EETIE, frlh{z: f(2)>1} Z7]
i 4.

Bl & ()R LAEX A [a,b] A B REL N f(2) 2
La.b] b By a] i R %K.

HELE M FEEN teR, HGE{(z€[a\b]: f(O>}ERBTFT
R =FF Oz — . X[ B AR a s & AT AT A

{x € [a,b]: f(zx) >t}

AT, X LR £ () R[a,b] b ]l R K.

EFE32 & f(ORE LT ega%, W T 555K b A i S
PR AT

() {x: f(@I<t}=E\{z: f(x)>t} (LER);
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- ~ . 1
O RET f<z>>z}=g {I: f@>=5| GER);

(i) {z: f()<t}=E\{x: f(x)=t} (tER);
(v) {x: f()=t}={x: f()=t}N{x: f)<t}tER);

(v) {13 f(_z')<—|—oc}: U {1‘: f(l”)<k},
(vi) {x: f(x)=+oo}=E\{x: f(x)<<+oo};

(i) {z: fl2)>—oo)= | {z: flx)>—k};

k=1

(viiD) {x: f(z)=—o0}=E\{z: f(z)>—0c},

IERR bR SE XA T 2 B B Y. 2 T A v a5 S 64 AT I AT
BHINF .

AT I 5 S5 HE (1), (i) 5 (vil). M G AT #E | G, (D 5
Gi) AT HE H Giv) . B GiD AT HE H (v) . () AT HE B (vi). A (i) 7T #E HY
(viil).

F HBTXHEENERE

{z: f(x)>1t) = O {1; f(1)>t+%}
=1

= Bilue ey 8l = \ﬂ {:: f(.r)<t+—ij},

k=1

e (), (i) 5 (i) B 722 3 U8R (9 7 0 4 39 7T M 4E £ (2 T il i 5 .
EE33I D) Ef(OEEXHEEUECR E#H XEHES
¥.%& f(OFEE, E, R3], 0 f(o)Wf E,UE, ErTil;
(i) & f(FEE Errill,A & E Fhafiil 4, 0 f(x)F e L
A FHIREAE A bR AT g,
iE () HFEESER
{(z€E,UE,: f(z) >t}
= {z€E,: f(x) >t}U{z€E,: f(x) >1t}, tER.
(D) AFEESER
{(x€EA: f(z) >t} = AN{z€E; f(z) >1t}, tER.
B2 # Ec M0 X ()R R AR pE 5.
EE3IAANRBHEEERD & f(0).g(0) 2 E FHE
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{EL AT 00 R 5. U] 31 o
() cf()(cER); (D fla)tglax); (i) f(x) » gla)
#IE E F# ] ek 5.
iERR (D XFreRZE >0,
{x: cof (x) >t} = {x;: () > ¢t}
A A cf ()7 E LT ;35 ¢<<0, A
{xs ef Cx) > t) = (e flz) <t}
AL cf(OFE E EATI & ¢=0, 00 ¢ f (2) =0 %] 14 2 BH b 4.
(i) X teERHTF f(2)+gla) >t HiE (o) >t—g(x) i)
{x:f(x)+glx) >t}

= U({x; Flx) == nd N tee gla) S E—n1)s
i=1

Hep{r ) REEAEE. WA f(2)+g(x) 2 E b/ a] il ok 5.

(i) B, (O E Lol X Z2FE X F eR.ENA

{z: fP(z) >1)
E, t <20
{{n flx) >AthUlx: f(x) <}, t=0.
N f(D)g()={{f)+ g —[f(x)—g(x)]*}/4 H,
f)+g() UK f(x)+(—g(x) #R E ] il & ¥, Fr LA
f(x) » g(x)fE E L al .

L 3.5 bR BT U A A B O T S A AT ] e
B & ST .

HELE ATEEFIEE:
{z: flx) =Fo}, {z: f(z) =—o0};
{z: glx) =400}, {z: glax) =— o0}
AP 2 AT 4 Ep Ay

EEI (AU EEER2) H{fi(o)ZEE LA
RELH T 31 eR 4K
(i) skg?{fk(x)}; (ii) igf{f;.(r)h

(iii) }i_rnfk(x); (iv) limf, (2)

-
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MR E E R s
EW G BRI
(z: suplfil)} > 1h = |J{z: fule) > 1}, (€R,

it LA 2‘;?”’*(1”% E -9 7] J pR %K.

(ii) Eflzj:glf{fk(.r)} =— ig?{—fk(x)}, AT gf{fk(x)kft
E Ll )

i) AFERE I/, (o) = glf(skg?[fk(x)]) I

(iv) MRHEERX ‘Li_mfku) =—E1(—f,,(x)) A, li_mfk(x)%f:
b Y AT o K.

#i£3.7 H{fi(}RE LW RS, BA

kli:zf,,(r) = f(zx) (z€E),
N f(x) 2 E /]l o8 5.
B3 & f(ORENEE LB X524
f(z) = max{ f(x),0}, f(2)= max{— f(z),0},

HAMHENN F(OMERS R BR.RINA

fx) = fix) — f (2. (3.2)
# (O E LREAWE, N £ (), f (o) &BZ E L a] ] oF %1
RZINR. 1A B R RATA

| FCxd|= Fa) 4 F €zl €3, 3)
A f(o)7E E ERTES, | f(o) |[B7E E EaTill ;B R Z AR,

KT R B E A BB RELE § 3.3 () Hitie.

Bl4 #F f(x,y)BENLHER FHLEBE BXEER 2ER,
f(zsy) 2 yER LHELZREGXEEM yER, f(z,y) & zER |
B AT I R, ] f (s y) 2 R® b B AT oR 4K

ER & n=1,2,- fER%K

Folarg) = f(xf) k;1<y<§ (B =0,41, 42,

n
HNMEEN tERVAE
{(x,y) € R*: f,(x,y) <t}
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- U frem et (0.4

FREL f, Ceay) /& R® b BT 00 ok %0 T o RS 5
11’[1']:fy,(1’y) = f(Iwy)a (I!y)GRZ’

BA5 BT HIE.

Bl5 &% ECR BA[fil4. % feCE) M (o) E LRyl
oRI K.

iEBR % —F 8 1.5 hiaf 9.

BEE KiEW T3 aE.

1. % f(o)EXLERNE ECR . & (o E LT, B
(z€E;: f(x)>0} 20,0 f()7E E L afil.

2. 12 7 R0, 1) b 19— Sk o B0 , W) pR %

g(x) = sftelg{f(.r)}, h(x) = }Arelf;{f(.r)}

A& 0,1) /AT ek %L,

3. H{fi(x)} & ECR" E#yal il i 5, W £ (2)7E E LISk
) S SR R AT R

4. & f(2)fE ECR EAIH,G #1 F £ 24 R S FFEE AP 42, I
HEE

E, = {z€E: f(x)eG}, E,={xz€E: f(x)EF)

FE ] 4L,

5. B{E,)CR BEEAHZHATIES. & ()7 Ei(k=1,

2, ERAME, W £ | Ee bt 2o il a.

EX3.2 BRA-NT5%EECR sz ARMMEP ().
EBT EFH—AZTWMELS,P()ERE, MK P(o)E E FIL
Fhb e REH,FHEIEHN P(2), a.e. P2z€E.

W f(x2),g(x) B XFE ECR EWAT Il k¥, &R

m({z€E;: f(x) # g(x)}) =0,

@ a e B almost everywhere KIEE. EH K H B M p. p. (353 presque par-
tout ES) ,HR LT A" —RE el EEFEERE.
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MHFR ()5 g(oOfE E EILFRLBE . WHKEH ()5 g(a) &3t
Z1.ic2 M f(x)=g(x),a.e. xEE.
W () BE XA ECR" FHA] B8, &5F
m({z€E: |f(z)|=+o0}) =0,
WFR f(OFEE ERILFERLFREN.IFiCH
| flx)| < oo, a.e.x € E.

FEE.|f(»)|<too,a.ex€E. 5| f(x)|<M, a.e. z€EE £
AR, FEESIE HRZAR.

EE38 i f(2).g()ENSE ECR E#H)" LEERE.
f(ORE FERAM . 5 (o) =g(2), a.e. xEE, M| g(x)¥E E
EwTi.

R 4 A={x: f(x)Fg(@)}, M m(A)=0 H E\A Z7a[
.0 F e R ENTA

{(xr€E: g(x) >t}
= {z€E\A: g(2) >t1U{z€A: glx) >t}
= {xz€E\A: f(x) >t}U{xz€A: g(z) >1t}.
WG f(OFE E LRI A, b= 58— A s 2 T W i L i
B AR ERTWAE  IT AT 0 22 v 5 2 AT Y.

F S AT R %k — > A R SOk U, M B B A RO A b A (E R
£ 00 7E ok 50 AT A

Bl6 (BBERL) B 0<m(A)<+oo,f(x)E ACR" LK
AL R H, BA 0<f(2)<too, a.e. €A, MIELH 5: 0<6<
m(A) 7 BCA UK AR ko, #15

w(A\B) <8, S fleV<h, 2E B

ke
EB 2 Ai={x€A: 1/k<f()<k} (k=1,2,+),Z,=
{(z€A: f(x)=0}, Z,={x€A: f(x)=+}, FFHI m(Z)=
m(Z,)=0,8%

A= ( IQA” )UZI UZ, AyCAL (B =1,2,).

B UG AT A m(AD—=>m(A) (k—>c0) , NTIAFTE ko » 15 m(A\A, ) <<o.



§3.1 By ELALER 109

W B=A, B3 FTiE.

BEE MHETHNE.

6. & fEC([ab]). EHHEXAE[a.b] LHIEE g(x): gla)=
f(x), a.e. x€La,bl ikl g()FELa, o] LR ILTAb4b % L2 NG 7

7. ()@ R EJLFA A E M R % iR B BHFTE g€
C(R) . {#i18

glx) = f(x), a.e. xER?

WF9E — AR, B A 20 AR ST ATF s B B R A )
S5 I DU Uf PN R B R — A R R B xR oA Bk 5,
A E S T4 E E AR R B X - (), H e HEBEANME. A
A LUAK A R R AR BB R kg BARAEZ A 16
.

EX33HERH) & ()R ECR SR &

{y: y= f(zx), z€E}

EABRENFR f(2) N E FRE B EE.

W ()& E RSP RE. BA

E= OE,. ENE, = &,

i’j:l’z"..’P-
flx) =¢» xEE;,

A IR AV o)

f@®= foh (y, zeE (3.4)

M T ] B R B A R FFIE R B M AL & R, 81 E 2
AR X B AR v/ BTG PR K A 4O B L B () S B R L

BRE (D). g() R E FHRI AR N () £glx),
f(x) « g()E E I # 5 eR K.

#H(ORE ERERRE. HG HOKXPHEA E #2 T
8 WFR £ E & v i 18] 58 5 8. fy e m] O, m] 0 R R AR

P
O BEM ) WITHERR LR D o, (o) £ E R
i=1 3
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AL R B T SRR A — R R B IR RSB e S —
fi AT R R ) B SRR R L IRKE R R A 4R . L B TR E R
ERERENSFERIMNIT L HEESE RO ER.
EEII(HREEHELEE) (D #F (2 E ErIdEfaaf
0 o B, I 7 A 3 AT £ T B R 0 T B
() < e ()y b =1,2,,
s
I}Lrilgo;,(r):f(r)@, z€E; €3.50
(i) #& f(x) & E b # w 9 ok %0, W 47 75 7T 9 77 22 o8 % 31
(o (@ ) i () IK| (|, BE
l_i.ll’}gok(f) = f(x), =x€E.
# fOBRA RN ERSUR — ).

ERR (D) XHEREM AR kK0 ]RI4TR k2" 5543 JFIE
§F=1
2’2

E, = {z€E: f(x) =k},
F=1,2,00,k2%, E=1,2,%.

< Flz) <2’—; :

Ek,j —_— {IGE:

g el

== 1
i (z) = {]T’ z €Euyy
k =
k9 IeEkv
j=1q29'“vk2k9 k:1,2,"',
HE

k2t

o = By, @+ 2 I, @, 2€E.

i=1

O HHMERREFEEERTEI (o) LEATIES] (A E1] F(OFREX
f”):,é“x.«wr% z€E.
KRS g0 () =034
Fl=3 [ptei—pital, 68
Fh BRI .
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BB @ () ERZAE 7R & R ek B BA
o (1) < e (1) < f(2)y, () <k
x€E, k=1,2,-
B MHERK 2 € E A f(oO<M. WY k>M i
0 flx) —eu(x) < 2%, z€E.
# f(x) =00, gi(x)=k(k=1,2,), NI 15
31’250’*(1) = f(x), x€E.
GD 38 () = [ (@) — f (2. d Q) FFFAE AT I 767 B2 R £ 5]
(o ()} Bele” ()} ¥ 2
hm(pk“(x) Fxdy llmgoi”(.r) f (), x€E.

B8R0 () —o, () BT HEE BH
11m|:gok”( )= (@ ]=fH (D) —f (2)=f(x), z€EE.

HEE LA f(o|<M, W4 k>M A

sup | £1(2) — g () | <

sup | f(2) — ¢ (0 |< 5 2" 3

M ¢, (2) — " () B—BIRST () K.

EX 3.4 WTEXEECR LRI f (o) RE&E

{x: f(x) £ 0}

AN () ZE,IEH supp(H. & (OB XERA R BI X
ERZEN MK (O REFEIZEM RS

IR 3.10 3 3.9 H AT UL A R 1R SR R B B B — A1
A U B SR PR R

iE XFBNE4L g(2) = 0 (@) Xpon () (€E), W g (2)
A7 2 AT I 1 P ek B B B A R SR

# € EUFEAE ko 182 k=>k, BHA 2€ B0, k). JH A3

klimgk(r) - gir;}<pk(1) = f(zx), =x€E.

F O ()R R LR SCE T R 5, A7 7 o $E A6 27 28 800 R 508

{fo (@)} fif8 f, (DR E—HRSHBEHT ().
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iERE fEE,,={z€ER: f(x)E[R27",(k+1)2 ") .kEZ.nEN},HS

fol@ = D k2, (1),

k=—co

W 0<f(2)— £, (<2 "BUE £, () f(2) (n—>00) B 8 FF .
§3.2  nf il pREE AY i S

BRI TR IR T A SR B, AT RO —
B Ef ABSCT WS R &Mz EA AR ? MFAT
oR BB SR U A YT T A 41 9 Eropos € B4R T JLFAb b Y 85 — 2
S SR G R il T R RO — Bl St B B B R S T DL BOR X —
SEIRAGA A IZ MR BAh T SO B A A WS B R
T o K 57 di M B — RS B FE RIS A B R E L

(=) LR YH5— Bl

EX 3.5 & @), fi(@), frlx) s, fila) o RBEXESE
ECR" )" XEERY. H#HREEVTRNEEZ A mn(D=0 K
limfi(z) = f(x), x€ E\Z,
MFRA f () HHE E EILFERBWET £ (o), IFiEH
fi(x) > f(x), a.e.x€E.

SR E (0 B E LR RSN f(oOWRRE LT
i) o K.

BIE3.11 & f(2), fi () folx) sy fu(x) o2 E EJLFAE
fb A BRI AT I e, B m(E) <40, & fi(x)—=>f(2), a.e. xEE,
M 3HEL e>0,%

E.(e) = {z€E:| filx) — f(2) | =€},
A

limm(OEb(e))ZO. (3.6)
jmee =’

ER BA FRE () UE. @ b s — i R R 0

J=1 k=j
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MR AT
m( h UEk(e)): 0.

=1 k=j

AR A5 328 DB 5 1 U L TR (3. 6) ST

EIE 3. 12(EroposV ) & f(2), fi (@), fri(ax) ey fila),s
B E FJLPFAAERETTI R, B m(E)<<+oo. & fi(2)—~
f(x), a.e. z€EEMIXELH 6>0, 774 E [l F5E E,: m(E,)
<8 MfifB{ fe ()} #E E\E; £ —BU8T f(2).

iERE 1 BARTIEE 3. 11 AT AR e >0, 4

}iTm(UEAe)):o.
BAEPUERS] 1/1 G=1,2,) USELE 6>0 LB~ i
ettt JE(T))< 3 4 F = U UE .) A1

i=1 k=j,

m(E,) 2 (UEk(l')KZ%:‘
LA R AE W7 s 5
E\E; = ﬂ ﬂ {IEE | filx) — flo) | < — }

:Jk}

Afi (@) B—BURST fF(o) ).
HELE L TEL e >0, 7 .18 1/i<e, NTIX—Y] z €
E\E‘s":ul k?]f B‘j*ﬁ

|fk(1)_f(1)|<%<e.

XL fo (o) FE E\E, £ —3KTF f(2).
£ 1. Eropos M H K &M m(E)<<+ocoNRE L. B 4n % 18 nT ] & ¥ 51
Fal) = Xy @Dy =152,y &0, ),
BT, +oo) EAMMRE T f(2)=1,{BFE(0, +oo) R E£—F R T BE 4 50
HAR—BUST f(o)=1.
B3} m(E) =+ oo 1§ . 5 FTBRR I F « X HELH M>0, 77 E,;: E,,C

@ Eropos(1869—1931) . R M ¥ %K.
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E.m(E)>M {18 f, ()1 Ey, F—BKMTF F(2).
2. Wlf, (o) LR f() B E FJLF4b A A BR & a7 0 o6 50, H A
limf,(x)=f(x),a.e. x€E, M # f€ 7 M| 4 %] {E,}: E, CE (i € N),

m(E\ U E, ) =0, f, ()R E, L3 —BlEF f (o).

Fl1 EE f()=2"(0<2<D), f(2)=00<2<D UK
FO=1,M7E[0,1]F £, () ST f() M AE—BW ST (2.
BESE-TNETEENMEMNE@MA—681DE, fL()ER
TEEL-BKRST f(2.

i LB MU Eropos i B AT oF %505 S A HE — B K
— 3k, A B 1 L RR I A A58 T — B0l s,

(Z) JUF4b Ak i 8 5 4k i BE Wiz S50

Xt AT 0 e E 5 R 5, AN A A e S T T A Ak Wi S AR ok
iR ERAT T WA, itk , e/ — 6.

Bl2 XHEMABARB . RAEATRBIME AR L5,
flifg

n=204i, 0<<i<2, k=12,
BAELELO, 1] EAEREF .
fil) =X[£57@), n=1,2,, z€ fo,1].

X F X — R BTN R UL EELO, 1] 4 — 8 E#ER R A S, T
b 2, €[0,1], ML ko 5 i, , 75
ip 1p+1
2h’ 2% J
RUEBATLE f1(x0) s fo(xe) s fulae) s RETLF LT N 1 F 0, B
ERAREA. B AU B SRS BB A BT fE R

SR B TS f, (o) 02 7T 30 oA 35, BOFR AT T 42 4 R iR AR
BARAMEN z€[0,1],{fi() ) T HELXF L4 1 HBLL B R 7EFTE
“PERTHE T 0 RS B B iE v, iR RATE 0<e<1,
W2 k5

IOE[

{x€[0,1]: | fulx) —0|=¢)}
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A B RE n R 2 AR E /N SEBs B RATA QER n=2 1D

m({z€[0,1]: |fu(x)|=¢€}) = 217

XAE X TS e2>0,0>0, AT HLE] n, , LR HLE ko, (18 Y k=>4,
A
m({x€[0,1]: | fi()]|<e}) >1—6,

Hrp 2 <60 ZAAEFX BB X EL. XS KE 2, 0
BB 1, AT R { f, (o) MR S T %, EEM R
A EEEE L URBERKSD.

EX 3.6 ¥ f(2), [L(x), fr(x)ye, filx),& E FJLFA
LA PR B AT I bR . B AR ) e>0, 6

EiTm((IEE: | fi(x) — f(2)|>¢€}) = 0, 3.7

WMFR{ fe ()} HE E LRMBERST £ (2.
EE, m{z€E: [fi(x)|=+c0})=0 (k=1,2,:).
TR E BRAR L AE R BOS S SCT L A R S5 A% B R B
ME— .
EE3I 13 FH{fi ()} E LRI ERSTF f(0) H5g(2),
M flo)5 glx)ZXF 1.
iEBl H R3S a.e.x€E, A
| fl) —glx) || fla) — fulz) |+ | glx) = Fi () | 5
[ AXHAT 25 e >0, A (BZ LS
{x€E: |f(z) —g(x)|> e}

- {IeE; | Fez) — Fulz) | > %}

U {er: lg(2) — filz) > %}

B2 k—cofit, b4 um S LM EE B TF, A
m({z€E; | f(zx) —glx)|>e€e}) =0.
HeWEEHRM f(2)=g(x), a.e. EE.
ML b Kb i S50 4 00 5 Whe S50 #f) o SCRT LA o T o O A
fE FRBUEM SR BB — T WMEN) 5 FHIFEFRRETBA A
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Frs R EAETRE

{x€E: |fi(zx) — f(x)| =€}
f ) 52 1O B ke TS5 TR T SR R AR AL BRI 3
EFEMX . FEEMNEEZRINMOZENZ MR,

EE3 14 ®(fi()) 2 E LJLFLLA R AT R %51, B
m(E)<<+oo, # { fi (x)} JLF AL 4b W 88 T JL T 4k Ak A FR B9 ek %K
() fo(a)FE E EARTEWECT f(2o) (RZAR).

IERR RO RS 3. 11 B Sk BOHE A B >0, AT

limm( |J (z€E: |filx) — ) [=e} )= o.
ges k=j

m k57 B AT 48
ZLI{I m({zx€E: | fi(zx)— f(x)|=¢€}) = 0.
XU () FE E BRI EWST (o).
FE3.15 & (@), fL(@), fr(x) =, fi(x) & E FJLFA
Kb A BR B AT oR R AR A B 6>0. /77 E;CE Hm(E)<<o.fif
B{ () E E\E;, F—308T £ () ! £ ()} HE E AR EE i
HT (). F m(E)<Foo,W{fi (D} E L a.e. WHTF f(2.
ER WA .00 KBIZFTE E;CE Hm(E) <6, &
B R ko METF Y k=R, B LA
| fi(x) — f(x)|<e» xEE\E,.
ERACIS
{x€E: | filx) — flx)| =} CE;.
XU Y k=k, B, H
m({x€E: | fi(x) — f(x)|=€}) <é.
FALF GEO Y SF 5 Cauchy (B #4051 B 56 & . X T4 0 BE i
HHEATUMA LB E 54L.
EX 3.7 &{fi(x) & E LJLTA b A FR a4 w] I ok 5051 . 25 %)
F4H8 0,8
le»m m({z€E: |fi(z)— f;(x)|>¢€}) =0,

MR £, ()} W E L 65430 B Cavchy ()51,
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EE3.16 Z{fi(x)) & E LMK E Cauchy 51, M7 E I
FEAE LT b Ab A PR B AT I pR 2 f (o) B fu () FE E 4 B ik
ST f(2).

iERR R EARECL AT LY L=k B A

m({IGE: | filax) = (=) == Zl})< ZL
T FATAT LUMEGE ki <<kio) (1=1.2,+).%
E, — <16E: lfk,u)—fkrl(x)@%}. P= 1.2,

Wom(E) <2 MEBIIE @ ERES = | UE. 5%

j=1 i=

m(S)=0.%# x€ S, WHELE ;. i1 = € E\UE

T =5 A | f () — fila) [ <27 BTy (>
A

; 1
D fe (@) — filo < =X
i=1

BB EH £, (O + D[S () — fi(0)] fE E\S b R4 KOS

(9 B fe (o) M E E E R ILF A AR WS B AR BR e R f ()
f(2) & E _EILFAb 4 A FR A AT oF %5

s s f o)t E\UE, 1R —SBSF £t 1T

1
m( L_J}E,)< 21
(OB f (O}FEE LR EHS. 15 MEHE, TR (DIEE
AR W ST f ().
&E HAFKX
m({z€E; | fi(x) — f(2)|=¢€})

+m({z€E: |, @ = f@]=> 5 |)
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aJ {5 ’!i*rr}m({er: | folx)— f(zx) | =€})=0.

EEE(0EE FIRWEWRST £ W{fi(o)) b2 E
AR BE Cauchy 3. oAb N EiREBUEW HE & A LLE F, 1
M BE Cauchy &1 f— & A 4t — A 151 52 JL 7 Ak b e Sy . AT
EATA TRE R

EIE 3. 17(Riesz EE) H{(fu (O E LR EWRSTF
fo) WHEFETIN (o)) iR

}ir{lj‘k,(.r) = f(z), a.e.x€E.

iERR B o MRS T () s BT RIS ()} SR AR
& Cauchy 1. Wi 3R 58 26 UE B AT R A7 AE 791 f (o) ) DA
Al R AL g (o) AR

lir}}.fk,(x') =g(x), a.e.x€E,

il EL{ S, (o) b LR AR BE ST g (o) 1. BRI, { e (o)) AR
W EEW ST /(o) s TR f(2) 5 g () W46

B3 & flo). fi(x)(REN)RE ECR | A S ATl p& % m (E) << +co.

() FEE—FH [, () B HATFI L (O E E LRETF £,
£ (O E LRI BT £ (. '

(i) & fi (@) >0keEN)H £ (D E LM BEYSTF (), WX p=>0,
fi(OFE E ARTEWRST f (2.

R (D RIERE. BELSIEAE WAELE e, >0,0,>0 DL Rk, } TS

m({xr € E: |fﬁl(1‘)—f(1‘)\>eu))2:10. (%)
[RGB AP (&, TR S, (0> f() (o) LA f, (0 E LK
MERSTF f(, X5 FE.

Gi) R 7, ()R A FIf, (O E EBAT
f(f).Eﬂ{ff‘(f)}dZ‘ﬁ?ﬁﬂ(ff'/(f)}le E FUSLF £ (o). B, 4R 48 (D B 78
FIFilE.

FOW L f, (@) R BT R 3.

() & f.(DFELab] EIE—BKHF f(2).¢€ CR) M ¢ f, (x)IfE[a,b]
EiE—BUET ol () 3% f, (D FELa.b] ERPBERAT f(2), € CRY),
W oL £, () 17ELa 6] LA EE S F f(2).

(D) #& [, (0O fE R E—F T (o) GI— Bl SCa 4 BE i 8T
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fC)) s FE R E—BOEZE U ¢ £, () 176 R b — B0l 8 GE — Bl Sl ik
WSO T f(2).

BEM AT YR

1. BAEMNE ECR b, f,(x) (n=1,2,) JLF A4t Y 8 T
fCo), HARM B RS T g ik BEAXER

glx) = f(x), a.e.x€E?

2. W )y fila) (R=1,2,+)4 E b By S2 {8 7T 0 o8 K. 25 %
fE45 >0 LA K 6>0,.fFfE E H Al FHE e AR K 15 m(E\e) <5,
HA

| fi(z) — f(x)|<e (B>K,zE€e).
T [ 33X 2 R e SO Al i

. W{filo) E E IR EWSATE, g(x) 2 E ESEH
L. & m(E)=+4co, iR {g () fi () } T E b A — 58 H< B i
HTZE. $ER: g =z, (x)=1/k)

4, iKA): f.(x)=cos"x (n=1,2,) 0. x| b4k ZF sk
5 i

5. # f.(x) (n=1,2,)7 ECR FKMEWKRH T f(2)=0,
. 264

I'Lm m({x€E;: | f,(x)|>0}) =07
6. & ECR L #yal i ek %505 { £ () ) 2
filx) = fun(x) (k= 1,2,),
# fi(ofE E AR EEWSE 0,ikM . f.(0)7E E FE®IJLFEA L
sz 07

§3.3 T pR RS ik BR KUK K R

(—) Jlysun FEE

AT oA B 8 oA B A DI S R L XSG R (B AT X AT
PR LY T g SE N TR - L 2 T 5T AT 0 R KRR A AT B
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EH 3.18 (Jlysun® EE) # f(2)jE ECR" ERJLFALE
B f4 7T 00 o 55, AT 45 B9 >0, f77E E P EF , m(E\F) <9,
#18 f(2) 2 F E A ES k%L
R AEiE f(o)REERE, X ER N
m({x€E: |f(x)|=+o}) =0.
HEFIE ()2 AT i B ok B 15 TE -

fla) = foFu),:eE_ UE ENE, = G # .
IS 3R >0 IR B EAlfE E, RIS F, i1 4%
m(E.-\F,)<%. i= 1,855 5B,
HWHY €F, B, f(x)=c,, T f()FE F, LHESE. MM Fi o Fpyeee
F, REFHEN. TR [ F= | JF, L2 B4 .F A%,
HA -
m(E\F) = ijm(E.\F,) o ii = 5.

HK . ZE (o) ——n &ﬁé‘]l‘*)ﬂ M T Al fEAE

f(x) __ g
14| f(2)] (f(x) 1—|g(1)|)’

ORI BE f(o) A % R Y% 2B 3.9 I, #7776 v] Il 18] 3 8
Bl {2 E E L —BURSKTF f(2). FE?EEXTH:%E‘J 6>0 UK

/l\gok(-r),ﬁ]f/EEEPmlﬂ%Fk'M(E\Fk)< ﬁ1§§01¢(1)EPk

g(x) =

2"

o 4 F = ﬂF W FCE,BA

m(E\F) < > m(E\F,) <é.

k=1

BRI ()FEF LERESD, rLURE — Bl 8t 5 M
f(o)TE F LiE%E.

D Jlysun(1883—1950) , Rk EHE K.
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R B3R Jlysun EHALIEARERN: (R E\Z FiYESE
PREGHS m(ZD) =0 AFEREBEIL) (Jysun & H L7 K H
Eropos & #RIEH , UL 35 H 402 A A (1988)). HIBE b i), Jlysun &
R AT R B AN S R sk T .

L 3.19 #F f(2) 2 ECR" L JLYF4b 4 A BR & AT I ok %5 . 0l
AR 0>0,F 7 R LR — MR g (o) H15

m{z€E: f(x) # gla)}) < 8 (3.8)
A EXRRAEFRE MAH LR g0 HAEXE.

IERA M Jlysun BT AL SRR H) 0>0. 4776 E W4 F,
m(E\F)<¢ H f(x)/& F I ¥ i% 2 ok %5 . W\ T AR 45 1 2 oR 25 1 42 0
L 27, FFE R LR R B g (o), i 15

fCx) = glx), =x€F.
HWH{zEE: f(x)#g(x)} CE\F, L5
m({zx € E: f(x) # g(x)}) < m(E\F) <.

HERARE APE ECBQO.R . NAE R I /% 22 ok 31

o), 0<ep(o)<1, Hifi /&
1, x€eF,
o(x) = o
0, x€B(0,k).
M LR g (o) Bl g(x) = o) BN K.

i 3.20 #F f(2) & ECR" L JLF 44 BR 4 AT 0 o& %5, il

FTE R FHESREI (g (o)) 15
}Lﬂgk(x) = f(z), a.e. z€E. €3.9)

iERl H#ER 3. 19 AHA, N TFEENEBTENERI )5
{0c} FFFE R EHIIELL KB (g0 () ) 75
m({x€E;: |f(x) —g(2) | =e}) <8» k=1,2,.
XU { g () 1 E E AR BE WS T f (o). TTAR 4 Riesz & 3, A
BT g ()} T
}i*n)gkx(x) = f(x), a.e. x€E.

FORATAE.R LA R
T A

flz) =
x EHE
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A LA 7R S U H8 bR ) i 52 s 5081 1) R AR R
llm lm[co<(n'27rr)]" = f(x), x€ER.

.....

%ﬁﬁv%KﬁERLﬂﬁﬁﬁﬁﬁﬂ g ()}, fE18
klirr}gﬁ.r) = f(x). xER,

1 % f()R R ERSEENRE HEEN . yERA
flx+y) = fl@) + fCy) W £ ik L2 R %L

ER AN f(a+h)—f(@)=f LUK £(0)=0,fLL B EE
Bl f()FE =0 LRI AT, R Jlysun & B, AIEH FHAILE F.
m(F)>0,fi18 f()fEF E(—B)EZE. NMEEN >0, 1
8, >0,K

| flx) — f(y|<e, |lz—yl<d, z,y€F.
PAEWFIE F—F. 56 R 2. 16 FE , fF7E 0. >0, i1
F—F DO [—68;:6:].
B 0=min{8, .8}, Y4 =€ [ —o,0]0 ., THAE =, yEF.ffif z=
r—y, A5
| f(D)|=|flx—y|=|f(x)— f(y|<e.

XU f()fE =0 bR E L.

Bl2 & (O I=C(ab) FEETHEE. & F(OBEHFECT N
e

49\ _ f(2) + F()
7)< 2 >

f( r.yel,

m feccn.
iER REECEMFTHNERS A& (O] LA REH N feCD.
St AR E O a=x, €T AR ELE, HEA X[ [ 2, — 26,2, +28]C 1,
Hofrfe(s):
&E(xy — 8,20 +8)y fE) =k (B=1,2,).
MFEEN € (6—0:.61T0.BRA

o — 20 < < 7 + 28, If,—zagr’ﬁze,,—xgxﬁza.
i 26 =2 +zx A8 2f(e)<Ff()+ f() NTTDA f(2)=kHFZ f(2 )=k,
X i
m{x € (& —0,& +8): f(x) =k}) = 6.
. FEERNEARE L. BH
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m({zy —20 << 2 << 20 +28: f(x) =k}) =0
MR f(x0) =+, F G . BI18 FFiE.
BEE BAETHME.
Lo ()2 R ERSAETT I %R 2 EHFE g€ CR),
45
m({xzER: | f(2) —g(x)|>0}) = 07
2. #% f()fELa o] LRI GRIEBIFFFE 2T F] (P, (o)} i1
rlli’nzP,,(I) = f(z), aex € [ab].

(Z) EERHERATNME

R T VHE AT R B A as B R (), TR A S AR
M S5 49 SO0 412 R 50T 0 1 1 2 SRR — TR R RN IE A T SE A R
fO K, S

{z: flx) >t} 5 [, +0o0))
E—HH. WATE TR 8.

SIE3.21 # f(OREXAER FHLHEREN f()ER
LRI A S B R AT RAPE—FE G, [ (G ETR
4.

IERR o E W AR, R UE B B, RBGRR £ (2 +e0)
S A 4K L SO T B A X (8] (e, 6) CR, S EE

1 a,8)) = f1ay+ oo\ f (b +00))

RATMA. % GCR B4 .U G = | (aurbe) s AT

k=1

G = | f ' Carsbo)

Al A f NG AT .

EHE3.22 & f()FEREMELEREg(x) 2 R EMSEEA
W R B W 52 A R A () = f(g(a)) f& R AT I ek 4.

iER  WHE—JFE GCREN (G 2 & T IR E g (o)
F R RGE g (TG BT, XU A = f(g(x)) & R
L AT 0 o .

HEE.Y (o)l pR B g (x) EELSREET . (g A
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— 5 J2& A pR B UL T ).
B3 & o(x)R[0,1] 1 Cantor RE, 2

W) = L2,

W ()20, 1] 1 (7™ 4% 338 18 1) % 22 s 8. 32 C &[0 1] ) Cantor £, W 22
WO FEIARTT I T 4.
MAES f(o)REE T (W) FHEE k%15
glx) =¥ ' (2), x€[0,1].
B, f(2)=0, a.e. 2€[0.1], g(@)R[0,1] 1™ 434 EL KT 5
FCaCe)FEL0L 1T b A 7T il 3 4.

F OB EETHER (O EARER £ (o H fFI@OR
T 3.

EE3.23 B T: R—>R BELETH,Y ZCR Hm(Z2)=0
i, T (2 ZFME. & ()& R L #SE AT I ek %5, W (T(2))
J&= R" LA AT i ok 25

iERl % G & R P — R i miE f (G R 4.
AWk f'(G) = H\Z, Hrh m(Z)=0,H H &G, B4, fR&AT
MT  (DORFMEUK T '(HE G, BIE, HNER

T'(f UG =T '"(ID\T ()
SERPARH T (NG ERTIE. X (T ()2 R ERyam

#i£3.24 & f()ER BLETNKE.T: R"—>R" Z3E4F
SRMEAR R L FCT ()2 R b HA] J pR %K.

Bl 4 #FH f(o)F R EHTTIEE N f(z—y) & RXR" 7T o6 3.

iER (D id F(a,y»)=f(2), (z.y) ER"XR",MHX} tER,H

{(xsy): Flz,y) >t} = {(a,y): f(x) >t, y € R"},
B A Fa, ) & R XR" | (7T i) o6 44
(i) fE R* XR" | R" XR" {yEAr LR A5 T .
Z=§&— 0
y=¢+19
5 AAEAH T F  Fx,p) 2% F(g— g6+ p = f(6—p T f(6—p £ R XR"
A AT eR
BI5 B (RO, +o0) EBEETNEL, 4 Flx,y)=f(y/2) (0<x,

(&, € R" X R".
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y<+22) Ml Flr,y) (0, +2o0) X (0,+co) | i = JT AT il & %K.
iEBR 4 g(@) = f(tand) ,0<<O<=n/2. AN y=tanz W X A B2 4 X 3% &
Y EAEF I AR AR R T S (LA T T A g (D FE(0, =/2) LT, AIfT X ¢ €
R.5&E
E=1{6:0<0<=x/2, g@ >t}
BT, R FRATA
{((x13): 0< 2 <+ 00, 0< y<+ o0, Flz,y) >t}
= {(rcosf,rsind): 0 << r <<+o0, § € E} = Sg(0, +o2),
HMORYESE = 8 2.6 (9 5 T ik, B 15 BT E.
EOBEXAER EREE (2. )R
() flr.y) RHAE yER I B %G
(D) flz, )RR +€ R ESLREL,
MRS € XAE R EAE—SLE AT KB g(3) - fLg(o) v 1J& R 0T Bk 4.
R X RAEGF A4 X ] 408 - [ - '"]<mez nEN) IR (z,y) €
[Gm—1)/nsm/n] XRAEREF (HEHEHAE)
folz,y) = n(%—.r)f(mn_1vy)+n(1—'m—;l>f(%vy),
SR f, (T fGn—1D/n.)5 f(m/n,y)Z 8.
B X s (2 y) AR FE X (R 51

 [my 1
I, = [T :l(kEN) ﬂI = .
H GO AT lim £, (2, 3) = f(xy) AT RATH
lir_nf,,(g(y).y) = flg(y)sy),

B AT 484E.

BEE RAIEH TR

L& f(x),g(x) & R EMATIKE H f(2)>0(x€R) N
FC)F 2 R _E ] ] ok %L

2. & f()fELa o] AT, H m<f(x)<M,g(x)fE[m,.M] |
By N g FELasb] BT,

2 & 3

1. BAEEIRE I, f.(2): « €T} R Al I sR 0% K 0] . bR
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B S(x)=sup{f,(x): « € 1}7¥E R" [ R0 AL 2

2. W2=f(z,VER FHEZET. 2 (). g () R[a,b]C
R FAYSEE AT R & KIEM F(a) = (g (2) . go () R[a 0] LY
A i ok .

3. W f()FELa.b) EFFTEA SR RIEN A SR ¥ 1L () &
[a.b) b B 7] I ek %4

4. B f(x2) & ECR" EJLT4b4b A FR A AT I & 55, m (E) <
+oo GRIEM M AEE R e>0./F7E E LA R AT ek 8 g (o) 1R

m({x€E: | f(x) —glx)|>0}) <e.

5. (LK f,(x) (n=1,2,- )% ACR FJLFbibE
B £ 7T 0 bR . 5T ER 9 >0 0748 A B AT 4 B: m(A\B)<le.
§i15 f,(FE B F—8ST f (o) AREM £, (o) 7E A LT 4absb
WS T f ().

6. B{ fe(x) & ECR" LS ] Pl ok 2051 s m (E) << +oo ik
UEW lim fi(2) = OCa.e. 2z € E) M FE5r H b BARMRE: MR
e>0f

thlm( {z€EE. sup | fiCa) |} =¢€}) = 0.

7. % () fi (), _mr) Ela,b] FJLFAb A A FR i AT
W eR %, HA lij?fb(l) = f(x)(a.e. x€[La.b]), IKIEMFLE E,C

[a.[)] (71:1 927'")!@1%

m([:a,b]\UE,,)IO.
n=1
i { fe (o MHERA E, E—BUET f (2.

8. BW{ful)HE E BRI EWST f(2), {gu(2)HE E _EARMN
WS T g (o) RIEW { £, (1) + g ()} #E E 4R 8T
fl)+g(x).

9. W m(E)<+oo, f(x), fi(x), fr(x)sr, i), E Lk
JLT 4k A A BR A AT 0 ok 25, KHEBA { f (o) H 7E E B AR I BE i 8 F
[ O W T SR

lim mf{a—i—m({xGE | fe(x) — f(x)|>a})} = 0.

k00
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10. & f.(2)(n=1,2,)2[0,1] LMy B k%, B/, ()}

Lo, 1] RIS T f(2) RIEAFE f(OMESES o LA
Jalxe)=>f(xy) (n—>00),

11. & f: R"—>R, HXHEE# >0 F/E T GCR" ,m(G)<e,
ffifg f€ C(R\G) RIEM f(x) & R L] 0 pR %5

12, % {fi() )} 5{g ()} 7E E EERARI B W 8 T %, i 3E 3
{fi(x) » g ()} FE E LRI E WS T ZE.

13, &{fi()  fELa,b] R BT (o). g(x) R R LK
P kB RAE (g (S (o)) b HELa b AR BE RS T g(f (). #&
W La b IBCHL0, +oo) , B5 3R ML MG 7

14, BAHEXEANNE ECR EWRE f (), BXAESR K
6>0,7#1 E v A& Fom(E\F)<6.{§18 ()7 F %%, RiF
B f(x)J& E LB AT i ek %0

15. & f.(2) ) Rla,b] LB AT R E3 , f(2)Ela,b] L HSEAE
PR BRELSH >0, %A

limm Ux€Lasbl: | folz) — f(x)|>€}) = 0,

WA (o) Rla,b] b ]l ok g 2

16. # f(x), fi(x)(k=1,2,-) 5 ECR L SC{H 0] ] 5 5. %5
SRS >0, 0K

lim m ( U {zs | fulx) — flz) | > e} )= 0.
k=j

WIEAXAE LS 0>0,.7F77E eCE H m(e)<<6,flif8 fi (x)E E\e I —
BT (2.

Eid

(—) Eropos EEX FELEIERERE— R 2RI
Bl @& WCo,1/2]RARTM4E, 4
J=[01]%[2;+=);
D,={(zsn+2: 0 2 1) (n=1,2,%),
HAERE f: J>1{0,1}:
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X 1, re W+ {1/n}, (x,y) € D,y n>2,
flx,y) =
0, Hith,
WA lim f(x.y) =0, Eropos & B 55 1& A L.
HETRER: & ()5 f.(2) € (0,+o0)) & E | 9528 7 i sk %k .
m(E)<loco. %

(€] }ijilf,(r)=f(1)» z&E;
i) XEA n, "<5,Enp,l|f'(1)—f(1)|%£ E Ewri,
WXHELR I e>0,F77E E;CE H m (E;) <o, {1824 t—>oolif, f,(2)7E E\E; L
— BT (2.
WA TP L0, 1] B ST R M S RS BT — T XA LR
— B84, i tb . Eropos %E ) 4516,
(Z) Jlysun EBMLERAEERA: m(E\F)=0M f(2)# F b &L
2T
B FE[0,1]9F4E3 Cantor £ C. m(O)=1/2,H%
1, z € C,
=111, zeane
WFL0, 1] fE—F4E Z, 8FA
([0,1\DNC# &,
M Xt =€ ([0,1]\2) NC, %FFELE 6>0,fF5
(z—8x+8 N ([0, 1\N(ZUC)) # @.
(=) AHNEHNEESRT
B )& RE XAECO, 1] b By S sR 0 WA 7E L- W] I R g () 5 h(2) s
15
flz) = gh(x)), =€ (0,1].
RO 1P H R o E R R MR
= 0,
=g e
IHE X

h(z) = ) 231 h(0) = 0,

n=1

W AC)AECO, 1] b ™% i85, 58 h((0,1]) 2 Cantor ) 74, ATl
m(h((0,1])) = 0.
A LR E
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) = fh (), z € h(0,1]),
HAth,
M () =gh(x)), K g(x) h(x)FC0,1] [ 4 L- 77 ) 56 %
(M) EFTH&EH
A LAEX ] T R ARl &3 (O R g(o). EXEER (ERA
m({zx€l. f(x) >1t})) = m({x€I: glx) >1t}),
WFK fC(o) 5 gx) I ERTMEH. MR WA Z 00 o BOR — & B Rl — 4~ 5.
A W f(2),g@)FE I=(0,1) %0, % f(2),g(x0) BB A ELL R
LN f(o)=g(x),z€I=(0,1).
R BEFTE c: 0<c<1, f(OFg) - AEHEHR (O >gle) M4 t=
(O cE(xET: f()=t). HED f(o)ZEWH, 5
m({z€1l: f(x) >1t})) =c>0.
MF{z€l: glo)=t) i TF glo)<t il cE{x€ET: g(x)>t). XHTF gla)
B ZE SRR AT R A AE O O g =t B RERN S gle))=>
t>glo). HIkAE
m({z€1: glx) >1t})) = <c=m{{z€l: f(zx) >1}),
X — 7 Je 158 HA iy R ST
(F) JLT4b4b % 45 &R 4 09 — Fh 8
B GRER PREE#H G HRILTAL RSB HH MR G HEFEFE.
B % f(O)FENFEFEGCR E TR ZEZM .
() f()FE G FILTFhbab#ESE
(D X —4¥teR, HE
{z€G: f(x) >1t}, {z2€G: f(x) <t}
BT IE.
ER (D=>(@): W m(2D) =0, G\Z FHEEE f(OWELEE. & = €
G\Z.H flx)>t, MFFFELRE U(zy) , 75
@) >t, z€EU(x,),
Bl z, B{z€G: f(O>tIHRE. W{xEG: fla)<e) LTl ZH#.
(iD= : X rEQ,it A, H{zE€EG: f()>rihIERHZLE, U m(A,)
=0, \TiA

def
ACA) =05 Am—m Ua.
reQ

Kl X B, ={zx€G: f(x)<lr}, A

def
m(B) =0, B

UB,.
55 € AUB & f(x) A4 S .
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(7)) BAE R LE R RE (o)W
flz+y) = f()+ f(y), z.y ER,
#FHAOBELHE-ARELES N AEE((2, f(2): 2ERME R* hH%.
() 1. &l f. (o L0, 1] F AR L R BT & A
H@D = fild) = = fulz) 2 (z€[0,1D,
PR fo(o)—f(x) (n>co,2€[0,1]), MHAE z, € [0,1], 115
flxe) = Sup, {f()}.
2. B £, €CAR0A limf, (0= f() (r€ R) TR B4
() fFECR);
G XES e>0 L RAE—BAE m FFE no: ny>m R GE{zER:
| f(2)— fo, () | <e} RFFEE.
R (D=, fBBRE,XES >0, 5%
{x €ER:| f . (2) — f(D)|<e} (m=1,2,")
RIFE  BURIE.
(iD=, fEB x, ER,EIE f(2)fE r=1xz, A FE L. MELH >0, (DA
FAE e ny<lmy<looolmp<ooo {15 5 5B
E, = {z€R: |f, (@) — f(D[<e/3} (k=1,2,)

#0IF 4, B3 A R= U E,. i AIFLE k: 2, €E, .

k=1

EEE E, RIFR WU EEN 2€E, R
| f(2) = fx) || (@) — £, D+ f,, (@) = £, (x0)]

+|fn‘0(1'n) —f(Iu)l

< 2e/3+f, (@) — f,,ko(:ro)l.
R4E T, i Bt SUREAE AR U () o 7%
Ulxy) CE, s |f,,‘0(1) _f"kG(ID)|< e/3 (x€U(x)).

TR | () — flay) | <e(x€U(x)), B f()FE 2=z, AbHELE.

#i(DinD) & [,€CRI(REN),HE

@O @L< < fi(@ <y limf,(2) = f(2) (2€R),
) F 5 B A4 e F A

(i) fFECR);

(i) f,()ZFE R E—BWEF f(2).
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EE B EER—-ERAXELa. 0D L. A2 ERMET
Riemann FH43 501" 32 1 A5 24 B4 Wie S50 22, 91 4n -

R & f,€R(La,b]) (n=1,2,-), HFE 0<f, ()<
(n=1,2,32€[a,b]), U R limf,(z) = 0, |

b
limj fo(x)dz = 0,

X —H) 55 w8 Riemann FU40 B0 45 T UE BA B LU 38 & 2% . 1 76
Lebesgue Bl iR A h A5 15 2.

& X Lebesgue BU4r A & £ FiOR R B9 56 4 J5 i, FATTHE 3¢ B i %
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»
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XEMASTES TR de & R | Lebesgue M B Fr&. (FEE. A
B Z5E 0 » c0o=0.)

A R ST B A Lfmdx N5 (07 E F RS %,
B 1 TR | LR

. B (1. RAEE
[(x) = Xo(x) = {0’ —
A Ez] Jm‘“f(r)dr =,

EE4 1 (BoOBEEER % f(0.g(@E R ERIERA
?ﬁl‘]fé‘ji%ﬁq](r)ﬁfﬁ% A,‘(I.ZIQZv"'vp)J:m{E a;(i:1y29"'
P g(DHEHEB (G=1,2,,¢) FLBE b,(j=1,2,,9) . EE€ M,
IUEE)

(1) #&F C Ak E %, ) LCf(x)dx = CLf(x)dx;

(i) L(fu) 4 g(x))dr = JEf(r)d;r-i—Lg(r)dx.

R (D ATNE L EER .

() BT f(@o)+g(@TE ANB, (EEEZ) FBUE a, +0b, . kA

» q
L(f(:) + g(a))dz = >, > (a, +b)m(ENANB)

i=1 j=1

»
= S0 SmENANB) + 36 SIm(ENANB)
i=1 =1 =1 =1
=1 ;=1

= J f(I)dI—'—J g (x)dx.
£ E

EE4.2 HE)ER FHBHEATNES, ()R R LHIE
B AT 0] 787 £ o K, T

J j(I)dI B llmJ f(x)d_z', E = UE"
& kel By k=1
ER & (OFEAG=1,2,p) FBUE ¢, (i=1,2,-,p), 1
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)4
E.TJEkf(x)dxz llle:c,m (E.NAD

koo
i=

p
= E cm (ENA) =J f(x)dx.
i=1 B

(D) RN EHRS

EX 4.2 # f(o)F ECR ERyAERATI &% & X f(o)
E FL#B4SH

J f()dx
E

— wp{memuhuu%nhtm%ﬁWWﬁﬁﬁﬁ,

W< ()
z€E
X BRI AR oo 2 L:f(x)d:r <+ oo, MFR f(x)FEE L&

R, 8K f(O R E ER AT RS,

H1 28 SCA7 B AT R B R S A

(D) & f(),g(x) 2 E LI ERATIREE. & f(2)<g(2)
(z€E), N

J f(x)dx <J g (x)dx.
E E

hz) < f(z) (z€E),
M r(o)<g(x)(z€E), Nl H & X Al Al

j h(x)d1<J g (x)dx.
E E
I BPAS
J f(x)dr = sup [J h(r)dr}gj g (x)dx.
E ' f E

MO<f(D
z€E

X—FEEH . & f(OF E FEaam. R4
© HFHEE LA AT R F (o), f#15
flz) < F(x), x€E,
W f(x)7E E EArgL
@ #F (DOEE AR B mE)<+oo, | f(2)f E L]
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(D) # f() 2 E e ATl i 4. A J& E rhaf il 4,
JAJ{(I)dI = pr(f)x‘*(f)d'r'
HELELRITA
J'Af(x)dx = sup {Jnah(.z‘)dr}

W) < f()
€A

- sup ” h(r)dx}ZJ [ Xy (x)dx.
h(_r)lA(x)g/(:)z__\(I) A E
z€E

GiD # f()E E L% TF, N Lf(r)dx = 0; (%

m(E)=0, L_f(x)dx =i, )%Jsf(l)dx =0, f()fE E FJL

FA A E T
HIL LA —SIE BRI N TFEHE L
E, = {z€E: f(z) > 1/k},
il

LocE) =J ld;gj f(1>d,r<j Flide =8,
k Ekk E, E
&ﬁ] m(Ek):O (k=1,2,"'). “ﬂ‘i%@]
{z€E: f(z) >0} = | JEs,
=1

SBEIEBH m({x€E;: f(x)>0})=0.
EB43 # [ORE ERFRTRELN f(F E LR
JLFAb A R .
iEBl 4 E.={x€E: f(x)>k}, A
{IGE: f(:c) :+OO} = nEk.
X F A kAT
km (E,) <JE f(x)dréJEf(.r)dx <+ oo,
M T 0 1E E.r?7n(Ek):0- XU
m({x€E;: f(x)=-+oc0})=0.



§4.1 FERTREBHGRSH 135

EIE 4.4 (Beppo Levi ERHATRAEER) RAELEE L
{4 AR B AT ) o H0 31 -
Hi@) < folo) < - < fulx) << -0
HA }it{}fk(x) = f(x),x€E, N

limJ £, iy = J F(2)dz. (4. 1)
k>o0) E E

EB 5 f(x)%EJ:E‘JﬂEfﬁﬁIiﬁlﬂEﬁ,ﬂﬁLf(x)drﬁﬁ
YLHEN
Jka(I)dI<JEfk+|(I)dI (b= 152;*)s

B lim| £ o) e 158 X T ELBA B8 6 71

limj fo(dr < Lf(x)dr.
E -

b>co

BMAEL c W R 0<<e<<I,h(x) R" L 4L —3F 5 w] J ] B ek %, EL
hix) < f(2),z€E. id

E, ={x€E: fi(x) = ch(x)} (k=1,2,),
W{E, } & 3% n] Wi 451, B }irgEk=E. WiEEH 4.2 A[ 5

lich h(x)dx = (‘J. h(x)dz,
E, E

ko0

FRMAAERX
JEf,z(r)dr>J fk(I)dIZJ ch(x)d,r:cj h(x)dx
E, E, '

Ei
23 zimJ f,,(x)dx}c.[b_h(x)dx.
o) E
#LEXF L —1,F
lim fk(r)dJ:ZJh(.r)d:c.
E E

koo

R f (o) BRI E SCRP
liijf,z (x)dx > JEf(f)dI.

koo

b FR B, X R B AT ek AT 51 R U 1 BR 5 B4 B I
FF AT LA 4. A o diy 1 3 BT 900 ok O i S w0 R o 250 T 3 B
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i PR PRI 177 i 45 AR 43 38 38 v 1 2 45 R W] B 2 DA AT I ] BE R 50 AR
Ay A .
EE 4S5 (ROMEMMER) & f(0).g(@2 E LR
(ﬂﬂ%ﬁ-mﬁ%ﬂﬁ*ﬁﬁymﬂ
L(af(r) +BRg(x))dx = aJEf(x)d:r-*-ﬂLg(r)dx.

R MmEHE 4l aH, RRIEYW «=p=1 MHFEE. BEl
(o ()} (g (o) AR AT 0 757 20 pR B 15, BA
ELIPW(I) = f(2), ELT?(/}}:(I) = g(x), z€E,
T { i () e (o) 1T g A £70 AT 0 757 BRL oK B0 73 . HAY
}irz(¢k(r) +¢(2)) = f(x) +glx), z€E.
AT E 75T B o 5 AR o0 B £ e R P 2 4. 1 AT

[ 7@ +g@)dz = lim| (a@ +p)dr

= limjsgpk (x)dx+ }_i.rzcljscp,, (x)dx

LN
=J f(z)dI+J g ()da,
E E

B2 #&{fi(x)} & E ERAER AR BOHES], BA
}ijgf,,(x) = f(x), a.e. x€E,

1l limjsfk(x)dx = jEf(I)dI.

koo

ERA H0<f()<fi () Hl, f(x)7E E ER[FR. 2
g(x) = fi(x) — filzx) (k=1,2,--),
M{ g, () } AR £ AT AR ek B0 7+ 3] AT A

limJ ¢ ) = fila) de— umj gz dz
k>ool E ko) E

= s }img,,(r)d:c = J (f1i(z) — f(z))dz.
0 B

EER fLH(o=(fiD)—file)+ fi(2) , BiTA
‘ Jfl(x)dx:J (fl(x)—fk(x))d1+J Fuledllzs
E E E

L(f1 (&) — fulz))dz = J £ (I)dx—JEf,,(.r)dI.
g E
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AT A
ziﬁ;(Lfl (I)dI—JEfk(x)dI)= Lfl(m —Lf(.:-)dl-.

IR ] AR ok B i AR o 1B 2 A PR A9, BT LA P oG 3 2 A (5 50, B 4%
JIriiE.

B3 & f(x).g(x) R E LWIERTTIRE. & f(2)=g(2)
a.e. z€E, N

f flx)dzx = J g (x)dx.

E E

Rl 4 E ={x€E: f(2)#g(x)},E,=E\E, ,m(E,)=0,l
JEf(I)dI: JEf(.r)[XE] (x) + X, () |dx

:j f(x)dx+J Fla)dx
El EZ

= J g(x)dx+J g(x)dx = J g(z)dx.
E, E, E

BEE UM T 6.
L & fi(@), fola) -, fu(2) & E L3R AT B ek B, M

M F=(>) (fue?) % E L,
k=1
(i) G(x)= >, (fi(x) fi(@)*FE E EA#L

1<i, k<m

2. WIE: )2 R HBEa &S], H E,~E(k—>). & f(2) 2

E b &9E faa] il eg %,
L_f(x)dx - }imJEf(x)dx.

3. W{fi(x) & E ARG ] Bk 53, &
1imLf,,(x)dx —o,

koo,

-

Il limj (1—e **)dz = 0.
E

(1—e "<t,0<t<<H0o0,)
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4. B f(2) R E LR 6T BUR B AR 45 >0, 47 7E N>0,
it
Jrf(’r)xi-fEE: f(x)>N]| (x)dx <e.

n—eo0

5. limJ (1 + i)"e Bdy = J e “dx.
[0.n] n [0,4=e

6. IimJ z'dx = 0.
[0,1]

EE46 (BHBHEE) F{f (02 E FRYIEf ATl ef %
1,

[ Sr@de =3 fi@da, (4.2)
bl E

EBE 4S5, (0 = £ (S, ()} 2 E L e 6 AT
RN

limS, (x) = > fi(2).
e k=1

MR YE Beppo Levi 3 f i It 51 £ 2 %€ B8 LA B R 70 9 2 o 4 o
Al

| S i@z = lim| 5. 0)de
E¥= m—2) E

= limzj[ Pl ZJ Falz)dz,
i=1YE =1 E

m—co

#it4.7 BEECME=1,2,+),EENE,=FGF). & f(2)
R E= B Edtamm s

| r@rde = Joskfu-)cu - ZJ f@dz.  (4.3)

=1YE
k=1

UERR W BT E B ] 15

s

> f@di= 3| feors @da
Ey k=1 E

k=1

- Lfm;x,.;k (@ dr = [ flrda.
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R, 2 f(o)=1 i, bRt I BE 9 o7 $a k. X BLiE al &
38 3 G2 O R AE oR B BR05 0 BE A [ U AT L AR R AL .

Bl4 #E..E,..E, B[0, 1P, [0, 1 &K=
PETERESTH kA R<n) ,MFE E,.E,, -, E, PH —4 5
ERMERTRET k/n.

EM A € [0 10M A DX () =k, FTLA

Zm(E )= ZJ[ g, (2l = J‘, Ui}xg,<x>dz>k.
0, [0l T

g=]

HE— /\m(E,)%‘/J\:F k/n, W
SmE)<En=r
i=1 n

X ST F E AT i 73 m(E, ) =k/n.

EFR A6 FEH, RER— &ﬁlﬁ'ﬁﬂtﬁmﬁ!ﬂ oF 50T 2% B AT
B Sr. XA R4 TR B A,

EIE 4.8 (Fatou 5| )T 35 {f(2)} & E L #3E 7 T ] of £
5,

J hmfk(r)dx<hmJ' fi(x)dz. (4. 4)

E koo k—»o0,

WER 4 go(o)=inf{f,(x): j=k} . FKMTH
g () < g (x) (k=1,2,),
[TREREE:
limf, (x) = hmg,,(z:). x€eE,

oo

M AR #E Beppo Levi JE i @i 7+ 51 2 43 € B a] 7
J limf, (x)dx= J Eimg,,(r)dx = }imJEgk(I)dI

E F>=

= i J gi(x)dr < llm.[ fe(zx)dx.
E

ke

Fatou 5| B8 JH 71 Witk FR s B9 T B, f4n . >4 E B egE SR
AT eR L H{ £ (o) ) 1

o

@ X Fatou W18 32 (1906) Hr iy — 15| 3.
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Jflz(f)d1<M (k—_-l.z'.-.)
E
ff . AT AR 5

J limf, (z)dx < M,

E F=oo

T 5 B Fatou 51 28 A BN 555 2 T RE ARLAL .
G5 AEL0. 1] EAEAE BT Il ek 551

09 I—'O9
1
fhod=d™ ORI e o,

ﬁyzt,mf"u):o (z€[0,1) . HIEMNEAE

J limf,(x)dr=0<<1= llmL fr(2)dx.

[0,1] n—>oo

YER AT A S5 3, AT 45t — A~ BT I ok B0mT AL 55— SF
Ak,

EE49 & ()R E LKJLTFLLSRE R EE BT e85,
m(E)<+oo. fE[0, +o0) FAEMN T R4 -

0=y <y <o <<y < ypa <*»—>00,
HA oy — 3 <8 (F=0,1,+). &4
E. = {z€E: y, < f(x) < yenn} (R=10,1,),

W f(ofE E 2B Y HIUS%H

Zyml (E.) <+ oo,
i <]

llmZy,,m(Ek) ~j.f(1)d1. (4.5)

6—=0 b0

R HOAAAEKX

wm(E) < | f@)de < yiam(ED.

y !
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JiF UL 45 3

Zy,,m(E,e)gj f(x)dx < Zy“,m(Eé)
k=0 E k=0
= Z(ykq — yoom(E) + Zy,,m(E,,)
k=0 k=0

<8m(E)+Zykm(Ek).
FH U 7 BP AT R0 4598 AT
AR E AT m(E)<<+ocd & E b B9 3F 52 {8 v] il 28
BOEUL, B R AT B SEN T
S km(Eo) <+ o0,
Hp
E.={2€E: k< f(z) <k+1} (k=1,2,).,
BEE, #l{z€E: f(x)=k}, WEAH FRER:

Fl6 % ECR: m(E)<+oo, f(x)& E 3 SCE v I R
B f(oOFEL0,+o0) FAT ML ELGR

Em( x€E: f(x) =n}) <+ oo,
R 2n AFETEER AT,

> imUz€E: f(x) =n))

EZm({IGE E< f(2) <k+1})

n=0 k=n

2(k+l)m({16E k< f(z) <k+1)) <+ oo

=0

ok H %EE@JT‘QEDT

J f(x)dx— f(x)dx

J‘ lz€ E: k< f(2)<k+1}

Z(k+1>m<{er < flx) <k+1})

k=0
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= 2771({1615; f(@) =n}) <+oo.

=0

817 B f(o)R[a.0]8 EAERSEE T RE U (o) fELa b] EFTRY
HAX

Dinm({z€lasb]: f(x) = n)) <+oo.

iE ) HE.&E A @FELab] EATEL NS A f () # [a,b] E AT FL
=2
E, = {z€[a,b]: n < f(x) <n+1},

neEN,
w | JE,=b—a.BH

"Z:;nm(E,.) < ZL"f(x)dx = J’:u'bjf(.r)dx

< D+ Dm(E,) = > nm(E,) + (b—a),

n=0 n=0

Zn m(E,) < ZJ' fAaodr < 2(71+1)Zm(5 )

= Zn m(E, )+22nm(E )+ (b—a).

n=0 n=0

XA, f* () fELa,b] EATEIY HALY

anm(E,.) <+ oo, an(E,,) <+ oo,

n=0

() FEFEFEK
—an(E )+ Zn m(E,)

n=0

= Z"("“) (E,) = ZZ/m(E)

= Zkzmum = ka({IE[a,b]: () = kD)
k=1 =k k=1
B 45 BT iiE.
F ORADZE FWERLETURAE EXEENEEK . 98
m({zE€E: f(2)>n})>0,M#FLE g€ LE) ## fg€L(E).

iERl 4 E,={(2x€E: n<f(x)<n+1)

JH D m(E,) > 0 WA, fE {E
=i
{n,}: m(E, )=>0(REN). FERREL



§4.2 —HTWREHAS 143

(1/k*) » m(E, ). x€E, (REN),
g(x) {

0, xe( QE%)‘,
S gelL(E),.BHA

f g(@ f()dz>= ) Z—; =+oo (HEEn =h.
3 k=1

BEE HEH T3 a8 .
7. % () EGn(E)<<+oo) L ARG AT ALk B0, W f* (o) 7E
E Ew[FA.
8. W f(x)fELa o] ARG WM, W /° () FELa,b] 1 AT FR Y HAL
B
anm({IE[a.b]: f(x) =n}) <+ oo,

9. ®{fu(x)} 2 E LRI K51 & A
limfi(2) = f(2), file) <f(@) (2€E3k=1,2,),

Mxf EE—mil F4Ee. A
limJ’ fir(x)dx = Jf(l)dx.

10. HA(E,)CL0, 1 1R S, # m(TmE, ) =0, WX {E4 19
>0, fFFELO, LI AI I 74 A #HE m([0,.1\A)<e.HEAE

> m(ANE,) <+oo.
n=1

(#ED ¥ (@) <+oo, ae. z€[0,1]2.)
n=1

§4.2 — AT R B AR 7>

(—) BHOHEXNENEMER
EX 4.3 & (o) ECR iyl sk¥. &80
L_f"(f)dx. Lf’(r)dx
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hE DR A RA RE . R
JFf(I)dI = Jrf"(r)dx—JEf' (x)dx

R f(OFE E ErRS: Y BG5S B 0 HE A R, W #K
(O E LETRA.E/F (ORE FRATEEH. /£ E Eal i
PRE2KiEh L(E).

B FEX

L_lfuﬂdx - J’Ef*(z)dx—}—Lf’(r)d_r

JRSL BORAE f (o) AT 2T S f (O BRI AR | £ o) | i A AR A
REEMK.BA

HEﬂx)dz(gL |f(x)|dz. (4.6)
1 #F f()EE LA R EE, B m(E)<+oo, N
f € L(E).

HELE AR (D<M (€E), AT f(2) | R E LHIER
AT R R R

L[f(x)ldzgj Mdz = Mm (E) <+ oo.
E

i E A7 B AT R R R g s .
(D) & fELE) W f()FE E FRILFAAFRAY.
(i) HEE€EMH f(x)=0, a.e. zEE,N

JEf(I)d.I = 0.
HEE,FARHF| ()] =0, a.e. ,fFLL
U f(x)dx

E

(i) & ()R E FHAJ K. g€ L(E) . H| f(2) |<g(x),
z€E (g fF(o) M EEO W f€LE).
F5L b, A £ AT ek A FR 23 R AT

j |f(I)|dI<J gB)dz <t oo,
E E
HILATHL & fEL(E), eCE 2[4, N fELCe.

<L|f(x)|dx = 0.
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(iv) & fE€L(R"), M

limf |f(x)|dx = 0,
{zeR": |z| >N

WU AT e >0, F7 N g
j @l <e.
FELEGEEv={2€R": [z| =N} f(2) | Xp, ()} RAESR
Al R B RS HA
lim [ f()|2e, (2) = 0, zER".
B 1 1 |

lim| (£ |dz = lim [ () e, (@) dz

- L" lim [ £(2) X, (2)dz = 0.
¥ # fELE),BH Ex={z€E: |z|>=N},N
gLQJEHENf'<I>dI= 0.
XEENK f+ X €ELRY.
EE4.10 REMEMMR & /g€ LE).CERN

(i JECf(x)dx ” CJEf(x)dx;

0 L(ﬂx) I A qu)dx —I—Lg(x)dx.

iEB AGRBRE f(0)5 gla) BRELE R

() BHARK

@) = @+ £ /25 F(x) = (|flx)|= F(x))/2
SEEPRTEL: % C=0 B, (CAHT=Cf,(CH =Cf . RITFERHE X
DA K AE £ AT 0 oF FOAR 43 B9 R MR R L AT AR

J Cf(z)dx=J Cf+(1)d1—J Cf (z)dx
E E E

= ([ frde—[ ;@)= e
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W C=—1M.(—H =f (—fH =f".FEAE
j (— f(x))dx = J f'(x)df—j FHx)dz :—j F(2)dz.
E E E E
W<, Cfla)=—|C| f(x). H LRG58
LCf(x)dx: L _IE] Feryde =—L|C |f(x)dx

==|C| J fleddx = CJ f(x)dx.
E E

Cf () Wy a] B 2 01 8 0.
GD) HE.BTEH| (O +g@ <] (o) |+ gl |, #TH
fHg€ELE). KK . k&3
(f+egit—Lf+gl=fteg=Ff~F+g—g
f++f+g=U+g +f+g",
AT E 3E B AT oR HRORR 43 B 4R M R AR

J‘E(fﬂ-g)*(.r)dr-{-JEf*(:c)dz —}—Lg’(z)dx

= L(f+ £ (a)dz +Lf+(r)d1 +Lg+<x>dr.
H AKX P EIm A EA AR, BT LAl 0 55 3]
L(f(:) + g(x))dz = Lf(r)dz—{—Lg(r)dx.

KTERBHFER . RIE: & fEL(E),g(0) R E LA RA
WG f e g€ELE). XERMEARZER
[ f(x) « g K| f(2)] - sup lg(x)|, =x€E.

M EREERATHALZE FELE),H f(x)=g(x), a.e. z€E,N|
J f(x)dx = .[ g(x)dzx.
E E

PR e » 572 R P 2 T B B, S 22 B2 I T AR S LML
B2 & f(a)&[0, 1] By ATl R %, HA

Ji |f () [In(1 +|f ()] )dx <+ =,
0,1]

W e Lo,17).
B R TP FEL(0,17), [ RME % Tk 7 ALY £l i
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B EBRCEREAT (o) [In(1+| £ D RZL0. 1] 1 # ] B ek 5, HE
HERES ()57 BRXEEE In(Q+| () D=1 5| (2|
Ze— 1WA HEED | (| <e—1 8, FXIE[0,1]H 0 E
T A FREY B B e— 1 A< B R T o ek B L BE R B AT ZE R R S
X8R 3R A [R] 4 42 il oF 3K

R AE R

E, = {z€[0,1]: |f(®)|<L e}, E,=[0,1\E,
JUE: A (kST
If(o) < e, z€E;
If(|<|f(@|In(1+|f(2)])s zEE,.
XYL FELE)H fEL(E,) , AT
f € L(E,UE,) = L([0,1]).
B3 ¥ fELE),f,€e L(E)(nEN). HH
"liﬂ‘.f"(f) = f(z) (z€E), f,(©) < f.(x) (neN,z€E),

| limJ’ fo(x)dx = J f(x)dzx.
n—>oJ E E

EBH 4 F,()=f(x)— f,(x) (nEN,zEE),M{F,(x)} & E I-3E 1 #F
[ 88 F 0 BT AR R HL S, T el § 4.1 61 2 AT

= limJ F,(x)dx = lim(J f(1>d1—J fo(@)dz)
o) neoo \J E E

=J f(r)dz-limj 7. Gz,
E n—oo) E

R[4 BT HiE.
B4 ZgELE),f,€EL(EY(mEN). & f,(x)=g(x),a.e. x€E, N
J lim f,Co)de < h_mJ F ey,
E nee ==

UERR  fR¥E Fatou 5| # R A1A

L lim [ f,(2) — g()Jdz < lim (JE[f"(z) — g()]dz).
X i JF ll_m [fo(x)]dx < ll_m JEf,,(I)dI. JEEE,
B 5 (Jensen AFRX) % wlx)E ECR FWIEE T eF%, H
J—Ew(x)df =1; p() X E I=[a,b] LB CF)MRE: (O FE E
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LA, BES R(HCL % fweL(E),
¢(JEf(1)u'(x)d1)< Jsgo(f(.r))w(.r)d.r.
R EET o< f(O<b. KNTH
= qu)w(x)dx EL

(D) By € (ash) sl (D Z CR) AT A
() = o(y)) +k(y—23)s y € [a,bl.
Lo y 18
e(f(2)) = o(y.) +k(f(z) —y,)+ a.e. z€E.
1E FA ML, wla) JHE E FEF S, N

JEgo(f(I))w(I)dI > | pGw@de+4] () = ywia)dz
= (30 +4(| f@w@rde—y,)

= o(y,) = @(JEf(I)u'(J')dI).
Gi) # yo=b(H a) , 5 A
L(b* fGaNw(x)dr = 0,
HATE f(2)=b, a.e. zEE, T
Lgo(fu))w(x)dx = Lga(b)w(x)cix

— ¢ w2 dz = ¢(b)

— o(| fwd).

TE .
E  Jensen REEAFE R B por, AKX E T HLMERYE. TEHE -1
R«

BECR.Hm(E)=1,f(x) fEE FIEEWTHE,Bic A= JEf(I)dIJI'J
V1+A? gL V1+ fA(o)dx <1+ A
Lhr b EFE o) =1+, G Al () & CF) M R EL. AR 4 Jensen R
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2R (w(D)=D,4 (Aﬂ <J[ f'—'(I)d.r)

i o}

VIFAL (1+Lfﬂ<1>d.r)” = (L(ML/Z(I))(LT)lz

<L- mdr<L<1+fm>d1: 1+ A,

BEE U T 56 .
1. % fELR"),g€L(R"), M| A%
m(x) = min{ f(zx).g(x)}. M(x) = max{f(x).g(x)}

zeR" zER"

£ R" Al .
2. WA EXALEL0I]X0, 1] STk
1, xy ATCHE,

ﬂ“”:{a.wwﬁﬂﬁ,

il ﬂ f(x,y)dxdy = 1.
[0.1]2

3. & fELE), N

m({z € E: |f(2)|> k] :o(%) (& = oo).

4. | FELWO0,+0)),4 f.(2)=F(x)Xio.o (x) (n=1,2,
<) ) £ () FECO, o) FARMI WS T f(2).

L f(dr

5. @ fEL[0,17). 3 oo =j /9 dr U f(2) = CC¥
[o,1]

$),ae € [0,1]. (e(x—a)+e =e BHMNYx =a.)
6. & fELRY,BXMMEZERXIE I,id

fi=17| f@dz. B = tzel: f@ > £,

i Jllfm — fildz = ZL (f(z) — fdx.
EE 411 (BOWNEXSOATEATME EE M k=1,

2,),E.NE; =@ (i#j). # f(of E=JE. Ear#.u
=1

| f@de =3 s 4.7

=1 E
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ERR  RE € LE) LR AR o nT i ol B0 2 69 7] B0nT ot (e
w4 RITE

=0

Zj Figavde = J A (D)dr < Llf(x) |dz <4 oo,
. E

=1v E

PNITIF:!
ZJ f(x)dz= Z(J f*u)dx—L [ (2)dz)

=1 i=1 E,
= [ f*(x)dI—J F o= J oz,
E E E

Bl o (ATAREHFILFRALAFTH—FAZNE BHRE (o€
L([a 'b:l)- %er.'ff%:% Ce[a sb]»ﬁ

J» f(x)dz =0,
Lase]
N f(x)=0, a.e. xE [a,b].

R EHESWARL MAEE ECla,b].m(E)>0 H f()fE E
EHERETE AUBERAE L f()>0. /% F,FCE, H
77I(F)>09#é\ G:(a-b)\Fvﬁ'ﬂ‘]ﬁ

J'Gf(z)df+JFf(1)dx = Jl‘f(l‘)df = 0.
B [ fGde >0 Bl

ZJ‘  fadr = fifu)df 0,

SO G b} A G BB LK A TTETE o 78
{u , 7‘f(.r)d.r # 0.
T .
J fode£0 & J,, Sz #0.

X5 RBIEFIE.

Bl 7 ¥ g(x)E E LRI R E. A XHEER f€LE) &4 fg€ LE) .M
Br—AFME Z 5, g() 8 E\Z LA R R

FE LRGBS I 2 —EFEERBCTH b A
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m({z€E: k; <|glo)| < kin1}) =m(E;) >0 (=1,2,).
LAE A R 3K

signg (x)

o —a<r € E,

f(1->={l‘ e miEr (i =1,2,).
0, x € E;

B A

J.E|f(1)\d1‘: ’;ZlJ’Etlf(_r)ld_r

o 1 )
= me(E') <t oo,

Frl fe L'(E) JHRETH

m(E;)

XU fe€L(E), FIE. (& §4.1 6] 7 F8E)
EE412 (BomBaxtEEY) & feLE),MEAmM
e=>0,fF1E 0>0, 18 E hF&E e FIE m(e)<o B, H

qu)dx’gj 1f(2) |z < e. (4. 8)

R AUERE (=0, 1R4E €3 3. 9 DL #F5]  4 &
A A TR TAELA I e >0, 7772 AT T ] B R (1), 0<Wp(2) <
f(x) (z€E) .5

[ rop@dr= S b E) =+ oo,
- =1

s = _ £

JE(f(x) o(x))dx JEf(.r)dx JE¢(I)dI< 5

BAEKR o(x) <M, B 6=¢/(2M) |24 eCE, H m(e)<lo it ,BA
[ r@de=[ r@dz—[ gdr+ | g

QJ (f(x) —go(.r))dr-f—f p(z)dx
E e

= &

€ €
<7—|—Mm(e) <4 5

B8 & f€EL(E)(ECR),H

€
Ty

0<<A= Jsf(z)d.r <+ oo,
WA E o]l 75 e, 15
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A

Lf(x)dx =73

iEBR % E,=E((—co,1),tER,IFFiIC

iy = qu)dx,

) E AR 4 X SRR R TR B e >0, FF7E 6>0, RE [ Ar| <6,
]

lg(t+ AD —g(l)|<J Cf@ldx

EN[e,t+an

<J, |f(2)|dr <e.
Lest+AL

XU g€ CR). F R g() R RE . HA
limg() =0, limg@) =A,

oo r—>+oo

i 0<<A/3<<A,FFUUMRIEEL BB N EE TR F, FFFE to: — oo
t0<+00,1'§»f% g(lo):A/g:

g5} = J Fmyde = ig—.

EN (o011
4 e=E(—o0,1,) , Bl 15 FTiE.
EE4 13 (ROTENTERETHREE) & fC€LR),UME
B yER", f(xt+y)ELRY,H
| ra+ynde =] fde. (4.9)

iER RTEEE (=0 WIEE. BEF f(o) 2367 Al &
BRI -
flx) = ZC,XEE_(I); rER",
BRE

flz+3) = D ey (2D
B AR AR 7 AT 0 fR] B R 5, AT R

13

L"f(x—i—yu)dzz >iem(E; — {yo})

i=1
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= Z( m(E,) _J f(x)dz.
HW 2 i — Al S nT I ek B f (o). e 77 7 S 67 AT 0 757 8 R
B THH (e ()} B8 lime, (2) = f(2),2€ER". B (o (zty0))

k3, HAE
}Lr2¢k(1+yo) = f(x+y,),. xER"

PNILIE:!
| rea+ yde=lim| ge+y0da
—oa) R

= }imJ or(z)dx = J f(x)dax.
>0 d R"

B9 & fEL0,+o)), M
limf(zx+n) =0, ae zER.

B BH fGatn=Ff(z+1+G—1), U REZE[0,1]

Bl BV B L ST 46 th Z | fCatm) |#200, 1] EJLF
b A BB T . R BB B b

o

| ‘ZIf(x+n)|d1= ZJ, [fCx+m)|dz

_zj

‘I’ﬁlz |f(x+n) 46K = @R %R EL0, 1] LA LR, AT £ JLF

L&bﬁl‘ﬁﬂ‘] BV % B2 JLF- b sb W 5019

B —MEEFRARXE - NERE RS, AT 7 M =%
FAER . TEX B RIS 5 —FRERETE.

Bl10 & ICREXE,feL(),a70,id J={x/a: x €1},
gx)=flax)(z€ ), g€ L(]),BHEHE

Jf(z)d.r =|a| Lg(l‘)d.r.
I

R ) #F f()=t(2) EZTHHamE, e 'ECJ. i
q:x)::((ll'):xa IE(I)sﬁﬁ

IfCzx) |dx = L [Fe) | d <1,
1,00

[nuortl]
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=L
Lg(r)dr = Tal

F O AT f (o) 2 TR B A 0 o 50 L S5t A

(i) Xt fe€ LI, ¥ fa B n] W ok B3 { @, ()}, 45 @, (2)—>
f@) (>0, z€ D, Hlg, (D)< f(2) ]| (n=1,2,+,z€ D, W%
(D) =g, (ax) (€ Jsn=1,2,"), g (x)>g(z) (n>00,z€ J), ],
iA

m(E) — LJ F(2)da.
la|Jr

|a | Lg(l)dr: la | limjjgb,,(x)d.r

= limj 0. (x)dx = J f(x)dx.
n+oo) I 1
F % fELRY).aER\{0}. 1

f f(u)df:LJ Flodz,
R" la|™Jwm

BEZ RiEWH T4 8.

7. % fEL(R) ,gEL(R), A&
j f(z)dt=J g()dt, z€ER,
[a,x] [a,x]

nj f(x)=g(x), a.e. xER.
8. & fELR).ZEX R FAEEMA Ao k¥ o(2) . #A

Jnf(f)go(x)dr: 0,
M f(x)=0, a.e. zER.

(D) =Hll s ERE

2 | e S50 2 O BR 43 5 R PR W 1 S 4 B SR L B T2 4 R F B
JZBIN . B Lebesgue A EIRh B EEML R Z —.
EE 414 EHUHER) K fielE) k=1.2,-),HH
Ein}fk(.r) = f(zx), a.e. x€EE.
HATEE ERAT RS F (o) 75
i (< F(x), a.e. xEE (B =1,2,),
]|
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limJ f,,(:c)dIZJ f(x)dx. (4.10)
E E

o<

GEERR F() RREFN (o) iR H m L)
iER BA.f(OEE LMK Bl | /() | <F(x)
(a.e. x€EE)AH f(2)|<F(x), a.e. zEE. HIMlt, f()HEE L
B AT AR R . A R B
g(e) =|fil@)— fla)| (= 132;),
M g. € L(E), B 0<g,(x)<2F(2), a.e. xEE (k=1.,2,++).

R4 Fatou 5|3, KATH
J lim(EF ) — gy(2) e lx_mJ (ZF(2) — g, ()} dz.
E k—o o) E

A FCo) VAR g (o) #B2 Al FR Y L i LS 3
J 2F(I)dI—J 1imgk(1>dx<J 2F<x>dI—EJ g (x)dz.
E E k—-o< E k—=co) E

fﬁfj 2F(2)dz, FHERE limg, () =0, a.c. 2€ ETf#
E e

HJ g:(x)dx = 0.
kcc) E
HEiEsMZ:%;T:t(k:LZ;"')
H fk(x)dx—J f(z)df\
B E

& U folx) — f(.r))dx‘< Lgk(z)dx
i ,

S7 B A] L s PR A S5 18 L
EE O FEERERHERE D LPR EIEW T E R EIER

limJ 02 — Fead | de= 0. ()
k-+oo) E

Bla BATEFRKCOR fi(ofE E B L BESORSET f(o). —
Mkt 2 (4. 10) REEHEH GO iz (FEAE B TE A Bl A1)
Ak G K GO LR WA —EH
limfk(z) = f(2), a.e. x€L.

Al UBH fo (O F E EARTERST f(oOBEie. Lk B, H
FIHEER 6>0,i8
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Ei(o) = {z€E:|fi(z) — f(2)|> o}
A

am(Ek(a)):J adfgj |felx) — f(x)|dx

E (o) E (a2
éLIfk(x) — f(x)|dx =0 (k—>c0),

LA m(E,(¢))—>0 (k—>co).
i — 25 SURT L AR EE T £, () (548
}lm_f‘k‘(r) = f(z), a.e. x€E.
(i) b3 4 il W S30E B8 B — e ) R A R U S0E L
B fi (0} 2 E LR A R3] om(E)<A+oo, HXf z€Ef
gink(x)Zf(r), @M (k=1,2,,

W fELE), A
limj Pt j Fasde.

k>ox

HEAX — 5, RREEFR R M B2 E LAl k5.
Fl11 &% f,e€CV ((a,0) (n=1,2,--),HE

lin,(I) = f(x), lirqf,: () = F(zx), xz€(a,b).
# () F()fE(a,b) FiELE N f(2)=F(x), € (a,b).
W ARHEEGQHN—IREFELA f(O=F@ M. A,

mua,b)cfrm%m@[c,d].ﬂia
= (z€[csd]: |fi (2) — F(@)|< 1,k > n),

5MEA E, BH%. Hlc.d]= UE T AR 38 Baire 5 7 GEH 1. 23) W 41,

A ne URIKE [ d ], ff‘r%E DEL Jd' 1T
If;, () —F@I|<1 k>=n), z€ [yd],

B k=n B f] )L d ] b — B0 R ke R
J—,,;f;(‘)‘“:fb(f>—f.<c’), d<zr<d
T A R )
[ Fwa=po—5y, ¢<a<d.

FE AW xE o R Tl 1%
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F(x) = f(z), d<xz<d
HP 45 BT EE.

EE4 15 R ERZREZEHNESEERE) & fL€LR) (k=
1.2, .H fi(OFFE R ERMERS TS (o). HFE FELR),
15

lfi ()< F(x) (k=1,2,;a.e. zER"),
n fFEL(RY).HE

koo

R (PRIERERE HIZHATLEL. DB e REERER
ERG W A F I HAFE K 78 e >K i A

[ 1@ = f@ e <e
R

ﬁ#ﬁ!mgﬁﬁﬁlvﬁﬁ{fﬂ(f)}vﬁig‘
lirr}f,,, () = f(x), a.e. z€ER",

MTHE | fi () | <F(2)H1 4 i—>co, Bl FELRD,B| f(2) | <
F(x),a.e. xER".

HK B R MRINE -

() i FEL(RH AT M 77 N, #18

J F(x)dx < <.
lx: |z| =N} 6
HARFEIE X —4) k=1,2,-- ,thF
J |fi(x) — f(2)|dx
{x: |z| =N}

limj Sfr()dx = J f(x)dx.
R R

< ZJ F(x)dx < =.
{z: || <N} 3

() B F(O R4 E S FTE 0>0, Y m(e)<
PO RE ]

JF(I)dI<%,
EAR R X —) B=1,2, LA
J |fk(1)_f(I)|df<ZJF(I)dJ<%,
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(ii) FEF B=B(0,N).id m(B) =1. t fi (x) 4 B e 8% F
FCOTH, M e/BD UK 8, GE E.={z€B: | fi(z2)— f(x)|>
e/ BD DML K, 4 k=K B, A m(E) <.

(iv) Xt k=K 431

J"|f,z<x)~f(z)|d1
R
:J |fk(1)-f(_t)|d1+JI|fk(I)—f(.r)|d1
{z: |x| =N} B
<i+j Ifk(.r)~f(1)ld1+J |fi(2) — f(2)|dx
3 E, B\E,

€ € € 2e € _
< 3 + 3 _’_JB\Ek 3[CLr< + JBdI =

T
¥ MFE FRMERST FELEWIERTRERI f(0)) &4

limj fi(X)dxr = Lf(.r)dz.
. y

koo
il limL fs (2) — f(x)|dx = 0.
ksl E
ic mk(.r)=mi’n{fk(d1r),f(lr)),M,,(I)=malz({f},(Jr).f(:r)};ﬁl'JXQL >0,
& B r€E

F{z€E: f(2)—m(2)>6)C{z€E: | fi(x)— f(x2)| >0} A m. (2)FE E
AR BE SR F S (o). HEEE] 0y ()< f(2) (z€ E) 1] 1%

limJ- my(r)dr = J f(x)da.
ko) E E
NHEHKA M ()= f(2)+ fe(x)—m (x) (z€E),fTUUH

J- M, (x)dxr= J- f(.r)dx-FJ f‘.(I)dI—J mp(2)dr
E E E E

*JEf(I)dI (k—>o0),
G MR fi () — ()| =M, (2) —m () KA

limJ e = FCad e = limJ' M, 02— limj sy Lol ==,
ool E ko) E ko) E

-si 1
12 J —ISME gy = o( = ) (n—> o0, 1.
Bl 0,11 14 (mx)® ’ 0( n ) " Sl 2

B zmj‘@ : %dﬁo (nwoa), &

g@) =14+ (nzx)* —nz™* (g0) =1,g(1) =14+n"—n),
5 AE 1<e<<3/2 H n KB g(o L0 1] P A RE A NTITE n R4 K
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i, A HEAS
nrsinx 1
0< 1 g\/—r_— (z € [0,1D.
R 45 il Wi S5 7 B A5 BT E.

2 2

B 13 J{ l{izzd.r - u(%)(n» o0 ,a > 0.

2 2

iERR AFHE I = llmJ %—dl =0 Bi7. 4 u=nx, M|
Fasoo) T

2
u
ue

.[ oo) l+u / de _J-jo.mx:’m"t)(u 1+u /71 d

EEF
liﬁrVnX:m,-t,, () (1 +u*/a*)7! ue*"2 =0,
0L Ximosony WA+ /) ue™ Sue™ (0 uto0),

A we ™ FEL0, +o0) b AT L, SOAR B2 45 B e S5 3 B 45 TS

BEE WA TFHIRE.

1. &feC([avb])vgoe C([a;b])sFeL([aqb])!EX;} IG
[a,bjyﬁ

limg, (z) = ¢(x)s ¢, € CP([a,b]) (n=1,2,).

Lo @ = @@, | f@g @< F,

P anai ¢ (x) = f(2)p(x)s, x € [a,b].
2. Ik B e B { cosna JHE[ — 7, o) AN MK I BE SCSTF 0 1.
3. & fELW0,+o0)) ik UFE B k%K

[ SO
2(x) ijﬂdt

FE(0,+o0) Li#EEE.
4, & fEL(E),id E,={z€E: | f(x)|<1/k},iAIEH
‘!HI]J | f(x)|dx = 0.

5. W fHg€L(E), fi ge EL(E),| fi () |<M (k=1,2,+),

L|fk<x>—f<x>|dz»o, (= 50),
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JE|gk(I)—g(I)|dx—>O (kb —>c0),
2 iE B
Llfk(r)g;.(.r) — f()g(x) |dx = 0 (k — ).

6. % fL€L(E) (k=1,2,),H f, () E F—FW& T
f(2). % m(E)<<+oo,iRiEH

limJ filx)dx = Lf(x).
E F

ko0

#iL4.16 (RMMRHOEE) & fLEL(E) (k=1,2,).&5F

iLlﬂ(:) |dz <+ oo,

k=1

WS o) #E E LT A8 B iE AR ROy £ 0 fe
L(E),BA

> fe@dz = | s, 4.1D
=1

ER R FC = S £ (o) |+ ol 4E T 0 8 0 75 L
4355 TR

oo

| F@dr =3[ 1@ ldz <o,

B FEL(E) , \Tfil F(x)7E E R JLFAbab A BRI, X 65 iﬂ (@)
fE E LRI, iR RRECH £, T B

If < imml: F(z), a.e. zEE,
i fELE. B

RS g, (=D fi(x) (m=1,2,), 1
k=1

lgn ()< i|fk(.r)|< F(z) (m=1,2,-).
T2 o 2 S T 4
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Jf(.r)d.r=J Bmgs {z)ds
E

E m—==

oo

= limjb_gm(r)dx = ZJEfk(I)dI.

m-=oo =1

EE4.17 (BHYSTERS) & f(z. ) BEXE EX(a,b) &
BIRELEEN s MEREBAEE EEATEKER vy BRI (a,0) &
RO M. FHHFE FELE) . #18

}%f(x,y)}gf’(x), (z,y) € EX (a,b),

il ij f(r.y)dzzJ’ if(z,y)da:. (4.12)
dylE E dy

iER EEBUE y€ (a,0) LA hy—>0 (k—>o0) , K ATH

fimg LIV R) = 2550 D 5 2eE,
k—>oo hk dy

i B ks KE, TR (T P EEEEE) .

‘f(l‘v}""hk)_f(l"
hy

AT He 4 ] i e 28 ] 45
I a—

y)lgF(Jc), z € E.

f(-ray—l_hk)_f(qu)

. I dx

= J if(.?c,y)clar.
E dy

Bl14 & f(),f,(0)(RENFE R ELEH. HX R FE—THE
E. B

lim| f,(x)dx = J f(x)dzx,
E E

o0,

W lim £, (2) <f(2)<Tim £, () ,a. e. z € R, (LT 51, % 77 46 75 <f":: (x)}:
klimf,,k (x)=g(x),a.e. z€R, M f(x)=g(z),a.e.zER.)
iR fE g,(1)=s‘§p(f,,(1) yy B4
p(x) = limg,(z) = m fa.(x),

M 2AFHEE Em(E)<t+oo) b, A f(o)<p(x),a.e.x€E HIT].
() YE5%E P=(z€E: p(x)=—o0},P,={z€E: g,(x)<0}(n€EN),H
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. (BB T p(o) . P= | J P,. WAHEB KM% FCP, 394

n=1
J f(x)dxr = limJ Fildde< limJ g,(2)dx =J p()dx,
F ko) F kool F F

MIATAE f()<p(x),a.e.2EP,, ARA f()<p(x),a.e. 2EP. HEF|
p(x)=—0c0(x€ P),# m(P)=0.

(i) # p(a)=+co,MBH f()<pla).

(iii) FH—co<p(a)<+oo, M4 Q,={zER: —m<p()<m} . RIA

R=|JQ. BHABREEQ, L /(5 p() MM

1% S, =1(Q,: g, () —p(O <1}, Q, = | J S.. st XA F st
n=1

f@O<p(I(ES). HAEE p(2),g,(2) gy (1), B —BAHR, T LA
(CEd|
lim| g,(zx)dx = J p(x)dx (FCS,).

F F

n—oo,

EEEF

J‘ f(x)dz= limj’ foldx & limJ‘ g.(2)dx
F ko) F k>oo) F

= J.Fp(x)dx (FeS,).
Mg f(O<p(x),a.e.x€S,. YR , WL R FHE.
Gv) W FHR—AEFX, R/EE

lim f,(2) =— Tim (— f,(2)).

F O (@)=e =2 " (EN) f,EL0,+o0))(nEN),HET
BAaEXAE:

[ S, (v ij fo(@)dz.
Lovteo) 3T =19 [0+

BEE WU T
7. % f()7E[0,+oo) FAEHATB, BA EC(0,+o0),

J.Ef(x)dx =1,

il Jf(x)cosxdx;é 1.
E
8. & fELR),f,€L(R) (n=1,2,-),HEA



§4.3 TREHEESRHGEEZ 163

L|f"(z)—f(x)|d1<iz bn =xladeody

n
| fo(x) — f(x), a.e. xER.
9. &HI {a, ) iR a, | <<lnn (n=2,3,+), 1

J Zan dx_zlnn

[2,420) =2

10. #E XAE EXR" BIRE f (2, W R -

() X—4 yER", f(x,y) & E &Y AT I oK % 5

(i) XffgE— 2€E, f(z,y) & R b HI%ELE K%L
BRI g€ L(E) 18| f(x,y) [<g(x), a.e. x€E,N|pR%L

F(y) = jEf(I,y)dx
= R S R B

§4.3 A BURR KIS HELE RN K AR

MAT 0 o B0 3 2 oR B R B DI BR R v, AT LA T B R B S i
EPRB — 3 R R EW A B T i — 2P 058 AT A ek B0 P o

EE4.18 #F fCLE) WM ES >0, FER FHAEE
{1 3% B2 PR g (o) L i 45

J |f(x) — g(z)|dx <e. (4.13)
E

iRl BT fELE) .MM TEAH 0. 5MAFHER FEAE
SAE ] W ] SRR B o () LAY

_ €
Llf(r) o(2) |dx < 5

AW | o) | <M AR JTysun E B HEL  fF7E R* L HA S 4
&SRB g (o) 18 [g() | <M(z€R"),HA

m({z€E:lp(x) — g(@)|> 01 < {50
PNIEIEE:
J lp(x) — g(x) |dx
E



164 #%w% Lebesgue 2 9

- J lp(x) — g(x) |dx
r€E: |gln)—g(x)| >0

< 2Mm ({z: lplx) — g(2) [ > 0}) < %
&iF.&IMNA
Llf(x) —g(x)|dx
=) JE|f(I) — () idI+JF|¢(I) —g(z)|dx
5 e
< > +? = .
FRFLERRE SELE),,MXAELH W >0, 777 f B4

flx) =g@+[flx) —gx)] = filx) + f,(x), zxz€E,

He fi(o)Z2 R FEAFEZENELERE, | () |7 E EWES
NFe.

#HiL4.19 & fEL(E),MFAER LEARLXEMEL R
ﬁﬂ{gk(x)},ﬁﬁ

€D) }irgjslf(x)—gk(z)ldzz 0;

(i) ,}iq:gk(r)Zf(x), a.e. x€E.

HiL 4.20 & feLLa, 0D, MFAEHLLELE (a,.b) NN ESL
PREF (g () ) TS

M limJ | FCz) — g o) | dz=03
[a.b]

koo

(i) }imgk(z)=f(1). a.e. x€[a,b].
Bl1 ®ELR).EZXN—VR FEFEXENELRE
o(x) B
Jnnf(z)go(:r)dzzo,

N f(x)=0, a.e. zER".
R CRARIEE. AUBRE (OFEAREMNE E A 0<
f(o WA e B B EMELRET (g ()} 17
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1imj NXe(2) — @ (x) |dx = 0,
R

oo
€l €= Talvsls
I}lmgo,,(x) — XE(I)9 a. e.IeE.
BT f(De(0) <] f(2) |, z€E, 8

o<J Fladde = Jnnf(x)xg(.r)d:r
E

= limJ @ e ()dz =0,
R

koo,

FaE.

Bl2 ¥ feLla,b]). HXHIXETEa.o) W EH MK E—RE (2,

#HAE
| f@e! @z =0,
M f()=c(HFH, a.e. € [a,b].

HERR XHE R SRS (anb) NI ELE R B g () o fF h(2): LERAE (anb)

AIEZRECEHE]  hode=1.%

plz) = J _g(l)dt—J‘h _h(t)dt . J g(dt, z€la,b],
[a.x] [a.x] [a.t]
A o)W EE(a.ON . BH
qD’(I) = p(L) —h(I)J gwdt, z € [a,b],
5]

T i 7 ‘

0= f Af(x)go'(z)dI:I_ f(x)(g(.r)—h(.t)J g(t)dt)d.r
[adb] [a.b] b1

— J. f(r)g(r)d.t—J f(O)h(x)dx » J g(x)dx
[au5] [a:6] Las5]

= J:M: (£ -JM FORD L) g (2)da.
Ak RATH
f(x) _J.[n.bjf(t)h(l)dt =0, ae zx€[la,b],
B45 i UE.
EE4.21 (EHEEM) FH f€LRDJUA

lim| [ £z +h) — @) |dz = o.
R

h—=0

(4.14)
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ERR 4 eSS0 4E0M (o) =fi()+ fo (), i fi(o)E
R' P BAETHEMELERE, [ (R

J |f2 () |dx < <.
R" 4

T A@OEBFEXERR—BELERE. 5 HELE 0, HEY
|h|<<6 Bt . H

Lnlf, (x+h) — i) ]dx < %
M EATH
JR"If(JmL h) — f(z)|dz

<[ InG+n—f@lde+| 1LG+m = @ de
< —;“Jf‘L"'fz(I"‘h)|d1+jn,,|fz(l‘)|d1

=i+zj [f2(2) |dx <e.

2 R’

B3 #F ECR 2FH R4,
limm(EN(E+ (h})) = m(E), hER".

FBR EERIERE X (o). % F hER EIE

xE+(h) (z) = X}_‘(I"h)v Xgn(5+<,.,, (x) = XE(I_"I) e XE(I) )
PNIDIESS

mCEN(E+ () = L"xEu) s o Ce =)z,
A A

m(E) = Jnnxe(x)dJ = Lnx:(z)d.r,
BT LA
m(EN(E+ {h})) —m(E)|

<L" | Xe ()| [Xp(x— h) — X (2) |dx
QJR" e (x—h) =%z (2) |dux,

AR 48 T B B - 2 eV AT L A 0 | 0 B TR, B0 BT E.
#iL4.22 & feL(E), WHFERA R ZEMNBHRES
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{ge(x)} b AR
€)) llrpgok(x):f(x), a.e. x€E;

(i) }imJE|f(I) — @ () |dz = 0.

iER AREEE 418 AT AL XMAEA ) >0, 77 R ERA R
XEMELE R g (o), 7

j |f(x) — g(a) |dx < £.
E 2

AW g (o) S T HAH I

[:{I:(tl LR o —ko<§;<ko(i=1y'"m)’ko =R
W g —BUELE AR MEIER A E XE ST I WIS ek 5L
o () fH78

p(x) = DXy (@) ngm — () [dz <
Hobh B LaUES T T e k. Am&RITH
Llf(.z:) —o(z)|dx

<J5|f(r) —g(x)ldr+JE|g(1) — () |dx

<L+ lg@ —p@lde = £+ £ =
FREM e=1/k (k=1,2,--), 3t Al BB B A & 5 8 B B ok 251
{SO&(-T)}Jii%
E-IEJElf(I) — @ (2)|dz = 0.
X¢{£%6>Ové\ E&(U):{IGE: If(r)-gok(xﬂ}a},ﬂ'JEE:F
am(E,,(a))éj |f(z) — g () |dx,

Al HJl m(E, (6))—>0 (k—>o0) Bl {g. ()} PE E EAR B W SLT f (o).
% Riesz 3 3. 17, 4 (o () ) P FHLF AL ST f (),
it F 50 2 (D 5 GD.

# 4 (Riemann-Lebesgue 5| BRI &g, (2) ) Ela.b]
GRS eI PR
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(1) g, () | <M (z€[a,b]) (n=1,2,+);
(D) MEEH c€la bl . B

limJ. g,(x)dx =0,
n—=2cJ [a,c]
WXHEER f€L(La,b]) H
limJ flx) g, (x)dx = 0.
n—=>2c] [a,5]
TEEE AL HY >0, T fEB B 8K (o) » A
_ _E
J[a.b]|f(1) () |[dx < Ve
AWk (o) fELa,b) EAHFRR
4
plz) = Zyix[,iﬂ_ll,(x)q z€[a,b),
Hi o=z, <z, <-<z,=b.HN
3
J gp(:r)g,,(:t)dz’< 2 y.J g.(x)dz |,
[asb] =1 [.ll_le'-]
HMBRE AT RFFAE no s 24 n=>n, B, ERXAW/ADNTF e/2, LA
€
H[a.b]go(x)g,,(x)dx } = oo = .
%Evg n=n, N91§@J

U f(r)g,,(x)dx‘
[a,b]

< Uf ](f(x)—go(x))g,,(x)dx‘—i-H (D) g, (2)dz
[asb. [a.b]

<MJ |f(:c)—go(x)|dx+i<e.
[a:8] 2

Bl s BiA ) BELES,H A, —>+oo (n>o0), M H4E
def

A

{IER; limsind,x ﬁﬂi}
M E.

iER 4 f(o)= lil?ix,q(r)simn1~16 R, W LG AL EER m(B)<
+ooly T4 B, A (F R iksE )

JBf(I)d.r = limJ’BxA(I)sinA,,Id.r = 0.
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X f(x)=0, a.e. zER.
H—rhm. KA

J fi(x)dr = limJ sinA,xdx
B neood BAA

= lim —J' (1 — cos2A,z)dx
n BNA

= LB T AT — T lj costxd
2 nece 2 JBOA

= %m(B n A.

AT A m(BNA) =0. EEE B LR, L8 m(A)=0.
F LB FEEESE FHN-BARTBREEI (). BREA
lim| f,(2)dz = 0 JERE—FFU S, (2)) HFWE
‘lif:f,,k () =0, a.e.z€E.
Bl6 & f(oR[0,1]EMARTHRE. HH
I":J ' f(x)dz =0 (n=1,2,-),
[o,1]

M f(z)=0,a.e. z€[0,1].
Bl 4 F(o)=zf(x)(z€[0,1]), M5

J'[ _‘I"F(I)dl‘ =0 (m=0,1,2,).
0.1]
M E HE—Z2 TR P(o) A
f P(OF(x)dz = 0,
ro,1]

HAE HEER g€ CUL0, 1D UK >0, A ELT X P(2) f#15 | g(x) —
P(x) | <e(z€[0,1]). Btk , ®RA1H

U g()F(x)dx
[o,1]

J‘ (g(x)—P(x))F(x)d.r‘
fo0,1]

<[ g -P@IIF@Id< eJ[ |F()|dz.
fo.1] 0,11

O MR TH | g@F(dr = 0. XRHE s MR RIH
fo,1]

F(z) =0, a.e. z€[0,1], f(x) =0, a.e. z€[0,1].
B7 & f(FREIERTTERE N

() fFTEHIEAIESIF, ) . m(R\U F"):O.{ﬁﬁé FEC(F,)(nEN);
(D) FAPEE XAE R B B L REF f, () -
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< fi@< L@ <K f(z) (z€ER),
{14 limf,(x)= f(2),a.e. xER.

B (D) fE ¢, € C(R)(REN) fH 75
Llf(f) —g (D |dz << 4™, ’li.nl¢n(1) = f(x), a.e. 7€ER.
B4 ZCR: m(2)=0,limg, ()= f(2) (zER\D).
BTG, : G,DG,., .G, DZnEN) m(G)<2 ", LA RAEHE.

F, = [) (2€R: lgui () — . @I<2*)\G, (EN),

k=n

BRAE F,CF,.,(n€EN),H ¢ (0 F, L—B8F f(). Bk f€CF,).

Fassim( (|JF.))=o.
PR L3 RENE W, ={2€R: |, (2) — g (2) [>27F), 0 W, &FF

£, H Au, (<2 gy (D) — (D) | (ER), U K

wak (p)dxr < 2"L|go,,“1 (z) — ¢ (2)|dx
<z*“ |f(:)—¢k,1(z>|d1+J |f(x>—¢,<1>|dx} g+,

% R\F,CG, U(UW) B 1A

\U ﬂ(k\F))

(i) & F, R0, f,(x)=f(z) * Xe () (nEN).

§ 4.4 Lebesgue f24r 5 Riemann fA4r 1% &

ZHRAICLEA FE T T Lebesgue FUAHIS, TEHE— A
3% — P ) H A N A LLRT, AT B R 38 78 B 5 Riemann 43 ) 5%
R EX—KRTUH—ANARKEKE, EALBH Lebesgue B4 2
Riemann F 53 i — R4, 1 B oA — A 5 5K Riemann 7] F4E
PRAE T — > 187 B A 0 o U A e — 4 E TR 7E X E A B
Riemann B4 BB ) F A F L .

B fREXAE T=a,b] EWA FRB (A} RXT La,b]FT
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8 73 500 7 51«
A" a=x" <zx]” < e Lz =b =12y
A = max{z{” — 2" 1<i<k,}, lim |A™|= 0.
XA U En. &4 o
M = sup{f(x): 21 <z < "},
m® = inf{f(z): z° <z <<z},

M XF f(2)# Darboux k. Ff4, FIRZERX LT -

3
b n
f(x)dx = lim E M (" —z),
a oS =1

|

k
b 8
f(z)dx = lim E m"” (z{" — "),
. s

3423 W f(0 BN [=[a.b] FBAH REHLIE ol
B FofEla.b] kBRI GRED A

b b
le(z)dx=Jf(.r)d1—Jf(1)dx, (4.15)

Hp e o(@)TE I Y Lebesgue FR47.

R BER f(ofEla,b] LA RE, T w(x)Ela.b] LK
AHREL W S LSO 7 TR o) 2la,b] L 7] 5 oF %K
Hit w€ L([a,b]).

XF T A T U0 2 R RS (A L R R

() {Mf") —m®, z€@Z,z),
wym (x) =

—

0, A B,
(i=1’2,‘"ok,,.n=1,2y"').
E={z€lab]: x BA" (n=1,2,) B4+ }.

BRmE)=0,HF
limwy» (2) = w(x), z€ La,b]\E.

BMAEICABERN f(OFEab] FH E.FHA . T —Y n. H
s () <A — B, BUHR 35 #5 fil fie S5 28 (i i of B0 5 B0k 0 vl 41

limJ wa» (x)dx = Jw(r)dr.
—— 1
H—Hm.HRN
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k

le;\f"’ (x)dz = ;(Mf") —m” (™ — M)

k
= DM (2 — 2B — D m™ (2 — 2,
i=1 i
BT LS 3
b b
le(r)dr = limj o Gl = J f(x)dx—f Fl)aa
n—=oc) | a a

EE4.24 FH (O REXFELab] EAFREN £
La,b] I Riemann A FEr B LM R f(o)fEla,b] LA E SE
WERR &M & f(o)fEla,b] E 2 Riemann A] FAHY, W £(x)

i Darboux | . F RS AHZE , M T th (4. 15) 50 AT 0 J’w(r)dx —0. A

Hw(x) =0, w(x)=0, a.e. xE€[a,b]. XA f()fEla.b] I
7 LA A 2.

ok #H fOfEla,b] ERARELESERTME N (M
P 8 R B () JL A 4b % F %, AT B (4. 15) AT Al

Th b
J f<x>dI—J Flads ZJw(I)dx — 5,
a a I

Bl f(x) W) Darboux b, FfHZ, f(2)FfEla,b] & Riemann A
.

bR X T a0 ] A R KRBT 5, H Riemann 7] 1
M I IE H 2 oK BUFE AS 3 B2 05 b MRS BT B, TR RO T R 4k
SR A

EE4.25 # f(0f I=[a,b] k£ Riemann a] FHY, W f(x)
fELa,b] EJE Lebesgue AT FRMY , H LB fE AR [F].

iERl HE RMIEBRUKL ERER, (o) FEla.b] R ILF4b
fbiEZER). Wt ()2 la.b] ERA F AT EE. FELCD.

Hk 3t La b AE—4r %1

Ara=x, <3y < o< x, = b,

HAE Lebesgue B4 X 43 X A9 AT 4, AT
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n

Jlf(r)dr = Zj‘l
i Moom, 535000 f () FELr, o2 ] B8 EUFHR, WA
m(x; — xiq) < J

(i=1,2,+,n) ATl AT 20

f(2)dx.

f()dxe < M (x; —xy)

Z":m,(f, —Tra) 2 [If(,r)d,r < iM,(.T,' ey )s
T A B AW X — Y] k] A KB TR A L BNAE 3
Jlf(r)dx = th(l‘)dl‘ = be(x)d:r.
XUt f(o)fE[a.b] I Lebesgue ﬁ]\ﬁ'—% Riemann 34y 2 AH 25 ).
8 SR, AEAER,M f(2)%E[la.b] EH Lebesgue 45,
Hig A
be(x)dx.

EORMTABS A ERE T RGE:
B ()& R ERA R RS, HAREANE. &4
flz+y) = f(z) « f(y) (z,y€ER),
W f(x)=e"(zER)".
ERR HERH ()= () O, f(O)=1. FEFH f(2)Z0(rER),

4 F(z) = Jlf(t)dt (z€R),Hik a €ER, f#1H Fla)#0, U4
'r+a 'a
F(I+a)~F(.r):J f(t)dl:Jf(1+t)dt

— J:f(r)f(t)dt — f(DF(a),
F(z+a) —F(x)

F(a)
BB £ REEREL I FECT (R AT (x4 3)=f(2) f (3.
R y=0, 8118 £ (2)=f(2) f (0.8 a=f (O, A H(f(x)e ) =0, f(0)=1,
WA f()e “=1.B118FriE.

BEE HKUEH T 56 E .

1. % FC[0,11&2H%E.H m(F)=0. X, €R(0,1].
2. & f: [0,1]>[a.b ]2 Riemann A] fl g% . g€ C(La.b]), M|

flx) =
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g(f(x)#[0,1] I Riemann B[ 4,

3. W (o), g(x)#pE[a,b] - Riemann 7] A K %k, EC
[a,b],H E=[a.b]. %E

flx) = g(x), x€E,

il be(x)d.r = Jhg(.r)dx.

VAR 2 e 0] A F R EH) Riemann B3, Xt F JC 5 ofi 5
H R BT DL R e 55 XK TE] R CE By LA R T B SR A & — Ff
fE Cauchy W BR = U F i FLr B4R .

+00 A b eE
J Flide— Ji’E‘J Fleids, Jf(.r)dx = lirr}J Flayde,

b
e>0 Ya

i~ AR W, B Lebesgue B4 48 2 4 Xt Ut 85 69 L 4.
EE4.26 WIE S EEamES, HiFER E, X
feL(Ek) (kzlyzo"').

#i R E.i..‘i‘.J,.; |f(o) |dx f77E. 0 fEL(E), HA

Jf(z)dxz limJ‘ £
E kco) E,

EW BH @ L () R AR, HAT
lim| () lte, () = |7, z€E,
B7 Bt Beppo Levi 4 4 7151 U4 s B AT
[ 1 1de=tim| 17¢o) s, (22

b
Bl fELE). X FAEE FA (k=1,2,-),
lim f()%, () = f(@)s |f@e, @ I<If@]
AR B0 42 T A Sl R ] 15
Lf(x)d.r = }irgj Fladdz,

E,

LR EHEP NS E BEEKLMRPH E =[0,k]
(k=1,2,),E=[0,422)),H f(x)FTEEA I, L# 2 Riemann A
TR B, A B &1

= limJ [tz i <o,
El
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limJ | f(x) |dx <+ o0
k>cad 1,

RS BATREAT B it 39 Riemann $43 | /(o) dr 485 Le-
besgue f143
Jf(r)dxz limJ. Filadde
E kwoad I,

HIE.

WRE HE R, ERITE RS (L BRI G, B R
HFIFE E.

THEMAE T R EERE (B Cauchy EX T ) B0 5
Lebesgue Bl C H R 210 K &

Bl1 & f(2)=sinz/x, WEFELO, o) LR ERDH

sinz, _ ow
f & =g
EE (k] Jﬂ S‘Iﬂ dz =+ oo.
0

X FEL[0,+00)).
B2 & f(x)=2z2"sin(1/x)(x€[0,1]),
() # «=0.0 FER0,1]);
(D & «=—2,0 f()£EL0,1] L # R H B4 F74E 5
(i) & e>—1,1 FE€L0,1].

1
B3 k1=[ 2% g,

ol—x

BT 0<o<I WA — 2 = S lne, B

I—= =

1 i
J x" lnId.r:—J te rhrdy

0 0

=— ] JJ nte”dz — L __
(n+1)2Js (n+ 1

2

1 1 5 ; y
JO (_ 1 irl)d.l' = ;J — 2"lnzdx = Zm = %

T A I=—x’ /6.

# 1 @ fELE,BE=JE ENE=3G D &N E, %
a=1
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4
J.‘f(l‘)dl = ZJ Flx)dz.

n=1

Lt 25 9 X I BB S0 R — 5 2L 9 xﬂsceuz&ﬁE( (s 3HSO B)

% o —In2, 4%2 S0 3 e 4 90 7 A RO R @ I

E, =[n—1,n), flx)=

(;nl) n—1< x<n.neN),

*AA

—In2 = J f()dx £ ZJ Flx)dzx =

ﬁiﬂ%ﬁ—ﬁfﬂﬁﬂﬁ#’-ﬂﬂ%fimfﬂﬁﬁﬁﬂ‘l@ﬁﬁ%ﬂfﬂ%.ﬁﬁ/z\ﬁt
AR BRI R B A X X B T BRI . Bk, AT A BRI EB A X R — F R
A3 BRI E (RIS B FR SR AN Lebesgue B2 I HE T G150 37 X6 AR 43 IX T %
AL R R 4 X FR RS B R AFAERY.

2. XFE XAELab] FHBRE f(2)  g(a) /\F(I)—max {f(x),g()}. &
frg€LLa b)) M FEL(La b))% fog€R(Lasb]), M FeR([a b, H#
f(@),g(o)#ELa,b] L REF LW F(x)fELa,b] EA—E E L

3. % fER([La.b)) ,g(x)FE[a bl FER.BH

m({x € [a,b]: f(x) # glx)}) =0,
{H g(o)fE[a.b] EA—E Riemann d] F1 . {6 {1
1, z€Q,
flx)=1. g(I)_[O. co (x€[0,1]).

x

4, & fEL(0DHEER . A—FHFLE g€ R0,1D,#18 g(2)=f(2),

a.e.x€[0,10]. i, B0, 1 ]h — P ELABMENEME E, HS f(2) =2 (2)
O<z<<D .

Jlf(.r)dz =m(E) > 0.
Mert R FE g€ R(0,1D,BF gla)=f(2),a e z€[0,1], I 4 5 %
{z€[0,1]: g(1)=0}1§E[0-.l]“Pﬁ%-ﬂﬁ{§Jlg(x)dz —o.

5. La bl PAFERME E, 3 FAEEN fER([a,0]) . E b f(2)HiE
.
R idla.0]NQ=1r,}, HAES %
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E,=|Jo 2" +27"") (meN, E= [E.»
== m=1

M m(E,)<2 ", H m(E)=0. B3 f(x) Wik 5E cont()HEHH G,
2., H m([a,.b]\cont(£))=0. # & Baire HE M., 7] 8 cont( /) BPE R,

La.b\E,(meN)ETTAWHEE.ERG, £.[a.b]\E= U ([asd6\E, )R E—

m=1

MNE. NMEE cont( HTINE, B cont( HNEFD.
BEZ KU T 54 i .
4. B¥ f(x)=sinz® FE[0,+ o) L ARTF . R : EE

Jm \f‘<1)|d1:ir Ising] 5 -, 1
VaDx 2 (n-Dx «/? - \/nn'.

Y4.5 HHGH5RKBIH KR

MREFRSEZBRPOMELRERESM P REEWIREZ
—. #f Riemann B9 H# S, R f(x, T [=[a.b] X[c.d]
HLE P LER

b d
Jlf(x,y)dxdy = J (J f(.r,y)dy)dz

a 3

B AT B M R EAE Lebesgue U B P RKPM EBH—
Fubini % 2. 2R #E B e 8 BB B A X B i TR £
Al 1 X — B = A MHE .

(—) Fubini &
AR — et , BAT% n=p+q,. K p.qg RIERH
R?, z= (EI'EZ’""EP);
R, y=(&u1bpzsmsb)s
R" = R?* X RY, (x,y) = (& s 418150 5E,).
IFicE XAE R EReREL f BB A

J f(I,y)dIdyZJ f(x,y)dxdy.
R xR? R"
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BIMMEMmEMEEZ. FX
Jnnf(r.y)dfdy = jRP dIJqu(I.y)dy
o Bf JCSZ. 2
M i AT T — F EREFENWE X AW f £ R ERHA

S HIRAINESR (o y)7E R AT s A s R o 2R EL 4, B
flx ¥t y £ R EF, BT

J f(x,y)dy
Rq

fE = £ R” EHIBUT. B BELRIE [ ) fER v B9 R EFE R
AT EAE Ry

j Flasy)dy
nq

BN x WIREAE R? b2 ATl 69, A BB 76 M 2L Bl R B & B or I
HARSF ) [0 BR. 515 % I 69 J7 i — FE L 8 St il o BOR AR T A
. RATRE T RIE M e .

EHE 4.27 (Tonelli B, HATMERMER) & (2.2
R"=R"XR" |- {3E o AT i ok %5, W A

(A) S FILFaAE cER?, f(x. VEHR y BIBRERE R LK
£ AT 0 R 4K

(B i Fy (o) = [ £ Crayddys W F, o) R L (0 5T W
@
(C)J F/(I)d.I:J de f(:r.y)dyIJ f(x,y)dxdy.
R? R? R? R"

PR S A B AT 0 ok 2502 I £ AT 3 R B ok S0 T 5 B AR BR B LA FR
AT SR AR SR T A 5 B o 5K s K L PR K B Al AT 3 ek 0 A R
B 5 k. R A 5| 3 AT DA R B A E B AUA 15 A B — 2, ATl
2 &M (A, (B) R (O RAE S AT I sk B 2K 7 (BARIEZ).

5|3 4.28 () & fE€EF,Ha=0,Maf€F;

(1) % f1 vsz-'ZWJ f1+fz€-7;

(i) & f.g€F, f(x,y)—g(x,y)=0,H g€ LR,
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f—g€%;
(V) & fL€EF (k=1,2,), filx, W< fir1 (x,y) (=1,
2, HEA }irpfk(r,y) = f(z.y),(x,y) ER? X RY, M| fE 7.
R RER L. (D5 GD 2 B AL,
(i) FA g€ 7 Hal#, BT LAf (O [ Al F, (o) 2L 4b4b A BR
. i AR (B AT A X LA b o, g () B y B RETE
R FRJLFARE AR, TR M ER
(f(x,y) —glx,y)) +glx,y) = f(z,y), a.e. (x,y)ER"
SLEHERR f— g B R KA (B) 5O,
(iv) (A) BER AL

(B)J f(z,.y)dyzklimj Fubmaihis
RY —eoo) RY
14 69) J Sz y)dxdy = }imj Sz y)dady
R —-oo) R
= 1imJ dIJ Filse,0dy =J [umJ fk(r,y)dy}dx
k—=co) R? RY R? [ k—»oo) RY

:J drj Iimfk(f,y)dyZJ de f(x,y)dy.
R’ R? koo R? R’

EIE 427 BUIER B EHE 42T WEIRBIEAT SRR R L
e mT I R R R T 7. R ARTE S 3 4. 28 Giv) TR ATT R 7 48 Ak
AT & SR AR T 7 BI AT, Xk 5138 4. 28GD , L FR 1 R UE 8
fE—nTi4E E R ERE X - (2. ) BB T 7:

WD E=LXL,H P L, 5 &~ R 5R PHEK BR.H

L,xg(z,wdxdy = m(E) = |L|X|L|.

HAh A 2 €ER? X (. y) BARE R ERAEG AT i %, H A
|I|s z€EI;s
0, =
T AT A F, (o) R? b i 3 $7 ] ) ok %, LA %

J F (x)dx = || X|I.].
R/'

F(z) = {

XU X € 7.
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(i) % E £ R PFF4e. 0 E = |J L. Bk I, RERMZM
FIFH A X € 7

HLLEAE = JL, OUKEIHE 4. 28GDATH X, €7 X
WAESIH 4. 28GV) AT A X € 7.

(i) # E —RA M. N E AT RRIPANARITEG DG)
By 24 T (2) DA K5 | 3 4. 28 GiiD) AT 1 X € 7.

Gv) BAE, R AT 4E A5 B m(E)<oo,id E = ﬂ Es.

# A, €F (k=1,2,+) | X, € 7

FELE A X, B S Xe B S BARLT 512 4. 28Gv)HY
TIE B 77 2% o FH 45 i Wi S5 24 B AT ARHIE.
(v) % E Z2FME N X € 7.
HE L FERBTES(G) .G DE (k=1,2,-) ,f#1%
lim m(G,) = 0.

e
4 H= () Ge. M1 GiD) B Giv) 11 %, € 7 X EC H, 3 3% 8 5
mCH) =0, RATH
[ de| xuCeawrdy =0
A K
| xpcenydedy =0 = [ e xetamrds,
B e W R RO, EiRFREHEH XL 2ER? A
Fi@ = [ tp(rydy =o.
AT 7 B4 i X JLF- AL b B 2 € R LH Xp (20 y) =0, ace. (FRY.
XU X R RMEAE B X €7

(vi) & E€ M0 Xz € 7.
FLEJHR ERTLLRR AP EARMZHES B
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Ez(ng) A

HbEgAF, BRARAE . m(2D)=0.4 K

UFk. w1 (i) B &
=1

KUF GO T EAMEIER (€ 7. &g . RIEFRX
Xelxsy) = X (xy) + Xz (xsy)
S EPEE X €7
FE O FEEHL2THIEHAT, HE 2R HyeR K
¥ 450 RAE AT Rk, SE B B3R AT AT 48

J’ f(I,y)dxdy:J dxj f(.r,y)dy———f dyj f(x,y)dax.
R" R? RY RY R”

(D) & f(x.y) BE ERGAE G nT I p& 8. W o] B f () Xe (e AR
BEM 427 8 f(x.y) . RATE

JEf(I,y)drdyzj dAz‘J [z ) Xe(xyy)dy.
R” R?

FEIE 4.29 (Fubini T, AREHMER) & f€ LR,
(x,y) ER"=R? XR*, |

(A) MFILFLEE 2ER, f(a,y) /& R AT TR EL

(B) 84

J flx,y)dy
R'

2 R Ry Bk B
©) &MA

J f(r,y)dxdy=J de f(x,y)dyZJ dyj f(x,y)dx.
R" R R’ R? R’

E 2 flz.=f"(z.3)—f (.3, WARHEE 7 7Tl oK %1
) Tonelli EEAA, f (.35 f (. DHE EREHA).(BS
(O.FEEIFANRTERZA R, AT LIER L ZEE ., IF L
B 45t 2 A 4538

F L EHFH RS B RS B R 7 s B4 X E AT
wig.

2. BMfE fa, BN BRBFHEELMEE, f(r, ) ER EHATEREAR
np .
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3. Tonelli & ¥4} Riemann B4 R . filtm . & E Z[0.11X[0. 1] 5%
EOHE VA TARMMERELZZ E T8 XERK
1, (z.y)EE,
0, (z,»EE,
5% fER0,1]X[0,1]) ,{HFK {14 (Riemann F4})

1 1 1 1
J dyj flx,y)dz =0 = -[ dIJ’ f(x.y)dy.
1] 0 0 0
4, B ()= f(& &, £V HEIFER B(0O,»CR" FHRER

k ko k
F@ = DD ay iy zhalteead,
18}

(ko ok )=(1,,
kl k’l)

flx,y) = {

B4 f(2)=0(z€ B0.r),8 2 m(f ' (0)NBO,r)=0.

R (D) #Fa=1 W0 fo) RFEE TR {z: [ =] <r} k057K %L
F(E(—r,r) ERRRSE. it MR f£0. 04 F 1 (O R—PEZ A F 4.

Gi) Xt — i n R AP ME:. BE n=1,2,-- N—1 %N E, Hid E=
£ O N B, K&

Ey = {(§ & 186y1): (646 28y 126 EE),
M| 4R 4% Fubini & # 1] Al
my(E) = J‘r my_ CEy)dEy »

H om, (AR Rt di4E A 9 Lebesgue ) .

BAE A & E (—rar) Bl (& 26w aby 1 ) N 6.8, 6 IR
BAE RY A Ey B 0,0 my (Ey) =0. 4R I9 903 . B 75 BT iE.

. KA JLP A n X n B B AT 0 A7 [ B 45 F . X
LA R R FFTA nXn B BT R 2 S 010 m,2 2 B

Bl1 % fEL0,+o0)),a>0, A%

=2 oo fon o
J SinaId_rJ. f(y)e’f.\'dy:aJ S(y)dy

0 o a®t+y’
R AN
JO sinaxe*"ydxzaziy,_, (x>0),

JiT LA R ) B Dt A CRR 43 AT A e vk B AT

A oAl BR B sinax f(y)e = BEARIEGAE N E5T
BRI AR, SRt BOH 46 % (8 9F K X« R R T 0. X
0<<o<<X<<+oo, WA
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X e
J J |sinar « f(y)e = |dxdy

V0

X pteo -4
<[ rwlerdrdy< x—a[ Irldy,
dJ0 0
X UL sinaz f(y)e @ fEL8, XX [0, +oo) LA FR.RATHE
X o x X
J sina.zd.tJ f(y)e ®dy = T f(y)dyJ sinare “dx.
8 0 8

0

EEFOREERE P EEHR)
Jkeﬁ-"sinaxdrlg %, 0<<o<< X <+ oo,

)

A % 1 W SE B R A
4o o0 X +o00
J- sinaxdxj f(y)e ®dy= lim J sina.rdxj f(ye™dy
0 0

0 30 3

&0
X—+too

oo X
= limJ f(y)dyj sinare @ dx
0 s

+o0o oo
= f(y)dyj sinare ' dy.
0

0

o0

B 2 f e dr = ¥,

iEBR Al A f(x,y):ye—(|+,z,,-zE[O’_Foo)x[o,+oo)tg”5ﬁzl
Al fF LAAR 4 Tonelli 5 B a] A1

[0 = (o s

W EXZEw R w/4. T4 A

([“erar)([ e as)= (]

B3 X xER '(n>1)ERB(z.DH
(zy1) = (21 yx2 9 sy st)ER",
BWERR HEAHE >0, HE
A= {(azsah): 3€E,0 < a< 1}
BLLE MR h HTUAH 0 (.

m(A) = ’LIM(E).

A

Joo . 2
e dr) .

0

B Y(r.)EAM.x2=azt=ah W E a=1t/h,az=1tz/h. T 4
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0<t<h W, A

def
A, — (zER™; (z,)EA} = {hiz: €E}.

S5 m(A)=G/D" 'm(E). e[ 15

m(A) = JR”XA(u)du = J’ dtJ Xz da
R R" :

' dt

h
— [ af 14z :J m(A)dt = ’"‘f’j
R Ja R h

. 0

= im(E).
n

BEZ AT M.
1. % f(x,y)TE[0,1]X[0,1] F a1, iE A

J: (J:f(f,y)dy)dx == J: (J-L‘f(xgy)dx)dy.
2. # A,B & R i 4 A TE W
LJ"“A —{z}))NB)dx = m(A) « m(B).

(D) RAWILAEX

REFGE B0 5 00 B2 R AHE f. T 1 R AR 8 i (—) o iy BRI R (K
YERR RS AP R S R RS (] AR Z B B R IEA BB
IRCE-3"

EHE 430 BERR=R"XR FHE,MEBH zER 4L

E(x) = {yER’: (2,y)EE},
MENREEE AMBRE. F ERTHE, WX JLFALN 2, E(x) 2 R
I, m(E(2) & R? FOLPAb A & LR 8w sk ¥, HA

m(E) = J m(E(x))dx.
”?

iEBl R FAE Tonelli EHF 4L =X EA153E.
EE4.31 HE 5E ER 5R FHWME, N E XE, &R XR
BT & HA
m(E, X E,) = m(E;) « m(E,).
iERS BA
Xe, () * X, () = X e, (2535
Fr LA REAER E, X E, & R? X R? A 4, W f1 Tonelli 5 ¥ 57 B 0
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m(E, XE2)=J‘ Xe xe, (x2y)dxdy

RP R
= J Xe (I)d.l’-[ Xe, (ydy = m(E,) « m(E;).
P 1 rR? 2

BAEHKIEW] E, XE, J& R” XR* FHATIEE. i F E, X E; 7] LARR BT 20 54
£ AXBHIIFE K A.B RAFHAELTNE. AT IHEPAEE .

(D) ARTWE. Hr, X FHESH >0, T1E R FEFEES (L) LK
RY FIFAERFIL T, ) fEEAS

UII:DA’ Z|IAJ<E-

UJ > B, u | <+ oo
AR AXE R XRY 0T, %, BTRL. T R

m* (AX BY< m( U (L x 1))

< DLl ZU.!<52U,I.
k=1 i=1 i=
XULH AXB & R XR? i i Rl 4.
(i) ASB#EEARALE. 5H AXB & R XR? tif £, 2Tl 4.
it 4.32 (AT EHERMONE & ()2 ECR" EEEfSE T
PREL ME
Ge(f) = {(z,y)ER™' . z€E,y = f(2)},
HER y=Ff(EE LB, (EE.EZLR PHEE.G(NE R FHM
£ ORMNA
m(Gg(f)) = 0.
ER AWk m(E)<-too. MR 6>0.4E40 44
0, 8 28, *+=» k&, (R+1)8, =,
& Ev={x: ko< f()<<(k+1)8} (k=0,1,---). BRE

Ge(H) = | Gx .
T %

m* (G (N D m" (Gg, ()
k=0

< Dlom(E) = ém(E).
k=0
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i o B4R E T A
m(Gg(f)) = 0.
EE4.33 (BOMLAEY # f(»E ECR MA@ Rk, ic
G(f) = Ge(f) = {(x, ER™; zEE, 0 y< f(2)},
BERN y=F()fE E LW THBER. R4 FTik4E.
(D) & f() T RELN GOHRE R RKTHE, BA
m(G(f)) = L'f(.r)df.
(i) & E 24 .GOHR R gy a4, 0 £(o) 20T ek ¥, HA
m(G(f)) = JEf(I)dI.

X IF /& Riemann $143ob il 321 8608 10 AL I HET.

R (D # f() R — AT T4 b AR AE o 80 4590 98 LS. M X F
AE o AT A R RS R (B EE AR TR E LW T RS T
FERA T LT I BB, 2, BATEE T Wl & 5 R 508 751
{on ()} WBLTF f(2), Bk

}irp(_}(¢A)UZ:Q(f).
Z = {(z,f(x)): zEE) C G ().
WA fHEREGe(NHE R PR E, FrUAGH AU R il 4
ifi & A
m(G(f)) = ;}j.n.lm((—;(@)) = E,TJ-EW(I)dI = JEf(.r)dI.

(D) W H=G(N & R PRl 4. i 28 4. 27 A AL X LA b i ye
R, B H(y) & R gl il 4. ERATAH
H(y) = {z: f(2) = y},
B —FMAE R K y EHUS, (2 (O =y BATIE. XiEH ()’ ECR
AT e AR AR (D B 45

m(G(f)) =JEf(.r)d1.
(=) ERABAH . SHEH
B (R g(a) & R™ R AT ok %%, 25 FL 40

L"f(x—y)g(y)dy
FAE JURRICRR M h f 5 g BB IEH (S * 2 (o).
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HE.XEY f(e—y)E(x,y) ER XR" | 7] I p& %L
EE4.34 #F fLgELMR)JMf*g) ()W ILFA it rER”
B (g (@R FRAHER.BH

[ p@lde< ([ Ir@lde) (] leeldr). . 16)

B BHXE.E f(0)=0,g(x)=0.lAR f(x—0g(t) & R X
R* | B AT 0 ok 55, BT LAAR 98 A £ 7T I oK 250 Tonelli € 38 7] 15

J er f(x—t)g'(t)dt—:J dtj f(x—vglt)dx
R" R” R" R"

[ -
| flx—t)dz

JR"

= J g (t)ds
-

=J g([)dtJ f(x)dx <<+ oo,
R" R"
X Cf * @) (o) L FFECHERRD B A

[ rrorde=[ gwd- | ferde,

R R" R

HW 0 F— i, AR
ICf * @) (D] (fl*]g)) (),
NIIEE)

jnl(f'*g)(r)\dx'gj (Uf1*lgh (@) dx
R R

= J |f(.r)|d1j lg(x)|dxr <4 oo,
R" R"

Bl4 (BRBEZERE) W ECLR). g(x)fE R LA HA
WL, F(o)=(f*g) ()& R LR —BUESE RS
MR Agid|g(o) |<M,zeR.FKNH
|F(z+h) — F(2)|

= H f(l'—i—h—t)g(t)dt——J flax—0)g()de
R" R"
<J"|f(1—t+h)—f(1‘—t)||g(t)|dt
R

gMJ lf(t4h) — f(D|dt—0 (h—0),
-
EIA5 BT IE.
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BIS(LATERBE) LROPAFAEERE u(o) HEM—1 f€
L(R),EH

(ux f)(x) = f(x), a.e. TER,
AERR 0 BOIES:. BORAFAE w€ LR E R AT, & % T HL 6>0, {15
J‘i‘\u(r)ld1< 1.

HW 3 LR PRI [(0) =X s (2) 50

flo)= (ux fH(z) = ‘rau(I—y)dy

:J”ju(t)dt, a.e. zER,
Hit A v €[—0.0]. 18
1= flzy) = ﬁ”:u(z)dz.
R, — A E.ERMNXE “

1=

XG‘FE 104»6 28
j u(r)dr‘gj Iu(t)|dz<J luCe)|dt << 1.
—28

248 %58
X—F E R R € LR #H83—] fELR) G
(u*x H()=f(x), a.e. zER.
Bl 6 & f(OFER LA .ECRHE=R EMEZEa€E.H f(zta)=
f(x),a.e. cERMBFEFR C.#E f(2)=C,a.e.zER.
R HERE f(OFF. BHiftle ()R LR FHRE RS (S0
FATI65EX 6100, WA f,()=Ff*¢ (OFER LESE, HE
fulz+a) = f,(x) (nEN).
Ml E MREE . /TE f,(0)=C, (z€R). RFAE(EFMHFI EF fe
EMY
}inzf,,(r) = f(z), a.e.z€ER,
B EATH C,>Cn—>=c) 0 f(z)=C, a.e. rER.
H 3 — T il sk g £ (o) A R 3
fl), [fDILn,
0, HAt .
SREA f, (o) ¥R 8RB AFE G fE515
f.(x) =C,, a.e.x€ER.
HAEAE n, 1§ C, #0. U f(2)=C, . a.e.7ER;

¢

X —4Y neN,C,=0,80 f,(2)=0, a.e. zER, M f(x)=0, a.e. xER.

filzx) =
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FEXTARRTTMEE F(O MBS PF S D8 A H RS g
(z€E: f()>t) WA RMAR. AXE . RITHEEMRASB A —FKR.E
MG R A T L0 7 (8.

ENX 4.4 & f()FE E _LAr, m#x

f- Q) =mlz €E: [f(D|>a)), A>0
HfAOEE FSHHEE. BR. . QR0 +o0) | AYI$ I ek 5.
EIE4.35 % () E LA U3 1<p<+oco.f

J' lf()lPdr = pJW} AL QOd. 4.17)
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MG AT ZE B A RE Y o LA, LUE T 45— b3
FETREAFIEN IR,

EX 5.2 B f(o) e XAE RS = i — 4B K SEE R
.4

D' f(z,) = Tim Flto A1) = fze)

h—=0" h

B, filma) = fip £ T80~ Sl
=+ h !
h—=0

D fm) = fim L2 TW = M)
h0 h
. ) —

Do fa )= lim £ })l flz) |

h—=0

@© Weierstrass fEsRE 40 F :
W(z) = Zb"cos(a"ﬂ:r). TER,
=0
Hepa BRABLO<H<1 flidg . W) ZE R EAKE %S B ab>1+3/2 B, W(2) R

Ak &b AT
FEBAR AT LU T 3R 56 T = £ B0 — 55 10 e #4834 S8 A T o o BB 1) 7

Br, >0k =1,2,), D, <too,%
k=1

flx) = Z T, COSNT

=1
He{n, )i Rinfln, /ng: k2=1)>1 (B) Hadamard $30). % f(o) FEE— S AT 0 n,r,
—+0(k—>0),
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SRR ENHK (OFE 2 ANELSE, ETEH. ELSH,ET
S%. 588 Dni®(B)¥. BRA

D' f(x,)>=D; f(xy), D f(xo)=D- f(xy),

D' (—fH)=—D;(f), D (—f)=—D_(f).
e Ah 25 1 P94 Dini 0% % F R — A BRE W £ xo SZF
#1328 D' f(x) =Dy f(xo) NERME, W f()E x S HSFEF
;%5 D f(z)=D_ f(xz) RARME, N (D 2 SHWEFE
FRAE.

Bl 2 & a<b,a <b NEERE

a_rsinzl-l—bxcoszl, x>0,
& x
f(.l-) — 09 x=0,
T | ’ 2 1
a xsin® —+bxcos® —, x <0,
Z x
1 1
3 ——— £ =
T (2n+2)7t<1\2mt

W scos(1/x) K sin(1/x) ATBLE]| —1 B +1 Z[E 8 —YIE, &
D f(0) = sgp(asinzf}—l-bcoszﬁ) = b.

kUt , A D, f(0)=a, D_f(0)=da", D™ f(0)=0".
B3 & feCla,b]), MFFE z € (a,b) LA FEH kb, 15
D_f(zy) = k> D" f(x,) B D flz) <k <D, flxy).
R i A=(f()— f(@)/(b—a) , IFEHE F(x)=f(x) —kx. 5 FEC
([asb]),BH

_ B —f@ 1 B
F(a) = f(a) %0 = o (bf (@) —af (B),

F(b) = b—_l—a(bf(a) —af (B)) = F(a).

M HFFAE 0 € (asb) ff F(zo) Z[a,b6] b F(o) M SR EER/AME . NTT14 2
D_F(x,) >0, D'F(z) <0 (x, ABKMELD,
D: f(x) =0, D flz) <0 (x0 AH/MEL

(BE.E ¢ () FE B g(2)=¢(x) +¢(2), M D7g(x) = D* ¢(x;) +

@ Dini(FERFEFERK,1845—1918).
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¢ (x0) s Dig(x)=Du p(xe)+¢ (x0)) B
D_f(z0) Z k= D" f(z0) (xo ABKIER);
D. f(xy) = k=D f(xo) (o HE/AMELD.
E L& f(o)RLeb] L3RRS, N H Dini § (6F) FATH ;
2. #&
Fe) = i'x, ;ég gCx) =— fl& (ZER),
W D™ f(0)=1,D" g(0)=1,D" (f+g)(0)=0, i Al
D™ (f+ g)(0) # D" £(0) + D* g(0).
FEIH 5.2 (Lebesgue EI) # f(2) BE XFE[a,b] L EH
CEAED) BRI f(o) AT R ENTME . BF

b
Jf’u)dxg (b)) — fla). (5.2)

ERR BATESCEMS X F (a ) L F A4 2. B

D_f(x) = D™ f(x) = D, f(x) = D" f(x).
Ak, RFIEH FRBA S5

E, = {x € [a,b]: D" f(z) > D_f(x)},

E, = {z € [a,b]: D" f(x) > D, f(x)}
B AFMENT. X F E\ 5 E,, RFIUEH m(E,) =0 BpA], K 438 i
T —f HEER D (—H=—D, (HFMD (—fH=—D_(f),
m(E,) =0 gtrl A AT# #E . id Q. HIER MEE JFX E, fEafdn
T

E, = |J {z€la,b]: D' f(2) >r>s>D_ f(2)).

TsEQ.
Fig A=A, ,={x€[a,b]: D' f(x)>r>s>D_ f(x)}, W m(E,)=0
BIIE B 3 45 S UE B m(A) =0.
YEFF&E GDA B m(G)<(1+e)m " (A). M FHE—& z€A,
BT D f(x)<<s. 8 h>0,f815
flz—h) — f(z)
—h
Hep g h AT LIRB RSN, FAGBEx—h, 2 ]G, BRI Z X
E[z—h,z ] 2EEBE—1 A K Vitali . RIE Vitali BEE

<5, (5.3
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BEA R XHELR 89 >0, F77E B A AHZE (9 X (6] 4
Lx; —hiyxi ]y (22 — by 12 ]y vy [Ip_hp ’Ip]’

(HE
P
m-(An U[xj—h,,1,])>m*(A)—s. (5. 4)
i=1
4
Zhi<(l—|—s)m'(A). (5.5)

B A Bz, —h;z;) i@?ﬁﬂ(s DX, T UAEATAE
fC(x)) — f(x; —h;) <shj, j=1,2,,p.
FEER G SR, EIE

P
Df) — fla; — k)] < sl +e)m” (A). (5.6)
j=1

?
Xig B= AN U (x; —h; ;). ERIAEER yEB, D" f(3)>r,

VIFEFE k>0, ﬁ %[y yrHE]ETFTHEAN(x,—h v x)NBHE
f(y+k;—f(y)>r, (5.7

He b AT LABUR TR/ W anst 2 X 8] [y, y+A 18 2K 5 & B
B Vitali H. A Vitali B S EHWES . 7 EE LA
X 6] 26

[yisyn +hids [y2sye HRa1s ooy Lygry, 2,15
B8 Dk >m (B —e. BFBA v, HBRG. DR,
. i+ k) — f(3) > 1k,
AT AR (5. 1) R AT 78
i)[f<y,-+k..>—f(y,-)]>r<m'(A)—ze). (5.8)
EEE f(x')zf;eiii%%&u&[y,,yiﬂLki]@?%/l\(xj—11,,1,)W,
EF:
Z(f(y +E)— f)) < Z(fu) fCx; —h)).
?%glfﬁ(a.swﬁ(o.s)ﬁ %aﬂu%iu
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r(m* (A) —2¢) < s(1+e)m” (A).
e MBS, FRETR rm” (A)<sm” (A). XHH m* (A)=0,%
nmy r>s FIg.

HKCHRATFIESR G, 2R, i LR, £ (o) fEla.b] ERILF AL
A E U AREE £ B R, AT £/ () >0, a.e. € [a,b].
ML

falx) = n(f(x—%%)—f(x)), x€[ab],
HPNEY >0 0. F f(2)=Fb). HH
) =00, lirgf"(r) = f'(z), a.e.x€E[a,b].
F & Fatou 5| #n[ 15

b b
J [ (z)dx <11_mj F Ce)dz

N>

gli_mnﬁ(f(r—i—%)— feo) )da

R

:u_m(n'[

n—-cc b

b 1

e a+%
Feaids— n.[ f(x)dx)

—lim  £(&) — njﬂ+%f(x)dx)

n—>co

L f(B) — f(a),

M (5. 2) ST p e SE BRI £ (o) R JLF AL b A R AL B ()
= JL T Ab AL AT i Y.

TR A, B pR B LR A A AT R X — 2518, — R B A
BERHE.

Bl 4 & EC(a\b), B m(E)=0,&AT7] LIME—ELa,b] I %S HiB B
R¥ f(0) . f#E8 f(2)=+4o0,z€E.

HELE . ME-ITHRAE 2, RNTUR—IE8 ENARTEG, . #5
m(G,)<1/2", Ak ek ¥

fulx) = m(La,x]NG,)s =z € [a,b] (n=1,2,-).
BR.EBA fL(OFZERKBEMBEE f.(0<1/2". HF
falz+h) — fo () <|hl (Al T,

B (o) RS . PUAE AR R 3
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oo

flx) = Zf,,(x). z€[a,b].

n=1
EREMEEHBEMMER. & € E, MM FEEHEEN HRE L TR AR
5 R
[xyxz+h]C G,y n=1,2,,k,
HARE [z, 2 +h]C (a,sb). JFHA

falz+h)— fulz) _

7 1, n=1,2,,k,

NIIES

fCx+h) — f(x) f,,(1+h)—f,,(1)=
h 2; h k.

X, Y 2EE B}, f () =00,
EIH 5.3 (Fubini RS EER) &{f, ()} E[a,b] LHB

BEEELE ) £ (o) FeLarb] LRSI

%(Ef,,(x))z .Z; %f"(r), a.e.xE[asb].

n=1

T B D)/ Rlasb] LB R, BT RILT AL
AT, HU T

o N .

Diful@ = D) fu@ +Ry(2)s Ry(@) = D) fulx)

n=1 n=1 n=N+1

(Ry ()t 2 JLF A AL AT R , R ATTA
d(~ > d
d—x‘(gfn(x)>=;d—if,,(x)—l—aRN(x). a.e.x€[a,b].

M R %18
limR:\,(x) =0, aex€ [ab]

N—=oc
BIA. EEF £ (2)=0 (n=1,2,,a. e. 7€ [a,b]) . BH
Ry(z) = fau (@) +Ruiy (1) =Ry (2)y  ae.x€[a,b].
XA FE

. ’ def
limRy(x) —R(x) >0, a.e.x€[a,b].

N-»o0

BEAR (. 2), 774
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b ’ h ’
J limR (2)dz= limJRN(.r)dr

a N-—+cal g

N—oo

IENS limRy (2)dz = 0,a.e. z€ [a,b].

E OBRRBIMAR b BT B TR S 2 B, bR 4 b S BE Lebesgue R
SrEE RN, AR X B R LA ARSI . X — MR AR R,
B AN f, (o) &R 2 AT 1 A 38 33 o 0, L A0 o 0t W] 6L, RS RAEXS — ] =, A

(%( Zf..(r))z Z if,.(z).

Bl5 FFAEL0, 1] B/ ™8k E (o) 2 f(2)=0, a. e
x€[0,1].

& 20, DNQ={r,}, HAEEK L

0, 0L a2 r;,

Ll (n = 1,8,5).
fnlz {1/2", e ml

550 f,(OFE[0,1] L@, B £ (2)=0, a.e. z€[0,1]. FlER%
flx) = if,,(.r), UL 2 L,

B, F(OFEL0,1] E™g#EH, B 0<f(2)<1, \TitE# Fubini &
T 1 4y 5 B AT 0

f(x) = Zf;(:c) =0, aex€&[0,1].

n=1
Ble & fFEC((—oo,+0)),HS
Fil@) = fz+8 — flz), —o0< 2, t<to0,
EIEER t€ (—oo,to0), fi(2)Ff 2€ (—oo,+oo) A M f(x)FE(—o0,
+oo) AL
R O MMEEMBEE 2 2"=2"+1 (—eo<t<+oo)  KIMNAER

@+ — G fGE et — G D
h h

_ & Ht4-h) — ' ) — [ fla +8) — f )]
h

L& R = (&)

' h
LR — £ G R — f(2)
= = + - "
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FH U AUEE AT R
D f(2) = f,(z) + D= f(a'),
BRE f(OFE—SWHETH (O T.
G RIEF] 3, ATRAELE b DL x5 ORI BED
D_f(z) =k > D' f(a).
MTSEER 2=z, +1t (—oo<t<<Ho0),H
D_f(x) =f, (x)) + D_ f(x))
>fl (2:)+ D" f(x;) = D f(2).

(i) AWEE (ORE LR (E M A T8 T, WA EX[E
La.b], #7187 [a,b] b (BT 8 (as fa) EH b, fIONEEXHT . B
fEic

F(2) = fl) — ey 1= Lb;ﬂ

W 5 A x, € (a,b) M8 F(2)FE x=x, b EAS B/ME. k18
D F(x,) <0, Bl D flx,) <I;
D.F(x;) >0, Bl Dyf(x) =L
MTISHER R € (—oo,+00), XA
D f(x) < D, f(x).
(v) &4 LR R KRN\
D _flz) =D fz) =Dy f(x) = DF f(z)s =oo<lz+Foo,
XBH F@OEBL AT F(ORETHET.
BEE RETHIRME.:
1 /% f(o) e XFEla,b] EWIAER RS & fFEL([a,b0]), K
| : f()fEla,b] FA EREG?
2. % g()fEla bl LB EEH G(2) ,F(x)fE[a,b] LA, B
F'(2)=>0(a<z<b),iRIEH h(x)=F(x)g(x)fE[a,b] L H R R

(%ﬂ"\‘: X% F(x)G(z)—J :G(t)F'(t)dt,EﬂP G (x)=g(x),
xE[a,b].)
3. Vitali BHEEEMNE LN FHEATENL) . HE

m* (E\UI)=o.

i1
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§5.2 AREERE

EX 5.3 B f(OREXFEab] FHZERE.ESR A:
a=x, <z, <<x,=b U\ FAH R K FN
vy = 2 |FCx:) — Flaa )
Zh f(ofEla,b] ERTEE HE

\/ () = suplvs: A Flasb] BHE—5MR1),
HEEH F(OfElab] LRHETE. %

b
V () <too,

MR (O R[ab ] FHBERTERZB(MLEEEERAREE,
H4eic Rk BV(La,b]).

Bl 1 & f(a)ELa,b] b #5ERE W XAE—5r 52 A, BA
va= | f(B)— fCa) | , NTT AT 01

V() =1f®) — fla) | <+ oo,

B FEBV([a,b]).

Bl2 #Hf(ORENE O] EHTHMER.H| (o |<M
(a<x<<b) M| f(x)fE[a,b] - BIH F2 2 R K.

ERE FFE—2RA: o=z <o <-<z,=b, BT HE
& H Al Al

Uy — 2": |f(I,) _f(fi—1)|< z’l}M(.r. _1','—1) = M(b—a)y

NIEEE]

\ () < M —a) <+oo.
B3 Z7[0,1] % XEEK
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fhad {xsin%, 1>2>0,
f(x) =

0, z=0,
W fC) AR R 2 R T3 E AR
A:O<2n2_1<2n2_3<'"<%<1,
il
vA:an—l (2n12_1+2n2_3)+ +<% %)Jr%

b
T AT 5124 n—>coltt , uy—>o0 , B \/ () =o0.

B E AT B A 45 T 3R iy B a0 .
() & f€BV(La,bD) M f()TE[a,b] b 2HFRE
(i) BV([a,b])# s —A~ 2kt %5 [H].
F OARZERPEMATREK.
B (o) B LAELa,b] b BB X [a, 0] 4 &
Ara=x <o <<z, =0
EIERRBEES S (i ()} (=0,1.2, . D IFLZKICH

LH =D V@ =z + F@)— @),
i=1

M 5E R BB S (2, y): a<<ax<b, y=f() I KEHN

le= st;p(lA(f)) G — 9140 R B 7 5.
#F L<too MR f(x)FELa,b] LML IMBZ AT RKH.

RENEREXZNAERE. BRAM La, o] E—53%] A: a= 202, <
<z, =b,KMNA
[f(x:) — fla)| <V (a —x) + (f(x) — flxi))?
Lz — xia) FHf (@) — )]s

X i=1,2,,n KM, 0%

M fa) — flaD| < LH < b—a) + Z|f<1>—f<fﬂ>|

=1

Fridla,b] b f() ZMBEARKS f(2)fE a, b]Lﬁﬁ-’?K%%%fﬁ&‘l XA LA
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WREARAEE BN ILAE L.
EES. 4 #F f(OR[a,b] ERLERE a<<c<b, N
VO =\VHO+V . (5.9)

EBR Agi\ (HE5V (OBEERK. 8L, b]0—4
BRA B E: o=z, <, <<z, =c<<z,=b,

vy = D f(z) = flz)l
i=1

:2|f(1,)—f(1,-,1)|+ Z"Hf(x,v)hf(x,—fl)l

i=rtl

<V O+ .

BRI A B9 5K ¢SS SR A SR AT B A4
y‘] A,,E%ﬁ 'UA<'UA’- EEIH:ET%U

VO <V O+

B TFEBN >0, BEELa, cJHARI A a=2,<
1:<"'<r;=c,{§1§

DU — fiol> () — &
R, A ELc, bR A c=x, <), <-<z =b,ffi18
Zif(r'f) — flz > V- L.

')

BEL AU A 54" R BA3FTRH e, 00 HR, BAIHE
E‘Jﬁ,&'—ifﬁ{rk }iEZy?iiﬁ]ﬁ

E|f(l'/e) - f(Ikl )]
k=1
= Dfa) — fla D+ D) — f(2))
i=1 i=1

S\ O+ —e
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M e MAEZE TR
b c b
VO =\ H+\O.
XELUERA T (5. 9 =K.
EE 5.5 (Jordan KA EE) fEBV(a.bD Y HALY f(o)=
g(x)—h(x) Hh g(a) 5 h(a) Bla.b] i %38 (SED KA
iEBE () & fEBV([a.b]). %
1 1 1 ko 1,
g(z) = 7V(f) +5f(a), hiz) = 7\u/(f) — 5 S,
M f(o)=glx)—h(x). XY a<a<y<bif.H

2(h(y) —h(2)) = \[ () =\ () — () + f()

> V () —|f) — flol> 0.

ST A o) L b] b (30 18 B 55 0 g Coo) Al 2 [ b I ) 3 18

PR L.
(D) B f(o)=g(x)—h(x)  HH g(a) h(x) Rla.b] L

SAE KR B g h € BV ([a b, Wil fFEBV([a,bD).
PLERIRIR S AT — 5 i 8 \h/ ()34 fBGER, B
La bl 722 5. B, 24 fGBV([a,b:l)HTf-ﬁaﬂ']Z%ﬁ%T—*/l\%ﬁﬂEﬁﬁ
Vs zelabl.

ST RLa,b] LR B R, HY f(o) LR, Bl L.
Bl 4 #FH fEBV([a.b]) .M f()JL b4 HE. H
%(V(f))Zlf'(x)l, a.e.x€[a,b].

ERE () RI\BLEENELATHHER B >0 774 50X
Ara= <o <<z =b,

15
b 3
VO = DT 1) = fla) | < e (5.10)
a i=1
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&

FATTT LM (e 6] BRI R BT g () (75
f@+ea.  fla) = fxi)s (x€ [xirsai]

—f@+e . flz) < flzir) (i = 1.2,k )
HH ¢ =1,2, ) BEEL

L b, E %M 2€laa 1,4
f(x) — flay), f(x) = flag)s
— f(2) + flao)s  flz) < flao).

Hw, AR EElax ]G FEREXT gla) WX 2€ (zy7001 s
iE X

g(x) = {

g(r) = {

fl@) + (gla) — f@d)e  flaw) = f(@),

— (@) + (gla) + f@))s  fla) < fla).

Xt MR g () B G (21,2 ] g(x) — (O g+ (DO BH
WoH| g @|=F (D], ae x€[a,b]. X5 10)RAT4E

g(x) = {

b
V() —g <e

U\ (O —g@) Rla.b] IR
Gi) f AL e=1/2" FFHE a 0] LRI (g, () ) 11

b
V(f)—g,.(b)<%, e tD=1F s ae =€labl,
X 5 BA

(VP —g@)<too, z€la:bl.
1 a

n=

5| F Fubini Z 30 34 43 %€ 3 , 7] H

2(%V(f)—g2(1))<+00, a.e.z€[a,b].
HSI“_FIg,,,(I)|=|f‘J(.r)[. a.e. z€[a,b], B i V ()=0, a.e. z€[a,b],H#
ESA(NEz]

a(_:l;_v(f) :lf’(l')|9 a.e.xE[a,bJ.
B 5 #F f€BV([a.b]), MM
L >f~/1+<7<1’>2d1-
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KRR 1502 1 (0 RAfELax] Eli% y= f( MK (@<z<b) 5 AR a<
a<y<b, B
Li(y) — () = /(y—"+ (f(y») — f(x))? >0,

Bp 2, (o) fELa,b] L. 1 F

L(y) — 1 (2) 2\/14_ (f(y):f(.lr))2 .

=2 =i

[ l;(:))m. a.e.x€[a,bl.
PNE A Ik

b 7 b
l,(b)}Jl,(I)dz}J I+ (F(@)%dx.
Bl 6 (Poisson A3%) % fECR)NL(R). % fEBV(R), M

i f(2nm) = E F,

n=—o0o [ —

Hd f(n)ZER Fourier Z 3.
iR fEER¥ ()= Z flat2nm) (zER), UK V(2) = V . B

n=—roo

fTOER FILFA LS E X BT, XFEHRR Vo) >V (ie—>—+oo), &
fita

2x s
F (x)dx=J» f(x)dz. (%)
0 —sa
B oz, ER B f (2))EE XL 2, <2<z, +2x, 7] Hl

+2nm ) +2nx

[f(z + 2010 — flz, + 2nm) | < \/ H— V N

10+2(n+1)n z, +2nx

<V w-V w.

—oc

P
525 x +2(nt+1)n x +2nx

\/( \V - \/(f))=v<+oo.

HILE E€C(Lz, xo+2n]) NTTH f* €CR).
F 0=z, <z, <<z, =2r, 8

k=1
SIF (aa) — £ (@D
i=0

—1

-

Z fCxy + 2nm) — Z flx, + 2nm)

n=—oo n=—co

I
i LM

2 |f(Ziy + 2nm) — flx; + 2nm) [ V.

0 n=—oc

N

i
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MAARXG)F e ™ f(2), W15

R = LT o 1
EL e ™ f* (2)dx = znj__xe f(x)dxr = 2nf(n).

& J5 (R4 Jordan-Dirichlet E¥) , & A1H
";rf(th) = f’ (0): "Z( Zinfi’e’|nff" (I)dl' = inzif(n)_
BEE WA FAIAE

1
L, §F8 N f=—st),
—1

2. WIEM \ (H=0 HHMY f(x)=C (FH.

3. % f€BV([a.b]),g€BV([a,b]) ,iIRIEH
M(z)=max{f(x),g(x)}
KEla.b] B A R REL
4. & f€BV([La,b D RIEH | f| €BV([a,b]) MBRZ ALK,
5. W f,g€BV([a,b]) iXiFH

\/ (fg) < sup { f(x)} V(f)—i—sug g(x)} V(f)
6. &fEBV([a.bD o(x)FE(—oo,+o0) L& F Lipl, ik iE B
o(HEBV([a.b]).
7. ¥ f€Lipl([a,b])RiEH \ (HEE.

8. IiEM] fEBV([a, 6 DB HENEHFFELa 0] LHEIERE
F(x),{#i5

| f(z£) — f(") | F(") —F(z') (e’ <’ <b).

9. & f€BV(La,b . & f()fELa,b] L HIERE K] : f(2)
sELa.b] b 3% 52 bR H NG 2

10. & f€BV(a,6D. EHH \ (H = ) — f(a), KIEH
f()FE[a,b] i35,

11. #% £,€BV([a.bD(n € N EH D) £, (o), D) V()
n=1 n=1 a
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[a,b] EWCSL,RIEB £(2) =) f,(2) #ELa,b] FRA R 2 RH.
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B & feLa.b)]),%
Flz) = ff(z)d:,

ZXF (=) MrG? B FE—DZME 58T R R
FEAZ T HFME B — R 45t H B
F'(x) = f(x), a.e.zx€[a,b].
THIEHX —418 2 IEMA.
R4

AR 2 AT 84 1) 81k 15 45 S SiE B
£E§Fh(1) = f(x), a.e.x€[a,bl.
ZIED Fu (O UBEERE f Elx. 2 +h] R GESEY, N 5
iE Fy () 2 FHRECT f(0) 8 (h—>0) , BiIF
5I¥ 5.6 % feL([a,b]),%

1 z+h
Fu(z) = ﬂ FOdt

(Y4 2€[a,b]b8t, 2 f(2)=0),MF
b
umj IFue) = flz)|de = .
h—~0J 4
W Ak h>0.HF
By ) = iy —

x+

+h
L™ rorae,

x

+h

PO — Fia)

flx+0)dt— f(x)

Il
= = ==

> o

J
J
J

I

(flx+1t) — f(x))dte,

h
0
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&l
b o h
L|F,,<I> — (D) |dz< J (H fla+0 = fC2)|de)de
T
= JU Zdt J; |Flx+4-1) — flz) |d=.
HHK fEL(—oco,+o0) HEM 4. 21 H, LA W 0,7 00,
HEY | <omt, B
ff'|f<1-+z>—f<x>‘d.r<e,
LY h<<o B A
J %—dt J iflz+D — fla)|de < %Jdr —_
UL AR >0, | 1| <o i, FRATEF
b
J IF,(2) — £Cx) |dz < &
FE5.7 % fELab]). A
F(x) = J‘f([)dl, z€[a\b],
Iy F'(x)=f(x), a.e.z€[a,b].
il 4

1 zt+h
Fio(zx) = FJ f()de

(Y z€La,b]0f, % f(x)=0). AN F(x) & JLF 44 7T 18 Ch A
205 T LA W5 8 &
limF,(zx) = g(zx), a.e.x€[a,b],

h—0

g(x) Bla,b] LWW I R %L, LRSI BRI, F, (o) BFEH WS T
f() B h—0) , NTFATH

] b
J |f(x) —glx) |dx :j £ir?|f(1) — Fy(x) |dx

b
<1i_mf |f(z) — Fi(z) |dz = 0.

h—=0J a

XU g(x)=f(x),a.e. x6 a,b].
XEELIRATELEE T A FFa o prd B 9 e 3, B X F F €
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L([a,6])
-ifoMIZfUﬂ,a&.reth
dz).

#i 5.8 & feLa.b]), WX ab]HhIJLFALE & =, &BF
lim %J: lfCz+ 8 — f(z)|dt = 0.

R X FEEBGEM r€QNLa.b]. HAA

4k
lim %J 76 — #lde =1t —#]s & e 2ELaB.
h—=0 T

iClab | AR FXB &R Z, ,WE m(Z,)=0. X%
Fe ( U Z”)U {IEEa‘b]: |f(_1‘)|=—'|~oo}‘

r€QNla,b]

55 m(Z)=0.
RER z Hla,b] P ABF ZWE—SUXMESR 0,466 r€QN
La,.b]. 88 | f(x) —r|<e/3, NTiH
| [FC) — r|—|fC() — flzs) | | << e/3.
H A

%thv(z) —r|de— %K‘h @ = floldr < £
WHhH xEZ,FFUMLE 6>0,Y 0<|h|<oHf, A
l%rh IO — rlde—1f () —r|
2 ERrR L BRATA (Y 0<|h| <o BD)
1

x+h
TJ‘ [f() — f()|dt <,

€
<3.

LIFEY SN
Fl1 & fELMR). EXXE[a.b], B

b
ﬁﬂx+m—funm=wum><h+m,

il f(O)=C(¥H), a.e xzE€[a,b].
PR iR oz am (o <x) B f(2)TE(a,b) F H) Lebesgue 5, N

1m1%f%ﬂr+hr—ﬂx»m::a
h—=0 x,
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5Py

{ ﬂ (flz+h) —f(x))dx'

1 IZ+I| 1 T,
= ’ﬂ f@)d;-—ﬂ f(x)dx}

z,+h £

112+)| 111+h
:hj f(x)dx—ﬂ f(x)d:‘

—| fz) — f(x)|s h—0,
FrLL f(x)=f(x,). i Fla,b]HF JLF b ERR f(2) BY Lebesgue
B f(ofELa,b] EJLF A EF—AEH.

Bl 2 & feLla,b],B% F<x>=JIf(z)dtue[a,bb,mu
FeBV([a,b6],H \/ (F><r |f(2)|dx.
ER X H A a=x, <<z, <<o<<x,=b, 55

z":lF(r,) — Fz,_)|= Z
i=1

i=1

j:, f(t)dz‘

< Zj Folde = r £ (Olde.

=1 Ty

b

H U B 4 V<F><j F(2) | dz.

BEE METHIAE.
1. % EC[0,1]. £/ . 0<I<1,fE8Bx[0,1 ] FEENFX
Ella,b],3F m(EN[a,b]) = 1(b—a), RIEH m(E)=1.

2. Xt F[0,1] F# Dirichlet ¥ Xo(x) , i@ : [0,1]H ) Leb-
esgue JEM A7

§5.4 #xtELE RS MRS A EHE

BB % f()REXTE a,b] EEIEAE RS, 7] %K
f(x)—f(a)=j1f'(t)dt, € [a,b]
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B/ MAL? AR A KM T WAL?

BHEABNER MREEXKL.IBA () —ERERETEES
PREGH K, & (o) B la.b] L WA F 2 2 M & 2 ok 50 ik
f€La,b]. 34

Bz} = Fee) —ff’mdz.

W A" (x)=0,a.e. € [a,b]H h(a)= f(a). FEFIRTR BT E R
A () B AR F — A4 8 X AT B2 Cantor oF %
O(x) (W §1.5),BERL0,1] L #EAELRE.O (2) =0, a e
z€[0,1],{8 &) FFARRFEEL FH A ©(0)=0,0(1)=1. 1 LAl I,
AEFER RS RATEFES £ —& &0,

M EERBGEHRRIMNELF/R, - NIL AL HESE AT
BREHA—EET—IHR A THBRXFH TR ER RATE—
A 43 BT X 2K o B0 R

51 5.9 & f(o)fELa,b] EJLFALA . H £ (2)=0,
a.e. x€[a\b]. #F f()FE[a.b] LA H BeRE W AALFFFE >0, ff
HXERER 6>>0,[a b JNFFLER FRAS B AR HHZE B9 X 18] -

(15315 Casdn)s o9 (Zpsa)s
HEKERM BT 6.2

D) — flad|> e
i=1

iEB EHHA f(OARAREH FTUARGRAEFRE cE (a,b) 1
fF@OFZFOMEEREE ={z€ (a,0): f(x) =0}. HTFEEH €
E. T f(0)=0,8EEH »>0, RE h Z£/N, B[z, 2 +h]C
(a,c)BiA

| flx+h) — f(2)|<< rh.
FRCEE MEZXE [z, z+h ] 2EHHE R E. #—4 Vitali
B R Vatai R EHE, TANEE >0, FEELAMEZHKX
[B] £ -
[zisx21 +hi s [osxe Fhols ooy [xnsxn +ho]ls
(LS
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m(EL\U [z vx; +h,]): m([a,c)\U Lz: sz +Iz,))< d.
i=1 i=1

R 15 33 4 [XC ] ) i 4 AT HEB Ry
0= 2y Ly oy F Ly Sty Hhy <Lz, b L =,
A ho=0,3F1% >0, & 2e<| f()— f() | , BATH
2e <| fle)— f(a) |

< DV flru) — flaith) | + D) | flaithd— flx) |
i=0 i=1

% Y, [z )=t B[+ r 2k
1=0 i=1

8 2 | flxis1) — f(xi+h) | +rb—a).
HHr BAEEN AT REE r(0—a)<e, FTLIEE

e < D) If ) — flai + RO,
ifii .

Zn)u,q —(z:+h)) =m(E.— Zn:(x,-,x.- +h)) <.
BUAE ST 5| 3 op BT 3 B 95 5 4R A L FRATIOR 51 2 T 3 4 X i 42
PR R E) BB

EX 5.4 & f(OR[ab] EHLERE. AL >0, K
00, R Y e, b ] EEERAEAMEL K I X A (x:y y,)

(l’=1g27"'1n)ﬁ/% Z(y,’_l',) <8B;J‘y€
i=1

M Ify) — flzd | <e,
k=1

WFR () RLa,b] b K43 % 4 & &, Hekic A AC([a,b].
BRBINNATFTREHREL.
(1) #6074 52 R B — 5 2 L R B »
(i) 7ELa,b] b 48X % 52 R B 2 A 4 iR — Nt %5 ).
Bil1 FHeRE f()FE[a,b] LW R Lipschitz %44 .
If(x) = fDIKM |z—yl|, z,y€[a,b],
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W f(x)Rla,b] LR SRR S L H R

D f@E) = fFOI IS MY |y — =< 8M,
i=] =1

LA FAEE R e>0, R B 0<<e/M 7 BRI HIZE 8 BT,
EES.10 # fela,b])  MERNERD

F(z) = sz(z)dz

T2 La,b] b 4 X % 52 R B
ER XM TEER 0B fe€Lab]) BrUFE 60,4
eCla,b]H m(e)<o it

J | f(x) |dx <e.

BMAE XF Fla,b ] P EREE R B AKX [H -
(Z1s31)s (@osy2) s s (ZusYa)s
LBHKELH/NT o, RITAE

SV FCy) — Flz)| = >
i=1 s

i=1

Jy'f(x)dx‘g ZJ () |dx

i=1v%

jn |f(2) |dx <e.
U(I'-yi)
i=1

EES 11 #F () fla.b] LRI ELRE.N ()2
La,b] EBYA RAEZHREL

R ZERBAXTELEME P, M e=1,ARHFE>0,Y
La bR EEERANEARAMIZHIFXME (2, y) (G=1,2,,n)
P

z(yi —x) <&
i=1
i, A
S fy) — flad | < 1.
i=1

f’Eﬁ‘ﬁ'JA: a:Co<C1<"'<Cn=bvﬁ1%
C5+]_Ck<6s k=0,1,n—1,
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Mﬁﬁﬁ V(f)glv Ek=0,1y,n—1,

b
[ & V(f)gn.

Hit 5. 12 #F f(o)Bla.b] LW 4XELSLRE N f(2)TE
la.b] ERILFA A AT, B £ () &la.b] EE AT LR S

EES5.13 % f(OR[a.b] EREITESRELH (o) =0,
a.e.x€[a,b], M f()#E[a.b] LFETF—IHE.

EFLEIET HEIH 5.9 DR E X 5.4 HEEHES.

AT LA O T 4 0t 3% 2 oR 5000 ME A Bk R A R, B AT Bk T
DA (] 2B AT I 4R B T 4 A [m) T

EES. 4 (MRSBEREE) 2 (o) Rla.0] b M4 Rt i%E S
B EE, T

Fla) = flah = ff’(z)dz, #€ [a,bl. .11
iR 4
glz) = Jrf/(t)dt, zE[asb],

W g(x)Zla o] RS ELE RS BA
gx) = f(x), ae zE€[a,b], gla)=0.
B4 h(o)=f(2)—gx) | h(x) R4 3 ELER, BA
WMx) = f'(z)—g'(x) =0, a.e x€[a,b].
MR A () FELasb] ER—ADHEL M h(a) = fla), TR
flx)= h(x) + glx)

= f(a) +rf’(t)dt, € La,b].

e bR AlNEIMT: —AEXEL b LR RE f(OBA
K

f(x) = f(a) +J1g(t)dt, gyeLa.b]

BT B R R () RE[a,b] bR 4%t %S R it ATA
g(x)=f'(x), a.e. zE[a,b].
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Bl 2 B g(x) (k=1,2,)J[a,b] L% ELE KB &
() FFHE ¢b a<c<b, EBHH igk(c) s 5

o 3
G > J lgs () |dz <+ oo,
k=1

muzwz_) g (D) TE[ab] R H. BB ER N g(0) . W g(2)£la,b]
LR ES R, B A

g(x) = Zg,:(x), a.e.z€[a,b].
k=1
UERR 3 S GD AT CURHER 4. 16) R 3K

G(x) = ig:(:), z€[a,b]
Zla.b] LW RER.BA o
hmf S gl (e = [‘6wa.
B R g4 gk(r)ﬂ%%Xﬁﬁﬁgﬁ»WUﬁ
glx) = Jjgl (Ddt+ gi(e)s z€[arbl,
L NITRE:|

Dg(D) =J’ Dedt+ Dlge), n=1,2,
k=1 € k=1 k=1

HAES n—>co, B115

Shatahe= J.IG(t)dz—i— D), z€lanb].
k=1 3 k=1
H#2 EXZEmH g0, WA

s = [cwa+ Yo,

k=1

AT g(o) Bla 0] ERI X LR, A

g (zx) = Zg; (x), a.e. z€[a,b].
k=1

Bl 3 (Rt eANENEEEL L0, 1]HELRE EEHBL0, 1]FE—
XM I #AL S 2.4 6] D
m(INE) >0, m(INE) >0,
FFAELOL 1] L iy 2 3 2 42 o B

Flay = J’[xg(z) — X () ]de.
0
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Bt X [0, 11— X8l [.fF7E , €EINE .2z € INE 1§
Fla) = Xe ) — Xge (zy) = 1 >0,
F(z) = Xe () — Xge (x2) =— 1 < 0.
XL o) 7R KA T b AR 0 3 R B, B 48 BT EE.
Bla & f(o)fE[La.b] E4aXFESE, WK

z,:J JIF (F (@) d.
gLfr b §5.2 i 5 AT, HEHE H
b
1,<J JIF (P (D) dz.

R MR e >0, 4ELa b 1B KT A #7151, (H=1L,—e . XME g€
C[a,b]),fli18

b
j |/ (z) — g(2) |dx <e.

BAES Glo) — fg(t)dz RN L () —1,(G) | <e. 1 E

W1+d — V1+81<la—Bl,
b b
J AL DT I—J JTTF G2

b
gj [f () — g(x) |dx <e.
I AT
b
L) < 1,(G) +5<J ST G et

b b
=j «/1+(g(x))2dx+e<J I F @ +2e.
FEILO>L e BERH
b
1,<J«/1+(7’(1)>2+3e.

Fh It BP 48 BT iiE.
Bl 5 & feELc,d]), c<a<b<d FH

b
J [f(z+h) — f(x)|dx = OCR|), h—0,
M f(x)=g(zx), a.e. z€[a.b],HF g€BV([a,b]).
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iEBR  fEla.b] b 8RS
Fukig) = nrl‘"f(ndz (= Yilisse)s
Era ksl

b
J | fulx+h) — f.(2) | dx

b
:,,J
a

1/n b
<j (J [fx+h+D— flz+0D|dx)dt
0 a

1/n
J- (f(1+h+t)—f(1+t))dt’dr
0

=O0OCh])y, h—0 (Kt n—F0.
#F f.€L(La,b]),Ti LAFE M >0, {518

b b =
J ]f:,(x)ldzglimj M
a h—=0v a

St La b8 4E— 53R

dl'ng

Ara=x <z << Zn = by
u&_'ﬂ] ﬂyifﬁ

N itai=ftaai= 3
=1 i=1

m

<D[" i@l =[1fi @Iz <M.
, .

=17 T

r' £t }
Ti—1

AT A
b
VD<M (r=1,2,.

HEEIGFETH . AGHIER{ (D), BELa6]\Z(m(Z)=0) kS W& TF
(@), Wt EARBTF Z 8la,015 8,

Dfulz) = fulzd) IS M
=1

[ 1§ (4 n—>o0)
M fE) = flae) < M.
i=1

el It B 45 BT EE.
F 1 BNEXNELRBNE SRR —E R ELEN:
Ble BHEE(N=y".ye[—1,1],HK
{13c053(1r/1), 0 w1,

(z) =
o x=0,
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A fORL—1 1] R4 %) 4k oR 8, g (o) [0, 1 18 46 % 3% S5 oR $. SR T
#®MA

ZC0S —,
F(I)=f(g(1))*{ x
0, =0,

1
\/ (F) =+ oo

E2 ABWNEZRIGIE -BRSEE T AEA.
Bl 7 AELO0, 1] bR 4 X % 42 ok $ 51

0, og:g%,
folx) =
ISin%. — <z 1,

S8 £, (DFL0,1] E—BERHT f(2):

0, x=0,
(x) =
f {xsin%, o< z<1,

i f(OE0VEREEREEN.
F3 W O] EREXEE R E | f(2) | (0<p<D#[0,1]
AT AR R X S e B ) B

{Izsini. 0z,
fla) = ¥
0, = 0.

B8 & f(DERLAM BA|f (| <MGER). & EE{zER:
f@>0}, {x€R: () <0} & R HHH, W Xt £ & & [a, 6] CR,
fER(a,b]).

ER ARIERE. BE £ €Ra0D W f(FLa,b] L JLF LA #ESE,
H fEAC([a:b]). MER z=z, & f()WHELE, W £ (z,)=0. XEHE XM
B a)>0,MARBRAFEE (z,): 2,z (n>x,), f (2,)<0,BHH 0=
lim f'(z)=f'(2o) , RBFE. AT AT f(2)=0,a. e 2€[a,b], RXFH
f(O=%%(z€[a,b]) . FJ&. IEEE.

Bl 9 ¥ feAC(La,b]),WXF[a,b]FWTME Z, bH m(f(2))=0.

AERR 48 X % 42 bR BB B SOR MERE— B SRR B >0, FF 4E >0,

UEHE D) (&, — 20 <8 | (@13 D2Z\ (e, b) B E R A2 89 FF X 18 51
=1 i=1
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(z,,y)GEN) fH1E

D) — flzDl<e.
i=1

BREEANKE [,y T HEREAFA: o d  EH [(z,5D=
LfCed s f(dD) ] AT 15 2]
m(f(2)) = m(f(Z\{a;b}))

m(f( D (x,,y,))) < Z\f(d,)—f(c,)\gs.
Bl 10 % f€Ca,6]) NBV([a,b]). & X a,b]d HE—Z
£ Z, 08 m(f(2)=0,0 f€ AC([a,b]).

R HRIEEE. BE FEAC(La,b]) , MFETE e, >0, [H15 X] 45
M nEN A a,b | FX[EH

) 1
e = La, 00,1 (B=1,2,-,7.), Z(bnk— a,,) \i’

DI, — fla, D= e
k=1
i E= U n.cen . &ins

m(E,) < Zi(bm,—ak Z —,
H AT m(E, ) —0G—>c0). /R f€CLa,b]), Frlh f(E) &% X 8§ 3 %.
X #ila:6]DE DE, D714
m(E) = 0 (1-:— ﬂE) m(FCE)) = 0,

1

MR f(La,bDDFEDDf(E, DD XK
limm( f(E;)) = m(f(E)) = 0. ¢5. 12)

B A () ELa,b] L%, 55

FLD) = [fla, ) fb.)]s m(fED) = Zlf‘(b,_,,) — fla, )= e.
X5 G IDORFE. EE.
BEXFE RIEH T .
1. & f(oOfElab] L4 &S, BA
lf ()< M, ae z€[a,b],
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iy F»—f@DI<M|z—y|, z,y€[a,b].
2. W f()E XFELa,b] L. EHH
f)—f@DI<Mly—=z|, z,y€la,b],
| | f ()| <M, a.e. z€[a,b].
3. ® fu(x) (n=1,2,--)R[a,b] LB HI X ELL KRBT, &

S £, (o) fELab) Lk SR AE ] b 48R 5%,

4, & FEBV0,1]D. HMIEL >0, f()FE[e, 1] L4 iE
22, H f(OFF x=0 AbiELE M f()FE[0, 1] 4 XF % SE.
5. FEFELO0, 1] ™R 18 B 46 X i SE R B f () A [0, 1] IE

W& E, 18 £ (x)=0(zEE). (ﬂe%camorﬁ C.: m(C)=1—a>>0,

A4 f(x)ZJOX[o,lj\(~a (. )

§5.5 AWEAARSHSPEAR

EE S 15 (BRLLAR) # f(),g(x) & Ha,b] LHTA]
fﬂﬁﬁ,aaﬂé Rv/%\

F(z) = a+rf(t)dt. Glz) = p+fg(z>dt,
il
b b
JG(x)f(x)dx+j g (2)F(z)dz = FB)G®) — F(a)GLa).

(5.13)
iER ®ABEHNIF@I,|G) | #Ela,b] LR KE, H
|F(y)G(y) —F(x)G(x) | <A|G(y»)—G(z2) | +B|F(y) —F(x) | #
H F(2)G(zx)R[a,b] F W4 X SR ¥, T F(2)G(2) TELa,b] |
JLFAbab T, HA
(F(2x)G(x)) = F(x)G'(x) + F'(2)G(x), a.e.x€[a,b].
WXL E b =€ [a,b], B G (2)=g(x) 5 F ()= f(2),#k

b b
J G2 f()dz +J F()g(z)dz
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b b
= J G(x)F'(r)dx-i—J F(2)G (2)dx

b
= J (F(x)G(2)) dx = F(L)G(b) — F(a)G(a).

GEIALNESZRBE S AERIH LR, ERERABRIT .
W f(z2),g(x) [ a,b] I B4 5t % 22 sk 8, W

Jif(x)g’(:r)dx+sz/(:c)g(1)d1 — FEBIECH) = Fla)gla).
B &% feLab]),BE
be"f(x)dx —0s = DalsBaees
| a f()=0, a.e xz€[a,b].
EB 4 F(x)= J:f(t)dt JEH F)=0. BA

b

b b
J 2" f(x)dx =x2"F(x) | — nJ " 'F(x)dx

b
== nJ 2" 'F(x)dz =0, n=1,2,",
Fir LAFRA145 2]
b
fz"F(aodx =00 m=1,1,2,%.

BAEMMBEZTX -BELELZRBHEHR, THMEERN 0,7
FELZOA P(2) . ffiHB|F(x)—P(x) |<e(x€[a,b]). FEF

JiP(x)F(z)dx = by
BN1A
JzFZ(I)dx = rF(x)(F(x) — P(2))dzx,
NI “
jipzmdxgsﬁ |F(z)|dz.

e WIEEHTHBF()=0,lZXE f()=0, a.e. xE[a,b].
EES5.16 (MoFEF—mEARX) & (D Rla,b] EHELER
B.g(x)Zla,b] FHIEA T EE, WAL € [a,b]. 15
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b b
Jf(r)g(:c)d:t - f(@J g Gy, (5. 14)

ﬁEHH iE f([a’b]):[c)d:]vglfu
g () < f()glx) <dg(x), a.e. x€[la,b].
¥ EXRa RITE

b b b
cJ s <j FlRgla)de < dj 2 ()i,
b
# 1= [ gGode > 0, WAE RS LA PHTH

b
J'f(x)g(.r)dx
c< af

B f (o) BESEVE AT 0, 7 AE € [a,b], TR

b

Jf(x)g(x)dr
fl8) ===
Jg(x)d.r

<d.

HEDG. 14 R,

EHI=0,0] g(2)=0, a.e. x€[a.b], A5 14) XK iwmE K
F. JET & ATAE E Hh R B

EHES 17T (BRaFE_dELANX) #H feLabD, gla) &
La,b] b BT8R WAFAE 6€ [a 0], f#18

rf(x)g(x)dr = g(a>rf(1->dx+g(b)ﬁf<x>dx. (5.15)
R ALk g(o) BB EB (RN EE —g(2). iEHSTH
£ #H57
() BE g(o)la.b] B4 5T ESE k%, HS
F(x) = J'If(t)dt, x€[a,b].
2 FR AR 43 2 AT A
jbf(x)gu)dx — F()) g(b) — Fla)g(a) — JbF(r)g’(I)d:c.

Bk F(o)RELEREL.H ¢ (2)=>0, a.e. xE€[a,b], FTLAH (5. 14)
itﬁ.r%u »ﬁ& Ee [a9b]1ﬁ?§



§5.5 oL XE5RHSPEAX 235

b b
J F(x)g (z)dz= F(s)J £’ Crrdz = FO () — gla)).
¥ ERXMRART—R,1583)
b
J (D) g(x)dz= g(a) (F(® — F(a)) + g(8) (F(b) — F(®)

3 b
= g(a)J f(z)dz-{—g(b)[f(x)dx.
a ¢

(D) X T g(2) B ML, RATAT LAYE— 51 38 3% B 46 %F 1% ¢
RIS (g, ()}, 8 g. (@) =g(a),g, (b)) =g(h) (n=1,2,+),
BA

}irgg"(x)=g(1)®, a.e.x€[a,b].

X T g. (2, HD MR, WAFTE & € [a,b]. 18
b & b
Jf(:c)g,,(x)dz = g,,(a)J f(.z)dx—l—g,,(b)[ f(x)dx.
a a g,

XBEAYRERS (6, Lh € [a, b BB (ENATEFI), FES
n—>oco, F XFE N (5. 15) K.
BER H{IEWH T 4.

1. % f€La,b]),% glx) = f(x)rf(t)dt, |

b 1 b 2
[g@ar = 3([ reraz)”
2. & f(2),g(x)R[0,+oo) FHATHI A%, HA
F@DISM,  lag@DI<M, 1<z <+oo,

i fim ljzf(t)g(t)dt —o.
1

=+t I
3. M ge L' (R),MAEEC, /X CPRFHE f(2)=0
(Ig(a’b))ﬂg{fﬁ f(l')yﬂﬁ

H g(r)fl(x)dx‘< cj [ () + (f () dz.
R R

© #8la,b] n %454 ha=(b—0a)/n LUK x,1=a+kh,,0<k<n,fER T .
” (I)z{g(_r), T=Znks k=0,1,,n (nEN),
- %ﬁ&%v Ie[In.k—len.k]v k=1,2,~yn (n€EN).
Yrikg WELAHA
|g(x) —ga (D) |<| g(zni—1) —8(xnt) |+ ZTnia—1<2<Zp -
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4. % f€Lasb]),F(x) = fo(t)(:r — "tz € [asb]), N

F(x) n RKAI %, HE
F” €AC([a,b]), F™P(z) =nlf(z), a.e zE€[a,b].
(27~ . IR, R aAR)

$§5.6 R EMFES#ITAR

B & g: La,b]>[c,dJRILFALAL T T R B, A K
Jg(p)f(l”)dx:Jﬁf(g(t))g/(i)dt, [a;ﬁ]C[a,b]

g(

B B ?
BMEED.Y f(o)=1 &, AN

8
g® —gla) = J g’ (Hde.

B AT D0, B BT, 38 T B i A A9 25 4. A\ Riemann F43HY
o AXMET B RIVMEXRME S R A BB HE XK. EX
BEBER, REEE —5k,

EHES5.18 FH f()&la,b] EHEXTELERE.E Zla,b]F
IR EE , ) FCE) ATl 4E (AL § 5.4 ] 9).

5 5.19 & f(2)R[a,b] FHEEEE.EC[a,b]. HE
fOEE EHER|f (o [<M, N

m* (f(E)) < Mm*(E). (5.16)
R K SE EENT M. SHES 0,4

E,=(x€E. %la,b] A y W |y—z| <nt,

£ fD— D<M+ 2=yl }.
E%9ﬁ EnCEn+1 ’f<En)Cf(E"+1)u&
limm*(E,) =m"(E), limm"'(f(E,)) =m"(f(E)).
MNTHRYE e MEESE  RIMMEAFTIEANT SN nF
m* (f(E,)) << (M-+4¢e)(m"(E,) +e).



§5.6 RE#RyBHEANKX 237

A G ODTERBEEZE, (WX EHL., {5
Sl < m*(E) +e, |1,,,k\<%, & =80,
k=1

E%s% st €E,NL.,.. WA
lf(s) — FO|<< (M~+e) L. ].
TREF

==

m* FEN = m* (F(EN L)< Dm* (FENL.)
k=1

k=1

< D) diam(f(E,N1,.))
k=1

< M+ D) Ll < M+ Gn(E,) +¢)
k=1

(XH diam(AFXREEARNER, LEX 1.17).
i 5.20 % f()E[a.b] ERAT KB, ECa,b] AT

m" (f(E)) <j |f' () |dzx. (5.17)
E

ER 5 (R E L#ar i s SHESAH >0 /EE£ 45
E,={z€E: m—De<|f (@< ne}, n=1,2,,
eI 5. 19, ®KM1A
m* (f(E)) <nem(E,) < (n— Dem(E,) +em(E,)

<j If'(2)|dz+em (E.).
F I AT A

m* (f(E)) < > m"(f(E))
n=1

< Z}JE |f/(:c)|d1—|—e;m(E,,) :JE]J("(IHdI—I—em(E).

BT e BUAEBHEENE m (F(E)) < Llf’(x) |dz.

Bl 1 & (o fElab] ERALTTHE,. B £ (o) Rla.b] W
] A R B,
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b
Jf’(x)dx — PR~ Fla),

ER BEWY FELa.bD) . FiUMTFEER 0.7 60,4
eCla,b]H m(e)s W, A

j|f’<x>|dx<e.

M FHKESHM/NTF O MWEBENEARMEZXEH (2 31),
(x29y2) s+ (x, s y,) s A[ A

ST — )< DIm(fFLziny: 1)
i=1 i=1

22 ZJ |f (@) |dx :JL"J[ At dz <&

= E * I
i=1v Lxpey ] T2y d

=1

X UL () R La,b] b A4 %o 3% S5 R 8, 045 18 L.

EES5.21 & f(o)Rla,b] EWEERE Ela,. 0] FEE
R, A

() MR f(2)=0, a.e. zEE, B4 m(f(E))=0;

(i) W m(f(E)=0,H4 f(x)=0, a.e. xzEE.

EBR () 4 E,={z€E: n—1<| f(2) |<n} (€N,

m* (f(E)) < Em (F(E) < }jnm (E).

B m*(E,) =0 A& m( f(E))=0.
(D) fEH %

B,={z€E: i’a|y—x|<%ﬂv‘,lf<y>—f<1)'>|y7|}‘
BRAE

oo

B={z€E: |f'(x)|>0} = |JB..

T REEERA m(B,) =0(—4] ») BIAl. K1k, X HEH B FE—
AMKENTF 1/n8XE 1,8 m(INB,)=0 Bi7A[.,

i A=INB,, WX HBEH m(f(A))=0,FfUXEEH >0,
FAEXEFI{I, ) f#H1E
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ULor@w, > ILi<e
k=1 k=1
BEL A=ANSTUD.BH

A= |JA, H A.CINB.,
k=1
XEEF f(ADCL, FURNAE

m* (A) <D m" (A < D) diam(A,)
k=1 k=1

<D n+ diam(f(AD) < n D ym(IL) < ne.
k= k=1

e MEEHA m(A)=0.

EE S5 22 (EARBHMS) & g: Lab]>[e,d]RILFEA
A AT A R B, F () B Led ] ER LA A AT B s BB F () =
f(x) a.e., F(g(t)TELa,b] bR IJLF 2L AT 8. 3 Fc.d]h
AT —FMEE Z, 5H m(F(Z2)=0,1

(F(g()))' = flgtg' (), a.e.x€lasb]. (5.18)

iERl 4 Z={(x€[c,d]: FE x AT}, A=g '(Z)H B
=[a,b \A. X F B Hhfifi g AT A 8L ¢ IRYE g 7E ¢ AEMIESEME A K
F'(g())=f(g)), ®RAME

F(g(t+h))—F(g()=(f(g))+8h)) (gt+h)—g@)),

HepY h—0 Bf,6(R)—>0(F gt+h) =g, 2 s(h)=0. Hh & I
KB, HA >0, AT 5 (5. 18) R B L FAb kb 7.

R m(g(AN<m(Z2)=0,ffAHBEMH m(F(g(A)))=0.
MARYE EH 5. 21,7 A

g =0=(F(g)))', aetEA.
Gh LR R, B3
(F(g()))' = flgtHg (), a.e.tE[a.b].

GEALREEP FHEZMEMATUNEX - FHFREE
. FEL b, g £L0, 1] LA™ BM M EL R H ¢ (D=0
a.e., M%a F=g ', 5 F(x)ZHE H JLF 4 kb AT 3 /) o8& £,
(F(g()))'=10€[asb]) ARG, 18) XA K L.
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Hit 5.23 & gOUK f(g)TELa.b] kLT 4k &b 7T 5%, H
t f()FELc.d] bHaxF % SE, g([ayb])Cle,d ]
(flgN' = flgeNg ), a.etE[a,b].
EE 524 (BEBAER BiR g fEla.b] ERILTFAL AT
i, f (o) RLe.d] LR kS B g(La 0D Cle,d ], id

) = Jlf(z)dt,

) 3 B A 8 S 6 -
() F(g()RLa.b] b B4t % 5 s 8
(D) flgg (OE[a,b] LT B, HA

() 3
J f(I)dr:Jf(g(t))g'(t)dl, (5.19)

g(a)

H a.pE[a,b].
ERA B GO Rz, el (5. 19 50, X —1) o, pE [a b

g(3) B
F(g(®) — F(g(a)) =J Fl)de = J flg) g (de.

gla)

XYL F(g(0))fELa.b] b4 Xk i 22 ek 4K

RZ B 5E DB W E FE 5. 22 M AR A (F(g ()’
Zla,b] ER TR BT f(g(0)g (DOt La,b] FH A BLRSL,
AT A5 2

2B
J F(@)dz =F(g(®) — Flgla))
)

gla
B ;i
=J [F(gt)]dt = J g g (»de.

FEHERERP FRAER g REIELEE. LR L. X
RN LER. Flin, 4
1
F(o) =%, g :{tsmT, t#0,
0, t=20,
M| g () BRAE t=0 b AN AT, T B AR R0, 1] 1 A48 % % 22 R 5. SR
M,F(x)5 F(g(e))#AL0, 1] L4 X EL (FEA R . AL&RMNA
TRHER:
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#it 5.25 & g: [ab]>[c.d]REXHEL KL f€ Llc.d],
TR &2 — B2 (5. 19) RS B3 20 51

() g TELa,b] bR HPH R

(i) f(OfELc.d] L R-A AR

(i) f(g()) g (O FELa,b] |27 TR L.

UERR  CBE4IE B MR ) 4

F(z) = Jlf(u)du. z € [c,d],s

WU ) BV 5 A E B F (g () FE L, b] b 48 XF #E £, % F (i), A i (i)
DA % 45 il Wi S5 B BV AT
B2 B f()RL0,+oo) ERYE b B R A HXHMERH A>0, f(2) 1
L0, AT E#exf B E, WX p=>1.4
o @reriar< ([ rdr)".

R # fEL0.00)), M EXX B, 3 € L0,00)), FEEEF f(2)
SR f(2)—>0 (x—>+oo). T Al 15

0

e z —1
pJ (If(r))”’f(f)d_répj (f f(z)d:)’ flx)dz
0 0

— [ ([ rwar) ar = ([ r)".
3 & s

1. W E R RH—EOT.FAS5¥IFH) X E &I 5% . XIEH E 2
LRUE S8
2. B{x,}Clab] RIELa,b] LB 34 bR B AR E L AR
EME
3. B f(2)R(a,b) LHBIE R EC (a,b). HXELH 0,47
TECai b)) Cla,b) (i=1,2, ) il
U @b DE, J[F 0B — fla)] <e,

i E B f(x)=0, a.e. xz€EE.
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4. B f()FEL0.a] B2 778 22 sR % X 1UE B eR 550
Ftz) = ir F(de, FO) =0
IJo

Z[0.a] LA HAE 2 KA
5. w{fi(o) ) la 0] LA REERHS . A

b
V(fk)gM (k=1,2,"),

limf,(2) = f(x), z € [a,b],

KIEB FEBV([a,b]), HifE \7(f)<M.
6. B FEBV(arb]) s ELA 20 € [asb] R £ RUHELE 5 RIE W
\/ COTE R o kb L.
7 BEM S [ab] > [eod] BH SR, BXE B yE
Cevd ] S0 £ UyDELA 10 A, RIEW
\b/(f) < 10(d—o).

8. W fEL0,1]),g(x) 5 LAEL0, 1] | Hy 3 338 & 0. 25 XHT
BHila,6]C[0,1].F

b
J f(x)dx

BAEH £ (o) Z[0,1] LR B ek 8.

9. & f(x)&La,b] ERYIE T L X EELE R E IER /7 (o) (p=>1)
5la.b] L i 46X % 22 sR %K.

10. % f(o)fE[a,b] L, BA

b
Jf'(r)d.r = f(b) — f(a),

RIE f()TELa,b] 4 X #ELE.
11. % f€EBV([a,b]). EH

2

< (gB) —gla))(b—a),

r |f' (@) |dz = \J ()
KIUER f(2)fELa,b] b 4axt HE L.
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12. % (OB R EFARMEEE,H F(OFF R EA[#.i0
1im_;f(x) =A, lim f(x) = B,

x—>—ox T—>too

i JiE B
J f'(z)dz = B—A.

18, & f(o) R XAER FRATHREL B (05 f () # R R

= AT B R R i IE B
J f(x)dz = 0.

14. Ri& f(x, ) BENXTELa 0] X[ d] L LR, B
y()e(f;d)vﬁ'?% f(I,yo)E[a,b]_t%ﬁﬁ]\E@, RX#H:!@—/I\
x€[a,b], f(x, VRET ytElc,d] LHGEIEL R, £, (z, )
La,b]X[c,d] AT FHY iR IE B R 5

F(y) :be(r,y)dx
JEE XA d ] B4 % % 42 R B0, B L b ab i vE [ d], B
F(y = rf;(.r,y)dx.

15, & f(OEE—XELa,b]CR & #R 48 3F i% &2 , i ik B X &
/l\yERﬂﬁ'

d[* (" d
ajﬂf(z-{-y)dr = d—yf(1+y)dx.

16. 2% 151138 B 46 X i 5% o 02 JL P b A T o 0 5 A 45 9 — M
B REBGHE K.

17. #{ge ()} E7ELa b L M43 S BT, XA | g1 () | <
F(zx) a.e. (k=1,2,-),H FEL([a,b]).ﬁE_igg,‘(:r)=g(1) (a<

2<b), l}img;(:c)=f(x), a.e. z€[a\b],iRIEH

gx) = f(z), a.e z€[a,b].
18. & f(x)f[a,b] b M4 5T & S P k& B W R g (V)
LfCa), f(b) ] 45t %5 iR g(f(2))FELa,b] b 4a 5t % .
19. ¥ g(x) 2la,b] EHI4 % SE R %L, f () FE R L1 & Lips-
chitz &M RUEH f(g(2)) & [a,b] | 45T % 58 s 5.
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20. & (O TELa b FAI . & f(2)=0,a.e. z€[a.b],iRiF
B f(o)TELa.b] ERE—AH B R,

Eid

(=) %F Dini B

% feCLab])sxo ELab].

() # D f()FE xo AbFESE N HoAth 19 Dini S 30t 2, BAFFE [ (x0).
(i) & lim D7 f(x)=1,0 D. f(x,)=L.

z=xy +

(i) #FHEA Dini S H LT AL LA R £ () JLF- &b 4b 7T 4.
(Z) BRHFFFREA L Riemann 7] 72§ & #
%l  7£[0,1]1%{E Harnack(Z Cantor) £ C:

A =%. C :Q Caabis) =u I,

NAERXE T, (n=1.2,),E5 I, FHL, m&ERIL|Z. e L0,1] 8
R f( T o< f()<1,

Eﬁv Ie]u'
1, z & T, ML,

fl@ =3, S G, L,
0, Iej:.

S5 fER0,1D,BH F (o) =f(x) . HH
Fla) = J'f(z)dz (z€[0,1D).
(=) kTR

f(x) =

rcos(1/2%), 0<x<1,
{ (a:f>0),

=0

#*MA

() FEBV([0,1]) 24 HALY o>p;

(i) fELipl([0,1]) XM HILY oa=p+1;

(i) & «<<p+1,M fFE Lips([0,1]),6=0a/(B+1).

(M) XF4xdEsEsm

() # ()= (x—Dsin(1/(x—1)) (0<a<<1), f(1) =0, FEF o:
0<o<<1.,# fe€ AC([0,6D,H feC0,1]),{8 fFEAC0,1D].
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(i) & 0<a<<1.C,C[0,1]8R2 Cantor £, m(C,)=qa. %
f(z) = Jf(l—x(-a(t))dt»

W fe ACL0,1D) H ™ # i s , XA
m({zx € [0,1]: f(z) =0}) > 0.
(B) BAISE5HELE
BB f ()8 LTE(a b)) b ozy € (asb) . EAEAEN IR
_f%f_’)d:df'(m),

lim
1"’1‘)

Az

MFR O 2=a BT F. f (xR () fE x=x AR SE. RATH &
i &H (O B3RS f()FEla.b]C (cod) b4 3T HELE.
B () MEEM 2€ [a b SFHE S, >0 2/, 2"E(x—6, .2 +68.) .8

Ry — Fal :
f—i»_% <If (@) |+ 1.

HRYE A PR 35 o B | L AR A6 T X | 41
(1‘1 —61 T +51)- (.l'z _6_7_ + T3 +6z)v . (.T,, _5,,~.T,, +6,,).
@78 | J @6z +8)D[a.b].
(ii) j2 M= max{ | £ (x| +1},8,= min {5;}.

<isn 1<isn

PAE RS 0,0 6=min{e/(2M) .8, } =0, M [a.b]H H A H I 1 X
[&] 28

r
Lz} G=1.2,2p)5 D (pi—x) <3
i=1

*AH
D) — faD 1< D)2 @) |+ Dy — =,
i=1 i=1
<2M Dy — x| <es
B 45 BT iiE.

(7%) B3 ELE RS Lipschitz £ 4 89 F B # iR

(D &’ f(2) € XFELa,b] b W) f()FELa.b] b R4 X EE L5 1 FE 40 B 51
S KHEL e >0, F 2 M>0, 83 Lo, oo £ B A R A H A MW X [E]
Leood ] Gi=1,24 ),

Mfted) — FEAII<K MY |di — el +e.
i=1 i=1
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246
ER 224 RF\LNELZRRNEXTHHERK 0, F7E 0>

P
0, Y EAMEMKEA 2, y] G=1.2,  WRE D) |y —x | <38 .H

My — flad| <.
MAE M ERHZHKEHc.d ] =12, KR . LFEEHRE N,

#8 (N—1Do<< D) (d, — ) < No. S [ond] fE N %4
=1

ainn = di;

N
[L‘: sd,:l = U [:(Z,.; 'al.]‘l:]’ ai,1 = Cis
=1

(aijo1 —ai;) = (d: —¢;)/N (1= 1,2,,n),

S D) ey —aij | <8 (j=1,2,-+,N), A8
=1
Mfai) — fladl<e G
i=1

P & ATTH
i)lf(d, ) — flen|< E E lf i) — flai)|

=1 i=

< Ne K (2 \—d';—c'l-}-l)e: %Z’l:\d.—c,l-%e,
=1 i=1

M T B M=¢/5, B 15 FFiiE.
Aok B
(D) # f()E XAELasb] bW fE Lipl ([asb]D) M TR LT FZMR . XHE
B >0, 774 M>0, 8% [a b1 P EEARAKE (o odi]s [eooda]s o
[cusd, 1. #H
2|f(d,)~f(c,)l< Mild. — ¢l +e
EBE AoH  REEE, N e=1/2, 5% M >0,#E8a, b P HEEKX

B4 [c,od ] G=1,2,,n), &
DNfd) = Fed I < M Y ldi— e+
=1 i=1

ML, RE > [d —al< 1/CM), B4

2[f(d,)—f(r,)|< 1.
B3 2, y€ [a,b](x<y), ¥ y—z=1/CM), M H R B N, 5
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N/UM) <y—zx< N/2M). B¥[x,vI¥E N %4 .
T=a < ap <t <any = Y
ai—a = (y—x)/N G =1,2,-,N).
EAMNAH A/ UMH<(y—z2)/N<1/C2M'))
Ifla) — fla) <1 (Gi=1,2,,N),

Z|f(a,)—f(a,—1)|<N<4M]y—1|9
A st 15

lf(») — f(1)|<Zlf(a)—f(aﬂ)l<4M|y—1]
#ly—zl<1/c2M), mm&affe;&w 75

4—1M,<N(y—x><m,
MIIA NI f(y)— f(x) | <1, H1%
[f(») — f(DI<K<IY/NLAM |y— =],

BN 18 B IE.

e E b JER.

F  feLipl(La.6 DA f()FE[a,b] FBBITEL.

(£) X£FERE m(E)=0,0 m(f(E)=0"

Bl BH () =Xy (DBRARELEHEREZREEE m(E)=0,1
m( f(E))=0.

Bl W f()=z - sin(1/x)(x7#0), F(O)=0,0 f€C(0,1D, A3
o 0<o<1,%H f€AC(s1D. ANTi#& EC[0,1],H m(E)=0,
m(f(E))=0.{8 fEBV([0,1]).
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m Us )<+a~ AR ()] EUB LA, S HF .

=l

Gi) 7275 K. 2% k=K it A Em(A)<1,0 m( UA,,)<+oo. B ()]

k=K

e UAk EHBS oo AR T IS

BAEBRRA T Zk m(A) <+ o0, R4 A= UA‘.#WE

k=ky
fi(@) = f(@X () folx) = f(x) Xy (),
M f(2)=fi(D)+f2(2) FHF fLEL (R, fEL" (R).
Aot 1 f(@)=f1(x)+ f () B, f() S8R 27 ok 50, B X £ —A4
m(E)<+oo ) E, &
[r@lde< | In@lde+ ] 11 @lde < oo,

BEE IEY T A
L & 1<p<+oo,f, EL* R, f,l,<M (n=1,2,-), FEL* (R,
HA

limJIf,,(t)dt = rf(t)dt, -
0 0

MXHEER g€EL(R),1/p+1/qg=1,H
1imjnf"<x>g<x>dx - Lf(r)g(.r)d:c.

2. L (O, 1D EART K. (EEEREE f.(2)=Xo., (),
0<<r<<1.)

$6.3 L* NRZH

fE L* s rp, B p=2 B H LI p' =2. ANTIATHIY f,g€
L* wf. A fgEL' X—TRBFLME L2 SRR T H O EELSW, A
B EFE L 25 8 R 8 #i i, L* %5 [B17E Fourier 447 VA 1E
I BFEY BT ZRE H A EEM N A.
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FAVmE . EF T ERA R ABRERMA SEMNHAFRAEN
TXRE:

(A,B)
[All-[B] -

HABZEASBRAM, |A| LrmE ABKE 2A,B)=0
if.A 5 B U B by 0o AT LA S B A AR R GER). BATH B /K2
MZE LB RSN, EEE A4 = |Al*, FEMT f,
g€ L (E),&fi1id

fop) = | fgdx.

MUt . Schwartz REXTE R [(fL)| <[ flz-lgll-.
AR (g W T B R K A R
(D) (frg)=(g+[3
GD (it fosg)=(frog)+{frr8)s
(iii) {af g)=alf g)={frag) (a BLED.
BIOIBSo N f 5 g WEDOARL(E)RNGEER) () AR

== a.

cosf) =

Bl 1 R S €LEE) U 2l gl <t I+ gl (>0,

2ab = 2Wta) (b/t) < ta® + b /t.
AT 2] () g |<t| f(@) |2+ | g () |7/, T VERR 43 T 45

2J |f(x)g(x>|dz<zj |f(1)|2d1+J | g(x) |2 dz/t,
E E E

B 2lfeg i<t llF 2+ llgllz /2. EEEE.
Bl 2 & f()R[0,+oo) EHyAEf AT i ok %, W

400 1 oo foo
(J flodz) < NZJ f(@da - f 2 () da.
0 0 0
iR R
o0 oo
u:f A (x)dx <+ oo, "u=J 2 ff(x)dx <+ oo,

0
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W4 «>0,8>0,KM1A
([ roa) = (] o eFBT @)
| f(f)dl’) *(L ﬁ' a+ px f(r)dr)
J;‘ af;f_ . (afxfz(x>d1+5J':$12f2(1)d1)

BAEBUE a=v.f=u, W E XA W H nuv. IEE.
B3 & fx.TER.={(x,y): 2>>0,y>0) FAEfA T, 0

4
(ﬂf(r.y)dzdy) = Cﬂfz (z,y)daxdy « ﬂ(.rz + 3y A layydady. (%)
2 2 2

R R R

B 2 A>0,4E glay )=+ )/ A+ (421, I

J]-f(z,y)d.zdy = H(l—g(r‘y))f(x.y)dfdy

2 2
R R

+ﬂ %(af + ) flx, y)dzdy
24

2

< ([0 - gte T dzay) h ([ £ cxeprdzdy) h
RZ

2
+ R+

1/2 1/2

+<Hmdrdy) (H(Iz +y2)2f2(1,y)d1dy) ,
) (=" +3y9° !
R R

_ 2 _n r‘ de =
H(l g(x,y)) dxdy = 16ﬁ( o (At ) 1 )

R

UNIIE:3:8

3 = H(f +y2)2f2(x,y)dxdy/ﬂfz(x,wdxdy,
2 2

R R

) 28 1t 5 A 1% + )
[ rzrdzay< %(J]-fz(.t._y)dxdy)w ([ —l—yz)zfz(.r,y)drdy)m
2 2

2
R’ R R

Ht, % C=x='/16 R (+) L.
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Bl 4 & fEL*0,1D.EH

1
n—+2

Jlx"f(x)dr = (neN),
0 f(x)=x,a. e z€[0,1].
EW Es = [ o
J:frlx(f(r) —dz=0 (EN).
A F(o)=zf(x)— 2 (z€[0,1]D, B HIME—ZT R P(2), B
J;P(:)F(r)dx —o.

EHABEHMMEEN g€ CULOLIDUK >0, HFALZMK Q(2), H1H
|g(x)—Q(x) | <<e(x€[0,11), T AT 41

1 1 1
U g(I)F(I)dI' <J lg(x) —Q(x) |« |F(2)| d1<eJ |F(x)|dzx.
0 0 0

e MAERYE, 18

J:g(I)F(I)dI. = 0. XiitH
F(z) =0, a.e.x € [0,1], f(z) =2z, a.ex¢€ [0,1].
EE6.10 (WRMEEY) HEL(EHHE
lim [|fy — f1, = 0,
WXHEEMN gEL*(E), H
}irg<fk,g> =(f,g. (6.6)
iEB HRA%ER
Kfesg) —<fro =K — FrI <l fi— fl,* llgl,
7 B AT (6. 6) 2 VT
EX 6.6 # f,g€L*(E),H(f,g)=0,% f5¢g EX;#&
{ ) CLY(E)HF BRI PN TEBIESR, MK (o | BREXR;HLEA
| @ ll :=1(—=H] &), MFR{q, } A L*(E)FIRAER R.
HEHEERXR{e) CLE(E)H, S —4] ar 8BA e #0, N

{j—ugo"ug }ﬁ%%ﬂﬁmi%. B F R AT BB — 4] o g [ 70,
Bl 5 L*([—n.n)) i =F R .

1 icosx, —l—sin:c, eeey icoslegc, Lsin/azr,

JBx Wm iy Jx Jx
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EREERLR.
EIE 6.11 L*(E) " {E—prfE IE 3 R #0 2 m] 5.
ERR &l & L (E)PWMRHEERZ R, WX T o«#p. H
lpe — 5 2= <@ — @320 —
= @10+ (@prge) = 2,
MA@, — g, [I; =2. B R L* (E) & 0] 4355 8] , BT LA A 7€ 7T 3084
FE. NEB o | 70, B (@, ) PR L RATEE.
BEE RIEW FHaE. _
1. & f.g€L*(E) , WA CEAT MR AR
If+glli+ If—glli= 2073+ lgl?.
2. Bfu—fll2=0, llg.—g [l.=>0(n—>00) , W
[ fur8a) — (frg>|— 0.
3B = llgl 2, < f+g, f—g>=0.
4 B Nfole= IF 2 s Cfus 2= NF I (rro0) , W
lfu—fllo=>0 (n—o0).

(Z) J" X Fourier Z% ¥}

KATMEZER B, e e, e, B—HPAMIELER,R H
BIE— A A ME—HI KRR A
A =ce tcrep + 2 Fchens
Hifoo=(A,e) (k=1,2,,n). TERMNEX —FLHEF L
Zs [A].
B{g & L*(E) i — MR IEE R, R LIGEOE R

ic;gp,(r)
KRR L (E)HHFEATT B, B2 055011 E R % BT B
[ X B AR L (E) PR
REL

Si(x) = D japi(2).

=1
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Y kool || Si—f Il ,—~0, 1

k
(frg)=lim(S, ) = g13<;ci¢,.¢,>

k—>oc

X—a i S TR E X
EX 6.7 &gt L*(E)PHIRHEERL R, fEL(E),

&= g = | f@Dp@dz, k=12,

B

3
= 1im2€,-(g0,-,goj> = C; ] - 1’29"'.
i=1

H fCET (o)) BT X Fourier BELF > () H fHICET
{ex 1Y) T~ X Fourier ¥, &icH
f’\’ ZCWM-

EFREBBEBTRSET (O ZH.RITERNMBET X
Fourier & # JLANEHE H L.

EE 6.12 Bip R L (E)RWIREERLR, fE€L(E), BUE
k1

film) = Dlaipi(2),

ﬁ\:q:] ai(i=1,2,"',k)%i§k,m|]¥( Q: =Gy — (fygoi>(i:1;2y”'vk)
B G595 (LS — fo 353 Be/ME.

EM (o) EFRIEESHEAT A IS ll2= (firfi) = 2als B
[IIEES

||f—fk ||§: <f_ ZaiSD,’f— Zai§0.>

k k
= |fl:=2> ac. + >a
i=1 i=1
k

&
= ||fll:+ Z(c, — g = Zc,z
i=1

i=1
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Y a=c(i=1.2,-- k)0, Hf_kaf ik E & /AME L B /ME N
If1lE— 2k

WAL S (1) = D g (x), WA
i=1
If=Sell; = I£112 = D¢
i=1
EHE 6. 13(Bessel FZER) o) L (E)HHIMRHEIERL R,
B feL*(E). W f(x))” X Fourier Z¥{c, ) i 2

S <IfIE 6.7

UERR M ERE BT MHERE M kA (S, [FHD

A2 =3¢ =l f—Selli >0,

i=1

WA et < (5. 4 koo, BIfS

2 <IfIE
k=1
FEIE 6. 14(Riesz-Fischer E8) & {q.} & L* (E) R HEIER
BB RWR Db <+ oo HIE—LHF, WAL g€ L (E),
k=1
1%
<g,¢k>:C“ k:1s29"'.

B fEER¥ S () = DLce(2), BREA

ktp

z Cii

1=k+1

2 ktp
s, 2
= e
2 =kt

MR RS, & L° (E) iy S AT, RE L° (E) #95€ & . 7 7E
g€ L*(E) . ff5

” Sksp—‘sk||§ =

}Lrgllg—Sklig = 0.
B A (g, o) =c(k=1,2,).
EE.H EARAPEEA A, L (E)RMIT f ] X Fourier &%
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BT L PRSI THEA geL* BR g A—E R f. B0,

o = LSin/ar, k=12
b1

BEL(—a.a) PRI —ERER JHENT f(2)=cosz, K FHc.=
(fro)=0 (k=1,2,-),H 18

lim | Steips — £ = Il 0.

X — 1% 8 2 B0 T = 4 RR G 25 8] vh HOEBR A TR 32 ] & 4 B OE 38 &R
(BN 20 I 32 B — L (45 AN [R] i 1) &2 7T 6 B A AR [R] B9 Ak A g HEBR
X . BINEIATRE S RS

EX 6.8 &g LP(E)YFWIERXRR. & L (E)WAHEFTE
EFTHES U ¢ E MR {g ) & L PRHELERR. A
B fELYE) B (fr0)=0 (k=1,2,) , MK

f(zx) =0, a.e. xEE.

TR 6.15 Hi{g) R LE)FHIRERLSERER, f€LYE),

L a={(fr@)(k=1,2,+), 1

lim

k—oc

Zk:c,-(p,- _f “ = 0. (6- 8)
i=1 2
iR BE

k

Sep—g| =0, gELHB),

i=1

=
Mg @) =c.(i=1,2,-), AT A] 5
(f— 80> = fopi) —(gr:) =0, i=1,2,°".
H R {pt R—ERIEZ R, BT LI HE LA
f(x) —g(x) =0, a.e. z€E,
X158 B (6. 8) AR SE.
Bl ERAPARRELEELXR) RE=[—nxl,M=/AK
AR
1, cosx, sinx, ***, coskx, sinkx, *
2L (E)YFHZEEEXR.
A ) f(OR[—n o] ERELERE. & H 1 Fourier
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FHEEZ N f(2)=0.

FEL LR F@OZ0,BAFE 2 €[ —non ] fER | f(2) | H
BARME. AGE f(x)=M>0, 1 A7 A BB T84 /N X ] =
(o =820 1+6) , f#18

Ly %M, z€ IN[=nnl.

MEMF=MAZIHR t(x) =1+ cos(x — x,) — cosd. AR
(O R— T =AZWR, TURERERINE

J" Pl =0 W= Talsow

EXRAEN. —FH.BAYE z€[—na\T B, H (0 [<1,
fit A

L a fot"(x)de < M « 27,
—mem]\I

%Aﬁﬁvﬁﬂ‘]/ﬁ\ ]:(10_6/2v10+6/2)519ﬁ1£ r>1v{§?§f
) =r, x€JNL[—msn]ls
B LA

J f(x)t"(x)dx}f
IN[—n.x] IN[—mx]
I LRI RS AEX,HE
limj" Fane (Hde =+ s,

> 00

FOr(x)de > %Mr" %.

-

LRFIE AL f(2)=0.
(i) ¥ FEL*(E). BAMEEHK

sy = J FOde.

Bl g R —nm.n] ERIGEXTELERELH g(—n) =g () =0,
i AR A TS

n sinkx

J g(x)( )dx

=& coskx
as )(—cosk:c)l 5 1Jw £ )(—coskz)d
B oy J Bl Bl N i 1

=0, k}l.



B— ir g()dz, G(z) = g(x) — B
2w

F®ITH
J' G( n(gin:j)df =0y Bl By

Bl G(2) #)—4Y] Fourier 2 ZEZE. H (D H G(2)=0,H g(x)=B.
PNIIEIE:!
flz) =g'(x) =0, a.e z€EE.

FATHRGE | 7R RR LG 23 (8] A A 4 1 T G 1) & 20 M E &, OF T | e AT
S TE A 1) i T AR A M T O [ 5k £ A R A (] A R RS L A Bt
A5 (A A AE B0 X — A BE R RRATTS I AT iR X

EX 6.9 g () (1) oh () XFE E LR % W
EN

a g () +azdp(x) + - +app () =0, a.e. x€E
AHEH @, =0 (=12, k) R ATREE ¢ (i=1,2,,k)(# E
E)REMT R X T JE55 A ok BUH AR R R L SR A
BA R BRI LT W AR B R BT RH. (B
RVRTET KRB R DA LT A A S5 TR R B )

817 L(E)FHIERR g —E RERET K.

FELELETE (o) PAEBUA BRAS B E

a,goka(r) +az g, () + o= +a,ga,,'(1) =0, a.e. z€E,
WIAE B S T ¢ (o) s BLAE E EXEx SR H o) (O TE
AZMERIF @y =0, R B A HE @, =a; =+ =a,=0.

HR LU BB REA - EREXR. A, BATATLA
FEMC R R A Bl b T R E A2 ROk, X 82 T M BT YF 9 Gram-
Schmidt 1IEZ b7 ¥ -

Wit L (E)HMMEHTLERER, 2

o (x) = ¢gi(x)s @ () :*S‘HLSGT@(I) + ¢ ().
1
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— RV TEBUE ¢1vr s B2
¢k(I) = a,,_lgol(I) +ak,3903(1') + b —O—ak,k,lgak 1(I) +¢ik(1) D
Hr

Qi = Mo 122,00 b — 1.
||go |1

5 M FEFR I { e} (R=1,2, ) JEIE A ).

MT LYE)PFETEREE DEH D b & m & ik
R FREEAT EIRIEAS MR AR BT A B — D IE R R

EE6.16 Wig ) L' (E)PMirEERXR. HXEEN
fEL(E)U R e0.fFfE o P MH S

glz) = ZW £3
#45 |f—gll,<<e(BLht, kg fm‘lﬂ%) W {g } RETEEERR.
iE BB ﬁi{¢.}$%%émx§-LUﬁE3E$ﬁfELZ(E).{;ﬁ
B fre)=0 (=1,2,=). KA £ ,>0, fr AR HE B & . A7 R 5
A sy s s Ay 9@1%

Hf Z“ Hf ||

NIEES

\<f’f~2“z€0l,>\ eI, Hf Z a0, H < ALl ||f H
B—FEBHTF(fr0)=0 (i=1,2,"),#

Hf’f_zaj\'ﬁi - Z;aﬂf’%,)( == Hf”g
X—FERHA o RELIELR.

BEE lﬁﬁEﬂﬂTﬁUﬁ%:

1. {sinnz} & L*([0.x D HTELIERXER.

2. @ feL' ([—mnD sl (D B(—n,n] ER =M B R.
HH

| r@g@dz =0 m=1.2,0,
i} f(x)=0, a.e.x€E[—m,xl.
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3. Wl ()R L (ADHHZELIFEEL R, (¢ ())& L*(B)
H Y SE PR EIE RS AR
{finlx s} = {@: (X))}
B L (AXBYHHELR.
4. Blo ()} B L*(E)H MR HEERZR. & fE€L(E)

lim| f(@)g(2)dx = 0.
5. ®ip) CL ([0 b RELHRBEERR, €L [a,b]),
F) ~ Degn @) Hoth e = frge) TR La b1 T E, 4

ca

Lf(x)d:r = ZqL(pk(I)dz.

k=1
§6.4 L zsEEEAR

#7E Holder AZR
[ @atdz|<Ir1, - gl
B g =1, 00%
[ r@e@az|<ifl,.

W REFE geEL (E)Hg ll, =1, ERXEF 5B R
AT RE®

EHE 6.17 # fELY(E) U<p<+oo), M gEL (E)H
lg Iy =1,67%

A, = Lfmg(x)dx. (6.9)

iERR AW | f|,70.
() p=1. K, 2 g(x)=signf(), M g |..=1,B%

Lfmg(x)dx =j | f() dz = || f |l..
E
(i) 1<p<<-+oo. I, 4
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el = (Iﬁlllil )" signs (),
A
| le@17dz = WL |F Pz = 1,
m 2
qu)gu)dx - L | f()] ('{ﬁi' )Mdr =[£Il

XF p=-+oo, BANA TR EH:
EE6.18 # feL”(E), A

I flle = s?p {\JEf(x)g(x)dJr‘ }

llgl,=1

iERB Al f =M >0, RFEIEHEX LD /N e >0, 1
g€EL' (EYH gl =118

Lf<x>g<x>dx>M—e

Bal. R |If |l =M. Br X M—e 545 E T4 A, 3F Em(A)
:a>09ﬁ1%
| f(x)|>M—e, z€EA.

MES
glx) = %XA(I)signf(x) ,
QF:! llg||1=J lg(2)|dx = lj X, (x)dz = 1,
E ale

BA ffu)g(x)dx: lj Fldt () sgnfladz
E aJE

- lj |F(2)|dz > M—e.
aJA

FE, #5245 E=00,11,f(@) =z, |f|.=1. o, X FEEH
geL'(E)H llgl,=1.F

1 1 1
Jf(mg(x)dx‘gj 1]g(1)|dr<J lgthids =1,
0 0 0

XA F p=—+oo, fEL*(E), A—EMFE gL' (E)H gl =1,



flle= JEf(I)g(I)dI.

T A — i X R Holder 75520 4.
EI 6.19 B g(a) & ECR' LRI ok 8. #5 F7/E M>0, fil
@%b E - wTR B o ()
[ s@edz|<Mlgl,.

W g€ L (E)(p' 5 p tItHE4EH) , Hlg |, <M.
R D p>1L 4T g |7 M BA S AR 5w Il 7
BB o () )L [l 1]
zi*rggok(x) =|g(x)|?”, =z€E€E.

BEL g (2) = (@ (2))"?signg (x) , M3

p
lgull,= (| giordz) .
FET
0< g (@)= (g (@) (@ < (@) |g(2)]
= () g(x),
AT AR B A 14 AT 45
JEgo,,(I)dI - JE(’b"(I)g(I)dI < M| ¢l ,.
AT A
_Lgok(.r)dx < M?,
% koo, KATH
J 1g()| % dx < M” .
E
(i) p=1. AW g(x)=0. RHARIEE:. #F g€ L™ (E) , W FE

Ehiyaf il g5 (A, }: 0<m(A)<+oo (k=1,2,-),{fi15
g(I);ks IGAkg 'k:172'"'.

/Q"\ ng(I):XAk(l')v k=1,2,-,

L.‘F’“(r)g(f)dl km(A,)

|
W Tl = mAD

=k, k=1,2,.
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X 5EBNBEFE . BIBRFTE(SRE § 4. 2-) a6 7).

EIHE 6.20()" X Minkowski %) & f(z,y)2E& R XR |
T B R E X L P AL b yER' L f () ELP (R (1< p<<+20),
BHH

JR" (J'R,.lf(»r-y)lpd‘r)] pdy = M <+ oo,
i
(Jn" Ukﬂf(.r.y)dy ’ l‘dI‘)] ' < JR" (JR 'f"(r.y)]ﬁd.z-)l pdy.
(6.10)
ER Ak p>1.p R p WILBEHER IS
Flx) = JR"|f(I.y)|dy.
BAE N TR AT LR o) KRATA
)J'R”F(I)go(x)dx‘gjwlF(I)go(Ide

h JR" (Lnlf(x’y)ldy) lg(x)|dx
h JR" (jk"lf(r'y)l ¢ |§D(1‘)|dl‘)dy

<[, ([ lreira) ([ o1 az) " ay
- M” P ”p’.
REEH 6. 19, WHNF [, <M, hifi XA

(J " H nfu,y)dy"’dx)"" <j " (J Afaapirde)dy.
R R R R

F 1 7ERX[0.2] EEZTRRE

f»), 0k y<1,

glx), 1Ly 2,

Hrh fEL"(R) g€ L"(R) R f(x.y) BT X Minkowski A% X fk Jy 8 % 19
Minkowski A% = .

flx,y) = {

Irtell,< Ifll,+ ligl,.
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F 2 7EQ, o) X[1,2] EE X Tt

a,y n<<zz<nt+l, 0<y<l1,
f(I,y)={ - tai (neN),
byy n<Lzx<<n+1l, 1< y<<2

M~ X Minkowski R4k H
(Statslr)” < (Sart?) " +(S0r)”
Bl (Hardy FER) 8 1< p+con fE L/ (0u o)), Ei
F(x) :ﬂ:ﬂndu 2> 0,

M FEL?((0,+<0)),H ||F||,,\ anp
ER ERRATA
F(x) = J;f(l't)dt,
B LARR4E ) X Minkowski A%, 7[5
IF 1= (] ﬂf(m)dz‘”d;)l

<[ o) = [ ()

. p
_y ||PLtfwdt = L5111,
FE. Y p=10,FEL".)

§6.5 # poel

EFENEPRIEE & g€ LR, UHEH
f*g€L'(R")
BAE NGl < IfI - lgl. BFEHELE LY (R HHHE.
EIE 6.21(Young A&ERX) & fEL'(R"),gEL(R) (1< p<
+oo),
If*gll, <<Ifllheligl,. (6.11)
R 4 p' ok p BEEEAE RS  EASR

(Fr @I 1f =] 1gldy
R
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= [ 1r@= 1" 1gl - e =17 dy

B4 % A Holder A%, 718
[(f* g)()]

< (L"|f(1—y)|- |g(y)|l’dy)]vp(JR"|f(Jr—y)Idy)l pl.
Xf B W p e X« EFLS . Al Al
JR"|(f* g)(2)|*dx

< 10| (] 15— 1 la1*dy ) de

— 1127 lgl ([ 15— ldz)dy
= A1 Nglit= Nrlie lgl?,
M (6. 11) 2K R 57
FRER 6.21 £ ,Y4 FELY (R, g€ L (R I EHFGEED
(f*)(ORBT LP(ROB. THEHERNKEE EHAEHRREOE X4 H
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g'l 1 &K(I):XB(O_D(I),BJJJE
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= J (flx—ey) — f@)K(ydy,
R
HOR R X Minkowski A% A 15

1/p
(J K, % ) — f()|#da)
R

I¥

<[ (] 1r—e» = rardz) 1K dy.
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ZH,.Y f(OBEZEF 5HKB (o) ALK, BT 2] <1,#&
fla—e)p(t)=0,80(p, * £)(x)=0. T, (o, * N(DWLERF
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supppCR\B(0, k) , HA
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282 EAx¥ L EN

E= {rec”®). [ sz = o]
7E LY (RO P H%E.
R Bl n=1 Rl SHEL 0. BHFEE g€CT (R), EH
lf—gll,<e/2.
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A g )Py = pJ (s+ )" 'ds
0

1
NE o p
1+ x JU o

1
- pJ (4207 0] = s
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&= {1,x,2%,}.
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k=1
m(Ei)gzj |f<:>|d1<ij |f(x)|dzs A =5
A UB, Aldw

=1

EE 4R ERERSHPMSEER) & f€LR). N
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HP BN K BREE. FHHR o BESEW. U o(K)EZESE, ATl &
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BRI, HEo(OPFHWE—-BE BN € H B sEG, HH 2=¢(9).
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=1
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i=1

HEEMEE By, ,B, W EE AR, F o] 18 (Fid c=LL,)
P q q
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i=1 j=1 i=1

HA HE oGO FHE—BEE,FTUAE m(e(G))<c"e, N 7] Al
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i e BEEMER m(p(D)=0.
(i) X F—IEE VEFFER B, . B.CUk=1,2,-+) ffif5
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k=1

HpBNB HUAEENRL, EABERNER. BN B REEUR g £
CVZH, M ¢: B—~R" BWRFZMFOH FTLUAF
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T 7T 01 mp2) = m( |JeZNBo )= o.
=1
#iIL 6 Ko U>VECVERUVER RHHFE. FHF ECLN
o(E) € A

TEHEMNEEBE ¢: U=V, U,.VER WAL, BB R TR%KH:
D) ¢ B—— A
(D) o B CV A H#;
(i) J,()F#0GeU).
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Space, Prentice-Hall, INC., 1975),H#&
J (=N () =1, z€V.
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BAE RATEZE B o THRB T IT AR GERD).
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(1) flp()) & U k{9 A o8 5K 5

(i) fFELV), BHANY flo(e) | ] ()| R U F BT EH
(i) # fELE f(=)=0,M

Jvf(r)dl‘:L,f(go(ﬂ)\],,(t”dt- (5)
Bl 1RBRELRETEHEZRARX) HEH ¢: >R FRUT:
x; = rcosbt; »

x, = rsinf, cosl, ,
x; = rsinf, sinf, =++sinf;_cosf;, 2<j<n—1,

x, = rsind; sinf, +=+sinf, , sinf,; »
He 0K, <x(j=1,2,,n—2),0<0, <2x,r=|z| B & s (W KE.iC R
o B BR T A [ 4 Ry
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Sl ol =1 3B EARZEHMITHIR KA~ sin" 26 sin” 0, -+ sind, .. I H
FELRD,EAAEREHRAK:

2r [ £3 e
f f(I)dI=J J J ! f(rw)sin® 6, sin” 6,
R" 0oJo 0Jo

« sin™ * @y +++sind,, drdf; df, -+ db, ;. (6)
FEATIE R iy BT BR T R
S ={w: 00 <m,0< by <2x( =1,2,,n—2)},
2% % £ 3
2w T ottt 5 = ]
0oJo Jo %

REZBAES, PHRITENE/N 8 2 A RH G —5T, Bl Borel £,

0

2x fx £3
j J J Xa () df, 8, -+ df, =J 14 (@) dw,
0 0 %

UL K wn (A) =J. X4 (@) dw,
zﬂ

BT B E SOATE 3, B4 Borel M BE. AT w. K =, 09T I E. MHIFE—
Bt T A

J _/(1)d1=J J"ZXArrlf(rw)drdw,,. )
R" z,Jo
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W2 0@ = do =220 () ;
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W fERREL f(2) = e RPN o RO . Tl

n

[ tae= T ([ am)= ("0

2 e 2 foa
J e’u 2 dz = J‘ j rrle*r' drdw,, _ w"(Z")J’ rrl e7'2 dr.
R" s Jo .
H A

o = ([ fa) ([t —an(3)
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EEAWE S EHEATENS e RAREMSNENRE . X5t
BROB . M0 — 5 BB R, L /R 2% 7T 48 | T /R 7T 9 4 5 2
UL T 900 4. 8 UL LA 00 9 BB L T o DLUR B B — 6K 4 SR

B R 0 G S £ BE R 57 0 B B O R S R K R AR B A (R
T 50 2, 5 IR B — S B ORI L £ 80 UL o B4 2 SO 1 L A
X FLA BRI T ST 110 K A U 220 B A AR D) L 7 X — B 98 P 2R — FBT 9 9
A7 T EL A AT RE 764 24 k5 1A 7 R R 8 L0 o 72 £ (0 3 2 996 IR . T I
X R A T 5 0 1) 2R 0 OO K 78— R Uk 8 .

33 7 T 0 55— 1~ e B R AE 19 HE 4290 190 e U 0 LI 6 T = AR O T
P R B B3| K 0 M — A R R LR A — A = A OB L % SR
T RO X — RS — A T R A LB TR A A
KR ME SR AR RN A R R X SR ERN . AT S Lk
6] B0 A 44 S B 25 AR T B T 19 2 AR AMTIA B AR 40 3 R M R AT AT
{5 7 A2 8 AL AR B 10 — BOA SR 00 Bt R RE L TR R O R
£ R R — 5 R AR 8 T L. 53 /1 [ A A 9 (2 5 0 D0 7 397 A0 L0 B i o 2K
BT A +AEEMER. 55 WSCE . E 7 — MR T 195 1, %) 0L 4%
AR — B0 S BOBOER T LB T AT R4 AT S T R I I 4. B R
PTEAR R E R RS T R R (6, R A e 2 B R T
SR — . WAT i — 5 0 0 S 7 £ O 40 B 0 A AR

RS S

'rf'(x)dx = ey =fads 2€lad]

RHBAFRIEL. RAMX—-ARNWEREREFIBELTHAEREKRKN R
. 7F 1878—1881 4F (], U. B Ml V. IR/RER G M T XM EH . EMEAR
AROFEEERFREARRRE A, T A B 2R E A .
Ja Bk R B AR S BUo % 0 5 oR B b 38 b & BE T SR BRI RE. SR T L 7E BT A9 FL A
it B RS f (OB R, X—EERARFEN. 7 (O RARME
BERAER, RE £ (o) BB, EA E 002 S, B £ A4 & 24
A RAFZ R WS o) B AMTR R T TR — S LR BR EA
RS HH A BRRW Y AT S % 0 Ve 4 %t % S 1) oK B A 7E 1890 4F
J 1 4 %t i 5 oR B 2 1 4 xS LA AR IE HE BROSR 9 . B R E R A



(D % n#+H 305

N T L TR W A £ 448 0o 2 % o RO R — AR 4. SR T, 8 UL A% G o X F S 80U
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R A N A P BEL Ik fth 56 F — 5 i AR AT Gl A 8 SO R 3R B DL AR
JRICHY B TR KR — WA FEON R BRI T . R AR AT
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fO>1 & fo<l (c<x<d.
HBE fLedDE—HXHE.

3. HEXEREM BOY. A £ (B) =B, B=Y, 7% f(f ' (Y)=
Y. B f RS & Y=F(X).MHFE B.CY, 18 f(f 1 (By))=B, . A vy, €
Bo MEBXEEM € X A f(0)Fy. XEH f AR . FE.
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(=) : ARIESE. HA x1.0: €X Ha#x 8 f(2)=f(x)=y€
Y. M4 A={z} ,B={z;.2: ). GV H y= f(z:) € f(B\A) = f(B)\ f(A) =
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5. MEREM 2€ X, H g(f() =z, BIFLE y= (D EY B g(y)=nx.
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5.() WMAEEM RENAEFFERE B.=(B(r,1/k): r€Q} (REN). X {B, }

5 B<LB(r,1/0 2 B F# S5k B BN F i £ 3 iE 2 b
A S AR TR E—n A, 0RF i 8 T4 B4 F R

%, fr Ll ECF.
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INTF 2/k. H kIR BT M 2 € E, B} FCE.
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L% M—by=e>0,l1 MZ&E XA, 7 Las b, JED#18 ar >M—e>b,
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(R\(z, ) NF £ F e AT { () (R\(2. ) N F} £ F B L2 4 58
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(2, =820 +0) JATA 2EK(E). Bl K(E) 2.

(i) % 2, EK(E) 4 E;=EN (x0—8s20 +8) (6>>0) , U E; RAT$4E. A
N E,NKE)ERIHE, H E;CE,F L E;, MR AU REE KBRS X
H (zy =820+ NK(E) BRAT %4 .2, € (K(E))'.

§1.6

1. i% z€ ECR" \ WKBZ MG yEE. fHifg d(z,y)=d(z,E).{H d(x,E)
=0, z==y€E, E £ .

2. GAG BRAK,H FNG =2 . MHFHE 21 €EF 2, €G. i d(z, ,20) =
d(F,G)G>0. MAEEW r=d(z;,22) Y d(a, F)<r i}, 3H «€G. W HRH N
M d(x. ) >d(G . F)=r, FF. X {z: d(x,F)<r}CG.

3. g HRGER.. BELEHAL, M F=F, UF,(F.NF.=@),F,,F, #
W% WHFLE 2, €F 2, €F,  #18 d(2,,2,) =d(F,,F,) >0. H B8 & «,
58 o WK HELERRBRT FK.TE.

£ Z =
§2.1
3. A Lindelof 72 # (R" il T — BT o5 U AE7E 7T 5UE %)
§2.2

2. AREHERKTRETHRNT. £AK

N ~ .
Zm' (B,) =m" (ZB,,)g m’ ( UB,.)
n=1 n=1 n=1



(D 2 SFHMAIHMALEHBEIRFT 313

4 N—oo, BRI AT 3.
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e B ST 0 B RATA
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§3.32(—)
1. R—@EFAE. fFlin, 5% k%
-1, ze€[0,1/2],
is z € [1/2,1],
MIHEZEH g€ C[0,1]D).,g(1/2)=2>0,FF4 8 >0.FHY z€ (1/2—5,
1/2+6) B s g(2)>2/2. 23T 18 A<<0,A=0 BITETE , B AT 454E.

2. WBHE Jdysun EH . HEEHN nENFHERHE F,Cla,b](mEN)  fH 15
F,CF,1sm(La,b]\F,)<1/n,H fEC(F,)(nEN). NI F#E g€ C
(La b f#i18 g(a)=f(2)(zE€EF,,nEN). HIt VHFEELZ T X P, (), 18
lglx)—P, () |<1/n(nEN,xz€ [a,b]), B | f(x)—P,(x) | <1/n(zEF,,

flx) =

n€N). 4 F=|J F, .l m([a.b]1\F)=0. % 2, € F,#4E no 120 € F, (n=>n5). M
n=1
i XHEL e>0, B m >ng, B 1/m<<eo M | f(z0) — P, (z,) | <1/n<e(n>mny).
fHE.
§3.32(D

1. &, fH{x: Inf(o)>t)={z: f()>e A H,Inf(2) Z 0T EE. ML
A R A (O AT, RFEF g(o) Inf (@) B AT il .

£ WO =

§4.12(2)
1L D) FEARER
F() < (mf @)V + (mfi (@)V? + o + (mf L ()2
< Vm(fi (@) + f2(2) + =+ f. ().
(D G < D) (fi(D+ fila))/2,

1<ik<m

2. FEZ f(.lr))(Eh(x)<f(ar)x,;,P () (zER") +F 114 (Beppo Levi EH)

limJ f(z)dx= limJ- f) X lx)dx = J f (o) lim Xg(2)dx
Eg k-sco) R" R" koo

—> 0o,

- J f(@) gp(a)dr = Lf(x)dx.
R
4 EE f@OXer josm OZf(D X ek, rosney (D (€ ED.
5. % (@) =0+z/m)"e * ¥, 1 (@) (EN),
limf,,(f) =e7, folx) < for1 (D).
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Hy S BN 4

o | z\" _ . [T i, .
lunJ (lJr?) e=dy = llmj f,.(x)d1=J e*dr = 1.
a0 i [} 0

7. HEJEA={z€E, f(0)<1} | fA()TH L, E\A &
FO<F ().
8. & E,={z€[a,b]: n<f()<nt+1}(nEN), M

. s
an(m <jf(z>¢z< an(E,) +Gk—a,

Zn m(E,) < Jf2<1>df< Z(n+ 1?m(E,)

n=0 =0

oo

= > n*m(E,) +22nm(E,,) +(b—a),

n=1 n=0

20

> intm(E,) < Jf3(1)dx Z(n +3n* + 3n+ Dm(E,)

n=0 n=0

Zn m(E, )+3Zn m(E, )+32nm(E )+ (b—a),

n=1 n= n=1

AT 8 £ () fELa,b] LTS BALY Z n* m(E,)<+oo.

(i) H K Z B =[n(n+1)(2n+1)]/6=n'/3+n" /2+n/6,FF Lk

k=

%i “m(E,) + %2nm(E)+ an(En)

=> (k-lkz)m(E,,)=g(kz:zkm(E,))

= DK « m({z€[a,b]: flx) = kD).
Fi I B 44 BITIIE.

9. %A Al j Foldz < J Foyde BH

llme (1)d.r<Jf(1)d.r.

oo,

Jf(I)d.l’ =J llmf (x)dxr << llmJ- fo(x)dx,

P

IR ST
10. KSR HMAEE ZC[0,1],m(Z)=0. % z€[0,1\Z,x R F(E

)b
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(A FRA A D % (2) <+oo, a.e.x€[0,1]. WTiXHFEL >0, 727 AC
[0, 11BA B M>0. {75

m([0,1NA) <e. D Xe (@) <M (2€A.
n=1

H o, T ATA
im(AﬂE") = J.Aix,.;"(x)dz <M.
§4.22(—)
1. #EERX

f(x) + glx) —| f(x) — g(2)]
2 ,

m(x) =

M(z) = f(x) + g(x) +2|f(1') —g(z) |

Xt a.e. x€ER" JIL.
2. £ QN1 ]={r} HEHML x » y=r.(nENIHK y=2/r,(nEN) R
HTFUR HOLRIER R hOEME AT || rCeadedy = 1.

[o.17%

Bv mCE) <J |f(1)|dx<J | £(2)|dz <+ oo.
E E
4. WEAK 6>0,% E,={2€(0,+0); | fr(2)|=c)(nEN), N

m(Ey)o< L_ PRSI J% | () Xty (D)2 |
- 0

=J':"|f(1)|d1»o Ry
5. BB L@~ O +e<e" ,HES MY AMNY 2=C. AIRIEE. BES
1
ﬁxﬁ@czjjumpmﬁﬁEchLMD>mﬁ%
e (f(x) —O)+ &€ < P (z€E), ecr (f(x) —Odx+ e < Jle"”d.r.

HEBE | () — Ode = 0,8 ERT

1
1
fCxrde
eJ\ =gr <J e/ dx.
0

X5 BT S . .
6. EEE E, ME X . KMNAE
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def
J \f(x)—f,|d1=J (f(z)—f,)dr—%—J‘ Efi= Flaile—— Ty -
1 £ nE;
J.= fiI|l—m(E;)) — f; |IH—J.E f(x)dx
I

=J f(.l')dI—J- frdx =J (f(x) — frdaz.
E; E E;
£ I RO A5 BT IE.
8. WHERHA . XE—ARTHE ECR A | f(de = 0. B HME
P& AT
§4.22(2)
L il BEH ¢, () — g, (a) = Jf(.r)go (2)dx(nENa <t < b). & n>o

BRA5HIE (AR 448 42 il Wi S e 1)
2. REE. BELE LA E B4 lcos’ne fEL— m,m) |- o 4 0 BE e 8 F
Z.Hi | cos® (nx) | <1(nEN)A[HI
lim‘[i cos’ (nr)dx = Ji lir?cosz (nx)dx = 0.

i X LR ER o FE.

3. 5t 2 € (0,4+00), 4 0<| Ax| <x0 /2, g+ Dx>20/2,

Bz /2<x<zotzo/2 B | F() /(x40 || f) | /(20/2)(1==0) s
I B A5 BT E.

7. & E,={x€E; cosa<1—1/n}(n=1,2,-), 5%

JE f(x)dx =0, f(z) =0, aex€ E,(n=1,2,)
AfEESEX

Jki|f..(x) — f(z) |dz = EEJJ-RUF,,(I) — f(o)|dx < 2 niz <+ oo,
=1 —
9. gj;r\aaln‘rdz_ "z:; |an| 2 2 <+oo. B flz) = z";akkj

(x=2), 15

lim £, (x) = Zakk *,  A@IK D lalk™ =22).
AR k=2
W% Zlam-rﬁrm.muﬁ

n—-oe

wrde = lim[ fude = [ limfode = [ Sanda
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§4.4

1. 3t 20 €(0,1), B 20 EFELE 650,618 2, () =0(x —6<ax<<z, +0).
X (O MARESE SERTENE.

2. 08 QO MBS SENE B 2o €EJ RN g () % S ok 8. f7 L
g(f()FE 2o €E fbi#E 4L, XU g(f(a)) IR ELE ML B L. IEEE.

3. BZZ, B () g WM ARESESE . Wm(Z UZ)=0.% 2, €
ZUZ, B AEALE (2, ) 2 2= 20 (n>00) ffif8 f(x,)=g(z,)(nEN), H
ﬁf(.ro)=1i21f(x,,)=11mg(1,.)=g(1‘0).i_‘Xﬁﬁﬂﬂ floy=g(x)(x€Z UZ).

§4.52(—)

L[ ([ raoway)ae = [ ([ £t e ordy)de
1 1
- JG (J.Of(-r’y)x«u.,\“ y<a) (qu)d.z')dy

= J; (Jlf(.r,y)df)dy

2. EEm((A—{2})NB) = JRHXA(}J‘f‘I)XB(I)dJ.

§5.12(2)
1. ®A. ARGERE. Bi% (o) fELab] EHIE &S F(2): F'(2)=f(2)

(a<a<b) JUWEH F (2)=0,Ff B\ F(o) fELa.b] L34 AT A j”fu)dl =

rF'de = F(b) — F(a) . XM f€ L([a,b]), 5EEFE.

3. RYifE EC(a,b) X [EjE I spf—A X[t &F T (a,b).
(1) ﬁﬁ Ilér.%ﬁml%l“qﬂﬂ‘lh 'Izv""lk ~i£ P EF"}EEJ. Iu-IZ *""Ik ﬁ]

k

AR — YK KB LA o JFIR Lo erig: LN (UL)=2.

i=1

m(IﬁH )>5A/2. (Eﬁ~%$ﬁﬁﬂulﬂﬁz Ik'\ ~)rlll%1/r§ﬁ ﬂﬂ )
G EXE L TF: B5 L Ao, m) =>5m(L). HHY z, €
(I v €L B A dxo v 2)=2m(1) >80, T A

so

DimI) = 5> m(L) < 5(b—a.

k=1 k=1

BERERBHMB0. & A=E\ (UL ). & mA) >0 WA b 18
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D>omI) < m(A) JATIRELE 20 € Aszg € (1O (h=ko) s HAMA 20 € (L)

=k
(k=1,2,ko). X E AT FFEIED B e LHINL=J (k=
1,2, ko) s AT 48 8, <<2m (I, )—>0(k—>c0), R4 8 E X FETE /D IF S5
by i INL = m(D8, 1. WNTTH k> ko 11
€I N Ly 2 €INUTL) S m(D = dxo,21) > 8.

X—F JE U m(A)=0.

§5.2

L AR x—2 MEHE—1.0.1 4F[—1. 118 =D E L ARE S 2=

/33, T EHME —2/3/9. Bk fE 243/9 KA L 5 5
y‘(x—.ra)=8~/3_/9.

2. A ERR BIELEN. RAMEEN € [«.b]. ¥ | f(2)— fla) |

b
<V (H=0.FF BT f(2)=fla) (a<z<b).

3. F&E max{a,b}=C(at+b+|a—b|)/2.

4. FEA| @] =ML ) — (| &# FEBV[a,b]), M5
| fl €BV(La,b]). R Z,#t0 Dirichlet B D(2), EA A REEZRE.H
ID(x) | =1 BREREEN.

5. BB AR aa,—bb,=a,(a;— b))+ (a,—b)b,.

6. MEBAMFE M>0,6848 | f(2)— f(» [SM|z—y|(—o<a, y<
+oo). NI X [a b JIE—2 K] A: a=z<x;<-<z,=b.H

= Z|¢<f(1,>) — o flzaN < Z}M | fCx) — flz)]

n b
=MD f(z) — flz DKMV,
i=1 a

8. WEH. B F(=\V (N <2’ <<b. K

|fl") = fla'y|<€ \7(f) = B(z"y = F(z).
o fﬁ%ﬁx%iﬁﬁj.ulu;a‘[a.bjﬁj{{—%ﬁJ A a=z <y <<
z, =b Al Al
v = anlfu,.)—fu,,l)lg Z"UF(I,)—F(L_,) | = F(b) — F(a).
H S B j‘r:EIBV([a.b]). .
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9. R, AARIEE. HHETE 20 € (a.b) M| (20 +0)— f(x,—0) | =8, >
0, MXHEBE W >0, | f(xo+e)— f(ao—e) | =8 /2, \TiT f(x)FERAE

sl Fze — 0 Flzs +0) ) + % il Pl — 03 s G+ 03— %

ZEBAFEFEE. X5 (o BHEREFE.
10. 4 F(o)= Vv (H)— f(D)+ f(a) | F(a)=F(b)=0. 5% F(x) 2%

1R F () =0(a<a<b). X f()=fla)+ V (.

§5.3

1. w:e[o,u.m@ﬁﬂﬁj e (DAt 4 z—ra” S 131, a. e.
z€[0,1]., XX L JLF-4b b iy 5 2 E AEY s B m(E)=1.

§5.4
1. % z,y€la.b], &
LFC)— )| = J mdz) Ji[/’(:)\dr‘ngy—I\.
2. A € AC(Lab]) 8L f(2) JLFREAR AT . N
IF(n — FDI< M]y—z, M’ M (z.y€la.b]),

prp
LA y>x, 18| f () |<M,a. e. 2 € [a.b].

3. 4 S(x)= Z fo (@) (a<<a<<b) W SCx) i 3% e 3. i Fubini 3 4 A]
n=1

S (2) = iﬂ,(:).a. e.x€ [ab]. FEF fi(2)=0,a.e. 2E[a b, HKNA

n=1

j"s’(x)dx = Zfﬁ(;)d; = D(fu(b) — fu(@) = S(b) — S(a).
KRB SEAC([aub]) '
4. BB T FHERS e, ) UK 2€ (0.1], 7T H

J Fdr=lim| Fod= lim(f(2) = fle,)) = fx) = £(O).

o0
“n

X e Lqo,1D.
§5.5

1. i@ F(z) = j'f(z)dz.mu Fla) =0 I &

b

b b
= J fWOF@dt = F*(x) —J F (o) f(e)de.

a
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s 21=F? (b) . 12iF.
2. 4 F(z) = J:lf(u)ldu.ﬂlj(t> D

U:f(u)g(u)du gJ'M‘—f(uL)'du
1

—ME@ |l P,

u 1 1 u
<M(EL—F )+ M f@lde- (1)
<M(J’x—|f(f)|dI~F(1>)

o

1
+ML |f@ldz(1—--)
=MJ.w|f(z)|dx—MF(l)=o(t) (¢ =+ o).
0
3./7‘\G(I)=J-i g(de, ®fi1H
b
Jﬂg(f)f(r)dr= j £2(2)dG(2)
b

b
= GL) £AD —zj Gl f(2) Flx)dz

b
- 2J Gl Pl f .
HH 2| f() f (@ <@+ @ UK
z oo del
|G(1)|<J7 »|g(t)|dt<fﬁ leta [l —t,
Fr A&
oo
Hkg(.z)f?(.r)d.r < C'[_ [ () + (f(2))*]dx.
4. X n=1,% H(z) = fo(t)dz,G(z) = (z—1), M
F(z)= J’H’(z)G(z)dz = J'G(:)dH(:)

= H®G()

F —rG'(t)H(t)dt s JIH(t)dz.
M F(x)=H(x) . F'(x)= f(2) ,a. e. € [a,b]. UL F B35 FH 9 94 5 BI AT 1830E.
g A =E

§6.1
1. 32 M=sup{[fll, } <+eoo,E,={z€E: | f(2) | =n} (nEN) , REF B E
EEN
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m(E)>0neN) , BATH

1/p
n(m(E )% < (j f@]%dn)) <Mk =1,2,).
E

A koo (p—>+00), W18 n<M, FBOFJ&. HIMAFE no , [§78 m(E, ) =0, 8]
| f(2)|<nos a.e.z€E.

3. AR Ifl= Llf(r>\”dx< (m(E))*G2) (LIf(z)l"o az)""
B
Tim £ 1, << 11f Uy, -
by

(i) AR Levi 5| 38 A1 il i S 22, 7] H1

lim || 7115 = lim | £ |#dz+ lim | | f()|?da
»7'py p7pgd (2€E: | f(2)[>1) p76yJ {x€E: | )1}
=J !f(z)\"OderJ | f(x) ]P0 dx
(z€E: [f(2)[>1) {z€E: | f(0)|<1)

—I£1s.
4. & E\={z€E: [f(2)|=1},E,=E\E|, U} 2>p.>p >1,
| f() | =1 f()]?2 (x € Ey)y | f()|2 Z=|f()|" (x € E).

limj | flx)|?dx = J | f(x)|dx.
Ey E,

Pl
%Ll (f@D|? —|f()])dx = Llde = 0.
Hy B 75 BT k.

7. % g(2) =sz(t)dt o< z<, M
0

b 2
Jf(x)dt‘ < (b—a)rfz(t)dt= Crth) — gtad) —ad,
8. 5| Schwarz A%, RATH

1F 1= [ | [ rwar| ae <[ ([ra) ([ 1rwita)

<[ 2lflide = TIr1E <51
9. EBRAEX

Hgf‘ g (L‘Zfﬁ(f)lpdf)w — (], 1im| Zﬂm 7ar)”’

< nm(L \ if;(:) "’dI)”P <1i_mz": I fell,= Z [FA
n—socc k=1 00 ] k=1
10. 1k %
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f(), =z€Ee, {O, x€e,

g(x) = { h(zx) =
0, z€E\e, f(x), xEE\e,

M f(x)=g(x)+h(x) (€ E), A\ H (Minkowski A% )

o rdz) = ([ 1g@ +ro12de)”
E E

1/p

< ([ ls@1rdz)" + ([ ncor17dz)

1/

= (Jir@irde) " + ([ lroiae)

§6.22(—)
2. BE|fi@—f@P<U fila) |+ ] () P22 | F(2) |2,

3. A—E. Bl fi () =VEO<z<<1/k), fi (x) =0 (g =), M
‘limxfk(x)=0(0<x<1), lfell,=1.

4. () BR.

(i) %f 6€ (0,1), 42 Cantor £ G, C[0,1],m(C) =8, WML H X, ()Y
REMA A MBAFAE € SNCL01D MABE f(2)=0,a e 2€[0,11\C,.
RmL0,1I\C; [0, 1]HHE, 8B f(2)=0. X 5X, (2) #0,a. e.2€

[0,11F/&.
5. HEAEZRGE p': 1/p' +q/p=D

J |fel@) = f@|dz < (J fol@ — f@|*dz )" GmENFs,
E E
6. EEARAEX(p>D

rif.(z)—f(t)ldt< (flf.(z) — @ lde)

o 1/p
< (J | fi(® —f(t)|’dt) o (b— @)/,

7. RAFAREX
fi(@ g (2) — f(Dglx) = (filx) — f(x)) (g (x) — g(x))
+ f()(ge(x) — g(2)) + g() (fi — f(2)),
RYEEE|

JElf‘(I)g,, (x) — f()g(x)| dx
< JElfk(x) — f(x)| o |ge () — g() |dx

+Js|f(1)| o g () —g(r)idx—%—LYg(IH o| fi(x) — f(2)|dx
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< Nfe—Fflloe lge—gllat UFl,e g —gllet llgles lfe = £ll,.
4 k—co R ] F33IE.

§6.22(=)

1. MERSE . E h(DRREER. WA

limJ‘ folx)h(x)dx =J f(x)h(x)dx.
e R
PAEXT g€ LY (R A K >0, FEB B bR 8L A () L fd 75
1/q
= _ ¢ e
lg—nhl,= (L!g(r) h(x)| dI) <2—1\7I
EHEARER

‘ka,.(r)g(r)d:r—Inf(l')g(l)dx ) < J;|f,,(1)| olglz) —h(2)|dx
=+ Un[f"(I)h(I) — f(z)h(x)]d1‘+JR|f(1)|- |h(x) — g(2)|dx

<l fullps llg—RllA+ Un[f"(l”’(” —f(z)h(z)]dxl+||f||p' lg—rll,.
A I 5 A0 4598 ST

§6.32(—)

1. EER

J‘E(f(x) +g(1))zd.r+JE(f(I) —g(x))dx

—2([ £ @de+ [ g2 @adr).

2. HE lg.ll,—~ llgll,(n>c0) LA R A%

[{fusgn) = o) =fa— frg:) + g —g> I

<Ifo—=flyellgall,+ llg.—gll, = £l

3. BBER(fta.f—o=lfl;+ lgl;—(fg>=0.
4. EERER = 1A 1+ 11 =2 s .
§6.32(D)
1. B {sin(a) } & L*([0,a D FWIERR. o .i& FEL* (0, x D UK

J':f(.r)sin(nr)dx =0, F(OFE[—ma] ERFEHFR: [ ()= f(2)(0<

<) f (1) =— f(— ) (—2<2<0). BR J F* (Yeos(nz Yz = 0(n = O,

1,2,+), T BA

J" P o S A

t =
J’ f(Osin(at)dt = 0 (nEN).
0
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X 15 B J‘ f* (o)sinnzrdr = 0. Tl f* (2)=0,a.e. €[ —n.n]. BHMEIE.

2. HUERS S M BT Qo)A (frQ =0, ik g€ C(L—max]) o HF
=M ETRINQ, () s EAEL—non] E— BB g(2). B
0= limx(f»Qn> = {frg7.
XA — o n ] 04— E M EL A g, € CCL—mon D) B | g0 (20 | <18
% nlij_ggn(r):x,.;(r).&ﬁ'ﬁ*ﬁﬁﬁ%ﬂ%ﬁiﬁﬂyﬂﬁ(fﬁ(g):& P 57 B AT HE
258 BT
3.0 [ fatayrdady = [ ot (j8¢z(y)dy)d1 =i

(D) £F iy 71, (b k) B EATAH
Hf.l,/.i(l,y) « fi,,(x2y)dxdy

AxB
— [ 4@, ([ gy, (2dx)dy = 0.
(i) FHH fEL*(AXB) R f, fis ) =00 LEN) ,JU L
F.(y) = J‘Af(x,y) ¢ (x)dx,
551 F, € L*(B). il
JBF,(y)@(_y)dy = JA Bf(I'y)f,_‘(.r.y)dIdy = (.
Xt F.(y)=0,a.e. yE€ B. H It A J‘f(.r.y)(p,(r)d.r = 0,a.e. yEB. ###

{oi () VRS2t T LT b2 yEB. A mU{x€A: f(a,3)F0})=0. A
i, 1 Fubini F#EH f(x,y)=0,a. e (z,y) EAXB.

4.8 C = JEfu)go.(x)dr(keN).#izﬁZCi <IfI2.
k=1
5. AEER
L_f(x)dz: th(.z:) 2o (Ddz = (frxp)

oo

— Z<f'$0")<xt‘¢") — zck(xE"P‘>
k=1

k=1
= c (z)dx.
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(=) 3 ]
3 8 1

10. % E B — R R8s s i 4, T F X L4 A, B S 4.
13. Xf R\E={zER: fFfE >0, f(z+e)— flz—e) =0} P B & =, fF7E
& >0, f# 15
flazgte) = flay —e) < fOY) K< flz ta)y y— x| <.
i % R\E 2 JT 4.

27. AIRIE. e (| F.=2, 1
UF:= (NF.) =r".
WE F, W{F. ) & F, W E%.

30. 4 E,={z€R: f[(0)>t},E,={z€ER: f(x)<t},W E,UE, &
£ HSFREMNEES M E M E, #ETFE.

3 & 2
12, fd B
m*(A) = m*(ANBy) +m (ANE),
m'(A)=m'(AﬂéBk)+m'(Aﬂ(r—jB.)‘).

13. £ EM%MA G, m(H\G)=0. 5 H m" (E)=m(H).
16. ARIEE. BEXM 6, € (0,1) H e, > 1(n>0)  WFEEMIE E, . (15

WNE, %8, E= | JE, T8, BA m(E)=1. 5% WNE REWE, 58
SHW HAWE.
3 & 3

6. %

~
E?= {z€E: igplﬁ(x)\} 1/p}s D= {z€E.: klimf,,(.r) =0},
=) —>00
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3 & 4
l.a*l . ~ )
11. () X =z e f(l—eF) = e ™,

L —
e 1 =
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(i) FEE sinazx/(ef—1)= Z e " sinar U\&Jv | e ™ sinax | dox < a/n*.
n—1 0

12. ZE#HTE[0,a] LTS
15. 5 m({x€(0,1): f(x)>1}=0.

27. (2€E;: w(x)>0}=E\E.
30. i) 2rff (D) o g PR R %K.
31. FEER

quEu)f(z —de= ka(z) (LXE(I _ e )

= m(E)J fla)dx.
R

3] & S

L AP ECL—AA]HMEEW Vil BHW T X € EKE#/T
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V(O = D fla) — flae) | < e/2,
a i=1
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LT () — () <e. BETE R .
7. Xla b]JE—8 A: a=a20 <o)< <z,=b,id L =[x 1.2,
(i=1,2, ). HED fUIDE—DXE,KNE

i i
2 | flz) — flz) | << ZJ‘ Xrap(y)dy
i=1 i=1v¢€

;- L
=f D3 Xy (Ndy < 10¢d — o).
L=

8. iLEEM a0 K[z x+Ax], WA

1 r+Ax
—J f(Ode

: < glx+ Ax) — g(x)
Ax A ’

Ax

10. £ F(x)= ij'(t)dt* (flx) — fla)).
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11. %4 F(x)= J’Ilﬂ(md:— \/ (H). SR F() s, B AT V @2)

#6 %} ESE R TT .
12. 58 f () BRI,
14, fEEH

R j FooilE (5E ledlls
Yo
A f = fELa,b] RSP
L b,
F(y) — F(y,) =J dt'[ o Cyt)di,

d [ o2 ﬁ;'of
15 Ejﬂf(1+y)d1 & }E{}L TJ, [ (t+ y)deda.
3 & 6
2. B f(o)=),(2),A={x€E: |glz) | >Mj}.
8. /—;v\p:3/2;p':3'mﬂ
l= H fz(x)g(r)dx}<J fi() | glx)|dx
E E
<IF, < llgly = diflllglls =1,
Wi [ @@l =171 gl, = 1.

MO C>0, fli 5

Clfi@|? =lg|¥ = Clf|® =|gla)|>.
H C=1. ft X5

[f()* =g |f@)|=|glx)|, a.e. z€E,

JEfZ(I)(|g(I)|—g(I))dr
= .[EfZ(I) |g(x)| dI—J Ao g(x)dx
E

:J.;:'f(I)PdI—l = 0.
14, £ E.={z€E: | f(2)— fi (D) [?>1/2"} (k=1,2,+), W] m(E,)<
1/2 (k=1,2,). % # fi(o 1 E\ JE: Logant.

k=)

16. & FEL*([a,b]) s B{frg)=0 (n=1,2,). BH{fr0.)={Frga— )
(n=1,2,+) FTLL [ fr@) 12 <N F I3 Ml — gull3. oK 0 BN AT 45HEE .
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