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4 1.1 Random Experiments €»

Two types of phenomena exist in nature and human society. One is called deterministic
phenomenon. For example, the sun rises every morning and sets every evening. Free fall
occurs whenever an object is acted upon by gravity alone. Deterministic phenomenon makes
us believe that things have their own way of being in the world. The other one is
nondeterministic or random phenomenon whose outcome is determined by chance.
Examples include tossing a coin, rolling a die, knowing one’s score before taking the exam,
etec,

The occurrence of random phenomenon urges people to try to understand the reason
of this kind of phenomenon and the possibility of occurrence so as to make sound and
reasonable decision according to the situation.

Although the occurrence of random phenomena is outwardly random and accidental, through
a large number of observations and experiments, people can often find the intrinsic regularity
behind the randomness. This intrinsic regularity,called statistical regularity,is observed in a large
number of repeated observations or experiments, Probability and statistics is a subject to study
and reveal the statistical regularity of random phenomena.

Definition 1,1.1 A random experiment is real or hypothetical process satisfying the
following conditions;

(1) The experiment can be repeated indefinitely under essentially the same
conditions,

(2) The possible outcomes may not be unique and can be identified ahead of time.

(3) The outcome is uncertain before the experiment.

Example 1.1.1 Tossing a coin and observing whether it lands heads or tails.

Example 1.1.2 Tossing a coin twice and observing the sequence of heads and tails.

Example 1. 1.3 Rolling a die and observing the number of spots.

Example 1. 1.4 Measuring the lifetime of a light bulb.

¢ 1.2 Sample Space €

Definition 1.2.1  The collection of all possible outcomes of an experiment is called
the sample space of the experiment, denoted by £ or S. The elements in sample space are
called sample points or basic events.

Definition 1.2.2 An event is a well-defined subset of the sample space of the experiment,
denoted by A,B,C, etc. The sample space S is guaranteed to happen and called the certain

event. The empty set () that cannot happen is called the impossible event.
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Example 1.2.1 Rolling a die. The sample space is
S$=1{1,2,3,4,5,6}.
The event A is that an even number is obtained,and it can be represented as the subset
A={2,4,6}.
The event B that a number greater than 2 is obtained is defined by the subset
B={3,4,5,6}.
Example 1.2. 2 Tossing a coin twice and observing the sequence of heads(H) and
tails(T). The sample space is
S={HH,HT,TH,TT}.
The event A is that the first toss results in a head, and it can be represented as
the subset
A={HH,HT}.

€ 1.3 Relations and Operations between Events €»

Suppose that A is an event. We say that the event A “occurs” if the outcome of the
experiment is contained in A. Since the events are subsets of a sample space,they obey the
rules of set relations and operations.

Definition 1.3.1 It is said that a set A is contained in another set B if every element
of the set A also belongs to the set B. For events, AC B means that if A occurs then so
does B. See Figure 1. 1.

Figure 1.1

Theorem 1.3.1 Let A,B and C be events,then ACS, If ACB and BCA,then A=
B.1f ACB and BCC,then ACC.

Example 1.3.1 Rolling a die. Suppose that A is the event that an even number is
obtained and C is the event that a number greater than 1 is obtained.

A={2,4,6},C={2,3,4,5,6},ACC.

Definition 1.3.2 The complement of a set A is defined to be the set that contains all
elements of the sample space S that do not belong to A. The notation for the complement
of A is A or A. See Figure 1. 2.



0 £ i 58 41t Probability and Statistics

Figure 1. 2

Example 1. 3, 2 Rolling a die. Suppose A is the event that an even number is
obtained,then A={2,4,6} and A*={1,3,5}.
Theorem 1,3.2 Let A be an event,then
(A*)'=A,F=S8,5 =0,
Definition 1.3.3 If A and B are any two sets,the union of A and B is defined to be
the set that contains all outcomes that belong to A alone,to B alone,or to both A and B.
The notation for the union of A and B is AUB. For events, AU B means that A occurs,or

B occurs,or both occur, See Figure 1. 3.

1 3

Figure 1. 3

Clearly, for all sets A and B,the following expressions are valid:
AUB=BUA,AUA=A,AUA=S,AUJ=A,AUS=S.
Furthermore,if ACB,then AUB=B.
Remark 1.3.1 The concept of union can be extended to more than two sets,
Definition 1.3.4 The union of n sets A, ,***,A, is defined to be the set that contains
all outcomes that belong to at least one of these n sets. The notation for this union is either

of the following:

A UA,U--UA, or Q}A,-.

The union of an infinite sequence of sets A,, A,, *** is the set that contains all

outcomes that belong to at least one of the events in the sequence.

U A.
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Definition 1.3.5 If A and B are any two sets, the intersection of A and B is defined to
be the set that contains all outcomes that belong both to A and to B. The notation for the
intersection of A and B is A[1B or AB. See Figure 1. 4.

s ~

Figure 1. 4

For all events A and B, the following expressions hold:
ANB=BNA,ANA=A,ANA =, AND=T,ANS=A.
Furthermore,if ACB,then A[1B=A.
Remark 1.3.2 The concept of intersection can also be extended to more than two
sets.
Definition 1.3.6 The intersection of n sets A,,*+, A, is defined to be the set that
contains all outcomes that are common to all these n sets. The notation for this intersection

is either of the following:

A NA; N NA,o0r _ﬂl A..
The intersection of an infinite sequence of sets A,;, A, is the set that contains all

outcomes that are common to all the events in the sequence.

Definition 1.3.7 It is said that two sets A and B are disjoint,or mutually exclusive, if
A and B have no outcomes in common, that is,if A1 B=AB=(J. See Figure 1. 5. For n
sets A, ,**, A, ,if any two of them are disjoint, then they are called the pairwise disjoint

events.

Figure 1.5
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Definition 1.3.8 The difference of two sets A and B,which we write as A—B,is the
set formed by all elements that belong to A,but do not belong to B. See Figure 1, 6.

'S ™

Figure 1. 6

Clearly,A—B=AB*=A—AB. But A—B is not same as B—A.

Theorem 1.3.3 For events A,B,C,A,,A;, -, the operations satisfy the following
properties:

(1) Associative Properties.

AUBUC=AUBYUC=AUBUO),
ANBNC=ANBYNC=ANBNO.
(2) Distributive Properties.
ANMBUO=ANBUMALNO,
AUBNO=AUB NAUO.
(3) De Morgan’s Laws.
(AUB)*=A‘NB,(ANB)=A‘UB",
(NAH =UA;, (UAD =NA:.

Example 1.3.3 Suppose that a coin is tossed three times. Then the sample space S
contains the following eight possible outcomes:

S={HHH, THH,HTH,HHT,HTT, THT,TTH,TTT}

In this notation, H indicates a head and T indicates a tail, Let A be the event that at
least one head is obtained in the three tosses; let B be the event that a head is obtained on
the second toss; let C be the event that a tail is obtained on the third toss; and let D be the
event that no heads are obtained. Find: A°,BND,AUC,BNC,(BUC)*,AN(BUO).

Solution :

A={HHH,THH,HTH,HHT,HTT,THT,TTH},
B={HHH,THH,HHT,THT},
C={HHT,HTT,THT,TTT},
D={TTT).
Therefore, A=D={TTT}; BND=J,AUC=S,BNC={HHT,THT},(BUC) =
{HTH,TTH};AN(BUC)={HHH, THH,HHT,HTT,THT}.

Example 1.3.4 Express each of the following events in terms of the events A, B and
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C as well as the operations of complementation, union and intersection. In each case draw
the corresponding Venn diagram.

(1) Exactly one of the events A,B,C occurs;

(2) At least one of the events A,B,C occurs;

(3) At least two of the events A,B,C occurs;

(4) At most one of the events A,B,C occurs.

Solution: (1)ABC*UA‘BC*UA‘BC. (2)AUBUC. (3)ABUACUBC. (4)ABC‘ U
ABC‘UABCUABC* or AB° UAC°UB‘C*. The corresponding Venn diagrams are

shown in Figure 1.7,

( N ~ ™

(a) (b)

(c) (d)

Figure 1. 7

& 1.4 The Definition of Probability €»

All possible outcomes of an experiment are known ahead of time. But only knowing
what random events may occur is not enough when we study random phenomena. We also

need to determine the possibility of the events. The measurement and characterization of

=
e
‘l - i
g
"_';.._.}1“
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the possibility of occurrence of the event is called the probability.

We begin with the mathematical definition of probability and then present some useful
results that follow easily from the definition.

Definition 1.4.1 In a given experiment,for any event A in the sample space S,a real
number P(A) is assigned. P(A) indicates the probability that A will occur if the set
function P( « ) satisfies the following three specific axioms:

(1) Nonnegativity: For every event A, P(A)=0.

(2) Normality: P(S)=1.

(3) Countable additivity: For every infinite sequence of disjoint events A; ;A ",

P(il_jl A,-) =l iP(A,-).

The following propositions can be derived from the axioms:
Proposition 1.4.1 P () =0,
Proof:Consider the infinite sequence of events A;,=,i=1,2,3, -, then it follows

from axiom (3) that

P(D) = P(Q A) = 2P@A) = 2P
= i=1 je=1
Since P((J)=0 by axiom (1) ,then P(J) =0,

Proposition 1.4.2 For every finite sequence of n disjoint events A;,***,A,,

P(il:Jl A,-) = ZP(A.-).

Proof :Consider the infinite sequence of events A,,A;, ***,in which A,, -, A, are the n

given disjoint events and A; = for i=n+1,n+2,++-. By axiom (3) and Proposition 1. 4. 1,

P(:LJI A") - P(il;J] Ai)
= > P(A)

i=1

i=1

~ S PAD.
i=1

Proposition 1.4.3 For every event A,P(A°)=1—P(A).

Proof:A and A are disjoint events and AUA*=S,1=P(S)=P(AUA)=P(A)+
P(A?) ,therefore P(A°)=1—P(A).

Proposition 1.4.4 1f ACB,then P(B—A)=P(B)—P(A),P(A)<P(B).

Proof : As illustrated in the Figure 1. 8,the event B may be treated as the union of the
two disjoint events,

B=AUBNA)Y=AU(B—-A),

where A and B— A are disjoint, therefore,

P(B)=P(A)+P(B—A)=P(A).
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~ a

Figure 1. 8

Proposition 1.4.5 For every event A,0<<P(A)<1.
Proof:ACS,by Proposition 1. 4. 4 and axiom (2),P(A)<XP(S)=1,
Proposition 1.4.6 For every two events A and B,
P(AUB)=P(A)+P(B)—P(AB).
Proof:We have AU B=A U BA‘, where A and BA‘ are disjoint, see Figure 1. 9.
Hence,by Proposition 1. 4. 2 and Proposition 1. 4. 4,
P(AUB)=P(A)+P(BA°)=P(A)+P(B)—P(AB).

[ )

Figure 1. 9

Proposition 1. 4. 6 can be extended to three or more events.

Proposition 1.4,7 For every three events A, ,A; and A;,see Figure 1. 10,

s R

Figure 1. 10
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P(A,U A, U A))=P(A)+P(A,)+P(A;) —[P(A A;) +P(A,A;)
+P(AA;)]+P(A A AL,
Proof :It can be derived by Proposition 1. 4. 6.
P(A,UA, UAD

=P(A,)+P(A,UA;)—P[A NA, UAD]

=P(A,)+P(A,UA;)—P[A A, UA A, ]

=P(A,)+P(A;)+P(A;) —P(A;A;) —[P(A,A;) +P(AA;) —P(A A A3) ]

=P(A)+P(A;)+P(A;)—[P(AA;)+P(A,A)+P(A A ]+P(A A Ay).
Proposition 1.4.8 For every n events A,,*,A,,

P(_LHJIA,-) = SPar— 3 PLAA)+
e i=1

1<i<j<n

> PAAA) — =+ (—D™MP(A A, A,

1<i<j<k<n

Proof: The conclusion can be proved by mathematical induction.

4 1.5 Equally Likely Outcomes Model €»

Early in the development process of probability, the equally likely outcomes model
(classical probability model) occupied a very important position. Its calculation mainly
depends on the knowledge of permutations and combinations. Although its formula is
simple,it is very intuitive and can help to understand and grasp the basic concepts of
probability theory.

In this section,we consider the equally likely outcomes model. The experiments have
the two features;

(1) The sample space S contains only a finite number of points s, ,**,s,.
(2) The probability assigned to each of the outcomes s, ,***,s, is %

The sample space is called simple sample space.
Proposition 1. 5. 1 The probability of each event A can be found by adding the

probabilities of all outcomes s; that belong to A. If an event A contains exactly m outcomes, then

__the number of outcomes in A _m
P(A)= . =—,
the number of outcomes in S =

Example 1. 5.1 Suppose that three fair coins are tossed simultaneously. We shall
determine the probability of obtaining exactly two heads.
Solution: The sample space is
S={HHH,THH,HTH,HHT,HTT,THT,TTH,TTT).

The probabilities of the basic events are

P({HHH})=---=P({TTT})=%.
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A={obtaining exactly two heads}={HHT,HTH,THH}, therefore,

—3
P(Ay=.

Example 1.5.2 Two fair dice are rolled. The sample space S comprises the following
36 outcomes:
(1,1 (1,2) (1,3 (1.4 (1,5 (1,6
2,1 (2,2) (2,3) (2,4 (2,5 (2,6)
(3,1) (3,2) (3,3) (3,4) (3,5 (3,6)
(4,1) (4,2) (4,3) (4,4) 4,5 (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5 (5,6)
(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

S is a simple sample space and that the probability of each of these outcomes is 3_16

(1) What is the probability that the sum of the two numbers is 67
(2) What is the probability that the sum of the two numbers that appear is larger than 27
Solution:(1) Let A be the sum of the two numbers is 6. A comprises the following 5

outcomes.
A={(1,5),(2,4),(3,3),(4,2),(5,1)}.

_9
Therefore, P(A) =35

(2) Let B be the sum of the two numbers that appear is larger than 2, then B*

represents the sum of the two numbers that appear is not larger than 2. That is,

B ={(1,1)}.
Therefore P(B)=1—P(B‘)=1—i=§
’ 36 36°

Remark 1.5.1 When using the basic formula in Proposition 1. 5. 1 to calculate the
probability of a random event, we need analyze the event content, determine the sample
points contained in the sample space, count the number of basic events in the event
considered,and then by the formula to calculate the probability.

In these calculations,some permutation and combination formulas are often used. For
the convenience of the readers,we present some basic formulas for counting methods.

Proposition 1.5.2 (Multiplication Rule)Suppose that an experiment has £ steps(k=
2) ,that the i-th step can have n; possible outcomes(i=1,**,k) ,then the total number of
elements in S will be equal to the product n;, * ny * ** * n,.

Example 1.5.3 Suppose that we toss six coins. Each outcome in S will consist of a
sequence of six heads and tails,such as “HTHHHT?”. There are two possible outcomes for
each of the six coins,the number of sample points in S is 2° =64, The event that observing
exactly one head contains 6 sample points. Therefore,

b3
P(exactly one head) ~6i 32°
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Proposition 1.5.3 (Permutations) Select £ of the elements each time without replacement
from a set of n elements. Let each outcome consist of the 2 elements in the order selected. Each
such outcome is called a permutation,the number of distinct such permutations is

Pi=nX(n—1) X+ X(n—k+1).
When £=n,the number of possible permutations will be the number
Pi=nl=nXn—1) X X2X1.
0! is defined by the relation
gl=1L.

Example 1.5.4 Suppose that a club consists of 25 members and that a president and
a secretary are to be chosen from the membership. We shall determine the total possible
number of ways in which these two positions can be filled.

Solution : P:. =25 X 24=600,

Example 1.5.5 Suppose that six different books are to be arranged on a shelf. The
number of possible permutations of the books is

61="720.

Proposition 1.5.4 (Combinations)Consider a set with n elements. Each subset of size

k chosen from this set is called a combination,the number of distinct such combinations is

_P_ nl
TRl Rln—R)V

Example 1.5.6 Consider the set {a,b,c,d} containing the four different letters. We

Ck

want to count the number of distinct subsets of size two.
{avb}s{anf}9{avd}9{bsf}9{bsd}9{Cvd}.

41
21X21

This is different from counting permutaions because {a,b} and {b,a} are the same subset.

Ci= 6.

Example 1.5.7 (1) Suppose that a committee composed of 8 people is to be selected
from a group of 20 people. The number of different groups of people that might be on the
committee 1S

s __ 20!
0 81X12!

(2) Suppose that the 8 people in the committee each get a different job to perform on

=125970

the committee. The number of ways is
50 =C3, X 8! =5079110400.
Remark 1.5.2 The number C! is also denoted by

n =—77! = (*
(k) k! (n—k)) G-
It is also named as binomial coefficient and used in the following result. For all

numbers x and y and each positive integer n,

n

(x+y)" = E(Z)x"y"—*.

k=0

12
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Proposition 1.5.5 The number of different arrangements of n objects consisting of &
similar objects of one type and n—#% similar objects of a second type is C: = (:)

Example 1.5.8 Suppose that a fair coin is to be tossed 10 times,and it is desired to
determine the probability of obtaining exactly 3 heads.

Solution: The total possible number of different sequences of 10 heads and tails is 2'° ,and it
may be assumed that each of these sequences is equally probable. The number of these sequences
that contain exactly 3 heads will be equal to the number of different arrangements that can be

10
3
2]0

Example 1.5.9 A box contains 4 white balls and 2 black balls. 2 balls are drawn

formed with 3 heads and 7 tails,(lso). Therefore, P = ( =0.1172.

with replacement. (1) What is the probability of getting all white balls? (2)If 2 balls are
drawn without replacement,what is the probability of getting all white balls?
Solution:(1) For the first time, there are 6 balls to be selected. It is sampling with
replacement, there are also 6 balls to be selected for the second time. By multiplication
rule,there are 6 X 6 ways in the sample space. Each of these possible ways is equally
probable. For the event that getting all white balls, there are 4 X4 ways. Therefore,

454 4
P_sxs 9"

(2) For the first time, there are 6 balls to be selected. It is sampling without
replacement, there are only 5 balls to be selected for the second time. By multiplication
rule, there are 6 X5 ways in the sample space. For the event that getting all white balls,

there are 4 X3 ways. Therefore,

_4X3_ 2
P—6x5“5'

Another method, suppose we don’t distinguish between balls of the same color and don’t care
about the order in which the balls are selected, then there are C: ways to select 2 balls from
6 balls. And there are C] ways to select 2 white balls from 4 white balls. Therefore,

C:_ 2
P=C—§=§.

Example 1.5.10 Suppose that there are 25 persons in a room,and each person’s birthday
is uniformly distributed over the 365 days(ignore leap year) of the year and independent of
the other persons’ birthday. What is the probability that no two persons share a birthday?

Solution: By multiplication rule, there are 365* ways for 25 persons’ birthdays. No
two persons share a birthday, the first person has a probability of 365 days as being his
birthday. The second person has 364 different days that could be his and not shared with
the first person. The next person has only 363 open days. Therefore,
=365X364X--'X(365—25+1)

365% ’
Example 1. 5. 11 Suppose that a deck of 52 cards containing four aces is shuffled

)

13
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thoroughly and the cards are then distributed among four players so that each player

receives 13 cards. We shall determine the probability that each player will receive one ace.
See Figure 1.11.

-
>
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¢ oo ea]o Ol o
H R KXY B KR RO R RRY

Ace Jack Queen King
Suit: Clubs, Spades, Hearts, Diamonds
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Figure 1. 11

Solution .

Method 1: Using unordered samples, the number of possible different combinations of
the four positions occupied by the four aces is (542). If each player is to receive one ace,

then there are 13 possible positions for the ace that the first player is to receive, 13 other
possible positions for the ace that the second player is to receive,and so on. Therefore,
exactly 13* combinations will lead to the desired result. Hence,
13*

52
(%

Method 2: Using ordered samples, we distinguish outcomes with the same cards in

P=

=0. 1055.

different orders,there are 13" ways to choose the four positions for the four aces,4! ways
to arrange the four aces in these four positions,48! ways to arrange the remaining 48 cards
in the 48 remaining positions,

41 X13*X48!

P= 521

=0, 1055.
Method 3: Consider the four players. For the first player, there are (?g) ways to

receive the 13 cards. For the second player,there are (:133) ways to receive the 13 cards from

13 13 13 13

elements. If each player is to receive one ace,4! ways to distribute the four aces to the four

the remaining 39 cards,and so on. The sample space contains (52) X (39) X (26) X ( 13)

players. There are (lllg) ways to choose 12 cards and distribute them to the first player to

ensure that he has 13 cards. There are (?g) ways to choose 12 cards and distribute them to
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the second player,and so on. Therefore,

o (1) 2 (52) % (12) (1) _, e
(13)>(13) > (13) > (13)

Example 1.5.12 Suppose that a person types n letters, types the corresponding

addresses on n envelopes, and then places the n letters in the n envelopes in a random
manner. Determine the probability that at least one letter will be placed in the correct
envelope.

Solution: Let A, be the event that letter 7 is placed in the correct envelope(i=1, -,

n) swe shall determine the value P( UA )

i=1

EP(A)—nxl—l,

> PAA) = (3 )ﬁ=%

1<i<j<a

1 —
E PRgai) = ( )n(n—l)(n—Z) T

1<i<j<k<n

Therefore, by Proposition 1. 4. 8,

P(_L_"JlA,-) = SPar— S PAA) +
= i=1

1<i<j<n

>, P(AAA) — =+ (— D™ P(AA;A,)

|<'<j<1e<n

=1t DM

Example 1.5.13 Suppose that 7 guests check their hats when they arrive at a
restaurant,and that these hats are returned to them in a random order when they leave,
Determine the probability that (1) no guest will receive the proper hat, (2) exactly 2
guests will receive their own hats.

Solution: (1) Let A; be the event that guest i receives his own hat(i=1,+-,n),we

shall determine the value

P(n)=P(A;NA;5-NA)

=?[(9) ]

=1—P(il;"JlA,-)

PR PN SR SRS TIPSy pen gy
=1 [1 2!+3! o 1)“"!]

_1___ nl
] + ot (=10

Then,n=7,the probability that no guest will receive the proper hat is
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1 1,1 1 _103_
P(7)= —| ——I——' —i—' 71 280 0.3679.
(2) Let X be the number of guests who receive their own hats.
P(X=2)=C} X1 X+ X P(5)
Lyt 1,1 1
=¥z st )
_11_
50 0.1833.

In fact,we can compute all the probabilities P(X=F%) ,k=0,1,-,7.
1,1 1 _ 103

P(X= O)—Z—— 3'+— 5_!+6_!_7_!_%’
P(X=1)=C%><—%,—><(% %juj_!_siﬁsl_'):%,
P(X= 2)—CZ><$><%><(2L_%+41_!_5_1!)=%,
P(X=3)= c3x§xéx%x(.21_'_gi!+4i!):%’
P(X=4)=C3x%—x%x%x%x(zi!_;_!)Z%,
P(X=5)=C?,X%x%x%x%xéx(%)zﬁ'
P(X=6)=0,

P(X= 7)—7|—50140_

In this section, we consider the equally likely outcomes model (classical probability
model). The sample space considered is finite., For the experiments which have infinite
outcomes, the original definition of classical model is not enough and can be extended. One
such model is geometric probability model.

In general, we may think of geometric probabilities as non-negative quantities(not exceeding
1) being assigned to subregions of a given domain subject to certain rules, The probability of an
event is based on a ratio of geometric measures such as length,area or volume.

Proposition 1,.5.6 Suppose the sample space of an experiment is a given domain Q€
R". The outcomes are points in {2 and are equally likely to occur. Let A be any subregion of

2. Then the probability that basic events fall into A is

where S, ,S, are the geometric measures of A and 2, respectively.

Example 1.5.14 Two friends agree to meet up in a station. They arrive to the station
uniformly between 12: 00pm and 13: 00pm. Suppose that after arriving randomly, each
waits 30 minutes for the other person before leaving. What is the chance the two will meet?

Solution:Let x denote the time when one person arrives,and y denote the time when
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the other arrives, we can use the notation (x,y) to denote the time in hours, after 12.
00pm,that each person arrives,where 0<<x<<1,0<Xy<(1. The sample space £ is a square
with side length 1. Any coordinate in the square represents a time that the pair arrives.

What is the set of coordinates for which the two will meet? We want the two coordinates to

- . 1 ; :
be within 30 minutes or — hours of each other. That is, we want all coordinates such that

2
1 ! s 1 L 1 '
| r—y|<<=-. We draw the lines y=x+ =-and y=2x— = and shade the area in between
2 2 2
these two lines to denote the event A. See Figure 1. 12. Therefore,
3
_Sa_ 4 _3
P(A) =5,- 1 4
y P |
¥="3
| 7
///
/1
1 _1
2 1 ol
///
YV
X
o 1 1
2
Figure 1. 12

Remark 1.5.3 What is the chance the two will arrive at the same time? The set is a
line z=y which has no area, The probability that the two will arrive at the same time is
zero. But clearly they can arrive at the same time, for example, both arrive at 12:30pm,etc.

It implies that zero probability does not mean impossible.

& 1.6 Conditional Probability €»

Conditional probability is an important concept in probability theory and has wide
applications in practice.
Example 1.6.1 In a group of 100 people,the numbers who do or do not smoke and

do or do not have cancer are reported as shown in Table 1. 1.

Table 1. 1
Smoke Not Smoke Total
Cancer 20 5 25
No Cancer 30 45 75
Total 50 50 100

17



0 B £ it 5 #3845 11 Probability and Statistics

If a people is selected at random and it is found that he smokes,what is the probability

that he has cancer?

Solution: The sample space contains 100 people. Since additional information is given,

the sample space is reduced. There are only 50 elements left. The probability is 2—820. 4,

Definition 1.6.1  Suppose that we learn that an event B has occurred and that we
wish to compute the probability of another event A taking into account that we know that
B has occurred. See Figure 1.13. The new probability of A is called the conditional
probability of the event A given that the event B has occurred and is denoted as P(A |B).
If P(B)>0,we compute this probability as

P(AB)

P(A|B) = PB)

Figure 1. 13

Remark 1.6.1 Unconditional probability P(A) can be regarded as the conditional

probability of the event A given that the certain event or sample space {2 has occurred,

P(AQ)
P2

Example 1.6.2 You know only that your colleague has three children. You ask him if

since P(A [Q)= =P(A).

he is lucky enough to have at least one daughter and he says yes. What is the probability
that all three children are girls?

Solution: l.et A be the event that all three children are girls and let B be the event
that he has at least one daughter. We shall determine P(A |B).

ACB,AnszA,P<AB)=P<A)=%.

—1—P(B)=1—L=T

P(BY=T—R(B j=]1—g=x.
1

_PAB)_ 8 _1

PAIB)="prps=7=7"
8

Example 1.6.3 Suppose that two dice were rolled and it was observed that the sum

T of the two numbers was odd. We shall determine the probability that T was less than 8.
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Solution: If we let A be the event that T<{8 and let B be the event that T is odd,then
A B is the event that T is 3,5 or 7.
P(AB)=P(T=3)+P(T=5)+P(T=17)

o Bogyd 6
_36+36+36

1

3
PiBY=P(T=3) 1T P(T=8)1=1P(T=11)

_P(AB) _ % 2
173
2

Example 1. 6.4 Suppose that two dice are to be rolled repeatedly and the sum T of
the two numbers is to be observed for each roll. We shall determine the probability p that
the value T=7 will be observed before the value T=8 is observed.

Solution ;

Method 1: We could assume that the sample space S contains all sequences of
outcomes that terminate as soon as either the sum T=7 or the sum T=28 is obtained. Then
we could find the sum of the probabilities of all the sequences that terminate when the
value T=7 is obtained. For each roll, we have

P(T-—?)—G,P(T 8) 36,P(T¢7andT¢8) 1 36 36

Let p; be the probability that the first 7 occurs on the i-th position and no 7 or 8 occurs
before the i-th position.

R R S R - L S
=g P2 =35 X g Ps (36) X5
Therefore,
_ =ty 1 6
p=pitp.+ le_é 11"
36

Method 2: If we repeat the experiment until either the sum T=7 or the sum T=8 is
obtained, the effect is to restrict the outcome of the experiment to one of these two values.
When we get either 7 or 8, we get the answer to the question ‘Is 7 observed before 87’
Once we get either 7 or 8, we know the result of the run. Any rolls we make subsequently
will not affect the outcome,so we might ignore them.

Hence, the problem can be restated as follows: given that the outcome of the experiment is

either T=7 or T=8,determine the probability p that the outcome is actually T=7.
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1
P(T=7 _._. & 6

PUEﬂorT=m—jg+g_ 11
36 6
Proposition 1. 6. 1 Similar to probability, conditional probability satisfies the three
axioms: if P(B)>0,
(1) Nonnegativity: for every event A,P(A|B)=0;
(2) Normality: P(S|B)=1,

(3) Countable additivity: for every infinite sequence of disjoint events A, ,A; .
f)([{14f|3) = >TP(A,|B).
= i=1

In addition, conditional probability also holds the main properties of probability

p=P(T=7|T=7 or T=8)=

such as
P(A|B)+P(A°|B)=1.
Theorem 1.6.1 (The Multiplication Rule for Conditional Probabilities) et A and B
be events, If P(B)>0,then

P(ANB)=P(B) - P(A|B).
If P(A)>0,then
P(ANB)=P(A) » P(B|A).

Proo f:1t follows from the definition of conditional probability.

Example 1.6.5 Consider a bag of marbles, containing 10 red, 20 blue,and 15 green
marbles. Suppose that two marbles are drawn without replacement. What is the probability
that both marbles drawn are red?

Solution: Let A be the event that the first marble is red,and let B be the event that
the second marble is red.

= . (V. R
P(ANB)=P(A) « P(B|A)=1-X1=5..

Theorem 1.6.2 Suppose that A,,A,, -, A, are events such that P(A, A, [+

A,-1)>0. Then
P(A,NA; N NA)=P(A)P(A,|A))P(A,|AA;++A,1).

Proof:It follows from the definition of conditional probability and mathematical
induction.

Example 1.6.6 Three cards are dealt successively at random and without replacement from
a standard deck of 52 playing cards. What is the probability of receiving in order a king,a
queen,and a jack?

Solution; Let A,(i=1,2,3) denote the event of receiving in order a king,a queen,and
a jack. Then

P(A;NA;NA:)=P(A))P(A,|A))P(A; | A A,)

14,4

_32X51X50

_ 64
132600°

20
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& 1.7 Total Probability and Bayes’ Theorem €»

Total probability and Bayes’ theorem are two important formulas in probability and
statistics, They decompose the complex and comprehensive random events into several
mutually exclusive simple events. The whole problem is transformed into local problems.
One kind of problem is to obtain the desired result by calculating the probability of these
simple events,and it is called total probability. Another type of problem is to discuss the
probability of the occurrence of each simple event under the condition that the result is
given,which is known as Bayes’ theorem.

Definition 1,7,1 Let S denote the sample space of some experiments,and consider n
events B, ,++,B, in S such that

(1) B,,**,B, are disjoint;

) U B, = s.
;=1
Then these events are called a partition of S.

Theorem 1. 7. 1  (Total Probability) Suppose that the events B,, ***, B, form a
partition of the space S and P(B,;) >0 for i=1,-,n. Then, for every event A in S, see

Figure 1. 14, P(A) = >,P(B)P(A|B),).

i=1

[ B, B, w
A
/
B B, B,
L Figure 1. 14 )
Proof
P(A) = P(AN S
=Plan(ys)]
= P[‘L:Jl (AN B
= Z"l)p(A N B)

= > ,P(B)P(A | B).
i=1

Theorem 1.7.2 (Bayes’ Theorem) Suppose that the events B, ,+:+, B, form a partition of

‘N
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the space S and P(B;)>0 for i=1,**,n. And let A be an event such that P(A) >0, then,

P(B,|A) = E(BIPA|B)

od = 1;"',71.

> P(B,)P(A|B))

j=1

Proof .

_ P(B)HP(A|B)
a P(A)

P(B,)P(A|B,)

= = I = ]. 2°" M.
> P(B;)P(A|B))
j=1
Remark 1.7.1 In the case where B and B form a partition of S, the simplied versions

of total probability and Bayes’ Theorem are as shown below:
P(A)=P(B)P(A|B)+P(B)P(A|B*),

P(B)P(A|B)
P(BYP(A|B)+P(B)P(A|B*)’

Example 1. 7. 1 A factory production line is manufacturing bolts using three

P(B|A)=

machines A, B and C. Of the total output, machine A is responsible for 25% ,machine B for
35% and machine C for the rest. It is known from previous experience with the machines
that 5% of the output from machine A is defective,4% from machine B and 2% from
machine C. A bolt is chosen at random from the factory production line.

(1) What is the probability that it is defective?

(2) If we learn that the bolt selected is defective, what is the probability that it came
from machine A?

Solution: Let D={the bolt is defective}, A= {the bolt is from machine A}, B={the
bolt is from machine B},C= {the bolt is from machine C}. We know that P(A) =0, 25,
P(B)=0.35,P(C)=0.4,P(D|A)=0.05,P(D|B)=0.04,P(D|C)=0.02.

(1) By the total probability formula,

P(D)=P(A)P(D|A)+P(B)P(D|B)+P(COP(D|C)
=0.25X0,05+0. 35X0,04+0, 4X0. 02

=0. 0345.
(2) By the Bayes’ formula,
P(AD)
P(A|D)= P(D)

_ P(A)P(D|A)
P(A)P(D|A)+P(B)P(D|B)+P(C)P(D|C)

_ 0. 25X0. 05
0.25X0,05+0.35X0,04+0.4X0, 02

=(. 3623.

Example 1.7.2 One bag contains 4 white balls and 3 black balls,and the other bag
contains 3 white balls and 5 black balls. One ball is drawn from the first bag and placed
unseen in the second bag. (1) What is the probability that a ball now drawn from the
second bag is black? (2) If a ball drawn from the second bag is black, what is the
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probability that the ball drawn from the first bag is white?

Solution:Let A be the event that a ball drawn from the second bag is black,B be the
event that a white ball is drawn from the first bag and B° be the event that a black ball is
]

drawn from the first bag. Then P(B)——‘%.P(B‘) 2%’P(AB)= 5

,P(AB‘)=%.

(1) By the total probability formula,
P(A)=P(B)P(A|B)+P(B)P(A|B)

4 ,5 ,3_6
=7X9T7Xy
_38
63"
(2) We need find P(B|A). By the Bayes’ formula,
P(BA)
P(B|A)= P(A)
_P(B)P(A|B)
P(A)
_ P(B)P(A|B)
P(B)P(A|B)+P(B)P(A|B)
4 5
_ 773
38
63
10
19°

Example 1.7.3 Suppose that two dice are to be rolled repeatedly and the sum T of
the two numbers is to be observed for each roll. We shall determine the probability p that
the value T=7 will be observed before the value T=28 is observed.

Solution: We have discussed this problem in Example 1. 6. 4. Now we want to propose
another solution. Let B, be the event that the sum for the first roll is 7, B, be the event
that the sum for the first roll is 8 and B; be the event that the sum for the first roll is a
value other than 7 or 8. Let A be the event that the value T=7 will be observed before the
value T=28 is observed. By the law of total probability,

P(A)=P(B,)P(A|B,)+P(B,)P(A|B,)+P(B;)P(A|B;)

_1 El 25
=2 K Lae X022 X PA),

_6
Thus,P(A) 11

Example 1. 7. 4 Approximately 1% of women aged 40 ~50 have breast cancer. A
woman with breast cancer has a 90% chance of a positive test from a mammogram,while a
woman without breast cancer has a 10% chance of a false positive result. What is the
probability a woman has breast cancer given that she just had a positive test?

Solution: Let B be the event that the woman has breast cancer and A be the event
that the test is positive. We know P(B)=0.01,P(A|B)=0.90,P(A|B)=0. 10. We need
find P(B|A). By the Bayes’ formula,

23
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P(B)P(A|B)
P(B)P(A|B)+P(B)P(A|B

" 0.01X0. 90
0. 010, 90+ (1—0.01)X0. 10

=1
12°

Remark 1.7.2 This answer is somewhat surprising and interesting. A positive test

P(B|A)=

only means the woman has a %’VS. 3% chance of breast cancer,rather than 90%. But it

makes sense: the test gives a false positive 10% of the time,so there will be a lot of false
positives if the population size is large enough. Most of the positive test results will be

incorrect.

4 1.8 Independent Events €»

In an experiment,the events usually have some relations, that is,the occurrence of one
event can affect that of another one, If the outcome of one event does not affect the
outcome of another,the events are independent.

Definition 1.8.1 Two events A and B are independent if

P(AB)=P(A)P(B).

Theorem 1.8.1 If two events A and B are independent,and P(B)>0,then P(A|B)=
P(A).

Proof:It can be proved by the definition of conditional probability.

Example 1.8.1 Suppose that a balanced die is rolled twice. Find the probability of
getting at least one number which is not less than 5.

Solution: Let A be the event that the number on the first roll is not less than 5 and B
be the event that the number on the second roll is not less than 5. A and B are physically
unrelated and independent.

P(AUB)=P(A)+P(B)—P(AB)
=P(A)+P(B)—P(A)P(B)

1 1 1
M)

w|wn w|r—-

Example 1.8.2 Suppose that a balanced die is rolled. Let A be the event that an even
number is obtained,and let B be the event that one of the numbers 1,2,3 or 4 is obtained.
Show that the events A and B are independent.

Proof:The sample space S={1,2,3,4,5,6},A={2,4,6},B={1,2,3,4},A[1B={2,

4},
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1 e B 1
P(A)=+,P(B)=—7,P(AB)=-

P(AB)=P(A)P(B).
It follows that the events A and B are independent events,even though the occurrence
of each event depends on the same roll of a die.
Theorem 1.8.2 If two events A and B are independent,then the events A and B, A"
and B,A° and B‘ are also independent.
Proof :
P(AB°)=P(A)—P(AB)
=P(A)—P(A)P(B)
=P(A)[1—P(B)]
=P(A)P(B).
Therefore, A and B‘ are independent. The proofs for the remaining cases are similar.
Theorem 1. 8.3 Suppose that A and B are disjoint events for an experiment, each
with positive probability, Then A and B are dependent.
Proof:A and B are disjoint,A(\B=(J),P(AB)=0,P(A)P(B)>0,s0 P(AB)#P(A)
P(B). A and B are dependent.
Definition 1.8.2 Three events A,B and C are mutually independent if the following
four relations are satisfied:
P(AB)=P(A)P(B),
P(AC)=P(AYP(O),
P(BC)=P(B)P(O,
P(ABC)=P(A)P(B)P(O).
Three events A,B and C are pairwise independent if the first three relations above are
satised,
Remark 1. 8. 1 Mutually and pairwise independence are two different concepts.
Mutually independence implies pairwise independence. But the converse is not true.
Example 1.8.3 Suppose that a fair coin is tossed twice. The sample space S={HH,
HT,TH,TT}. Consider the following three events:
A= {Head on first toss}={HH,HT},
B={Head on second toss}={HH,TH},
C={Both tosses the same}={HH,TT},
Then AB=AC=BC=ABC={HH}. Hence,

P(A)=P(B)=P(C)=%.
P(AB)=P(AC)=P(BC)=P(ABC) =%,
P(AB)=P(A)P(B),P(AC)=P(A)P(C),P(BC)=P(B)P(C),

P(ABC)#P(A)P(B)P(O).

So A,B and C are pairwise independent,but not mutually independent.
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Definition 1.8.3 The n events A,,**,A, are independent(or mutually independent)

if ,for every subset A; ,**,A, of & of these events(k=2,3,+,n),
P(A’.l A,‘z "'A,‘& ):P(A'l )P(A,2 )...P(Aik ).

& Exercise 1 &

1.1 Suppose that one card is to be selected from a deck of 20 cards that contains 10
red cards numbered from 1 to 10 and 10 blue cards numbered from 1 to 10. Let A be the
event that a card with an even number is selected,let B be the event that a blue card is
selected,and let C be the event that a card with a number less than 5 is selected. Describe
the sample space S and describe each of the following events both in words and as subsets
of S:

(LANBNC;(2)BNC;(3)AUBUC; (DHANBUC); (5)ANB NC-.

1.2 Two dice are rolled. Let A be the event that the sum of the two dice is odd,let B
be the event that at least one of the dice has a 1 showing,and let C be the event that the
sum is 5. Describe the events ANB,AUB,BNC,ANB  and ANBNC.

1.3 Consider the set $S={1,2,3,4,5,6,7,8,9} and its subsets A={1,3,5,7,9},
B={2,4,6,8},C={1,2,3,4},D={7,8}. Describe the following sets:

(DB ;(2)AND; (3)AUB; (4)(CUD);(5)ANBUD.

1.4 Suppose A, B,C are three events,and P(A) =P (B) =P(C)=%,P(AB)=

1 . o .
E,determme the probability that at least one of the three events will

P(BC)=0,P(AC)=

occur.

1.5 An urn contains 5 white balls and 3 red balls. Draw 4 balls without replacement.
Find the probability that 3 white balls are drawn.

1.6 In a group of 20 persons,5 are females. If 3 persons are picked out of 20 at
random,what is the probability that they all are females?

1.7 Consider two events A and B with P(A)=0. 6 and P(B)=0. 7. Determine the
maximum and minimum possible values of P(A[1B) and the conditions under which each
of these values is attained.

1.8 Ten persons in a room are wearing badges marked 1 through 10. Three persons
are chosen at random and the numbers of their badges are recorded. Find the probability:

(1) the smallest number is 5; (2) the largest number is 5.

1.9 Choose randomly an integer from 1~2000. Find the probability:

(1) the selected number is divisible by 6; (2) the selected number is divisible by 8;
(3)the selected number is divisible by 6 and 8.

1.10 A closet contains n pairs of shoes. If 2r shoes are chosen at random(where 2r<<

v
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n), what is the probability that (1) the chosen shoes will contain no matching pair?
(2)there will be exactly one complete pair?

1.11 1If event A is drawing a queen from a deck of 52 cards and event B is drawing a
king from the remaining cards,are events A and B dependent or independent?

1.12 Bag A contains 9 red marbles and 3 green marbles. Bag B contains 9 black
marbles and 6 orange marbles. Find the probability of selecting one green marble from bag

A and one black marble from bag B.
1.13 Consider two events A and B such that P(A) =-%' and P(B) = % Determine
the value of P(B[) A) for each of the following conditions: (1) A and B are disjoint;

(mAcsﬂumﬂBrag

1. 14 If 50 percent of the families in a certain city subscribe to the morning
newspaper,65 percent of the families subscribe to the afternoon newspaper,and 85 percent
of the families subscribe to at least one of the two newspapers, what percentage of the

families subscribe to both newspapers?

1.15 Suppose that A,B and C are three independent events such that P(A) =%,

=1 =1
P(B)=»and P(C)=..

(1) Determine the probability that none of these three events will occur.

(2) Determine the probability that exactly one of these three events will occur.

1.16 A box contains 100 items of which 4 are defective. Two items are chosen at
random from the box. What is the probability of selecting

(1) 2 defectives if the first item is not replaced;

(2) 2 defectives if the first item is put back before choosing the second item;

(3) 1 defective and 1 non-defective if the first item is not replaced?

1.17 The probability that a student passes mathematics is % and the probability

that he passes english is % If the probability that he will pass at least one subject is %,

what is the probability that he will pass both subjects?

1.18 When two balanced dice are rolled, what is the probability that the sum of the
numbers on the dice is 6 or 97

1.19 An elevator has 4 passengers and stops at 7 floors. It is equally likely that a
person will get off at any one of the 7 floors. Find the probability that no 2 passengers
leave at the same floor.

1.20 The elevator of a four-floor building leaves the first floor with six passengers
and stops at all of the remaining three floors. If it is equally likely that a passenger gets off

at any of these three floors, what is the probability that, at each stop of the elevator, at

Tah )
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least one passenger departs?

1.21 Six fair dice are rolled. What is the probability that at least two of them show
the same face?

1.22 1If 10 balls are thrown at random into 20 boxes,what is the probability that no
box will receive more than one ball?

1.23 Suppose that we pick three people at random. For each of the following
questions,ignore the special case where someone might be born on February 29th, and
assume that births are evenly distributed throughout the year.

(1) What is the probability that the first two people share a birthday?

(2) What is the probability that at least two people share a birthday?

1.24 A box contains 24 light bulbs, of which four are defective. If a person selects
four bulbs from the box at random, without replacement, what is the probability that all
four bulbs will be defective?

1.25 A box contains 24 light bulbs,of which four are defective. If one person selects
10 bulbs from the box in a random manner,and a second person then takes the remaining
14 bulbs,what is the probability that all four defective bulbs will be obtained by the same
person?

1.26 A deck of 52 cards contains four aces. If the cards are shuffled and distributed
in a random manner to four players so that each player receives 13 cards, what is the
probability that all four aces will be received by the same player?

1.27 Suppose that five guests check their hats when they arrive at a restaurant,and
that these hats are returned to them in a random order when they leave. Determine the
probability that

(1) no guest will receive the proper hat,

(2) at least two of the guests receive their own hats.

1.28 A box contains 4 red balls and 8 blue balls. One ball is selected at random and
its color is observed. The ball is then returned to the box and one additional ball of the
same color is also put into the box. A second ball is then selected at random,its color is
observed,and it is returned to the box together with one additional ball of the same color.
Each time another ball is selected,the process is repeated. If four balls are selected,what is
the probability that the first three balls will be red and the fouth ball will be blue?

1.29 A box contains three cards. One card is red on both sides,one card is green on
both sides,and one card is red on one side and green on the other. One card is selected from
the box at random,and the color on one side is observed. If this side is green, what is the
probability that the other side of the card is also green?

1.30 What is the probability that the total of two dice will be greater than 8, given
that the first die is a 62

1.31 Given that 5% of men and 0. 25% of women are color-blind. A person is

randomly selected, Assume males and females to be in equal numbers.
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(1) What is the probability that the selected person is color-blind?

(2) If the selected person is color-blind, what is the probability that he is male?

1.32 A machine produces defective parts with three different probabilities depending
on its state of repair. If the machine is in good working order, it produces defective parts
with probability 0. 02, If it is wearing down, it produces defective parts with probability
0.1, If it needs maintenance, it produces defective parts with probability 0.3. The
probability that the machine is in good working order is 0. 8, the probability that it is
wearing down is 0. 1, and the probability that it needs maintenance is 0. 1. Compute the
probability that a randomly selected part will be defective.

1.33 Suppose that a medical test has a 92% chance of detecting a disease if the
person has it and a 94% chance of correctly indicating that the disease is absent if the
person really does not have the disease. Suppose that 10% of the population has the
disease. (1) What is the probability that a randomly chosen person will test positive?
(2)What is the probability of having the disease given a positive test?

1.34 Suppose that A and B are events such that P(A)=0.3,P(B)=0.4,P(A|B)=
0. 5. Evaluate

(1) P(AB),P(AUB).

(2) P(B|A).

(3) P(B|AUB).

(4) P(A°U B°|AUB).

1.35 Suppose that A, B and C are events such that A and B are independent,
P(ANBNC)=0.04,P(C|ANB)=0. 25,and P(B)=4P(A). Evaluate P(AUB).

1.36 Suppose 0<<P(A)<<1,0<<P(B)<1,P(A|B)+P(A*|B°)=1. Are events A
and B independent?

1.37 Suppose that 13 cards are selected at random from a regular deck of 52 playing
cards.

(1) If it is known that at least one ace has been selected, what is the probability that
at least two aces have been selected?

(2) If it is known that the ace of hearts has been selected,what is the probability that
at least two aces have been selected?

1.38 A biased coin(with probability of obtaining a head equal to p>0)is tossed
repeatedly and independently until the first head is observed. Compute the probability that
the first head appears at an even numbered toss.

1.39 An engineering company advertises a job in three papers, A, B and C. It is
known that these papers attract undergraduate engineering readerships in the proportions
2+ 3% 1. The probabilities that an engineering undergraduate sees and replies to the job
advertisement in these papers are 0. 002,0. 001 and 0. 005 respectively. Assume that the
undergraduate sees only one job advertisement.

(1) If the engineering company receives only one reply to its advertisements,calculate
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the probability that the applicant has seen the job advertised in paper A.

(2) If the company receives two replies, what is the probability that both applicants
saw the job advertised in paper A?

1.40 Two players A and B are competing at a trivia quiz game involving a series of
questions. On any individual question, the probabilities that A and B give the correct
answer are pa and pg respectively, for all questions, with outcomes for different questions
being independent. The game finishes when a player wins by answering a question
correctly. Compute the probability that A wins if

(1) A answers the first question.

(2) B answers the first question.




o, g R . I A3 :
S pG IR M 1 B 57 i e -
4 ' 1 ' | - : . i
i . sy - v AR TR N 2 1 1) )
. i f"'*.,._'
3 '™ 23 Y | f \'l £ ", f Il ",I
a o T " ] AR I A AL 3 R
Random Variables and Distributions
Random Variables and Distributions
] ¥ | . 1 1 Tigl H L BN b PR 1 11 11 e o a 14 VA
" T . Ty 1 3 ¥ . 1 [ i
- ¥ P 4I “ { L}
'} y !.
1 Lt B : , - -
2 1 - 1 .
1
4 4 . ‘._ Y I )
.t L J 5 = 1 P B
. . 4 1= 15 J

i e I



-’) 21 58 IE S it Probability and Statistics

€ 2.1 Random Variables €»

In order to further study the random phenomena, the concept of random variable is
introduced in this chapter. The purpose is to be able to use advanced mathematical tools
such as calculus to fully reveal the statistical law of random phenomena.

For a random experiment, compared to its outcomes, we tend to be more concerned
with a function of the outcomes. For example, rolling two dice, we often care about the sum
of the two dice,and do not care about each face of the dice.

Definition 2. 1.1 Let S be the sample space for an experiment. If for any w€ S, there exists a
unique real number X(w) € R ,then the real-valued function X is called a random variable.

SR,

Remark 2.1.1 Random variables are usually denoted by capital letters X,Y,Z,+* or
little greek letters &, 5, &, +**. The values of a random variable depend on the outcomes of
the experiment. The range of the values are known but the specific value cannot be
predicted with certainty before the experiment is run., Random variables can be used to
describe random events,

Example 2. 1.1 A fair coin is tossed three times. LLet X stand for the real-valued
function defined on sample space S that counts the number of heads in each outcome. For
example,if s€ S is the sequence HHT,then X (5) =2. The possible values for the function
X are 0,1,2,3. X is a random variable,

Example 2. 1.2 A die is rolled. The sample space is S={1,2,3,4,5,6}. Let X=1 if
the outcome is even and X =0 if the outcome is odd. Let Y=1 if the outcome is six and Y=
0 otherwise, X and Y are two random variables defined on the same sample space.

Example 2. 1.3 Let X be the number of vehicles that pass through an intersection in
a one-hour interval. X is a random variable and takes {0,1,2,+*,}.

Example 2. 1. 4 Measure the lifetime of a light bulb. The lifetime is a random
variable. It can take all nonnegative values.

Remark 2.1.2 In general,random variables are classified into two main types based
on their values. One type is discrete and the values they can take are finite or countable
infinite, See Example 2. 1. 1,2. 1. 2 and 2. 1. 3. Another type is continuous and they can
take an interval of values. See Example 2. 1. 4. There also exists some random variables
that are neither discrete nor continuous. See Example 2. 1. 5. We only introduce discrete
and continuous random variables here.

Example 2. 1. 5 Consider an experiment where a coin is tossed and the spinner is
spun only if the result of the coin toss is head. If the result is tail, X=—1,otherwise X=

the angle value of the spinner which are real numbers from the interval [0,360).
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¢ 2.2 Cumulative Distribution Function €»

Random variable X is a real-valued function of sample point w. If A is a subset of real

numbers,then X € A represents the following random event
{w| X(w) € A}.
Specially, {X<<a},{X>a} and {a<<X <b} are events. We are interested in the
collection of all probabilities of the form P(X& A). Since
{a<<X<b}={X<b}—{X<a},
{X>a}=8S—{X<a}.
It is sufficient to know the probability of {X<Cx} for any real number x.

Definition 2.2.1  The distribution function or cumulative distribution function

(abbreviated as CDF) F(x) of a random variable X is the function
F(z)=P(X<x),—co<g<+oo,

If X is thought as a random point on the real line,then F(x) is the probability that X
falls into the interval (—o2,x]. The cumulative distribution function is defined as above
for every random variable X,regardless of whether X is discrete,continuous or mixed.

Theorem 2.2.1 Cumulative distribution function F (x) has the following basic
properties:

(1) Nondecreasing. The function F (x) is monotone nondecreasing function as x
increases. That is,for any real numbers x,<<x, ,F(x; )<F(x;).

(2) Bounded. For any real number x,0<F(x)<1,and

lim F(x)=0, lim F(x)=1.

= —0a a—»—+oa

(3) Continuity from the right. F(x) is always continuous from the right, that is, for

any real number z,,

lim F(x)=F(x,) or F(x; ) =F(x,).

b
1“".1’0

Proof: Property (1) {follows directly from Proposition 1.4.4. Since F(x) is the

probability that X falls into the interval (—oo,x],s0 0<XF(x)<1. F(z) is monotone

nondecreasing,for any integers m and n,we have

hm F(x)— 11m F(m), lim F(x)= l1m F(n).

T—=t-00 >+ oo

By countable add1t1v1ty,
1 = P(—oco < X <<+ 0)

—p( U liml<X<iD)

f=—o<

+4oo
= D PG—1<X<d)

i=—c0

= lim [ lim ZP(:—1<X D]

et

= lim F(n) — hm F(m),

n—=too 0
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therefore, lim F(z)=0, lim F(x)=1.
r-—00 -t

Since F(x) is monotone nondecreasing and bounded,for any real number z,,the right
limit F(z, ) exists. To prove the continuity from the right, we consider a decreasing
SEQUENCE Iy >y > *** X, > > Xo s

F(z,) —F(x,) = P(.ro <X< 1)

= ZP(x,+, <X<zx)

i=]
“+o0

— ZI:F(I,) _F(I,'-H):I

=1

= lim[F(x,) — F(z,)]
n——t-oo
= F(x;) — llm F(x,).
n—+oc
Therefore, F(x,)= lim F(x,)=F(x; ).

n—>-+oc

The above properties are important characteristics of cumulative distribution function.
Further,it can be proved any function satisfying the three properties is a distribution
function. The three properties are necessary and sufficient conditions to determine whether
a function is a CDF.

It is convenient to express random events using CDF.

Proposition 2. 2.1 For every real numbers a<lb, the following formulas are valid:

P(X>a)=1—F(a),
P(a<<X<b)=F(b)—F(a),
P(X<a)=F(a ),
P(X=a)=F(a)—F(a ).
Example 2. 2.1 X is a random variable for which the CDF is as follows:
F(x)=A-+Barctan x, —co<g<+oo,

Find (1) constants A and B, (Z)P(J_<X<1)
Solution ; By the properties of the CDF,

0= hm F(x)= lim (A+Barctan z)=A— =B,

Fr=erd 2

1= hm F(z)= lim (A+Barctan ) =A-+— B.

=+

Therefore,A=—.B=—. The CDF is F(x) =—+—arctan x.
2 4 2 bl

P(‘/§<x<1):F(1->—F(J—§)

3
=:ll?3 (%+%arctan :c) — ( %—F%arctan ?3)
L
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€ 2.3 Discrete Distributions €»

Definition 2,3.1 A random variable X has a discrete distribution or X is a discrete
random variable if it can take only a finite number of different values x, ,***,x, or,at most,
an infinite sequence of different values x,,x;,*

Definition 2,3.2 If a random variable X has a discrete distribution, the probability
function(abbreviated as PF) of X is defined as the function f( * ) such that for every real
number z,

f(z)=P(X=zx)=0.

It can also be represented as the following:

X | x X X,
f@ | b b b
The PF of X fully reflects all the values of X can take and their corresponding

probabilities. The PF has the following propositions.
Proposition 2. 3, 1 Let X be a discrete random variable with the PF f(z). The
sequence x, I3 ,*** includes all the possible values of X,then
(Dp=P(X=x,)=20,k=1,2,;

+o0
2 > p = 1.
k=1

Proposition 2. 3.2 If X has a discrete distribution with the PF f(z),its CDF can be

determined from the relation

F(x) = > f(z) = 2,P(X = ).

z,<zx x,<x
F(x) will have a jump of magnitude f(x;) at each possible value x; of X,and F(x)
will be constant between every pair of successive jumps. F(z) and f(x) can be determined

from each other.

& 2.4 Some Common Discrete Distributions €»

In the following,we will introduce some common discrete distributions.
Definition 2, 4, 1 A random variable X that takes only two values 0 and 1 with
P(X=1)=p has the Bernoulli distribution with parameter 0<p<1.
P(X=1)=p,P(X=0)=1—p.
Bernoulli distribution is also called 0—1 distribution. We denote it as X~B(1,p).
Example 2. 4.1 Let X have the Bernoulli distribution with parameter p, find its
CDF.
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Solution: P(X=1)=p,P(X=0)=1—p.

(1) For x<<0,F(x)=P(J)=0.

(2) For 0<2<<1,F(z)=P(X<z)=P(X=0)=1—p.

(3) For z=>1,F(z)=P(X=0 or X=1)=P(X=0)+P(X=1)=1.

0 9.Z'<0
In summary,F(zx)=1{1—p,0x<l, See Figure 2. 1.
1 ’.I';l
F(x)
A
L g —
1-p '
: > x
0
1
Figure 2. 1

Definition 2, 4. 2 Consider an experiment that consists of observing n independent
repetitions(trials) with only two possible results for each trial. For convenience, call the
two possible results “success” and “failure”. Let p be the probability of success on each
trial. The number X of successes will follow the binomial distribution with parameters n
and p,denoted by X~B(#n, p) or Binomial(n, p).

Proposition 2.4.1 Suppose X~B(n,p). The PF of X will be as follows:

f(x)=P(X=2)=Cp"(1—p)" *,2=0,1,*",n.

The binomial distribution is the sum of n independent Bernoulli random variables with

same parameter p. X = in ~ B(n,p), where X,~B(1, p).
i=1

Note: not every sum of Bernoulli random variables has a binomial distribution. The
Bernoulli random variables must be mutually independent,and they must all have the same
parameter,

The PF of X can be understood as follows: we want exactly x successes (p*) and
n—x failures (1—p)" *, Moreover, the x successes can occur anywhere among the » trials,
and there are C; different ways of distributing x successes in a sequence of n trials.

If n=1,the binomial distribution reduces to the Bernoulli distribution.

Theorem 2. 4.1 Suppose X ~B(n, p),if (nt+1)p is an integer, the most likely
number of X is kg, =(n+1)p or (n+1)p—1; otherwise the most likely number of X is
[(n+1)p].the greatest integer less than (n-+1) p. The least likely number of X is 0 or n.

Proof :Consider the ratio of two consecutive probabilities,for £=1,2,,n,
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fCR) Cip*(1—p)**

fe—1) Cp 3t Q—p)y*
_(n—k+Dp
k(1—p)

=1+(n+1)g—k
E(1—p) -~

So f(k)=f(k—1) if and only if k<<(n+1)p. f(k) is increasing until it reaches a

maximum value at the point when % reaches the largest integer less than or equal to (n+1)p,

and then decreases. In the case that (n+ 1) p is an integer, if 2y = (n+ 1) p, we get

ko)
fko—1D)

Since f(k) is increasing and then decreasing,the least likely number of X is either 0 or
n. It is 0 if p=>0,5 and n if p<<0.5,if p=0. 5,then both are equally likely.
Example 2.4.2 If the probability that John will hit a target on any shot is 0. 7. He

=1,both (n+1)p and (n+1)p—1 are maxima.

shoots 10 times,{ind:
(1) the probability that he hits the target exactly three times;
(2) the probability that he hits the target at least three times;
(3) the most likely times he hits the target.
Solution:Let X be the times that he hits the target,then X~B(10,0. 7).
(1) P(X=3)=C}, X0. 7" X0. 3"=0, 009,
(2) The probability that he hits the target at least three times is given by
P(X=3)=1—P(X<3)
=1—C}, X0, 7°X0, 3"—C}, X0. 7' X0, 3°—C% X0, 7 X0, 3¢
0. 9984.
(3) Since (n+1)p=11X0.7=7.7,k,=[7.7]=7. The most likely times he hits the
target is 7. See Figure 2, 2.

B(10, 0.7)
vy
(\!_
=
=
(‘\!_
o
z
2 o
2 o]
2
=
54
Lra)
C_-
(=]
= |
= T T T T T T T T T 1 1
01 23 45 6 7 8 910
X
Figure 2. 2
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Definition 2. 4.3 A random variable X has the Poisson distribution with parameter
A>0,denoted as X~P(A) or Poisson(A),if the PF of X is as follows:

—23 i
F@=PX=0)=1,2=0,1,2,.

Many phenomena in the life and social sciences can be modeled using the Poisson
distribution. It is useful in counting the number of occurrences in a given unit of
measurement. Examples include the arrivals of customers entering a bank on a given day,
the arrivals of calls at a switchboard in a day,the number of misprints per page of a book,
and so forth. In addition, Poisson distribution is a limiting case of a binomial distribution
when the number of trials gets very large and the probability of success is small.

Theorem 2.4.2 For each n=1,let X, ~B(n,p,), If lim np,=2A,then X can be
ntoo
approximated by X~P(1). That is,for £=0,

e ‘At
k|

lim P(X,=&)= lim Cipi(1—p,)"* =

-0
Proof:lLet np,=A,,then
P(X,=k)=Cipt(1—p,)"*

:n(n—l)"‘égn—k‘i—l)(/:1_,,)*(1_,:1_"),.—;

() (=5 )

The theorem is then a consequence of the following limits:

lim Af= liin (np)t=2A%,

s
Jim (1) (1) =1,

n ., a—k
A )_EXTX(_An) .
=€

n—k
Jim (13)" = fim (15

The theorem states that for binomial distribution X~B(#n, p) ,if n is a large number and p is
relatively small, X can be approximated by Poisson distribution with parameter A=np.

Example 2. 4.3 Suppose that in a large population the proportion of people who have
a certain disease is 0, 01, Determine the probability that in a random group of 200 people at
least four people will have the disease.

Solution:l.et X be the number of people having the disease among the 200 people.
X~B(200,0.01).

This distribution can be approximated by the Poisson distribution with A=np =2,
X~P(2). See Figure 2. 3.

P(X=4)=1—P(X=0)—P(X=1)—P(X=2)—P(X=3)
e IX2° e PX2' e X222 e X2
0! 1! 21 3!

20, 1428,

=]1—
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B(200,0.01) P(2)
w vy
I N
o [}
= o
o (g}
o 7 =N
£ 2
= n —_
L —= | £ — |
g o g e
2 g
Ao & o
=1 S
vy Ug)
< | =
(=] o
o o
< | | Q| o ar
o =
T T T T T T T T T T T T
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Figure 2. 3

Example 2. 4.4 There is a 0. 998 probability that a randomly selected 30-year-old
male lives through the year (based on data from the U. S. Department of Health and
Human Services). A fidelity life insurance company charges $ 1,200 for insuring that the
male will live through the year. If the male does not survive the year, the policy pays out
$ 200,000 as a death benefit. Assume that the company sells 2500 such policies to 30-year-
old males, so it collects $ 3,000,000 in policy payments. Find the probability that the
company makes a profit not less than $ 1,000,000 from the 2500 policies.

Solution:Let X be the number of deaths among the 30-year-old males. X ~B (2500,
0.002). This distribution can be approximated by the Poisson distribution with A=2500 X
Q. 002=35,

P(the company makes a profit not less than $ 1,000,000)
=P (3000000—200000X=1000000)
=P(X<10)

~ i -5-’5-@‘5
iz k!
~0. 9863.
Definition 2.4.4 Suppose that the finite population to be sampled has N elements.
For each trial of the experiment,there are two possible outcomes,success or failure. There
are exactly m successes in the population, A sample of size n is obtained from the
population of size N without replacement. Let X denote the number of successes that are
obtained,then X follows the Hypergeometric distribution,denoted as X~H(N,m,n).
Let X;=1 if the i-th draw is success and X; =0 if not. Then each X, has a Bernoulli

distribution, but X, ,+*-, X, are not independent in general. X = ZX.- is not binomial.

t==]
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Proposition 2,4.2 The distribution of X~H(N,m,n) has the probability function
FD=P(X=2) =93'atﬂ
for max{0,n— N+m)<zx<min{n,m}.

Note: hypergeometric distribution has a symmetry property in n and m. That is,
H(N,m,n)=H(N,n,m). Its PF is also given by

f(r)=P(x=x)=—Cic§*i.

It can be shown by expressing the binomial coefficients in terms of factorials and
rearranging the latter.

Example 2.4.5 Consider a deck of 52 cards. In a poker hand consisting of 5 cards,Let X
be the number of aces dealt. What is the probability that a poker hand has all the 4 aces?

Solution: X~H(52,4,5).

Px=0=5%8_0 00001846,

52

Or,we can use X~H(52,5,4).

4 ™0
C5—4”=o. 00001846,

52

P(X=4)=

Definition 2.4. 5 Suppose that an infinite sequence of Bernoulli trials with probability of
success p are available. Let X denote the total number of trials required to produce r
successes,then X follows the negative binomial distribution,denoted as X~NB(r, p).

Remark 2.4.1 There are a couple variations of the negative binomial distribution. If
someone talks about a negative binomial random variable, find out how they are defining
it. For example,some text books define X as the failures that occur before the r-th success.

Proposition 2.4.3 The distribution of X~NB(r,p) has the PF

f()=P(X=2)=CZip (1—p)",
for z=r,r+1,--.

Particularly,if r=1,X~NB(1,p), f(x)=p(1—p)* ', 2=1,2,-. It deals with the
number of trials required for a single success. In this case, we say that X~Geo(p) has the
geometric distribution with parameter p.

Example 2.4.6 Tony is a high school basketball player. His probability of making a
free throw is 0. 80. During the season, (1)what is the probability that Tony makes his third
free throw on his fifth shot? (2) what is the probability that Tony makes his first free
throw on his fifth shot?

Solution:(1) This is an example of a negative binomial random variable. Let X be the
number of shots needed to make the third free throw.

X~NB(3,0.8),
P(X=5)=C] X0.8 X (1—0.8)*=0.1229.
(2) This is an example of a geometric distribution, which is a special case of a negative

binomial distribution. Let Y be the number of shots needed to make the first free throw.
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YNGGO(O. 8) ’
P(Y=5)=0.8X(1—0.8)'=0, 00128,

& 2.5 Continuous Distributions €»

Definition 2, 5. 1 X is a continuous random variable if there exists a nonnegative
function f(x) ,defined on the real line,such that for every real number x,the CDF of X

can be expressed by
P(X<z) = F(x) = J_ F(Dde.

The function f(x) is called the probability density function(abbreviated as PDF) of X.

Every PDF f(x) has the following two properties:
(1) f(x)=0;

oo
(2) '[‘mf(x)dr = ],

Continuous random variable X can be uniquely determined by its PDF f(x). f(x) is
not necessarily to be continuous while F(x) must be continuous. There are at most
countable discontinuity points of f(x).If f(zx) is continuous at x,then,

F'(z)=f(x).

If X has a continuous distribution ,for any real value a, P(X=a)=F(a) —F(a  )=0.
Continuous distributions assign probability 0 to individual values. That is, probability 0
does not mean impossible.

See Figure 2. 4. If a<<b,then

P(a<X<b)=P(a<X<b)=P(a<X<b)=P(a< X<b).

J(x)
7
0 a b ¥
Figure 2.4

For any interval G,

P(XEG) = Jf(:)dz.
G

Example 2. 5.1 Suppose that the PDF of a certain random variable X has the
following form:
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c(4zx—22%) ,0<x<2
f(x)={ -
0 sotherwise
(1) Determine the value of ¢;(2) Find P(X>1);(3)Find the CDF of X.
Solution:(1) For every PDF f(z),it must be true that

“+oo

1= f(a)ds

2
= J c(4x — 22%)dx
0

_ 2__ 2 3
c(2x 31) .

Hence c=%. The PDF is

i(4.1':—2.1‘2) ,0<x<<2
flx)=]38 .
0 ,otherwise
(oo
(2) P(X>1) = 1 f(x)dx
r2 oo
= lf(.r)d.r-*—_[2 f(x)dx
F'z 3
= | =4z —2x%)dx
Ji1 8

3

= — (22 —

2

'§'I3)

g ,
1

>

(3) The CDF of X is F(zx) = | f(n)dr.

i 2 < 0, Bl = J 0dt = 0.

0 < r<2,F(z) = J %(4:—2:2)dz - %(312 — ).

2

Hfxr<2,F(x) =J %(M—Z:z)dt == 1.
0
The CDF F(x) is

0 y1<0
Fz)= %-(312 — 1Y), 0< <2,

1 =2
Example 2. 5. 2 The lifetime X of a certain electrical component is a continuous
random variable with the following PDF .
0 ,x<<100

(x)= ’
f * %sl‘>100
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One system has 5 identical components and the components operate independently. Find
the probability that exactly 2 components fail in less than 150 hours.
Solution:Let A be the event that a component fails in less than 150 hours,then

150 150 100 1
p = P(A) = P(X < 150) = f(I)dI——“j —dz = —,

—eo w0 x’ 3
Let Y count the number of failing components in less than 150 hours,then Y is a binomial

random variable. Y"*—B(S,%) . The probability that exactly 2 components fail in less than

150 hours is given as

P(Y=2)=C§X(%)z % (%)3=o. 3292,

Definition 2.5.2 When the CDF of a random variable X is continuous and one-to-one
over the whole set of possible values of X, the inverse F~' (p) of F(x) exists and equals

the quantile function of X.
PIX< F'(p)] = p.

& 2.6 Some Useful Continuous Distributions €»

Definition 2. 6.1 Let a and » be two given real numbers such that a<<b. Let X be a
random variable such that it is known that a<<XX<Cb and, for every subinterval of [a,b],the
probability that X will belong to that subinterval is proportional to the length of that

subinterval. We then say that the random variable X has the uniform distribution on the
interval [a,b],denoted by X~U[a,b]. Its PDF is

a<<xr<<bh

1
flo)= {b*—a ’
0 ,otherwise

The CDF of X~U[a,b] is
. 0 ,x<<a

F(z) =J" f(odt = ;‘:2.a<x<b.

1 ,2>06
See Figure 2. 5.
S(x) F(x)
T == !
| ba ; |
a (0] b x a O] b x
(a) PDF (b) CDF

Figure 2. 5
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Example 2. 6.1 Consider the equation 4z° +4£x+ (6§+2) =0, where £ follows the uniform
distribution on the interval [ —3,6]. Calculate the probability that the equation has real roots.
Solution; The PDF of ¢ is

1‘ ——
0 ,otherwise

Let A be the event that the equation has real roots,then
P(A) = P[(48)? —4 X4 X (6+2)=0]
= P[(¢+1(—2)=>0]
= P(§<—1or&=2)
= PE<—1)+P(E=2)
= J_l ld.z." -I—JG ld:t:
- 9 z 9

2

3
Definition 2. 6.2 Continuous random variable X is said to follow the exponential distribution
if its PDF is given by

Ae ¥, x>0
0 ,z<0’
where A>>0 is parameter. It is denoted by X~E(Q).
The CDF of X~E)is

f(:c)={

l—=e*,22>0
» X g_ 0'
See Figure 2. 6. The exponential distribution is widely used in reliability applications, The

Fx) =| fdt= {

exponential distribution is used to model lifetime data. Light bulbs often have an exponential time to

failure. The time between customers coming into a store or bank is often exponential.
A —i=05 2 — =05
; --4=1 -- 4=l

1.0

)
3
wy
o ~
(e
o
T T ] 1 1
0 1 2 3 4
x x
(a) PDF (b) CDF
Figure 2. 6

o
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Proposition 2. 6.1 Suppose X~E(A),then for any 5,0,
P(X>s5+t| X>s)=P(X>1).
Proof

—ACs+1)

This is known as the memoryless property. Let X be the waiting time, the probability

P(X>s5+t| X>s5)=

that you’ll wait more than s+t minutes given that you've already been waiting s minutes is
equal to the probability that you’ll wait ¢ minutes. This means that the probability that
you’ll wait £ more minutes given that you’'ve already been waiting s minutes is the same as
the probability that you'd wait for more than ¢t minutes from the beginning.

Example 2. 6.2 Suppose that the amount of time one spends in a bank is exponentially

distributed with parameter A=%.

(1) What is the probability that a customer will spend more than 15 minutes in the
bank?
(2) What is the probability that a customer will spend more than 15 minutes in the

bank given that he is still in the bank after 10 minutes?

Solution :

(1) P(X>15)=¢ W =¢"7=0, 2231,

(2) P(X>15|X>10)=P(X>5)=¢ % =7 =0. 6065.

Definition 2. 6.3 A random variable X follows the normal distribution if the PDF of X is
given by

1 _a—w?
f(I)z e 2 y— oo g<+oo,
v 2no

where—oo<y<<+c0 and 6=>0 are two parameters, We write X ~N(u,d*).

Proposition 2. 6.2 The area under the normal curve is 1.
e ]

2 =
Proof: f(x)=0,we need to verify thatj e 2 dr = 1. Let y=%g,then

—= . /2no

+oo iy 2 +oo 2
J. 1 E_( za”) dr = j = Le_lz_ dy.
- 270 e

It suffices to prove

Notice that

(o0

+(xr
I e -
= J e 2 dxdy
[2n [4oo

= J. e 7 rdrdf (set x = r cos 0,y = r sin 6)

V0O v

= 2m.
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+o0 1 2
N )
e Zaz dl' = 1.

Therefore, J-

—°./2n0
Proposition 2, 6.3 The normal PDF f(x) have the following features:
(1) the curve is bell shaped and symmetric about the vertical line x=yg,that is,for h>0, P
(p—h<X<p) =P(u<X<pth).
1
V2o

(3) The transition points are where the graph changes from cupping upward to cupping

(2) If z=pu, f(x) achieves its maximum f(u)=

downward(or visa versa). The transition points occur at r=p=to.

(4) x axis is an asymptote of the curve. The curve approaches arbitrarily close to the axis,
but never reaches it.

(5) Changes in g , without changes in ¢ , result in moving the curve to the right or left,
depending upon whether the new value of x was larger or smaller than the previous value, but

does not change the shape of the curve, o specifies the shape of the curve, See Figure 2. 7.

8 2 = 0,0=1
£ — u=0,0= S A —u=0,0=
e -- p=4,0=2 --p=0,0=2
v on
= =
o
—~ ~—~
X e
= © & ©
\
A1
2. |‘\ =
(=1 v (=
\\
\\
8 \‘s‘ (=]
= S ]
1 1 T 1
7 8 910
Figure 2.7

The normal distribution is the most important distribution. It describes well the
distribution of random variables that arise in the natural and social sciences. Also, it is
important for the central limit theorem, the approximation of other distributions such as
the binomial, etc,

Specially,if p=0,6=1,X~N(0,1) is called the standard normal distribution. The
PDF of X is given by

22

@z =\/%e_7 , — ool g < +o00,
T

See Figure 2. 8,its CDF is given by

x 1 2
®(x) =J ——e zdt.

—= /2
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Figure 2. 8

By symmetry,for any x,
O(—x)=1—P(x)
For x=0,the value of ®@(x) is given in the standard normal table in Appendix C. For
example, ®(1. 02)=0. 8461,P(—1.02)=1—&(1.02)=1—0. 8461=0. 1539.
Lemma 2.6.1 If X~N(u,0°),then
(1) Y=aX+b~NC(aptb,a’c*) ,where a and b are constants(a70) ;

(2) Y=X—6_E~N(O,1).
Proof:(1) If a=>0,the CDF of Y is
Fy(y)=P(Y<y)=P<ax+b<y)=P(x<aL” )=Fx(u).

a

Take the derivative with respect to y,
—by 1
fr(y)=fx("aL);-
If a<<0,the CDF of Y is

Fv(y)=P(Y<y)=P(aX+b<y)=P(X2-aLb) =1_.px(ya;b)_
Take the derivative with respect to y,

frin=—rx(X2) .

a
Therefore,
fr(y)= : fx(y_b)= 1 1 e ',,L:’;ﬂ z=;e_[rﬁ5:76)£.
la| a lal 2no V2x |lale
Thus,Y~NC(au+b,a°0*).
(2) Set a=-‘1’—,b= —};— in(1) , the conclusion follows,

A value from any normal distribution can be transformed into its corresponding value
on the standard normal distribution. Let X~N(u,0*) ,then
Fx(x)=P(X<x)=P(h€u) ~o(Z2).
o o o
For two constants a<<b,
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P(a<<X<b)=Fyx () —Fx(a)=q>(”—:ff) —o(2).

Using the formulas above and the standard normal table, we can easily determine the
probability that a normal random variable falls into an interval. For instance, suppose
X~N(u,0°) ,then
P(p—o<X<pu+o)=0(1)—®(—1)=68.26%,
P(p—20<X<p+20)=0(2)—®(—2)=95.44%,
P(p—30<X<pu+30)=®(3)—®(—3)=99.74%.
It indicates that approximately all the observations fall within 30 of u. It is called “three
sigma rule”.
Example 2.6.3 Suppose X~N(2,9),find P(1<<X<(5).

Solution .

PA<X<5)=P 1_Zé,X_2<5_2)

3 3 3
-o(i5)-o(15}
:Q(l)—@(—%)

=q>(1)+c1>(%)—1

=0.8413+0.6293—1
=0. 4706.

Example 2, 6. 4 Scores on a standardized college entrance examination (CEE) are
normally distributed with mean 510 and standard deviation 60. A selective university
considers for admission only applicants with CEE scores over 650, Find percentage of all
individuals who took the CEE meet the university’s CEE requirement for consideration for
admission.

Solution:Let X denote the score made on the CEE by a randomly selected individual.
Then X~N(510,60). The probability that X lie in a particular interval is the same as the
proportion of all exam scores that lie in that interval. Thus the solution to the problem is

P(X>650),expressed as a percentage.

P(X>650) = p( 1210 80010

=P(Z>2.33)

=1—&(2. 33)

=1—0.9901

=0. 0099.
The proportion of all CEE scores that exceed 650 is 0. 0099, hence 0. 99% or about 1%
meet the requirement,

Suppose X is a random variable, F(x) is its CDF. For any real z, P(X>z)=1—

P(X<x)=1—F(x). Sometimes, we need consider the inverse problem. That is,if P(X>
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x) =a is given,determine the value of x.
Definition 2. 6.4 Suppose the CDF of X is F(x),0<<a<{1,then z, is called upper a
quantile or a quantile if
P(X>zx,) =a.
Note: some textbooks define the lower quantile using the left tail.
For the standard normal distribution Z~N(0,1) ,the a quantile is denoted by =z,.
P(Z>z2) = f:mqo(x)dx ——

a

P(z,) =1—a.
z,=® '(1—a) can be found in the standard normal table. By symmetry,z,_,= —z,. For
examp]e»ZQ_os — 1. 645 920.95 —  Zo.05 — 1. 645.

Definition 2.6.5 X follows the gamma distribution X ~Gamma (a,p) if its PDF is
given by

]. a—1 —=
f(x)={ﬁ"l"(a)l e ﬂ,1>0,

0 ,Igo

where a=>0,5>0 are two parameters,see Figure 2. 9. I'(a) is a gamma function defined by

+oo

I'(a) =J e dx.

0

™~
— —o=0.1, =0.1
-1, p=1
e =2 2
o - =3, p=3
— \‘
h
o
g
g2
<+
= 3
o
gl
o -;:‘:":'Tfi
=
T 1 1 1 I 1 |
0.0 0.5 1.0 1.5 20 25 3.0
X
Figure 2.9

The gamma function satisfies:

I'a+1)=al'(a),

1‘(%)=«/E,1‘<1>=1.
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If n is an integer,['(n)=(n—1)!.
Remark 2.6.1 If a=1,the PDF of X~Gamma(a,8) reduces to

0 ,x<0

It is identical to the PDF of exponential distribution X ~ E (l). That means that

B

exponential distribution is a special case of gamma distribution.
If a=n,the PDF of X~Gamma(a,) reduces to

1
flz)= {B"(n—l) e
0 » 50

It is called Erlang distribution,an important distribution widely used in queueing systems

"leTE ,x>0

and stochastic processes.
If aZ%,BZZ,the PDF of X~Gamma(a,8) reduces to

;nx-:--le—%,po
so={2ir(5)

0 20
It is the y’-distribution with degrees of freedom =, an important distribution in

mathematical statistics.

& 2.7 Functions of a Random Variable €»

We have studied the distribution of a random variable X. Consider the function Y=
r(X),if X takes x,Y takes y=r(x).Y is another random variable. In practice, often we
want the distribution of Y.

Suppose X is a discrete random variable with the PF f(x),Y=r(X),thenY is also a
discrete random variable. The PF of Y is

gy =P =y) =P[r(X)=yl= >, f(a).

xir(z)=y

Example 2.7.1 Let X have a discrete distribution with the PF f(x):
X | 1 2 3 4 5 6 & 8 9

1 1 1 1 1 1 1 1

1
fa)| 4 9 9 9 9 9 9 9 9

Find the PF g(y) of Y=|X—5].
Solution: The possible values of Y are 0,1,2,3 and 4.

g(0)=P(Y=0)=P(|X—5| =O)=P(X=5)=*Slj-,

m: -‘
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g(1)=P(Y=1)=P(|X—5|=1)=P(X=4orX=6)=%,
g(2)=P(Y=2)=P(|X—5|=2)=P(X=3 or x=7>=%,
2(3)=P(Y=3)=P(|X—5|=3)=P(X=2 or X=8)=%,
FAy=PY=1)=P(| X=5]=4)=P(X=1 or x=9)=%.
Thus, the PF g(y) of Y=|X—5] is given as follows:
Y ‘ o 1 g sl g by
| L 2 £ Z 2
gLy 9 9 9 9 9

Example 2.7.2 Suppose the PF of X is

P(X=k % )=pq*;k=o,1,2,---;p+q=1;o<p<1.

Find the PF g(y) of Y=sin X.
Solution:Y can take 0,1,—1.

P(Y =0) = P(:go {x = Bk o %})

+

oa

MZm

0

m

“F

_qz’

o0

—

+

Il

0

m

P(Y=1) = P( {X= 2mn+%})

=P(+L]° {X= (4m +1) %})

m=0

oo

_ qu4m+l

m=0
— _&’
1—¢*
]

mY:—D=P(%{X=%m+%“

m=

=P(U° {Xz (4m +3) %})

P’
- 2

Thus,the PF g(y) of Y=sin X is given as follows:
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v | - : |
9 P Pq
g(y) ‘ 1_q4 l_qz 1_q4

Suppose X is a continuous.random variable with the PDF fx(z),Y=r(X) ,suppose Y
is also a continuous random variable, we want to determine the PDF of Y.
One way to proceed is by direct calculation. The CDF G(y) of Y can be derived as
Gy) =PY<y)=Putr(X) <y = J f(x)dx.

rr(n<y

Its PDF g(y) can be obtained from the relation

g(y)szd; )=G'(y).

This relation is satisfied at every point y at which G(y) is differentiable.
Example 2,7.3 Suppose that X has the uniform distribution on the interval [ —1,1],
Flay= %, —1\<\1<1.
0 ,otherwise
Determine the PDF of the random variable Y= X?.
Solution:Since Y=X*,— 1< X<(1,then Y must belong to the interval 0<CY<C1.
) If y<0,G(y) =P(Y <y)=P(J) =0,
(2) If y>1,G(y)=P(Y<y)=PUD=1.
(3) If o<<y<1,
G(y) = P(Y< y)
= PILX" << 3)

= P(—/y < X<y
vy
= Jﬁ/_f(r)dx
— 4.
It follows that the PDF of Y is
1
gp=124y .
0 ,otherwise
Example 2, 7.4 Suppose that X is a continuous random variable with the PDF

2_f90<1'<1t

flx)=]™x
0 ,otherwise
Determine the PDF of Y=sin X.

Solution: The CDF of Y is G(y) =P(Y<_y) =P (sin X< y). See Figure 2. 10,
(D If y<0,G(y)=0.
(2) If 0<y<1,

52
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y=sinx

O| arcsiny T — arcsin y

Figure 2. 10

G(y) = P(sin X < y)
= P(0 < X << arcsin y) + P(x — arcsin y << X < m)

_ Jarcsmy zxdl +J' __dI

x—arcsin y

o Zarcsin y
- y
3) I 1<y,G(y)=1.
2
— iyl
The PDF of Y is g(y) =G (y)={n V/1—5"
0 ,otherwise

Example 2.7.5 Suppose that X~N(0,1),its PDF is given as follows

2
==
2

p(x) =1.
V2m

Determine the PDF of the random variable Y= X*,
Solution:Since Y= X?, —co< X< +oo,then Y=>0.
(1) If y<0,G(y)=P(Y<y)=P(Z)=0.
(2) If y=0,
G(y) = P(Y<y)
=P(X*< y)

= P(—Jy < X< Jy)

vy
= J_Jy_go(r)d.r.
It follows that the PDF g(y) of Y is

’ 1 1 _l -]
g =G (=——[o(y)t+e(—y)]=—— y 7e 2
WA e Dy
Thus,the PDF g(y) of Y is
1 -l _¥
L et gm0
g(y)=1/2n
0 ,otherwise
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It shows that Y~y?(1) that will be introduced in Chapter 6.

Remark 2.7.1 Some facts in calculus are useful to determine the PDF g(y) when the
CDF G(y) has no closed form. Using the chain rule in combination with the fundamental
theorem of calculus we may find derivatives of integrals for which one or the other limit of

integration is a function of the variable of differentiation.

d h(x) ’
A" e = phw’ @.

hix)
%J Flldr= FRCIR () = FestDIs (),

sCr)

Theorem 2,7.1 Let X be a random variable for which the PDF is f(x) and for which
P(a<<X<b)=1. Let Y=r(X),and suppose that r(zx) is differentiable and one-to-one
(strictly monotonic) for a<<x<b. Let (a,f) be the image of the interval (a,b) under the
function r. Let s(y) be the inverse function of r(z),then the PDF g(y) of Y is

| dsCy)
g(y)=[f(s(y)) dy a<y<f '
0 ,otherwise

Proof:Since r(x) is differentiable and one-to-one for a<<x< b, we have ' (x) >0 or
7 (£)<<0.1f ¥ (£)>0,r(x) is increasing and its inverse function s(y) is also increasing.
If y<a,G(y)=P(Y<y)=P{J)=0.1f y=28,G(y) =P(Y<y)=P@Q)=1.
If a<y<<g,
G(y)=P(Y<y)

=P[r(XHD<y]
=P[X<s(y)]
=F(s(y)).
Take the derivative with respect to y,
Fisty) » B ey
g(y)={ d 3
0 yotherwise

Similarly,if ' (£)<0,s'(y)<<0,we can obtain that
_ds(y)

. . < <
g(y)=lf(s(y)) [ dy ]a y<p .
0 ,otherwise
Therefore,the PDF of Y is
ds(y)
Gy » |2 | e<<y<
g(y)z[fsy 4y | 7FY .3-
0 sotherwise

Example 2.7.6 Suppose that X has the PDF
3x2,0<x<<1

0 ,otherwise

f(1)={

Determine the PDF of the random variable Y= X?.
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Solution:y=r(x)=2x* is one-to-one for 0<Cx<1 and has its inverse function s(y)=

-

1
oY

3(y7)? »
g(y)={ 7

_ { %y%’ ,0<y<1
0
Example 2.7.7 Suppose X~N(y,0”),determine the PDF of Y=¢*.

Solution: The PDF of X is

0 ,otherwise

e
= le— e L R
mo

y=r(x)=¢e" is one-to-one for —oo<x< +©c° and has its inverse function s(y)=In y,
y>>0, Therefore,

ds(y)

0 yotherwise

(In y) -
g(y)zif ny

2
1 _(lnzzuze ) ,y>0

— 1\ /Zmoy
0 yotherwise
This distribution is called lognormal distribution.

Theorem 2,7.2 Let X be a random variable for which the PDF is f(x) and for which
P(a<<X<b)=1. Let Y=r(X),Partition the range of X into n subintervals I,,I,,,]1,
such that r(z)=r,(x)(i=1,2,++,n) is differentiable and one-to-one in each subinterval.
Let (a,3) be the image of the interval (a,b) under the function r. Let 5,(y) be the inverse
function of r;(x)(i=1,2,+++,n) ,then the PDF g(y) of Y is

ds

f(s;(y)) »
gly) = ;

a;y)l,a<y<ﬁ

0 yotherwise
Example 2,.7.8 Suppose that X is a continuous random variable with the PDF
2x

Fla) = {?,O<x<n

0 ,otherwise
Determine the PDF of Y=sin X.
Solution: We have done this problem by direct calculation. Now we present another

method.
y=sin x is strictly monotonic increasing and differentiable in (0, ?] and has its

inverse function s, () =arcsin y. y=sin x is strictly monotonic decreasing and differentiable in

(%,n) and has its inverse function s, (y) =n—arcsin y. If 0<x<x,then y=sin =€ (0,

1)
Therefore,if 0<<y<1,
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gMN=F(s;1 () * [s1 (W +f(s2(3)) = |53y |

. +%(1r—arcsin y) . 1

A=y = =

=—arcsin y *
n

—,0<y<1
The PDF of Y is g(y)=14m +/1—3° .

0 ,otherwise

& Exercise 2 €

2.1 An urn contains 4 balls marked with numbers 0,1, 1,2, respectively, Draw 2
balls with replacement, Let X be the product of the numbers of the balls selected. Find the
PF of X.

2.2  Suppose that a random variable X has a discrete distribution with the
following PF:

_(cxsx=1,2,,5
f(I)—{ 0 ,otherwise
Determine the value of the constant c,

2.3 Suppose that a random variable X has a discrete distribution with the

following PF:

L,J::O,I.Za"'

f(z)={2‘

0 ,otherwise
Find the value of the constant c.

2.4 Suppose that two balanced dice are rolled,and let X denote the absolute value of
the difference between the two numbers that appear. Determine and sketch the PF of X.

2.5 A civil engineer is studying a left-turn lane that is long enough to hold seven
cars. Let X be the number of cars in the lane at the end of a randomly chosen red light. The
engineer believes that the probability that X=ux is proportional to (z+1)(8—x) for x=
0,++,7(the possible values of X).

(1)Find the PF of X,

(2)Find the probability that X will be at least 5.

2.6 Suppose a discrete random variable X has the PF given by

X 3 5 7 8 9 10 12

P(X=2x) ‘ 0.08 0.10 0.16 0. 25 0. 20 0.03 0.18

What is the probability that: (1) X>9;(2)4<<X<11;(3)X is 7,

56
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2.7 Suppose that a box contains seven red balls and three blue balls. If five balls are
selected at random,without replacement. Determine the PF of the number of red balls that
will be obtained.

2.8 Suppose that a random variable X has the binomial distribution with parameters
n=15 and p=0. 5. Find P(X<6).

2.9 1If 10 percent of the balls in a certain box are red,and if 20 balls are selected from
the box at random, with replacement, What is the probability that more than three red balls
will be obtained? '

2.10 The probability of winning at a certain game is 0. 3. If you play the game 10
times, what is the probability that you win at most once?

2.11 Suppose that X follows the Poisson distribution. P(X=1)=P(X=2). Find P(X=
4).

2.12 The number of calls coming per minute into a hotel reservation center is
Poisson random variable with A=3.

(1) Find the probability that no calls come in a given one-minute period.

(2) Assume that the number of calls arriving in two different minutes are
independent. Find the probability that at least two calls will arrive in a given two-minute
period.

2.13 Suppose that a part has a one in a hundred chance of failing and we sample
from 100 independent parts, What is the probability that none of the 100 parts fails ?

2.14 The number of E-mails received in a day has a Poisson distribution with
parameter A, On that day, the probability of one E-mail being spammed is denoted by p.
Show that the number of spam E-mails received that day also follows a Poisson
distribution,

2.15 A crate contains 50 light bulbs of which 5 are defective and 45 are not. A
quality control inspector randomly samples 4 bulbs without replacement. Let X be the
number of defective bulbs selected. Find the PF of the discrete random variable X.

2.16 Products produced by a machine has a 5% defective rate.

(1) What is the probability that the first defective occurs in the sixth item inspected?

(2) What is the probability that the first defective occurs in the first six inspections?

2.17 An oil company conducts a geological study that indicates that an exploratory
oil well should have a 30% chance of striking oil.

(1) What is the probability that the first strike comes on the third well drilled?

(2) What is the probability that the third strike comes on the seventh well drilled?

2.18 Suppose that the PDF of a random variable X is as follows:

L 9—2?),—3<2<3
Flzx)=36 )

0 ,otherwise

Sketch this PDF and determine the values of the following probabilities: (1) P(X<C0);
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(2)P(—1X<1);(3)HP(X>2).
2.19 Suppose that the PDF of a random variable X is as follows:
C.I'2 ,1g1<2

0 ,otherwise

Fiwd ={
(1) Find the value of the constant ¢ and sketch the PDF,
{9Y Piad the valus of P(X>%) ,P(X=%).

2.20 Suppose that the PDF of a random variable X is as follows:
1

= 90<I<4
flx)=]8
0 ,otherwise
(1) Find the value of a such that P(X\<\a)=%.
(2) Firid the value of & such that P(XBb)=%.
2.21 Suppose that the PDF of a random variable X is as follows:
ce ¥, x>0

f(x)={

(1) Find the value of the constant ¢ and sketch the PDF,

(2) Find the value of P(X<(2).

2.22 Suppose that a random variable X can take only the values —2,0,1,4,and that
the probabilities of these values are as follows: P(X=2)=0.4,P(X=0)=0.1,P(X=
1)=0.3,P(X=4)=0. 2. Sketch the CDF of X,

2.23 Suppose that the CDF of a random variable X is as follows:

0 ,a<0

0 ,otherwise

F(x)= —!19-12 ,0<xr<3.

I =3
Find and sketch the PDF of X, |
2.24 Suppose that X has the PDF
2x,0<x<1
flx)= T
0 ,otherwise
Find and sketch the CDF of X,
2.25 Suppose that K follows the uniform distribution over the interval (0,5). Find
the probability that the following equation has real roots.
4x* +4Kx+K+2=0.

2.26 Suppose that X follows a discrete distribution with the PF
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Find the probability that the following equation has real roots.
3a’+2aX+X+1=0.

2.27 Suppose that the amount of waiting time X (unit: minute) a customer spends in
a bank is exponentially distributed with the following PDF

Fla)= %e ?,1>0’
0 ,r<0
The customer decides to leave if the waiting time is not less than 10 minutes. He usually
visits the bank 5 times per month. Let Y be the times that he is not served within a certain
month. Find P(Y=>1).

2.28 Suppose that X~N(160,6*). If P(120<CX<C200) =>0. 80, what is the largest
value o can take?

2.29 Suppose X,the grade on a midterm exam,is normally distributed with mean 70
and standard deviation 10. The instructor wants to give 15% of the class an A. What cutoff
should the instructor use to determine who gets an A?

2,30 A random variable X has a normal distribution with ¢=10. If the probability
that the random variable will take on a value less than 82.5 is 0.8212, what is the
probability that it will take on a value greater than 58. 37

2.31 An electronic device has probabilities of 0. 1,0. 001,0. 2 of failing subject to
voltage of less than 220 V, 220 ~ 240 V, larger than 240 V, respectively. Suppose the
voltage X~N(220,25%).

(1) Find the probability that the electronic device will fail.

(2) If it failed,what is the probability that it had received the voltage of 220~240 V.

2.32 A certain type of electronic component has a lifetime X (in hours) with PDF
given by

i ;%,x>1ooo
)= »

0 ,2<1000
(1) Find the constant c.
(2) Find P(X<{1800| X>>1500).
(3) Consider 3 independent electronic components of this type. What is the probability
that only one component failed for the first 1500 hours?
2.33 Suppose the PDF of X is
Ax,1<x<2
f(x)=4 B ,2<x<3 .
0 ,otherwise
And P(1<X<2)=2P(2<X<3). Find:
(1) constants A and B;
(2) the CDF of X.

)
potece
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2.34 The PF of X is

P | 0.2 0.2 0.5 0.1

Find the PF of Y=X*+1.
2.35 Suppose that X is exponentially distributed with the following PDF
1.

f(x)={ 2 g

0 9I<O

Find the PDF of (1) Y=%. (DY =X, (3)Y=VX.

2.36 Suppose that the PDF of X is
e 0,20
0,20
Find the PDF of (1)Y=2X+4,(2)Y=X*,(3)Y=In X.
2.37 Suppose X~U(—2,5),find the PDF of Y=X?,

f(x)Z{

2.38 Suppose In X~N(1,2%),find P(%<X<2).

2.39 Suppose that the PDF of a random variable X is as follows:

3
2 P il
£ (to)x, 1<z, | 7

0 ,otherwise
(1) Determine ¢=>0 that renders f(x) a valid density function.
(2) Find P(X<<1.1).
(3) Find P(X=1.1).
2.40 Suppose that X is exponentially distributed with the following PDF
_ (AeTF,x>0
f(r)—{ ) - i

where A>0, Let Y=min{2,X}. Find the CDF of Y.




Multivariate Probability Distributions
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& 3.1 Bivariate Distributions €»

So far we have been only dealing with the probability distributions of single random
variables. However,in some random phenomena, we need consider several random variables
simultaneously. For example, the components of wind velocity in studies of atmospheric
turbulence, the horizontal distance and vertical distance between the bullet point and the
target.

In such studies, it is not only interesting to study the behavior of each variable
individually, but also to investigate the relationship between them.

Definition 3. 1.1 Suppose E is a random experiment with sample space S={e}. X, =
X, (e), X, =X,(e) sy X,= X, (e) are random variables defined on S. (X,,X,,*+, X,) is
called an n-dimensional random variable or n-dimensional random vector.

We will focus on two dimensional random variable and most of the results can be
extended to the n-dimensional case.

Similar to the CDF of univariate random variable, we define the CDF of bivariate
random variable as follows.

Definition 3. 1. 2 The joint distribution function or joint cumulative distribution
function(joint CDF) of two random variables(discrete or continuous) X and Y is defined by

Flx,y)=P(X<z,Y<y),
for —oo<g<{Ho0,—oco<y<+ oo, Similarly, the joint distribution function of » random
variables( X, ,X;,+*+, X, )is defined by
F(zysxzsx,) =P(X <2y, X, Kz 0 X, Kz, ) »
for —co<g,<H+00,i=1,2,+,n.

(X,Y) can be considered as the coordinates of a random point in the xy-plane. F(x,y)

is defined as the probability that the random point will fall within the semi-infinite

rectangle with upper limits defined by X=ux,Y=3. See Figure 3. 1.

¥

LY

Figure 3.1
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The probability that the random point will fall within the rectangle {(X,Y)|a<<X<C
b,eY<(d} is given by
P(a<X<b,c<Y<d)=F(b,d)—F(a,d)—F(by,c)+F(a,c),
for given numbers a<<6 and ¢<d. See Figure 3. 2.

Figure 3. 2

This bivariate distribution function has properties analogous to those of the univariate
distribution function.

Proposition 3.1.1 The joint CDF F(x,y) of (X,Y) has the following properties:

(1) F(z,y) is non-decreasing in both x and y. That is, for fixed y,if z; <<x;,then
F(x,,y)<F(x;,y); for fixed z,if y,<y,,then F(x,y,)<F(z,y;).

(2) 0SF(x,y)<1,and for fixed x, F(x, —o0) =0; for fixed y, F(—o°,y) =0;
F(—o0,—0o0)=0; F(+oe,+oc0)=1,

(3) F(x,y) is right continuous at x and y,that is,

F(z,y)=F(z" ,y),F(z,y)=F(x,y").

(4) For any real numbers a<<b and ¢<d,

F(b,d)—F(a,d)—F(b,c)+F(a,c)=0.

Definition 3.1.3 Let X and Y be random variables, and consider the ordered pair
(X,Y). If there are only finitely or at most countably many different possible values(x,y)
for the pair (X,Y),then we say that X and Y have a discrete joint distribution.

Definition 3. 1.4 The joint probability function(abbreviated as joint PF) of X and Y
is defined as the function f such that for every point (x,y) in the xy-plane,

flx,y)=P(X=x,Y=y).

Proposition 3.1. 2 Let X and Y have a discrete joint distribution, f (x,y) =0, If
(x,y) is not one of the possible values of the pair (X,Y),then f(x,y)=0. Also,

Z f(x,y) = 1.

All (xsy)

Additionally,for each set A of ordered pairs,
PI(X,Y) € Al= D, f(x,y).

(z,y)EA
The joint cumulative distribution function of (X,Y) can be written as
Fla,y) = P(X<2,Y<y) = D, flxisy)s
I,-é.royj‘éy

where (z;,y,) are all possible values of (X,Y),i,j=1,2,%-.
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Example 3. 1.1 A fair coin is tossed three times independently. Let X denote the
number of heads on the first toss and Y denote the total number of heads. Find the joint
probability function of X and Y.

Solution: X takes 0,1;Y takes 0,1,2,3. And

P(X=0,Y=0)=%,P(X=O,Y=1)=%.P(X=O.Y=2)=%
_ ERPTOR | . e & - a1

The joint PF of (X,Y) can be summarized in Table 3. 1. See Figure 3. 3.

Table 3. 1
f(x.y) y=0 y=1 y=2 y=3
=0 e %— Lo 0
o 1 2 2k

=1 0 3 8 8

&

&

(=]
,;; < I 30 ~
B o 2.5
~ 3 20

= 1.5

S 1.0

0.5
8 0.0

S00 02 04 06 08 1.0
X

Figure 3. 3

Example 3.1.2 The joint PF of (X,Y) is as specified in Table 3. 2. See Figure 3. 4.
Determine P(X=2,Y=>2) and P(X=1).

Table 3.2
y=1 y=2 y=3 y=1
x=1 0.1 0 0.1 0
=2 0.3 0 0.1 0.2
r=3 0 0.2 0 0

Solution .

64
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P
(=]
] y
(=]
&
" <
=~ o
= 3
h ]
s 40 >
c [ e
- 2530
2 o] 20
N 1.5
g 1.0

10 15 20,250 30
x

Figure 3.4

P(X=2,Y=2) = f(2,2) 4+ f(2,3) + f(2,4) + f(3,2) + f(3,3) + f(3,4)
= 0. 5.

4
P(X=1)= D, f(1,y) =0.2.
y=1
Definition 3. 1. 5 Two random variables X and Y have a continuous as joint

distribution if there exists a nonnegative function f(x,y) defined over the entire xy-plane

such that for any real values x and y,

The function f is called the joint probability density function(abbreviated as joint PDF) of
X andY,

Proposition 3.1.3 A joint PDF of (X,Y) satisfies the following properties:
(1) f(x,y)=0.

oo (oo
(Z)J J_ flxyy)dady = F(+ o0, +00) =1,

—0G

x

i fu,v)dudv.

—oo

(3) Suppose G is a region in xy-plane,then
P(X,Y) € G] =ﬂ.f(:r,y)d:rdy.
G

(4) The joint PDF can be derived from the joint CDF by using the relations

_azF(x,y)

at every point (x,y) at which these second-order derivatives exist.
In geometry,Z= f(x,y) represents a surface in space. P[(X,Y) € G]equals the
volume under density surface above G.
Example 3. 1.3 Suppose that the joint PDF of (X,Y) is specified as follows:
\ ce~ Zxtan ,$>O,y>0
flx,y)=

0 sotherwise
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(1) Determine the value of the constant ¢. (2) Find the joint CDF of (X,Y).
Solution:(1) Since

e o T ety ¢
= J_Mj f(x,y)dxdy =J de pg eIl dey = 6’

0 0

thus,c=6. The joint PDF is given as,see Figure 3. 5,

f( ) 66*(21+3y) 1120,}720
Zyy)= .
0 ,otherwise
s .
e . Vi
z = '
3
N 0
I 0.8
0.0 0.6
0= 04 3
04
4— 0.6 0.2
0.8 [
g 90
Figure 3.5

(2)The support S of (X,Y) is sketched in Figure 3. 6. f(x,y) takes different forms in
various regions,so the joint CDF should be calculated by regions, If x=0,y=0,

Figure 3. 6

0

Pty 5) =JI j FCiuyo) dutlo

= gf(u.v)dudv

— J; [J:Ge—(2u+3v) d'u] chae

= (1—e?)(1—e¥),
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If x<<0 or y<0, f(x,y)=0,then

F(x,y) = J
Therefore,the CDF of (X,Y) is,see Figure 3.7,
(1—e *)(1—e *),2=0,y=0

0 ,otherwise

x

J'” FCuyv)dudv = 0,

Figure 3.7

Note: the plots of joint PDF f(z,y) and joint CDF F (x, y) are depicted just for
illustration. They are not required or necessary for the homework problems. But the
support of (X,Y) should be sketched.

Example 3.1.4 Suppose that the joint PDF of X and Y is specified as follows;

Flary)= cxzy,12€y§1 -
0 ,otherwise
(1)Determine the value of the constant c. (2)Determine the value of P(X=Y).
Solution:(1) The support S of (X,Y) is sketched in Figure 3. 8. For f(x,y) =0

outside S,it follows that

y =x?

- D (L.1)

-1 0 |

Figure 3. 8
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oo (oo
l:[ J f(x,y)dxdy

—o0 J —oo

= ﬂf(x,y)d:cdy
5

— ic
21
212ty
T < y<1
Thus,c=24—1. flx,y)= 4 e . See Figure 3. 9.

0 ,otherwise

Figure 3.9

(2)P(X=Y)=P[(X,Y)ES, |,where S, is shown in Figure 3. 10,

¥y
y=x
i
1L 1 —7 (. 1)

: Su
f TiT X
T ol

Figure 3. 10

68
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P(X=Y) = Jf'(x,y)dxdy
SU
1 = 2
= (J 21 ydy]dx
J 0 Arz 4
P r2lese e
=113 (x x )]dr
-3
20°

Definition 3.1.6 (X,Y) follows bivariate uniform distribution in a bounded region G
if the joint PDF is given as
1

_9( L] )6 G
f(I9y):{SG e ’

0 ,otherwise
where S; is the area of G.
If (X,Y) follows bivariate uniform distribution in a bounded region G, then for any
subregion D in G,
Sp
S’

where Sp, is the area of D. It shows that the probability that the random point (X,Y) lies

PLX,Y) € D1 = [[fla,ydady = || Laxdy =
D D G

in a subregion depends only on its area and has no relation with its location and shape if
(X,Y) follows bivariate uniform distribution.
Definition 3.1.7 When the joint PDF of two random variables X and Y is of the form

e i (e B i e M G

- OO<I ;y<+ e,
It is said that X and Y have the bivariate normal distribution (X,Y)~N(; sz 16 102 )

Bivariate normal distribution is an important continuous distribution, The shape of its
joint PDF looks like a hat,see Figure 3, 11.

fxy)

Figure 3. 11

'.6:\9_" |
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4 3.2 Marginal Distributions €¢»

Let X and Y have a joint CDF F(x,y). The CDF Fx(x) of the single random variable
X can be derived from the joint CDF F(x,y) as
Fx(:c)=P(X§x)=P(X\<\x,Y<+OO)=F(1,+OO)=yLiEL F(x,y).
Similarly,the CDF Fy(y) of Y equals
Fy(y))=P(Y<y)=P(x<+o0,Y<y)=F(+oo,y)= lim F(z,y).

—+os

Fx(z) and Fy(y) are also called marginal CDFs of (X,Y). Since we're considering

more than one variable at a time now,a subscript in the function is used for clarification.

Example 3.2.1 Let X and Y have a joint CDF F(x,y)=A(B-+arctan %)(C-{-arctan %) s

—oo<gx,y<+00, (1)Determine the constants A,B,C. (2)Find the marginal CDFs Fx (x)
and Fy (y).
Solution: (1) By the properties of F(x,y),

1=F(+oo,+oo>=A(B +§) (c+%) .

0=F(I,—OO)=A(B+arctan %)(C—%) ’

O=F(—O°,y)=A(B—%) (C+arctan %)

Solve the equatlons,A—nz B 5 +C 5

(2) The marginal CDF of X is
Fx(z)= lim F(z,y)

yrien
=yk5rnw%( %-l—arctan %) (%—Farctan -31)

1

:—(1+arctan =
w\ 2

: ) , — ooz 400,

Similarly, the marginal CDF of Y is
Fy(y)= 1i+rn F(x,y)

= lim lz(i-i-arctan £) (i-{-arctan A)—)

p——— o W/ 2 2 3
e 84 i o
o ( 5 ~+arctan 3 ) y —oo y<+oo,

Proposition 3.2.1 If X and Y have a discrete joint distribution for which the joint PF
is f(x,y),then the marginal PF fx(x) of X is

Fx(x) = D f (xay).

All y
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Similarly,the marginal PF fy(y) of Y is
fr(y) = D F ().

All =

Example 3.2.2 The joint PF f(z,y) of X and Y is as specified in the following Table 3. 3.
Find the two marginal PFs.

Table 3, 3
y=1 y=2 y=3 y=4
a=1 0.1 0 _ 0.1 0
=2 0.3 0 0.1 0.2
z=3 0 0.2 0 0

Solution; The marginal PF fx(x) of X is
fx(x=1)=0.14040.14+0=0. 2,
fx(x=2)=0.3+0+0.1+0.2=0. 6,
fx(x=3)=0+0.2+0+0=0. 2.
See Table 3. 4.

Table 3. 4
x =1 =2 =3
fx(x) 0.2 0.6 0.2

The marginal PF fy(y) of Y is
fr(y=1)=0.1+0.3+0=0.4,
fyr(y=2)=0+0+0.2=0. 2,
fr(y=3)=0.1+0.14+0=0, 2,
fr(y=4)=0+0.2+0=0. 2.
See Table 3. 5.

Table 3.5
y y=1 y=2 y=3 y=4
fr(w 0.4 0.2 0.2 0.2

Suppose (X,Y) is a bivariate continuous random variable with PDF f(z,vy),then
Fola) = Fly, =60y = sz [ij(u,y)dy]du.
Take derivative with respect to x to get the marginal PDF of X,
fr@ = | flaydy.

Similarly,the marginal PDF of Y is
[-co

fr(y) = f(x,y)dx.

—00

Example 3. 2. 3 Suppose that (X,Y) is uniformly distributed over the bounded
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region D enclosed by y=z* and line y=xz, see Figure 3. 12. Determine the joint PDF of
(X,Y) and the marginal PDFs fx(x) and fy(y).

—_— =
=

Figure 3. 12

Solution: The area of region D is

1
S, =J (e —atide = L.
. 6

6, < y<x

The joint PDF of (X,Y) is f(x,y)= . We determine first the marginal PDF
0,otherwise

fx(x) of X.
(D If <0 or x>1, fx(x)=0.

oo
fx(x) = J_ flx,y)dy

= J:Gdy
= 6(x — x%).
6(x—x?), 01

In summary, fx (x)= o
0 ,otherwise

We determine the marginal PDF fy(y) of Y.
(1) If y<<0 or y>1, fy(y)=0.

too .
fr(y) = I_ f(x,y)dx

vy
=J 6dx
= 6y — y).
)0y <
In summary, fy(y)= Sy —22,05y< .
0 ,otherwise

Example 3. 2. 4 Suppose X and Y have the bivariate normal distribution (X,Y) ~
N (g1 s p2 407 405 »p). Determine the marginal PDFs fx(x) and fy(y).
Solution : The joint PDF of (X,Y) is of the form
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= —rm () el <2 (2 (2 1)

—OO<.rsy<+°O.

g e e e e B

1 re_ (T L (YT Tl
2(1_P2)[(1 P)( (o5 )+( (o] e (2} ) ]
- y—p_ x—m\?_ (x—pm)’
2(1—,02)( o ! o ) 2
The marginal PDF of X is

+oc
fx(x) = J _‘f(.r,y)dy

_ 1 e_";"zl’_zr“’ex . 1 (y—;zz_ I—pl)z d
Znalaz(l—-pz)% e p{ 2(1_P2) o) P o1 }y.

Set u= L (y—,ug —px_#l),then

B | )2 oo 2 B 1 & ,ul s
fx(x) = e 2 e 7du = 2 «/ i

27no, —oo 21(01

Since

(r—pl )2

an

\/Zual :
where —oo<lz<{+oo, It shows that X~N(y, ,o1). In the same way, the marginal PDF of

k]

1 B cx-,.z b3

e ud s —0<y<+0, Y~N(u:03).

Yis fyr(y)=

2na,

Remark 3.2.1 The marginal distributions of bivariate normal distribution are two
univariate normal distributions, both of them have no relation with the parameter p. In
general,given the two marginal distributions,the joint distribution can not be determined.
Further, even if the two marginal distributions are normal distributions, their joint

distribution can be nonnormal. For example, consider the joint PDF of (X,Y),

2
f(:c,y)=21—ne':_2y_(l+sin x sin y),—oo<x,y+oo,

(X,Y) does not follow bivariate normal distribution while X~N(0,1)and Y~N(0,1).

& 3.3 Conditional Distributions €»

Sometimes we need consider the behavior of one random variable given that another
variable takes a particular value. We generalize the concept of conditional probability to

conditional distributions.

P(AB)
P(A) °

Definition 3.3.1 Let X and Y have a discrete joint distribution with joint PF f(x,y)=

P(B|A)=

73
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P(X=x,Y=y). Let fy(y) =P(Y=y) denote the marginal PF of Y, For each y such that
fy(y»)=P(Y=y)>0,define
fxlr(l'ly)='%-
Then fxjy(x|y) is called the conditional PF of X given Y, The discrete distribution whose
PF is fxiy( * | y) is called the conditional distribution of X given that Y=y.
Similarly,if = is a given value of X such that fx(x)=P(X=x)>0,then

is the conditional PF of Y given that X=ux.
Example 3.3.1 The joint PF of (X,Y) is given in Table 3. 6. Determine
(1) the conditional PF of X given that Y=1;
(2) the conditional PF of Y given that X=2.

Table 3. 6
y=1 y=2 y=3 y=4 Total
=1 0.1 0 0.1 0 0.2
a=z 0.3 0 0.1 0.2 0.6
x=3 0 0.2 0 0 0.2
Total 0.4 0.2 0.2 0.2 1

Solution: (1)From Table 3. 6, fy(1)=P(Y=1)=0. 4. The conditional probability
fxiy(x|y=1) that X will take a particular value x is

_flz,y=1 _ flz,y=1)

fX|Y(Ily=1) fY(y=1) 0.4

1 3
fxiy(x=1 |y=1)=z,fx\y(.r=2 |y=1)=zsfxw(:r=3 | y=1)=0,
The conditional PF of X given that Y=1 is shown in Table 3. 7.

Table 3.7

.rly=l =1 =2 x=3

— 1 3
fxlv(.r|y D 1 1 0

(2) From Table 3.6, fx(2)=P(X=2)=0, 6. The conditional probability fyx(y|z=2)

that Y will take a particular value y is

== =f(1=2,y):f(1=2.y)
Frix(y|e=D="2"0 =5 0.6

1
frix(y=1 Il’=2)=79fy|x(y=2|.1'=2):09

1
fYIX(y=3|1’=2)=Fon|x(y=4 |x=2)=%.

The conditional PF of Y given that X=2 is shown in Table 3. 8.
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Table 3. 8

y|_r—_—2 y=1 y=2 y=3 y=4
1 1 1
2 6 3

fv|x(y|.r=2) 0

Example 3.3.2 A shooter shoots a target until getting two hits. In each shot, the
probability of hitting the target is p. Let X be the number of shots to get the first hit and Y
be the number of total shots. Determine the joint PF of (X, Y) and its conditional
distributions,

Solution:(1) X takes 1,2,---.Y takes 2,3,--, and X<Y. The joint PF of (X,Y) is

P(X=m,Y=n)=pq" %, RS
where m=1,2,,n—1;n=2,3,*+39=1—p.

(2) The marginal PF of X is

el
P(X=m)= D, P(X=m,Y =n)

n=m+1

“+oa
ma Z:pzqn—z
n=mt+1
= mm—l ,
where m=1,2,-.

The marginal PF of Y is

P(Y = n)

[

n—1
E ;P(X =m,Y = n)
m=1

n—1
— szqn—z
m=1
= (11 - l)pzqn—z )
where n=1,2,+,
(3) The conditional PF of X given that Y=n is

P(X=m,Y=n)_  p’q"* _ 1
P(Y=n) (n—1)p'g** n—1’

P(X=m|Y=n)=

where m=1,2,+,n—1.
The conditional PF of Y given that X=m is

P(X=m,Y=n) p’q¢" %

= = = —_ == n—m—1
PY ﬂlX m) P(X=m) pqm_l Pq ’

where n=m—+1,m—+2,+-.

For continuous variables, the conditional density function plays the analogous role to
the conditional probability function.

Definition 3.3.2 Let X and Y have a continuous joint distribution with the joint PDF
f(x,y) and respective marginals fx(z) and fy(y).Let y be a value such that fy(y)>0.
Then the conditional PDF fyxy(x|y) of X given that Y=y is defined as follows:

fxiv(x [y)=if(i(’y'%),—00<.r<+00.
Y
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For values of y such that fy (y) =0, we are free to define fxiy (x|y) however we
wish,so long as fxy(z|y) is a PDF as a function of x. The conditional PDF fy x(y|x) of

Y given that X=ux,can be defined in the same way.

(z,y)
fo(yII)sz—;(;) , —oo< y< oo,

The conditional PDF is in fact a valid probability density function,as it is nonnegative

and integrates to 1. For a given y,

+o0 oo oo
J‘mfxw(r |y)dx - 4][}'(31) dx (3 _wf(.r,y)d.r f—v(y) 1.

Geometrically, the conditional PDF of X given Y=y is a one-dimensional “slice” of the

two-dimensional joint PDF along the line Y = y, and renormalized so that the resulting
curve integrates to 1,

When working with conditional PDF fy|y(x|y),the conditioning variable y is treated
as fixed. The conditional PDF is a function of its argument x. When working with
conditional PDF fyx(y |2) sthe conditioning variable x is treated as fixed. The conditional
PDF is a function of its argument y.

The conditional PDFs are used to compute conditional probabilities and behave just

like densities. For an interval C € R,
P(XEC|lY=y) = fow(xly)dx.
[ 74

Example 3.3.3 Suppose that X and Y have a joint continuous distribution with the
joint PDF
f<x,y)={el’0\<“y<fc :
0 ,otherwise
Find(1) fxiy (x| ¥);(2) fyx(y|2); (P(X<2|Y=1).
Solution: (1) Determine the marginal PDF fx(x) of X. See Figure 3. 13(a).
@D 1f <0, fx(x)=0.
@ If =0,

oo
fx(x) = _[ f(x,y)dy

= JI e “dy
0

7

= ze *,

xe ©,x=0
In summary, fx(zx)= .
0 ,otherwise

(2) Determine the marginal PDF fy(y) of Y. See Figure 3. 13(b).
_'_oo oo
fy(y) =J f(x-y)dxj e *dx = €.
e ” ,y20

In summary, fy(y)= . Therefore,
0 ,otherwise
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(a) (b)

Figure 3. 13
(z,y) (& 0Syssz
(3) (z|yy=LZ22) .
frir(zly fr(y { 0 ,otherwise

1
(xsv) _90‘<.y<.1'
fy.x<y|x>=%g)-={x .

0 ,otherwise

' el_’,1\<\x
Given that Y=1,fx|y(.r|1)=[ ’

0 ,otherwise
2 2
P(X<21Y=1 =_[_ fx|y(r|1)dr=fle‘_’dr=l—e_‘.

Example 3. 3. 4 Suppose (X, Y) is uniformly distributed over the unit circle
{(x,y)|2*+y*<1},determine
(1) conditional PDF fxy(x|y);

(2) P(X>%IY=l);

2
1 1
(3) P(X>=|Y=2).
2 2
Solution: (1) The joint PDF of (X,Y) is
i y12+y2<_1
flx,y)=| « .

0 sotherwise

Determine the marginal PDF fy(y) of Y. See Figure 3. 14.

Figure 3. 14

77
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@ If y<—1 or y>1, fy(y)=0.
@ I —1<y<1,

+oa ‘\/l—yz — sl
fr = fade =2 Lap ~ BAZY

13
Therefore,
— .2
g__l_vl,_lgygl
fy(_‘)’)z n .
0 ,otherwise
The conditional PDF fxy(x|y) is
4
T 2 2 1 2 2
y ———— 2+ y’<] | ——, 2" +y*'<]
fx|y(.1‘l_?)=f;::(;’))= 2«/17.- y_z - = 2'\/1__7 - »
n 0 ,otherwise
0 ,otherwise
(2) Since P(Y = %) =0, the conditional PDF should be used. When Y = —;—, the

conditional PDF in (1) is reduced to

Fxiv=1% (:r|y=—

[a-]

Therefore,

e e
P(X>%|Y=%) = s fxiv=1(zxl|y =

€
2
(3) Calculate P(X> Y == 1 ) Since P(YZ%) =0, the conditional probability

2
formula can be used.

1 1
- >
P(X> 2 Y= 5 )

The denominator is

~+co
P(Y=3)=|, fr»dy
r1 2
= |l %Ldy(let y = sin &)
= |* 2088 s 6a
£ %
_ i +cos Zﬁde
_1 JZ cos 26 4
3
_ l sin 2601°
B [ ]
3
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The numerator is(see Figure 3.

15)

b = - - —

P(X > %,Y;—

N

Figure 3. 15

Yoo (oo
JL , f(zyy)dzdy

1
?dl'dy

shaded region

\v
(-

\-J
[ =
12
(l
\ 12

In addition, the numerator can also be

1 1 J+
2_ t——
Y 2)

a/ dy—%)(let y = sin @)
' cos? 6d0—“/%)

)"f 8 —1

)

evaluated using an elementary method. See Figure 3. 16.

1+ cos 260
2

J3—1
4

sin 26

R

]

oo +co
|, fGaydady
z z
- JI idxdy =4 lsmc,
KLY T
BAC
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1

x2+y2<]
-1

Figure 3. 16

where Spic equals the area difference of the sector OBC and two triangles OAB and OAC.

Since BOy=COx=arcsin %=%,the sector OBC occupies % of the circle in the first
quadrant,
maxAxlom
SsectorOBC_T[X 4 X 3 12-
For the triangle OAB,its base |AB | =J—2g—%—=ﬁ2_1 ,its height is %,so its area equals
_ 1 3-1.1_43—1
Saons =7 2 "2 3
Similarly, Saoac :«/%. Therefore
g —m_3-1 B3-1_ = _3-1
M2 8 8 12 4
1 1 1 1 3—1
= g ¥ 2 =T _
P(X>5 Y22 ) == Suc “(12 : )
Therefore,
1 1 l(n J3—1
2 v>S- 2 m_vo—1
1 1 _P(X>2’Y/2)_ n[12 4 ]_n+3—3/§
P(X>7 |Y>7)— 2 = = :
P(v=5) 1_48 4n—3/3
2 3 A=

Example 3.3.5 Suppose X and Y have the bivariate normal distribution (X,Y) ~
N1 »p2 01 505 ,0). Determine its conditional PDFs fxy(x|y)and fyx (y|z).
Solution: The joint PDF of (X,Y) is of the form
1 A, ]. .I_ﬁl 2_
Zrcalaz(l_Pz)%exp{ 2(0—p") [( gy )
_— —_ —_— 2
ZP(I H1 ) (y #2)_1_(&&) ]} ,—ool g,y +oo,

o, 03 02

flx,y)=

and the marginal PDF of Y is
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(y—py)?
fy(y)=J2_la e, —oo< y<+oo,
noy
For any vy, fy (y) >0,
=f(:r,y)
fX\Y(‘rly) fY(y)

= ; eXP{—%[I—(#l‘*‘PU—](J’—#z)) ]2},
V2 St (1—p) 201 (1—p") o

It shows that X|Y=y~N(g +p (:—l(y—,uz) 01 (1—p*)).
2

In the same way, Y |X=x~N(g, +pz—2(1—,ul )05 (1—p*)).
1

Remark 3.3.1 The joint PDF can determine its two marginal PDFs and conditional
PDFs. Conversely, two marginal PDFs do not determine the joint PDF, neither the two
conditional PDFs do. However, one conditional PDF and its corresponding marginal PDF

can determine the joint PDF since f(x,y)= fx(x) fyix(y|x).

¢ 3.4 Independent Random Variables €»

The independence of two random variables comes from the independence of two
events, Suppose X and Y are two random variables, { X<Cz} and {Y<Cy} are two events,
the two events are independent, that is,

P(X<z,.Y<y)=P(X<x)P(Y<y),
or it can be rewritten as
Flz,y)=Fx(x)Fy(y).

Definition 3.4.1 Suppose F(x,y),Fx(x) and Fy(y) are the joint CDF and marginal
CDFs of X and Y. If for all real numbers x and y,F(x,y) =Fx(x)Fy(y),then it is said
that X and Y are independent.

Specially, we can use PF and PDF to describe the independence for discrete and
continuous random variables respectively.

If X and Y are discrete random variables, X and Y are independent if for all possible
values (x;,y;)

P(X=z,,Y=y;)=P(X=z,)P(Y=y;).
If X and Y are continuous random variables, X and Y are independent if
flxyy)=fx(x) fy(y)
holds almost everywhere in the xy-plane,
Example 3.4.1 The joint PF of (X,Y) is given in Table 3. 9. Determine X and Y are

independent or not.
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Table 3.9
y=1 y=2 y=3 y=4 Total
=1 0.1 0 0,1 0 0.2
=2 0.3 0 0.1 0:.2 0.6
=3 0 0.2 0 0 0.2
Total 0.4 0.2 0.2 0.2 1

Solution : Since
0=P(X=1,Y=2)7P(X=1)P(Y=2)=0.2X0. 2.
Thus, X and Y are not independent,
Example 3.4.2 The joint PF of (X,Y) is given in Table 3. 10. Verify that X and Y

are independent.

Table 3. 10
z=1 x=2 =3 Total
y=1 0. 16 0. 16 0.08 0.4
y=2 0.24 0. 24 0.12 0.6
Total 0.4 0.4 0.2 1

Solution:Since 0. 16=0.4X0.4,0.16=0.4X0.4,0.08=0.2X0.4,0.24=0.4X0.6,
0.24=0.4X0.6,0.12=0.2X0.6,P(X=2,Y=y)=P(X=x)P(Y=y),X and Y are

independent.

Example 3.4.3 Suppose that the joint PDF of X and Y is specified as f(x,y) =

glrzy |

4 . Determine X and Y are independent or not.

0 ,otherwise

Solution: The support set S of points (x,y) for which f(x,y) >0 is sketched in

Figure 3. 17.

(1.1

[

Figure 3. 17
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(1) We determine first the marginal PDF fx(x) of X.
@ If x<—1 or >>1, fx(x)=0.
@ If —1<2<1,

oo
fx(x) = - f(x,y)dy

b2l
= zzrydy
= 2811 Cd—5),

21‘2(1—1 o I £ |
In summary, fx(x) = 8 .

0 sotherwise
(2) We determine the marginal PDF £y (y) of Y.
@ If y<0 or y>1, fy (y)=0.
@ If o<<y<1,

212
4T

fr(y) —J' f(xyy)dx
I\

7 s

—3 7y2‘
1% 0<y<t

In summary, fy(y)={ g ro ;

0 ,otherwise

Over the support set S,—:c y-‘/—'ZI A6 —at )><—_y2 s flxs)Ffx(x)fy(y). XandY
are not independent,

Example 3.4.4 Suppose that the joint PDF f(x,y) of X and Y is as follows: f(z,y)=
2e ¥ ,2=20,y=0

_ .Determine X and Y are independent or not,
0 ,otherwise

Solution: (1) Find the marginal PDF fx(x) of X. See Figure 3. 18(a).
(D If x<<0 ’fX (z)=0.

+oa
fx(z) = J_ flx,y)dy

oo
J. 2e " 2 dy
0

x

= @

e ", x=0
In summary, fx(x)=

0 ,otherwise
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(2) Find the marginal PDF fy(y) of Y. See Figure 3. 18(b).
@ If y<0, fy () =0.

+oc
fr(y) = J flzyy)dx

oo
= J 2¢ " Pdx

0

= 2¢ 7,
2672". ’y>0
In summary, fy(y)= s
0 ,otherwise
y
y %
I I
| / o]
) : B = T S e e
(a) (b)
Figure 3. 18

(3) flx.y)=fx(x) fy(y),X and Y are independent.

Example 3.4.5 A man and a woman agree to meet at a certain location. If the man
arrives at a time uniformly distributed between 8:00 am and 10:00 am and the woman
independently arrives at a time uniformly distributed between 7:00 am and 9:00 am. Find
the probability that the time difference between the two arrivals is not larger than 10
minutes,

Solution :LLet X be the time the man arrives and Y be the time the woman arrives. The

, 1 s <0 _ R <
PDF of X is fx(z)=] 2 . The PDF of Y is fy(y)=] 2 " . Since X and
0 ,otherwise 0 ,otherwise

Y are independent, the joint PDF of (X,Y) is

1
—, 810, 70 y<9

f(x,y)=fx(;r)fy(y)=[4 TSR

0 ,otherwise
The probability that the time difference between the two arrivals is not larger than 10

minutes is

P(lx—Y|<%): H f(x,y)dzdy

x| <t

%s@ ,

84
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1 il ratptan | St 1 s 1 1
= = _ —_ =— " =i g— ==
where S; 5 X( 6 ) > X( 6 ) 3 e Figure 3.19. Therefore, P(| X—Y/| 6 ) 12

¥

¥

7 8 10

Figure 3. 19

Example 3.4. 6 Suppose X and Y have the bivariate normal distribution (X,Y) ~

N (g1 s 22 501 503 sp). Show that X and Y are independent if and only if p=0.
Solution: The joint PDF of (X,Y) is of the form

flas= 1 p{_zuipz)[(x_m)z_

-ex
2n0,0, (1—p* )2 o)

() () 25 ]} e

()] 02 g3

and the two marginal PDFs are

1 _cr,.luz
fx(l')= e w2y — oo g<+too,
'\/ZTTO'Q i
(r—py)?
fy(y)=\/2i1 ety —coTy< oo,
MO,

If p=0,the joint PDF of (X,Y) is
oo = e [(552) + (252

27‘0’]0’2 73] [op)

= fx(x) fy(y).
It shows that X and Y are independent. On the other hand, given that X and Y are

independent, then for any real x and y,
flx,y)=fx(x) fy(y.
Specially, f (i, p2) = fx (1) fy (2 ) s that s,
1 __1 1
27!0'10’2«?‘02_'\/%0‘1 «/2_1;62-

Therefore, p=0.

Statistical independence plays an important role in practice. In the case of
independence, conditional distribution and marginal distribution are identical. The joint
cumulative probability distribution function is the product of the marginal distribution
functions. It allows transformation of a multivariate problem into a univariate problem.

The concepts regarding two random variables can be easily extended to several random

variables.
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Definition 3.4.2 Random variables X, ,X,,*,X, are independent if for any real z,,

Ty 9" s Xn»
Fxy »p yoor sty ) =Fx, Ktz ) = Fg, Cagg ) ® »o» » Fy Cz,)s

Definition 3. 4. 3 Random variables ( X,, X;, *-*, X,,) and (Y,, Y;, ==, Y, ) are

independent if for any real x, 2,5 s Y19¥29" s V0 s
F(xysxz s sXmaY19¥29 s ¥a) =Fx(Z1 3229 sxn) * Fy(y15525° 53,0 »

where F,Fx,Fy are CDFs of (X,,X;,*, X,,sY1,Y2,°,Y,),(X,,X;,,X,) and (Y,,
Y,,-,Y,) respectively.

Proposition 3, 4.1 If (X,,X;,,X,) and (Y,,Y;,-+,Y,) are independent, then
X, (:=1,2,,m) and Y, (; =1, 2, +,n) are independent. In addition, if h, g are two
continuous functions,then A(X,,X,,**,X,,) and g(Y,,Y;,**,Y,) are also independent.

& 3.5 Functions of Two or More Random Variables €»

In Chapter 2, we have discussed the functions of a single random variable. Now we
want to study the functions of two or more random variables,

Example 3.5.1 The joint PF of X and Y is as specified in Table 3. 11. Find the PF of
Z=X+tY.

Table 3. 11
y=1 y=2 y=3 y=4
=] 0.1 0 0.1 0
=2 0.3 0 0.1 0.2
x=3 0 0.2 0 0

Solution. Z=X+Y can take 2,3,+,7.
P(Z=2)=P(X+Y=2)=P(X=1,Y=1)=0.1
P(Z=3)=P(X+Y=3)

=P(X=1,Y=2)+P(X=2,Y=1)
=0,-3

The PF of Z=X+Y is given in Table 3. 12.

Table 3. 12

Z 2 3 4 5 6 7

P(Z=z2) 0.1 0.3 0.1 0.3 0.2 0

86
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Example 3.5.2 Suppose X and Y are independent,the PFs are P>(X=k)=p(k) . k=
0,1,2,++,P(Y=r)=q(r),r=0,1,2,++, Determine the PF of Z=X+Y,.
Solution: The PF of Z is
P(Z=1i) =P(X+Y =1

= P(il;Jo{X=k,Y= i—k})

= S P(X=kY=i— &

k=0

= D P(X=RkPY =i—Fk)
k=0

= Zp(k)q(i—k),i = 04142,
k=0

The above formula is called discrete convolution. Specially, if X ~ B (m, p) and

Y~B(n,p) are independent,then for :=0,1,+,m+n,

P(Z=i = >, Chp*(1— p)"*Citpit (1 — p)m
k=0

= p'(1— p)'"*""'ZCf,,Cﬁ,_"
k=0

= Cli.p (1 —p)™=,
Therefore,Z =X +Y ~ B (m + n, p). Binomial random variables satisfy the additive
properties.

Proposition 3. 5. 1 Assume that X,, -+, X, are independent identically distributed

(abbreviated as IID) random variables having the Bernoulli distribution B(1, p) with the
parameter p. Let Y=X, +X,+ -+ X, ,then Y has the binomial distribution B(n, p).

Suppose the joint PDF of continuous random variables X and Y is f(x,y),we would
like to determine the PDF of Z=g(X.,Y). The CDF of Z can be found as

F;(2) =P(Z<2)=PgX,Y)<z]= H f(zx,y)dzdy,

glr. <z

then the PDF follows by taking the derivative.

Theorem 3.5.1 Let X and Y be two continuous random variables with the joint PDF
fCx,y) and let Z= X + Y. The distribution of Z is called the convolution of the
distributions of X and Y. The PDF of Z is

oo oo
fz(2) = . f(.r,z—.r)d.r=.[_ f(z— y,y)dy.
Proof:The CDF F;(z) of Z is
Fz(2) = P(Z< 2)
= P(X+Y <=2
= Hf(r;y)d:rdy
v
TR =y
':J'_, [J_ f(r,y)d:c]dy.
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The plot for {(x,y) |x+y<iz}is shown in Figure 3. 20, Take the derivative with

respect to ¢ on both sides,

,4//%}(

Figure 3. 20
f2(2) = F;/ (2)

= Jt: [Jz—:f(x,y)dx];dy

oo
=\ f(lz— y,y)dy

Since X and Y are symmetric,the PDF of Z can be rewritten as

oo

fz(2) = " flxz— 2)dx,

Specially,if X and Y are independent,the PDF of Z is
oo oo
fz(2) = B fx(x) fy(z—x)dx = j_ fxCz— ) fy(y)dy.
Remark 3.5.1 The above formula is called continuous convolution. In the proof, we

have used a calculus fact about variable upper limit integral.

dirmfu)dt — FThC)] X B (),
X a

where a is a constant. More generally,

h(x)
J‘—J fde = fIh()] XA (x) — flg(x)] X g’ (2).

dl‘ g(x)
Example 3, 5.3 Suppose that X and Y are independent random variables with
common distribution N(0,1),find the PDF of Z=X+Y.

rz
Solution: The PDF of X is fx(z)=——e % ,—co<<z<-+00, The PDF of Y is fy (y) =

V2r

1 2

V2n

y —oo<y<—+-oco, Using the convolution formula,we have

fj;i??z
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oo
fz(2) = J_ Ix(2) fylz—2x)dz

J”'““ 1 2 1 _e»
= ——e ¢ e dx
s S Ven
—— Le_ferHLm L —(JZ_I_ZJ_;_)Z d_r (let T = \/-2__1- J— i)
VA — AT J2
1 < J’*"" 44
—— 4 —e 2 t
V21 2 L S
1 2

That is, Z~N(0,2).

Remark 3.5.2 In general,if X~N(g ,0f) and Y ~N(u;,0;) are independent, then
Z=X+Y ~NC((u + p;,0t +6%). This result can be extended to n independent normal
random variables. That is,if X;~N(g ,6?)(i=1,2,++,n) are independent,then,

Z=X,+ X+ +X,~NQu tp; +++p, 0t +o; ++a).
Normal random variables satisfy the additive property. More generally,if X, ~N(y;,

6:)(i=1,2,++,n) are independent,c, s¢; »*** ,c, are constants and not all zeros,then,

Z= Sc,-X,— ~ N( znjc,.#,,z")c?a?).
i=] i=1 i=l1

Definition 3.5.1 Let X,,+*, X, be random variables. The average of these n random

variables, X = lEX, »is called their sample mean.

i=1
Theorem 3.5.2 Suppose that the random variables X, ,***, X, form a random sample
. 2
from the normal distribution N(u,6%) ,then X~N(p.%).

Example 3. 5. 4 Suppose that a random sample of size n is to be taken from the

normal distribution N(x,0* =9) ,determine the minimum value of n for which P(| X —pu|<<
1)=>0. 95.

Solutinns X~N{ iy s Z= 2B B (T i) ~N(D, 1),
n

That is,P(Z>%) =1—¢("%)<o. 025,
qa("

?)20.975,

=®7'(0.975)=1. 96,

n=34. 6.

89
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See Figure 3. 21. The sample size must be at least 35.

0.025 0/ 93 0.025

SN

-1.96 0 1.96

Figure 3. 21

Example 3.5.5 Suppose that X and Y are independent exponential random variables

with common distribution having the PDF
Ae_h ’.Z'>0

0 ,otherwise

£ z{

Find the PDF of Z=X+Y.
Solution: The joint PDF of(X,Y)is
Ale MY £>0,y>0

0 ,otherwise

f(x;y)=fx(x)fy(y)={
Using the convolution formula,we have

oo
f2(2) = J_ fx(x) fy(z— x)dx,
where
e ™ ,x>0,2—x>0

0 ,otherwise

Erlah frl—d ={

Consider the support: {(x,2) | x>0 and z—x>>0}. See Figure 3. 22.

. Figure 3. 22
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If z€09f2(2)=0.
If Z>09

4o

fz(2) = fx(x) fy(z—x)dx

= J Ale ™ dx
0
= A
In summary,
Alze ™™ ,2>0
fz(z)= &
0 ,otherwise
This density function does not belong to exponential distribution, The sum Z=X+Y

does not follow exponential distribution. In fact,Z=X-+Y follows the gamma distribution

with parameters a=2 and B=%. In general,if X;~EQ)(i=1,2,,n) are independent,
then X, +X2+°"+X"~Gamma(n.%).
Theorem 3. 5. 3  Suppose that X ~ Gamma (a,, 8) and Y ~ Gamma (a;, ) are
independent random variables,then Z=X+Y~Gamma(a, +a,.f3).
Solution: The PDF of X~Gamma(a, ,) is given by

1 n]—'l —E
fly =T ¢ w0
0 .Igo
The PDF of Y~GammaC(a;,B) is given by
]. Gy = =L
Fopy= BT Y™ € 30
0 »¥y<0
The joint PDF of (X,Y) is
I ai =1 _es=1 —xty
flx,y)=fx () fyr(y)= B ey )1"(&2)3:1 s ,x>0,y>0'
0 yotherwise

Using the convolution formula, we have
oo
fz(2) = - fx(x) fy(z— 2)dx,

where

1
fx(x)fy(z—.r)= Balh:z P(ﬂ'l )F(az)

9 W(z—2)2 e 7 ,2>0,2—1>0

0 ,otherwise

Consider the support: {(z,z)|x>0,z—x>>0}. See Figure 3. 23.



f ’ﬁ*iﬁ'—iﬁﬂﬁi‘f‘ Probability and Statistics

%

(3]

Figure 3. 23

If Zg_ovfz(Z):O.
If Z>0o

+oa

fz(2)= B fx(l’)fy(z_l')d.'r

| 1
- L B T(a )T (ay)

4
" N (z—x)2 e Fdr

- e——;_ L a;—1 I a,—1 — i
T Bt P(al)F(ag)J’OI (z—x)2 'dx (let: . )

o e—i-zul+az—1 Jl a1 - Tz
BT (@) Ta o (L0 d

=
e‘—anl +azfl

T B (@) (az)

B(al ,az)

e_%z"l +a,—1

- ﬁa1+a2 F(Q’l +az) ’

1

where B(s,t) = J

7' (1 — x)"'dx is the beta function (s,£>>0). In summary,
(4]

e—fzal‘h:z-l >O
fz(z)= B°1+a2 I'(a, +a2) =
0 yotherwise

Z=X+Y~Gamma(a; ta;,f3). That is,if the second parameter 3 is fixed, the gamma

distribution satisfies the additive property with respect to the first parameter.

If a=%;ﬂ=2,the PDF of X~Gamma(a,p) reduces to

0 » <0
It is the x* distribution with degrees of freedom 7, an important distribution in
mathematical statistics. y* distribution satisfies the additive property. If X~ y* (m) and
Y~y?(n) are independent,then X+Y~y*(m-+n).
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Theorem 3.5.4 Let X and Y be two continuous random variables with the joint PDF
f(x,y) and let Z=X—Y ,the PDF of Z is

+c<:
fz(2) = Jlmf(z+y,y)dy.

Theorem 3, 5.5 Suppose that X,, -, X, form a random sample of size n from a
distribution for which the PDF is f(z) and the CDF is F(x). The largest value Y, and the
smallest value Y, in the random sample are defined as follows:

Y,=max{X,,*,X,}» Y, =min{X,,,X,}.
Then the PDF of Y, is
gy =na[F(y]"1f(y), —ocoyl+oo,
the PDF of Y, is
g (=n[1—-F( ] ' f(y), —oolyl+too,
Proof:Consider Y, first, Let G, stand for its CDF,and let g, be its PDF,
G,(y)=PY,<y)=P(X, <y, ", X,<y)
=P(X,<y) * =+ P(X,<y)
=[F(y)]",

Aoy d—G%ﬂ — A[FNT f(y), —o0< y<+oo,

Consider Y, with the CDF G, and the PDF g, ,

G () =P, <y)=1—P,>y)
=1—P(X, >y, ,X,>y)
=1—P(X,>y) » ==« » P(X,>y)
=1—[1—F(]",

Bl (y):icclla(f—y)="[1PF(y)]"_lf(y) , —ooy<+oo,

Example 3.5.6 If X,~E()(:=1,2,+,n) are independent, find the distribution of
Z=min{X1 sz 9"'9X,.}.
Solution: The PDF and CDF of X~E(A)are

Ae ™ ;2 >0

x l—e™,z>0
fa =" F@ = | fod = {

yx < 0 B 0
The CDF of Z is
F(x)=P(min{X,,, X, ) <x)
=]1—P(min{X,,,X,} >x)
=1—P(X, >z, ,X,>x)
=1—P(X,>x) * - » P(X,>x)
=1—[1-PX <o) ]« =+« [1-P(X, <) ]
=1—[1—F(x) ]
1—e™* 00
0 Lz<0
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The PDF of Z is fz(x) =F;(x) = {"Ae_m'x>0. That is, Z also follows the
0 ,zr<0
exponential distribution,Z=min{X,,,X,}~E@l).

Definition 3. 5. 2 Suppose that X,,+-, X, form a random sample of size n from a
distribution X for which the PDF is f(x) and the CDF is F(z). The ordered sample values
Xos<Xwe - <Xw
are called the order statistics. Since F(x) is continuous,then with probability 1 the order

statistics of the sample take distinct values(and conversely).
Theorem 3. 5.6 Suppose that X,, -, X, form a random sample of size n from a

distribution X for which the PDF is f(x) and the CDF is F(x). The PDF of the i-th order

statistic X; is given by

f.. Ko tl TE =) T ),
W )!

G—1! i
where i=1,2,+,n.
Proof :
Method 1: First we consider the event that X, falls in the interval (zx,x+¢],
P(x<X<zxte)=Fx (x+e)—Fx, (x),
where FX(.-) (x)is the CDF of X(,. On the other hand, this event is equivalent to the
following event: there are i —1 out of X,, -, X, are less than or equal to x;1 out of

X,,++,X, are between x and x+¢; the others are larger than x+e¢. See Figure 3. 24.

x x+e

Figure 3. 24

P(I<X(n <x+e)
=Ci 0 i Co[PIX< ) ' P(e<X<zxte) [P(X>xt+e) ™

| - .
z(z._l)’!’in_i)![fru)]- I[1—F(z+e)] f(x)e.

ThUSy
Fy  (x+e)—Fx,  (2) nl s .
: N(i—l)!(n—i)![F(I)] [1—F(z+s ] f(2).
Let e>0,we have
v . n! ins — n—i
fx, @)=F x  (z)= G=—D1(n=0 ![F(x)] 'M1—=F@) ] f(x).

Method 2: The event { X, <<z} occurs if and only if at least i out of X,,+, X, are
less than or equal to x. The CDF of X, is
FX(“ (I) - P(X(,‘) g I)
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= D CGPX <D [PX > )]
k=i

= SR — F@) T,
Therefore, the PDF of X, is -
fr, (&) = F'y (2
d{ g;c:[F(x)]*tl — F(x)]""‘}
dx

= D CH{R[F(@ 7' [1 — F() ™ f(2) — (n— D[F(@) *[1— F(x) ] f(2)}
k=i

"

= D RCHF@ ' [1—F@ I f(@) — D (n—CIF@ I [1— F() 1™ f(2)

k=i k=i

n n—1
= DRCF@ ' [1—F@) ] f(2) — D (n—CF(@) ] [1— F(x) ] f(x)
k=i

k=1

n n—1
= > nC[F@ ] [1— F@ I f (@) — > nCL [F(@ 1 — F(@ ]+ f(x)
k=i k=i
n—1 n—1
= > nC [F() ) [1—F(@ ] f(z) — D aC [F(@)*[1 — F(@) ] f(x)

=i1 k=i

= nCA[F@)]'[1—F@) ] f(x)

- n! i1 _ n—i
= =D F@I - F@ I @.

Note:let i=n,we obtain the PDF of maximum X, . Let i=1,we obtain the PDF of
minimum X,,. We also discussed these two statistics in Theorem 3. 5. 5.

Example 3. 5.7 Suppose that X,, -, X, form a random sample of size n from a
distribution X~U[0,1]. Determine the PDF of X,.
Solution: X~U[0,1]. Its PDF and CDF are

S sl ) 0, r<<O
flz) = [O’Otherwise JF(z) = J_mf(t)dt L de i i L,
1,2 >1
The PDF of X, is
fx.)z{(i*l)’!zén—i)!xllEl—x]"i'OgIgl ,
0 sotherwise

This is an example of the beta distribution X, ~Beta(i,n—i+1).

Theorem 3.5.7 Let X,,X, have a continuous joint distribution for which the joint
PDF is f(x,,x;). Assume that there is a subset S of R? such that P[(X,,X,) € S]=1.
Define two new random variables Y, ,Y, as follows:

Y =rn(X,,X2),
Y:=r(X,,X2),
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where we assume that the functions r, ,r, define a one-to-one differentiable transformation
of S onto a subset T of RZ. Let the inverse of this transformation be given as follows:

X, =5,,Y:),

X, =s5,(Y,,Y2).
Then the joint PDF g(y;,3y,) of (Y,,Y;)is

f(slyﬁz)x |Jl5(y1ayz)ET
g(yy)= .
0 ,otherwise
where J is the determinant
51 951
oy, Oy
J=det| ’
95 I8
ay] Os;

Example 3.5.8 Suppose that two random variables X, and X; have a continuous joint
distribution for which the joint PDF is as follows:
‘ 4]:112 ’O<I1<190<Iz<1

0, otherwise

f(-I'1 ylfz):

Determine the joint PDF of two new random variables Y, = &and Y, = X, X, and the
2

marginal PDFs of Y, and Y.
Solution ;

X
Y1=r1(X1 1X2)=Y:

Y2=rz(X1 ’Xz)=X1XZ
S:{(II 7172) IO<.1'1<190<I2<1}-

ri »r; define a one-to-one differentiable transformation of S onto a subset T of R,. See

Figure 3. 25. The inverse functions can be found as

X] 385 (Yl sYz): ’\/Yle

Y
XZISZ(Y1 sYz): }Tz.

Yy
x nh=l1
P
Y2
1/ S 34 :
o 1 xl 15 yl
(a) subset S (B) subset T'

Figure 3. 25
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ThCI'Efore 9Y1 >O 9Yz >0 ,O< 4/ Y1 Yg <1 70<

T

(y1 9_’)}2) 1y1>0 9y2>0§0<y1y2<1y0<&<1

Y,

Y, <1. and

}.

A
951 98 %\/2’_-2 _;_\/3;71
oy, 9y Yi 2 1 1
g Bsy 1ﬁ 1F #t 4
dy, Oy: 0N E N 192
Therefore,
f(sl ’SZ)X I]’ 9(_}’] ,yz)ET
g(y1 9yz)= .
0 ,otherwise

; / 1
4Vy1yz>< &Xz—,(y“yz)ET
3 Vi M

L 0 ,otherwise

(2
_yz's(_’)h 9y2)€T
Y1 .

——F.

L 0 ,otherwise

Find the marginal PDF g, (y;) of Y, =&. See Figure 3. 26.

Yy
»y, =1

| P

L} y1 1

}

: T

: |

ol 8
@)y, <0

(1) If y]\<.,0,g1(y1)=0.

(2) I 0<y,<1,

3) If y,=>1,

2

Y

(b)0<y<I

Figure 3. 26

oo

g1(y) = j _ gy yy2)dy;

Jy’ @dyz

0 M

3=
)'2:0

i[y%
M

=y1'
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s
g1 (yl) = J_wg(yl ,yz)dyz

In summary,
0 » Vi \<.,0

gi(y)= pi sl

Y,
Y, =
Yy _.
3, 1
1 7 /i
Loy,
0
(a)y,<0 (b) 0 <y,<I
Figure 3. 27
(1) If y,<<0 or y,==1,g,(y,)=0.
4o
g:(y2) = J_mg(yn 2 y2)dy
1
v 2Y2
= | 224
Jyz yl yl
L
= 2y2[ln yl:lyl—-"z

=¥
=—4y,lny,.
In summary,
0 1 Y2 <0 or ¥z =1
g:(y:)=
{—4y2 In y,,0<y,<<l1
Example 3.5.9 Assume X,Y~N(0,1)and they are independent. Let U=X+Y,V=
X—Y. Find the joint and marginal distributions of (U,V).
Solution: The joint PDF of (X,Y) is

2 2

f<x,y)=fx<.r>fy<y>=2ine-% ,z,yE R.

U=r1 (XsY):X+Y
{V———rz(X,Y)=X—Y'

Es
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r1,r; define a one-to-one differentiable transformation of S= R? onto T= R?. The
inverse functions can be found as

X=31(U,V)=¥
Y=s,U, V)—L%
9% 9si| 1 1
_|ouw ov| |2 2 _ 1 _1
ou OJv % 2

Therefore, the joint PDF of (U,V) is

1 2+v2

gCuyv) = f(s5145,) X |J|=ae*" T ,u,vE R,

(U9V)NN(090929290)9U~N(0’2)9V~N(092).
Example 3. 5. 10  Assume X ~ Gamma (a;,3) and Y ~ Gamma (a;, ), and they are

independent. Let U=X+Y, V_X+Y Find the joint and marginal distributions of (U,V).
Solution:The PDF of X~GammaC(a, ,) is given by

l av—=1  —
Folz) = {ﬁ"‘ip(al)x 17 1e™ % ,:c>0‘
0 y <0
The PDF of Y~Gamma(a;,f) is given by
1 o]
fy(y):=Ba2 F(az)yz e # ’y>0
0 » y<0
The joint PDF of (X,Y) is
. w—lym—le 5 >0 >o
f(_r,y)=fx(x)fy(y)={Bﬂﬁ“zl"(aﬂI’(aﬁI o a &
0 ,otherwise -
U=r((X,Y)=X+Y
¢ L&
V—r'z(X9Y)_X+Y

S={(x,y) | x=>0,y>0}.

r1,r; define a one-to-one differentiable transformation of S onto a subset T of R?. See

/%

(a) subset S (B) subset T
Figure 3. 28

Figure 3. 28, The inverse functions can be found as
y

N

—

N
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X=s5(U,V)=UV
{Y=SZ(U,V>=U(1—V>'
Therefore,UV>0,U(1—V)>0. and T={(u,v) |«>0,1>v>>0}.

951 sy
Ju Jv v
J= = =—u,|J|=u.
85, 25| |1—v —u
du OJv

Therefore, the joint PDF of (U,V) is

( N FGras) XN s (us0)ET
g UsV)—
: 0 ,otherwise
Ba]+a21_,((11 T(a )(uv)“lfl[u(l—v)]“ﬂ_]e'% Xus(u,v)€T
= { 1 2

0 ,otherwise

u
ual +112 = e‘F

.- <ﬁal+az F(a1 )I‘(Clz)

o1 N (1—w)2 'y (u,v) €T

\ 0 yotherwise
Find the marginal PDF g, (u) of U=X+Y.

(D If u<<0,g,(u)=0.

(2) If u>0,

oo
jg(u,v)dv

gl(u) :j

1 (1 — )2 do

J‘l ual-l-az*l e—ﬁ-
0 Bal+a2 P(Q’] )F(az)

-sz =

= unl 16—% J] a;—1 - " a,—1
‘8a1+32F(01)P(0'2) Ov & ¥ 4%

“+a,—1 _—5
ut"2 e B
= B(al yaz)
B T(ay) T(ay)
ua]‘sz*l e—"ﬁ

- ‘BQL‘HZ F(m + az) ’
1

where B(s,t)= J 7' (1 —x)"'dx is the beta function(s,2>>0). The relationship between

0

gamma function and beta function is

_ I
iU
n1+02*1 -z
alj-n €’ ’u'>0
In summary,g, (w) ={B8" "% '(a; +a;) .U=X+Y~Gamma(a, +a,).
0 yu<<0
Find the marginal PDF g, (v) of V=i
’ X+Y

100
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(1) If v<<0 or v=1,g,(v)=0.
(2) If o<wo<1,

400

.g(u.'u)du

g:(v) =J

J+m uoi el e—%
0 ‘BGI-H'ZI‘(CH)P((IZ)
_ =

Ba1+a2 I‘(al )I‘((Iz )

1 (1 —v)2 ' du

s == =
J ua] +a,—1 e 8 du
0

_ v d— v)2 !
B(al ;az)
11 — a, =1
v B(l v)“2 0< o<1 %
In summary, g, (v) = (a1 1a,) V= Xy follows beta distribution with
0 ,otherwise

parameters a; and a;. Notice that g(u,v) =g, (u) * g,(v),U and V are independent.
Example 3.5.11 Suppose X and Y are independent, their PDFs are
1 90§I<1

fx(l')= .
0,otherwise
e ¥,y>0
fr(y)= .
0 ,y\<\0

Determine the PDF of Z=2X+Y.
Solution :

dz

dw

; ; i s w3 s w 1
Method 1: Let W=2X,w=2x is an increasing function,its inverse function is = w2

Since 0<CX<<1,0<<W<.2. By Theorem 2.7.1,

( w 1
fx [7) X ‘ =, < w<<2
W~ fu (w) =+ 2
0 ,otherwise
=< 3

L 0 ,otherwise

By the convolution formula in Theorem 3. 5. 1, the PDF of Z=W +Y is f;(2) =
oo oo
J' mf(w,z—w)d'w= fw(w) fy(z—w)dw.

le_("‘"’ O w<2,z2—w>0

Fu(w) fy(z—w)=1{ 2 g

0 ,otherwise

where the region {(w,2z) |0<<w<{2,z—w>>0} is sketched in Figure 3. 29,
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w
Figure 3. 29
(1) If 20, f2(2)=0,
(2) If 0<Z<21 fz(Z) — J.z %e—(ru’) dw — l—ze"E
0
2 1 ez'-z_e—z
(3) Bz 22, f02) = J —e U dw = ——,
0o 2 2
Therefore,
r. 2—=___ _.—=x
_e_z_e_’z>2
fz(2)=4 l—ze_z 0< <2
0 9Z<0

Method 2: Z=2X+Y can be written as Z=X+Y + X, we can find the joint PDF of
U=X+Y and V=X,then apply the convolution formula. The joint PDF of X and Y is
e ¥, 0<<x<1,y>0
[xy(zsy)=fx(x) fyr(y)= ) 3
0 ,otherwise
Let S={(x, ) |0<2<1,y>0}, T={(u,0) | u>v,0<0<1},then U=X+Y and V=X
define a one-to-one transformation from S onto T,its inverse transformation is given by

X=V,Y=U—V . The Jacobian determinant is

oz ox
ou OJv 0 1

j= = ——1,1J1=1.
oy ay| |1 -1
Ju Ov

Thus, the joint PDF of U and V is
e yu>v, 0<Kv<l

0 ,otherwise

fU.v(u,v)'——{

+oo

Now we determine the PDF of Z=2X+Y=U+V, f;(z) = fuv(usz —u)du ,where

e M 2u> ez, 0z—u<1

0 ,otherwise

fu,v(u,z—u)={

The region {(u,2)|2u>2z,0<z—u<1} is sketched in Figure 3. 30.
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2 z=u+1
Z=u
2 - —— -
0 u
Figure 3. 30
(D) If 20, f2(2)=0.
(2) 1f 0<<2<2, fy(2) = f ety = L2
7
z 2—z ___ %
(3) I z>2, f,(2)= J e Bdy = %.
z—1
Therefore,the PDF of Z=2X+Y is
'eZ—z_e—z
2 ’z>2
falz)=1 17 o
L 0 92‘<0

Method 3: First we determine the joint PDF of U=2X+Y and V=X, then find the
marginal PDF of U.

The joint PDF of X and Y is

frx(@p=fa@ fripy= [ ISTS1I=0
0 ,otherwise
Let
S={(x,y)|0<<2<1,y>0},
T={(u,v) | 0<v<1,u—2v>0}={(u,v) | u>2v,0<v<1},

then U=2X+Y and V=X define a one-to-one transformation from S onto T,its inverse
transformation is X=V,Y=U—2V.

The Jacobian determinant is

or o

=12 2= P le—nin=1
Q a_y o ] .
Ju OJv

Thus, the joint PDF of U and V is
T u>2v,05v<C]

0 ,otherwise

2
fU_v(u,v)={e

The region {(u,v) |u>>2v,0<v<1} is sketched in Figure 3. 31.
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Figure 3. 31

+f:o
Next we determine the marginal PDF of U=2X+Y, fu(u) = J; fuwv (usv)du,

(1) If «<0, fu(u)=0.

(2) If 0<u<2, fu(w) = J.Tez”_"d'v = 1_28_".
0

1 e2—u - e—u
(3) U u>2, fuluw = I e’ “dv = =

Thus,the PDF of U=2X+Y is

g 2= u

e “—e
2 ,u>2

fulu)=4 1—e "
2

L 0<lu<2

\ O 9u\<\0

Method 4: First we determine the CDF F,(2) of Z=2X+Y.
Fz(2) = P(Z < z)

= P2X+Y < =2)

= ﬂ fx,y(l'y_‘)’)dl‘dy.

2rty<=

Notice that the joint PDF of X and Y is
e ¥, 0<x<1,y>0

0 ,otherwise

fx,y(x,y)=fx(:c)fy(y)={

(1) If 2<<0,F,;(z)=P(J)=0. See Figure 3. 32.

¥ i 4

2
\

x+y=z

y

\ .

0\ ) 0 \ * 0 1
xty=z Zty=z

Figure 3. 32
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(2) If 0<2<2,
Fz;(2) = H f(x,y)dxdy

2rty<z

Jf (J:_ZJ e dy ) dx

=F(1—e2r=)dx
0

) [, .
7(e +z—1).

(3) If z>2,

F;(2) = Hf(.r;y)d.rdy

2rty<z
(oo

(1 —e**)dx

Il

(e*—e" =+ 2).

Therefore,the CDF of Z=2X+Y is
[ 0 ,z\<\0

1, _
— x é
Fylz) =4 z(e F2—1D ,0<z 2.

%(e_‘—e2_2+2),z>2

The PDF of Z=2X+Y is

Ay SN

e e
2 12>2

fz(z)=4 1—e*
2

L 0 ’Z\<~.O

Example 3.5.12 Suppose (X,Y) follows uniform distribution over D= {(x,y) | y=0,
x*+y*<1},see Figure 3.33. U and V are defined as
Y1

,0<Z~<,2

xt+y?< | I'ip

Figure 3. 33
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0,X<<0
U=41,0<X<Y, V=
2, X=Y
Determine the joint PF of (U,V).

0,X=/3Y
{LX<£Y'

. 5 s évy,>/0712+y3\<\1
Solution: The joint PDF of (X,Y) is f(x,y)=| T '

0 ,otherwise
PU=0,V=0)=P(X<0,X>=/3Y) =P =0,

PWU=0,V=1) =P(X<0,X <J3Y)
= P(X < 0)

PU=1,V=0=PO<X<Y,X>=/3Y) = P(J) =0,

PU=1,V=1)=PO<X<Y,.X <3Y)
=POLX<Y)

= J] éd.rdy
T

0<x<<yND

= ‘E‘So<1<ynp(émD = 1)
7 4
2 m _ 1

bId # 8 4’

PU=2,V=0 =P(X>Y,X>=J3Y)
= P(X = 3Y)
H —Z*dxdy
Y18

I}ﬁyﬂ D

2
- _SIBJli_yﬂD
1Y

1 Ssector AOB ( 4 AOB = £ )
T 6

=

2
PU=2,V=1)=P(X>=Y,X <J3Y)
= P(Y < X< J3)
_ 2
= J] = dxdy

y~.<.,.r<«/3__yﬂ D

—2g5 . (/AOB =2,,/A0C = %)
Fis 6 4

2%
T

=1
6 9

—

~ _ 1

2
= 2 XU 1
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Therefore, the joint PF of (U,V) is

V=0 v=1
U=0 0 =
U=1 0 %

& Exercise 3 ¢

3.1 Suppose that 3 balls are chosen without replacement from an urn consisting of 5
white and 8 red balls. Let X; equal 1 if the i-th ball selected is white and let it equal O
otherwise, Find the joint PF of (X, ,X;).

3.2 Two balanced dice are rolled. Let X be the larger of the two values shown on the
dice,and let Y be the absolute value of the difference of the two values shown. Give the
joint PF of X and Y.

3.3 Toss an unbiased coin four times. Let X be the number of heads in the first
three tosses and Y be the number of heads in the last two tosses. Find the joint PF of
(X,Y).

3.4 A bag contains 5 chocolate-chip muffins, 3 blueberry muffins and 2 lemon
muffins. Choose three muffins from this bag at random. Let X be the number of lemon
muffins chosen and Y be the number of blueberry muffins chosen. Find the joint PF of
(X,Y).

3.5 Suppose that 2 batteries are randomly chosen without replacement from the
following group of 12 batteries: 3 new,4 used,5 defective. Let X denote the number of
new batteries chosen. Let Y denote the number of used batteries chosen. Find the joint PF
of (X,Y).

3.6 Suppose the joint PDF of two random variables X and Y is given by

Ce “*?,2>0,y>0
flx,y)= .
0 ,otherwise
Find:

(1) the constant C;

(2) the joint CDF F(x,y);

(3) P(X>1);

(4) P(X=Y);

(5) P(X+2Y<1).

3.7 Let the joint PDF of two random variable X and Y be given by
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Ce ¥, 2>0,y>0
flx,y)= .
{ 0 ,otherwise
Find:
(1) the constant C;
(2) the joint CDF F(x,y);
(3) the marginal CDFs and PDFs of X and Y;
(4) the probability that (X,Y) falls into the region {(x,y) |x+y<<1}.
3.8 Suppose the joint PDF of two random variable X and Y is
_ ae ¥, 0<x<ly

flx,y)= T
0 ,otherwise
Find:
(1) the constant a;
(2) the marginal PDFs of X and Y;
(3) P(X+Y<I).
3.9 Suppose that (X,Y) follows the uniform distribution over the region

D= {(z,y)|0<y<1—2*}.
(1) What is the joint PDF of (X,Y)?
(2) What are the marginal PDFs of X and Y?
(3) What is the conditional PDF of Y when X=—0.5?
(4) Find P[(X,Y) € B],where B={(x,y) | y=x"}.
3.10 The joint PF of (X,Y) is

e *X7.14" X6.86" "
ml(n—m))

P(in,Y =m)= ,m=0,1"',n;n=0,1,2,'".

Find;
(1) the marginal PFs;
(2) the conditional PFs.
3.11 Let the joint PDF of two random variable X and Y be given by
dry,0<xr<<l,0<y<<l
f(l' 9")1) = E .
0 ,otherwise
Find.
(1) the conditional PDFs fxy(x y) and fyx(ylx);
(2) the joint CDF F(x,y).
3.12 Let the joint PDF of two random variable X and Y be given by
Cxe™?,0<a<y<l+oo
flz,y)= . -
0 ,otherwise
(1) Find the constant C.
(2) Are X and Y independent? why?

(3) Find fx|y(1|y) and fy}x(yll').
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(4) Find P(X<<1]Y<2) and P(X<1|Y=2).
3.13 The PDF of X is
Alxe™ ,2>0

Lx)= ; (3. D
f - 0 sxgo

Y is uniformly distributed on (0,X). Find:
D) frix(yla);
(2) the joint PDF of (X,Y);
(3) the PDF of Y.
3.14 The joint PDF of X and Y is given by
1
flx,y)= {szy

0 ,otherwise

.léx,%Qny

Are X and Y independent?
3.15 X and Y are two independent random variables, X~U(0,1). The PDF of Y is

given by

1 _»
e 2 9 >O
fip=t2 T

0 » y<0

(1) Determine the joint PDF of (X,Y).

(2) Find the probability that the following equation has real roots.

aX*+2aX+Y*=0.

3.16 Let a needle of length L be thrown at random onto a horizontal plane ruled
with parallel straight lines spaced by a distance d from each other,with d>L. What is the
probability that the needle will intersect one of these lines?

3.17 Assume that U is uniform on [0,1] and that F(z) is the CDF of a continuous
random variable X. Show that F~'(U) has the same distribution as X.

3.18 Suppose X ~P(A;) and Y ~ P (A;) are independent. Find the probability
function of Z=X+Y,

3.19 Suppose the joint PDF of two random variables X and Y is given by

1,0<x<1,0<y<1
flx,y)= ) .
IO sotherwise
Find the PDF of Z=X+Y.
3.20 Suppose the joint PDF of two random variables X and Y is given by
3z, 0<x<<1,0<y<ux
flx,y)= ) "
{ 0 ,otherwise
Find the PDF of Z=X—Y.
3.21 Suppose that X, and X; are IID. random variables and that the PDF of each of

them is as follows:




Q % 2 it 5 ¥ ¥ %5t Probability and Statistics

e ",2>0

0 ,otherwise

f(x)={

Find the PDF of Y=X, — X,.

3.22 X and Y are two independent random variables. Their PDF are given by
1,0<2<1 e *,y>0
0,otherwise 0 ,y<O0

fx(x)={

Determine the PDF of Z=X+Y.
3.23 Suppose the joint PDF of two random variables X and Y is given by
e Y, 2>0,y>0

0 ,otherwise

,fy(y)={

f(.r,y)={

Determine the PDF of Z=|X—Y/|.
3.24 The joint PF of (X,Y) is given in the following table.

y=—1 y=1 y=2
_ 5 2 6

X=+1 20 20 20
_ 3 3 1

X=2 20 20 20

Find the PF of
(1) Zi=X+Y;(2) Z,=XY;(3) 23=§;<4) 2, =maxi X ¥},

3.25 Suppose that (X,Y) follows the uniform distribution on region D={(x,y) |0
<xr<a,0<y<a}.

(1) Find the PDF of Z=£.

Y
(2) Find the PDF of M=max{X,Y}.
3.26 Suppose that X,,X;,X;,X, are IID and
P(X;=0)=0.6,P(X;,=1)=0.4,i=1,2,3,4.
X, X,
X, X, |

(2) Find the probability that the following system has exactly one zero solution x; =
v ap) =0.

(1) Find the PF of X=

X, +X,x2,=0

{Xs:cl +X,2,=0
3.27 Suppose that a point in the zy-plane is chosen at random from the interior of a
circle for which the equation is 2 +y*=1; and suppose that the probability that the point
will belong to each region inside the circle is proportional to the area of that region. Let Z

denote a random variable representing the distance from the center of the circle to the
point, Find and sketch the CDF of Z.

110



Chapter 3 Maultivariate Probability Distributions C

3.28 The joint PF of (X,Y) is given in the table below.

Y=0 Y=1 ¥=3 Y=3
X=0 0.08 0.07 0. 04 0

X= 0.06 0.15 0. 05 0. 04
X=3 0.05 0. 04 0.10 0. 06
X=3 0 0.03 0. 04 0. 07
X=4 0 0.01 0.05 0.06

Determine each of the following probabilities:
(1) P(X=2);(2) P(Y=2);(3)P(X<2,Y<2); () P(X=Y).
3.29 Suppose that X and Y have a discrete joint distribution for which the joint PF is
defined as follows:
¢clz+y| s x=—2,—1,0,1,2 and y=—2,—1,0,1,2
flz,y)= ) s
{ 0  ,otherwise
Determine:
(1) the value of the constant c;
(2) P(X=0,Y=—2);
(3) P(X=1);
(4) P(IX—YI|<D.
3.30 Suppose that X and Y have a continuous joint distribution for which the joint
PDF is defined as follows:
cy? ,0<<xr< 2 and 0<<y<1
flx,y)= ) .
{ 0 ,otherwise
Determine;

(1) the value of the constant c;

(2) P(X+Y>2),
(3) P(Y<%);

(4) P(X<1);
(5) P(X=3Y).
3.31 Suppose that the joint PDF of two random variables X and Y is as follows:
c(x*+y),0<y<<1—2? |
0 ,otherwise

f(r,y)={

Determine:

(1) the value of the constant c;
(2) P(OéXé%);

(3) P(Y<X+1);
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(4) P(Y=X").

3.32 Suppose that X and Y are random variables such that (X,Y) must belong to
the rectangle in the xy-plane containing all points (x,y) for which 0<Xx<{3 and 0<{y<(4,
Suppose also that the joint CDF of X and Y at every point (x, y) in this rectangle is

specified as follows:

Flx,y)=——zxy(z*+y).

1
156
Determine:

(1) POOIKX<{2 and 1<KY<(2);

(2) P(2<X<4 and 2<Y<4);

(3) the CDF of Y;

(4) the joint PDF of X and Y;

(5) P(Y<X).

3.33 Suppose that X and Y have a discrete joint distribution for which the joint PF is
defined as follows:
1

f( ) {30(1'_’__)))’1:0’1;2 andy:O,1,2,3
Tsy)— .

0 ,otherwise

Are X and Y independent?
3.34 Suppose that the joint PDF of X and Y is as follows:
fay= {14‘% i
0 ,otherwise
Are X and Y independent?
3.35 Suppose that the joint PDF of X and Y is as follows:
2xe ¥ ,0=x<1 and 0<<y<{+oo
flxyy)= , ;
[ 0 ,otherwise
Are X and Y independent?

3.36 Suppose that a point (X,Y) is chosen at random from the circle S defined as
follows:
S={(x,y) | 2" +y*<1}.
(1) Determine the joint PDF of X and Y, the marginal PDF of X,and the marginal
PDF of Y.
(2) Are X and Y independent?
3.37 Suppose that a point (X,Y) is chosen at random from the disk S defined as

follows:
S={(x,y) | (x—1) 4+ (y+2):<9}.
Determine:

(1) the conditional PDF of Y for every given value of X;
(2) P(Y>0|X=2).
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3.38 Suppose that the joint PDF of two random variables X and Y is as follows:

B B ) s t0, 520 and 2a-H 5S4

flz,y)=]16
0 ;otherwise

Determine:

(1) the conditional PDF of Y for every given value of X;

(2) P(Y=2|X=0.5).

3.39 Suppose that X,, -+, X, form a random sample of size n from the uniform
distribution on the interval [0,1] and that Y, =max{X,,*,X,}. Find the smallest value
of n such that P(Y,=0.99)>0. 95.

3.40 Suppose that the random variables X and Y have the following joint PDF .
8zxy,0<x<<y<l

0 ,otherwise

Fxyy) ={
Also,let U=%§ and V=Y.
(1) Determine the joint PDF of U and V,
(2) Are X and Y independent?
(3) Are U and V independent?
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4 4.1 The Expectation of a Random Variable €»

The CDF of a random variable completely describes its statistical regularity. Sometimes we
need know the characteristics of random variables. Summaries of the distribution, such as
the average value,or expected value,can be useful for giving us an idea of where we expect
the variable to be without trying to describe the entire distribution.

Example 4.1.1 There are N students in a class, the students took part in an exam. »n,

k
students obtained x; points,i=1,2,+,k. Zn,- = N . Find the average score of the class.
i=1
Solution: Let T be the average score,
1 < - n
xr = — nxry = % i "L.
N2 T 2y
Let X be the score of any student selected, X is a random variable and

P(XZ.Z'E): 1=1,2,,k,

n;
N’

so the average score x can be rewritten as

P(X = z;)

T =

M»

=1
The average value of X equals the sum of the probability of each possible outcome of
the experiment multiplied by the value itself.
Definition 4. 1.1 Let X be a discrete random variable whose PF is
P(X=x,)=ppk=1,2,+,

“+o0

If Z | x; | p« <<+ °©, then the mean,expectation,or expected value of X is said to exist
k=1

and is defined to be

o

E(X) = >, zp:.
k=1

+oo

Remark 4. 1.1 We not only require that zxkpk converges, but also converges
k=1

absolutely since a rearrangement of non-absolutely-convergent countably-infinite sum can
have a different sum, Absolute convergence guarantees the uniqueness of expectation.

Example 4. 1.2 Suppose a random variable X has the following PF:

X | —12 0 1 4

P X==) | 0.1 0.4 0.3 0.2

Determine its expectation.

Solution: E(X)=—2X0.140X0.4+1X0.3+4X0.2=0.9.
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Example 4.1.3 Suppose a random variable X has the following PF:

1
= =(—1)* = = Ll
P(X=(—1)%] k(k—Fl)’k 1.2,
Does the expectation of X exist?
+
1)+ =1 co i
Solution : z | zx | o= Z | (—1)*% |- 0 + TR Z =00, The expectation

of X does not exist.

Definition 4. 1. 2 Let X be a continuous random variable whose PDF is f (x),
1f_[ i | x | f(x)dx <4 oo ,then the mean, expectation, or expected value of X is said to

exist and is defined to be

+oo

E(X) =j xf (x)dx.

—C0

Example 4. 1.4 Suppose a random variable X has the following PDF';

flx)= .
0 ,otherwise
Determine its expectation.
oo 1
Solution: E(X) = J af taide = J 2(22)dx = %
—oo 0

Example 4.1.5 Suppose that a random variable X has a continuous distribution for
which the PDF is as follows:

1

f(.r)=ms —OO<I<—|—OO
This distribution is called the Cauchy distribution,
+ _ [ 1 _ In(d+2) i,
Lc |2 flaids =3 J x4 2dx P 0 T =t

Hence, the expectation of X does not exist.
Theorem 4.1.1 Suppose X is a random variable,Y is a function of X,Y=r(X),

toa
(1) If X is discrete with PF P(X=x,)=p,k=1,2,+- . And Zr(xk)pk converges

k=1

absolutely, then

+oo
E(Y) =E[+(X)]= D r(z)p. = >,yg (),

k=1 All y

where g(y) is the PF of Y,

+oo
(2) If X is continuous with PDF f(x) andf r(x) f(x)dx converges absolutely, then

oo oo
EC(Y) = J r(z) f(x)dx = J_ yg (y)dy,

—

where g(y) is the PDF of Y.
Example 4. 1.6 Suppose a random variable X has the following PF:
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(o | 0.1 0.4 0.5

Let Y=X?,Find E(Y).
Solution :
Method 1: E(Y)=E(X?*)=(—2)?X0.1+0*X0.4+2%*X0,5=2. 4.
Method 2: Find the PF g(y) of Y.

NI

g(y) ’ 0.6 0.4

E(Y)=4X0,6+0X0,4=2,4,
Example 4. 1.7 Suppose a random variable X has the following PDF:
1

=—,—1<x<1
f(;c)={ 2 .
0 ,otherwise
Let Y=X?,find E(Y).
Solution:
Method 1: ECY) = E(X?) = Jl_lxz %dx - %

Method 2:The CDF of Y is
Fy(y)=P(Y<y)=P(X*<y).
If y<<0,Fy(y)=P(J)=0.
If y21,Fy(y)=P(Q)=1.
If 0<y<1,
Fy(y) = P(X* < y)

The PDF g(y) of Y is
g(y)=Fy(y)=42y7

0 ,otherwise

oo 1
Therefore, E(Y) = J yg (y)dy = J y 211 dy = l
o0 0 y7

Theorem 4. 1. 2 Suppose that X,, -, X, are random variables with the joint PDF
f(xy,s***sx,) and suppose that Y=r(X,,--, X,). Then E(Y) can be determined directly

from the relation

18
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E(Y) = j---J.r(x, oo 5, ) f (21 3 °*° v 2, )dzy = dx,.

If the mean exists, Similarly, if X,, ==, X, have a discrete joint distribution with PF

f(.r1 9'"11',,) ’
E(Y) = Do D @y vx,) f(z1 00 ,)

Example 4. 1.8 Suppose that a point (X,Y) is chosen at random from the square S

containing all points (x,y) such that 0<Xx<(1 and 0<Xy<(1. See Figure 4. 1. Determine the

expected value of Z=X*+Y?.
//
S,
/

Figure 4. 1

Solution .
Method 1: The PDF of (X.,Y) is
1,0<<x<<1,0<y<1
Flupa ={ .

0,otherwise

E(Z) = E(X*+Y?)
O
=J J (2* + %) f(x,y)dxdy

—oa J —o0

1
= H (= + y")dzdy

0v 0

_ 2
3
Method 2: The marginal PDF of X is
oo 1, 0 <2< 1
fukad = Flasity= { o
—oo 0,otherwise
1
E(X?) =J adn = 1.
0 3
Similarly, E(Y* =%,theref0re,E(Z)=E(X2)+E(Y2)=%.

Method 3: We would like to use the PDF of Z to calculate its expectation. First, we
want to determine the CDF of Z.
F,(2)=P(Z<2)=P(X*+Y’<>2)
If 2<<0,F;(2)=P(J)=0.
If 0<<z<1,see Figure 4. 2(a),

19
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F;(z) = P(X*4+Y*' < 2)
= ﬂ f(x,y)dxdy

2

.1'2+y <z
= ﬂldxdy
Dl
—- SDl
= B=
4
y y
1
iF
1
0 gz 17

(@ (b)
Figure 4, 2

If 1<<z<{2,see Figure 4. 2(b)

F;(z) = P(X*+Y* < 2)

= ﬂ f(x,y)d.xdy

zz+yz<:
= Hld.rdy
DZ
— SD2
= Jz—1 + %z(% — 2arctan /2 — 1).

If 222,F;(2)=P(2)=1. In summary,the CDF of Z is

0 vzgo
% 0<2<1
.Fz(Z)z< N
Wz—1 —f-%z(-’zl—Zarctan Vz—1 ) , 1<82<<2

1 VZ/>’2

The PDF of Z is

0 ,2<<0 or 2=2

= 0<<z<<1

f2(2)=Fy(z)={ 4 R

"l-lf(rc—llarctan Ve—1),1<<<<2
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Therefore, the expectation of Z is

(+

BT = |l

Fl 2
— %Zdz+J %(x—flarctan Vz—1)dz
1

JO

("2

2
= %zdz — J zarctan +/z — 1dz
J 0 1

= % —Jtarctan —\/z—_ld(zz—z)

2
= %— [%arctan Jz—1

z=2 J‘? z d

— | ———d=
z=1 14 /z—1 jl
— 2% _dz (ett= /z—1)

J’14 z—1
- 11+t2
_.[o 7 &
_ 2

3

Example 4.1.9 Suppose X,Y~U(0,1) are independent,find E(| X—Y).

Solution :
Method 1:The PDFs of X and Y are
1. 0=2<1 1,0<y<1
fx(x)= y fy(y)= :
0,otherwise 0,otherwise

Since X and Y are independent, the joint PDF of (X,Y) is

f(x,y)=fx(1)fy(y)={ :

0,otherwise

The region {(z,y)|0<<x<<1,0<<y<(1} is shown in Figure 4. 3. Therefore,

Figure 4, 3
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+oo )

EQX—Y|) = f | 2—y | fCxs3)dzdy

o —ooJ —oo

11
— J’ | z— y | dzdy
J0J 0

= le—yIdxdy+H|x—y|d1dy
A B

TR R
- zjl [J:(x—y)dy]dx

o z_x_z)
—ZL(I 5 dx
1

3
+-co
Method 2: Find the PDF of Z=X—-Y, f,(2) = J_ fC(z+ y,y)dy, where

1,0<<z+y<<1,0<y<1
f(z+y,y)={ ;

0,otherwise

The region {(y,2) |0<z+y<{1,0<<y<1} is shown in Figure 4. 4.

|
z+y=1
1
) i 4
“fmm———— z+y=0
Figure 4.4
(1) If 2<<—1 or z=1 , f2(2)=0.
1
(2) If —1<2<0, f,(2) =J dy = 1+ =.
1—z
(3) If 0<<z<1, fz(2) =J dy =1—=z.
In summary,
1+Z!_1<Z<0

f2(z2)=41—2,0<=2z<1
0 ,otherwise

Therefore,
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E(|X—Y|)=E|Z|
oo
= | z | fz(2)d=

o ~—

- 1
_ 0_1 (—2)(1 +z)dz+_[oz(1 =i

2 3 _z=0 2

3 3 o=
A R e

1

0

Example 4. 1. 10 Suppose the yearly demand X (unit:ton) in the international market
for a certain export commodity made in China is a random variable value, it follows the
uniform distribution U[ 2000, 4000 ]. If one ton of this product is sold, thirty thousand
dollars will be earned. If the product is not sold and backlogged in the warehouse, the
maintenance cost is ten thousand per ton. How many products should be organized in order
to maximize the profit?

Solution: Let y be the number of products ready for export,then 2000<y<<4000. Let

Z be the profitCunit: ten thousand dollars) ,then

3y TX=y 3y JX=y
Z=g(X)= - .
IX—(y—X) , X<y |4X—y, X<y

The PDF of X is

1
fx(x)= {2000

0 ,otherwise

»2000<CX<C4000

Therefore, the expectation of Z is
E(Z) = E[g(X)]

e
= J_ g(x) fx(x)dx
1 4000 dx
= 2000J 20008
1 y (4 )dx 1 40003 d
= 2000 s000 2F T ¥)4T T 5055 3vdx
—_L 2 __ 6
= IOOO(y 7000y +4 X 10°).
E(Z) is a function of y. Let LE(Z) =L (— y+3500) =0,y=3500, S E(Z)=— L. <
- et 3y 500 : " dy? 500

0,therefore, E(Z) achieves its maximum at y=23500.
Theorem 4,1.3 If Y=aX+b,where a and b are finite constants,then
E(Y)=aE(X)+b.
Note: in general, E[ g(X)]#g[E(X)],for example, E[ X* ]#[E(X) ]°.
Theorem 4.1.4 If there exists a constant a such that P(X=a)=1,then E(X)=a. If

S
R i)
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there exists a constant & such that P(X<<h) =1, then E(X)<Cb.

Theorem 4. 1.5 If X,, -+, X, are n random variables such that each expectation
E(X,) is finite(z=1,**,n) ,then

E(X;++X)=E(X;)+--+E(X,).

Note: it is true even if X, ,+, X, are dependent.

Theorem 4. 1. 6 If X,, -+, X, are n independent random variables such that each
expectation E(X,) is finite(i=1,++,n),then

E(X; X, X,)=E(X,) « E(X;) » * « E(X,).

Proof:We only prove it for the continuous case. The discrete case is similar.

o

f+co
E(X, X,X,) = E J 212 f (xy oy 2, ) day +eda,

—oa

(oo oo
= J _11"'$n[fx1 (xl)'"fx"(x,,)]dxl'"dx,,

W —oo —os

(o

s ml’;fxl (Il)dl'l""[

+oo

z.fx, (x.)dz,

= E(X,YE(X;)E(X,).

Example 4. 1.11 Suppose n balls(numbered 1~n) are randomly placed into n boxes
and one box contains one ball. If a ball and its corresponding box have the same number,it
is called a match. Let X be the number of matches,find E(X).

Solution; Let X, = 1,the i-th box is placed into the i-th box, then X = Z":X,-.
i=1

0,otherwise

Here X;(:=1,2,++-,n) are not independent but have identical distributions,

P(X, =)=, Px,=0)=1—L
n n

Therefore, E(X,) = —,E(X) = 2E(X) = 1.
=1

Example 4. 1. 12 Twenty persons board a train. They are equally likely to get off at
one of the next 10 stations and choose where to get off independently. The train stops only
if someone wants to get off. Find the expected number of stops the train will make.

1,at least one person gets off at station

10
Solution : Let X,-={ ythen X = in. Here
=1

0,nobody gets off at station 7

X;(:=1,2,+--,10) are not independent but have identical distributions.

P(X,=0)=(1-I%)2°, P(X,-=1)=1—(1—11—0)20.
1 20
Therefore,E(X,v)=1—(l—E) P
s - _ Vhape D I
E(X)—Z:E(X,-)—IOX[I (1 10) ]—8.784.
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& 4.2 Variance ¢

Although the mean of a distribution is a useful summary,it does not convey very much
information about the distribution. For example, we not only consider the mean lifetime of
an electronic component, but also want to know the deviation between its lifetime and its
mean lifetime.

Definition 4. 2. 1 Let X be a random variable with finite mean p = E (X). The
variance of X is defined as follows:

ok =V(X)=E[(X—w?*].

If X has infinite mean or if the mean of X does not exist, we say that V(X) does not
exist, The standard deviation ox of X is the nonnegative square root of V(X) if the variance
exists.

The variance describes the deviation between the values of X and its expectation. If its
values are more concentrated, the variance is smaller, If its values are more scattered, the
variance is larger. The variance measures the dispersion of a random variable.

Theorem 4.2.1 For every random variable X,

V(X)=E(X*)—[E(X)].
Proof : Using the definition of variance and properties of expectation,
V(XO=E{[X—E(X)1*}
= E{X*+2XE(X)+[E(X)]*}
=E(X?)—2E(X)E(X)+[E(X)]
=E(X*)—[E(X)]°.
Example 4.2.1 Suppose a random variable X has the following PF .

X | -2 0 2
P | o1 0.4 0.5

Find its variance.
Solution
E(X)=—2X0.1+0X0.4+2X0.5=0.8,
E(X*)=(—2)?X0.1+0?X0.4+2%X0.5=2.4,
V(X)=E(X*)—[E(X)]*=2.4—0.8*=1.76.
Example 4.2.2 Suppose a random variable X has the following PDF .
2x,0<x<1

(x)= .
o { 0 ,otherwise
Determine its variance.
Solution :
+oo 1 2
E(X) =J. If(I)dI=JI(21)dx= 3
—o0 0
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o0

1
E(X?) = j 2 fiCx e = j 22 de = %

—o0

— 2__ 2—l—£z=i
VX) = E(X) —[ECOT = 5 (3) =

Theorem 4,2.2 For each X,V(X)=0.1f X is a bounded random variable, then V(X)
must exist and be finite.
Theorem 4,2.3 V(X)=0 if and only if there exists a constant c=E(X) such that
P(X=c)=1.
Theorem 4.2.4 If X and Y are random variables such that V(X)<{+oc0 and V(Y)<<
+o<,let a,b and ¢ be constants,then
VX+Y)=V(X)+VY)+2[E(XY)—E(X)E(X)],
V@@X+bY+c)=a*V(X)+b'V(Y)+2ab E(CXY)—E(X)E(Y)].
Theorem 4.2.5 If X,,+,X, are independent random variables with finite means,and
if a,,***,a, and b are arbitrary constants,then
Via, X, +++a, X, +b]=alV(X,)++a’V(X,).
Example 4.2.3 A box contains n cards numbered 1~n. Draw k& cards with replacement

from this box. Let X be the sum of the numbers of the cards selected. Determine V(X).

) .
Solution :Let X; be the card number for the i-th draw,i=1,2,++,k,then X = ZX,. Since

i=1

the sampling is with replacement, X, (i =1, 2, ***, k) are independent and have identical

distributions.
P(X,=j)=%, §=1s 2yt oty F=1s 255 ke

Therefore,

EX) = 23PX, = =22, i1,

j=1

E(X?) = D i'P(X, = j) = (”“)éz”“), i= 1,2,k
i=1
—]

2
V(X)) =EX})—[E(X)]P =" T

k e o,
Since X, are independent,V(X)= ZV(X,-) = k(nT_l_)
i=1

Example 4. 2.4 Suppose n balls(numbered 1~n) are randomly placed into n boxes
and one box contains one ball. If a ball and its corresponding box have the same number,it
is called a match. Let X be the number of matches,find V(X).
1,the i-th box is placed into the i-th box =

,then X = >, X,. Here

Solution. Let X, = _
0,otherwise =1
X;(i=1,2,++,n)are not independent but have identical distributions.

P(X,=D=1, P(X=0=1—-1
n n
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We have showed that E(X) = ZE(X;) = 1 in example 4. 1. 11.

i=1

E(X?) =E[(ZX,—)2]
- E(ZX’? )

1<izj<n

= SEXH+ > EXX)
i=1

1<i j<n
— Z(]z n) 1<,¢,<n1 %1 2 PUX =1,X; = 1)
Bl 2 (% n—l)

I<izj<n
o= P
Therefore, V(X)=E(X*)—[E(X) J!'=

& 4.3 The Characteristics of some Common Distributions €»

Theorem 4.3.1 A random variable X has the Bernoulli distribution with parameter p(0<<p<1)
if X can take only the values 0 and 1 and the probabilities are P(X=1)=p,P(X=0)=1—p,then
EX)=1Xp+0X(A—p)=p,
E(X)=1*Xp+0*X(1—p)=p,

V(X)=E(X*)—[EX) J*=p—p*=p(1—p).

If the random variables in a finite or infinite sequence X, , X, ,*** are IID,and if each
random variable X; has the Bernoulli distribution with parameter p,then it is said that X, ,
X, 4+ are Bernoulli trials with parameter p.

Theorem 4, 3, 2 If the random variables X, -, X, form n Bernoulli trials with
parameter p,and if X=X, + -+ X, ,then X has the binomial distribution with parameters
n and p. The PF is as follows:

P(X=PFk) =Cip*(Q—p)*, k=0,1,yn.
Then E(X)=np,V(X)=np(1—p).
Proof:
Method 1:

E(X) = ZkC‘,‘,p"‘(l —pr

— n—k
- Zkk'( =LA

_ (n—1)! =1 o n—k
*"pz(k—l)!(n o2 4P

_ (n—1)! P
—"szn mys Y LA 24

=nplp+ (A — p)]“‘
np.

Il
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E(X?) = > B Cipt(1— p)*

_ N _ n! iy ; n! T -
= ;k(k 1) W;D (1= p) k+kz=1:k mpk(l p) %

= n(n—1)p° 2 k—(;)T(i)lk)lpH(l — Pyt np
n—2
= n(n—1)p° 2 t'(
= n(n—l)Pz[P—i—(l—p)]"ﬁz—i—np
= n(n—1)p* + np.
VX) =EX») —[EX)] =nan—Dp*4+np — (np)* = np(1 — p).
Method 2: X=X, +X,+--+ X, ,where X, ~B(1, p) are independent(i=1,2,+,n).

Using the properties of the mean and variance, we have

—2).

3 7p' (11— P+ np

E(X) = > E(X,)) = np,

i=1
V(X) = D, V(X)) = np(1—p).
i=1
Theorem 4,3.3 If X~P(A),then E(X)=V(X)=A.

la

Proof:The PF of X is P(X= k)—— e 'yk=0,1,"

oo

E(X) = zk Fon > S R Ae“i A —aete =4
Ty k—D1 4

k=1

k
E(X?) = Dt L

k=0
< A

= D[k —1) + 4] e
k=0 k!
“+oa

:ZLe—A_'_,\

i E—2)1

—+eca

= A2 +A.
V(X)) =EX*)—[EX)]* =A"4+2—1 =],
Theorem 4.3.4 Let X~H(N,m,n) with strictly positive parameters N,m and n. Then

_nm
EX)=7r>

_nmr(—1Dm—1) . nm

VieRy= [ e = ]

Proof .
Method 1: We derive a recursive argument. Using the convention that C;=0 if +<<0 or
t>s,for r=1,
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E(X") = Ek' et

CN
_ S GG
= zk o
Observe that £Ct, =mC:_, and nCy=NCy,,
5 cELeE
E r — kp—l nm\,,—1\“N—m
(X") ; - w
nm ~ L (Cak
= L, k;—l m—1 “~“N—m
i ey i CNE S =t
= E( + 1 1 (1;__111)( 1
Let Y~H(N—1,m— —1),then
E(X’)——E[(Y+l)' AL
Therefore, we have
_nm
E(X)= N’
ECX)="2E[(Y+D]="2(EY+1)="2 i 1)(’”_“+1].
n N—1
Consequently,
_ 2y 2 _ (n—1)(m—1)
V(X)=EX*)—[EX)]*= N—1 +1— N

Method 2: Let X;=1 if the i-th draw is success and X; =0 if not. Then each X, has a
Bernoulli distribution X,-’VB(I,%) yi=1,2,0n. X = EX,-. Here X,,+, X, are not
i=1

independent in general,

E(X) = E(ZX )= ZE(X ) = EP(X —m,
V(X) = V(Zx,.)

= ZV(X ) +22C0v(x,,x )

=ax2(1— —) + 2> [E(X.X,;) — E(X)E(X,)]

NN S
= nx B(1-B) 23 [RE=T - ]
2

m(im—1) m ]

:nX—(l——)-i—n(n—l)[N(N—_l) N?

N

e [ n—l)iml

Theorem 4. 3.5 If X has the negative binomial distribution with parameters r and p,

+1——]

the mean and the variance of X must be
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EO=1, Ty L s

Proof:The PF of X is
f(.r) =P(X=2x)= Czr—_llpr(l_p).z—r’x = ryr+ 1,

o0
E(X) = D> zP(X = )

L=

o0
= Zxc;ﬁp'(l —p)

= EGC (1—p)

'%Zc;p*'<1~p)ﬁ

= L3 Crp™ (1= py
p_z.;. i g

"&_[ﬂ

The last equality holds since Y~NB(r+1,p). Similarly,

+oo
E(X?) = D ,z*P(X = z)

x=7r

oo +oa
= 2@+ DzP(X = 2) — D zP(X =)

+oo
- Z(I+ DaCip (1 — p)= —;f—
r

= Z(r+1)rc A= p =

Tr=r

+00
= LELrS g - = -

400
= (_f#‘ Z CHp™o(l — p)r 2T — %

p y=rt2
g V. A
b’ p’
The last equality holds since Y~NB(r+2, p). Therefore,

(r+Dr r r\:_r(1—p)
V(X)= i Eed By o
p’ p (p) p*
— 2
Theorem 4.3.6 Suppose X~U[a,b],then E(X)—a+b.V(X)——(b 12a) !

Proof:X follows the uniform distribution on the interval [a, &#]. Its probability

density function is

s {ﬁ,agx@;
0 ,otherwise
oo b
E(X)=j If(I)dI=JI dx=“'2H’
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400
ExD = 2 frdr= [zt Ldr =Yt b
s 2y . _ b +ab+a*  (a+b\? _ (b—a)?
V(X) = E(X?) —[E(X)] - ( . ) =

Theoraid. 3.7 Buppose XA the E(X)—l,V(X)——lg.

Proof:The PDF of X is given by

f( )_ Ae hyl‘>0
% { 0 ,2<0’
+oo +oo 1 +co 1
E(X) = xf(a:)dx = e =dr = —J te 'dt = —.
0 AJo A
E(X) =| 2 flx)dr = J R Alz tretds = ,1%
V(X) = E(X?) —[E(X)] = Aiz

Theorem 4.3.8 Suppose X~N(u,0°) sthen E(X)=u,V(X)=4d".
Proof:The PDF of X is given by

1 = w?
(x)= e 2 5, —oog<+oo,
f V2no ‘ *

where —oo<py<{+°© and 6>0 are two parameters.
Let Y=X—G_E,then Y~NC(0,1). The PDF of Y is

1 2

¢(y)=ﬂ—_ ez, —oo]yl+oo,
T
400

o 1 e
EY) =J dy ="y LeFay=o.
Ly =]y

V(Y) = E(Y?) —[E(Y)]
400
= J_ ¥ e(y)dy

+oo 2
= J‘_myz _l__e_y? dy

e
2

+oo 2 2z
————J yie Tdy (lett=%)

,/27{0
2'[.+(nt% e 'dt
0
o(7)

X = Xn

I Il
R e 3

Nlr—i po|w

Therefore, E(X)=E(cY+pu) =p,V(X)=V(eY+p) =d".

The two parameters of normal distribution are its mean and variance respectively.
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Normal distribution is completely determined by its mean and variance.
Theorem 4.3.9 Suppose X follows the gamma distribution X~Gamma(a,f3) ,then E(X)
=af,V(X)=qaf’.
Proof: The PDF of X is given by
1 g
fa) = {ﬁ“rcaf" ez e
0 v S0

oc
E(X) = _[ xf (x)dx

]

[
— o T ET@

e Fdx

eg &
ZWJ’ e idr (lett= %)
a 0

B
e
= T, T8

o 1 .
= J xt e Fdx
0

B T'(a)

_ 1 J*“ . _x
BT e fdx (lett ﬂ)

2 (4o
- ), e

_ B
F(a)F(a+ 2)

= p*(a+ Da.
V(X)) = E(X*) —[E(X)]* = Flat+Da— (af)? = of’.

Remark 4.3.1 If a=%,ﬂ=2 ythe PDF of X~Gamma(a,) reduces to

1
floy=12:0(5)
0 0

It is the v’-distribution with degrees of freedom n, an important distribution in
mathematical statistics, If X~y*(n),then E(X)=n,V(X)=2n.

x? te 7, x>0

€ 4.4 Chebyshev’s Inequality €»

Theorem 4.4.1 Let X be a random variable with mean E(X) ,and variance V(X) =
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¢’ sthen for any e>0,
P(IX—/J|25)\<..:2—2.
Other equivalent forms can be written for this inequality, by simple manipulation:
P(| X—pl <£)>1—Z—z ,P(| X—p|2na)<"l2.

Proof:We just prove the continuous case and leave the discontinuous case as an

exercise. Suppose the PDF of X is f(x),then
P(| X—pul=e) = f(x)dx

|e—pl =>e
.

o 2
= 'J‘—Ezfif(x)d.r

J
la—pl=e
1 =]

< 5| (z—wiflx)dx

€ J—oo

Remark 4. 4. 1  Chebyshev’s inequality provides a method to approximate the
probabilities of {| X —u|<le} or {| X—pu|=e} when the distribution of X is unknown,

Example 4.4.1 The probability that a radish seed will germinate is % Estimate the

probability that of 600 randomly selected seeds, the absolute value of the difference

between the fraction of seeds that will germinate and —é- is not larger than 0. 02.

Solution:let X be the number of seeds that will germinate of the 600 selected seeds,

then XNB(GOO,A).

6
- 1_ _ 15 _250
E(X)=600X 5 100,V (X)=600X 5 X e 3 -
By Chebyshev’s inequality,
X _ 1| X—100
P(’sTO ‘\o 02 o ’go.oz)
=P(|X—1oo|<12)
V(X)
i
. 12*
_,_250/3
144
=0.4213.

Remark 4, 4. 2 The true probability P (| X — 100 | <12) = P (88 << X < 112) =

600—k
ZCsoo( ) (1 = %) = 0. 8294. Since Chebyshev’s inequality makes no assumptions

on the shape of the distribution,it is something of a drawback. Although true,it is far too

general to be of practical use, and is therefore mainly of theoretical interest. The
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probability considered above is much higher than the one provided by Chebyshev.

Chebyshev’s result is true, but very conservative, when compared with the actual value.

& 4.5 Covariance and Correlation Coefficient €»

Definition 4.5.1 Let X and Y be random variables having finite means. Let E(X) =

¢y and E(Y)=puy. The covariance of X and Y is defined as
oxy =Cov(X,Y)=E[(X—ux)(Y—py) J=E[XY]—E(X)E(Y).
Specially,if X=Y,Cov(X,X)=V(X).

The covariance between two random variables is a measure of the nature of the
association between the two. The covariance only describes the linear relationship between
the two random variables.

Theorem 4,.5.1 If X and Y are random variables such that V(X)<{+co and V(Y)<<
+oo,let a,b and ¢ be constants, then

VX+Y)=V(X)+V(Y)+2Cov(X,Y),
V(aX+bY+c)=a*V(X)+b*V(Y)+2abCov(X,Y).

Proposition 4.5.1 The covariance has the following properties: for random variables
X,Y,Z and constants a,b,

(1) Cov(X,Y)=Cov(Y,X);

(2) Cov(aX,bY)=abCov(X,Y);

(3) Cov(X+Y,Z)=Cov(X,Z)+Cov(Y,2).

Definition 4.5.2 Let X and Y be random variables with finite variances V(X) and
V(Y) ,respectively. Then the correlation coefficient of X and Y is defined as follows:

i T Cov(X,Y) :
VVXOVY)
X—E(X) and Y - Y—EX)
VXD VYY)
V(X")=V(Y")=1,X" and Y" are called standardized variables of X and Y respectively.
pxy =Cov(X " ,Y" ). pxy is free of units of X and Y.

Remark 4.5.1 Let X™ = sthen E(X")=E(Y")=0,

Theorem 4.5.2 The correlation coefficient has the following properties:

() = lgpxygl ;

(2) |[pxy| =1 if and only if there exist constants a,b such that P(Y=a+5bX)=1,and |
pxy =1 for >0, pxy=—1 for 6<<0.
X—E(X) and Y L Y=EY)

V(XD VY

V(YY" )1£2Cov(X" ,Y" )=212pxy =0, therefore, 1t pxy =0, — 1<pxy 1.

(2) Necessity. If pxy =1,then V(X" —Y" ) =2 — 2pxy =0. Since E(X" —Y" ) =
E(X*)—E(Y " )=0,using the property of variance,we have

Proof:(1) Let X" = ysince V(X" £Y")=V(X") +
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PLX™ —Y" =0)=1,

P[X—E(X)_Y—E(Y)zo}zl
JV XD YV Y) '
Equivalently,
VYY) VVY) }
PlY= X+EWY)—X—EX) |=1.
[ YV D VXD
JVY) ' VVY)
Take b=Y"—"=>>0,a=E(Y) —Y2=22E(X). Th
Yo Ol SV 7

P(Y=a+bX)=1.
Similarly,if pxy=—1,

P[X—E(X)+Y—E(Y)=O}=l
VXD SV

\/7“"‘;((2<0,a=E(Y)+—'V“;E§)) E(X). Then
P(Y=a+bX)=1.
Sufficiency. If there exist constants a and 670, P(Y=a+b6X)=1,then V(Y) =V (a+
bX) =b*V(X),Cov(X,Y)=Cov(X,a+bX)=bV(X),therefore,
_ Cov(X,Y)  _ b
v o el
That is | pxy | =1. and if b=>0,pxy =1;if b<<0,pxy =—1.

Correlation coefficient near 1 means that X and Y are typically big together or small

Take b=—

together. Correlation coefficient near —1 means that when X is big,Y is small(and vice versa).
Example 4, 5,1 Let X and Y be two random variables having the following joint
PF f(.r yy).

flx,y) =0 =1 r=2 fr(y)
=0 1 2 1 5
4 6 9 36 12
_ 1 1 1
y=1 3 6 9 2
_ 1 1
y=2 12 g ¥ 12

7 7 1
fx(x) % i % 1

(1) Find the covariance of X and Y.
(2) Find the correlation coefficient of X and Y.

Solution :

E(XY) = D>, >, (xy) flz,y)

_ 1 1 1
= OXOX =+ OXDX5+0X2) X5+

(1><o>><%+(1><1)><%+(1><2)><o+

(2><0)><%+(2><1)><0+(2><2)><0

=1
>
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The marginal PF of X is as follows,

x ‘ 0 1 2

— P(X= x L .=
fx(2)=P(X=x) \ = = T

E(X) = D zfx(x)

—ox L 2, 1
=X HiX = +aX
ik,

T

E(X*) = D 2z fx(2)

0t L i1z L porye 1
0 X12+1 X18+2 X36
1
o
— 2y — 2=l— i 2=£
V(X)=EX)—[EX T =7 (9) 5
The marginal PF of Y is as follows,
y | 0 1 2
Fr(m=P(Y=4y) % % -115
EY) = D yfy(y
y
o S 1 1
—O><12+1>< 2+2X12
_ 2
5
E(Y?) = D v  fr(y)
i 2t qzse L Loz, 1
=0 Xlz-l—l 0 2+2 X12
_ 32
=

V) — 28 _(2\'_7
V(Y)=E(Y?)—[E() . (3) 5

The covariance is

oxy =Cov(X,Y)=E(XY)—E(X)E(Y)

The correlation coefficient is
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7
__ CoviX,Y) _ 54 AT
pxv= - ==
VV(XOV(Y) 49 . i
162 18
Example 4.5.2 Let X and Y be two random variables having the joint PDF

0,otherwise
Find the correlation coefficient between X and Y.

Solution:see Figure 4. 5.

(oo (oo
E(XY) = | J zyf (x,y)dzdy

o —00
"1

. ('[:xy X Zd.r)dy-i—()

I

€

1
(y X z2* |72 dy

= | ¥'dy

Jo
_y P

4 y=0
_ 1

i
B 4 y=x

1 7/
X

o 1

Figure 4,5

The marginal PDF of X is as follows,
(1) If x<<0 or x==1, fx(x)=0.
(2) If 0<£<1,

00
fx(x) = J_ f(x,y)dy

In summary,
2(1—2),0<x<1

0 ,otherwise

fx(x)={
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+oo
E(X) =f_ el = JxXZ(l—x)dx—%

+
E(X?*) ='[

—00

2’ fx(x)dx = J ? X 2(1—x)dx = %

— ZN Z=L— i 2=
VX =EX)—[EXOT =+ (3)

1
18

The marginal PDF of Y is as follows.
(1) If y<X0 or y=1, fy(y) =0,
(2) If 0<y<1,

oo
fr(y) =J_ f(x,y)dx
- J"za.z
= 2y.
In summary,

0 ,otherwise

fy(y>={

3

oo 1
EY) = f yfy(ydy = j ' Bl = &;—

y=1

= &
y=0 3.
=1

1
y=0 2 '

400
E(Y?) =J’ yzfy(y)dy=J.y XZydy—')é

V(Y)=E{Y*)—[EW)7] =L_(£)“‘=

2 3 18"

The covariance is

oxy =Cov(X,Y)=E(XY) —E(X)E(Y)

The correlation coefficient is

1
Cov(X,Y)

_Wff

Note: in Example 4. 5. 2, we compute E(XY) —Z using the joint PDF of (X,Y).

Here we propose another method to compute E(XY). We want to find the PDF of U=XY
and use this PDF to compute E(XY).
The joint PDF of (X,Y) is

,:__1_.
2.

0,otherwise

f(l'sy)=

Let

1: 33 ll;f
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U=nrn{X,Y)=XY
{V=rz (XY =Xy
r1»7, define a one-to-one differentiable transformation of S={(x,y) [0<<ax<<y<{1} onto a

subset T of R?, See Figure 4. 6. The inverse functions can be found as
X=5(U,V)=/UV
[Y=32(U,V)= JOIV
Therefore,U>0,V>0,0< /UV < +/U/V<1.and T={(u,v) | 0<u<v<l}.

y v

] / y=x / u=v

u
0 o I
(a) subset S (b) subset T

Figure 4. 6

o 9| | L 44 Lg,4

o ou Ov| g =Y 2 _ 1 U|—1
9 syl A g o Logoegl 20 2
Ju OJvu 2 2

Therefore, the joint PDF of (U,V) is
fFCs1s5)X T sCus)ET

(uyv)=
R [ 0 ,otherwise

{l,(u,'u)GT
— U .

0 ,otherwise
Find the PDF g, () of U=XY.
(1) If u<<0 or u=1,g,(u)=0.
(2) If 0<u<1,

oo
gl(u) =J g(u.'v)d'u

_ J' 14
u U

= [In v]::

=—|n u.

The PDF of U=XY is

_'ln u10<u<1

(u)= L
i ‘ 0 ,otherwise

Therefore,
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1
E(XY) = EWU) = J. uX (—lnwdu = %

Definition 4.5.3 X and Y are positive correlated if Cov(X,Y)>0. X and Y are
negative correlated if Cov(X,Y)<{0.X and Y are uncorrelated if Cov(X,Y)=0.

Remark 4.5.2 If X and Y are uncorrelated, it means that X and Y have no linear
relationship. It is possible that there exists other relationships between the two variables.

By Theorem 4. 1, 6,if X and Y are independent,then E(XY)=E(X)E(Y),Cov(X,Y)=0.
That is,independence implies uncorrelation. Equivalently,if Cov(X,Y)70 or pxy 70, then
X and Y are dependent. However, if X and Y are uncorrelated, they are either dependent
or independent. Uncorrelated variables are not necessarily independent!

Example 4. 5.3 Suppose X has the following PF

x | -1 0

1
1 1 1

and Y=X?. Show that X and Y are dependent but uncorrelated.
Solution: The PF g(y) of Y is

Y | 1 0
o |+
Since P(Y=1,X=D=P(X*=1,X=D=P(X=D=4,P(Y=1) =2, P(X=1) =
%,P(Y=1,x=1);ﬁp<¥=1) X PCX=1),X ani ¥ are dependent.
Ontheotherhand,E(X)=(—1)X%—FOX%—FIX%:O,E(XY):E(XB)=(—1)3X%-*—
0° X % +1° X+ =0,Cov(X,Y) =E(XY)—E(X)E(Y)=0. X and Y are uncorrelated.

Example 4.5.4 Suppose (X,Y) is uniformly distributed over the unit circle {(x,y) |
xz*+y*<1},show that X and Y are dependent but uncorrelated.
Solution: The joint PDF of (X,Y) is
1 2
L + <].
flaapy=]="" T

0 ,otherwise

The support set is shown in Figure 4, 7.

1 X<

-1

Figure 4.7
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+oo0 4o

E(XY) =J zyf (x,y)dzdy

1
ﬂ xy Kd.rdy
PLENERS|
2= 1 . 1
= J [J (rcos @) (rsin 8) ;rdr]dﬁ

2

— L1 [Tsinc2odo

—81to

= 0.

oo (oo
E(XD =J_ J xf (x,y)dxdy

—oo

— Y
= Z_U; T dxdy
" +y" <1
1 1—y"
L =z
o J—] (J— ]—_yz e dx)dy
= 0,

Similarly, E(Y) = 0, therefore, Cov(X,Y) =E(XY) —E(X)E(Y)=0,X and Y are
uncorrelated.

Determine the marginal PDF fx(x) of X:

(1) If 2<—1 or x>>1, fx(x2) =0,

(2) If —1<a<1,

oo V1—5* £ )
fx(r)=J’ f(r,y)dyz'[ L ldyzu—x.
—co —1—2* W T
In summary,
21 —="
e e = |
fx(.l‘)z = ESFASS
0 ,otherwise
Similarly,the PDF of Y is
D -
2_"13’, —1<y<1
fy(y)= s .
0 ,otherwise

Since f(x,y)F fx(x) fy(y),X and Y are dependent,

Example 4. 5.5 Suppose X and Y have the bivariate normal distribution (X,Y) ~
N (g sp22 403 105 p). Determine pxy.

Solution: The joint PDF of (X,Y) is of the form

f(.:r,y)= L

=expl — X
2no,0,(1—p* ) [ 2(1—p%)

(=) 2Fa) a5 1)

—colr,y<+oo,
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And the marginal PDF of Y is

1 (y—uy)?

e 2 4 —oo]ly<ltoo,
‘\/27'[0'2 e

fr(y)=
For any y, fy(y) >0,

fxlv(l"y) —fy(y)

- 1 s T 10,2 ‘
N/zu~/a%<1—,oz)e}(p{ Zrﬁ(l—pz)[x (’“+pdz(y ”))] }
(XIY=y)—[p1+p‘f‘~(y—pz>]
(o7} —
0']‘\/1'_‘02

That is X|Y=y"'N(,ul+p2—l(y—y2).a§(1—pz)).
2
N(0,1). We can compute

—ca

= oo
J (x—p) fxy(x | y)dz = [zn;(l—pz)+pz—l(y-—p2):|§o(z)dz
: —oo 2

— 71
i (y —p2).
Then we can apply it to obtain

(oo oo
Cov(X,Y) = - _[_ (2 — )y — p2) flx,y)dxdy

oo

400
- [J'_wu—,,l)fm(x | y)d:r](y—,ug)fy(y)dy

o —oa
(400

= P‘;—l(y—#z)zfy(y)dy
L 2

= p0'10'z.
Cov(X,Y) _Po 0z __
JVX) V(YY) e

The parameter p is exactly the correlation coefficient between X and Y. In previous

Therefore, pxy =

Chapter, we know the fact: suppose X and Y have the bivariate normal distribution (X,Y) ~
Ny, sp12 401 »05p). Then X and Y are independent if and only if p=0. So we obtain the

following property.
Proposition 4.5.2 Suppose X and Y have the bivariate normal distribution (X,Y)~

N(g, sp2 561 05 ,0). Then X and Y are independent if and only if they are uncorrelated.

& 4.6 Moment and Covariance Matrix €

Definition 4.6.1 Suppose X is a random variable with finite E(X*) (k= 1,2,+),
then E(X*) is the £-th moment about the origin of X. If E{[X—E(X)]*}(k=2,3,+)
exists, E[ X — E(X) ]* is called the k-th central moment of X. If E{[ X—E(X)J*[Y —
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E(Y) )} (kyl=1,2,+) exists, E{[X—E(X)]*[LY—E(Y)]'} is called the mixed central
moment of order £k +/ of X and Y.

The mean E(X) is the first moment about the origin of X. The variance V(X) is the
second central moment of X. The covariance Cov (X,Y)is the second bivariate mixed
central moment of X and Y.

Example 4. 6.1 Suppose Z~N(0,1),find E(Z").

2

z

Solution: The PDF of Z is ¢(2) ZLe_T y —ooz<{+oo,

2n

. 1 |
Ifnlsodd,E(Z")=I 2" — e zdz = 0.
- M2

If n is even,

E(Z") = J T Ll e e
Fb 2w

50 zz 2
= .L z"e_T dz (let t = %)

= ()
= B i xng o x X1 g)

Specially, E(Z*)=3.

Definition 4. 6. 2 Suppose the second central moments of ( X, , X;) exist, they are

denoted as
cn=E[X,—EX))]*=V(X,)),
c: =E{[X,—E(X)][X,—E(X;)]}=Cov(X,,X:),
cn =E{[X,—E(X;)][X,—E(X,)]}=Cov(X;,X,),
c =E{[X;—E(X;)]*}=V(X,).
Then

is defined as the covariance matrix of (X,,X,).
Similarly, the covariance matrix of (X,,X;,**,X,) is defined as

Ci1 Ciz ***  Cia

where C,'}':COV(X;9XJ‘)(1‘!].= 1,2, ++,n). Since Cij :ijyi;ﬁj(iyj =1,2,+,n), the
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covariance matrix i1s symmetric.
Using covariance matrix,we can rewrite the PDF of bivariate normal distribution. Let
(X, X2)~NC(u sz 40} »05 ,p) ythen the covariance matrix of (X,,X,) is
- V(X)) Cov(X,,X2)7] o pooy
—[Cov(Xz,Xl) V(X,) ]_I:palo'z o ]
Note that if |C|#0, the inverse of C exists, (X,Y) is said to be non-degenerate. If

|C|=0,(X,Y) is degenerate and has no density function. For non-degenerate case, the
PDF of (X,,X;) is

f(.I1 9.1'2):

L exp{ ) [(x‘ —m)'
2no10,4/1—p° 2(1—p*) PH
2pCx—p )(y_pz)_'_(y—#z)? ] }

0102 0'%

1 )
= . —exp| — = (X—p)TC 1 (X— )},
eozdc)r { 2 a a

where X= [il ] U= [zl ] , |C| and C™! are the determinant and inverse of C respectively,
2 2

(X—p)" is the transpose of (X—pu).

The above result can be easily extended to n-dimensional normal random vector

(X} 9X2 9"'9X,,)9the PDF iS

f(l'] LIV 40 0 Tl .1',,)

1
— - —exp! — =~ (X—u)TC ' (X— )},
2oz (|Cc))z { 2 # #

I 231

L2 2 - : ’ g
where X=| _ |,u=|". [, |C| and C™' are the determinant and inverse of the covariance

L Zn ] L Hn

matrix C respectively, (X—p)" is the transpose of (X—p).

n-dimensional normal random vector (X, ,X,,**,X,) has the following properties:

(1) Given an n-dimensional normal random vector (X, ,***,X,) ,all of its components
X,(i=1,++,n) are normal random variables; Conversely,if X;(i=1,+,n) is normal
random variables and independent, then(X,, -, X,) is an n-dimensional normal random
vector.

(2) (X,,*,X,) follows n-dimensional normal random vector if and only if any of its
linear combinations a; X; + *** + a,X, follows normal distribution (a,, ***, a, are not all
zeros).

(3) If (X,,++,X,) follows n-dimensional normal random vector,Y,,Y,,*-,Y, are
linear functions of X, (i =1, -, n) (coefficients are not all zeros), then(Y,,Y,,,Y,)
follows m-dimensional normal distribution.

Note: this property (3) shows the invariance of normal distributions under linear
transformations. The m-dimensional normal distribution above is possibly degenerate and

has no density function,
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Example 4,6.2 Suppose X~N(0,1),Y,=X,Y,=X,consider (Y,,Y;)=(X,X),the
covariance matrix is
B VY Cov(Y,,Y)] [1 1
_[covm Yoy VYR ]_L 1]'
Clearly, |C| =0,(Y,,Y,;) = (X, X) is a degenerate normal random variable and has no
density function.
How to obtain a non-degenerate normal distribution after linear transformation? We
have the following result.
If X=X, , X,) follows n-dimensional non-degenerate normal distribution
N, (p,C) ymatrix A,,«, is full row rank r(A) =m,then Y=AX follows m-dimensional non-
degenerate normal distribution.
Y~N, (Ap,ACA")
(4) Suppose (X,,+*, X,) follows n-dimensional normal distribution, then X, ,*+, X,

are independent if and only if they are uncorrelated.

Example 4,6, 3 Suppose (X,Y)NN(I.O,Q,IB,—%),Z=§+%,are X and Z
independent?
SOlutiO": XNN(].QQ) 9Y~N(0’16)9P}n’=—%".
cov(X,Z)=cov(X,§+§)

%V(X)-F%Cov(X,Y)

=3+%X(—%)X«/§Xq/16
=l

1 0
That is, X, Z are uncorrelated. On the other hand, [)Z(] = l: 1 1} [}Y{] , matrix A=

3 2

non-degenerate normal distribution.

1 0
{ 1 1 } is full row rank, |A|50,r(A)=2,therefore, (X,Z) follows two dimensional

X and Z are uncorrelated if and only if X and Z are independent,so X and Z are
independent,

Theorem 4. 6.1 If (X,Y)~N(g; »p; 0! ,0,p) s then

a, X+a,Y+b~N(a,pu +azp, +b,alc} +ajo; +2a,a;:p0:0;).

Example 4.6.4 If (X,,X,)~N(66.8,70,2%,2%,0.68),find P(X,>X,).

Solution: Since X, and X, have a bivariate normal distribution, it follows that the
distribution X, — X, will be the normal distribution.

E(X,—X,)=66.8—70=—3, 2.

145



0 % i 5 ¥ B S it Probability and Statistics

VX, —X,)=V(X,)+V(X,;)—2Cov(X,,X,)=2. 56.
So X] _XZNN(_S. 242, 56) ’
P(X1>X2)=P(X]—X2>O)
:P[XI_XZ_(_3-2)>O_(—3-2):|

V2.56 V2.56
=P(Z>2)
=1—(2)
=0. 0227.

& Exercise 4 €

4.1 Suppose a discrete random variable X has the PF given by

X I 3 5 7 8 9 10 12 16

1%x=x)hx% 0.10 0.16 0.25 0.20 0.03 0.13 0.05

Find (1) E(X);(2)V(X);(E(X*—4X).
4.2 Let X be a continuous random variable with the following PDF
r H»0<zxxl
flx)=12—x,1<x<<2 .
0 ,otherwise
Determine (1) E(X);(2)V(X).
4.3 The PDF of X is f(x)= {aﬂmz OSTSL 4 b x)—3/5, find @ and b
0 ,otherwise
4.4 Let X be a continuous random variable with the following PDF
flay= {e_x’x>0 .
0 ,otherwise
Let Y=X-+e **. Determine (1) E(Y);(2)V(Y).

4.5 Let X and Y be two random variables having the following joint PF,

Y=1 Y=2 Y=3

__ 1 3
inl g 15 15
- 2 S 4.
A= 15 15 15

Determine (DE(X),V(X);(2)E(Y),V(Y); (I EXY),V(XY).

4,6 Suppose that X and Y have a continuous joint distribution for which the joint
PDF is as follows:

129% , 0 y<l

0 ,otherwise

flx,y)=

Find E(XY) and V(XY).

4,7 Suppose that X and Y have a continuous joint distribution for which the joint
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PDF is as follows:
3x,0<x<1,0<y<zx
0 ,otherwise '
Determine (1) E(X),V(X);(2)E(Y),V(Y).
4.8 Suppose that a point is chosen at random on a stick of unit length and that the stick is

flx,y)=

broken into two pieces at that point. Find the expected value of the length of the longer piece.

4.9 Suppose that the random variables X,, -+, X, form a random sample of size n
from the uniform distribution on the interval [0,1]. Let Y,=min{X,,**,X,},and let Y,
=max{X,,**,X,}. Find EC(Y,) and E(Y,).

4,10 Suppose that X,,+, X, form a random sample of size n from a continuous
distribution with the following PDF .

_(2x,0<z<1
) _{ 0 ,otherwise
Let Y,=max{X,,,X,}. Evaluate E(Y,).

4.11 Suppose that X and Y are IID and X ~B(1,0. 4). Find E(max{X,Y})
and E(min{X,Y}).

4.12 A person has n keys and one lock. After every failed attempt to unlock, the
person may pick a new key and discard the old one. What is the expected number of
attempts needed to open the lock?

4.13 A fair die is rolled 20 times. Find the expected sum of the 20 rolls.

4,14 Suppose that two persons A and B each randomly,and independently,choose 3
of 10 objects. Find the expected number of objects (1) chosen by both A and B; (2) not
chosen by either A or B; (3)chosen by exactly one of A or B.

4.15 Six couples go to dinner together. The waiter seats the men randomly on one
side of the table and the women randomly on the other side of the table. Find the expected
value and variance of the number of couples who are seated across from each other.

4,16 A total of n balls,numbered 1 through n,are put into n urns,also numbered 1
through n in such a way that ball : is equally likely to go into any of the urns 1,2,++,:.
Find the expected number of empty urns.

4.17 Suppose that three random variables X, , X, , X; form a random sample from the
uniform distribution on [0,1]. Determine E[ (X, —2X,+X;)%].

4,18 Suppose that the random variable X has the uniform distribution on the
interval [0,1], that the random variable Y has the uniform distribution on the interval
[5,9],and that X and Y are independent. Suppose also that a rectangle is to be
constructed for which the lengths of two adjacent sides are X and Y. Determine the
expected value of the area of the rectangle.

4.19 Suppose that a fair coin is tossed repeatedly until a head is obtained for the first
time. (1) What is the expected number of tosses that will be required? (2) What is the

expected number of tails that will be obtained before the first head is obtained?
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4,20 Suppose that X and Y are independent random variables for which X ~ N
(0,4),Y~U(0,4). Find the values of V(2X+3Y) and V(2X—3Y).
4.21 Suppose X~B(n,p). E(X)=2.4,V(X)=1. 44. Find n and p.

4.22 Suppose X~U(a,b). E(X)=3,V(X)=%. Find P(1<X<3).

4,23 If X,,X,,X,,X, are (pairwise) uncorrelated random variables each having mean 0
and variance 1,compute the correlations of (1) X, +X, and X, +X;;(2)X, + X, and X;+X,.
4.24 Let X and Y have a continuous distribution with the joint PDF
r+y,05x<1 and 0<\y<1
flx,y)= ] .
0 ,otherwise
Compute the covariance Cov(X,Y).
4.25 The random variables X and Y have a joint PDF given by

Ze*Z.r

£y ,0<zr<—+o0 and 0 y<x
Tsyy)— "

0 ,otherwise
Compute the covariance Cov(X,Y).

4.26 Suppose that X and Y have a continuous joint distribution for which the joint
PDF is as follows:

s %(1+y) ,0<<z<1 and 0<\y<2
Tyy)— :

0 ,otherwise

Determine the value of V(2X—3Y+8).
4,27 Suppose that X and Y are random variables such that V(X)=9,V(Y)=4,and

px=—-. Determine V(X+Y) and V(X —3Y+4).

4.28 Suppose that an automobile dealer pays an amount X (in thousands of dollars)
for a used car and then sells it for an amount Y. Suppose that the random variables X and Y
have the following joint PDF;

L1,0<r<_y<6

flx,y)=]36
0 ,otherwise
Determine the dealer’s expected gain from the sale.

4.29 Four independent random variables X,, X, ,X; and X, each normal distributed
with a mean of 0 and a standard deviation of 4 are combined to form a new random variable
Y=X;i+X;+Xi+X3i.

(1) What is the expected value of Y?

(2) What is the variance of Y?

4.30 Let X and Y be random variables with E(X)=2,V(X)= 1,E(Y)=3,V(Y)=
4. What are the smallest and largest possible values of V(X+Y)?

4.31 Your company must make a sealed bid for a construction project. If you succeed in
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winning the contract (by having the lowest bid) , then you plan to pay another firm $ 100,000 to
do the work. If you believe that the maximum bid (in thousands of dollars) of the other
participating companies can be modeled as being the value of a random variable that is uniformly
distributed on (70,140) ,how much should you bid to maximize your expected profit?

4.32 Two independent random variables X and Y have the variances V(X)=12 and
V(Y)=18.Let W=—4X+2Y and Z=3X—6Y.

(1) Find the variances of W and Z.

(2) Find the correlation coefficient of W and Z.

4.33 Find the mean and variance of the distribution whose PDF is given as

1 _tztn?
e 128 .

()=
Ha V128w

4.34 Find the mean and variance of the distribution whose PDF is given as

1l 24,
f(I)z_e " +2x l‘
=

4.35 Let X be a 2X1 random vector and denote its components by X, and X,. The

4 1
voo-" 1]
1 2

Compute the variance of the random variable Y=3X,+4X,.

covariance matrix of X is

4.36 In n independent Bernoulli trials, each with probability of success p,let X be
the number of successes and Y be the number of failures. Calculate E(XY) and Cov(X,Y).
4.37 Use Chebyshev’s inequality to find an upper bound on the probability that the

number of tails that come up when a fair coin is tossed n times deviates from the mean by
more than 5+/n.
4.38 The joint PDF of (X,Y) is given by

Py = %(1—13y+1y3) y— 1<a<<ll, —1<y<1

0 ,otherwise
Show that X and Y are uncorrelated and dependent,
4.39 The joint PF of (X,Y) is given by

X=—2 X=—1 X

e
lle

Y=

o A>|p—n [

1
0 7y
1
1 0
Show that X and Y are uncorrelated and dependent.
4.40 Suppose A and B are two events. P(A)>0,P(B)>0,let

__{ 1 ,A occurs Y—{ 1 ,B occurs

Y=4

=

b ] -
—1,A does not occur —1,B does not occur

Show that if pxy =0,then X and Y are independent.

T@”
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€ 5.1 The Law of Large Numbers €»

L ot 1
Suppose a fair coin is tossed. P(Heads) =75 on each toss. We also assume that tosses

of the coin are independent,so that whether we obtain head or tail on any one toss is not
influenced by the results on other tosses.

Let X;=1 or 0(;=1,2,+**) according as the i-th toss results in head or tail,respectively. Let
S,=X,+ X, ++++X, be the number of heads seen in the first n tosses. And let X, =% be the
proportion of heads in the first n tosses. From Figure 5. 1,we can see that for large enough n,X,
converges to l The probability of a certain outcome is as the frequency with which that

2

outcome occurs in the long run,when the experiment is repeated a large number of times.

8 -

=

a

=

=)

vy

S

Wy

(’: =

S

g .

< T T T T T

D 2000 4000 6000 8000 10000
Index
Figure 5.1

Theorem 5.1.1 (Chebyshev’s Inequality) et X be a random variable for which V(X)

exists,then for every number >0,

PUX—EX)| >t)€‘¥.

Proof:We only prove the continuous case and leave the discontinuous case as an
exercise. Suppose the PDF of X is f(x),then

P(|X—pul|=ZD =f _f(2)dz
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Chapter 5 Large Random Samples c

Theorem 5.1.2 Let X,,++, X, be a random sample from a distribution with mean g

and variance ¢’°. Let X be the sample mean. Then for any e>0,
lim P( | X —pl<e)=1.

Proof :Since
aZ

s
n

EX)=p, V(X)=
by Chebyshev’s inequality,for any e=>0,we have
= 2
P(IX—pl=a<Z;,
ne

or

P(Ii—y|<e),>—1—i2.
ne

Therefore,
lim P( | X —pl<e)=1.

The above result is referred as the law of large numbers. As the sample size n
increases,the sample mean converges to the population mean.

Example 5.1.1 Suppose that a random sample is to be taken from a distribution for
which the value of the mean g is not known, but the standard deviation 6<<2 units. We shall
determine how large the sample size such that

P X—p|<1)20.99.

Solution: From Chebyshev’s inequality,

P(IX—pl=ZD<

2|9

ok
n

it follows that » must be chosen so that %QO. 01,7=400.

Example 5.1.2 Suppose we want to calculate the definite integral
b
J’ g(x)dx.

Let X,,X;,* be independent random variables uniformly distributed on the interval [a,b]
and write f(x) for their common density. Then, by the law of large numbers, for n large

we have that

g(X,) +g(X,) + -+ g(X,)

n

b 1 b
—>E|:g(X1):| = -[ g(x)f(.r)dx — b—_—ajag(x)dx.

g(X1)+g(Xz)+"‘+g(X,,)

n

y»which leads to a proce-

Therefore, J-bg(r)da: ~ (b—a) X

dure for estimating the integral as follows: simulate uniform random variables X, , X;,***,
X, on the interval [a,b]; compute g(X,),g(X;),++,g(X,); average this values and
multiply by 5—a to estimate the integral.

This method is called Monte Carlo simulation, using the law of large numbers as its

T e

9 “:.'II-
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theoretical basis. This approach has been widely applied in practice.
Theorem 5.1.3 Let n5 be the number of the event A in n Bernoulli trials,and p(0<C

»<<1) be the probability of the event A on any one Bernoulli trial,then for any e>0,

PT'OOf:FOI' l'=].921'"91et X,‘NB(lgp)ythen E(X.)=p9V(X,)=p(1_P). Since

n
n

A—pl<e) = 1.

na= ZX,- ~B(n,p) by the law of large numbers, for any e> 0,

i=1

lim P(

et

"_A_p,<s) ='mp(’%gxi—p’<e) = 1.

n
. n e
It shows that the relative frequency 7“‘ of successes converges to the probability p of

successes with probability 1.

& 5.2 The Central Limit Theorem €»

If we sample from normal distribution N (g, d”), then the sample mean X follows

exactly the normal distribution with mean p and standard deviation o/+/n regardless of the
sample size n. How about the population is not normal?
Let’s check whether this fact holds by testing it in a case where our population is not

normally distributed. Let’s take our samples from a population whose values are

. . . 1 .
distributed exponentially with the rate parameter A = m(the mean of an exponential

distribution is 100). Now let us plot the sampling distribution of the sample mean. We take
1000 samples of size n=1,5,10 and 30 each from this exponentially distributed population.
As shown in Figure 5. 2, it turns out that the sampling distribution of the sample mean

will be normal,as long as the sample size n is large enough.

SampDist. Xbar, n=1 SampDist. Xbar, n= 35
o0
=1 y
o
oo
2 =5
= L=]
£ 3 z
5 £
24 <
o' —
=)
g1 S
= T T T S 1 T T T T T T
0 200 400 600 0 50 100 150 200 250 300
xbar xbar
(a) (b)

154



Chapter S Large Random Samples C

SampDist. Xbar, n= 10 SampDist. Xbar, =30
2
S
o
..1
o0
z S z
7] (=1 @
= . =
& 2 8
g 1
g— T T T T = ‘. T T T T 1
50 100 150 200 60 80 100 120 140 160
xbar xbar
(¢) (d)
Figure 5. 2

Theorem 5.2.1 (Central Limit Theorem) If the random variables X, ,++, X, form a
random sample of size n from a given distribution with mean x and variance ¢* (0<l¢* <<

+o02),then for each fixed number «,

lim P| Xe "2 < 2| = ®(a).
-fes 2_
Jn
If a large random sample (usually n=30) is taken from any distribution, then the
distribution of the random variable X"a—'u will be approximately the standard normal
n

distribution. Or,equivalently, the distribution of the sum ZX, will be approximately the

i=1

normal distribution regardless of the shape of the population distribution.

To summarize; the sample mean X~N(u,d*/n) or X"U_#"*N(O,l).

0

Similarly,the central limit theorem states that the sum X, + X, + - + X, follows

" 2 X —mp
approximately the normal distribution, ZX,- ~ N(ng ,n6®) or ———— < N(0,1).

=1 «/n_a
Example 5. 2. 1  Suppose that a random sample of size n =12 is taken from the

uniform distribution on the interval [0,1]. We shall approximate the value of

P(‘f—% <o.1).

Solution:X;NU[O,I:I,,u:E(X,-)Z%,az =V(X) =$. By the central limit theorem,

we have
X~N(7137):

155



’) X it 58 ™ %1t Probability and Statistics

Thus,P( ‘Y—%léo. 1)=P(12‘?—%

<. z)m P(|Z|<1.2)=0.7698.

Example 5.2.2 A large freight elevator can transport a maximum of 9800 pounds.
Suppose a load of cargo containing 49 boxes must be transported via the elevator.
Experience has shown that the weight of boxes of this type of cargo follows a distribution
with mean x=205 pounds and standard deviation =15 pounds. Based on this information,
what is the probability that all 49 boxes can be safely loaded onto the freight elevator and
transported?

Solution: Let X; denote the weight of the :-th box, i=1,2,+-,49. We want to

estimate P( ZX 9800) ywhere p=E(X,)=205 pounds,o= /V(X,) =15 pounds,and
n=49,

We can therefore apply the central limit theorem to estimate

49
< 2%~ 9800 — 49 X 205
P E:X,-ggsoo = p| = < !
(.»=1 ) [ Jno V49 X 15 ]

~ P(Z<—2.33)
= 1—®(2. 33)
= 0. 0099,

Example 5.2.3 One thousand measurements are recorded to several decimal places.

Each of these numbers is rounded off to the nearest integer. The sum of the original
numbers is approximated by the sum of those integers. Assume that the errors made in
rounding off are independent identically distributed random variables with a uniform
distribution over the interval (—0. 5,0.5). Compute approximately the probability that the
sum of the integers is within ten units of the true sum.

Solution:Let X,,X,,**y X000 denote the measurements,and Y;,Y;,***» Y1000 be the
corresponding nearest integers after rounding off. Then U, =X, —Y, for :=1,2,--,1000,

where U, ,U, ,***,U 000 are independent identically distributed uniform random variables on

the interval (—0.5,0.5). We then have that E(U,)=p=0,V(U,) =d¢" = for all 7, By
1000
the central limit theorem, Z U, N(O, 1(1)(2)0) Thus,
i=1 s
Lo plz10—0 ZU_O 10 —0
P( DIUARS

= ﬂ/ﬁfﬁf' q/’166“ \/Tﬁﬁ"
12 12 12
~P(—LI<Z<1D
=20(1.1) —1
= 0. 7286.

The usefulness of Theorem 5. 2. 1 is that for large enough n, the distribution of the

e
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sample mean X or sum ZX,- approaches normality regardless of the shape of the

i=1
distribution of the individual X;. It holds for any distribution with mean gz and variance ¢*
(0<¢*<+o0), We apply Theorem 5. 2. 1 to Bernoulli trials X;~B(1,p),i=1,2,+*,n and
obtain the following particular result.

Theorem 5. 2. 2 (De Moivre-Laplace Theorem) Consider n independent Bernoulli
trials,each having probability 0<p<{1 of success,let S, denote the number of successes,

then for any real number x,

Se —np
lim P| =22 < 7 == @),
oy [ np(L—p) ] *

The De Moivre-Laplace theorem, which is a special case of the central limit theorem,
states that the normal distribution may be used as an approximation to the binomial
distribution under certain conditions. See Figure 5. 3. According to the De Moivre-Laplace
theorem, as n grows larger, the shape of the discrete distribution converges to the

continuous 'symmetric curve of the normal distribution.

=4, p=05 =8, p=0.5
L ® [}
g— |
o ] ®
- 8
e o
o » [
B B
S
21 o
S
S e 9 & e T T e
= =0 =R T T T T
0 1 2 3 4 0 2 4 6 8
k k
=16, p=0.5 =32, p=0.5
&
e . - [}
< » o | ole
2 ] I e G
& .
2 & 273
& o g, _
3
§_ I I i
8_...?T T?... S—MYI IT?W
< T T T T © T T T T T T T
0 5 10 15 0 85.-10; 15, 20 -25 .30
k k
Figure 5. 3

Since the binomial distribution is discrete and the normal distribution is continuous,

correction for continuity is needed when doing the approximation. For two integers &, <k, ,

187
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we use the following correction criterion
Pk < X<k;)=~ P(k,—0.5<X<k,+0.5).
Example 5. 2. 4 Suppose that a coin is tossed 20 times and that all tosses are

independent. What is the probability of obtaining exactly 10 heads?

Solution: Let X denote the number of heads obtained. XNB(ZO,%) .

P(X = 10) = C¥ X (%)1 X (1—%)2(’40 — 0. 1762.

On the other hand, E(X)=np=10,V(X)=np(1—p)=5,X can be approximated by
N(10,5).
P(X=10)=P(9.5<X<{10.5)
9.5—10 __X—10 _10.5—10
—P( N < )
~ P(—0,2236<<Z<0.2236)
=0.177.

Example 5.2.5 The Braves play 100 independent baseball games,each of which they

have probability 0. 8 of winning. What’s the probability that they win at least 90 games?
Solution: Let X denote the number of games they win, X~B(100,0. 8),we want to

100

find P(X=090) = EC‘ioo X 0.8 X 0.2, It's going to get tedious to compute the

=90

binomial coefficients and sum up the terms. By the De Moivre-Laplace theorem, we can use
normal distribution to approximate the binomial distribution,
E(X)=np=80,V(X)=np(1l—p)=16,X can be approximated by N(80,16).
P(X=90)=P(X>>89. 5) (continuity correction)
X—80>89. 5—80)

—p

V16 V16
ref L8, 3T5)
=0. 0088.

€ Exercise 5 @

5.1 A device has ten parts. The lengths of the parts are IID The mean of each part is
2 mm and the standard deviation is 0. 05 mm. The device is non-defective if the total length
is 20£+0. 1 mm. Find the probability that the device is non-defective.

5.2 Suppose the lifetime in hours of a certain type of electronic units follows exponential
distribution with A=0. 1. Let T be the total lifetime of 30 electronic units of this type.
Determine P(T=350).

5.3 Suppose that 75 percent of the people in a certain metropolitan area live in the

city and 25 percent of the people live in the suburbs. If 1200 people attending a certain
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concert represent a random sample from the metropolitan area,what is the probability that
the number of people from the suburbs attending the concert will be fewer than 2707

5.4 Suppose that the distribution of the number of defects on any given bolt of cloth
is the Poisson distribution with mean 5, and the number of defects on each bolt is counted
for a random sample of 125 bolts. Determine the probability that the average number of
defects per bolt in the sample will be less than 5. 5.

5.5 Let X be the length of a pregnancy in days. Suppose that it has approximately a
normal distribution with a mean of 266 days and a standard deviation of 16 days.

(1) What is the probability that a randomly selected pregnancy lasts more than 274
days?

(2) Suppose that we have a random sample of n =25 pregnant women. What is the
probability that the sample mean pregnancy length is more than 274 days?

5.6 Suppose that a random sample of size n is to be taken from a distribution for
which the mean is p and the standard deviation is 3. Use the central limit theorem to
determine approximately the smallest value of n for which the following relation will be
satisfied:

P X—pul<<0.3)=0. 95.

5.7 Suppose that the proportion of defective items in a large manufactured lot is
0. 1. What is the smallest random sample of items that must be taken from the lot in order
for the probability to be at least 0. 99 that the proportion of defective items in the sample
will be less than 0. 137

5.8 A local bakery randomly sells three types of cupcakes. Accordingly,the cupcake’s price

in dollars is a random variable with the following PF.

X ‘ 1 1.2 1.5

P 0.3 0.2 0.5

On a given day,the bakery sold 300 cupcakes.

(1) Find the probability that its earning is at least 400 dollars.

(2) Find the probability that the bakery sold at least 60 cupcakes at the price of 1. 2
dollars.

5.9 A physicist makes 25 independent measurements of the specific gravity of a
certain body. He knows that the limitations of his equipment are such that the standard
deviation of each measurement is ¢ units.

(1) By using the Chebyshev’s inequality,find a lower bound for the probability that
the average of his measurements will differ from the actual specific gravity of the body by
less than ¢/4 units.

(2) By using the central limit theorem,find an approximate value for the probability in
part (1).

5.10 Let X,, -, X3 be independent random variables each having a discrete
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distribution with PF

—%sx =0or 2
@ =11
| 0 y,otherwise

Use the central limit theorem and the correction for continuity to approximate the
probability that X, +,+,+ X;, is at most 33,

5.11 Suppose that a pair of balanced dice are rolled 120 times,and let X denote the
number of rolls on which the sum of the two numbers is 7. Use the central limit theorem to
determine a value of k£ such that P(| X—20|<Ck) is approximately 0. 95.

5.12 Let X be normally distributed with standard deviation a. Determine P(|X— x| =20).
Compare with the Chebyshev’s inequality.

5.13 Let X be a random variable with E(X) =0 and V(X) =1, What integer value &
will assure that P(| X|>=£)<C0. 017

5.14 A certain drug is to be rated either effective or ineffective. Suppose lab results
indicate that 75% of the time the drug increases the lifespan of a patient by 5 years
(effective) and 25% of the time the drug causes a complication which decreases the
lifespan of a patient by 1 year(ineffective). As part of a study you administer the drug to
10000 patients. What is the probability that the lifespans of those in the study will be

increased by an average of 3. 55 years or more?
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Probability theory has been introduced in previous chapters, From now on, we focus
on statistics. Statistics is based on probability and plays a vital role in almost every field
like industry,commerce, economics, biology and education etc,

In probability,the cumulative distribution function of a random variable and the values
of its parameters are usually given. It is not always true in practice. Maybe the cumulative
distribution function is unknown, or the cumulative distribution function is given with
unknown parameters. The cumulative distribution function and its parameters should be
inferred based on some observations, Statistics is the science that deals with the collection,
classification,analysis,and interpretation of data,and that,by use of mathematical theories
of probability, makes decisions.

Some basic concepts in statistics and parameter estimation will be covered in this

chapter.

€ 6.1 Population and Sample €»

A population consists of all subjects that are being studied. For example, we want to
know the mean lifetime g of air conditioners in a factory. The population includes the
lifetimes of all air conditioners produced by this factory. Typically it is impossible or
unfeasible to survey/measure the entire population due to time and cost.

Instead, we could take a subset of this population called a sample X, ,X,,**,X,, and
use this sample of size n to draw inferences about the population X under study, given
some conditions. Thus we could measure the mean lifetime X of air conditioners in a
sample of the population which we call a statistic and use this to draw inferences about the
parameter of interest in the population. A measurable characteristic of a population,such as
a mean p or standard deviation o,is called a parameter; but a measurable characteristic of a
sample is called a statistic.

Each X, is drawn from the population X and (X,, X,, **, X,) is a n-dimensional
random vector. The specific values of a sample are called observations,denoted by (x, ,x; ,
ey,

The main purpose of a sample is to estimate or infer some measurements of a
population as accurate as possible. There will be some uncertainty and inaccuracy involved
in making conclusions about the population based upon a sample. We have fewer members
in our sample than our population, therefore we have lost some information.

There are many ways to .select a sample and the study of this is called sampling
theory. A commonly used method is called simple random sampling (SRS). In SRS each
member of the population has an equal probability of being included in the sample, hence

the individuals in the sample are independent and representative.
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In this textbook, we consider simple random sample. If the population X follows a
CDF F(x) ,then the joint CDF of the sample (X,,X,,*+,X,) is given by

F(I] s Iz 9""° ’.I,,) — HF(.Z‘,).
i=1
If X is discrete with PF p(x),then the joint PF of the sample (X,, X,,*, X,) is
given by
P(X] - X ’Xz = .I'zs'"yX,, - .I,,) 5= Hp(l‘,).
i=1
If X is continuous with PDF f(a),then the joint PDF of the sample (X,,X;,*,X,)
is given by
f(l?] s XLy s"'sl',,) = Hf(l',‘).
Froe]

Example 6.1.1 Suppose (X,,X;,*,X,) is a sample drawn from X~N(u,d*),
determine its joint PDF,
Solution: The PDF of X is

1 _ =
flx)= e 2 5 —oog<+oo,
V2no

Thus, the joint PDF of (X,,X;,*.X,) is
‘i!:(»r'-*y)z

2
1 _(.r,-*p) =1
e 7 = (2ne®) ze 25% ’

f(.I'] s Lz 9" ’.T,,) = ]j

i=1 /270
for —colg,<<H+o0,i=1,2,,n.

Statistical inference is based on sample, but its observations are irregular and
impractical to be used to solve the problem under study. It is necessary to summarize the
observations and extract and purify the information. Some appropriate functions of sample
should be proposed to meet the needs of the problems.

Definition 6. 1.1 Suppose (X, ,X;,**,X,) is a sample drawn from X,a function of
sample g (X, ,X;,°*,X,) is called statistic if it does not contain any unknown parameters.

Note:the statistic g(X;, X;,+*, X,) is a random variable. g (x,,x3, ***» x,) is its
specific observation.

Example 6.1.2 Suppose (X;,X;,**,X,) is a sample drawn from X~N(u,d*) ,where p is

(X, +X,) (X, +X,+--+X,)
— T and - —p are

known but ¢ is unknown,then min{X,,X;,**, X, },

(X, +X,)?
2

statistics, 1s not a statistic.

Definition 6. 1. 2  Suppose (X;, X;, ***y X, ) is a sample drawn from X, several

common useful statistics are defined as follows.

* Sample mean: X = %ZX,
i=1
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Sample variance: §? = anIZ(X,- —X)? = ;i—l(ZXf —nY"’).

Sample standard deviation: S = L Z(X,- —X)?.

n— 14

n
i=

Sample j-th raw moment: A; = %EX{ vj = 1,24,
=1

Sample j-th central moment: B; = %E(X,- —X) ,j=1,2,.

i=1
The above statistics are numeric characteristics of sample. The corresponding parts for
population are as follows.

* Population mean: E(X) =y,
* Population variance: V(X)=E{[X—E(X) ]?} =4".

 Population standard deviation:o= vV (X).
« Population j-th raw moment E(X’),j=1,2,-.
* Population j-th central moment E{[X—E(X)} },j=1,2,¢".

Definition 6, 1.3 Suppose (X;,X;,*+,X,) is a sample drawn from X, (x,,x,,°,
x,)is a specific observations, reorder them so that z(, <z << **< 1, let rq be the
observation of X, ,then X, is called the £-th ordered statistic. The first order statistic(or
smallest order statistic) is the minimum of the sample,that is, X, =min{ X, , X, ., X, }.
The n-th order statistic (or largest order statistic) is the maximum, that is, X, =max{ X, ,
X, =+, X, }. The statistical range is defined as X, — X,.

Definition 6, 1.4 Suppose (X,,X,,+,X,) is a sample drawn from X, (x,,x,, ",

x,) is a specific observations, reorder them so that x, <z, <+ <z, » the empirical

distribution function is defined as

0y << I

F,(x) = %Zn;lxig, = 5,1(“ W R - T
1,2 2 zw

where Ix <, is the indicator function.

Note:the empirical distribution function F, (x) describes the frequency of the event
{ X<z} and the cumulative distribution function F(x) =P (X< x),according to the law of
large numbers,as n is large enough,F, (x) converges to F(x).

Example 6.1.3 Suppose —0. 02, —0. 38, —0. 23,2. 15,1. 57,—1. 73,0. 28,0. 73,
—0.14,— 1. 20 is a set of observations, the empirical distribution function F, (z) is

sketched in Figure 6. 1.
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Empirical distribution function with =10

1.0

0.8

F (x)
0.6

n

0.4

g —— Empirical distribution function
=i (ODE

0.0

X

Figure 6. 1

€ 6.2 Moment Estimation €»

In practice, the distribution function F(x,8) of population X is usually known with
one or more parameters § which need to be estimated from a sample (X,,X;,, X,). (x1,
Iz ,x,) is a set of specific observations, We want to construct an appropriate statistic
(X,,X:,,X,) and use its observation 8(x; sz ,***»x,) to estimate the value of 6. (X, ,
X,,+, X)) is called an estimator and 6 (x;s x5, **=» x,) is called an estimate. We will
introduce some methods to find the estimator.

Definition 6. 2.1 Assume that X,,*, X, form a random sample from a distribution
X with a k-dimensional parameter 4, We consider the following moments,

(1) Sample moments: m; = %ZX{

i=1

(2) Population moments:y,; () =E(X’)=E(X)).
For j=1,2,,k. Set up the k equations m; =; (§) and solve for . The solution § is the
moment estimator of 6.

This method of deriving estimators is called the method of moments. An important

statistical principle, the substitution principle, is used in this method. The method of
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moments is the oldest method of deriving point estimators,although they may not be the
best estimators. Iﬂ some cases, a moment estimator does not exist.
Example 6.2.1 Let X,,+*,X, form a random sample from a distribution X with the

parameter 0= (u,0°) ;where = E(X) and ¢ =V (X). Find the moment estimator of 6.
Solution: Since E(X) =y and E(X*)=V(X)+[E(X)]*=d*+,*,
let

M =%‘§X.

o +pt= lix?
i=1

n

We obtain the moment estimator
A — _1_ g Y 2
0 (X,n ;:]:(X, X) )

Example 6. 2. 2 We consider a sample of size n from the gamma distribution with

unknown parameters a and S.

Flo)= {f,%ix" te & 9.1‘>O.
0 » <0
Find the moment estimators of @ and f3.
Solution
ala+1)

=E(X)="4 1, =E(X*)=222-",
‘ H ﬁ M2 BZ
The method of moments says to replace the right-hand sides of these equations by the
sample moments and then solve for a and §.

Let py =m, sy, =m; , then

Example 6.2.3 Let X,,**,X, form a random sample from the uniform distribution

X~U(a,b) ,where a<<b are unknown parameters. Find the moment estimators of a and b.

Y2 2
Solution: Since ,u1=E(X)=a_2'—b,p?_=E(X2)=(b 1za) _*_(a;-b) ylet

a+b _ 1N
2 _nzxi

(b—a) | (at+b\2_ 1<,
12 +( 2 )*7§X?

Solve these equations and obtain the moment estimators
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€ 6.3 Maximum Likelihood Estimation €»

Suppose we have a random sample X;,+--, X, whose assumed probability distribution
X depends on some unknown parameter 6. Our goal here will be to find a point estimator
4(X,,++X,)»such that 8(x, ,**-,z,) is a good point estimate of #,where z; ,+** .z, are the
observed values of the random samples.

The basic idea behind the method of maximum likelihood estimation is as follows:
maximum likelihood estimation chooses the estimate of § as the value for the parameter
that makes the observed data most probable.

Definition 6.3.1 When the joint PDF or the joint PF

fulx; @) = flx; ) X X flx,; O
of the observations in a random sample is regarded as a function of @ for given values of
Iy 42, it is called the likelihood function and denoted by
L@sx)=f(x;3 @) XX flx,;0).

Note; the expressions for the likelihood function and the joint PDF or the joint
PF are identical. For the likelihood function, the parameter @ is a variable and the
observations are fixed. For the joint PDF or the joint PF, the parameter @ is fixed and
xy s ,x, are variables.

Definition 6.3.2 For each possible observed vector x=(x,,***,x,),let

0(x)=arg maxL (0; x).
a

Denote a value of € 2 for which the likelihood function is a maximum,and let §(X) be the
estimator of @ defined in this way. The estimator § is called a maximum likelihood
estimator of 6. After X = x is observed, the value 6 (x) is called a maximum likelihood
estimate of . The set 2 of all possible values of a parameter/parameters is called a
parameter space.

Note: rather than maximizing L(f;x) which can be quite tedious, we often use the fact

that the logarithm is an increasing function so it will be equivalent to maximize the log-

likelihood:

KO = > Inf(a:;0).
i=1

Example 6. 3.1 Choose a sample of size 3 from the exponential distribution with
parameter A > 0, the observed data is (x;,x;,23) = (3,1. 5,2. 1). Find the maximum
likelihood estimate of A.

Solution .
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x~fo=[t¢ 0
0 ,x<0
The likelihood function is

L) =f(x)) f(x;) f(xy) =A% M ntmtsn) =237 66,
Since the logarithm is an increasing function, the value of @ that maximizes the likelihood
function L(A) will be the same as the value of A that maximizes

[(A)=In L(A)=3 In A—6. 6A.

The log-likelihood function 1(1) is sketched in Figure 6. 2. Taking the derivative, setting

the derivative to 0,and solving for A yields

Figure 6. 2

2
D) _ 3 _ 4 g, SR (i\(f) =—f’2—<o,

The maximum likelihood estimate is then 0. 455.

di(d) 3
6. 6

Example 6.3.2 Suppose that X is a discrete random variable with the following PF:
where 0<{f<(1 is a parameter.

X 0 1 2 3
P 26 0 2(1—6) (1—6)
3 3 3 3

The following 10 independent observations were taken from such a distribution:(3,0,2,1,
3,2,1,0,2,1). What is the maximum likelihood estimate of §?
Solution; The likelihood function is

L) = fIP(X,- — gy = (2—9)2(1)3[2(1_0)]3(1_3)2.

3 3 3 3
The likelihood function L (8)is not easy to maximize. Let us consider the log-likelihood

function

1(8)=In L(8)=5In2—10In3+51nf+5In(1—0).
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The log-likelihood function £ (#) is sketched in Figure 6. 3. Taking the derivative,

setting the derivative to 0,and solving for @ yields

=
o
?l_.
=
S o
<
wy
'r‘..
(]
'?’_
00 02 04 06 08 10
]
Figure 6. 3
O _5_ 5 d&@__5_ 5 _,
dé 8 1—6° dé* & (1—0)* ’
di(® _1
d@ 07 9'_ 2.

The maximum likelihood estimate is then l

2

Note: the method of moment estimatie is - (try it!), which is different from

12
maximum likelihood estimation,

Example 6.3.3 Suppose that the random variables X, ,**, X, form a random sample
from the Bernoulli distribution with parameter @, which is unknown(0<<§<C1). Find the
maximum likelihood estimator of 4.

Solution: For all observed values z,, ***, z,, where each z; is either 0 or 1, the

likelihood function is

n
X

L "zf.‘ = i
L@ =]o~a—o==6-"a0—60 =",

i=]

Let us consider the log-likelihood function

1) = In L(®) = Z")x,ln 6+ (n— Z"]x.-)ln(l —0).
i=1 i=1

n

ZI,- = 2;:1,-

die) _ =
dé 7] 1—6
@ If 21',- =, dld(g) =— lig<0,then 1(@) is a decreasing function of #, and hence
=

[(#) achieves its maximum at =0=x7.
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@ 1If zx, = n, dl 0) =%>O,then L(@) is a increasing function of #,and hence [(8)

achieves its maximum at =1=2x.

@ U >,z # {0,n}, set dld(g)=0,0=f.
i=1
dEuo .Z,:I‘ o .Z:I" oy
dé? 6 (1—8)° ’

Then £(8) achieves its maximum at #=Z: Thus the maximum likelihood estimator of €

is X.
Example 6. 3. 4 Suppose that X,, *», X, form a random sample from a normal

distribution for which the mean g is unknown and the variance ¢* is known. Find the

maximum likelihood estimator of .
Solution: For all observations x,,***,x,,the likelihood function is

L(p) = L xp[ Z(.r —,u)Z]

(2na®) 7%

L(x) will be maximized by the value of g that minimizes

Qu) = 2(1.— — )t = ir,z —Zpi:r,- + np’
=1 i=1

i=1

We see that Q(u) is a quadratic in p with positive coefficient on p*. It follows that

Q(u) will be minimized where its derivative is 0.

The maximum likelihood estimator of p is z=X.
Example 6.3.5 Suppose again that X, ,+, X, form a random sample from a normal
distribution for which the mean p is unknown and the variance ¢* is also unknown. Find the

maximum likelihood estimator of 8= (u,0*).

Solution: For all observations x, ,***,x,,the likelihood function is

cexp[— 3 Z(x,—W]

L =

Let us consider the log—likelihood function
_ __n _ng e 1NN e
1(6) = In L(® 5 In(2m) — Slns? — > Z}(I, )2,

We shall find the value of §= (y,dz) for which () is maximum.

) _ Z( sy

k2
AW __ n 1 1k
Er 202 Z(I, w =0
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Solve these two equations,we have y=7,0" = iZ(x,» —Z),

i=1
Thus, the maximum likelihood estimator of @ is § = (g,6°) = (-}?,%Z(X,- — X)),
i=1

Example 6. 3. 6 Suppose that X,, -, X, form a random sample from the uniform
distribution on the interval [0, 8], where #>0. Find the maximum likelihood estimator
of 6.

Solution: The PDF of the uniform distribution on the interval [0,8] is

X~ f(z|)= {% vayel
0 ,otherwise
For all observations x, s*** ,x, s the likelihood function is

%,0€x,—<6’(i=1,-" )

0 ,otherwise
The likelihood function L(#) is sketched in Figure 6. 4, The maximum likelibood estimator of &

L(6)=

must be a value of @ for which z;<<0(i=1,**,n) and that maximizes s among all such values.

0n
Since el,, is a decreasing function of #,the estimator will be the smallest value of @ such that =z,
for i=1,**+,n. Since this value is #=max{z; ,*** ., } ,the maximum likelihood estimator of @ is §
=max{X,,*,X,}.

1.2

1.0

0.8

L

L(#)
0.4 0.6

0.0 0.2

1 T U

00 05 1.0 15 20 25 30

[}
Figure 6. 4

Theorem 6.3.1 If f is the maximum likelihood estimator of 8 and if g is a one-to-one
function,then g(@) is the maximum likelihood estimator of g(8).

Note: in other words,we simply substitute in g(@) the value @ instead of 8 and obtain
the maximum likelihood estimator for the new parameter g(#). This is called the invariance

property of the maximum likelihood estimator.

Example 6.3.7 Suppose that X, ,*+, X, form a random sample from a normal distribution
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N(u,0*) for which both the mean ¢ and the variance 6* are unknown. It was found that the

maximum likelihood estimator of 8= (u,0") is
b= (6") = (Y,lZ(xi—f)Z).
n =

From the invariance property, we can conclude that the maximum likelihood estimator of ¢

is o= vo? = \/%E(X, — X)?, also,the maximum likelihood estimator of p* is z* = X",
i=1

€ 6.4 Properties of Estimators €»

Definition 6.4.1 An estimator §(X, ,**-,X,) is an unbiased estimator of the parameter
@if E[6(X,,*+,X,)]=0. An estimator that is not unbiased is called a biased estimator.
The bias is the difference
bias=E[4(X, ,+,X,)]—0.
The mean squared error (MSE) of an estimator can be used to assess its quality and is
defined by
MSE=E{[0(X,,*,X,)—6]*}.
Note: the MSE is a measure of the goodness of an estimator. The estimators with
smaller MSE are generally preferred to those with larger.
Proposition 6.4.1 Suppose §=0(X,,++,X,) is an estimator of the parameter 0, its
MSE can also be expressed by
MSE=V[4(X,,,X,)]+bias’.
Proof:
MSE =E[(§—60)*]
=E{0—[E(0) —bias]}*
=E{[6—E( +bias]*}
=E{[6—E(8) ]} +2bias X E[§—E(6) ]+ bias’
=V () +bias’.
Thus,the MSE is equal to the variance of the estimator plus the square of the bias. In
particular,the MSE for an unbiased estimator is its variance,
Example 6.4.1 Suppose that the random variables X, ,***, X, form a random sample
from the Bernoulli distribution with parameter #, which is unknown. It was found that the

maximum likelihood estimator of @ is the sample mean X. Since
E) =[EX)+w+EX,) =10+ +0=0.

Thus, X is an unbiased estimator for 6.
Example 6.4.2 Let (X,,---,X,) be a random sample from a distribution X. Assume

that the variance ¢* and mean p of the distribution are finite. Show the sample variance
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1 n .
8 =— (X~ X)
n—lg

is an unbiased estimator of the variance.s’.

Proof:

E(SY) = E[ﬁi}(}g—?)f]
il

- _2 E[i}X?—nfz]
=1

n—1
= L [SExD — nE (X®)]
n—1l &
— L[ 2UVX) + [EX)T)) —n(VED + [ECX))]
L =1
_ 1 g 3 2 2y Ki 2
—71"1.;(‘:r Lt n(n+#)]
= o,
. Aeuh 9I>0
Example 6.4.3 Sample (X,,X;,X3) is chosen from X~ f(z)= { :
0 ,r<<0
Find the maximum likelihood estimator A of A,is it unbiased?
Solution; The likelihood function is
LQ)=f(x)) f(x;) flxy)=Ae ¥ntnta)
Let us consider the log-likelihood function
. In L(A)=3In A_(11+I2+1'3)A.
Set %=%— (x; +x2 +23) =0,s0lve it and obtain A= 11‘*‘—11'{‘73 Thus, the

maximum likelithood estimator of A is

3
Xi+X,+X;°

A

Noting that X, ,X;,X; ~E( %) = Garnma( 1, %) ,using the additive property of the

gamma distribution(see Theorem 3. 5. 3),we have T=X, + X, + X; ~ Gamma( 3, %)

Thus,the PDF of T is

3
A—tze"“‘ st >0
T~f()=] 2 .
0 Lt<0
b= B(3) = [ xE pera = B
E(A)—E(T)— . SX et = T
s ; . P gl SR LR
Therefore,A is a biased estimator of A. Its bias is —2—“—/\—?.
. 2A\ 2X _ 2 _ 2. . .
Noting that E( 3 )—A,then, 3 X IX, X, T is an unbiased estimator of A.
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3

In the following,we want to compare the MSEs of the two estimators A, =T and 4, =
2 .
T Since
1y ™ 1 A g A
B(g) =], fxgrera=1,
E(%) = J:m ;15- X %tze_“‘dt =- %,
() =e(30) - [=(3)] =4
Thus,
MSE( ) =v(2) +bias =B (1) 52,
MSE(—%—)=V(%)=%=AZ.

Definition 6.4.2 If 4, and §, are both unbiased estimators of a parameter @, we say
that @, is relatively more efficient if
V(0,)<V(@8,).
Example 6. 4. 4 Suppose (X,,+*+, X,) (n>2)is a random sample from a Poisson
X, +X,

5 be two unbiased estimators of

distribution with parameter A, Let A =X and A, =

A. Which one is more efficient?

Solution :

EQ,)=EX) =a,
VG =V =$,

E(Az)=E(x' *Z”Xz ) =1,
V(I\z):V(X1 72LX2 ) =%

Since V(4,)<<V(X,),A, is more efficient.
Definition 6.4. 3 The estimator § =0 (X,, **, X, ) of a parameter @ is said to be
consistent estimator if for any positive €0,
lim P(|§—0|<e)=1

> co

or
lim P(|6—6|>¢)=0
n—-+oco
The consistency means that having a sufficiently large number of observations #n,it is

possible to find the value of @ with arbitrary precision. Under some conditions, the

maximum likelihood estimator is consistent.

€ 6.5 Three Important Distributions €¢»

As a special random variable, a statistic is a function of a sample. Its distribution is
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called sampling distribution. Sampling distribution is important in statistics because it
allows analytical considerations to be based on the sampling distribution of a statistic,
rather than on the joint probability distribution of all the individual sample values.

The sampling distribution depends on the underlying distribution of the population,
the statistic being considered and the sample size used. In general, it is complicated to
determine the sampling distribution of a given statistic. But for population is normal,
sampling distributions have been widely investigated. We will introduce three useful
sampling distributions in this section,

Theorem 6.5.1 Suppose that Z~N(0,1),its PDF is given as follows

1 ¢

(z)=——e 7,
¢ 2/ 27

Then,if X = Z*, we say that X follows the chi-square distribution with 1 degree of
freedom. X ~y*(1).
Proof:Since X=2%,—oco<Z<+oo,then X=0.

(1) If 2<X0,Fx(x)=P(X<z)=P(Z)=0.

(2) If >0,
Fy(z) = P(X < x)
= P(Z* < x)
= P(—Vz < Z< V)
= Jfggo(z)dz.
Therefore,

’ 1 1 ) I 3
()=Fx(x)=—|o(Jx)to(—x) ]|=——x"7e 7,
Taka)=Fy = plplda)tplrin) = s
Thus,the PDF fx(x) of X is
- 2 Te T, 20

fx(.r): '\/ﬂ

0 ,otherwise

This is the PDF of Gamma(%,‘?) and it is called the chi-square distribution with 1 degree

of freedom. X~y*(1).
Note: recall that X follows gamma distribution X~Gamma(e,B8) if its PDF is
given by

1 gl
f= {B"I‘(a)”” shiily”
0 <0
where a=>0,5>0 are two parameters,'(a)is a gamma function defined by
oo

I'(a) =J e *dx.

0

Its mean and variance are E(X)=af,V(X)=¢f*.
Definition 6.5.1 Let Z,,**+,Z, be independent random variables with Z, ~N(0,1), then
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the statistic ZZ +++-+Z2 follows the chi-square distribution with » degrees of freedom.
Zit e+ Zi~y ().

Note: for i=1,+,n,Zt ~y¢* (1) = Gamma( % ’ 2) . Applying the additive property of
the gamma distribution(see Theorem 3. 5. 3) , we have
Zit e+ Zi~x () =Gamma(—721— ,2) '

Thus,the PDF of X""Xz(n)is

—r - xt le T, 2>>0
fxy=12'T ()
0 » <20

For various values of the degrees of freedom, the PDF of X~ y* (n)is depicted in

Figure 6. 5.

1
|
T3S
oo

00 th el —

VACY
0.00 0.05 010 015 020 025 030

S pAnII T el

Figure 6. 5

Theorem 6.5.2 Suppose X~*(n,),Y~y*(n,)and X,Y are independent,then X+
Y~y*(n +ny).

Proof :1t follows the additive property of the gamma distribution(see Theorem 3. 5. 3).

Theorem 6.5.3 Suppose X~y*(n),then E(X)=n,V(X)=2n.

Proof:(1) Since X~’(n),X can be written as X=2] ++++Z.,where Z,~N(0,1)
(:=1,2,+,n) are independent.

E(Z})=V(Z)=1.
V(Z})=E(Z!)—[E(Z})]*=3—1=2.
The above equation holds since we have the following fact; if Z~N(0,1)and n is even,
then E(Z")=(n—1) X(n—3) X++X 1,see Example 4. 6. 1. Thus,
E(X) = E(Zt + -+ 22) = D,E(Z) = n.

i=1

V(X) = V(Z 4+ 22 = D,V(Z) = 2n.

=]
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(2) Notice that the chi-square distribution is a special case of gamma distribution,
¥ (n) = Gamma( %, 2) , for Gamma(a, p) , its mean and variance are E(X) =af,V(X)
=af*. Thus,

E(X)="5X2=n,V(X)=3X2"=2n.

Note: in general,the shape of the chi-square distribution is right skewed. But as the
degrees of freedom n is large enough, X =Z{ + ++ + Z. ~ 4’ (n) converges to N(n, 2n)
because of the central limit theorem,

Definition 6. 5.2 Suppose X~N(0,1) and Y~y*(n) are independent,then the ratio

e X

X
N n
follows the t-distribution with degrees of freedom equal to n,denoted by T~t(n).
Theorem 6.5.4 Let T~t(n),then its PDF is given by

(")

(3]

Proof:Given Y=y, the conditional distribution of T is normal,

fm(t|y)=;e_§£ , —oo<y<+oo,y>0,

V2r /n/y '

_ntl
4 2

f)= (1+‘;) , —oo<p< 4o,

The joint PDF of (T,Y) is
)= frivitly) X fr(y)

= 1 e‘zfu L yile
n n

V2T f ZZF(?)

_ 1 o1 (145

Mr(%)z%y ) ( )

for —oco<{t<{+o0,y>0, Integrate the joint PDF of (T,Y) with respect to y to obtain the
PDF of T.

oo
fr@®) = L fG,y)dy

oo 1 wtl P
_ w2l
- AL (*%) dy

5] 12
= 1 J y_‘;—‘;le_‘zx(l'FT) dy

2 \*F
_ 1 n+1 z
«/EI‘( )2§F( 2 ){H—tn]
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[‘("+1) A
=—2L(1+5) 7, —o <t <too
«/nrrr‘(%) .

Note: (1) The t-distribution with 1 degree of freedom is known as the Cauchy distribution
with the PDF

ety _ 2t
f(t)_‘ir(l+t2)’ oot +o0,

(2) As the degrees of freedom n goes to infinity,by the Stirling’s approximation, the
t-distribution converges to N(0,1). For various values of the degrees of freedom,the PDF
of T~t(n) is depicted in Figure 6. 6. |

a 1
=] — n=

-= n=3
<o n=10

~
=

0.3

1@

Figure 6. 6

Theorem 6.5.5 Let T~t(n),then E(T)=0,for n>>1; V(T)=~"5,for n>2.

Proof:T=LY, where X ~N(0,1) and Y ~ y* (n) are independent. E(X) =0,

n
E(X*)=1.
By independence, E(T) =rE(X)E(Y 7). i n>1,E(Y " * )=J-nmy_';' ﬁy%_l etdy =
2r( 3)
r(*5")
— <+ oo, Therefore, E(T)=0.
/21(3)
. 2N 2 1 1 . Lo —1 1 i EET—
By independence, E(T?) =nE (X )E(—).Ifn>z,E(—)—J' yl—= i letdy=
Y Y 0 2%1-, i
(2)
(5
2 1 A, 2y _ 1
= . Therefore,V(T)=E(T*)= !
n n—2 =1
2r( %)

178



Chapter 6 Estimation C

Definition 6.5.3 Suppose X~y*(m) and Y~y*(n) are independent, then the ratio

F=

3 || |

follows the F-distribution with degrees of freedom equal to (m,n),denoted by F~F(m,n).

Notes if F=Flmsn) ,then %"-F(n,m).

Theorem 6.5.6 Let F~F(m,n),then its PDF is given by

+
%) ()t (14 ) a0
omE) T T
0 yu<<0
X
m_

Proof :For convenience,let U=F= v Given Y=y, the conditional distribution of U

n
isU|Y=y~miyx,
fuy(uly):fx(ﬂ;w)n%zz%l‘l(%)(mr‘lyu)%le%‘fly,u>0,y>0.
The joint PDF of (U,Y) is
fCusy)=fuy tly) X fy(y)
=2%Pl(%)(m3u)?IE%n_:’lxzfrl(%)y%le%
— 1 ﬂ !2'_. =4 m'zi'n_ _(nnz:‘n) .
z":"r(%)r‘(%)(n) e ()

for u=>0,y>0. Integrate the joint PDF of (U,Y) with respect to y to obtain the PDF of U.
oo
fulu) = J fQu,y)dy
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m+n . :
r(*5) m)?u%—l(1+$u)ﬁ—;’u>°'

EELEK

For various values of the degrees of freedom,the PDF of F~F(m,n) is depicted in
Figure 6. 7.

1.0

— m=10,n=1
== m=10,n=3
o m=10,n=20
%]
=

Figure 6. 7

n* (2m+2n—4)
mn—2)"(n—4)’

Theorem 6.5.7 Let F~F(m,n),then E(F) =ni_2,for n>2; V(F)=

for n=>4,

Proof:F= swhere X~y*(m) and Y~y’(n) are independent. E(X)=m,E(X*)=

3 <[ [

VX)+[EX) P =2m+m?.
By independence,E(F)=7%E(X)E(Y” ). I n>2,

B " ) I,(n—Z)
E(il,—) :J: v ———Z%Pl(%)y?'efdy o 2I‘(2%) o an’
Therefore,E(F)=:—1XmXniz=niz.

2
By independence, E (F? =%E(X2)E(Yﬂ). If n>>4,

E(Y?) = rwyz S S P(n_4) - 1

0 2"2'[‘(%) 4I‘(2%) =2 (n—4)

1 _ n’ (2+m)
(n—2)n—4) mn—2)(n—4)"

V(F)=E(F*)—[E(F)J*

2
Therefore,E(F2)=%>< Cm+m®) X
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__nQ@Hm) _( n \?
mn—2)(n—4) ( 2)
. n* (2m—+2n—4)
m(n—2) (n—4)"
Theorem 6.5.8 Let T~t(n),then T*~F(1,n).

n—

Proof:T=LY,where X~N(0,1) and Y~ y* (n) are independent. X* ~ y* (1).
Nn

Therefore,
Xz
T = i ~F(1,n)
Z 1
n

Suppose X is a random variable, F(x) =P(X< x)is its CDF. For any real x, P(X>x)=
1—P(X<x)=1—F(z). Sometimes, we need consider the inverse problem. That is, if P
(X>zx)=a is given,determine the value of x.

Definition 6.5.4 Suppose the CDF of X is F(x),0<<a<1,then z, is called upper a
quantile or a quantile if

P(X>zx,)=a.
Note: some textbooks define the lower quantile using the left tail.

* For the standard normal distribution Z~N(0,1),the a quantile is denoted by z,.

+oa
P(Z>z)=| ¢(x)dzr=a.
P(z;)=1—a.
z,=® '(1—a) can be found in the standard normal table. By symmetry,z,_,= —z,. For
example,zo_05 = 1. 645 2Z0.95 — — Zo.05 — _1. 645-

* For the chi-square distribution X~v’(n),the « quantile is denoted by y: (n).
P(X>yi(n))=a.
s (n) can be found in the y* table. For example, yi 4 (20) =12. 443. If n>30, y: (n) =

%(2,4-«\/211—1)2.

* For the t-distribution T~t(n),the « quantile is denoted by ¢, (n).
P(T>t,(n))=a.
t, (n) can be found in the ¢ table. By symmetry,t, -, (n) = —t, (n). For example, ¢, o; (4) =
2.1318,20.05(4)=—10,05(4)=—2.1318. If n=>30,t,(n)= =z,.
* For the F-distribution F~F(m,n) ,the a quantile is denoted by F,(m,n).
P(F>F,(m,n))=a.

F,(m,n) can be found in the F table. By the fact that if F~F(m,n), then %NF(n,m),

thus

F;_q(m,n)=Fia(n,m).
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. 1 1
For example, Fy o5 (7,4) = Foo (4D =113 =0. 2427.

» X,) is a random sample from N(u,0*), X =

Theorem 6.5.9 Suppose (X,

lZX, is the sample mean and S* = —Z(X,- — X)? is the sample variance. Then

i=1

(1) X and S? are independent;
2) X4 N, 1);

Proof:The joint PDF of (X,,+,X,) is
" (e ‘éxf—z-@ﬁ,‘z
Fzirz) = Q) te 2 7 = Qrd) i —.

Transform the random variables X;(i=1,++,n) to

(Y] s yY,,)T=A(X1 s"'sX,,)Ty

where A is an orthogonal matrix

i 1 1 A 1 1
Jn Jn Jn Jn
2% 1 2X1
A= 1 1 2 0
3X2 3X2 3X2
1 1 1 J L n—1
/X (n—1) /nXhm—1) V/nXHm—1) VanX(n—1)

The Jacobian of the transformation can be shown to be 1. Notice that

The joint PDF of (Y,,--,Y,) is

I 2 2
2y —2Vny ptm

Flyrsy,)=QCQne®) Te 7
_Z:,f+(yl —m)?
=(2n0*) Te 202

Therefore,Y;(i=1,+**,n) are independent and Y;~N(0,6*)(i=2,*,n), Y ~NG/nu,0°).
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- o
Thus,X"”N(,u,—

. ) ,X{ENN(O,I) ,the statement (2) is proved.

Jn

Since (n—1)8* = D (X, —X)? = > X! —nX* = >,Y?, (1) is proved.
i=1l i=1 =2

— 2 - 2
Since w = Z(Y’) ~ y*(n—1), (3) is proved.
o —4\a
v _ 2
Since X—GENN(O,I) and %NXZ (n—1) are independent, by the definition of
n
t-distribution,
o
g
Jn =X_‘u~t(n—1).
(n— DS’ S
o A
n—1

Thus, (4) is proved.

Theorem 6.5. 10  Suppose (X, X;, -, X,,1 ) and (Y,,Y5, ", Y,,2 ) are independent

random samples from N(z;,0%) and N(p;,0°), respectively., X,Y,S?,S? are the sample
means and sample variances of the two samples. Then

Y_Y_(#l _}lg)

Nt(nl—l—ng"—Z).
\/(nl—l)S?—l—(nz—l)SS 1,1
n t+n,—2 Ny | Na

Proof:

. 2 2
X—YNN(‘UI — M2 ’%—’-:_Z).
X'_?"' (f_tl T

£ N0, 1).
7 7
n; n2

— 2 — 2

By Theorem 6. 5. 9, -(ﬁlazﬂ NXZ (mi— 1), w ~ XZ (n, — 1), and they are

independent. Applying the additive property of the chi-square distribution,

(ny —1)8% | (my—1).55
P

; +

o

NXZ (ﬂ1+n2_2)
By Theorem 6. 5. 9,X_Y_ (pn — ) a

nd (my—1)S8} | (n,—1)S}

4 2 are independent. Thus,
¢ | o o2 o
m n®

X—Y— (pn —p2)

o’ a*

e T £

L "z XY (u—p) . -

(n, —1) S} (n,—1)S: t(n, +n, —2).

o’ T 2

_\/(nl—l)Sf—l-(nz—l)S% 1,1
g n1+nz—2 n ny
n1+n2—2
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Theorem 6.5. 11  Suppose (X,,X;,++, X, ) and (Y,,Y;,*,Y,, ) are independent
random samples from N (g ,0!) and N (g, 07 ), respectively. S; and S} are the sample

variances. Then

St
ot
F= S_l% "-'F(nl—l,ng—Z).
o}
_ 2 _ 2
Proof:By Theorem 6. 5. Q,M’”Xz(m —1) ,w’vxz (n, —1),and they
1

gz

are independent. By the definition of the F-distribution,

(nl _1)8%
ol
(ﬂl'—l) . .
(nz—l)Sg F(n1 1;712 ].).
o5
(ﬂz_l)
That is,
2
Bt S
il
F= 2 NF(m—l,ng—l).
M2
o’ 5

& 6.6 Confidence Intervals €»

In section 1 and 2, we discussed point estimates for parameters from the sample. They
provide one single value about the parameter. But a point estimate provides no information
about the precision and reliability of estimation. In practice, one needs to calculate and
report an entire interval of plausible values,that is a confidence interval (CI).

Definition 6. 6.1 Suppose (X,,*+,X,) is a random sample from X~F(x; 6),where
@ is unknown, For pre-specified 0<a<1,an interval estimate gives an interval such that the
true value is falling into the interval with a given probability.

P(6,<6<0y)=1—a.
(B ,0u) =0 (X, s+ X,)+0,(X,,++,X,)) is called a 1—a confidence interval. Statistic 8,
is the confidence lower limit, @y is the confidence upper limit,and 1—a is the confidence
level.

The most frequently used confidence levels 1—a are 90%,95% and 99%. The higher
the confidence level, the more strongly we believe that the true value of the parameter
being estimated lies within the interval.

Example 6.6.1 Suppose (X, ,***,X,) is a random sample from X~N(u,0?) , where p
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is unknown and o; is known. Find a 1 —a confidence interval of .

Solution: The key is the sampling distribution of the point estimate. Since X ~
2
N(,U,%) ;then

X7r1 N, D).

gy

Vn

TE contains the unknown parameter g but its distribution does not depend on ., For
0

Jn

confidence level 1—a,

where z 2 is the % upper quantile of N(0,1),see Figure 6. 8. Therefore,

(N1

Figure 6, 8

P{X—=2 o Xy | =1
( J;zz y7i Xﬁzz) a

(7—\%& 2 ,?—FJ‘;_OZ f) is a 1 —a confidence interval of g.

It is NOT the probability of the parameter being inside the interval since the
parameter is not random. The meaning of confidence interval is as follows: if we select K
simple random samples of size n,(xy»x3% " yx2w) k=1, ,K,and we calculate the 1—a
confidence interval from each sample, then about K X (1 —a) of those K intervals would
contain the true parameter. For example, suppose (X, ,***,X;;) is a sample from N(20,
16) , We can repeatedly choose 100 samples of size 36 and build 95% confidence intervals
for each sample. See Figure 6.9. The confidence intervals that do not contain the

population mean =20 are marked with thicker lines.
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=+
(o}
o
o~
u (=
O (o]
w0
2
T T T T T T
0 20 40 60 80 100
i—th repeated sample
Figure 6.9

Definition 6. 6. 2 Let(X,, -=*, X, ) be a random sample from a distribution that
depends on a parameter (or vector of parameters) 6. Let g(X,,++,X,,8) be a random
variable whose distribution does not depend on 8, then g(X,,+, X, ,8) is called a pivotal
quantity(or simply a pivot).

Pivotal quantities are fundamental to the construction of confidence intervals,as they
allow the statistic to not depend on parameters. The confidence intervals have exactly the
stated confidence level, as opposed to so-called “asymptotic” confidence intervals which
only have approximately the stated confidence level. The confidence interval can be
constructed as follows:

(1) Find a pivotal quantity g(X,,*, X, ,0).

(2) For a specified confidence level,find confidence upper limits and confidence lower
limit on the pivotal quantity,that is,numbers a and b such that

Pla<g(X,,,X,,.H<b)=1—a.

(3) Solve the inequalities: the confidence interval is

6. <6<by.

The constants a and b are called critical values. They are obtained from a table for the
distribution of the pivotal quantity or from a computer program. In general, they are not
unique and thus the confidence interval is not unique. A convenient choice is to use equal-
tailed critical values as this often leads to the shortest confidence interval.

Proposition 6. 6.1 Suppose (X, ,**+,X,) is a random sample from X~N(u,6°),if &*
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=0, is known,then a 1—a confidence interval of x is
(X*J%z%,X+;:_°z%).
We derived this interval in Example 6. 6. 1.

Example 6. 6. 2 The cost of the textbooks for statistics courses is normally
distributed,and the standard deviation is $ 100. A sample of fifty-five textbooks is selected
and the mean cost is $ 124. Construct the 95% confidence interval for the mean cost of all
statistics textbooks.

Solution : We know the population standard deviation 6= $ 100. Let z be the mean cost
of all statistics textbooks.

n= 55,7=124, 1—a=95% 122 = 2,025 = 1. 96. The confidence interval for u is

(;—J%z% ,E+jf°z% ) =(124—1. QSX%,IZH—I. gsx\}%)
~(97.6,150. 4),
We are 95% confident that the mean cost is between $97.6 and $ 150. 4.
Proposition 6.6.2 Suppose (X,,*+,X,) is a random sample from X~N(u,d*),if ¢°

is unknown,then a 1—a confidence interval of p is

+_S S
(X—\/;[%(n—l)<p<X+J;I%(n—])).

Proof:1f the population standard deviation ¢ is unknown, we can not apply the
procedures above. We can not continue to use the standard normal distribution or Z-table.
Since the sample variance S* is an unbiased estimator of ¢*, we use the following pivotal

quantity

T= ~tln—1).

Sl

For confidence level 1—a,

P(—t5 = D<AGE<t; = D) =1,

=

2 upper quantile of t(n—1). Therefore,

2

where t=(n—1) is the

P(f—;z%(n—1)<#<i+;¢%(n—1>)=1—a

Example 6.6.3 A sample of 23 first-year students at a large university has a mean
SAT math score of 525 with a standard deviation of 88. Construct the 90% confidence
interval for the mean SAT math score for the entire first-year class.

Solution: We do not know the population standard deviation o. Let z be the mean
SAT math score of all first-year students at this university, n=23, sample mean =525,
sample standard deviation s =88,1—a=90%,DF =n—1=22,ts (22) = 1. 7171, The
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confidence interval for y is

(E—Jﬂ%(n~1)<#<z+%%<n~1))
n n

88 88
={525——=X1.7171,525+—X1.7171
S 75T

~=(493. 5,556. 5).
Proposition 6. 6.3 Suppose (X,,***,X,) is a random sample from X~N(u,6°),if p

is known,then a 1—a confidence interval of ¢° is

[ZH:(X,- — )’ zn:(X,- —;1)2}
=1 i=1

GO R )

Proof:1f the population mean p is known,we want to find a confidence interval of ¢°.

The following pivotal quantity can be used.

oF = ;12_2()(,- — ) ~ Y ().
i=1

For confidence level 1—a,
Plrism < 32X —p* < p] = 1—a.
i=1

where y% (n) and yi-: (n) are the % and 1—% upper quantiles of y*(n) ,respectively. See

Figure 6. 10. Therefore,

|:Z(X,»—,u)2 Z":(X,“*;t)z
pl =

2 i=1 — 1__ .
x: (n) L xi-e () “

(S]]

L

x}.g(m) x%a (n)

Figure 6. 10

Proposition 6. 6.4 Suppose (X,,**,X,) is a random sample from X~N(g,0*),if g«
is unknown,then a 1—a confidence interval of ¢° is
(n—1)S* ((—1)S?
(x%(n—l),xf—%(n—l) ’

Proof:1f the population mean p is unknown,we want to find a confidence interval of

o*. The following pivotal quantity can be used.
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2 _n—1)S8* ..
- x (n—1).

For confidence level 1—a,

. 2
Plxisi—D<2=DS < -] =1-a,

where y2 (n—1) and iz (n—1) are the % and 1—-% upper quantiles of y*(n—1),

respectively. Therefore,

(ﬂ_l)sz 2 (n—l)Sz —_Te
P[x%(n—1)<a<x§_%(n—1) 1=e.

Example 6.6.4 The lifetimes of six electronic units are measured. The observations
are 5.2,5, 5,5.4,5. 8,6. 1,6. 3(in 1000 hours). Assuming the lifetimes are normally
distributed, construct a 95% confidence interval for the population standard deviation.

Solution: n=6,sample variance s*=0. 182,a=0. 05 ,x% (n—1)= xé,oas (5)=12. 832,
xi% (n—1)=1x5.425(5)=0. 831,a 95 % confidence interval for ¢° is

(n—1)s* (n—1)s* _(5X0.182 5X0.182
( ) ( 12.832 ' 0.831

Thus,a 95% confidence interval for the population standard deviation ¢ is

(n—1)S* (n—1)8" ..
(\/;z%(n_l),\/x%-%(n_l))~(0.266,1.046).

In practice, we often want to estimate the difference between two population

)%(o. 071,1. 095).

2 L
=1 X1—=5&—D

means and the ratio between two population variances. Suppose (X,,++, X, ) is a
random sample from X~ N(g,,06}),(Y,,,Y,) is a random sample from Y~ N
(u*+y0%), X and Y are independent. Let X and S? be sample mean and sample
variance from X, let Y and S} be sample mean and sample variance from Y. The
confidence level is set to be 1 —a.

Proposition 6.6.5 Suppose (X,,+,X,,) is a random sample from X ~N (g ,o}),
(Y,,**,Y,) is a random sample from Y~N(u; ,0%2),X and Y are independent. Let X and
S? be sample mean and sample variance from X,let Y and S} be sample mean and sample

variance from Y,if ¢ and o5 are known,then a 1 —a confidence interval of g, —pu; is

(-T2, /2 +% KTy, [24+2)
ANm n’ ANm n )]’

Proof :1f 6} and o5 are known,we use the following pivotal quantity
—X-"_?“" (#l — M2 )

: ~N(0,1).
ﬁ_*.i
m n
For confidence level 1—a,
P —z%<X_Y;("‘:"2)<z% =1—a,
%4 %
m+n
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where z ¢ is the % upper quantile of N(0,1). Therefore,

P[Y—Y—z% %+%<y1 — 1 <X—Y+tze /%4’%—] =]—a.

Proposition 6. 6.6 Suppose (X,,+, X, ) is a random sample from X~ N (g, ,a}),
(Y,,++,Y,) is a random sample from Y~N(y;,0%),X and Y are independent. Let X and
S? be sample mean and sample variance from X,let Y and S? be sample mean and sample

variance from Y,if o} and o} are unknown,then a 1 —a confidence interval of g, —py, is

(X~F—tsontn—2)S, -+ X-T s tntn—25, [ +)
m n m  n
(m—1 S+ (n— 1S}
m+tn—2 ’
Proof :1f 6} and o5 are unknown, but ¢f =6} =4* , we use the following pivotal quantity
X‘—Y_(yl_',uz)
(m—l)S‘rf'*'(n—l)S%\/L_Fl
m+n—2 m n

For confidence level 1 —a,

where S;=

~tm+n—2).

X—-Y— (pn —p2)

\/(m~1)5¥+(n—1)S§ A,1
m+n—2 m n

2

2

P[—t; (mtn—2)< <tz (m+n—2)|=1—a,

where tz (m+n—2) is the - upper quantile of t(m-+n—2). Let

=(m—1)Sf+(n—1)S§

2
S m+n—2

be the pooled estimator of ¢*. Then,

P[X—Y—t; ntn—2S, , [+ <~ <X—Tttg mtn—DS, [ 1+ | =1—e.

Example 6.6.5 Comparison of species diversity index(SDI) in two stations: downstream
station(D) and upstream station(U). Assume that populations in two locations(D and U)
are approximately normal with equal variances. For 12 monthly samples collected in D the
mean value for the SDI is ; =3. 11 and standard deviation is s;, =0. 771. For 10 monthly
samples from U gives mean T, = 2. 04 and standard deviation s, = 0. 448. Find 90%
confidence interval for up—puy.

Solution : Our point estimate of up—puy is T, — 7, =3. 11— 2. 04=1. 07. ¢} =0} = 0" are
unknown but equal. The pooled estimate 55 of the common variance ¢* is
(nl—l)sf-i—(ng—l)S%:llXO. 771*+9X0. 448

m—1+n,—1 12-+10—2

Taking the square root,we obtain s, = +/0. 417 0, 646. The confidence level=90%.
a=0. 1. 22 (20) = t5.0s (20) = 1, 7247 for DF = n;, + n, — 2 = 20. Therefore, the 90%

confidence interval for up—py is

==0. 417.

2 —
SP_
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N /1,1 /1,1
(1.07 1. 7247X0. 646 X, /15415 »1. 07+1. 7247 X0. 646 X 12+10)

2(0,593,1. 547).
Proposition 6. 6.7 Suppose (X, ,***,X,,) is a random sample from X~N (g ,d}), (Y,

=+,Y,) is a random sample from Y~N(g;,03),X and Y are independent. Let S} be the

sample variance from X,let S} be the sample variance from Y,if p, and g, are unknown,

2

; ; o
then a 1 —a confidence interval of — is
02

s . st |
(S%F%(m—l,n—l) ’SgFl_%(m—l,n—l))'
Proof:We use the following pivotal quantity
SZ

Z
F = S_ ’”F(m—lyn—l)

2

0'2
For confidence level 1 —a,

SZ

P[Fl_%(m 1 1D = Fe (m—1,n—1)]—1—a,

SZ
o

where F< (m—1,7n—1) and F,—s (m—1,n—1) are the % and 1—% upper quantiles of

F(m—1,n—1) ,respectively. Therefore,

1 S: ] B
P[SZF e e L <SZF1~_(m =D =]

Example 6.6.6 Among 11 patients in a certain study,the standard deviation of the

property of interest is 5. 8. In another group of 4 patients,the standard deviation is 3. 4. We
wish to construct a 95 percent confidence interval for the ratio of the variances of these two
normal populations.

Solution:m=11,5,=5.8,n=4,5,=3.4,a=0.05,F; 025 (10,3)=14. 4,F,.4;5 (10,3) =

1 _ 1
Fo.025(3,10) 4, 83

variances is

= 0. 207, a 95 percent confidence interval for the ratio of the

3. 42X14.4’3. 42Xo. 207

We have discussed several exact confidence intervals under normality. In practice,the

2 2
(5.8 1 5.8 1 )a~,<o. 202,14. 058).

exact distribution of a pivotal quantity under non-normal population is hard to be
determined. In this case, the central limit theorem and law of large numbers can be applied.

An asymptotically pivotal quantity can be used to construct, so-called asymptotic or
large sample confidence intervals if the asymptotic distribution does not depend on
parameters, The method of asymptotic pivotal quantities proceed's just likes the method of

exact pivotal quantities,
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Example 6.6.7 Suppose (X,,++,X,)(n=30) is a sample from X~B(1,p). Find a
1—a confidence interval of p.

Solution: By the Laplace central limit theorem,as n is large enough,

ygN( p,&ﬁ)_

n
ThUSy

e P TORY)
p(1—p)
n
—Ep is an asymptotic pivotal quantity. For confience interval 1—a,
p(1—p)
n

The event inside the brackets is equivalent to
(n+2%) p* — (2n )—(—Fz?‘%)p—i—n X*<o.
Let a=n+z%,b=—(2nX+2%),c=n X", the discriminant of this quadratic form is
b* —dac=4n X (1—X) 25 +24 >0.
Let

_(=b— Vbt —4ac) b _(—b+ Vbt —4ac)
2a 4 2a :

b

u

See Figure 6. 11, Thus,
P(p,<p<puy)=~ l—a.

Figure 6. 11

A 1—a confidence interval of p is (p.,pu).

The confidence intervals discussed so far give both a lower confidence bound and an
upper confidence bound for the parameter being estimated. In some circumstances,it can
make more sense to express the confidence interval in only one direction-with only a lower
confidence limit,or only an upper confidence limit, but not both.

Definition 6.6.3 Suppose (X,,**,X,) is a random sample from X~F(x; 0),where
6 is unknown. For pre-specified 0<<a<1,if there exists a statistic 8, =8, (X, X,.)
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such that
P,<6)=1—a.
Then (@, +°°)is called a 1 —a one-sided confidence interval of §. Statistic §, is the
confidence lower limit,and 1—a is the confidence level.
Definition 6. 6.4 Suppose (X,,*,X,) is a random sample from X~F(x; #),where
6 is unknown. For pre-specified 0<Za<C1,if there exists a statistic 8y =0y (X, ,***,X,) such
that
P(6<6y)=1—a.
Then (—20,68y)is called a 1 —a one-sided confidence interval of #. Statistic 8y is the
confidence upper limit,and 1—e is the confidence level.
Example 6.6.8 The lifetimes of six electronic units are measured. The observations
are 5.2,5. 5,5.4,5. 8,6. 1,6. 3(in 1000 hours). Assuming the lifetimes are normally
distributed, determine a 95% confidence lower limit for the population variance.

Solution: The following pivotal quantity can be used.
(n—1)8°
2

ag

2 =

~x*(n—1).
For confidence level 1—a,
— 2
P[(—"Uzi<x5(n—1)]=1—a,

where y; (n—1) is the a upper quantile of ¥*(n—1),see Figure 6. 12, Therefore,

(n—1S* A
P[xf(n_1)<62]—1 a.
a
/
Xi(n-1)
Figure 6. 12

n=6,sample variance s*=0.182,a=0. 05,52 (n—1) =5 s (5) =11. 07,a 95% one-
sided confidence interval for ¢° is

5X0.182
( 11.07

,+oo)~<o. 0822, +00),
The 95% one-sided confidence lower limit is 0. 0822.

€ Exercise 6 ¢

6.1 Suppose X~N(u,0°),where p is known and ¢° is unknown. (X,,X;,*+,X,) is
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a sample from this distribution.
(1) Determine the joint PDF of (X,,X;,**,X,);

(2) Identify the statistics from the following functions. EX?, max{X,},
=]

1<i<n
2()(,——#)2 .
— 2 ’fo+l‘-

i=1

o
6.2 Suppose we have the following sample of n =15 observations. 0. 22, —0. 67,
-—0. 07,1, 65,0, 66,0, 88,0, 74,0. 72,—1. 19,0, 14,—1. 02, —0, 21, —0. 54,0. 99, 1. 39.
Find the empirical CDF and sketch its plot.
6.3 Suppose X follows exponential distribution with the PDF
Ae ¥, x>0
0 ,.r\<\0’
(X,, Xy, »*» X,)1s a sample from the population X, X, X ***» X(» are ordered
statistics. Find the PDF of the range Y=X., — X,.
6.4 Make a histogram for the following ages of 35 persons.
67 74 60 90 64 72 83
77 67 85 56 57 73 66
60 80 63 90 78 70 63
79 49 88 68 56 78 71
71 46 53 67 64 65 58

6.5 Suppose(X,, -, X,)is a sample from population X, determine the moment

f(a:)={

estimators of the parameters.
G+, 0<x<1
(D X~ f(x)= s
0 yotherwise
where 82> —1 is an unknown parameter.
A 3
(2) X~ f(x)= {62 curm
0 ,otherwise
where 6>>0 is an unknown parameter,

1

—e T =
e ’
(3) X~f(.r)=l oc TR,
0 ,otherwise
where >0 and p are unknown parameters.
1 1
(4 X~f(1)=[ 2 >,
0,otherwise

where € is an unknown parameter,
6.6 Determine the maximum likelihood estimators of the parameters in previous

problem.
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6.7 Suppose X ~B(n,p),0<p<l,n is known. (X,, -, X,) is a sample from
population X, determine the moment estimator and maximum likelihood estimator of the
parameter p.

6.8 Suppose X~P(A),where A>0 is a parameter. (X,,+,X,) is a sample from
population X. (1) Find the maximum likelihood estimator of A; (2) Is the maximum
likelihood estimator unbiased?

6.9 Suppose that X,,**,X, form a random sample from the uniform distribution on
the interval [ 8, ,0, |, where both 6, and 6, are unknown ( — oo <(§, <8, <+ o), Find the
maximum likelihood estimators of #, and 6,.

6.10 Suppose that X,,++, X, form a random sample from an exponential distribution
for which the value of the parameter A is unknown. Determine the maximum likelihood
estimator of the median of the distribution.

6.11 Suppose that X,,++, X, form a random sample from a normal distribution for
which both the mean and the variance are unknown. Find the maximum likelihood
estimator of the 0. 95 quantile of the distribution,that is,of the point x, such that P(X<C
T, ) =0, 95.

6.12 The PDF of X is given by

]
floy=)10" """,

0 ,otherwise
where #>> 0 is an unknown parameter. (X;, X;, X;) is a sample from X. Show that

?max{X,} and 4 min {X;} are unbiased estimators of §. Which one is more efficient?
1<i<3 I<is3

6.13 (X,,*+,X,) is a sample from X, determine the value of £ such that ¢* =
1

kZ(X.-_H — X,)? is an unbiased estimator of population variance o°.

i=1

6.14 Suppose X~N(u,0°),(X,,X;,X;) is a sample from population X. Let

a 1 3 1
At g
s ] 1 )
AT

2 1 1 1
M3 =?X1 +€XQ+EX3.

Show that the three statistics are unbiased estimators of x. Which one is more efficient?
6. 15 Suppose that X is a random variable whose distribution is completely
unknown, but it is known that all the moments E(X*)(£=1,2,) are finite. Suppose also

that X, ,**+, X, form a random sample from this distribution. Show that the k2-th sample

1 I . L
moment — E ;Xf is an unbiased estimator of E(X*).
n “
i=1

6.16 Suppose that X,,*+,X, form a random sample from the geometric distribution
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with unknown parameter p. Find a statistic that will be an unbiased estimator of 1/p.

6.17 Suppose that X,,++, X, form a random sample from the uniform distribution
on the interval [0,8],where the value of the parameter # is unknown; and let Y, =max{X, ,--,
X, ). Show that [ (n+1)/n]Y, is an unbiased estimator of 6.

6.18 Suppose X,, =, Xs; form a random sample from X~ N(55,6. 3°). Find the
probability that the sample mean falls into the interval (53. 8,56. 8).

6.19 Suppose X~N(0,1),(X,,X;,-+,X,) form a random sample from X. Find the
distributions of the following statistics:

(1) X, — X,

(Z)M;

(3)%1&;

>x?
i=1

5

X

. =1 .
X
i=6

6.20 Suppose that X,,++, X, form a random sample from the normal distribution

n=2>5

(4) -

Y — 2
with mean g and variance ¢°. Find the distribution of %&L

6.21 Suppose that six random variables X, , -+, X; form a random sample from the
standard normal distribution,and let
Y=(X,+X,+ X))+ (X, + X; +X;)°.
Determine a value of ¢ such that the random variable cY will have a x*-distribution.

6.22 Suppose that the random variables X,,++, X; are IID and that each has the
standard normal distribution. Determine a constant ¢ such that the random variable
c(X,+X;)
(X:+X:+X)t

6.23 Suppose that the random variables X, and X, are independent and that each has

will have a t-distribution.

the normal distribution with mean g and variance o°. Determine the value of

(X, +X,)*
(X, —X;)?

6.24 If X~U(0,1),show that—2In X~y*(2).
6.25 (X,, X;,*, X,,)is a sample from population X ~ N(0,0. 3*), compute

PG§m>LMy

6.26 Suppose that a point (X,Y) is to be chosen at random in the xy-plane,where X

P[ <4].

and Y are independent random variables and each has the standard normal distribution, If a

circle is drawn in the zy-plane with its center at the origin, what is the radius of the
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smallest circle that can be chosen in order for there to be probability 0. 99 that the point
(X,Y) will lie inside the circle?

6.27 Suppose that X,,+, X, form a random sample from the normal distribution
with mean g and variance ¢°. Assuming that the sample size n is 16,determine the values

of the following probabilities:
(1)P[%a < 12(){ — ) < ];

(2) P[%az < %Z(X,» ~Xr <2t
i=1

6.28 Suppose that X,,+, X, form a random sample from the normal distribution
with mean p and variance ¢° ,and let S* denote the sample variance. Determine the smallest

values of n for which the following relations are satisfied:

SZ
(1 P[ 21, 5)>o 95;

2) P(ISz—azl(\%az]éo. 8.

6.29 Suppose population X~N(g,0*),(X,,X;,+*+,X,) is a sample from population
X, X is the sample mean and S? is sample variance. Determine

(1) the value of & such that P(p—kS<<X<p+kS)=0.9;

(2) the value of a such that P(S°>>a)=0.1 when ¢=5.

6.30 Suppose that a random sample of 16 observations is drawn from the normal
distribution with mean p and standard deviation 12,and that independently another random
sample of 25 observations is drawn from the normal distribution with the same mean p and
standard deviation 20. Let X and Y denote the sample means of the two samples. Evaluate
P X—Y|<5).

6.31 Suppose that a random sample is to be taken from the normal distribution with
unknown mean g and standard deviation 2. Let X be its sample mean,

(1) How large a random sample must be taken in order that E(| X —|?)<C0. 1 for
every possible value of u?

(2) How large a random sample must be taken in order that E(| X —z|)<C0. 1 for
every possible value of u?

6.32 Here are the lengths(unit:cm) for 16 different nails of a certain brand:

2.14, 2.10, 2.13, 2.15, 2.13, 2.12, 2.13, 2. 10,
2.15, 2.12, 2. 14, 2.10, 2.13, 2.11, 2.14, 2.11.
Assume that these numbers are the observed values from a random sample of 16
independent normal random variables with mean p and variance ¢*. Find a 90% condfidence
interval for the mean length p.
(1) 6=0.01(cm) is known. (2)o is unknown.

6.33 Suppose that X,,+, X, form a random sample from the normal distribution
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with unknown mean p and known variance 6. How large a random sample must be taken
in order that there will be a confidence interval for 4 with confidence level 0. 95 and length
no larger than L?

6.34 A random sample of 10 light bulbs has a mean lifetime of 1500 hours and the
sample standard deviation of the lifetime is 20 hours. Assume that the lifetime follows
normal distribution.

(1) Construct a 95% confidence interval estimate of the mean lifetime.

(2) Construct a 95% confidence interval estimate of the population standard
deviation.

6.35 Suppose the amount of drying time(unit: h) of a particular paint follows N (g,
o*). The following data are 9 observations of a sample.

6.0, 5.7, 5.8, 6.5, 7.0, 6.3, 5.6, 6.1, 5.0,

(1) Construct a 95% confidence interval estimate of the mean drying time,

(2) Construct a 95% confidence interval estimate of the population standard
deviation.

6.36 A research team is interested in the difference between serum uric acid levels in
patients with and without Down’s syndrome. In a large hospital for the treatment of the
mentally retarded,a sample of 12 individuals with Down’s syndrome yielded a mean of z, =
4.5 mg/100 ml and sample variance s{ =4. 9. In a general hospital a sample of 15 normal
individuals of the same age and sex were found to have a mean value of ; =3. 4 mg/100 ml
and sample variance s; = 5. 6. If it is reasonable to assume that the two populations of
values are normally distributed with equal variances,find the 95 percent confidence interval
for p, —pu,.

6.37 Among 11 patients in a certain study,the standard deviation of the property of
interest was 5. 8. In another group of 4 patients,the standard deviation was 3, 4,

(1) Construct a 95% confidence interval for the ratio of the variances of these two
populations,

(2) Find the lower limit of an one-sided 95% confidence interval.

6.38 Find the 99% confidence interval for the proportion of heads obtained if 175
heads were counted after 400 tosses of a coin. Is this coin balanced?

6.39 Suppose X~P(1),where A=>>0 is a parameter, (X,,,X,) is a sample from
population X. Construct a 1 —a(0<<a<{1) confidence interval for A.

6.40 Suppose the population follows the exponential distribution with its PDF
Ae ¥, x>0

0 ,r<0

where A=>0 is a parameter. (X;,++,X,) is a sample from the population X. Find the lower

Flz) z{

limit of a one-sided 1 —a(0<<a<{1) confidence interval for A.
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Statistical inference is the process of deducing properties of an underlying distribution
by analysis of data. It includes deriving estimates and hypothesis testing. This chapter
introduces the basics of hypothesis testing: the logic of hypothesis testing, test statistics,

and decision making etc.

€ 7.1 Basics of Hypothesis Testing €»

In practice, we often want to determine whether or not we can reject some
assumptions about a population given information about a sample. For example,

(1) Select 100 light bulbs and record their lifetimes. Based on information from the
sample,can you reject the hypothesis that the mean lifetime for the entire population of
bulbs is 600 hours?

(2) 40 students took an exam. Based on information from the sample,can you reject
the hypothesis that the population mean score is greater than or equal to 80 points?

These are the problems of hypothesis testing.

Definition 7. 1,1 A hypothesis is a statement or claim regarding a characteristic of
one or more populations. Hypothesis testing(or test of significance) is a procedure, based
on a sample evidence and probability,used to test claims regarding a characteristic of one
or more populations.

To conduct a hypothesis test, one should state a pair of hypotheses in advance. The
null hypothesis(denoted by H,)is a population hypothesis that contains a statement of
equality. The alternative hypothesis(denoted by H, or H,) is the population statement that
contains an inequality.

If the corresponding sample value is close to the value stated in the null hypothesis,
the sample won’t cause us to reject the null hypothesis. If the sample value is far away
from the value stated in the null hypothesis, then the sample indicates that the null
hypothesis isn’t true. We thus reject the null hypothesis in favor of the alternative
hypothesis.

If the population parameter is § and the claim value is 6, ,then some pairs of null and
alternative hypotheses are

H,:0=60,, H,.0<6,
H,:0<6,, H,:6>6,
H,:0=60,, H,: 07%0,

The first two pairs are for one-sided test(left-tailed, right-tailed) and the third is for
two-sided test(two-tailed).

Looking at the exam example from above,the null and alternative hypotheses are

H,: p=80, H,;: x<<80,

where p is the population mean exam score.
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Once the data is collected and summarized. A decision should be made. Should we
reject H, and accept H,. Or reject H, and accept H,?

We would not expect the sample mean z to be exactly equal to population mean due to
the deviation by chance. We need to know, is the event due to chance alone,or is there
some cause? We need to have a method to compare events that easily occur by chance and
those that are highly unlikely to occur randomly. If H, is true,the sample mean x will be
close to the population mean, Very large sample mean = wouldn’t allow us to reject the
null hypothesis while sample mean much less than 80 would allow us to reject the null
hypothesis.

A test statistic will be used in deciding whether or not to reject the null hypothesis.
The test statistic is a value computed from the sample and converted into a standard score
under the assumption that the null hypothesis is true. In many scenarios,there are standard
ones that are used,like the Z-test,z-test,y’-test, which we will discuss in this chapter.

One way to decide whether to reject the null hypothesis is to determine whether the
standardized test statistic falls within a rejection region of the sampling distribution. Here
we apply the small probability events principle—unlikely events do not occur,

The critical region(or rejection region) is the set of all values of the test statistic that
cause us to reject the null hypothesis. A critical value separates the rejection region from
the non-rejection region.

When conducting a test and making the decision,our conclusion based on the sample
will be to either reject the null hypothesis or fail to reject it. There are four possible

outcomes,see Table 7. 1.

Table 7. 1
Our decision
H, H,
£y Correct Type I error
0
Prob=1—a Prob=«a
Reality
- Type 11 error Correct
1
Prob=p8 Prob=1—p

It is obvious that such conclusions are sometimes correct and sometimes not. There are
two types of errors.

Definition 7.1.2 A type I error occurs when rejecting the null hypothesis when it is
actually true. The probability of making a type I error is a.

Definition 7,1.3 A type II error occurs when failing to reject the null hypothesis,
when it is actually false. The probability of making a type II error is B.

When conducting a hypothesis test, we would like the test to have small probability of
type II error. And we would also like the probability of a type I error to be small. But as
the probability of making one type of error falls, the probability of making the other type
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rises. In general, tests are set up so as to minimize the probability of a type I error. The
choice of the level of significance depends on the consequences of making type I error. If
the consequences are severe,the level of significance should be small. Common used values
for the significance level a are 0. 05, 0.10 or 0. 01. Its default value is 0. 05.

Definition 7. 1.4 The power of a test is 1 —f3, the probability of rejecting H, when H,
is true.

There are two different methods usually used to conduct hypothesis tests. One is
known as the traditional method(critical value approach), and the other is known as a p-
value approach.

The critical value approach to hypothesis testing is as follows:

(1) State the null and alternative hypothesis H, and H,.

(2) Specify the level of significance a.

(3) Find the test statistic,compute the test value,determine the critical region.

(4) Make a decision to reject or fail to reject the null hypothesis. If the test statistic is
in the critical region, then we reject the null hypothesis. If the test statistic is not in the
critical region,then we fail to reject the null hypothesis.

(5) Summarize the results in such a way that the original claim is addressed.

Definition 7.1.5 A p-value(or probability value) is the probability of getting a value
of the sample test statistic that is at least as extreme as the one found from the sample
data,assuming that null hypothesis is true.

H, is rejected if p-value is smaller than a pre-specified level. For left-tailed test, p-
value is the area to the left of the test statistic. For right-tailed test, p-value is the area to
the right of the test statistic, For two-tailed test, p-value is twice the area to the left of a
negative test statistic or is twice the area to the right of positive test statistic.

The p-value approach is nearly.identical to the critical value approach.

The p-value approach to hypothesis testing is as follows:

(1) State the null and alternative hypothesis H, and H,.

(2) Specify the level of significance a.

(3) Find the test statistic,compute the test value,find the p-value.

(4) Make a decision to reject or fail to reject the hypothesis. We reject the null
hypothesis if p-value is less than or equal to a. We fail to reject the null hypothesis if the
p-value is greater than a.

(5) Summarize the results in such a way that the original claim is addressed.

& 7.2 Hypothesis Tests for a Population Mean 4»

Suppose X ~ N (yu, "), (X,, X;, =+, X, ) is a sample and z;, x;, ***y x, are its

observations. For significant level a,we discuss the following sets of hypotheses.
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(1) Ho: p=pos H, :pF po (two-tailed test)

(2) Hy: p=pys» H, :p>>p, (right-tailed test)

(3) H,; pépo, H,: p>p,

(4) Hy: p=po» H, :p<<p,(left-tailed test)

(5) Ho: p=per, Hy 1 p<<po

where y, is a constant, Hypotheses(1), (2) and (4) have simple null hypotheses in
which all parameters are specified. (3) and (5) have composite null hypotheses.

If population variance ¢* is known, we discuss the hypothesis test for population mean
u. For case (2),

Hy:p=pos» H,:p>p,.

_ . 2
Since X is the maximum likelihood estimator of ux,and X ~N (;1, %) Under H,, the

test statistic

z=2"t

~N(0,1).

Jn
Suppose H, is true, X should be close to u,. If X— g, is large enough,say X —pu, =k,

the small probability event occurs, H, should be rejected. Since the significance level is a,

i

Jn

Thus, the rejection region is as follows

a=P[X—po=k| Hosz[X;’“ 2»:,] =P[)_(>,uo +z, L ]

Nn

={(Il 3Lz 9""" ’In) I-I_Z,Un +za j?}.

W ={ (Il o T2 9" 9.13,,) I:F0>Z,}

For p-value approach,

where T is the observed sample mean.
For case (3),
Ho:p<spo» Hy:p>po.
Under H,,

_X__ W
Lo X
- g

A

ThUS7

.T.i\'-
2 i
k
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The rejection region is the same as that in (2).

=

— 4to
k.-

i

={(Il 3 L2 8% 9 Ty ) |E>#D+za L}.

Jn

Their p-values are also identical. The same result applies to (4) and (5). In the

W =< (x; 22 9% 9x,) 220

textbook,we will not differentiate these null hypotheses.
For two-tailed test and left-tailed test,we can discuss the procedures in a similar way.

The conclusions are summarized in Table 7. 2.

Table 7. 2
Test Hq H, Test Statistic Rejection Region p-value
T —po
1= po HF o |z|Zeg 2[1—4{ _LF_ J]
Jn
Z-test =Y__ﬂ T— g
(o in k 5 HSpo #>po & A 22>z, I—Q[ _a,u_]
is known 2,
3 n
T —pmo
n= o 2o 221 Q[_GF_]
Jn

Example 7. 2. 1  All students at a college took a certain standardized test. The standard
deviation of the score is 30. A teacher suspects that the mean score is greater than 120, she
randomly selects 50 students and finds that their mean score is 128, (1) Conduct an
appropriate hypothesis test. Use a=0. 05. (2) Compute the power of the test.

Solution: (1) We propose three different methods to conduct an appropriate
hypothesis test. Let 2 be the mean score of all students at this college.

H,:p<120, H,:x>120.

@ Since ¢° =30" is known,we use the Z-test. The test statistic is

X

o

z

~N(0,1).

The rejection region is
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W = { (.Il 9 ?ee 91,.) |Z>Zo.os}

={ (21 y** ) |I_a*‘°>1. 645},

n
e e . . 128—120
n=50,7=128,the observation of Z is z—T%I. 89=>1, 645. The sample data fall
/50

in the rejection region and H, should be rejected. The sample data indicate that the mean
score is greater than 120,
@ We can also adopt the p-value approach to hypothesis testing. The z-score is

_128—120
30

V50

The p-value is the probability that we obtain the observed value of the test statistic that is

~1]. 89.

more extreme in the direction of the alternative hypothesis,calculated when Hj is true. See

Figure 7. 1.

I
1
I
I
1
|
I
!
|
|
I
I
|
I
1
i
|
1

0 1.89

Figure 7. 1

p=P(Z>1.89)=0.0294.
a=0. 05, p-value=0. 0294, p-value<<a, we should reject H,. The sample data indicate that
the mean score is greater than 120, The conclusion is identical to that obtained by the
critical value method.
@ Notice that the test statistic is the same as the pivotal quantity we used to find
confidence interval in previous section. In fact, there is a one-to-one close relationship
between confidence intervals and hypothesis tests.

For significance level a,the acceptance region for the test is

s <z

o 0
n

WZ{(I] [ yl',,) |z<z,,}={ (I] Tl 93:,,)

It can be rewritten as

W={(1'1 Tt 91',,)

\n

E_zci<,u° } .
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Let u, take any real value,a 1—a confidence interval of u is obtained:

- 30
T—z, —,to0 |=|128—1. 645X —,+° |=(121. 02, +°).
[I z«/n ) [ V50 ) ( ~

Since 120 is out of this interval, H, should be rejected. The sample data indicate that
the mean score is greater than 120.
(2) The power 1 — 8 of the test (the likelihood of avoiding a type II error)is the
probability of correctly rejecting the null hypothesis when it is false. Let’s consider
H,:p<120, H,:p=p,>120.
1—B =P[reject Hy| H, is true]

1. 645+ 50
.

The power is a function of y,. See Figure 7. 2. As u;, goes up,the power 1 —f of the

test rises,see Figure 7. 3.

S
0
O' -
o
5]
3
5
[
-
d -
~
c‘ -
T L L E i T
120 125 130 135 140
‘ul
Figure 7, 2

In fact, to increase the power of a test, one may do any of the following: (@ increase the effect
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Figuré 7.3

size | —po | (the difference between the null and alternative values) ; @increase the sample size n;

®@decrease the variability ¢* in the sample; @increase the significance level a of the test.

If the population variance o’ is unknown, Z-test can not be applied. Since sample

variance S’ is an unbiased estimator of ¢°,#-test will be used. The test statistic under the

null hypothesis H, is

Jn

T=X—g&°—~t(n—1).

The procedures are similar to those in Z-test and summarized in Table 7. 3.

Table 7.3
Test H, H, Test Statistic Rejection Region p-value
245
=0 7 o lt|=te (n—1) PlITI=| s
Vn
t-test T= X—mo T |
3 <o B> o S t=t,(n—1) P|T=| s
(¢* is unknown) Jr Jn
( T—po |
1= po <o t<ti—.(n—1) PT<| s
| )
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Example 7.2.2 To test whether the average weight of student population is different
from 140 Ib. A random sample of 22 students’ weights from student population is selected.
The observations are as follows: 135,119,106,135,180,108,128,160,143,175,170, 205,
195, 185, 182, 150, 175, 190, 180, 195, 220, 235. Suppose the population is normally
distributed, conduct an appropriate hypothesis test using a=0. 05.

Solution: Let u be the average weight of student population.

H,:p=140, H,.p7#140,

D Since ¢* is unknown,we use the t-test. The test statistic is

X

="z
B

~etlm— 1.

The rejection region is

W={(1'19”'11°,,)|ltl;to_ozs(Z].)}z (I]s"'pI,,) £k ,>/2.0796 %

J

166. 86 —140
35.18
N7

2.0796. The sample data fall in the rejection region and H, should be rejected. The sample

n=22,7=166. 86, sample standard deviation s= 35. 18, then |¢| = =3. 58>

data indicate that the average weight of student population is statistically significantly
different from 140 lb,

@ We can also adopt the p-value approach to hypothesis testing. The z-score is

__166.86—140
35.18

V22

The p-value is the probability that we obtain the observed value of the test statistic

3. 58.

that is more extreme in the direction of the alternative hypothesis. calculated when H, is

true. See Figure 7. 4,

Figure 7. 4

p=P(|T(21)|>=3.58)=2P(T(21)=3.58)=0. 0018.
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a=0, 05, p-value=0. 0018, p-value<<a,we should reject H,. The sample data indicate that
the average weight of student population is statistically significantly different from 140 lb.
The conclusion is identical to that obtained by the critical value method.

@ For significance level a,the acceptance region for the test is

W={(z)srz) | t| <tz (n—1D}= <xl,---,z,,)‘ —Bl<tz-D.
Jn
It can be rewritten as

Nn

Let u, take any real value,a 1—a confidence interval of x is obtained:

W: {(.I'l e ;I") IE_I%(H_I)\/.L_<F.Q<3+t;;-(n_l)i}_
n

(f—t%(n—l)i,f—i-t% (n=1—=)

n Jn
35.18 35.18
=(166.86—2.0796 X —"—,166. 86 +2. 0796 X ==
( V22 V22 )

~2(151. 26,182. 46).
Since 140 is out of this interval, H, should be rejected. The sample data indicate that the

average weight of student population is statistically significantly different from 140 lb.

€ 7.3 Testing Differences between Means €»

Suppose (X, ,**,X,,) is a random sample from X~N(g, ,6{),(Y,,+--,Y,) is a random
sample from Y~N(u,,06}),X and Y are independent. Let X and S} be sample mean and
sample variance from X, let Y and S} be sample mean and sample variance from Y. We
consider the following hypotheses:

(1) Ho:pty —p2=0, H;: gy —p70.

(2) Hy:pty —p, <0, Hj:pty —p, >0,

(3) Hy: p1 —p2=0, Hj iy —p<<0.

These problems will be discussed in two cases.

If ¢} and 6} are known, X —Y is an estimator of — pe and

Y—?NN(,&Q e ’ﬁ+£§_)
m n
Thus, Z-test can be used. The test statistic under the null hypothesis H, is
z=—X=Y_ N, D).

2 2
91, %
m n

The procedures are summarized in Table 7. 4.
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Table 7, 4
Test H, H, Test Statistic Rejection Region p-value
I—y
g1 —p2 =0 s — p2 70 |z| =z e 2[1—:: ot o ]
m n
Z-test . X_Y F—F
(o1 ,0% are 71— 20 m—p2 >0 E.?_+E.%_ 22z, 1—@ i_}_i
known) m.o.n m - R
r—y
p1— pz =0 p— <0 221 @ i+i
m  n

If 62 and o} are unknown but equal,o? =06} =06°.

X
X—?NN(/A—#Z ,(;4—% 02).

Since
m= 8 - e 1 BRE a1,
thus,
(m—l)S?;l—(n—l)SﬁNxz(m+n_2)_
Let

g =(m—1)S§+(n—l)S§
2 m+n—2

be the pooled estimator of ¢*. Then,
X—?— (/11 M2 )
s, A1

m n

~t(m+n—2).

Thus,z-test can be used. The test statistic under the null hypothesis H, is

o XY

/1,1
s ;‘l‘—n-

The procedures are summarized in Table 7. 5.

~tm+n—2).

Table 7.5
Test H H, Test Statistic Rejection Region p-value
X-Y I—y
t-test = = =
s ) /.4.1_;.:2=0 lul“/lzio T 1 1 |t|2{%(m+n—2) P[|TJ; S L 1 }
(=ch=c* Sp o)t ot
are unknown) =)
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continued
Test Hp H, Test Statistic Rejection Region p-value
3 3
m—-,ug\<_0 ,ul—l-l2>0 i z?t.(m+n—2) P T> 1 1
t-test XY Stofm ™ m
s P 1, m n |/
s 2 1.1
(ot =a =" Su i
are unknown) Cmtn—2) =7 3\
1T e ;0 M1 —p2<0 t<t1—,(m+ﬂ—'2) P Té 1 1
S, ;‘FT )

Example 7.3.1 Students at a college attended a test. The summaries below are of the
scores of some students. Do the data provide evidence that the mean score of male students
is higher than that of female students at the 0. 05 level of significance? Assume the

populations to be approximately normal with equal variances.

Group Count Mean Standard Deviation
Male Students 12 86 4
Female Students 10 84 5

Solution: Let gy be the mean score of male students, and x, be the mean score of
female students.
Hy:py—p2=0, Hy:py—p>0.
(D Since the population variances ¢¢ and o5 are unknown but equal,of =0} =0¢* , we use
the ¢-test. The test statistic under H, is

T=————rvtlim+n—2),

The rejection region is

E;§>t‘,(m+n“2) :
T
n

W= (1’1;'";1‘,,)

(m—Dss+(m—1)sh Lt
m+n—2

m=12,n=10,t,(m+n—2) =t,.05 (20) =1. 7247,x=86,y=284,5, =

J11x16+9x25 i 478 than g 86—84

20 1 1
4.478 X /ﬁ+ﬁ

not fall in the rejection region and H, can not be rejected. The sample data do not rule out

=1.04<C1.7247. The sample data do

the possibility that the mean score of male students is same as that of female students,

@ We can also adopt the p-value approach to hypothesis testing. The t-score is

t= Ss_sf 1=1.04.
4,478 X ﬁ+-ﬁ

an
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The p-value is the probability that we obtain the observed value of the test statistic
that is more extreme in the direction of the alternative hypothesis, calculated when H, is

true. See Figure 7. 5.

Slecme e e - =

Figure 7.5

p=P(T(20)=1.04)=0. 1554,
a=0. 05, p-value=0. 1554, p-value™>a, we do not reject H,. The sample data do not rule
out the possibility that the mean score of male students is same as that of female students,

The conclusion is identical to that obtained by the critical value method.

4 7.4 Hypothesis Tests for One or Two Variances €»

Suppose X ~ N (g, d*), (X,, X;, >+, X, ) is a sample and z,, x;, ***, x, are its
observations. For significant level a,we discuss the following three sets of hypotheses.
(1) Hy,:0*=d2, H,:0*Fa>
(2) Hy:0°<a}, H,:6’>0;
(3) Hy:6*=065, H,:6°<q}
where o} is a constant.
Suppose the population mean g is unknown, sample variance S* is an unbiased
estimator of ¢*. Here y*-test will be used. The test statistic under the null hypothesis H, is
, _ (n—1)8?
=2

o5

~y*(n—1).
The procedures are summarized in Table 7. 6.

Table 7. 6

Test H, H, Test Statistic Rejection Region p-value

Y=y (n—1) ;
2 — 4 — 2
o’ =of o’ Fai 2min{P(x22—(n 2 ).P(ng——(n AL )}

or <yt o (i—1) ab ot
,_(n—DS* ¢
¥ -test _ of (n—1)s*
?<dt | o*>df , E2E =1 p(x2>_,_-)
' (n—1 ai
(n—1)s?
@2d | o<l X< (=D P(r<™3)
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Example 7. 4.1 A manufacturer of helmets for construction workers is concerned
about the mean and the variation of the forces that the helmets transmit to wearers when
subjected to an external force. The manufacturer has designed the helmets so that the mean
force transmitted by the helmets to the workers is 800 pounds(or less) with a standard
deviation to be less than 40 pounds. Tests were run on a random sample of n=40 helmets,
and the sample mean and sample standard deviation were found to be 825 pounds and 48. 5
pounds,respectively.

(1) Do the data provide sufficient evidence,at the a=0. 05 level, to conclude that the
population standard deviation exceeds 40 pounds?

(2) Do the data provide sufficient evidence,at the a=0. 05 level, to conclude that the
population standard deviation differs from 40 pounds?

Solution:(1) We want to test the hypotheses:

H, :6°<<40*=1600, H,:6*>40*=1600.
The test statistic under H, is

2_(71_1)52
X —— =2

(e ])

~x*(n—D),
The rejection region is
—_— 2
W={(x1 AL ’ (no_—zl)s?xf(n—l)}.
0

n=40,5=148.5,0,=40, 52 (n—1) =15 05 (39) =54. 572, then the value of the test statistic is

., (40—1) X 48, 527
X 40?2

=57. 336 >54, 572. The test statistic falls in the rejection region,

That is, we reject the null hypothesis in favor of the alternative hypothesis. The sample
data indicate that the population standard deviation exceeds 40 pounds.
In this case, the p-value is the probability that we would observe a y* (39) random
variable more extreme than 57. 336,see Figure 7. 6. -
p=P(5*(39)2=57. 336) =0. 029<<0. 05=a.

p-value

57.336
Figure 7. 6

We reject the null hypothesis in favor of the alternative hypothesis. The p-value
approach yields the same conclusion.
(2) We want to test the hypotheses:
H,:6*=40°=1600, H,:s*°#40*=1600.
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the test statistic under H, is

(n—1)S?
o

n=40,s=48. 5’%:40')(2% (n—1) =x§_025 (39)=58. llgyxf—g (n—1) =X‘2’-975 (39)=23. 654,

the rejection region is

-

g Cr— %

W={(rl."-,x,.)

—1Y)e2 —1s*
B LI o =Y i wéxia(ﬂ_”}
s 2 [} :

—1)2 —1)2
={(:c1 yoomd | B S 58 119 or SELIS crag 654}.
0o 0o
—_— 2
The value of the test statistic is ¥’ = e 14)02<48' = =57. 336. The test statistic does not

fall in the rejection region. That is, we fail to reject the null hypothesis. There is
insufficient evidence,at the 0, 05 level, to conclude that the population standard deviation
differs from 40,
In this case,the p-value is given as follows
p=2 min{P(x?(39)=57. 336), P(3*(39)<C57. 336) } =0. 058>0. 05=a.

We fail to reject the null hypothesis in favor of the two-sided alternative hypothesis.
The p-value approach yields the same conclusion.

Note: this example illustrates a fact that the conclusion (1) for the one-sided test does
not always agree with the conclusion (2) for the two-sided test. If you have reasons to
believe that the parameter will differ from the null value in a particular direction,then you
should conduct the one-sided test.

When testing two independent samples from two populations, it is helpful to know
that the two populations have equal variances or not. In order to test these hypotheses,a
test of equality of variances must be conducted.

Suppose (X;,***,X,,) is a random sample from X~N(y, ,61),(Y,,***,Y,) is a random
sample from Y~N(y;,05),X and Y are independent. Let X and S} be sample mean and
sample variance from X, let Y and S? be sample mean and sample variance from Y. We
consider the following hypotheses:

(1) Hy:oi=d}, H,:dlFd.

(2) Hy:6i<03, H,: di>03.

(3) Hy:di=06%, H,: 68<loj.

Here the population means y; and g, are unknown. The sample variances S} and Sj are
unbiased estimators of i and o3 , respectively. Then F-test will be used. The test statistic
under the null hypothesis H is

F‘:%z-"”F(m—l,n—l).

The procedures are summarized in Table 7. 7,
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Table 7.7

Test H, H, Test Statistic Rejection Region p-value

F?F:;_(m—l,n—l) 52
2 2 2 2 = . 1
P J o, %o 2min! P| F=—
1% S or F<Fi-2(m—1,n—1) { ( s

oS
F-test -f, c
afg_a: af>a: FZ=F.,(m—1,n—1) P(F?a—)
Fim—1,n—1)

o =d’ i <o) F<Fi—(m—1,n—1) P(F‘é—)

Example 7. 4. 2 Lammers Limos offers limousine service from the city hall in
Toledo, Ohio, to Metro Airport in Detroit. Sean Lammers, president of the company, is
considering two routes. One is via U. S. 25 and the other via I-75. He wants to study the
time it takes to drive to the airport using each route and then compare the results. He

collected the following sample data,which is reported in minutes.

U.S8.25 52 67 56 45 70 54 64

I-75 59 60 61 51 56 63 57 65

(1) Can we conclude that the variation in the driving times for U. S. 25 is larger than
the variation in the driving times for I-75 at the 0. 05 significance level?
(2) Can we conclude that the variation in the driving times for U. S. 25 is different
from the variation in the driving times for I-75 at the 0. 1 significance level?
Solution: (1) Let o} and o5 be the variances of driving times for U. S. 25 and I-75
respectively, we want to test the hypotheses:
H,:6i<6}, H,:d!>d}.
The test statistic under H, is
F=S—%~F(m—1 n—1)
Si s !
m=7,n=8,a=0.05,F,(m—1,n—1)=F, (6,7)=3. 87,the rejection region is
W={(z;,yz2,) | FZF,(m—1,n—1)} ={(x, s***»x,) | F=>3. 87}.

s:=80. 905 and s5=19. 143 are the sample variances of driving times for U. S, 25 and I-75
2

respectively. The value of the test statistic is FZ‘;—;=4. 23. It falls in the rejection region.
2

So we can conclude that the variation in the driving times for U. S, 25 is larger than the

variation in the driving times for 1-75 at the 0. 05 significance level.

In this case,the p-value is the probability that we would observe an F(6,7) random
variable more extreme than 4. 23,see Figure 7. 7.

p=P[F(6,7)>=>4.23]=0.04<0. 05=a.
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p-value

4.23

Figure 7. 7

We reject the null hypothesis in favor of the alternative hypothesis. The p-value
approach yields the same conclusion.
(2) We want to test the hypotheses:
H,:6!=d%, H, :0iFa}.

The test statistic under H, is
2
F=—S—§~F(m—l,n—l).
S;

m=7,n=8,a=0. IQF% (m_loﬂ_1)=F0_05(697)=3. 87,F|-_;.(m—l,n—1)=FU_95(6,7)

1

=m=o_ 24,the rejection region is

W={(xy,** 2,0 | F=3. 87 or F<O0. 24}.
80. 905 and s;=19. 143 are the sample variances of driving times for U, S, 25 and 1-75

l

2
$1

2
respectively. The value of the test statistic is F=—;=4, 23, It falls in the rejection region,
52

So we can conclude that the variation in the driving times for U. S, 25 is different from the
variation in the driving times for I-75 at the 0. 1 significance level.
I;l this case,the p-value is given as follows
p=2min{P(F(6,7)=4. 23),P(F(6,7)<4, 23) } =0, 08<<0. 1 =a.
We reject the null hypothesis in favor of the alternative hypothesis. The p-value approach

yields the same conclusion.

€ 7.5 Goodness of Fit Tests €»

The hypothesis testing problems we have discussed so far are parametric hypothesis
tests, We assume that the population form is known and test the claims about the
population mean and variance etc. In practice, we attempt to fit a statistical distribution to
observed data. We want to know how well the distribution actually reflects the data and
test the following hypotheses:

H,:F(x) =F,(zx), H,:F(x)#F,(x),
where F, (z) is a given distribution. These testing problems are called chi-square goodness

of fit tests.
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Theorem 7.5.1 (Pearson-Fisher) Suppose a population X~ F, (x;6), where 8 is a
unknown parameter vector with r elements. § is the maximum likelihood estimator of 6.
Divide the range 2= (a,,a;) of X into k£ non-overlapping bins:

Ai=(agsa; ]y Az=C(a;saz],***y Ai=0Ca;—1+a;).
Suppose (z; 2555 x,) is a sample of size n. Let n; (i =1, -+, k) denote the observed

k
frequency in A,. Zn,— = n.

i=1
Let p,(i=1, -, k) denote the probabilities hypothesized for £ bins. p, = F, (a;;0) —
Fo(a; 13 ). np, is theoretical or expected frequency in A,.

Then, as n goes to infinity,
k

(Tl,'_np»)z
2 _ B et T
X 'Zl; -—_np,- ik —r—1)%

Proof:We provide the proof just for k=2. In this case, n;,~B(n, p,)p. +p.=1,
mtn,=n, ny—np,=n—n;, —n(l—p,)=np, —n,. Thus,
(n,—np1)2+(nz—npz)2=(n;—np|)z

np np. npip,

=

By the central limit theorem,

n]—ﬂpj
————==N(05 1).
vnpp.

Therefore, y*—>y*(1). Here we omit the proof for other cases.

Note: if the computed test statistic is large, then the observed and expected values are
not close and the distribution is a poor fit to the data. It is always a right tail test.

This test is not valid for small samples. The expected frequency of each bin
(category) must be at least five and if some of the counts are less than five, one may need
to combine some adjacent bins.

Example 7. 5. 1 In one of his genetic experiments, Gregor Mendel crossed 556
smooth-yellow male peas with wrinkled-green female peas. For each of the 556 crossings,
there are four possible outcomes: smooth-yellow, smooth-green, wrinkled-yellow, and
wrinkled-green. Let p, be the probability of smooth-yellow, p, be the probability of
smooth-green, p; be the probability of wrinkled-yellow, p, be the probability of wrinkled-
green. Mendel’s theory predicted that

9" -3 ~_ 3 o1
S TR A TR S TR L T

Table 7. 8 contains Mendel’s data. Do these data support Mendel’s theory?

Table 7. 8
Type smooth-yellow smooth-green wrinkled-yellow wrinkled-green
Observed Frequency 315 101 108 32
Expected Values 312.75 104. 25 104. 25 34,75
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Solution: we want to test

9 3 3 1
H, :P|=E9P2=E9P3:'1_67P4:'1_6-

H, :at least one p. is not as specified in H,.

The test statistic value is

9 2 3 2 3 2 1 2
(SIS—SSBXE) [BIS—SSGXE) (315—556Xﬁ) (315—556XRJ
2 + + +

X = 9 3 3 1
556 X ¢ 556 X +¢ 556 X 75 556 X 7¢

=0. 47.

For significance level a=0. 05, x5 s (3) =7. 815, 0.47<]7. 815, we do not reject the
null hypothesis H,. There is insufficient evidence, at the 0. 05 level, to conclude that the
probabilities differ from a 9 ¢+ 3 ¢ 3 ¢ 1 ratio.

In this case, the p-value is the probability that we would observe a y*(3) random

variable more extreme than 0. 47, see Figure 7. 8.

| II’"" p-value

Figure 7. 8

p=P(¥*(3)=0.47)=0. 9254>0. 05=a.
We fail to reject the null hypothesis in favor of the alternative hypothesis. The p-value
approach yields the same conclusion,
Example 7.5.2 Table 7. 9 presents count data on the number of storms observed in

63 years in a certain city. Is Poisson distribution a good fit to the data?

Table 7.9
Number of storms per year 0 1 2 3 4 5 6 7 8
Frequency 5 8 14 19 10 4 2 1 1

Solution;: Let X be the number of storms per year. We want to test whether a Poisson
distribution is a good fit to the data, using Pearson’s chi-squared test and the estimated
value of the Poisson parameter.

H,:X~P(Q), H,:X does not follow P(1).
Based on the observed data, the maximum likelihood estimator for the Poisson

parameter is the mean of the sample data,

0X5+1X8+---+8X1

A= 63

=2. 8571.
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The calculations are listed in Table 7. 10. We combined the adjacent bins whose

frequencies are less than five.

Table 7. 10
Number Frequency n; Probability p; Theoretical Frequency ¥? value -
0 5 0.0574 3.6184 0.5275
1 8 0. 1641 10. 3382 0. 5288
2 14 0.2344 14. 7686 0. 0400
3 19 0.2233 14, 0651 1. 7315
4 10 0. 1595 10. 0464 0. 0002
=5 8 0.1613 10. 1634 0. 4605

Since the mean A of the Poisson distribution has been estimated from the data, the
number of degrees of freedom is # —7r —1=6 —1— 1= 4. Using the 0. 05 level of
significance, the critical value of y* with 4 degrees of freedom is 9. 4877. The decision rule
is “reject H, if y*> 9.4877; otherwise do not reject H,”.

From Table 7. 10, xz =0. 5275+0. 5288 +0. 0400+ 1. 7315+0. 0002+ 0. 4605 =23, 2885<C
9. 4877. The decision is not to reject H,. There is insufficient evidence to conclude that
the number of storms per year does not fit a Poisson distribution.

In this case, the p-value is the probability that we would observe a ¥* (4) random
variable more extreme than 3. 2885.

p=P(x*(4)=>3. 2885)=0. 5108>0. 05=a.
We fail to reject the null hypothesis in favor of the alternative hypothesis. The p-value
approach yields the same conclusion.

The chi-square goodness of fit test may also be applied to continuous distributions
such as normal distribution. In this case, the observed data are grouped into discrete bins
so that the chi-square statistic may be calculated. The expected values under the assumed
distribution are the probabilities associated with each bin multiplied by the number of
observations.

The chi-square test is easily extended to test association of two categorical variables in
two-way contingency tables, where the assumed model of independence is evaluated
against the observed data.

A two-way table for X and Y with r and ¢ levels, respectively, will have r rows A,,
A;, *»* , A, and ¢ columns B,,B,, ** ,B.. The table will have r X ¢ cells, with any one
cell entirely determined by the sum of the others (since the total of the observed counts
must sum to n observations).

H,:X,Y are independent, H,:There exists association between the variables.

Let n; (i=1, 2, =, r;j=1, 2, **= ,c) denote the frequency of event A;[1B;. The
probability that a randomly selected observation falls into the cell defined by A, (B, is p;
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and is estimated by % The probability that a randomly selected observation falls into a

row defined by A, is p,.. The probability that a randomly selected observation falls into a
column defined B; is p. ;.

We'll estimate the p; assuming that the null hypothesis is true, that is, assuming
independence: p; =p;. Xp.;.

Under the assumption of independence H,,it is therefore reasonable to estimate the
py with:

r

C
Zn,-,- E:"ij
;. M.,

By = e X by = 5= X5 — =25

n n

Notice that the fact that the row probabilities add to 1 and the column probabilities
add to 1, we need estimate (r— 1)+ (¢—1) parameters to give the marginal probabilities
that determine the expected counts, so the degrees of freedom for the chi-square test
statistic are

re—[(r—1)+(c—=1)]—1=(r—1) X(c—1).
The test statistic is

(71 _n;.ﬂ.j)z
r c p 2 ¥ ¢ g
i=1 j=1 npy im1 j=1 n;. n.;
n

" Example 7.5.3 Is age independent of the desire to ride a bicyclé? A random sample
of 395 people were surveyed. Each person was asked his interest in riding a bicycle
(variable X ) and his age (variable Y). The data that resulted from the survey is
summarized in Table 7. 11. Is there evidence to conclude, at the 0, 05 level, that the desire

to ride a bicycle depends on age?

Table 7, 11
Variable Y
Variable X Total
18~24 25~34 35~49 50~64
Yes 60 54 46 41 201
No 40 44 53 57 194
Total 100 98 99 98 395

Solution: We are interested in conducting a test of independence for testing the null

hypothesis:

H, :variable X is independent of variable Y, that is, p; =p;. Xp.;.

H, :variable X is not independent of variable Y.

Using the 0. 05 level of significance, the critical value of ¥* with (2—1) X (4—1)=3
degrees of freedom is 7. 815. The decision rule is “reject H, if ¥*>> 7. 815; otherwise do

not reject H,”.
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n;.N.;

The expected counts are reported in Table 7. 12. The test statistic value is

(57—48.132)*

, _ (60—50. 886)*

—+ 4 =8.006>7. 815.
50. 886 48. 132
Table 7. 12
Variable Y
Variable X Total
18~24 25~34 35~49 50~64

Yes 50. 886 49, 868 50. 377 49, 868 201
No 49.114 48.132 48.623 48,132 194
Total 100 98 99 98 395

We reject the null hypothesis H,. There is sufficient evidence at the 0., 05 level to
conclude that the desire to ride a bicycle depends on age.
In this case, the p-value is the probability that we would observe a y* (3) random
variable more extreme than 8. 006.
p=P(y*(3)= 8.006) = 0.04589<C0, 05=a.
We reject the null hypothesis H,. The p-value approach yields the same conclusion.

€ Exercise 7 €

7.1 Suppose x,, x3,***»x, form a sample from N(pu, 1). Consider the following
hypothesis testing problem:
Hy:p=2,
The rejection region W= {x=2. 6}.

H1 :/1:3.

(1) If n=20, find the probabilities of two types of errors;

(2) What is the smallest sample size of n such that the probability of type II error
satisfies § << 0.017

(3) Show that if n—>-+c2, then a—>0,5— 0.

7.2 To test whether a coin is fair or not. Flip a coin 10 times. Let X be the number
of times that the coin comes up heads. If | X—5|>> 3, then reject Hy: p= 0. 5. What is
the significance level of the test?

7.3 Suppose x5, x5 ***s x, form a sample from uniform distribution U (0, 8).
Consider the following hypothesis testing problem:

H,:0=3, H,:6<3.
The rejection region W= {x,, <2. 5}.

(1) Find the largest value of @, the probability of type I error.

(2) What is the smallest value of sample size n such that the value in (1) is no more
than 0. 057
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7.4 Suppose x,, 15,1, form a sample from population X~N(g,s*), where ¢* is
known, u takes one of the two values,y, or g (u; >>p,). T is the sample mean. Under the
significance level a, let's consider

Ho:p=po» Hi:p=p.
The probability of type II error is =P {X—p,<<k|p=p, }. Show that

o’

_ Bl Mo _ 2
p=9| =, % and n=(z,+z2) P

Jn

7.5 A simple random sample of 10 people from a certain population has a mean age
of 27. The variance is known to be 20, Let a=0, 05.

(1) Can we conclude that the mean age of the population is not 307

(2) Can we conclude that the mean age of the population is less than 307

7.6 A rental car company claims the mean time to rent a car on their website is 60
seconds with a standard deviation of 30 seconds. A random sample of 36 customers
attempted to rent a car on the website, The mean time to rent was 75 seconds. Is this
enough evidence to contradict the company’s claim?

7.7 A certain type of electronic product is considered to be acceptable if its lifetime
is at least 1000 hours. Draw a sample of these products and the sample mean is 950 hours.
Assume the lifetime follows normal distribution N(g, ¢*°) and 6=100. Are the products
acceptable? Use a=0. 05.

7.8 Signals are sent from location A to location B. The signal received at location B
follows N(u, 0. 2?), where p is the true signal value sent at location A. Suppose the signal
is sent five times, and the received values are 8. 05, 8. 15, 8. 2, 8.1, 8. 25, can we
conclude that the true signal value sent is 82 Use a= 0. 05.

7.9 When the cutter works properly, the length of each piece of metal rod produced
is a random variable that obeys the normal distribution X ~N(g«, ¢*),4=10.5 cm, o=
0.15 cm, From a batch of products, randomly select 15 metal rods, their lengths are as
follows:

10. 4, 10.6, 10.1, 10.4, 10.5, 10. 3, 10.3, 10.2, 10.9, 10.6, 10.8, 10.5, 10.7,
10. 2, 10.7.

Does the cutter work properly? Use a=0. 05.

7.10 1t is regulated that the content of vitamin C in a certain kind of food per 100 g
is not less than 21 mg. Assume the determination of vitamin C content obeys normal
distribution N (g, ¢°). Randomly select a sample of size 17 from this batch of food,
vitamin C content (unit: mg) are measured and the data are

16, 22, 21, 20, 23, 21, 19, 15, 13, 23, 17, 20, 29, 18, 22, 16, 25
Try to test whether the content of vitamin C in this kind of food is qualified using a=
0. 05.

7.11 The strength of a steel of a certain type is known to obey normal distribution.
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Based on past experience, the average tensile strength is 52. 00 (unit: kg/mm?®). The
formulation of the steelmaking is improved, the new method is used to refine the steel,
select 7 steel bars produced and the strengths are measured as follows:

52. 45, 48.51, 56.02, 51.53, 49.02, 53. 38, 54. 04,
Is the mean strength of steel bar produced by the new method improved significantly?
Use a=0. 05.

7.12 A simple random sample of 14 people from a certain population gives body
mass indices(BMI). The data are 23, 25, 21, 37, 39, 21, 23, 24, 32, 57, 23, 26, 31,
45. Can we conclude that the BMI is not 357

7.13 Researchers studying the effects of diet on growth would like to know if a
vegetarian diet affects the height of a child. The researchers randomly selected 12
vegetarian children that are 6-year-old. The average height of the children is 42. 5 inches
with a standard deviation of 3. 8 inches. The average height for all 6-year-old children is
45. 75 inches. Conduct a hypothesis test to determine whether there is overwhelming
evidence at a= 0. 05 that 6-year-old vegetarian children are not the same height as other 6-
year-old children. Assume that the heights of 6-year-old vegetarian children are
approximately normally distributed.

7.14 A travel writer suspects that hotels have higher room rates in Florida than in
Georgia. He carried out a survey of room rates and the results are given below. Suppose
the population standard deviations of room rates for Florida and Georgia are o, =18 and

6, =24 respectively,

Group Count Mean
Florida 14 $112
Georgia 26 $109

Is there evidence that the mean room rate in Florida is higher than the mean room rate in
Georgia? Conduct an appropriate hypothesis test using a=0. 05.

7.15 The amount of a certain trace element in blood is known to vary with a
standard deviation of 14, 1 ppm (parts per million) for male blood donors and 9. 5 ppm for
female donors. Random samples of 75 male and 50 female donors yield concentration
means of 28 and 33 ppm, respectively. Are the population means of concentrations of the
element the same for men and women?

7.16 A grocery has two stores. One store is located on First Street and the other on
Main Street and each is run by a different manager. Each manager claims that her store’s
layout maximizes the amounts customers will purchase on impulse. Both managers
surveyed a sample of their customers and asked them how much more they spent than they
had planned to, in other words, how much did they spend on impulse? The following table

shows the sample data collected from the two stores.
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First street: 15. 78, 17. 73, 10. 61, 15.79, 14. 22, 13. 82, 13. 45, 12. 86, 10. 82,
12. 85;

Main street; 15.19, 18.22, 15. 38, 15.96, 21.92, 12.87, 12.47, 13.96, 13.79,13.
T4, 18.4, 18,57, 17. 79y 10,88
Is there a difference in the mean amounts purchased on impulse at the two stores?

7.17 The following gives observations of the running time (unit; hours) after
charging of two types of calculators:

Model A; 5.5, 5.6, 6.3, 4.6, 5.3, 5.0, 6.2, 5.8, 5.1, 5.2, 5.9;

Model B: 3.8, 4.3, 4.2, 4,0, 4.9, 4.5, 5.2, 4.8, 4.5, 3.9, 3.7, 4.6.

Assume the populations to be approximately normal with equal variances. Can you think
that the average running time of the calculator model A is longer than model B (a=0.01)?

7.18 Select two samples independently from two coal mines. The ash rates are
measured (unit: %)

A: 24.3, 20.3, 23.7, 21.3, 17.4;

B. 18.2, 16.9, 20.2, 16.7.

Assume the ash contents obey normal distributions with equal variances. Are there any
significant differences in the average ash content of the two coal mines? (a=0.05)

7.19 An investigator predicts that dog owners in the country spend more time
walking their dogs than do dog owners in the city. The investigator gets a sample of 21
country owners and 23 city owners. The mean number of hours per week that city
owners spend walking their dogs is 10, 0. The standard deviation of hours spent walking
the dog by city owners is 3. 0. The mean number of hours per week country owners
spent walking theirs dogs was 15. 0. The standard deviation of hours spent walking the
dog by owners in the country was 4. 0. Do dog owners in the country spend more time
walking their dogs than do dog owners in the city? Assume the populations are normal
with equal variances.

7.20 From the two branchs of a zinc mine, select two samples of size 9 and 8
respectively , the average zinc content and the sample variances are as follows:

East branch: 7, =0. 230,s}= 0. 1337;

West branch: x,=0. 269,s:=0. 1736.

Assume the contents of zinc of two branchs are normal with equal variances. Are the
average value of zinc content of two veins the same? (a=0. 05)

7.21 A factory produces copper wire. The variance of the tensile force must not
exceed 16 (kg?). From the production of copper wire, randomly select 9 copper wires, the
tensile forces (unit: kg) are

289, 286, 285, 284, 286, 285, 286, 298, 292.
Assume that the tensile force obeys the normal distribution of X ~N(u, ¢*). Does the
tensile force of the copper wire produced conform to the standard? (a=0. 05)

7.22 Select 10 fuses from a batch of fuses. The times needed to melt after the strong
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current (unit: second) are
42, 65, 75, 78, 59, 71, 57, 68, 54, 55.
Assume the time needed to melt obeys the normal distribution.

(1) Is the average melting time not less than 65?7 (=0, 05)

(2) Does the variance of the melting time not exceed 80? (a=0. 05)

7.23 Two lathes produce the same kind of ball. The diameters of the balls obey the
normal distribution. Select 8 and 9 products separately from the two lathes. The diameters
are measured.

Lathe A: 15.0, 14.5, 15.2, 15.5, 14.8, 15.1, 15. 2, 14, 8;

Lathe B; 15. 2, 15.0, 14,8, 15.2, 15.0, 15.0, 14.8, 15.1, 14. 8.

Do the population variances of the ball diameters produced by two lathes have a significant
difference? (a=0, 05)

7.24 A study was performed on patients with pituitary adenomas. The standard
deviation of the weights of 12 patients with pituitary adenomas was 21. 4 kg. A control
group of 5 patients without pituitary adenomas had a standard deviation of the weights of
12. 4 ké. We wish to know if the weights of the patients with pituitary adenomas are more
variable than the weights of the control group. Conduct a statistical test. (@=0.05)

7.25 Select two samples independently from two batches of electronic devices. The
resistance values (unit; {)) are

Batch A: 0.140, 0.138, 0.143, 0. 142, 0. 144, 0.137;

Batch B: 0,135, 0. 140, 0. 142, 0.136, 0.138, 0. 140,

Assume the resistance values of two batches obey N(z, ,0}) and N(y; ,07) ,respectively.

(1) Test whether the variances of two populations are equal (a=0.05);

(2) Test whether the mean values of two populations are equal (a=0. 05).

7.26 Suppose that we roll a die 30 times and observe the following table showing the

number of times each face ends up on top. Is the die fair?

Face 1 2 3 4 5 6

Count 3 7 5 10 2 3

7.27 Tall cut-leaf tomatoes were crossed with dwarf potato-leaf tomatoes, and n=

1611 offspring were classified by their phenotypes.

Phenotypes tall cut-leaf tall potato-leaf dwarf cut-leaf dwarf potato-leaf

Count 926 288 293 104

Genetic theory says that the four phenotypes should occur with relative frequencies 9 * 3 :

3 : 1, and thus are not all equally as likely to be observed. Do the observed data support
this theory?

7.28 There are 100 batches of products, each containing 10 products. Some are
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defective. Does the number of defective products in a batch follow a binomial distribution?
(a=0, 05)

The number of
0 i i 2 3 4 5 6 7 8 9 10
defective products
Count 35 40 18 5 1 1 0 0 0 0 0

7.29 A study investigates the association between smoking and asthma among adults
observed in a community health clinic. The results obtained from classifying 150

individuals are shown in the table below:

Ever smoked cigarettes
Total
Yes No
Yes 20 30 50
Symptoms of asthma
No 22 78 100
Total 42 108 150

Does cigarette smoking affect asthma symptoms? (a=0. 05)
7.30 Should the proportion of elementary schools students’ computer courses be

improved? To study this problem, a survey has been conducted and the observations are

reported in the following table.

Age Agree Disagree NA
>55 32 28 14
36~55 44 21 17
15~35 47 12 13

Does the factor of age affect the answer to this question? (a=0. 05)
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In practice, we often have the following case: there exists some association between
variable X and variable Y, but this association differs from a function, the value of Y can
not be exactly determined by the value of X. For example, there is a relationship between
systolic blood pressure and age. In general, larger values of age are associated with higher
systolic blood pressure values. But for the people at the same age, the systolic blood pressure
values are different. The systolic blood pressure can not be exactly determined by age.

Regression analysis is a useful tool to investigate how two or more variables are
related. Quite often we want to see how a certain variable of interest is affected by one or
more variables. In this chapter, we are mainly investigating the linear relationship

between two quantitative variables, that is simple linear regression,

€ 8.1 Linear Regression Model €»

L.inear regression attempts to model the relationship between two variables by fitting
a linear equation to observed data. Usually we identify one variable as the outcome of
interest. This is often called the response, or dependent variable Y. The other variable is
called the explanatory, or independent variable X. For example, one might want to relate
the weights of individuals to their heights using a linear regression model, the weight Y is
the dependent variable and the height X is the independent variable.

A linear regression model has the following form

y=a+tbx+te, e~N,d*).

where € is the random error, x is the independent variable and y is the dependent
variable, The slope of the line is b, and a is the intercept.

Definition 8. 1. 1  Suppose we have data (x;,y;), *** , (x,,y.), where y, is the
observation of variable Y when X=ux,(i=1, 2,++,n). The linear regression model can be
expressed as

y,-=a+b.1",-+s,-

11D

e;~N(0,6%)
Based on the data (x;,y,), ", (x,,y,), the estimates a and b of @ and b can be
obtained. Then
y=a-+bx
is called linear regression line. a is the estimated average value of y when the value of x is
zero. bis the estimated change in the average value of y as a result of a one-unit change in
z. When z=ux,, yo=a+bx, is called regression value (or fitted value, predicted value).
Fitting a linear model to observed data does not necessarily imply that one variable
causes the other (for example, higher heightes do not cause higher weights), but that

there is some significant association between the two variables.
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A scatterplot is a useful tool in determining the strength of the relationship between
two variables. A scatterplot consists of the horizontal axis, the vertical axis and a series of
dots. Each dot on the scatterplot represents one observation from a data set. The position
of the dot on the scatterplot represents its values. If there appears to be no association
between the variables (the scatterplot does not show any increasing or decreasing trends) ,

then fitting a linear regression model to the data probably is inappropriate.

€ 8.2 Least Squares Estimation €»

The line of best fit is the line that gets closest to all the data points. See Figure 8. 1.
The most common method for fitting a regression line is the method of least-squares. This

method calculates the best-fitting line for the observed data by minimizing the sum of the

squares of the vertical deviations from each data point to the line.

y L 2

Figure 8.1

Let

Qa, b) = Z(y;—a—b.r,-)z.

i=1

Since the deviations y, —a—bux, are first squared, then summed, there are no cancellations
between positive and negative values.

Definition 8.2.1 A residual is the difference between the observed response y and
the predicted response y. For (x;,y,), its residual is e,=y,—y,=y,—(a+bx,).

The estimates a and b satisfy

n

Q(a.6) = min{Q(a, b)} = min{ > e’ }.

i=1
So, we would like to minimize the sum of the squared distances of each observed response to

its fitted value. That is, we want to minimize the error sum of squares(SSE), where:

SSE = ie,z = z":(y,-—jl,-)z.
i=1

i=1
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Taking the partial derivatives of Q(a,b) with respect to a,b and setting the partial

derivatives to zero,

oQ S A _

o ———2;:]:(}1, —a—bx;) =0
oQ _ . _ Heoes 5 .
% 2i§=]:(y. a—bx))x; =0

The two equations are called normal equations. They can be rearranged as

m+b§" :-1'.' = S ;y-‘
i=1 i=1
a :i :J;"+‘f7:§§:-1? = :? :JZCVi
i=1 i=1 i=1

The coefficient determinant is

n
i=1

PIEDIL
i=1 i=1

since not all the x,’s are the same. We denote

S = S -3t = D —i(ix,-)z»
=1 i=1 n\ iy
S, = Z(y,-—w = Zy? —%(Zy)z
S, = Z(I;—E)(y,- —73) = Zriyi—%(gri)(gy.‘).

Then the normal equations have unique solution:

o

The simple regression line always passes through the mean of the y variable and the

= nzn:.rf — (21‘;)2 = ni(x,— —z):#0,
i=1 i=1 i=1

a=

n <l

xy

i~ 1Y
)

ar

mean of the z variable. That is, y—y=b(zx—I).

Example 8.2.1 A real estate agent wishes to examine the relationship between the
selling price Y (in $ 1000s) of a house and its size X (measured in square feet). A random
sample of 10 houses is selected. The data are reported in Table 8. 1. Determine the linear

regression line.

Table 8. 1
1 2 3 4 5 6 7 8 9 10
T 1400 1600 1700 1875 1100 1550 2350 2450 1425 1700
y 245 312 279 308 199 219 405 324 319 255

230



Chapter 8 Linear Regression C

Solution: The scatterplot (see Figure 8. 2) shows a linear relationship between the

two variables. The calculations are reported in Table 8. 2.

400
1
[ ]

350

y
300

250

200
1
L

1 1 T 1 I 1 I
1200 1400 1600 1800 2000 2200 2400

X
Figure 8. 2
Table 8. 2
xy yi 27 B T30
1 1400 245 1960000 60025 343000
2 1600 312 2560000 97344 499200
3 1700 279 2890000 77841 474300
4 1875 308 3515625 94864 577500
5 1100 199 1210000 39601 218900
6 1550 219 2402500 47961 339450
7 2350 405 5522500 164025 951750
8 2450 324 6002500 104976 793800
9 1425 319 2030625 101761 454575
10 1700 255 2890000 65025 433500
Sum 17150 2865 30983750 853423 5085975
= 1715 y=286.5 S =1571500 S,, =32600, 5 S.y =172500
Therefore,
p=Sm = 172500 _, 4444
Se . 1571500
a=5—bzx=286.5——2290 y 1715=98. 2483

1571500




Qmm&saﬁmmﬁ Probability and Statistics

The regression line is y=298, 2483+0. 1098x.
a is the estimated average value of y when the value of x is zero. Since no house has 0
square feet, so a = 98. 2483 just indicates that, for houses within the range of sizes

observed, $98248.3 (98:2483X1000)is the portion of the house price not explained by
square feet.

b is the estimated change in the average value of y as a result of a one unit change in

z. Here 5=0. 1098 indicates that the average value of a house increases by 0. 1098 X 1000

= $109. 8,0n average, for each additional one square foot of size.

& 8.3 Properties of Linear Regression Estimators €»

Theorem 8.3.1 Under the linear model in Definition 8, 1. 1, the following statements
are valid,

W d~N(ar(L+Z)ot) b~N(b, ).

€2 Covis ¢ BYy=—-Lo?.

wn
5

< —=—\2
(3) For a given xo,jro=ci+bxo~N(a+b.ro,(%+(Ius—ﬁ )az).

Proof:(1) Notice that Z(x, —x) = 0, thus,

s 8, ~x;, — T
=g _Z 5. 2

That is, @ and b are linear combinations of independent y,~N(a+bzx,;,6°),i=1,2, *** ,n.

Therefore, a and b are normal random variables.

E() = Z L Tpy,) = Z 5T (g4 b, =

V) — Z(Ifsj) Vsl Z(I"S:E)zaz _ 3:

E@) =EG3 —E@)T=a+bT—b7
Via) = Z}[;——JQE] O e
(2) Cov(a,h) = Cov(g [711‘_(1—3_:@2]3’; S

_ I
=— —0".

S
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(3) Since y, =a+bx, is a linear combination of independent y, ~N(a+bz,,0%), it
follows normal distribution.
E(3,)=E(a)+ E(b)x,=a+bx,.
V(3:)=V(a)+V ()} +2x,Cov(a,b)

_f1l E_Z 5 1562_2103"2

=(%+ (IDS:E)Z )02.

Note: a,b and yo =a + bx, are unbiased estimators of a,b and E ( yo) =a-+bxy,
respectively. If =0, a and b are uncorrelated.

Definition 8.3.1 The measure of total variation is denoted by

SST = >, (y: — 3",
i=1

The sum of squares due to regression model (explained variation) is

SSR = i(&‘ —

i=1

The sum of squares due to error (unexplained variation) is

SSE = >, (y;, — 3%
=i
Theorem 8,3,2 Under the linear model in Definition 8. 1, 1, the total sum of squares

can be partitioned into two components, the regression sum of squares and the sum of

squares due to error. That is,
SST=SSR-+SSE.

Proof: Since a and b satisfy the normal equations, we have

i(y,-—&—i)x,-) = Z":(y,-—j,-) = 28,— =0,
= i=1 i=1

Z(y;—é—l;ri)xi = z":(y,-—j},-).r,- = je,—.r,- = 0.
i=1 i=1

i=1

Therefore,
g(yf—i)z — 'Z:;(y,-—&,-—l—&,—})f
= Z:(y,—j,-)“rZ(&;—y)2+2§<y,—5);)<5,,—§)
= Z,(y.-—&,-)z +Z(&.-—§)2+2Z(y,—§.-)[6(x,—f)]

= 2(3’, _51,‘)2 _+_ 2(5), —E)z.
i=1 i=1
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Theorem 8.3.3 Under the linear model in Definition 8. 1. 1, the following statements
are valid.

(1) E(SSR)=¢*+b*S..

(2) E(SSE)=(n—2)d".

Proof: (1)

SSR = D5 — 3 = 2 [F+b(z, — B —FT = #S...
i=1 i=1

Thll80

i 2
E(SSR)=E(#*S,, )= 6—+b2]SH=02+b”Su.

[s

(2) Notice that »,(z; —z) = 0, thus,
i=1

5= ZI‘—I_}’.’

-—:r).r]

a=3y— [__ Yis
i=1

By the independence of ¢; and y; (i7j),

ZE(ae ) = ZE{[———I)I]ye } 2[%_(13——5)3]"2 — .
ZIE(bE)_ZIE( ve) = Z“x der <.,

Therefore,

E(SSE) = E| > (¥, —5.-)2]
i=1

= F Z(a-{—bx, +E.‘ —&—5-1':')2]
i=1

= E{ Z[ (@a—a) +2b—b) +& +2a—a)b—b)x, +2(a—ak +2(b—13)x,e,]]

i=1

= aV(a) +V(5)fo—’ +no? + 2n TCov(a,b) — 26* — 24°

-
=n(%+s ) 2+S ZI + no? —Zn:c‘s—o — 4¢4°
= (n— 2)d*.

Note:s* = S — is an unbiased estimator of o°.

Theorem 8.3.4 Under the linear model in Definition 8. 1. 1, the following statements

are valid.
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(1) SSR, SSE and y are independent.

SSE_ 2 (,—
) = (n—2).
(3) Ifb=0,sfz—R~xz(l).

Proof: y,~N(a+bx;, *)(i=1, 2,*+,n)are independent. Construct an orthonormal
matrix as follows:

ap Qi Ay, |

Ag—1 QAQu—22z " AG—2n
xl—f Xz~

i i1
Ji 3

8|

&
I

Al

s
Vn
For i=1,2,+,n—2,

J

Za,-j = O,Za,-jxj = O,Zaﬁ = 1.
For 1<i<j<n—2,
Za,}a!} = O.
k
Let Z=AY=A[y, y;*** y,]", then Z follows an n-dimensional normal distribution.

E(Z)=AE(Y)=(0, *+,0,b /S, , ¥n(a + bT))"
V(Z)=AV(Y)AT=d1I,.

So 2,25 ,*** 42, are independent. 2, ,2;,***y2,-,~N(0, ¢°),
Z(I; — X)) ¥;
3=
NS 2

>z =Dy —
i=1
VS

Zn—1

.
VS

= /S, b~ N /S, ,6).

2, = = D)y =ny ~ NGWn(a+b7) o).
S

Since SSR = D, (3. — 0! = >, [3+ bz, —3) — 5] = 'S, = 2
i=] i=1

= Zu—1s

n
i=1

D2 =ZZ=Y'Y = D,y = SST+ny* = SSE+ 22, + 2.
i=1
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Thus,SSE:Z% +'" "‘l_Z',z,—z 9SSR=25—1 yyz

are independent.

Za
n
n—2

SSZE = Z(ﬁ)z ~ ' (n—2)

o —\o

If bZOyZ"—] NN(b‘\/S_n- 962)=N(0062)9

BR— (22) ~ym.

Note: since SSR=4’S,, , thus #,SSE and ¥ are also independent.

€ 8.4 Inferences Concerning the Slope €»

The aim of constructing a regression line is to find the relation between the predictor
x and the response y. That is, E(y)=a+bx. If b=0,E(y) does not change as x changes,
there is no evidence of a relationship between the two variables. This regression equation
is meaningless. If 50, then we conclude that there is evidence of a relationship between
the predictor x and the response y.

We want to test

H,:b=0, H,:b70.

Rejecting H, indicates that the regression equation is significant or the equation is

practically useful.

Under H,:6=0, 'SSZ—R ~ (1), SUSZE ~x*(n—2), and they are independent as we
discussed in previous section. So
_ SSR __ _
F_—SSE F(l;n 2).
n—2

We can use this F-statistic to test the hypotheses. For significance level a, the
rejection region is
W={F=F,(1,n—2)}.
Example 8.4, 1 In Example 8. 2. 1, we found the regression line is y=98. 2483 +
0.1098x. Now we want to test its significance.
H,:6=0, H,:b70.
Solution
SST=S,,=32600.5, DF=10—1=9,
SSR=4%S,, =0. 10982 X 1571500=18946. 07, DF=1.
SSE=SST—SSR=13654. 43, DF=38.
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18946, 07
1
F=Tses0.43 — 1110
8
The calculations are reported in Table 8. 3

Table 8.3
Source Sum of squares Degrees of Freedom Mean Square F-value p-value
Model SSR=18946. 07 1 18946. 07 11. 10 0.01039
Error SSE=13654. 43 8 1706. 804 = —
Total SST=132600. 5 — — — —

At the level a=0. 05, 11, 10> F, s (1,8) =5. 3177, we reject H,. The regression
model is significant,
In this case, the p-value is the probability that we would observe an F(1, 8) random
variable more extreme than 11. 10,
p=P(F(1, 8)>>11.10)=0. 01039<0. 05.
The p-value approach yields the same conclusion.

SSE

0_2

2
o ) - o
We can also use t-statistic to conduct the test., Since bNN(b, 5 ) and NXZ (n—

2) are independent. Under H,:6=0,

b—0
[ o i
= S — b /S ~ten—2) ;
SSE SSE
2 n—2
n—2

For significance level a, the rejection region is
W={|t|=ts (n — 2)}.
Notice that *=F, the t-test and F-test are equivalent.
Example 8.4.2 (revisited) In Example 8. 2. 1, we found the regression line is y=
98. 2483+0. 1098x. Now we want to test its significance.
H,:6=0, H,:b=0,

Solution: The value of t-statistic is

,_b /5. _0.1098X /I571500 _, ,,

SSE [13654. 43
=7 8

n
At the level a=0. 05, 2,5 (8) =0. 82< 3. 33, we reject H,. The regression model is

w

significant,
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In this case, the p-value is
p=P[|t(8)|= 3.33]=2P[#(8)=3.33]=0.01039 << 0. 05.

The p-value approach yields the same conclusion.

& 8.5 Regression Validity €»

When fitting the data with a regression line, we usually make the following
assumptions: The relationship between mean response and predictor is indeed
linear. Unexplained variation is normally and independently distributed with
constant variance.

To check the assumptions of linearity and constant variance, we may consider the
residuals which give useful information about the contribution of individual data points to
the overall pattern of scatter,

The residuals versus fitted values plot is the most frequently used plot. It is a scatter
plot of residuals y—y on the vertical axis and fitted values y on the horizontal axis.

Example 8.5.1 (revisited) In Example 8. 2. 1, we found the regression line is y=
98. 2483+0. 10982. Now we want to use residual plots to check for regression validity.

Solution: The residuals are reported in Table 8. 4. The residuals versus fitted
values plot is sketched in Figure 8. 3. Looking at the plot, we have a horizontal band of
data of roughly constant width, So the assumptions of linearity and constant variance do

seem to hold here.

Table 8. 4

x y y Y=y
1 1400 245 251.92 —6.92
2 1600 312 273. 88 38.12
3 1700 279 284. 85 —b, B5
4 1875 308 304. 06 3.94
5 1100 199 218.99 —19. 99
6 1550 219 268. 39 —49, 39
7 2350 405 356. 20 48. 80
8 2450 324 367. 18 —43.18
9 1425 319 254. 67 64. 33
10 1700 255 284, 85 —29. 85
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In general, if residuals are scattered randomly around 0 with uniform variation, it
indicates that the data fit a linear model, have normally distributed residuals for each value

of r, and constant variance.

& 8.6 Confidence Interval for Mean Response 4»

After the test of significance, the regression equation can be used to estimate and
predict some values. In this section, we develop the confidence interval for mean response.

We will use the following notations:

(1) x,=the given value of the independent variable x.

(2) yo,=the value of the dependent variable y corresponding to the given x,.

(3) E(y,)=the mean value of the dependent variable y corresponding to x,.

(4) yo=a+bx,.
Where y, is a random variable, E(y,) =a-+bx, is a parameter.

Since a,b are unbiased estimators of @ and b, then y, is the unbiased estimator of E(y;).

E(3,)=E(a+bx,)=a+bx,=E(y,).
In general, we cannot expect y, to equal E(y,) exactly. By Theorem 8. 3.1, for a

= - 2
given x, ,j=&+b.ro~N(a+bxo ’(%_*_(IOS x)

&O—E(yo)

,\/(l_l_ (.:n:(,S—E)2 )02
n xxr

)oz ) Thus,

NN(Ovl).
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n . -. 9
In additions by Theorem 8. 3. 4, ﬁ Z % ~ y*(n—2), SSE and y,=y+

b(x,—7) are independent. Thus, we use the following pivotal quantity

_E(y())
1 (IQ_E)Z
D i P .
s SSE ) — = E(y“)z et (m—gJ.
7 x/(TL S =
n—2
For confidence level 1 — a,
P| —t: (n—2)< =Bl <ts (n—2) |=1—a,
l+(10—5)2 SSE
(n o )n—Z

where t2 (n—2) is the % upper quantile of t(n—2). Therefore, the 1 — a confidence

interval for mean response E(y,) =a—+bx, is

(yo—t (n—Z)J[ I) ]HSEE ,y0+t (n-Z)/\/[ S:TI)Z]nSE%).

Notice that the width of the 1 —a confidence interval for mean response E(y,) =a+

bx() 1S

22 <n—2)J[ —I)Z]nsig,

which is smallest when x, = x and the quantity xy —x = 0. In this case, the interval

width becomes

2te (n—2) % :
This result implies that we can make the most precise estimate of E(y,) whenever x;, =Z. The
confidence intervals for the mean response will become wider as x, deviates more from z.

Example 8.6.1 (revisited) In Example 8. 2. 1, we found the regression line is y=
98. 2483 + 0. 1098z, Now we want to develop a 95% confidence interval of the mean
selling price for all houses with 2000 square feet.

Solution; x, =2000, y,= 98, 2483+0, 1098 X 2000=2317. 8483, «a=0. 05, te(n—2)=
fo.025(8)=2.036, = 1715, S,, =1571500, SSE=13654. 43, the 95% confidence interval

of E(y,)=a+bx, is

(3023 (n—‘Z)\/[ f) ]SEE ot is (n—Z)J[ (“‘“"S:f)z]fi%)
= (317. 84832, 036x\/(10+(20?§7:;g(1)5)2)><136584‘ 4
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4

10 1571500

— 2
317. 8483+2. OSSXJ( (2000—1715) )X136584.43)

= (285, 0884, 350.6082).

If =, takes other values, we can obtain the confidence intervals of E(y,) in the same
way. Confidence interval width is smallest at x, =x=1715. The confidence intervals for
the mean response will become wider as x, deviates more from = 1715. Figure 8. 4 shows

the confidence band around the regression line y= 98. 2483+0. 1098x.

¥
250 300 350 400 450
|

200

150
|

1 T 1 1 ) I T
1200 1400 1600 1800 2000 2200 2400
X

Figure 8.4

&> 8.7 Inference for Prediction €»

In previous section, we learned how to calculate a confidence interval for mean
response E(y,), for a given x,. Suppose now we're not interested in the average, but
instead we want to predict a future value of y, for a given x,.

A prediction interval is similar to a confidence interval in previous section, except that
the prediction interval is developed to cover a random variable y,, while the confidence
interval is constructed to cover the fixed parameter E(y,), for a given .

yo=atbx, e, =E(y,) te, €~N(0,s).
yo ~N(a+bx,,0°).
Notice that E(y,)=a~+bxz, can be estimated by y,=a~+b x,, where a, b are unbiased

estimators of a and b.
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§ =il 5 > 1[___'l)f]yi_

That is, a and b are linear combinations of independent y,~N(a+bz;6°),i=1,2,+,

n.So yo=a+bx, is a linear combination of independent y; ,i=1,2,,n.
~ —_—\2
By Theorem 8.3.1, jo=&+bx0~N(a+bxo ] (%-i-%x—)—)az). It follows that y,
and y, are independent.
S 1 (Io _3)2 2
Yo— Yo N(O,(1+7+—SH )6 )

Thus;

~ N0, D).

Yo
S+

n . “- 2
In addition, by Theorem 8. 3. 4, SUSZE = Z w‘—zy') ~ y%*(n—2), SSE and y, =3+

b(x,—7T) are independent. Thus, we use the following pivotal quantity.

yo—j.io
— %2
)\/[1+l+(ros—‘r)]az : .
: SEELr N yg = SEENt(n—z)-
i 7 v o
__"2_ ’\/[1+ n + S 2 ]n—Z
n—2
For confidence level 1—a,
P{—t: n—2)< 1 y:_y"_)z —=<t;(n—2) =10,
L S/ )\ T 4
\/[H_n-l— S ]n—Z

where 2 (n—2) is the % upper quantile of t(n —2). Therefore, the 1 — a prediction

interval for y, is

o—ts (n-2)\/[1+ i I) ]SEE,yo—Ft (n—Z)f1+ L

—7x)*1SEE
D ]ﬂ—Z

The formula is very similar, except there is an added 1 in the formula. The prediction
interval is wider than the confidence interval for a given x, and confidence level. The width

of the confidence interval is zero if n is large enough, this is not true for the prediction

interval,

The width of the 1 —a prediction interval for y, is

=\
ZI%(n—Z)J[1+%+(IOS x) ]SEE

n—2'
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which is smallest when xz, = and the quantity 2, — = 0. In this case, the interval

width becomes

SSE
n—Z :

This result implies that we can make the most precise prediction of y, whenever z, =x.

2ts (n— 2)\/ l+

The prediction intervals for the response will become wider as x, deviates more from z.
Example 8.7.1 (revisited) In Example 8. 2. 1, we found the regression line is y=
98. 2483+0. 1098x. Now we want to develop a 95% prediction interval of the selling price
for a house with 2000 square feet.
Solution:x,=2000,y,= 98. 2483 +0. 1098 X 2000=2317. 8483, a=0. 05, tz(n—2)=
to.025(8) = 2.036, z=1715,S,, =1571500, SSE=13654. 43,the 95% prediction interval
of vy, is

SEE
n—2

7
&o—t%(n—Z)\/[1+%+(x0 z) ]SEE

=2z
S ’3%’*‘1?-(71-2)/\/[1.‘. +(1(:S ) ]

(2000—1715)% 1 13654. 43
(317 8483—2. 036><N/[14- L ]>< o
(2000—1715)% 7, 13654. 43
317. 8483+2. O36><N/[14- e ]x: = )

=(227.5797, 408.1169).

If x, takes other values, we can obtain the prediction intervals of y, in the same way.
The width of prediction interval is smallest at x, =Z=1715, The prediction intervals for
the response will become wider as x, deviates more from z= 1715. Figure 8. 5 shows the

prediction band and the confidence band around the regression line y=298. 2483+0. 1098

T T T T T T T
1200 1400 1600 1800 2000 2200 2400
X

Figure 8. 5
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€ Exercise 8 €

8.1 To investigate the problem of the solubility of a substance in water, the data of

dissolution mass and temperature are obtained and shown below

Temperature .r; 0 1 10 15 21 29 36 51 68

Dissolution mass Y, 66.7 71.0 76.3 80. 6 85.7 92,9 99.4 113.6 125, 1

Assume Y obeys the linear model
Y=a+bxr+ e,e~N(0,6°).
Determine the estimates of a,b and o°.
8.2 The relationship between the reproduction quantity and the month of a substance is as

follows:

Month x; 2 4 6 8 10

Reproduction quantity Y; 66 120 210 270 320

Suppose that the linear model is obeyed. E(Y)=pu(x) =4, + x.
(1) Find the estimates of 3, and j3,.
(2) Test whether f, is equal to zero or not(a=0. 05).
8.3 The strength Y of a synthetic material and its tensile multiples = have the

following relationship:

X 2.0 2.5 2.7 3.5 4.0 4.5 5.2 6.3 T 8.0 9.0 10.0

Y; 1.3 2.5 2.5 2.7 3.5 4.2 5.0 6.4 6.3 7.0 8.0 8.1

(1) Find the linear regression equation;

(2) Test the significance of the regression line(a=0.05);

(3) Find a 95% prediction interval of Y, when x,=6.

8.4 A statistics instructor at a university would like to examine the relationship (if
any) between the number of optional homework problems students do during the semester
and their final course grade. She randomly selects 12 students for study and asks them to
keep track of the number of these problems completed during the course of the semester.

The data are reported below:

Problems 51 58 62 65 68 76 77 78 78 84 85 91

Grnde 62 68 66 66 67 72 73 72 | 718 73 76 75
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(1) For this setting identify the response variable and the predictor variable.

(2) Find the regression equation.

(3) Conduct a hypothesis test for significant linear equation.

(4) Use the regression equation to predict a student’s final course grade if 70 optional

homework assignments are done.

8.5 The sales of a company (in million dollars) for each year are shown in the table

below.
x(year) 2005 2006 2007 2008 2009
y(sales) 12 19 29 37 45

(1) Find the least square regression line y=ax+b.

(2) Use the least square regression line to estimate the sales of the company in 2012,

8.6 A dietetics student wants to look at the relationship between calcium intake

(mg/day) and knowledge score (out of 50) about calcium in sports science students, The

table below shows the data she collected.

Respondent Knowledge score Calcium intake Respondent Knowledge score Calcium intake
1 10 450 11 38 940
2 42 1050 12 25 733
3 38 900 13 48 985
4 15 525 14 28 763
5 22 710 15 22 583
6 32 854 16 45 850
7 40 800 17 18 798
8 14 493 18 24 754
9 26 730 19 30 805
10 32 894 20 43 1085

(1) Find the least square regression line.

(2) What is the predicted calcium intake for a student with knowledge of calcium

score equal to 30 (out of 50)7

8.7 In animal studies, it is sometimes necessary to find out the relationship between

the volume and weight of a certain animal. Since the weight of an animal is relatively easy

to measure, and the measurement of volume is more difficult, people want to use the

weight of an animal to predict the volume. The table below reports the data of volumes
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and weights for 18 certain animals. Here, the weight x Cunit: kg) is considered as an

independent variable and the volume y (unit: dm*) is the response variable.

x y x y x Yy

10. 40 10. 20 15.10 14. 80 16. 50 15. 90
10. 50 10. 40 ' 15. 10 15.10 16.70 16. 60
11. 90 11. 60 15,10 14, 50 17,19 16. 70
12.10 11.90 15.70 15. 70 17.10 16. 70
13. 80 13. 50 15. 80 15. 20 17. 80 17. 60
15, 00 14. 50 16. 00 15. 80 18. 40 18. 30

(1) Find the least square regression line,

(2) Conduct a hypothesis test for the significance of the linear equation.

(3) What is the predicted volume if an animal’s weight is 17. 6 kg.

(4) What is the 95% prediction interval of the volume for an animal with 17. 6 kg.
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Appendix A Binomial Probability
Distribution

P(X=K=Cip*A—p)*

P
k
0.01 0.05 0.10 0.15 0. 20 0.25 0. 30 0.35 0. 40 0. 45 0. 50
0 0.9900 | 0.9500 | 0,9000 | 0.8500 | 0.8000 | 0.7500 | 0.7000 [ 0.6500 | 0.6000 | 0.5500 |0, 5000
A 1 0.0100 | 0.0500 | 0.1000 | 0.1500 | 0.2000 | 0.2500 | 0.3000 | 0.3500 | 0.4000 | 0.4500 | 0. 5000
0 0. 9801 | 0.9025 | 0.8100 | 0.7225 | 0.6400 | 0.5625 | 0.4900 | 0.4225 | 0. 3600 | 0. 3025 | 0. 2500
n=2 1 0.0198 | 0.0950 | 0. 1800 | 0.2550 | 0.3200 | 0.3750 | 0.4200 | 0.4550 | 0.4800 | 0.4950 |0.5000
2 0. 0001 | 0.0025 | 0.0100 | 0.0225 | 0. 0400 | 0.0625 | 0.0900 | 0.1225 | 0.1600 | 0.2025 |0. 2500
0 0.9703 | 0.8574 | 0.7290 | 0.6141 | 0.5120 | 0.4219 | 0.3430 | 0.2746 | 0.2160 | 0. 1664 |0. 1250
1 0.0294 | 0,1354 | 0,2430 | 0.3251 | 0. 3840 | 0.4219 | 0.4410 | 0. 4436 | 0.4320 | 0.4084 |0, 3750
e 2 0.0003 | 0.0071 | 0.0270 | 0. 0574 | 0. 0960 | 0.1406 | 0, 1890 | 0, 2389 | 0, 2880 | 0, 3341 |0, 3750
3 0 0.0001 | 0.0010 | 0.0034 | 0.0080 | 0.0156 | 0.0270 | 0.0429 | 0.0640 | 0.0911 | 0. 1250
0 0.9606 | 0.8145 | 0.6561 | 0.5220 | 0.4096 | 0.3164 | 0.2401 | 0.1785 | 0.1296 | 0. 0915 | 0. 0625
1 0.0388 | 0.1715 [ 0.2916 | 0. 3685 | 0.4096 | 0.4219 | 0. 4116 | 0. 3845 | 0.3456 | 0.2995 |0, 2500
n=4 2 0.0006 | 0.0135 | 0.0486 | 0.0975 | 0.1536 | 0.2109 | 0. 2646 | 0. 3105 | 0. 3456 | 0. 3675 |0. 3750
3 0 0. 0005 | 0.0036 | 0.0115 [ 0. 0256 | 0. 0469 | 0.0756 | 0.1115 | 0. 1536 | 0. 2005 |0. 2500
4 0 0 0.0001 | 0.0005 | 0. 0016 | 0.0039 | 0.0081 [ 0.0150 | 0,0256 | 0.0410 |0, 0625
0 0.9510 [ 0.7738 | 0. 5905 | 0. 4437 | 0.3277 [ 0.2373 | 0.1681 | 0.1160 | 0.0778 | 0. 0503 | 0. 0312
1 0.0480 | 0.2036 | 0.3281 [ 0.3915 | 0.4096 | 0.3955 | 0.3601 | 0.3124 | 0.2592 | 0.2059 |0.1562
2 0.0010 | 0.0214 | 0.0729 | 0.1382 | 0.2048 | 0. 2637 | 0.3087 | 0.3364 | 0.3456 | 0.3369 |0.3125
. 3 0 0.0011 | 0.0081 | 0.0244 | 0.0512 | 0. 0879 | 0,1323 | 0.1811 | 0.2304 | 0.2757 [0, 3125
4 0 0 0. 0005 [ 0.0022 | 0.0064 | 0.0146 | 0. 0284 | 0.0488 | 0.0768 | 0.1128 | 0. 1562
5 0 0 0 0.0001 | 0,0003 [ 0.0010 | 0.0024 | 0.0053 | 0.0102 | 0.0185 |0.0312
0 0.9415 | 0.7351 | 0.5314 | 0.3771 | 0.2621 | 0.1780 | 0.1176 | 0.0754 | 0.0467 | 0.0277 | 0. 0156
n==6 1 0.0571 | 0.2321 | 0.3543 | 0.3993 | 0.3932 | 0.3560 | 0.3025 | 0.2437 [ 0.1866 | 0.1359 [0.0937
2 0.0014 | 0.0305 | 0.0984 | 0.1762 | 0.2458 | 0.2966 | 0, 3241 | 0.3280 | 0.3110 | 0. 2780 |0. 2344
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continued
P
k
0.01 0.05 0.10 0.15 0. 20 0. 25 0. 30 0. 35 0. 40 0. 45 0. 50
3 0 0.0021 | 0,0146 | 0.0415 | 0.0819 | 0.1318 | 0.1852 | 0.2355 | 0. 2765 | 0.3032 |0.3125
4 0 0.0001 | 0,0012 | 0.0055 | 0.0154 | 0.0330 | 0.0595 | 0.0951 | 0. 1382 | 0. 1861 | 0. 2344
e 9 0 0 0.0001 | 0.0004 | 0.0015 | 0.0044 | 0.0102 | 0.0205 | 0. 0369 | 0. 0609 | 0. 0937
6 0 0 0 0 0. 0001 | 0.0002 | 0.0007 | 0,0018 | 0,0041 | 0.0083 |0.0156
0 0.9321 | 0.6983 | 0.4783 | 0.3206 | 0.2097 | 0.1335 | 0.0824 | 0. 0490 | 0, 0280 | 0.0152 [0. 0078
1 0.0659 | 0.2573 | 0.3720 | 0.3960 | 0. 3670 [ 0.3115 | 0.2471 | 0. 1848 | 0, 1306 | 0, 0872 | 0. 0547
2 0.0020 | 0.0406 | 0.1240 | 0.2097 | 0.2753 | 0.3115 | 0.3177 | 0.2985 [ 0.2613 | 0. 2140 |0. 1641
3 0 0.0036 | 0.0230 | 0.0617 | 0.1147 | 0.1730 | 0.2269 | 0.2679 | 0.2903 | 0.2918 [0.2734
- 4 0 0.0002 | 0.0026 | 0.0109 | 0.0287 | 0.0577 | 0,0972 | 0, 1442 | 0.1935 | 0. 2388 |0. 2734
5 0 0 0.0002 | 0.0012 | 0.0043 | 0.0115 | 0, 0250 | 0. 0466 | 0.0774 | 0.1172 | 0. 1641
6 0 0 0 0.0001 | 0.0004 | 0.0013 | 0.0036 | 0.0084 | 0.0172 | 0. 0320 | 0. 0547
7 0 0 0 0 0 0. 0001 | 0,0002 | 0.0006 [ 0,0016 | 0.0037 |0. 0078
0 0.9227 | 0.6634 | 0.4305 | 0.2725 | 0.1678 | 0. 1001 | 0.0576 | 0. 0319 | 0. 0168 | 0. 0084 |0. 0039
1 0.0746 | 0.2793 | 0.3826 | 0.3847 | 0.3355 [ 0.2670 | 0.1977 | 0.1373 | 0. 0896 | 0. 0548 | 0. 0312
2 0,0026 | 0.0515 | 0.1488 | 0, 2376 | 0.2936 | 0.3115 | 0.2965 | 0.2587 | 0.2090 | 0. 1569 |0. 1094
3 0.0001 | 0.0054 | 0.0331 | 0.0839 | 0. 1468 | 0, 2076 | 0.2541 | 0. 2786 | 0, 2787 | 0. 2568 | 0. 2187
n=_§ 4 0 0.0004 | 0.0046 | 0.0185 | 0.0459 | 0. 0865 | 0.1361 | 0.1875 | 0.2322 | 0. 2627 |0, 2734
5 0 0 0.0004 | 0.0026 | 0.0092 | 0.0231 | 0. 0467 | 0. 0808 | 0.1239 | 0. 1719 |0. 2187
6 0 0 0 0.0002 | 0.0011 | 0.0038 | 0.0100 | 0.0217 [ 0.0413 | 0.0703 [0, 1094
7 0 0 0 0 0.0001 | 0.0004 | 0.0012 | 0.0033 [ 0.0079 | 0.0164 |0,0312
8 0 0 0 0 0 0 0.0001 | 0.0002 | 0.0007 | 0.0017 [0, 0039
0 0.9135 | 0.6302 | 0. 3874 | 0.2316 | 0.1342 | 0.0751 | 0. 0404 | 0,0207 | 0.0101 | 0. 0046 |0. 0020
1 0.0830 | 0.2985 | 0.3874 | 0.3679 | 0.3020 | 0.2253 | 0.1556 | 0.1004 | 0. 0605 | 0.0339 [0.0176
2 0.0034 | 0.0629 | 0.1722 | 0. 2597 | 0.3020 | 0. 3003 | 0.2668 | 0.2162 | 0.1612 | 0. 1110 [ 0. 0703
3 0, 0001 | 0,0077 | 0,0446 | 0. 1069 | 0.1762 | 0. 2336 | 0.2668 | 0.2716 | 0. 2508 | 0.2119 |0. 1641
4 0 0. 0006 | 0,0074 | 0.0283 | 0.0661 | 0,1168 [ 0,1715 | 0, 2194 | 0, 2508 | 0. 2600 |0, 2461
ol 5 0 0 0. 0008 | 0.0050 | 0.0165 | 0.0389 | 0.0735 | 0. 1181 | 0.1672 | 0.2128 |0, 2461
6 0 0 0. 0001 [ 0.0006 | 0.0028 | 0.0087 [ 0.0210 | 0.0424 | 0.0743 | 0.1160 | 0. 1641
7 0 0 0 0 0.0003 | 0,0012 | 0,0039 | 0.0098 | 0.0212 | 0.0407 |0. 0703
8 0 0 0 0 0 0. 0001 | 0,0004 | 0,0013 | 0,0035 | 0.0083 [0.0176
9 0 0 0 0 0 0 0 0. 0001 | 0,0003 | 0.0008 [0.0020
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continued
P
k
0.01 0.05 0.10 0. 15 0.20 0.25 0. 30 0. 35 0. 40 0.45 0. 50
0 0.9044 | 0.5987 | 0.3487 | 0.1969 | 0.1074 | 0.0563 | 0. 0282 .0. 0135 | 0. 0060 | 0.0025 | 0. 0010
1 0.0914 | 0.3151 | 0.3874 | 0.3474 | 0. 2684 | 0.1877 | 0.1211 | 0.0725 | 0. 0403 | 0. 0207 | 0. 0098
2 0.0042 | 0.0746 | 0.1937 [ 0.2759 | 0.3020 | 0.2816 | 0.2335 | 0.1757 | 0.1209 | 0.0763 | 0. 0439
3 0, 0001 | 0.0105 | 0,0574 | 0.1298 | 0. 2013 | 0.2503 | 0. 2668 | 0. 2522 | 0.2150 [ 0. 1665 [0.1172
4 0 0.0010 | 0.0112 | 0.0401 | 0.0881 | 0. 1460 | 0, 2001 | 0, 2377 . 2508 | 0, 2384 |0. 2051
n=10 5 0 0.0001 | 0.0015 | 0.0085 | 0.0264 | 0.0584 | 0,1029 [ 0.1536 | 0.2007 | 0.2340 |0, 2461
6 0 0 0.0001 | 0.0012 | 0.0055 | 0.0162 | 0.0368 | 0. 0689 | 0.1115 | 0. 1596 [0. 2051
7 0 0 0 0. 0001 | 0.0008 | 0.0031 | 0.0090 | 0.0212 | 0,0425 | 0. 0746 |0.1172
8 0 0 0 0 0.0001 | 0.0004 | 0.0014 | 0.0043 .0106 | 0.0229 [0.0439
9 0 0 0 0 0 0 0.0001 | 0. 0005 .0016 | 0.0042 |0.0098
10 |0 0 0 0 0 0 0 0 . 0001 | 0.0003 |0.0010
0 0.8953 [ 0.5688 | 0.3138 | 0.1673 | 0.0859 | 0.0422 | 0.0198 | 0. 0088 . 0036 | 0.0014 |0, 0005
1 0.0995 | 0.3293 | 0.3835 | 0.3248 | 0.2362 | 0.1549 | 0.0932 | 0. 0518 . 0266 | 0.0125 |0.0054
2 0. 0050 | 0.0867 | 0.2131 | 0.2866 | 0.2953 | 0.2581 | 0.1998 | 0.1395 | 0. 0887 | 0. 0513 |0. 0269
3 0.0002 | 0.0137 | 0.0710 | 0.1517 | 0.2215 | 0. 2581 | 0. 2568 | 0. 2254 | 0.1774 | 0. 1259 | 0. 0806
4 0 0.0014 | 0.0158 | 0.0536 | 0.1107 | 0.1721 | 0.2201 | 0.2428 | 0. 2365 | 0.2060 |0. 1611
5 0 0.0001 | 0.0025 | 0.0132 | 0.0388 | 0.0803 | 0.1321 | 0.1830 | 0. 2207 | 0. 2360 |0. 2256
e 6 0 0 0.0003 | 0,0023 | 0. 0097 | 0.0268 | 0,0566 | 0.0985 | 0.1471 | 0.1931 |0. 2256
7 0 0 0 0.0003 | 0.0017 | 0.0064 | 0.0173 | 0.0379 | 0,0701 | 0.1128 [0.1611
8 0 0 0 0 0.0002 | 0.0011 | 0.0037 | 0.0102 | 0. 0234 | 0.0462 | 0. 0806
9 0 0 0 0 0 0. 0001 | 0.0005 | 0.0018 . 0052 | 0.0126 | 0. 0269
10 |0 0 0 0 0 0 0 0. 0002 . 0007 | 0.0021 | 0. 0054
11 0 0 0 0 0 0 0 0 0. 0002 | 0. 0005
0 0.8864 | 0.5404 | 0,2824 | 0.1422 | 0. 0687 | 0.0317 | 0.0138 | 0. 0057 | 0.0022 | 0. 0008 |0. 0002
1 0.1074 | 0.3413 | 0.3766 | 0.3012 | 0. 2062 | 0.1267 | 0.0712 | 0. 0368 | 0.0174 | 0.0075 [0. 0029
2 0. 0060 | 0.0988 | 0.2301 | 0.2924 | 0.2835 | 0.2323 | 0.1678 | 0.1088 | 0. 0639 | 0. 0339 |0. 0161
3 0.0002 | 0.0173 | 0.0852 | 0.1720 | 0.2362 | 0. 2581 | 0.2397 | 0.1954 | 0. 1419 | 0.0923 (0. 0537
4 0 0.0021 | 0.0213 | 0.0683 | 0.1329 | 0.1936 | 0. 2311 | 0.2367 | 0.2128 | 0. 1700 | 0. 1208
5 0 0.0002 | 0.0038 | 0.0193 | 0.0532 | 0.1032 | 0. 1585 | 0.2039 | 0. 2270 | 0. 2225 |0. 1934
n=12 6 0 0 0, 0005 | 0.0040 | 0.0155 | 0.0401 | 0.0792 | 0. 1281 | 0. 1766 | 0. 2124 (0. 2256
7 0 0 0 0. 0006 | 0.0033 | 0.0115 | 0.0291 | 0. 0591 | 0. 1009 | 0. 1489 |0. 1934
8 0 0 0 0.0001 | 0. 0005 | 0, 0024 | 0.0078 | 0. 0199 . 0420 | 0.0762 | 0. 1208
9 0 0 0 0 0.0001 | 0. 0004 | 0. 0015 | 0, 0048 . 0125 | 0,0277 | 0.0537
10 | O 0 0 0 0 0 0. 0002 | 0.0008 | 0.0025 | 0. 0068 |[0.0161
11 |0 0 0 0 0 0 0 0. 0001 . 0003 | 0.0010 |0.0029
1210 0 0 0 0 0 0 0 0 0. 0001 | 0.0002




Appendix B Poisson Cumulative
Distribution

k
PIX<2) = ; ;‘—'e*
A
k
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0 0. 905 0. 819 0.741 0.670 0, 607 0. 549 0. 497 0. 449 0.407 0. 368
1 0. 995 0. 982 0.963 0.938 0,910 0., 878 0. 844 0. 809 0,772 0.736
2 1 0.999 0. 996 0.992 0. 986 0.977 0. 966 0.953 0.937 0.920
3 1 1 1 0. 999 0. 998 0.997 0. 994 0.991 0.987 0. 981
4 1 1 1 1 1 1 0,999 0. 999 0. 998 0. 996
5 1 1 1 1 1 1 1 1 1 0. 999
6 1 1 1 1 1 1 1 1 1 1
A
k
1.1 1.2 1.3 1.4 1.5 1.6 L.T 1.8 1.9 2.0
0 0.333 0.301 0.273 0. 247 0.223 0. 202 0.183 0.165 0. 150 0.135
1 0. 699 0.663 0,627 0,592 0.558 0.525 0. 493 0.463 0. 434 0. 406
2 0. 900 0. 879 0. 857 0. 833 0, 809 0,783 0, 757 0,731 0,704 0,677
3 0.974 0. 966 0. 957 0. 946 0.934 0.921 0. 907 0. 891 0. 875 0. 857
4 0.995 0.992 0. 989 0. 986 0. 981 0. 976 0. 970 0. 964 0. 956 0. 947
5 0. 999 0.998 0. 998 0. 997 0. 996 0. 994 0,992 0. 990 0, 987 0. 983
6 1 1 1 0. 999 0.999 0. 999 0. 998 0. 997 0,997 0,995
7 1 1 1 1 1 1 1 0.999 0.999 0.999
8 il 1 1 1 1 1 1 1 1 1
A
k
2.1 2. 2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0
0 0.122 0.111 0. 100 0.091 0.082 0.074 0. 067 0. 061 0. 055 0. 050
1 0. 380 0. 35b 0. 331 0. 308 0. 287 0. 267 0. 249 0.231 0.-215 0.199
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Appendix B  Poisson Cumulative Distribution (

continued

k

2.1 2.2 2.3 2.4 2.5 2.6 2: 7 208 2.9 3.0
2 0. 650 0.623 0. 596 0. 570 0. 544 0.518 0. 494 0.469 0. 446 0. 423
3 0. 839 0. 819 0.799 0.779 0. 758 0. 736 0.714 0.692 0.670 0. 647
4 0.938 0.928 0.916 0. 904 0. 891 0. 877 0. 863 0. 848 0. 832 0. 815
5 0. 980 0. 975 0. 970 0. 964 0. 958 0. 951 0.943 0.:935 0. 926 0.916
6 0.994 0.993 0.991 0. 988 0. 986 0. 983 0.979 0.976 0.971 0. 966
7 0.999 0.998 0.997 0.997 0,996 0. 995 0.993 0.1992 0.990 0. 988
8 1 1 (..959 0.999 0.999 0.999 0. 998 0.998 0. 997 0. 996
9 1 1 1 1 1 1 0.999 0. 999 0. 999 0. 999
10 1 1 1 1 1 1 1 1 1 1
k

el 3.2 Fid 3.4 3 3+/6 3.7 3.8 3.9 4,0
0 0, 045 0.041 0.037 0.033 0.030 0.027 0. 025 0.022 0,020 0.018
1 0. 185 0.171 0.159 0. 147 0.136 0.126 0.116 0.107 0.099 0.092
2 0. 401 0. 380 0. 359 0. 340 0. 321 0. 303 0. 285 0. 269 0.253 0.238
3 0. 625 0.603 0. 580 0. 558 0. 537 0.515 0.494 0.473 0.453 0.433
4 0.798 0.781 0.763 0. 744 0.725 0. 706 0. 687 0.668 0. 648 0. 629
5 0. 906 0. 895 0. 883 0.871 0. 858 0. 844 0. 830 0. 816 0. 801 0. 785
6 0. 961 0. 955 0,949 0,942 0. 935 0.927 0.918 0.909 0. 899 0. 889
7 0. 986 0. 983 0. 980 0.977 0.973 0. 969 0. 965 0. 960 0. 955 0. 949
8 0.995 0. 994 0.993 0.992 0.990 0. 988 0. 986 0.984 0. 981 0.979
9 0.999 0.998 0.998 0.997 0. 997 0. 996 0. 995 0.994 0.993 0.992
10 1 1 0.999 0.999 0. 999 0. 999 0. 998 0.998 0.998 0. 997
11 1 1 1 1 1 1 il 0.999 0. 999 0. 999
12 1 1 1 1 1 1 1 1 1 1
k

4.1 4,2 4.3 4.4 4,5 4.6 4.7 4.8 4.9 5.0
0 0.017 0.015 0.014 0.012 0.011 0.010 0. 009 0. 008 0. 007 0. 007
1 0. 085 0.078 0.072 0. 066 0. 061 0.056 0. 052 0.048 0. 044 0. 040
2 0.224 0.210 0.197 0.185 0.174 0.163 0.152 0.143 0.133 0, 125
3 0.414 0. 395 0. 377 0. 359 0. 342 0. 326 0.310 0. 294 0.279 0. 265
4 0. 609 0. 590 0.570 0.551 0.532 0.513 0.495 0.476 0.458 0. 440
) 0.769 0.753 0.737 0.720 0.703 0. 686 0. 668 0. 651 0.634 0.616
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0 % % 18 5 ¥ 45 1T Probability and Statistics

continued

k

4,1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 5.0
6 0. 879 0. 867 0. 856 0. 844 0. 831 0.818 0. 805 0. 791 0.777 0. 762
7 0,943 0. 936 0.929 0.921 0.913 0. 905 0. 896 0. 887 0, 877 0. 867
8 0.976 0.972 0. 968 0. 964 0. 960 0. 955 0. 950 0. 944 0.938 0.932
9 0. 990 0. 989 0. 987 0. 985 0.983 0. 980 0.978 0. 975 0.972 0.968
10 0. 997 0. 996 0. 995 0.994 0.993 0.992 0.991 0. 990 0. 988 0. 986
11 0.999 0.999 0.998 0.998 0.998 0.997 0. 997 0. 996 0.995 0. 995
12 1 1 0.999 0.999 0.999 0.999 0.999 0. 999 0.998 0.998
13 1 1 1 1 1 1 1 1 0. 999 0. 999
14 il 1 1 1 1 1 1 1 1 1




Appendix C Standard Normal Table

3 0. 00 0.01 0.02 0.03 0. 04 0.05 0. 06 0.07 0,08 0.09
0.0 0. 5000 0. 5040 0.5080 | 0.5120 0.5160 0.5199 0. 5239 . 5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0. 5557 0.5596 0. 5636 . 5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0. 5987 0, 6026 . 6064 0.6103 0.6141
0.3 0.6179 0.6217 0. 6255 0.6293 0.6331 0.6368 0. 6406 . 6443 0. 6480 0. 6517
0.4 0. 6554 0. 6591 0.6628 0. 6664 0. 6700 0.6736 0.6772 . 6808 0.6844 0. 6879
0.5 0. 6915 0. 6950 0. 6985 0.7019 0.7054 0.7088 0.7123 . 7157 0. 7190 0.7224
0.6 0. 7257 0.7291 0.7324 0. 7357 0.7389 0.7422 0. 7454 . 7486 0.7517 0. 7549
0.7 0. 7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 L7794 0.7823 0. 7852
0.8 0. 7881 0, 7910 0.7939 0. 7967 0. 7995 0.8023 0. 8051 . 8078 0.8106 | 0.8133
0.9 0. 8159 0.8186 0.8212 0.8238 0. 8264 0. 8289 0. 8315 . 8340 0. 8365 0. 8389
1.0 0.8413 0. 8438 0. 8461 0. 8485 0. 8508 0. 8531 0. 8554 . 8577 0. 8599 0. 8621
1.1 0. 8643 0. 8665 0. 8686 0. 8708 0. 8729 0. 8749 0. 8770 . 8790 0. 8810 0. 8830
1.2 0. 8849 0. 8869 0. 8888 0. 8907 0. 8925 0. 8944 0. 8962 . 8980 0. 8997 0.9015
1.3 0.9032 0.9049 0. 9066 0.9082 0. 9099 0.9115 0.9131 . 9147 0.9162 0.9177
1.4 0.9192 0. 9207 0.9222 0. 9236 0.9251 0.9265 0. 9279 . 9292 0.9306 0.9319
1.5 0.9332 0. 9345 0. 9357 0.9370 0.9382 0.9394 0. 9406 . 9418 0.9429 0. 9441
1.6 0.9452 0.9463 0.9474 0.9484 0. 9495 0. 9505 0.9515 . 9525 0. 9535 0. 9545
1,7 0. 9554 0. 9564 0.9573 0.9582 0.9591 0. 9599 0. 9608 . 9616 0. 9625 0,9633
1.8 0. 9641 0. 9649 0.9656 0. 9664 0. 9671 0.9678 0. 9686 . 9693 0. 9699 0. 9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0. 9750 . 9756 0.9761 0.9767
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0. 9803 . 9808 0.9812 0. 9817




0 B it 5 B2 % it Probability and Statistics

continued
x 0. 00 0.01 0.02 0.03 0. 04 0. 05 0. 06 0.07 0.08 0.09
2.1 0. 9821 0. 9826 . 9830 0. 9834 0. 9838 0.9842 0. 9846 0. 9850 0. 9854 . 9857
2.2 0.9861 | 0.9864 .9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 . 9890
2.3 0.9893 [ 0.9896 .9898 | 0.9901 [ 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 . 9916
2.4 0.9918 | 0.9920 .9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 . 9936
%5 0.9938 | 0.9940 L9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 . 9952
2.6 0. 9953 0. 9955 . 9956 0. 9957 0. 9959 0. 9960 0.9961 0.9962 0. 9963 . 9964
2.7 0. 9965 0. 9966 . 9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 . 9974
2.8 0.9974 0.9975 . 9976 0.9977 0.9977 0.9978 0.9979 0.9979 0. 9980 . 9981
2.9 0. 9981 0.9982 . 9982 0.9983 0. 9984 0.9984 0.9985 0. 9985 0. 9986 . 9986
3.0 0.9987 | 0.9987 .9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 . 9990




Appendix D

t-distribution Upper
Quantiles ¢, (n)

0. 20 0.15 0.10 0.05 0.025 0.01 0. 005
1 1. 3764 1. 9626 3.0777 6.3138 12. 7062 31. 8205 63. 6567
2 1. 0607 1. 3862 1. 8856 2.9200 4, 3027 6. 9646 9.9248
3 0.9785 1.2498 1. 6377 2.3534 3.1824 4, 5407 5. 8409
4 0. 9410 1. 1896 1. 5332 2.1318 2. 7764 3.7469 4. 6041
5 0.9195 1. 1558 1. 4759 2.0150 2.5706 3. 3649 4. 0321
6 0. 9057 1.1342 1.4398 1.9432 2. 4469 3. 1427 3.7074
7 0. 8960 1.1192 1.4149 1. 8946 2. 3646 2.9980 3.4995
8 0. 8889 1. 1081 1. 3968 1. 8595 2. 3060 2. 8965 3. 3554
9 0. 8834 1. 0997 1. 3830 1. 8331 2.2622 2.8214 3.2498
10 0. 8791 1.0931 1; 3722 1. 8125 2,2281 2.7638 3.1693
11 0. 8755 1. 0877 1. 3634 1. 7959 2.2010 2.7181 3.1058
12 0.8726 1. 0832 1. 3562 1.7823 2.1788 2. 6810 3. 0545
13 0. 8702 1. 0795 1. 3502 1. 7709 2. 1604 2.6503 3.0123
14 0. 8681 1. 0763 1. 3450 1.7613 2. 1448 2.6245 2.9768
15 0. 8662 1. 0735 1. 3406 1. 7531 2.1314 2. 6025 2. 9467
16 0. 8647 1. 0711 1. 3368 1. 7459 2.1199 2.5835 2. 9208
17 0. 8633 1. 0690 1. 3334 1. 7396 2.1098 2.5669 2. 8982
18 0. 8620 1. 0672 1. 3304 1. 7341 2. 1009 2.5524 2.8784
19 0.8610 1. 0655 1. 3277 1.7291 2,0930 2.5395 2. 8609
20 0. 8600 1. 0640 1. 3253 1. 7247 2. 0860 2.5280 2, 8453
21 0. 8591 1. 0627 1. 3232 1. 7207 2.0796 2.5176 2.8314
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0 MR 5 ¥ ST Probability and Statistics

continued
0. 20 0.15 0.10 0.05 0.025 0.01 0. 005
n

22 0. 8583 1.0614 1. 3212 17171 2.0739 2.5083 2.8188
23 0. 8575 1. 0603 1. 3195 1. 7139 2.0687 2.4999 2.8073
24 0. 8569 1.0593 1.3178 1.7109 2.0639 2.4922 2.7969
25 0. 8562 1. 0584 1. 3163 1. 7081 2.0595 2. 4851 2.7874
26 0. 8557 1. 0575 1. 3150 1. 7056 2. 0555 2.4786 2.7787
27 0. 8551 1. 0567 1.3137 1.7033 2,0518 2.4727 2.7707
28 0. 8546 1. 0560 1. 3125 1.7011 2.0484 2.4671 2.7633
29 0. 8542 1. 0553 1. 3114 1. 6991 2.0452 2.4620 2.7564
30 0.8538 1. 0547 1. 3104 1. 6973 2.0423 2.4573 2.7500
31 0. 8534 1. 0541 1. 3095 1. 6955 2.0395 2.4528 2.7440
32 0. 8530 1. 0535 1. 3086 1. 6939 2.0369 2. 4487 2.7385
33 0. 8526 1. 0530 1. 3077 1. 6924 2.0345 2. 4448 2.7333
34 0.8523 1. 0525 1. 3070 1. 6909 2.0322 2. 4411 2.7284
35 0. 8520 1. 0520 1. 3062 1. 6896 2.0301 2.4377 2.7238
36 0. 8517 1. 0516 1. 3055 1. 6883 2.0281 2.4345 2.7195
37 0.8514 1.0612 1. 3049 1. 6871 2.0262 2.4314 2.7154
38 0. 8512 1. 0508 1. 3042 1. 6860 2.0244 2.4286 2.7116
39 0. 8509 1. 0504 1. 3036 1. 6849 2.0227 2.4258 2.7079
40 0. 8507 1. 0500 1. 3031 1. 6839 2.0211 2.4233 2.7045
41 0. 8505 1. 0497 1. 3025 1. 6829 2.0195 2.4208 2.7012
42 0. 8503 1. 0494 1. 3020 1. 6820 2,0181 2.4185 2.6981
43 0. 8501 1. 0491 1. 3016 1. 6811 2. 0167 2.4163 2. 6951
44 0. 8499 1.0488 1. 3011 1. 6802 2.0154 2.4141 2.6923
45 0. 8497 1. 0485 1. 3006 1.6794 2.0141 2.4121 2. 6896
46 0. 8495 1. 0483 1. 3002 1. 6787 2.0129 2.4102 2. 6870
47 0. 8493 1. 0480 1. 2998 1.6779 2.0117 2.4083 2.6846
48 0. 8492 1.0478 1. 2994 1.6772 2.0106 2. 4066 2.6822
49 0. 8490 1. 0475 1. 2991 1. 6766 2. 0096 2. 4049 2. 6800
50 0. 8489 1.0473 1. 2987 1. 6759 2.0086 2.4033 2.6778
51 0. 8487 1. 0471 1.2984 1. 6753 2.0076 2.4017 2.6757
52 0. 8486 1. 0469 1. 2980 1. 6747 2. 0066 2.4002 2.6737
53 0. 8485 1. 0467 1. 2977 1. 6741 2. 0057 2.3988 2.6718




Appendix D t-distribution Upper Quantiles ¢, (n) (

continued

0. 20 0,15 0.10 0,05 0,025 0.01 0. 005
54 0. 8483 1.0465 1. 2974 1. 6736 2.0049 2.3974 2. 6700
55 0. 8482 1.0463 1. 2971 1. 6730 2. 0040 2. 3961 2.6682
56 0. 8481 1. 0461 1. 2969 1. 6725 2.0032 2.3948 2. 6665
57 0. 8480 1.0459 1,2966 1. 6720 2.0025 2.3936 2.6649
58 0. 8479 1. 0458 1.2963 1.6716 2.0017 2.3924 2.6633
59 0. 8478 1. 0456 1.2961 1.6711 2.0010 2.3912 2.6618
60 0. 8477 1. 0455 1. 2958 1. 6706 2.0003 2.3901 2.6603




Appendix E y*-distribution Upper
Quantiles yz (n)

Xi(n)

) “ | 0.995 0.99 0. 975 0.95 0.90 0.10 0.05 0.025 0.01 0. 005
1 0.000 | 0.000 | 0,001 | 0.004 | 0.016 | 2.706 | 3.841 |.5.024 | 6.635 | 7.879
2 0.010 | 0.020 | 0.051 [ 0.103 | 0.211 | 4.605 | 5.991 | 7.378 | 9.210 | 10.597
3 0.072 | 0.115 | 0.216 | 0.352 | 0.584 | 6.251 | 7.815 | 9.348 | 11.345 | 12.838
4 0.207 | 0.297 | 0.484 | 0.711 1.064 | 7.779 | 9.488 | 11,143 | 13.277 | 14.860
5 0.412 | 0.554 | 0.831 1.145 1.610 | 9.236 |11.070 |12.833 | 15.086 | 16.750
6 0.676 | 0.872 | 1.237 | 1.635 | 2.204 | 10.645 | 12.592 | 14.449 | 16.812 | 18.548
7 0.989 | 1.239 | 1.690 | 2.167 | 2.833 | 12.017 | 14.067 | 16.013 | 18.475 | 20.278
8 1.344 | 1.646 | 2.180 | 2.733 | 3.490 | 13.362 | 15.507 | 17.535 | 20.090 | 21.955
9 1.735 | 2.088 | 2.700 | 3.325 | 4.168 | 14.684 | 16.919 | 19.023 | 21.666 | 23.589
10 2.156 | 2.558 | 3,247 | 3,940 | 4.865 | 15.987 | 18,307 | 20,483 | 23.209 | 25.188
11 2.603 | 3.053 | 3.816 | 4.575 | 5.578 | 17.275 | 19.675 | 21.920 | 24.725 | 26.757
12 3.074 | 3.571 | 4.404 | 5.226 | 6.304 | 18.549 | 21.026 | 23.337 | 26.217 | 28.300
13 3.565 .| 4.107 | 5.009 | 5.892 | 7.042 | 19.812 | 22.362 | 24.736 | 27.688 | 29.819
14 4.075 | 4.660 | 5.629 | 6.571 | 7.790 | 21.064 | 23.685 | 26.119 | 29.141 | 31.319
15 4.601 | 5.229 | 6.262 | 7.261 | 8.547 | 22.307 | 24.996 | 27.488 | 30.578 | 32.801
16 5.142 | 5.812 | 6.908 | 7.962 | 9,312 | 23,542 | 26.296 | 28.845 | 32.000 | 34.267
17 5.697 | 6.408 | 7.564 | 8.672 | 10,085 | 24,769 | 27.587 | 30.191 | 33.409 | 35.718
18 6.265 | 7.015 | 8.231 9.390 | 10.865 | 25.989 | 28.869 | 31.526 | 34.805 | 37.156
19 6.844 | 7.633 | 8.907 | 10.117 | 11.651 | 27.204 | 30.144 | 32.852 | 36.191 | 38.582
20 7.434 | 8.260 | 9.591 | 10.851 | 12.443 | 28,412 | 31.410 | 34.170 | 37.566 | 39.997
21 8.034 | 8.897 | 10.283 | 11.591 | 13.240 | 29.615 | 32.671 | 35.479 | 38.932 | 41.401

wm
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Appendix E y*-distribution Upper Quantiles y2 (n) c

continued

0,995 0.99 0, 975 0.95 0. 90 0.10 0. 05 0. 025 0,01 0. 005
22 8. 643 9.542 10. 982 12. 338 14. 041 30. 813 33.924 36, 781 40, 289 42.796
23 9. 260 10. 196 11. 689 13. 091 14, 848 32,007 35.172 38.076 41, 638 44,181
24 9. 886 10. 856 12. 401 13. 848 15. 659 33.196 36. 415 39. 364 42.980 45.559
25 10. 520 11,524 13.120 14,611 16.473 34, 382 37. 652 40. 646 44, 314 46. 928
26 11, 160 12,198 13. 844 15,379 17,292 35,563 38. 885 41,923 45, 642 48. 290
27 11. 808 12. 879 14.573 16. 151 18.114 36. 741 40.113 43.195 46.963 49. 645
28 12. 461 13. 565 15. 308 16.928 18. 939 37.916 41. 337 44, 461 48. 278 50.993
29 13.121 14, 256 16. 047 17.708 19. 768 39.087 42, 557 45,722 49, 588 52. 336
30 13. 787 14.953 16. 791 18.493 20. 599 40. 256 43.773 46.979 50. 892 53.672
31 14,458 15. 655 17. 539 19. 281 21.434 41.422 44, 985 48.232 52.191 55.003
32 15.134 16. 362 18. 291 20.072 22.271 42. 585 46. 194 49. 480 53. 486 56,328
33 15. 815 17.074 19. 047 20. 867 23.110 43,745 47, 400 50. 725 54,776 57,648
34 16. 501 17. 789 19. 806 21. 664 23. 952 44,903 48. 602 51. 966 56. 061 58. 964
35 17.192 | 18.509 20.569 | 22.465 | 24,797 | 46.059 | 49.802 | 53.203 | 57.342 | 60.275
36 17. 887 19. 233 21. 336 23.269 25.643 47. 212 50. 998 54.437 58. 619 61. 581
37 18. 586 19. 960 22.106 24.075 26.492 48. 363 52.192 55. 668 59. 893 62. 883
38 19. 289 20. 691 22. 878 24, 884 27. 343 49,513 53. 384 56. 896 61.162 64. 181
39 19. 996 21.426 23.654 25. 695 28. 196 50. 660 54,572 58. 120 . 62.428 65, 476
40 20. 707 22.164 24,433 26.509 29. 051 51. 805 55.758 59. 342 63.691 66. 766
41 21.421 | 22,906 25.215 | 27.326 | 29.907 | 52.949 | 56.942 | 60.561 | 64.950 | 68.053
42 22,138 23. 650 25.999 28. 144 30. 765 54. 090 58. 124 61. 777 66. 206 69. 336
43 22. 859 24. 398 26.785 28. 965 31.625 55. 230 59. 304 62. 990 67.459 70. 616
44 23.584 25.148 27.575 29. 787 32,487 56. 369 60. 481 64. 201 68. 710 71.893
45 24. 311 25.901 28. 366 30. 612 33. 350 57. 505 61. 656 65. 410 69, 957 73.166
46 25. 041 26. 657 29.160 31. 439 34, 215 58. 641 62. 830 66. 617 71. 201 74.437
47 25.775 27. 416 29. 956 32. 268 35. 081 59. 774 64. 001 67. 821 72.443 75. 704
48 26,511 28.177 30. 755 33.098 35. 949 60. 907 65.171 69. 023 73.683 76.969
49 27. 249 28. 941 31. 555 33.930 36. 818 62. 038 66. 339 70. 222 74.919 78. 231
50 27.991 29. 707 32..357 34. 764 37. 689 63. 167 67.505 71.420 76.154 79.490
51 28. 735 30. 475 33.162 35. 600 38. 560 64. 295 68. 669 72.616 77.386 80. 747
52 29. 481 31. 246 33. 968 36.437 39. 433 65.422 69. 832 73. 810 78.616 82. 001
53 30. 230 32.018 34,776 37. 276 40. 308 66. 548 70.993 75.002 79.843 83. 253




0 WX it 5 ¥R 4t it Probability and Statistics

continued
0. 995 0.99 0.975 0. 95 0. 90 0.10 0.05 0.025 0.01 0. 005
n

54 30. 981 32.793 35. 586 38.116 41,183 67.673 72.153 76.192 81. 069 84,502
55 31. 735 33.570 36. 398 38, 958 42. 060 68. 796 73. 311 77. 380 82. 292 85, 749
56 32. 490 34. 350 37,212 39. 801 42,937 69.919 74.468 78. 567 83.513 86. 994
57 33,248 35,181 38. 027 40, 646 43. 816 71. 040 75.624 79. 752 84.733 88. 236
58 34,008 35.913 38. 844 41,492 44. 696 72.160 76.778 80. 936 85. 950 89. 477
59 34.770 36. 698 39.662 42,339 45. 577 73.279 77.931 82.117 87.166 90. 715
60 35. 534 37. 485 40. 482 43.188 46. 459 74, 397 79. 082 83. 298 88. 379 91. 952




Appendix F F-distribution Upper
Quantiles F,(n; ,n,)

7o

0 Fo(n,ny)
(¢=0.10)
-y 1 2 3 4 5 6 7 8 9 10
n
1 39.863 | 8.526 .538 .545 | 4.060 776 .589 . 458 . 360 . 285
2 49.500 | 9.000 . 462 .325 | 3.780 . 463 257 113 . 006 .924
3 53.593 | 9.162 .391 191 | 3.619 . 289 . 074 . 924 .813 .728
4 55.833 | 9.243 343 .107 | 3.520 .181 961 . 806 . 693 . 605
5 57.240 | 9.293 . 309 051 | 3.453 .108 . 883 . 126 , 811 .522
6 58.204 | 9.326 . 285 010 | 3.405 . 055 . 827 . 668 . 551 . 461
7 58.906 | 9.349 . 266 979 | 3.368 .014 785 624 . 505 . 414
8 59.439 | 9.367 252 .955 | 3.339 . 983 . 752 . 589 . 469 377
9 59,858 | 9.381 . 240 .936 | 3.316 . 958 725 561 . 440 . 347
10 | 60.195 | 9.392 . 230 920 | 3.297 937 . 703 538 416 323
12 | 60.705 | 9.408 216 .896 | 3.268 . 905 . 668 502 . 379 . 284
14 | 61.073 | 9.420 . 205 878 | 3.247 . 881 .643 475 . 351 . 255
16 | 61.350 | 9.429 .196 .864 | 3.230 . 863 .623 . 455 .329 233
18 | 61.566 | 9.436 .190 .853 | 3.217 . 848 . 607 438 312 215
20 | 61.740 | 9.441 .184 .844 | 3.207 . 836 595 . 425 . 298 . 201
25 | 62.055 | 9.451 .175 .828 | 3.187 815 571 . 400 272 174
30 | 62.265 | 9.458 .168 817 | 3.174 . 800 .555 . 383 . 255 188
10 | 62.529 | 9.466 . 160 .804 | 3.157 781 .535 . 361 . 232 .132
60 | 62,794 | 9.475 .151 790 | 3.140 . 762 .514 . 339 . 208 .107
120 | 63.061 | 9.483 .143 775 | 3.123 742 . 493 316 184 . 082

261



Q B2 it 5 ¥ T2 %1 Probability and Statistics

continued
(x=0.10)
: . 12 14 16 18 20 25 30 40 60 120
i
1 3.177 3.102 3.048 3.007 2.975 2.918 . 881 . 835 2.791 2.748
2 2. 807 2.726 2. 668 2.624 2.589 2.528 . 489 . 440 2.393 2. 347
3 2. 606 2. 522 2.462 2.416 2. 380 2.317 .276 .226 2.177 2.130
4 2. 480 2. 395 2.333 2. 286 2.249 2.184 .142 .091 2.041 1. 992
5 2.394 2. 307 2. 244 2.196 2,158 2,092 . 049 .997 1. 946 1. 896
6 2.331 2.243 2.178 2.130 2.091 2.024 . 980 . 927 1. 875 1. 824
7 2,283 2.193 2.128 2.079 2. 040 1.971 . 927 . 873 1. 819 1.767
8 2.245 2.154 2.088 2.038 1.999 1.929 . 884 . 829 1.775 1.722
9 2.214 2: 122 2. 055 2,005 1. 965 1. 895 . 849 .793 1.738 1. 684
10 2.188 2.095 2.028 1. 977 1. 937 1. 866 . 819 . 763 1.707 1. 652
12 2. 147 2. 054 1. 985 1.933 1. 892 1. 820 .773 .715 1. 657 1. 601
14 2,117 2. 022 1. 953 1. 900 1. 859 1.785 . 737 .678 1. 619 1. 562
16 2. 094 1.998 1. 928 1,875 1.833 1.758 . 709 . 649 1.589 1. 530
18 2,075 1.978 1. 908 1. 854 1. 811 1.736 . 686 . 625 1. 564 1,504
20 2. 060 1. 962 1. 891 1. 837 1.794 1.718 . 667 . 605 1. 543 1.482
25 2.031 1. 933 1. 860 1. 805 1. 761 1. 683 .632 . 568 1. 504 1. 440
30 2.011 1.912 1. 839 1.783 1.738 1. 659 . 606 . 541 1.476 1. 409
40 1. 986 1. 885 1. 811 1. 754 1.708 1. 627 . 573 . 506 1. 437 1. 368
60 1. 960 1. 857 1.782 1.723 1. 677 1. 593 .538 . 467 1.395 1. 320
120 1. 932 1. 828 1.751 1. 691 1. 643 1. 557 .499 . 425 1. 348 1. 265
(¢=0.05)
nz
2 3 4 5 6 7 8 9 10
ny

1 161.448 | 18.513 10,128 7.709 6. 608 5.987 .591 . 318 5.117 4. 965
2 199. 500 | 19.000 9.552 6. 944 5.786 5. 143 . 737 . 459 4, 256 4.103
3 215.707 | 19.164 9.277 6.591 5.409 4.757 . 347 . 066 3. 863 3.708
4 224.583 | 19.247 9.117 6.388 5.192 4.534 .120 .838 3.633 3.478
5 230,162 | 19. 296 9,013 6. 256 5.050 4, 387 .972 . 687 3.482 3. 326
6 233.986 | 19.330 8.941 6.163 4, 950 4. 284 . 866 . 581 3.374 3.217
T 236.768 | 19.353 8. 887 6.094 4,876 4,207 L7187 . 500 3.293 3.135
8 238.883 | 19.371 8. 845 6.041 4.818 4.147 . 726 .438 3.230 3.072
9 240.543 | 19.385 8.812 5.999 4,772 4.099 . 677 . 388 3.179 3.020




Appendix F  F-distribution Upper Quantiles F, (n, ,n,) C

continued
(¢=0.05)
nz
1 2 3 4 5 6 7 8 9 10
n
10 241.882 | 19.396 . 786 5. 964 4,735 . 060 3.637 3. 347 3, 137 2.978
12 243.906 | 19.413 . 745 5.912 4.678 . 000 3.575 3.284 3.073 2.913
14 245, 364 19. 424 1D 5. 873 4. 636 . 956 3.529 3..237 3.025 2. 865
16 246, 464 19. 433 . 692 5. 844 4,604 .922 3.494 3.202 2, 989 2,828
18 247,323 | 19.440 . 675 5.821 4,579 . 896 3. 467 3.173 2. 960 2.798
20 248.013 | 19.446 . 660 5. 803 4, 558 .874 3. 445 3.150 2,936 2,774
25 249. 260 | 19.456 . 634 5.769 4,521 . 835 3. 404 3.108 2.893 2.730
30 250.095 | 19.462 .617 5.746 4. 496 . 808 3.376 3.079 2. 864 2.700
40 251.143 | 19.471 . 094 o. 7 4.464 774 3. 340 3.043 2. 826 2.661
60 252,196 | 19.479 . D72 5. 688 4.431 . 740 3. 304 3. 005 2.787 2.621
120 253.253 | 19.487 549 5.658 4, 398 . 705 3. 267 2.967 2.748 2. 580
ny

" 12 14 16 18 20 25 30 40 60 120
1 4,747 4, 600 . 494 4,414 4, 351 . 242 4,171 4, 085 4,001 3.920
2 3. 885 3.739 . 634 3.555 3.493 . 385 3.316 3.232 3.150 3.072
3 3. 490 3. 344 . 239 3. 160 3.098 .991 2.922 2.839 2,758 2.680
4 3. 259 3.-112 . 007 2.928 2. 866 . 759 2. 690 2.606 2.525 2. 447
5 3. 106 2,958 . 852 2,773 2,711 . 603 2,534 2.449 2. 368 2,290
6 2. 996 2. 848 . 741 2. 661 2.599 .490 2,421 2. 336 2,254 2.175
7 2.913 2.764 . 657 2,577 2.514 . 405 2.334 2. 249 2.167 |. 2.087
8 2. 849 2.699 . 891 2.510 2. 447 . 337 2. 266 2. 180 2.097 2.016
9 2.796 2. 646 . 538 2. 456 2.393 . 282 2.211 2.124 2. 040 1.959
10 2.783 2. 602 . 494 2.412 2. 348 . 236 2.165 2.077 1.993 1.910
12 2.687 2.534 . 425 2.342 2.278 . 165 2.092 2.003 1.917 1. 834
14 2.637 2.484 . 373 2.290 2. 225 ;111 2,037 1. 948 1. 860 1.775
16 2, 599 2,445 . 333 2.250 2,184 . 069 1. 995 1. 904 1. 815 1.728
18 2.568 2.413 . 302 2. 217 2.151 .035 1. 960 1. 868 1.778 1. 690
20 2.544 2. 388 « 276 2.191 2.124 . 007 1..932 1. 839 1. 748 1. 659
25 2. 498 2. 341 . 227 2.141 2.074 . 955 1. 878 1. 783 1. 690 1. 598
30 2. 466 2.308 . 194 2.107 2.039 - 919 1. 841 1.744 1. 649 1. 554
40 2.426 2. 266 . 151 2.063 1. 994 . 872 1.792 1. 693 1.594 1. 495
60 2. 384 2.223 . 106 2.017 1. 946 . 822 1. 740 1. 637 1.534 1. 429
120 2. 341 2,178 . 059 1. 968 1. 896 .768 1. 683 1,577 1. 467 1. 352

k]



’) BEE & 58 E %1t Probability and Statistics

continued
(x=0.025)
nz
1 2 3 4 B 6 7 8 9 10
ni
1 647.789 | 38.506 | 17.443 | 12.218 | 10.007 8. 813 8.073 7.571 7.209 6. 937
2 799.500 | 39.000 16. 044 10. 649 8. 434 7.260 6.542 6.059 5.715 5. 456
3 864.163 39. 165 15. 439 9.979 7.764 6. 599 5. 890 5.416 5.078 4. 826
4 899. 583 | 39. 248 15.101 9. 605 7.388 6.227 5..823 5.053 4.718 4,468
5 921. 848 | 39.298 14, 885 9. 364 7.146 5.988 5. 285 4. 817 4.484 4,236
6 937,111 | 39.331 14,735 9.197 6.978 5. 820 5,119 4,652 4, 320 4,072
7 948,217 | 39.355 14. 624 9,074 6. 853 5.695 4,995 4,529 4,197 3. 950
8 956. 656 | 39.373 14. 540 8. 980 6.757 5. 600 4. 899 4.433 4.102 3. 855
9 963.285 | 39.387 14, 473 8. 905 6.681 B, 523 4,823 4, 357 4,026 3.779
10 968. 627 | 39.398 14. 419 8. 844 6.619 5.461 4.761 4. 295 3. 964 3. 717
12 976. 708 | 39.415 14, 337 8. 751 6. 525 5. 366 4. 666 4. 200 3. 868 3. 621
14 982.528 | 39.427 14, 277 8. 684 6. 456 5. 297 4. 596 4.130 3.798 3. 550
16 986,919 | 39.435 | 14.232 8.633 6.403 5.244 4,543 4,076 3.744 3.496
18 990. 349 | 39.442 14. 196 8.592 6. 362 5.202 4,501 4.034 3.701 3.453
20 993,103 | 39.448 14,167 8. 560 6. 329 5.168 4,467 3.999 3. 667 3.419
25 998. 081 | 39.458 14,115 8.501 6. 268 5.107 4, 405 3.937 3. 604 34355
30 1001.414 | 39. 465 14, 081 8. 461 6. 227 5. 065 4,362 3. 894 3. 560 3.311
40 1005. 598 | 39.473 14. 037 8.411 6.175 5.012 4. 309 3. 840 3. 505 3. 255
60 1009. 800 | 39.481 13.992 8. 360 6.123 4, 959 4,254 3.784 3. 449 3.198
120 |1014.020 | 39.490 | 13.947 8. 309 6.069 4,904 4.199 3.728 3.392 3. 140
2
", 12 14 16 18 20 25 30 40 60 120
1 6. 554 6. 298 6.115 5.978 5.871 5.686 5.568 5.424 5. 286 5,152
2 5. 096 4, 857 4,687 4, 560 4,461 4,291 4,182 4,051 3.925 3. 805
3 4,474 4,242 4,077 3.954 3. 859 3. 694 3.589 3.463 3.343 3.227
4 4,121 3. 892 3.729 3.608 3.515 3. 353 3.250 3.126 3.008 2. 894
5 3. 891 3. 663 3.502 3.382 3.289 3.129 3.026 2.904 2.786 2.674
6 3.728 3.501 3. 341 3.221 3.128 2.969 2. 867 2,744 2.627 2.515
7 3,607 3. 380 3.219 3.100 3.007 2. 848 2.746 2,624 2, 507 2,395
8 3.512 3. 285 3. 125 3. 005 2.913 2,753 2.651 2,529 2.412 2.299
9 3.436 3.209 3.049 2.929 2. 837 2,677 2,575 2,452 2,334 2. 222
10 3.374 3. 147 2. 986 2. 866 2.774 2.613 2. 511 2. 388 2. 270 2.157

264



Appendix F F-distribution Upper Quantiles F, (n, ,n;) c

continued
(=0, 025)
nz

12 14 16 18 20 25 30 40 60 120
12 3.277 3. 050 2. 889 2.769 2.676 2.515 2.412 2.288 2.169 2. 055
14 3. 206 2.979 2.817 2. 696 2.603 2,441 2.338 2.213 2.093 1. 977
16 3.152 2,923 2,761 2, 640 2,547 2,384 2. 280 2.154 2.033 1. 916
18 3.108 2. 879 2. 717 2.596 2.501 2.338 2.233 2,107 1. 985 1. 866
20 3.073 2. 844 2.681 2.559 2. 464 2. 300 2.195 2.068 1. 944 1. 825
25 3.008 2.778 2.614 2.491 2. 396 2.230 2.124 1. 994 1. 869 1. 746
30 2.963 2,732 2.568 2.445 2. 349 2.182 2.074 1.943 1. 815 1. 690
40 2.906 2,674 2,509 2,384 2,287 2.118 2.009 1. 875 1. 744 1.614
60 2.848 2.614 2.447 2,321 2,223 2,052 1. 940 1. 803 1. 667 1. 530
120 2,787 2.552 2,383 % 296 2. 156 1. 981 1. 866 1.724 1. 581 1.433

(x=0.01)

nz

1 4052,.181| 98,503 34.116 21.198 16. 258 13. 745 12. 246 11. 259 10. 561 10. 044

2 4999. 500 | 99. 000 30. 817 18. 000 13. 274 10. 925 9. 547 8. 649 8.022 7.559

3 5403.352| 99. 166 29. 457 16. 694 12. 060 9,780 8. 451 7.591 6.992 6. 552

4 5624, 583 | 99,249 28.710 15. 977 11. 392 9. 148 7. 847 7. 006 6.422 5. 994

5 5763.650| 99.299 28.237 | 15.522 10, 967 8.746 7. 460 6.632 6. 057 5. 636

6 5858.986 | 99.333 27.911 15. 207 10. 672 8. 466 7.191 6.371 5. 802 5. 386

7 5928. 356 | 99. 356 27,672 14,976 10. 456 8. 260 6. 993 6.178 5.613 |~ 5.200

8 5981.070| 99.374 27.489 14.799 10. 289 8. 102 6. 840 6.029 5.467 5,057

9 6022.473| 99. 388 27. 345 14. 659 10. 158 7.976 6. 719 5.911 5.351 4.942

10 6055. 847 | 99. 399 27.229 14. 546 10. 051 7.874 6. 620 5.814 5,287 4. 849

12 6106.321| 99.416 27.052 14. 374 9. 888 7.718 6. 469 5. 667 5.111 4. 706

14 6142.674 | 99.428 26,924 14, 249 9.770 7. 605 6. 359 5.559 5. 005 4. 601

16 6170. 101 | 99.437 26. 827 14.154 9. 680 7.519 6. 275 5. 477 4,924 4.520

18 6191.529 | 99. 444 26. 751 14. 080 9.610 7.451 6. 209 5. 412 4. 860 4. 457

20 6208. 730 | 99. 449 26. 690 14. 020 9. 553 7.396 6. 155 5.359 4. 808 4. 405

25 6239.825| 99.459 26.579 13. 911 9. 449 7.296 6.058 9. 263 4.713 4,311

30 6260. 649 | 99, 466 26. 505 13,838 9. 379 7.229 5.992 5.198 4. 649 4. 247

40 6286. 782 | 99.474 26,411 13. 745 9. 291 7.143 5.908 5.116 4. 567 4. 165

60 6313.030| 99, 482 26. 316 13. 652 9. 202 7.057 5.824 5.032 4,483 4,082

120 6339.391| 99. 491 26. 221 13.558 9.112 6. 969 b, 737 4,946 4. 398 3.996

265



0 BE 218 5 ¥ IE % it Probability and Statistics

continued
(x=0.01)
nz

. 12 14 16 18 20 25 30 40 60 120
1 9. 330 8. 862 8.531 8.285 8.096 7.770 7.562 7.314 7.077 6. 851
2 6.927 6.515 6.226 6.013 5. 849 5.568 5. 390 5.179 4,977 4,787
3 5.953 5. 564 5.292 5.092 4.938 4.675 4.510 4,313 4.126 3. 949
4 5.412 5.035 4,773 4,579 4. 431 4,177 4.018 3.828 3. 649 3. 480
5 5. 064 4,695 4,437 4,248 4.103 3. 855 3. 699 3.514 3. 339 3.174
6 4.821 4. 456 4.202 4.015 3.871 3. 627 3.473 3. 291 3.119 2. 956
7 4. 640 4,278 4.026 3. 841 3.699 3. 457 3. 304 3.124 2.953 2.792
8 4. 499 4.140 3. 890 3.705 3.564 3. 324 3.173 2.993 2.823 2.663
9 4,388 4.030 3. 780 3.597 3.457 3. 217 3.067 2. 888 2.718 2. 559
10 4,296 3. 939 3. 691 3.508 3.368 3.129 2.979 2. 801 2.632 2.472
12 4,155 3. 800 3.553 3.371 3,281 2.993 2. 843 2. 665 2. 496 2, 336
14 4,052 3. 698 3.451 3. 269 3.130 2. 892 2.742 2.563 2. 394 2. 234
16 3.972 3.619 3.372 3.190 3.051 2. 813 2.663 2.484 2.315 2.154
18 3.909 3.556 3.310 3.128 2. 989 2. 751 2. 600 2.421 2. 251 2. 089
20 3. 858 3. 505 3. 259 3.077 2.938 2. 699 2. 549 2. 369 2.198 2.035
25 3. 765 3.412 3. 165 2.983 2.843 2. 604 2.453 2.271 2.098 1.932
30 3.701 3, 348 3.101 2,919 2.778 2.538 2. 386 2.203 2.028 1. 860
40 3.619 3. 266 3,018 2. 835 2.695 2.453 2.299 2.114 1. 936 1.763
60 3.535 3.181 2. 933 2.749 2. 608 2. 364 2. 208 2.019 1.836 1. 656
120 3.449 3.094 2. 845 2. 660 2. 517 2.270 2,111 1. 917 1.726 1.533

(@=0.005)
ng
1 2 3 4 5 6 7 8 9 10
ni

1 16210.723| 198.501 | 55.552 | 31.333 | 22,785 | 18.635 | 16.236 | 14.688 | 13.614 | 12,826
2 19999, 500[ 199 49,799 | 26,284 | 18.314 | 14.544 | 12.404 | 11.042 | 10.107 9,427
3 21614.741| 199.166 | 47,467 | 24.259 | 16.530 | 12.917 | 10.882 9. 596 8.717 8. 081
4 22499.583| 199.250 | 46.195 | 23.155 | 15.556 | 12,028 | 10,050 8. 805 7. 956 7.343
5 23055, 798| 199.300 | 45.392 | 22.456 | 14,940 | 11.464 9.522 8. 302 7.471 6. 872
6 23437,111| 199,333 | 44,838 | 21,975 | 14.513 | 11.073 9.155 7.952 7.134 6. 545
7 23714.566| 199.357 | 44.434 | 21.622 | 14.200 | 10.786 8. 885 7.694 6. 885 6.302
8 23925.406| 199.375 | 44,126 | 21.352 | 13.961 | 10.566 8.678 7.496 6. 693 6.116
9 24091.004| 199.388 | 43,882 | 21,139 | 13,772 | 10.391 8.514 7.339 6. 541 5. 968
10 |24224.487| .199.400 | 43.686 | 20.967 | 13.618 | 10.250 8. 380 7.211 6.417 5. 847




Appendix F F-distribution Upper Quantiles F, (n, ,n,) C

continued
(¢=0.005)
nz
1 2 3 4 5 6 7 8 9 10
m

12 24426, 366| 199.416 | 43, 387 20. 705 13. 384 10,034 8.176 7.015 Bl 5.661
14 24571.767| 199.428 | 43.172 20. 515 13. 215 9. 877 8.028 6. 872 . 089 5.526
16 24681. 467) 199.437 | 43.008 20, 371 13. 086 9. 758 7.915 6. 763 . 983 5. 422
18 24767.170| 199.444 | 42,880 20. 258 12. 985 9. 664 7.826 6.678 . 899 5. 340
20 24835.971) 199.450 | 42.778 20. 167 12. 903 9. 589 7.754 6. 608 . 832 5. 274
25 24960. 340| 199.460 | 42,591 20,002 12. 755 9,451 7.623 6.482 . 708 0. 153
30 25043. 628| 199.466 | 42,466 19. 892 12. 656 9.358 7.534 6. 396 .625 5.071
40 25148.153| 199,475 | 42.308 19,752 12.530 9. 241 7.422 6.288 .519 4,966
60 25253.137) 199.483 | 42.149 19. 611 12. 402 9.122 7.309 6. 177 . 410 4, 859
120  |25358.573| 199.491 | 41.989 19. 468 12. 274 9.001 7.193 6. 065 . 300 4, 750

. o 12 14 16 18 20 25 30 40 60 120

1

1 11, 754 11. 060 10. 575 10. 218 9. 944 9.475 9. 180 8. 828 . 495 8.179
2 8.510 7.922 7.514 7.215 6. 986 6.598 6. 355 6. 066 . 795 5.539
3 7.226 6. 680 6. 303 6.028 5.818 5. 462 5,239 4.976 . 729 4, 497
4 6.521 5.998 5.638 5, 375 5.174 4,835 4,623 4.374 . 140 3.921
5 6.071 5.562 5.212 4,956 4,762 4.433 4,228 3.986 . 760 3.548
6 5. 757 5.257 4,913 4.663 4,472 4,150 3.949 3.713 . 492 3. 285
7 5. 525 5.031 4,692 4. 445 4. 257 3. 939 3.742 3. 509 .291 3. 087
8 5. 345 4. 857 4,521 4.276 4. 090 3.776 3. 580 3. 350 . 134 . 2.933
9 5,202 4. 717 4, 384 4. 141 3.956 3. 645 3. 450 3.222 .008 2.808
10 5. 085 4. 603 4,272 4,030 3. 847 3. 537 3. 344 3.117 . 904 2,705
12 4. 906 4,428 4,099 3. 860 3.678 3.370 3.179 2.953 . 742 2. 544
14 4.775 4.299 3.972 3.734 3.553 3. 247 3.056 2.831 . 620 2,423
16 4. 674 4.200 3.875 3.637 3. 457 2. 151 2.961 2.737 .526 2,328
18 4,595 4,122 3.797 3. 560 3. 380 3.075 2. 885 2. 661 . 450 2. 251
20 4,530 4,059 3.734 3.498 3,318 3.013 2,823 2.598 . 387 2.188
25 4,412 3.942 3.618 3.382 3.203 2. 898 2.708 2.482 . 270 2.069
30 4. 331 3. 862 3.539 3.303 3.123 2. 819 2.628 2.401 . 187 1. 984
40 4,228 3. 760 3.437 3.201 3.022 2,716 2.524 2.296 . 079 1. 871
60 4,123 3.655 3.332 3.096 2.916 2.609 2.415 2.184 . 962 1. 747
120 4,015 3. 547 3.224 2.987 2. 806 2.496 2. 300 2.064 . 834 1. 606
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Appendix G Some Common Probability Distributions C
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