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§1.1 # =1

1.1.1 REMME5ER

XA A E
(—) HEWMS1HHE

ERERMEREEE —ERHNTIAFDI R — N BE, X — B
BRHAME MXLEEHEMREFNR T ZESHTER. —BHE RSN E
RAEXKEFH A,B.C, . X,Y,ZBRER.BEVUTERANEF R a,b,c,,
Toyz BRFBR. BN BREEEPOLEKEBRHMESTICHN FERLSEKER
MREIEN Q,EHLHIEH R BH L&Y Z.

BAR—TMRE aRAVTRICH €A, e PR ABNTEIEHQEA HT
ARERAE N BESREABETENRN . CHRRERTE.

Q) P&k HNmES ERRET 1,2.3,4,5 MM ,I2H E=(1,2,3,4,5).

Gi) #RE. Al E={zER": 2<6}"RARBEERE/NT 6 4 —1LHHR
.

EX1 BARSAS5B. HEs€ANeB IR AR BHFRE).IE
A ACBH BODAMKI ASTBHRBEER A BR,ACA. ¥ ACB,E¥E B
MTRART A UK A R BHRTFN.

ATREBHEHHFE . BINEEE—HFESR. CRAFEEHATEDN

B HS. FRORIE—BEH T

EM2 RHABEWAEES #H ACBHBCA,NKES ALE Bia®48

B, CH A=B. ASBHERKRASBHATETEHMHRA.PALE BER 14

Fal
=

EX3 RIBHEN—TRE N TFH -4 € LBINWE—-IRE A X
FRRMEBAFZRG . ENPERFIREER ICH (A € NH(A) ., XE
M I BT M. 4 I=N B, BB BFH RSN, Wi H (A H (AN FE.
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() MEMEN

HEMNRBRESHRERETEREZZEHEXRU REARFESN —HEX
FE AMEEGE A ERELTRYL P RBEENNE. EETURX AW, TF
R RTHFZHENRR, XBETRESH T EAEEREERVAARE
R FREA IR, — RO GBS SR UET&EFESZ RN INEERXER

1. #5 X

T4 BRABRFEAMESG KBS (2. 2€ AT 2€BIHA S BHHK. I
A AUB.BidHAS BRHSHTEMERNES.

FERERL RHABERREECZAWRAFES . A Venn H. AUB I
1.1,

A 1.1

EXS RABREANES . HFES (r. 2€EA2EBVHAS BHTK,ICH
Aﬂ&mmA%B%ﬂ%iﬁﬁﬁ%ﬁﬁ@ﬁhil%ﬁ@&ﬁmwﬂA%B
BRig3.

B 1.2

2E1 RERS AB5C.®HNE
(i) Z#HeE.

AUB=BUA, ANB=BNA.
Gi) 4o,



AUBUO =AUBUC, ANBNO=ANBNC.
(iii) Aot
ANBUO=UNBUMUNO,
AUBNO=AUBNAUUOC.
R, TUEX I REANHBETRE. BHBRSE (A wer, BITE LHH
METRMT .

lWJ Ji. = {sz'F?aﬂf‘lffafslfﬁfi4a},

eel

ﬂ A, = {x. X—Yle€1,z€ A,).
at
b AR Z XB/BELELSBRIVEATEEZNREAHE .
() Aﬂ( U B ] = |J «answ;
e ] at ]

(ii) AU[ ['] B. ] = ['] (AUB.).
o€ aE

2. 254H()

EX6 BHABREAHAES . K{x: z€A,
r€EBIAAS BH%A.ICHABGER AM B),
BHEABRESPHAE BEESPH —VITRWR
A (LA 1.3).

ELEAE X, Y BR A TFHRE,KA\BN
®E BHMT ANPRIRR. EXN,ERITR
MBNEEN. TP RARSEREISED

“REE X MR, RITHR X v4M kit 84 B 1.3
BHMFAE X MIRRMHNY B RRAR. HIDY B R @B, i
B = X\B.

SR ABREHBHRHLB X N . BR BRI ZHG LM X KR, et
RH—YREENHTE TE B LREH
B°= {r € X; z€& B).

BR,RNATHRPHEL,

(i) AUA=X, ANA=0, (A)=A, X=0, J=X;

(ii) AA\B=A[B;

(i) & ADB, W A°CB;# ANB=J, 0 ACE.

A, BOATEATEEEN.

EI 2 (De Morgan ZEAD



(i) Aq.(z AL (ii) A.,w= A..
(Yal-Qa @{Qa]-Y

TY 7 BABABARES . FESCUBAUMBADR AS BHIIFHRESE.
0 AAB. XREBRRF A.BZ—HYARNBTHEN -V cERRHES

(LA 1. 4).

A 1.4

HE LB AUB=(ANBUUAAB). Bt , MR EBRERHEBPR
HTRUMNERS. BR, RIONFTHIMRFEL,

() AND=A,ANA=T , AAA =X, ANX=A";

Gi) M. AAB=BAA;

i) BE&M. (AABAC=ANA(BAC);

Giv) REWMKREFERLPER. ANBAC)=UNBAANC);

(v) AAAB'=AAB;

(vi) MEEHBRE AS B, FEM—- MBS E,FB ENA=B, LR L E=B
AA.

3. 43¢ RM)

EX 8 BAIR-IBEY.F

Al DA D DA -,

RIFR MR AT B A T BRI TR () A HRE T (A BB,
BN lim A # (A W2

o =]

A, C A, C v T A T oeey,
MU (A WA T, BRT R AT LA | ) A (A0 BIBRRSE 1T limAs.
EX9 R{AIER—HEEH,.4

B,- = Oz‘h (J=1,24*),

ke j

BIRE B, OB (j=1,2,+),Hf1¥
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limB, = ﬂB Q HA*

HEFH{ A L BRR, fﬁﬁ‘%.l:ﬁl i

Eﬂi = ﬁ OA*.

=1 ke

*iid R | () 4 HRETHAN B TRRR,TH

%_i:IﬂA.E = U ﬂﬂh
MHEATHREEL. TREHES MWRAMBRBEREFEHRSTLRERTE
ﬁﬂﬂj‘g limA;,.

koo

MFLE THRESEE., S TAELH T,
(i) E\hmm-hm (ENA); (i) E\limAs=lim (E\A®) ;

(i) llm(A.UB Y=1limA, U]imB '

A-woo n-wo n=+cC

(iv) lim (A.[ B, )—llmA ﬂllmB,..

F ]

B3 FHlAk— ﬂAﬁJ 1]
() limAs={z: HE—ERE j, FE LG/, 2€ A

e

(i) %Ak: {r: GHEEREY jo, Y k=0 B, 2 € Au).
ERRR AASH IBRERHB T AVPEFZIRENATEFTERL; {A0H

TRAERS AR T (A FARS A RE TR RE. W25 ImA,
D limA,.

h-wca

4. RAGEM
EX 10 BXYREMEG K-VHFTEN (2, ) HFz€X,y€Y)
ERMEEIX 5Y HERK.ICH XXY:
XXY={{x,y): z€X,y€Y},
Hb(z,y)=(,y)BHE z=2",y=y . X XX thicHh X

R BRE R W

1 METHIEEE.

(D) HERE ABC, AAHHTRBELRZKRERNESH
BRI

D) BEVRT=FBZPFHAITRENTE.



G) BFEZZHHBIMHARTFEAREHTER.
Gii) BTF=F 22— AR BRI BEH TR,
(2) & r,st BEAENHEBEINEYR,HS
A= {r,s,t}, B={rts*,t*}, C= {rs,st,rt}.
#H A=B=C,iAXK r,s,t.
B (1) O UANBUBNOUCNAERRBTABECHE
PHATMRETHTRERERERNES.
(i) (AUBUCONUAABACO)ERRBT A, BECHEVLRAIEE
ERART=ZMESHTRL2KERMNES.
Git) (AABAONANBNOYERRBT ABS5CHH—1TRE
HRARTANIFEINREATRLERERNES.
(2) BABEAHSRREHACEKMR, FUREBIMREPHETT
REBUEM, FBRIMN =B ZHE, FSHMAN K, UE
r+s+t=r*+s*+t* =rs+st+rt =K.
PNEEE]
Ki=(r+s+t)) ="+ s+ t*) + 2(rs + st + rt)
= 3K,
Bl K=3 R 0. X\ BEMFERE, . FEF
rst = résitt,
B rst=1. TRE K=3®8,0[H r,s,t AR
=3 +3x—1=0
B, IR (2 —1)*=0 Z . (HHERE r=s=:=1, A5 EE. X K
=0, 0] r,s,t AT
2—=1=0
BRR LBl z=1 IR 2= (—14+~/31)/2.
Bl 2 KERA T 5 RS
()R ABERLE X THTH.
(1) B B=XNA'NXUABRILYKHNY B'=X.
(i) EMEEN ECX,. HE ENA=EUB,W A=X,B=(.
() WM R2ES X PREEEETTESERMBESE. HIWiEH
ANEHAKHEIE A,BET, M AABET, ANBEN, LRI 2—1
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O, rxhaE® U, \tEA.
(3) iRFHLE AB,E,F.
(1) % AUB=FUE.H ANF=J,.BNE=¢,Ml A=E H B=

(i) # AUB=FUE,% A\/=ANE,A,=ANF, M A,UA,=A.
(4) (AUBUONANBNC)=(AAB)U(BAC).
8 ) G FEEER
X=XN@AUA))=(XNAUXMNA))
=(X N AN XU A.
(i) RE=X,MHBEEHN A=X; YR E=A ,MHFERHNZ = A
NA=AUB=ZJUB,Hl B=.
(2) FEEX
AUB=(AABY) U (AN B), A\B=(AAB) N A.
3) W) BEFANF=C,. 88\ AUB=FUE "W%,ACE H EC
A,Bl A=E. [A#"]{§ B=F.
G) ®&INAF
AUA=UANEDUANFRH=ANEUFR
=ANAUB =AU (AN B) = A.
() MHARGEHEER, RI11155
(AUBUONMANBNO
=(AUBUONMANBNC)
=AUBUO N M UB UC)
=ANAUUBUOUMUBUONBE
UAUBUONC
=UA'NBUANOUANBUCNB)
UE@ane) yusdsne)
=[ANBUUANB)Y]IULUA NG UUNCH]
Ulens)yUdneoc]
= [(B\A) U (A\B)] U [(C\A) U (A\O) ]
U [{C\B) U (B\O)]
= (AAB) U (AAC) U (BAC) = (AAB) U (BAD).



(L§2.2%)2ZC)FMIERR)
3 ETFH R
(1D ¥ f(2),g(a)REXER EHIERELHERKE, S
Ef = {(z,y): xERLOK y < f(2)},
E,= {(z,y): R, 0 y < g(x)},
KVER R (), ¢(2) , fE T
Esc:EfUEg? E¢=E1ﬂ Eg'
()W E, = ((z,): 0<x< oo,y =z}, ARFA () E.
azx]

| E. f%&ER.

az21
B () ms.
(2) gEu%l}Lﬁtﬁ(lgl),ﬁ'ﬁ

UE. ={G@y:0<z<1l,y=2""} U A,
a1

Uz, 1 <x<oo,0 <y x '}
B 4 ELIERA TS
(1) iﬁﬁ%% A= {ﬂl 1/ 3 X 1ﬂm}’ rHEP ﬂ.‘(lﬁiﬁ.!‘glo)% _"’T'ﬁﬁﬁ
B NFESBR A=BUCHE. BNC= . #E8 B HFA TENEE
M5 C R F T ENYEMME.
(D BRERH 2 T TUEERMES. EEsy Ea i B EWFEETF
BNEE 7, s PRI
FRYPTRALET I SN NN PICTTING Jt
£/ E, U UE, =E; U--UE,.
D BRERHFREEHEBEERLNES HER
(1) Fa€E,bEE, W a+bEE,abEE;
i) ME—EEH - BETREEZ—RT.
rcE, —r€E, r =20,
W EREEERBIERHBE.
B (D EFAW—YIFR, GMENAR 2°=1024 P~ B AT
T FREAETFTEZBEML /DT 10X100=1000, BT A 7 H T
KRETRZBEMMER. ATTEEEPARTERE RG24 508H B,
8



C, B 43 BTiEE.

(@) M Eys Bz s B PEREFTMER IS, HATTEL 2 —
I MHR EBRE FE -1 M ES TR, BB B RS R
MHE. B, AP BREN R RS ERT LAY E.

(3) Hr#0,MBG WM CER—r€E. HY 2= (—r)2, B LA
rEEFAHE 1€E NTIRE G, B M EBEHE T E.

Fom,n RIEBE, MARE L AREE X 4,1/2 € E. M T BT m /n
=mnX (1/n*) € E. {EEE.

Bl s RIFEH T A A,

(1) ] ACAC~CAC, BiCB,CesCRB, e,

(,QA’*}H (QB"J=Q(AMB,,).

(2) & AIDAE:J...:)A":)..., BlDBg"__)'“DB,,:J"'D'",M

[ﬁAn]U(ﬁBnFﬁanBn).

() B’ E,={(x,y); V22+(y—n)i<n}, Rl

UE = {(z,¥): € R',y > 0}.
(4) B 0<a<<lt, UIEBWIERE £, FFEEH A, HE
U [na,nb] D [A,0),

(Y RE CE,C - CEC,AC|JE:, H3 ARE— KR F

ﬁ B!jﬁgﬁ&%/i\ Enﬁiﬁ E:‘ ﬂ B %ﬁﬁﬁ%smu A ﬂ*@?%’f‘ Ekﬂ ':F'
ﬁEHH (1) %IE?:E%!HM#E ﬂl!”hfﬁ’% IGAHIHB,.E'Z:%
B m<n,, M A, CA, TTH,2€A, NB, Witz RFHB. £ BT

£ WFFEE no, (578 <€ A, N\B,,. BILH z€ |J Avz€ | BB 2

R T 22 ¥4,
(2) B&.
(D) MHEBM R (2, y) (HH 2€RY, y>0), HE n>(24+32) /2y,
9



BAE 2+ (y—a)i<ln?
(4) RIFB¥ N, 8 N>k H N>a/(b—a). BR, & n>=N, |
n(b—a)=a,nb=(n~+1)a. HILA[H
[na,n6] N [(n + Da,(n + 1)b] # &.

31X i B U Lna,nb] D[ Na,o0),

(5) ,ﬁﬁ& BREE— EHAEE ANE
a, € A\E; (k= 1,2,"").
%%ﬂ Bﬁ: {ap) Eﬂﬁﬁ&ﬁ E%@%%ﬁ B, = {bu"-,bn},!ﬂﬂ$ B,CA

CUEE_I%] EﬁbIEEk yooe b, GE A T ko = max{k,,,k,}, W&

BﬂCE {Ei ai ~ A\Ei ﬂz fjﬁﬁaﬁﬂ Bn%ﬁ:ﬁﬁ ﬁﬁﬂk € A\Ek(k
€ N), 75

iy € A\E;,, C A\E;,**,a;;; € A\E; (j € N).
Mg EB5 BZEAERE, FE. iE¥.

e KTHE/SIE L. THRE.

(D) E,;_,=A,E,_,=B,E,,=C(n=1,2,+).

(2) E.={m/n: mEZL}(n=1,2,+).

(3) E,=(0,1/n)(nEN).

(4) E.=1/n,1+1/n)(n€EN).

(5) E,=[0,1/2],E,=[0,1/227U[2/2%,3/2%],
E.=[0,1/2°]JU[2/2%,3/2°JUL4/2°,5/2°JU[6/2°,7/2°],
E.=[0,1/2"]U[2/2",3/2"]JU - U[(2"—2)/2",

(2"—1)/2"].

B8 (D)ImE.=AUBUC, llI’ﬂE =ANBNC.

]

(2) limE,=Q, llm!:, =Z.

A—*CO

(3) ImE,=@. (4) limE,=(0,1].

=00

(5) hmE ={0,1),limE,={m/2"} (k,m==20).

e
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B 7 K UERA R
DR/ H@ODAREN)UE (o) BREXER FHLERYE,HE

folz) = f(x)(n = oo,z € R,

oo oo

(i) {z€R'; flx)<t) =ﬂ Uﬁ {IGR]' falx) <t+ + }
(t&RY).
i {reR: f@< = Y NzerR: i) <1 -

k=1 m=] n=m

1/k}.
(2) # a,—>a(n—+>c0), i m U rl

k=1 N=|

(3) T fa( UK fF(ORTEXFER! Lﬁﬁ%{ﬁﬁﬁ,mu{ﬁﬁ(z)
AT fOB—VE = IFERAI RS DERN

D = UﬂU xS — f@ = 1)

k=1 N=1 a=

(4) B{fa(O ) BRENER LHEEHKRES, 4
E..={z €R'. |f,(x) — fu(x)| <1/k} (k€ N),

4 — 1.a,+ 1] =ta).

oD o 8D oo

(fu A RREE= U N [ Erme

k=] N=1l n=Nm=

B WAL .THREMNBE.
(1) @) B Ea={z€ER, fulx)<<t+1/k). & z. BT ER, B}

E_I{_’luf,.(.ru)=f(.ra)ét,ﬁi‘1'ffﬁﬁﬁ ko € NsﬁE Nos % ﬂ;}fﬂu ﬁi;ﬁ‘
Falxo)<t+1/k,, Bl o€ E, (n2=n0). X x, ET{En.iﬂ}ﬁ{JTmﬁr
ﬁ To E:.F'E%!% Iy E%Eﬁ#t mijxd'ﬁﬁ%%é{] ko €N, x, €

U () By B0 20 BT (E,,) 89T R B n0v20 € Eop (0>

no). Bl fu(xo) <t + 1/ko(n = ny). & n—co, A5 f(xy) <t + 1/ks.
B% ky— oo, BB f(x) < t,2, B TES.

W ILEs={z€R: fi(x) <1 — 1/k}. Fzo BRTER, B
flz) <1, AR, € N, B f(2) <1 —1/k,. NTTHEZH,F
TE no, 1] fa(xo) <1 — 1/ko(n=no). XYL 2o BT (E,., ) TR,
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(Y E, s BHXH 20 BT 485 20 RTAR MUFEEE £

€ N,z € U ﬂ E..,.QU!EIJT‘?":EE no {82 n = n, Hﬂ',ﬁ
20 € Epyv falaz) <1 — 1/k.
% n—>o0, Bl 1] f(2)<<1—1/ke<<1,x0 J& T A ¥
(2) EE T EEER T LEE. |
limﬂn =as— XT{EE‘WJ kqy € Nrﬁ"ﬁi ”us{ﬁfg‘a € (a, — 1/kosa, -+
1/ky) (n ;HG)!EI]
a € lJ )@ — 1/kosan + 1/ko)

m=1 n=m

<a € ﬁ U ﬁ (@, — 1/k,a, + 1/k).

m=] n=m

Q) RN BEERARNBREF R “TNHNAHE”, ETRIIE
RIREWE ,FHIEA AR EE. KRME, & f (TR 2o FRH
B f(xo)  WFFTE >0, MBS BRE £, UHF n=2k, 5

| falxo) — f(20) | = €.
BRI, &5
E.(e) = {z: | f.(z) — f(@)]| = &},

WA zo BB FIE. ()} FZIHEFENREH,BIR x0 & F(E. (o)} Y
FREAN. RZ HERLEN e0,{E, (o)} LREP R ST EAW
HR. B2, XEFPREEX e RKHFRTHREESIRHL. B, L
iﬁz € Rﬂﬁ'—*ﬂ{ﬁ}: E1 € > 6 > >0 *’[ﬂg ﬁ%‘]%ﬂk €=
1/k B, B8 8] D R RA.

(4) TE WP 2 Cauchy 7.

B8 XU T 5.

(1) B{fu(0) ) BE LA R ERERERBS, N

(i) {z€RY: limf,(x)>a}=|] [J ) (zER": fu(2)>8}:
= f=a m=1n=

(i) {z€R': limf(x)>0t=J [ U (zER": fula)>1/k).
k=1 m=] n=m

L Rl =S

12



(2) '{fa(@ BENXEa b ] LHIREIN,ECla,.6]HH
l_iﬂfﬂ(l) = Xspe(x), x € [a,b].

%4 E.={2€[a,b]: fu(@)>1 | limE,=[a,b]\E.

b ]

wel 1) W iBEu,ﬁ: {x € R'; f.(x) ,?’ﬁ}%IﬂE?E%!
ﬁll m_fn(In) Z?Hr,ﬂ'lﬁﬁ ﬁ: .B::" ﬂyu‘ﬁﬂuuﬁ‘fﬁfu(xu) ;B(H,.}fﬁﬁ)r

n—=C0

Bl 2o € |J () Enprxo BTER:E zo BT AR, HEEB: B> o ff

m=] n=m

B/ € U ﬂ En,_&- ﬁﬁﬂﬂﬁ’:ﬁ Moy Ty € En,ﬂ(ﬂ = n,), B fn(-r{]) = B(n

me=] n=m

= no). NTIA imf.(zo) = B> a,x BT A R.

n—x

(11) % Xy E?Eﬁ%!ﬂﬂ#& knG N!ﬁ‘fﬁ Ig E?{En_tﬁ}qjé{]ﬁg}*
g"?\(Em*D:{IeRI: fn(.r):}lfkg}),ﬂpﬁ&{ﬁj}rﬁ% fuj(l'u)}]/k{n
B lim fa(20)=21/ko>0. [ [FILERS.

(2) HERAFERR

m £ () = 1, z¢& [a,b]\E,
n=woo 0, x € Lk,
Bk, &INF
limE, = [a,6]\E, HLmE, = [a,6]\E.

== 00 =

B BT,
112 MAENERS KAHES
T EL.
(—) MA 60k

EM1 BX.YHNEAERTRE. ENES e X  HEEE—-P yeY 52
% B, RIFRX A X R A (SR . F A/ FoRX AR, e b
fi X—>Y,
HHE S BAXBY 5— B0 T, 2c€EX EY FRIMNIT y A « RN f
THOEOR.zHR yH— T RERIVED y=fG@);EREG—A yeY , HH 2
EX, B/ y=s5), KK f AN X B Y #)8RM,0K fF AN X B Y Ly
13



5.
MNF f: XY UR ACX, B2
f(A) ={yE€ Y, 2 € A,y= f(2)},
HKEAOABE AEBRE fF TRHEOBRAD)H=2). BR,BRMNETHRR
¥,

® £ U; A. ] = rans G f( [') A, ] - ﬂ fAD.
a€ o€ a€

af [

¥F f: XY R BCY, R
fUB)={rx€ X, f(x) € B},
HHE B ABRT FAIBRERR. BR.BOETHIMAEE,

() & ByCB,, [ (BT S (By). Gy 1 LJB‘r ] == U fYB).
acl o
Gii) [ B, | =] 1f"(B.). (iv) fFHUBY=( 1B
( Q ] g iv f
Es{ 2 '& f: XY, %n:{l Tiyx2E6 X H. ¥ H‘fﬁﬁ‘

fxy) # f(xy),
B X PARRTAEARAGE UK fFBAXD Y 1488 & FBRREAHE
RS, UHKE S AXBY EH—BRM . E R XFY L ——BHOEAET,
oY FGE—1T vy, RE X PEME—ITT .88 y= (). AR ILAEY 3
X basm s
g: Y= X, g ==z,

KPR y=F(OORE . FH g N PR, CH /. FR. Y HXPY
LW ——BNE L, RITRREX S Y ZEFE——NE. (F f. XY 285,10
X3 FXOf-——BE.)

B3 #Sf: XY,z YW, UH

hix) = g[f(x)] (x € X)

EXH h: X=WHHeg 5 FHEams.

HEZEMBRHAOREGATETROBEL . THEFRESEWEERY
ARFER UBYRRE, : X>Y —~BFEIRE M. 0T X FHFH8 AR
e

1, r€ A,
Xalx) = 0, € X\A,
E# Xa: X>R' BREXE X L A (YRR
BMETAUEY JFERE 2 E— BB X ETER A & GHRF. Wi el LS
HAMEHHRETRESESG. B AZB R E Yam®Xs, M ACB Hya(xn)<
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AR .

Xe(ORBRBFMHEF BR.BINETHRREEEL,
(1) Xauslx)=Yalx)+ Xs(x) —Xans(x). (i) Yans(x)=Xa(x) *» X8(x).
Gil) Yas(o)=xa(x)[1—xs(zx)]. Gv) Xaas(x)=|Xa(x) —¥s(z)]|.
EX4 BXBRTEZRES. XV VU TFREFIT. X B WK RE
BAEEHI X EBK.IEH FZ(X).
BR, TS ML,
(i) PXONZY)=Z(XNY). (i) 2X)IUZXY)ICZXUY).

(=) REHER

BXS REBEAESBEFE-TNAB B EH— g, MHRE 4
5BHWWHRRRTUEA S B WL ERKETMG —— X d),idh A~
B.

BROFXEAWM TR,

(i) A~A. (ii) & A~B,lf B~A.

(i) &% A~B,B~C,ll A~C.

5/ MEEMHETHIM FAH S X—~Y.g: Y-X,WFEETR

X=AUA, Y=BUB,
K f(A)=B,g(B™)=A",ANA =@ VUK BNB =d.

EIE 1 (Cantor-Bernstein E#) HFHEEG X SYWRIETFEMNEZE.YEX
HRENETFRITE U X~Y.

RELERINMEERAESHEREHHBRE. R A.BERIMRS, R A~
B. AR MRE A5 B ¥ (Cardinal number) KB RAAFH . ieh A=8B. b
AR, LREHM SN VRSN ATHARANER . RH « XA —HAKN
B W2 A= BRERARTEX —HEHEE. N FHIEE A5 B,iL Ad=a,
B=p.F# A5 BH—PMTFRME NK«FKF BEH

a <. f.
He<fH eEZp, W a/hF BEHBKT O, iLH
- a<f (H f>a).
BR,#F e<f H f<a, i Cantor-Bernstein FF A 4] a=4.

ARHEENSEN - THE |

ic B A N BGEECH RoREER 3K (Aleph, FEHED. EHS AHE
A Ro, ) A MEKTTFIM, X RETF N={1,2,-1n,}, T A~N,BETH A F5
RE—MNXRUBRBXKFHEIEX, HUTHR.RE

A= '{ﬂ] s @gadyy* 9y """ }-
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EE2 E—-XRAEEUEE—-IPTHITH
EE3 FAG0=1,2,-)HT5%,WHE A= | ] A LRTFIE.

ARES T RGEFR A THREE L] 55.

TH4 BARTREHHEREE Y . HBRELTFHIMR, N AUBHEYD
H a.

EEs HSANTHENESHVLERGR. A GRATENS.

R GEK . TTHE

EHE6 [(0,1]={x: 0<z<I} T RTEHHE.

ORI EECAERER i h FEN).

EE7 RAREIA) HEHD A HBBRBEZLY, WHHE | ] A

HMESEESEY.
L GESBS () =G+1/2, 778 —1,1]5[0,1]% %.
TEICERAXEHTE) FARESTHE MAGHER2A(H AW
— )T 8T LB 8B 6 B D R X 4.

3L X B R W

Bl1 AL TR .
(D’ ECLOID ,MAFEMTZEAT#E.
[0,1]=AUB, ANB=g, f(A) C B, f(B) C A.

(2) f: X=>Y,g: Y>X. EXNEBMN z€ X, ¥F ¢ f () ]=2, 1
f RS, g RS

(3) | f: X=Y.NHEEH BCY.BH L (B)]=B 84S
VEEBR. Y=(X)EED.

(4) &’ f: XY 2%, W T 3R GFFH.

(1) fRB——BLET;

(i) MEEH ELECX 8 f(E.NE)=f(EDNSED;

(i) X EREH E,E,.CX,ENE, =, 8% f(EDNS(E)=;

(iv) MEER E.CECX,H f(E\ED=F(E)\f(E).

Bl (D) KB IH A= B+, HFT R f(x)=2 BRILMH
(BN, F €A NN AHx=f()EB;F 2EB,MAFr=f(x)EA. X
B SFEFE). ANTIA f(O)>2 & f(o)<z: ERENS f(H<1 F
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JEERENS f(0O=0 FE. iEE.

2) MEBM 2€X, A g[f () ]=2. BIFE y=f(0) €Y, HEH
g(y)=r. 1‘21‘«%% g %fﬁﬁ‘f lthf"h%ﬁ.ru.rz(é}f,ﬁ% flx)=f(az),s
Wy =gl f(x)]=glf(x:) =z, O] A, f REH.

(3) L2, BEXEEL BCY,BF [ (B)]=B,H B=
Y, &8\ U ]=Y,0 f B

Ao, BE Y= HHFE B.CY, fE] [ (B)I#B,. W
FTE € Bo, EBRMNERR € X, ¥H f(©)Fy.. XHA f ARES,
¥ F&. iEEE.

(4) (D=>0). AW/ELH (E\NEDDSfEDNSE): BRE
‘J’Ef(Et)nf(Ez) VBEE 2. €EE 0 €EE, W 18 f(x)=y=f(x2). B
:Ff %_’_Hﬁﬁiaﬁjﬁ I=I1=I2€ ElﬂEz;ﬂﬁ f(I) =y Ell
y€ f(E,NEY).

G)=>(ii). B E,NE, =4, f(E\NE,)=. L.

(iii) = (Gv). BN E, N (E\E) =, fr LR #% Gii) 7] Hl,
FEDNSENED=F. X f(E\E) =f(ED\f(E)).

(iv)=(1). ﬁﬁE%: %:ﬁ ruIzGX E.Il_*/_IEI{Eﬁ f(I1)="f(Iz)
:}'EYaM‘@' E,= {1}, E,={z, s-’I?z} ’ EE (iv)%ﬁ }f:f(Iz)Gf(Ez\El)
=f(EDNf(ED=Z. X—FFRH f B——BRH.

&2 AUEEH T 5.

(1) % A\CA;,BICB;» B f: Ai—=>Bi,g: A:—>B, ¥ H——WRE,
M A,\A, 5 B,\B, Zﬁ;':—igﬁﬁ—_‘ﬂ*ﬂf

(2) & f: X=X, B4 fL(@0)=f(2), [r{x)=fLf ()]s, fula)
= fL a1 (@) )y oor. HHEHE o, 1B [ (2) =2, f Re——BiEH.

(3) ® I=(0,1],a€ (0,1, HEX

z+ A —a), 0<zr<a,
A r—a, a< <1,
XHEBHM KR JCI,iE
D =J, U =LY, -,
f(n)(J) — f[f(n—il(J)]’
WL no, [E/ FWUNIED.
17



WB (D) EHMT .
A, = {2,3,4,}, B, = {3,4,5,}, A,
M Ay~Bi1,A;~B;,{H A\NAI={1},B,\B,={1,2}.
(2) %Iliizexaﬁfi’% f(.:rsl)=f(-rz)=y€1’,ﬁl']
folLf @] =1, () = [, ., [f(a ],

Ep f,,ﬂ(Il):fnn(Iz)~ H\ﬁﬁiﬁ] Il:IZ?Ep f%_"_'ﬂﬂﬁif

) RiEE. BEFERE JLCI,E#FR/MEEN 2. A
f"”(Ja)ﬂJn=ﬁsﬁ'J7ﬁ

PN N ™ WUT) = LW N Jo]) = (D) = &,
EHEESI (U BEREE. B—FHE,.&Hic Jo WEER 4,1
fPUIRKNdH—BXEZHFEHET L X RS ) ) RT]
REE A3, F & . B8 Frik.

B3 AIEHETH M.

(1) (—1,D~R%; (2) [—1,1]~R}; (3) NXN~N.

B (D) f(@)=z2/A—2HR(—1,1)5 R ZEfg——m4.

(2) HDOUE(—1,1)DC[—1,1]CR!, # B # Cantor-Bernstein
& B HI18 BT iE.

(3) BImMBFELE——BRE f.

fG,75) =272 — 1), (i,j) € N XN,
XREANE— BRI HE—HRRN
n=2"+q (pIEMEI,q E&FF,
mxTIE R p, ETH g, XEHE— i, jEN [E75
p=1—1, qgq=27— 1.

B4 KIERA T A

(1) D={(z,y): 22+ ¥'<1} (D BF¥E ARG RE K, WAHF
EMTHRE TR

D=AUB, ANB=¢g, A5 Bu4H.

(FRIRBLTBSREFERSESMHE.)

() X REMEH f: X=X, WGFHEECX HfF E#J,E#X,
[§18 f(E)CE.

18
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) (BABRFHNATIR) BXEB—IPMEZESHA
f: Z(X)>2(X). FZN Z(X)PHE ACBHWERE A, B, LHF(A)
Cf(B),FELETC2X), 8 F(T)=T.

4 KIEAAFENTZREED: ME—REE. AT +v8T
A, {78 A~E.

B (D Rk BEMMEE . ADRREOECAHE B+
MMYRRO ik rs DRS00 EENEHBRHFE MRS B R
ME—Ha€CA,HENEBE e 5HOMER || <1, FTUASE—
ROEB,YHF |0 —b|<I(SRIZHIRE). BRA

10" — 7| = |O* — 5| >1,
X rys€A M r —s" |=lr—s|=2,8r" s BRDHB—KEHER
F¥RE. XHT (0" —r" |=|0—r|=1, A O LRZEZRHPL. A
MA O=0" X5 ANB=JFJ&. iL .

(2) MEBH a€ X, H1 f(@EXTH, fL)=f[f@)]EX. A
M X F—RNT: a,f(a),fr(a), =, fala), .

(1) HEXEED n, f.(a)Fa, WS

A= {f(a),f.(a), =, f.(a),},
BR A+, ACX\{a}). Bl A#X,BE
f(A) = {fz(ﬂ)rfa(ﬂ)r"'r u+1(ﬂ)s‘"} C A,
(ii) HFE no,EB £, (a)=a,N%
A= {a,f(a),f,(@)yo s foi(a)},
BRAFLT,AFX, M fCA)={f(a),f2(a) =, fo(a)} =A. JLHE.
(3) fEEE S, T
S={A. A€ ZX)HAC f(A)},

T= |JA(e 22X,

AES
WE F(T)=T.
HLE,HAH ACS A[H ACSF(A). A\TIH ACT "B f(AC
f(D). BT AES #H ACS(T), ZRMFH
Uacrm, Tcrmm.

AES

F—AE,NXNTCSFDOE (DTS, XRBASNT)E
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S, ENNE f(THCT, RS R.

(4) FERERENEE.

Bl s HIEH T

(1) & X<, T<e, MX XY <.

(2) XXX~XEEZH). FY<X, M XUY~X.

(3) icH 0,1 MM HFHARWEIZ &L E,NTIEE 582
¥ N HRE 2(N) A ——Be5

W Q) AHRE X=Y=92N),¥#E X

¢: N=N,p(n)=2n; ¢: N>N,¢(n)=2n—1,
B f: ZNOXZMN)>2MNWMT:
J((A,B)) = ¢(A) U ¢(B) (Ac @ (N),BE @Z(N)),

M fR——BRE.

(2) BE X RERE. HEEM,FE S Y-X. REXMN X BT
asb,aFb, fEBS g. XUY>XXX T .

x€X, g(x) = (x,a); y€EY\X, g(y) = (f(y),b),

5 H g AWM. BB Cantor-Bernstein & #f B a] {81E.

D EMS f: P(N)=EMWMT.: F ACN, WA f(A) ={x,
Toy s Zns >ty BeP 2,=1(n € A);2,=0n € A). HyH f B—— M.

Bl 6 AUERA T 3 AR .

(1) FHHUK QAL

(2) 2k EHBEE Q. THF K (r.), B limr,"=1.

0o

(3) FHHFI Q= (r,), 78 RN\ | (u—1/nsrat 1/m# Q.

(4) IEFHEE Q. HHEN(rn):

rn=p+ql@g+1)/2 (p=0,1,2,3g=1,2,,p<q),
EFERARA1/2WEXEESEE A N2REESKESFT 1,EEEA
B zo=~2 /2.

B (D) AREHEREESE Q. ={p/q) RN RENT, K

prg BAIERE. MBEE Q. PHLTEFTRFXN (p,¢) v M H Lk
EH 3. -

(2) YEHER (. ) T .
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] 1123 11
1129231313 2!4515! ’ ’
(HPRABTALNBREA), & A Al 1.
HEBTR. 5505 m 17 %ﬁ¢ﬁﬁTk%d/ /§/z 3
m % m FIBAYERRNT 1/m. VLV

=r. N TESRHE 78 55, ﬁb"t-’*/‘f 3 7 5
4 4 4
A /z 3 4 5
jﬁﬂ, iiﬁ_n . . .
M1 B 4]
Lelgn<ign
no g
X F
[~1— Yt
" =y = nn,
B 18 FFiiE.
(3) e A=N\{n*: n=2,3,+ by A an<lagy, FHIE 4

GQ(k=l,2,"')aﬁ‘f§|tr-‘1|<il/m. ﬂ&@l@ Q\{t:} HHI X HEF H
{Sm}!ﬁ{r]%
{.iﬁ_l, ne A,
- kKB h L, n€ A
(ﬁﬂ 1Ly s Ta=Lt2s 73 =13s7{=51+°**). Elj"]ﬁ
U Gw— 1/nyra+ 1/2) C[—1,2], 14 D2/a< n%/3,
ne A nE A
By LA f BB A5
() RIEE. BEFEWMBIRLZ p.q,#15
‘}?_ — ﬁ‘{ 1, ! < 1
q 2

2P+q(¢+1}fz == 21+q{q+1)f-2.
@42Eiﬂﬁﬁﬁﬁﬁ~m@ﬁwﬂJn&wH;Lammﬁ
p N2 |_l/t—1/2] _ _|2p2 — ¢
! 2 C(ple+ T/ 2pq+ai N2
1 1

= 4_‘}2 = 21+q(q+l)f"2'
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X F B FEGHIE.
Bl7 KKRTHEES EREY.
(DR ERASENBRVHNFZHRU I 24K,
(2) # E R R PEAHEZH IR A,
(3) BEHEIEMERE E={(3y—2x=5: 2€Q,y€Q}.
(4) ®EC(0,1], HWMRE: B E P AR BN Z R B K L.
B (D EE. I H—UIFEBRYFIRFH.
(2) NENMFXEFIR—NEFHEE A E BRUTHE.
(3) E R348,
() EB E.={z€(0,1]: 221/}, BHE. REBRE. #—4

4 E= | E. 8151 E R THAR.

Blg EERH TR
(1) &% ECR' B 8UE, WX {EREH >0, FE t,ERE1B
{t=ty,+nd:n=1,2,} VE =&,

(D) RERZHEMKZRR PHLSBEHEPEEHENER
HWERABEL N E ROTHAE.

(3) R ERFER PREERSEE (m.n): mneN),MEFEER
AHXWES AS BB E=AUB, HF—F17T s BN ELX A
EZRABRTRE-FPITT yMAOELXRX BEERARTA.

() AFESRS E.HBRFER 2(E) A F4.

B (1) 2 E={x)  HFEEF Ei={zi—nd: n€EN}, 54

UE.E v PLE P9z I{I_-E"—UE.! (FHE Eku*;ﬁ Itﬂ-niudztﬂ)*

) BEFBEERE Q. ={r.}, HRE FENMNFF & P, P, . F WK
A[AAE . {B(Pisra) s {B(Pyr) ), B E PEBM SR
B(Pyyr, )y B(Pyyrn DR R ERBIFAMAFBENXREZHMN
A, B BRI A8 L.

(3) 2 A={(myn): m<n},B={(m,n): m=n}B) 0] 1BiLE.

(O ERIHFRBEHRBEERE, M AP ROTERZ LA c.

Blo KUEAH T3 R .
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(1) % ERTREB,AE E FOF|8E e, F18§ E\e~E.
(2) & ERA[FEL, N EPHFEAINNTEIMERHE TR
(3) i ECR. EXMEEHN € E,HFE >0, HBXHE (z—,
D@,z +OPF—-IMAF ERNR M E BV
(4) & ECR' Z20] 5 ,MFE 2, €R,EFB ENE+{2})=0
(A+B={xr+y: x€EA,yE B}).
B Q) RESFuRAIT: {(x.), W {x, ) ~{x,}. NTTZ e=
{Z,,} BUH E\e~E.
(2) W E={x.},H1ERE .
E,={z,: n=202m — 1),m € N},
E, ={z,: n=2"2m — 1),m € N},

E,={z,; n=2"Qm — 1),m € N},

R () LA, A MR b >k, (78 E, NE, %0, I 4
]
M (2m, — 1) = 2%C@m, — 1), 2"7"C@m, — 1) = 2m, — 1.
HEED BN AR X RA BRI %K.
(3) X n=1,2,-, BRIVEBEEDT.
Efl={z€E.E (z,x2+1/n) =D},
E, ={z€E.E (x— 1/n,x) = &},
s nC€E Wz, +1/2) 5 (xpy 2, + 1/n) . N H E,;
RUTHE, FEIE E, BAHE.

(4) RNE—TF  UBE ES E+{z ) WXBRRZ R
28R WK, E & 2"CE, B8 25 2" +x BRF— A
2 =2"+zy, B 22— 2"=a2,.

Wil R PHE—RHEE PERITANE, XRATREN.
LR E, S E={(r),HESE A.
A= {r,—r,: nFE m).
BA ARAINE,FFUFE R P o, HE
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o F Ty —1Tm (MFEmynm=1,2,).
Bl r.#r,+xo, BRI BT IE.

G110 2T 5 e

(1) BEHEEETT={ACN: A<+oo).

() EUERA T 2 [ 5| 4.

Gi) WAERRE f. TN, {77

| fLAY< f(BY (ACBeND.

(2) KEWS f: R'>=22(N),[#18Y a,bER' H a<t B, F
fla) B F(OHMETE.

(3) #&F f: R'=[0,00) B——B&, 0 f()ER LFEILFEA N
=

B (D Q) IR G) EE,={(A€ET. ABBKEH ), E.=
2" EX p: T=>N T .

WD) =F; @A) =2""+ o(A\{n}) (A€EE,),
M2 f=¢+1 Ba].

(2) & ¢: Q>N B——M5, AMEENIT#ECQ,(E)IERE. B

AE ST
fla) =(E), E.={r€Q:r<a}), a€&R',
B RT 8.

(3) () BRE SECRH, M HH f()RHEHKE AHH

f()B. WEEER f(x)=0,0
flz) >0 (x>x9); fl@)<0 (< xy).
X5 R(H=[0,0)F &, BHM f() A RBIESLERE.

(i) B [ REFEARATER A n<o<l<zoll f(OER
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Ul S BOFJE.

(2) E—HEB R, THHEHFEELIER.

& 2,€E E' H{x,) CE, 2. x0(n—>00) , WXL >0, HKBR HTF
E6>0,Y 2 ,2"€E Bl —2"| <O B, BRE | f(2)— fa") | <e. X
ULEH { f (x.) } & Cauchy 31,8 A f(z,)—y ER'(n—>00).

RMNBEFRE ) CE H ta—=>z0 fE B () BRI, Hid N
F)—=y", 3B 2E 55

{($a} 1 Sop = Tny Sy = t, (n € N),
18 s, zo(n—>o0). H M X HIFF R R ii_rilqsnvﬁi y' =", X Ut B R FR
!Elﬂf(m)ﬂ? >z W T EFFER {z. ) ToFK. NTTRITE X g: E~R’
mE . )
f(x), x€ ENE',
€0 = Nimf(z), z€E (2,22, € B).

BLAERIE R g (o) B—BELEMR. I{ES >0, 6>0,7H
1f(x) — f@W | <e (z,t € E,|x—1t| <.
€ E  Hx—t| <8 MB{za}y {ta): za>zsta>t(n—>00), 5 A
| za—ta| = |z =1t | (n—>00) , B AT B o, £ 45
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2, — .| <& |f(z) — fU)| <& (n>ny).
HILBRITE lg(x)—g@) | <e(lx—t[<8), Bl g(x)fE E L—BUELE.
(3) Xt =, € E\E,iC
limf(z) =1, Iimf(z) =1L,

-
T o

r—=E

HEBLLTF (5 L RIE—EED g(@)HIE.

N o €EE,MMA 2 CE /|2 —x | A B/NME(EP §1.2.5),
Wt SE g(x) H f ().

X;j' oLk, Eﬁﬁj%g(l‘u)=f(1'a)*

MBEH g())a, FHRTEL 2. €E A g(o) LS. B KB
B AHES 0, FE 6>0,F

lg(x) — glxy) | <e/2 (x € E,|x — x0| < 9).
MR |x" —x|<8/2Z x": BHx" €EMiga’)—g(x) |<e/2; %
x* € E\E,N|HF
lim f(x) = f(z,) —€/2, lim f(x) < f(zo) + €/2,

» -
Tz Iz
r=F r=F

W | g(z")—g(x) |<e/2<esF 2" €EE,WFE r, €E,f§18
|x* — x| < 8/2, gx*) = g(a)).
M |y — 20| <88 | g (2" ) —g(x0) | e/2<<e. YUEHE.

o W{fi(x)ENHEHE FCR' L,HEA f.(oOWELEEE
FPRE E f(@OEF E—BWNT f(2), ER f(o)BELERE
F P,

8l APBEE o€ F FRWASR, TEHRE ., EEENER I,
={zo—8,2,+8INF P UHF f(IWELE S HHES 0, HFE no i
B, (@)~ f(@)|<e/3(z€F).BHA I, BAK, MHEBA f.(2)HE
ZSBREF PRE FUBRER S 2O AL FE €L, E B8
fn(I)ﬂE =TIy ﬂﬁﬁ' H\ﬁ_ﬂ—ﬂg‘j' fnn_(-r) ;ﬁ%‘z 7=71(x, !E)>0¢f§ﬁ

[ fo, (@) = [, (@) | <e/3 (z € Jy= [z, — 7z, + 7] F).

H i, z€J,, RiiTH
[ flx)) — f@| <|flz) — [, (x| + |, (2) — £, (2]

+ [, (x) — f()]| <e
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Bl 10 K UER T3 e

(1) & ECR, U x:ECRHYPUFEFLERNGE: ERFRLEA
&,

(2) B ()RR LWEREYFCR" ZAR. FW (O F
FHRBEEEZEN . MEH c()=f(2) » xr(ORL¥ELRE.

B (D) Aok FEBEFXH N E=Z. \ilT xe(x)RiE
S bR %X

L EMW R x()ELE,NBHE=J. i3 ECE(HFN, H
€ E\ECR\ECR\E, S F &), E ZHAR. XL THER\E R
4.

(2) %% E,= {zER'; g(x)<tER'}.

() +<O B} ,E,=F , % E, BF 8.

(i1) t>0 B, X 20 € E,, FF £ 6,>0, 518

g(z) <t (x € (xy — 8oyx0 + 6) N F).

M g(x)=0<t(z € F), ¥ (xo— 8020+ 8) CE.. X zo BHNALE,
B

Bl11 HEE T A .

(1) (G R R B ETFEI, W Go= ﬁa 7 R* .

(2) i LECR") (k=1,2,+),HH
lEnfu(lj =:Hf(I}p 176511“,

M fOWEERRRE G, WK
ﬁ U E*{ ﬁ] y Ey(e) = {z € R"; | fu(x) — f(2)] el

m=1] k=]

(3) I fLECR (k=1,2,~),BF
limfi(z) = f(z), z€R"
W (O AREESBENE—HE.
EBA (1) HFEIHHX R PE—HBR B=B(x,8),3H G, B+
FHIE. RRRIEE: BEFEHAR Bi=B(20,60) 8 G,NB=,
W] 5 %

79



R" = (G, N By = Gy U (By);
EQZRHHJB{}:G;ﬂng—"(ﬂGE} ﬂEg:U(G;ﬂgg).
k=] =1

HED G RILHSMAE, il Baire SEWH,B, WK A, FE.
(2) ) W ER B f(OMEZESR. HBERH, X >0, FF ko,
fEAR | fo, (o) — f(2o) 1<e/3, HFFFE 6>0,{7%
| flx)—f(zo) | <e/3, |fi(x)—fi(x0)|<e/3, x€U(x0,0).

})’kﬁﬁﬂ‘ﬂ !_Xd- IGU(Iﬂ!a)E;ﬁ.
|fi (@) — F(@)] <€, Ulx,d) C Ey (o).

KB 2,€ | ) Balo). ik ¢ BIERHE, TTHAD
k=1
e
we N\ Ukly)
(ii) | 20 € FJ DEa{i] SJUMAELR H >0, ]t m>3/e. B F
LS LJE’:k( ;1;} y BUFFTE ko {18 20 € Elu( iJ T 6>0,EH

U(xg,SQ)CE*D( L1815, 0~ f ) <<%y €U (x0,80).
EE@J fiu(-T)E I =Xy ﬁlﬁﬁ ’ Rﬁ 31:}09{%?5

3
3?
’lﬁﬁ=min{5u.31},mﬁ IEU(IQ&&)H‘T%
| f(x) — flx) ] <,

gﬁﬂﬂ f(I):E[ £ =Ty fbi%?ﬁ

(3) BEF f(OWELZSENER, AFHEE L LD

1\ A1 el
| 6] lelh)=Ualy))
BE—HE. X e>0,%
Fie) = [ {z € Ry |filx) — fip(2)| <e),

=1

|f¢u(1') - f&ﬂ(—To)l < x €& U(onal).
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BHEIR" = | Fi(e) ,Fi(e)CEW(e). NTUH
k=1

ﬁ‘*(e) - Ea,‘;.(e) _ G(&), U ﬁ‘,,(s) C G(e).
k=1
i
[G(e) = R\G(e) R"\U F,(e)

= U Fk(s)\U Fi(e) C U [FoO\Fi(e)] = U OF i (e).

k=1 k=1

& K Fk(e)ﬁfvﬂﬁ.ﬂm aﬂ(e)ﬁi‘:ﬂ:ﬁﬁﬁ XBBAGEO]) BE—
M.
Bl 12 AIERE T 5 M
(1) % ECR" 20 3$. F E=R",E R F. %8,HAR G, 8.
(2) BHE R FHHAEF URFENG). EXF 1 -,GNF=

Fsﬂ“cnﬂF:Frﬁq:'Gn: nG.t-

(3) X FCR' BIEZ[EHAL,AER F L ZFIMLA.
W (D) B E={x1rz2sszir =}, NIEBPEEE (o) BA

8,57 LUty E= | (z) B F. 8. B E FRG, &, SUREFEG,.Go)

k=1

-, [E75 E-—ﬂG; HF GDOEGREN),H G:(kENYFER" P71
N R"\Gk(kem%ﬁ‘:ﬁa RZHR. BRINA
U {xk}] ,

= (R\E) U E = ( U (R"\G;,)] U U

HEXGHEAINN LA SARZIFR,XE Baire EHFJE.

(2) #+€F BERRBRT Go, X 8>0,4 I,=0—8,t+8), ARmiE i
GiNFNIL:#Z: BB GNF EF #HEF,FFUFE 2.€G.NFN L.
Ehll:tiﬂﬁﬂz J 1 £EI1“311I1+31]C13061- REE G.NF EF ':Fﬁ
% , W] JFFAE IzernFnJlsEﬁ Jo &[x2,— 052+ 02 ). J.CJ NGy
- HRENIAR, B 2 rxo(n—=>00),2,€ G FL,UEEE.

(3) RUEE. BRE F={z1s225**" s Zas - VR ILIAL A NI A 2,
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HAERNGDNFE 1 F REE. BTG 2, R\ (2. BFFE, T U
( 6 R"\{z.DNF|#EF EP&%E‘.{EE[ [:] (Rl\{rn}) NF=J,F

J&. B8 FriE.
B 13 IR T 3 6

(1) BAF)CR BRI, B R = | Fo | Fo e R b,

(2) ECR'BF—HNENRTTLERNR: EBE—PTER F
HEDN G, 8.
(3) RGC[0,00)RERFFE FHHE
D= {z € (0,00); FEAFENMNEBRY n.nx € G},
M D=[{0,),H D &G, 4.

W8 (1) B 2 € R, IMER 6>0, HATH

Jy & [z2g — 8,20 + 61 = | J s N Fo).
k=]

B R S Fy R R, FFUL G k€N, (ETB F, (1, B W .
.,

(2) et  RERE E= | E,, Hb E, REAFESE, M R\

E, RHE A NTAE E mr%@@ﬁ (R\E,),J5 % R E® G, %

Aol RERE, RAE)D ﬁ G, o G, R HIF . it

EC | RN\G), B4 R\G, REA A E.
B) XM meN,ESRE,={z: m€G),MBEERR D=

N UE~ B E. RFF4. FEAH: X EEE ne N, F8 | B &

n=] m=n

[0,00) . RARIEE. HFEE n€N,BU K x4 0<ap<Too 1hy>0,

(zo—hor2+he) C(0,00), {18 (20— hor 2o+ N | En=F . MW

="y
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Mo : 1/mﬂ<hﬂ MR m,>max {no,mos (xo—ho)/2h0} , B LBH

U m(xy — horxo + ho) = (m(x — h),00).
FEEGCREFTR ,BMFE me: my>my AR 2€ (2o—hoszotho) s
A8 ez € G. LA 2€ E,,C | Eny SEOF . B RATH

(2o — hoszo + ho) N UE # .

HAREFEZZE, AR ER, BT DE[O o) FFH .
Bl 14 RETFHmE.
(1) Z#GCR' BREZFHE RILHGC RELMHEFEGFE,F#GCGIE

FHERERARE); #(E)CR RELAHE RS, L iEBH n“\L_J E:
Rab b F 4R,
(2) R R PREERRIE,), #HH ﬂE*—Q

(3) IE Rz EF'U-(J:;?‘ )%*’L‘%ﬁﬂjﬁy B:!EEF € szrx j@]lt;ﬁ
ﬂﬁ rﬂ?;ﬁ%

A:UBI, B = UBI.

r€Q rerR1N\Q

RIEARN R M ERE r., 88 ANB#J.
(1) kB,
(2) iE’ R’ I:F;ﬁ‘ﬂﬁ%] Q: {Fiarzames sTny e } !.g.ﬂ;

E, = {ry,ryymsras*>r}y

EZ = {r21r31"'1rn1"' b

E; = {?’] 14 TR RAAEY S } ’

SA®A E, 7 R RHEE, fﬂﬂEiﬁszf
(3) & E,={x€R?, r%ﬂﬁﬁﬁ MNA B: Z%4 r.221/n}), 1
B RN\Q 2% 44, l__) E, RE_HNE. HHRFEFE n, EBE,
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SHEXE I NTIY z€I1,B 0<y<2/n, B}, H(z,y) EB, MY 2€1
H0<r.€Q.,WZF—H& B..3I&%FH BZx.

gl 15 BRKIEH T 5w .

(1) FREE XFEL0,1] MR E f(o),HHEE QNL0,1]E#EE,
BFEL0, 1 ]HH o S AREEE.

(2) AFEWE TAREN fECR?Y:

() 72 R? 88— (2 ) P B (203 5o f G ) B,

(i) £ R* PE—H (z, &, f(z, ) BT 4.
(3) BF.CRGENBRELAFHFEE, HE=JF, BR A WEHK

@)= 327" () 2 € RI\E R4, 4t 20€ E 4b Fif4E.
iFB Q) H8,.f)MEESER G, &
(2) A ﬂﬂ%f(x,y) :E_rgn[f(.r%- 1/nyy)— flxsy)], B LA

2 f(z By S G, 1 R T G, 4. asfummu%m,y)
BTG A G, R R I EE Gy B, HR,G NG, R R HHH

# Go 8. I, 2 /() ) .—a?a;f(x,y>4$ GiNG, FHE%E, T f(xr )ik

£ GING, Ed[#T.

(3) (1) & 2o ERNE, W f(x0)=0, HX{EL ¢>0,FF1E 6>0 LA
EN. 27 V<e, BRI (xo— 80 x0+ ) NAE FiyFyyer , Fy BI85 M\
(g4 0K}

f)= D 2@ <2V <e (zp—8<x<x+ .

n=N+1

X f()TE x=x, RbEEE.
(i) B 2o € E, MHFTE no, (B 2 €F, , H f(2)=1/2" BH
AR E WS FFUHEER 6>0, 8 H
z € (g — 0,29 + 08) [ E.
X f(2)=0,80 f(x)fE r=x, L AFEELE.
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(1) % f()HELa,b] LA (OB ELE SBR[ ,0 ] THE.

(2) | fEC0,1),B%

filz) = f(x), FL(x) = f1(x), =, [i{x) = fai(2), .
EHWE— 2€[0,1], MEEERY L EH f1(2)=0,0 f(x)=0.

WER (1) & F.(x)=n[f(x+1/n)—f(x) J(a<x<b,nEN), N
limF, (z) = ' (2) (a<<z<lb). EEEF| F.€ C((a,6)) (n€N), BB FF
k.

(2) AFwl f(OEL PN REELA 0 BIA[. 3, &
Lo, L JRER—H-F X8 1,38

Fe={ze€l, filx) =0} (b=1,2,-).

SR, GA Fo SRS, B I= | Fo. 448 Baire RETH, HE F, .

k=1

EEE—1TRIE @M. AT (a,p) L fxn(.r)=0,ﬁlflii flx)=0,x€
(a, ). FER|(a,/)CI, BB FFIE.

Bl 17 WBETHINE.

(1) & FECU0,00)). HEXMEEH 2>0,8F f(x/n)—>0(n—
co) , A [A) J& 7 WAL Eﬁf(.r):(}?

(2) | f€C(0,00)). HEXMEEH 2>0,F f(ax)—=>0(n—+o0),ik
WEHH () >0(z—>+0).

(D’ flx, NER LRETHESEN, HER FH—IFHEL L
flx,y)=0.iRiEH f(x,y)=0.

B (D f)=>0(x—=>0+)YH. JHES e>0,4E

Fi={0} U [{z>0: |[flx/m)| <e} *REN),
n=k

W& F AR, BH L_J Fi=[0,00). {i # Baire &, A HIFE
ko, (878 F, 47085, T ST
(2o — Ogsxp + 8) F,,D (xyg > 0,0 <<, << x,/kp).

&H% Q{Igaﬂ!ﬁﬁﬂ_ ﬂz[Iﬁ/I](Eﬁﬁﬁ)&ﬁﬂ’g
g — 0L Tpg — X< nxr < ao< x5+ 65 (n=ky).

B nzeF, , BEREE F, ZEX,RITAE
85



f(x) = |fnx/n)| <&,
Ef f(x)—=0(xz—0+).
(2) Rk BRESERAE, WHFE >0 U LB (1.} 2.~
+oo(n—>00)  E] | f(z) | 2260 BNy f RELEN, UGN n, FF1E
(Ansbn) 2 22 € (@ny0)  [EF | f(2) | > (a.<2<b). BEEARXLLEARAFEG

— D (@n+0,) 312 D K 13 Z R R, M D [0, ) FHFHE, A3

F xo: 02 ED, BT ZBN na, 18 nuxe €G. T | f (20) | > 60,4
HEXYE f(rzxy)—>0(n—>c0)F &, iEH.
(3) RIEE. BEFLE (20, y0) EREBR f (205 y0)>0. MFELE &
>0,E %
f(x,y0) = f(xosy0) /2, x€ Jy & [z — 8,15 + 6.
VERRB F,={z: f(x,v)=f(20,y0)/4), B%

In=|:,yu_1/n9}’{)+1¢/ﬂ]f En: OFJH
yel,

ﬁﬁ f(.r,y)i?]‘ y E{]Eﬁﬁﬂﬂ]nfuc UEN. Elﬂ'j: E, %l’?}i%*ﬁfﬂ

Baire fEBE I HI, 72 no B E, AW RLE, X[, HFR K. BE(x,y) €
E, XL B f(z,y)7#0, X SEEF G, iEHE.
18 A UEEH T3 ar A,
(DBEMZ2R' LN EEREE. EXNE— 1 R YFE
M.>0,{#75
|f(x)| <M, (fETD.
WFE M>0, A X FFE GCR', #18
f(o) <M (fel,re G).
(2) % F€CT (01D HEXEA 2€[0,1], HFLE n. EN, 8
o2 (2) =0, MFFERXE (@,)C[0,1], U R EBHR P(x), &8
f(z) = P(z) (x € (a,b)).
Wl Q) A F.={x€ER': fEM|f(x|<a) W F.(nEN)ZH

s, B R'= | Fo. AT AR SR Baire 5 B AT 40, 4745 no, W18 F, P9
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4.8 G=F, (JF4),
Lf(:r)k E‘:-:..ﬂﬂ (r € G,fG ).
(2) A E.={z€[0,1]: f ) =0}, 55%E z€[0,1], NFEE

nHE | € E, . FERI[0,1]= UEu UKk E,(neNYEHE,BHE

Baire & F , 0] HIFE Enﬂ@,ﬁﬁzlﬁ‘l(a Bb): ) =0 (a<<x<b).
X () ERVER 4, 7B
7 (x) =¢oy [T =cox F 0y v (@< x < B),

fla) = — o2 oy

(ng — D17 (ng — 21~

tot o @<z <b).

1.2.4 Cantor ¥

®2AENE

Cantor ECHIENX N RBRBOEEREWIHE 57 . HEEAHRE .
(i) C L0, 1]FMEETFRALE;

(i) C=C'"  C B2,

(iii) C TH

(iv) CHEHE . BCPE 2= a/3 (a=0R 2).

i=1

F F—FTREEBHEED B . GEBE R Harancon (W H ¥)) F { Teopus

Oynkunit Berectsennon Iepemennon} (357 R¥L) B, A RS F LR H RS
1%, 1955 4E)

TN % ECR,.zER HWEEMN 6 >0, ENBG . OBATHE, MK » X
EVRER. BEA2%,i2H K(E).

LR bl b

g1 BETHEE.

(1) [0,1)F K 2=1/4,1/13 B F Cantor g7

(2) & C &[0,1]% Cantor £, XL EEHL0,1]PHFXE
Lasb], WHEFEKE (a' 6')Clasb], (@ B AFCHEHE bV —ad' =
(b—a)/5.
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(3) RER RTINS R EF ERE2E.

(4) KER FH LB SHARHTLE.

(5) & ECR’ BREFZ2E, I MIEWHNERWN € E, FF yEE,
H18 x—y HTCHEHE.

(6) I ECR.EX EPREEMAE s.t: s<t . YHFE w€EE: xr<w
<t,ikfA] E BB/ LEHNR?

B (1) BHY.1/4=0.0202--;1/13=0. 002002---.

(2) EEMAE Cantor EHAR, HPFE S £ 2" F K I 1/3
iy X Ja].

(3) W E X0, 1 \NC WA PR EIHRE2E, 5% E' =C.

(4) W ab(a<b) WIS, A4 a,61NQ={r.).

U a+86)/2 AR OEUTEE a),b (a1 Fa, b Fb) A EZ K
8], 18 r € (a,,8,). u%@‘wﬂqﬁﬁiﬂﬁ[a,m]*f*ﬁ Azvba: T2 € (aszybhy)
({EE Tze (ﬂﬂ-’h) 9uF#§ﬁ)1E[51!b]qﬂyﬁ assbs: ?‘36 (dasba) !'"!%

ﬁ)ﬁg—l:%‘!ﬂ-:fﬁ{(an?bn)}' rnE (ﬂu!bn)(ﬂe N)- J%‘L G: U (au\)bn)ﬂt ml_l
n=1

E=[a,b]\G B} BT K.

(5) BH E=c, iUMEEN 2 CE, {xo—y: yEE} RAT[ ¥4,
I FFE yo € E 8 20—y, €Q.

(6) &.Hlm E=C\Q.

B2 RIERA T A R .

(1) & ECR' BRATEE, N ENK(E)RRAEHE.

(2) # ECR | K(E)RZLE.

(3) W FCR' BAVEHMAE, W FfEZRI I R2BE5—F
A ¥R 2 3F.

FB (1) HEHH D=E\K(E)RTI¥E. MFEE 2€D. 5
MuELIEEBARENEE: (7)) : 2€ Glr) EB ENGL.r)
RABE BHADNG,, DRI E FEIN KA EE RS
9 DX (B 2RI U8R , B4 iR 1R IE.

(2) () B € (K, NMEERN 6>0, FE »EKEN
(zo—8,z0+8). HILAIFLE (yo— S0 yo+ 8B E E PAFEA K,
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H (30— 00530+ 8) C(xo— 6820+ 8). ATTENIHF € K(E),BIK(E)
AR,

(i) I 2o €EK(E),H% Es=EN (xo—8,2,+8)(6>0), U E; 2
AAHE. B R E,NKE) AR, H E,CE, bl E; FEER S
HEWBEA XRBEH (o—0,z0+8) NK(E)R TR ¥ £,
ro&e (K(E))'.

(3) 5§ K(F)CF,D=F\K(F)RZH¥%& 0B F=KF)UD.

B3 IR T A Al

(1) # CC[0,1]& Cantor £, WHFE 2, €R , {FBHE C+ {x}
:{I+Ia= IEC};F*ﬁﬁﬁﬁ

(2) B FCR* BREZHWTR. FF A IR, M F BA[3
&,

() ECR' RELRNAA LEFMR E=| | @b | Hb

n=]
(a:»b) 5 (a,,b;) GFTAIEEH.
B () BRMCHE  FEHA/NEER,

1‘:2::1::1.-/3", ﬂiﬁﬂﬁz-

fE zo=—>,1/3". (JL. Monthly, 1996)
me=]

(2) BT oF BRIAK ., 8 F=KUEKK BR5%2%.E BRHE),
W[ A oF BV H4.

% x€ F\oF,WHEH 6,0, B(r,0)CF.HAH R\F#£J,
RA\F BFF&,FUUEE € RA\F, UK 8,>0,B(,,8) CRANF. fF 47
Fhrz5t WBEEZLHYE B(2,600),Blt, DX ZHELZZ2HKHN
S, 3=R". BEMILFT1E 2 ARYEL OF. OF =c. FJ&E. X i #f
F\oF= B} F=2F,F a[ .

(P H FERZL2B,MERMAE NTE RAE.ER
ENMREXEMHE SEHEXAMEZEREE A REH,H
RHEME PRESENLAT ,XRAED.

Lol BHA.HERMERAL HK EBH 2€E, MR
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CE LTI >0, B (x—8,z+ONE={z}. XULH z BEFH
X 6] % =, SRIEFE.

1.2.5 RA¥EEREE

2EE AN

EX RrERZEERR PHIESZHE, K
d(x,E) = inf{|x — y|: vy € E)
N B EWMIEE . EE LE, B R PH3ET SM.%K
d(E\,E;) =wif{|r — y|. z € E,,y € E;}
K E 5E, ZRMER. WaSfte LW
inf{d(z,E;): x € E;} B inf{d(E,y): y € E,}.

EB1 FFCR BEZHEH € R, WFHE yEF.EB |20 — vl =
d(xy,F).

T3k W HE R L

(i) F x€EE M d(x,E)=0.

(i) € EX% XY d(z,E)>0.

(i) x€EE' 4B d(x,E\{z})=0.

(iv) € E H{ H{XY d(a,E)=0. '

(v) r€QE ¥ HXY d(+,E)=d(x,E)=0.

(vi) dim(AUB)<dim(A)+dim(B)+d(A,B).

EE2 HERR PETHEHR,VNIdEEI s WREER LR Tk
.

#it FFRLRERFIHFNMNEZHRARYZELE-AREFN.UF
2\ EF) 2 €EF 88 |2, — ;] = d(F,Fy).

EEIGESER FFRR PHARSOREXNEF LHESZRBE
(D |<MG@EFR),MHFER LHEZRH g(OWE

g(x)| < M, g(z)= f(z), x€ F.
Z LEREEE f() KRR (B arctanf(2)).

R 75 G

g1 RIEBAT A M.
(1) i ECR", MFHEL :>0,{xER": d(x,E)<t} RITHE.

) BGCR"EFB.FRGCGHHNARAR  NFLE >0,f18
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{z: d(x,F)<r} CG.

(3) ]ECR BR—1MEFHB. EXNERY «€E, FE yEE, f#
Bd(z,y)=d(z,E),| E RF.

WDR FE—HEFBEHNGRE—FREBGCERF. &

B () BB JdG.E)R s SR

(2) 5 G ZHAL,BE FNGC = ,FE r,€EF, 5, €G,{§18
d(xy,2;) =d(F,G)>0. BE B r=d(x,, 7)), U4 d(2, F)<r B 5
£ x€GC.HIBEMBENR d(2,F)=d(GF)=r, FJ&. XE M A

{x: d(z,F)<<r} CG
(3) % € E'CR, KRR MELE yEE 8
d(x,y) =d(z,E),.

B d(x,E)=0,# x=y€ E,Bl E R4,

(4) () fEFF R Gi={(2€ER": d(z,F)<1/k}, BH FC G X

k=1

FHr€ ﬂG“waﬂfﬁé’a kB 2 €GBl d(x, F)<1/k. N1 &I
d(z,F)=0,E BB F BB, BHFE yEF, EB d(z,y)=d(z,F)=
0. B XA z= yGF;ﬁﬁHﬂﬂG;CF HEZ, :ﬁpwﬂ

k=1

(i) B FARNG RHR, HH DO @ F= (']G“Gi@e N)RH
£ HEXB G RAS.HE

G=F = ( nGk]E= UGia
k=1

k=1

Bl G & F. £,

B2 BETHFEH.

(1) A={n+1/2: n=0,%1,},B={m~2: m=0,%1,

} iR d(A,B).

(2) BER.PHEE AR P EE B,{#B d4,B)=0.

(3) iR, BA& F={(z,y): 2+ V<V A ERIBEAPAELAHEE
W8 g

(4) X F,F, RR" FPERMHXH AR, XL FEFR GG, #
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:f’%’ Gl::)FuGz:)Fst.ﬁ GlﬂGz———@"
(5) B{FOR R FHEZHEY , 2 €R". FH limd(x,,F) =

B (D) TSR e>0,FHHV 2 EQUFEBERY p.9. BY
m: q>|m| JEB|V 2 —p/ql<e/2|m|. HEEBIM m#A0, 5
lx —y|l=|n+1/2—m~2 |
= |m||(2n + 1)/2m — /2 |
(z € A,y € B),
T3 nom B | Cn+1)/2m—p/g|<<e/2|m|. \Tfi%0
V2 — @n+D/2m| <e/|m|,
m|}(2n + 1)/2m — V2 | <e.
Xt d(A,B)=0.
(D EA={(z,y): 2+ y=1}CR%,BR Oz #1, W d(A,B)=0.
(3) &. k¥ BEE WAL, F=F,UF,,F.NF.— &,
F\5F, BAS,MAFEE 0 €F,x0,€F;, #8d(x,,1,) =d(F\,F;)
>0.FBRA o 5 o WEREELBRERT FH,TE.
Q) fEHE GG, T .
G, ={zxe R d(x,F)) —d(x,F,) <0},
G,={r€e R, d(z,F,) —d(z,F,) <0},
Efﬂ] Giz’FnGz:}Fzrﬁ.ﬁ Glﬂcz:g*
(5) W 2o € F' ,MFAE{xm) CF: zn—>z0(m—>00), RNYRE | 20—
zo | <M(mEN), mum@mnﬁ&w f@% d(ze, FO>MGRZ=N). )Mrﬁ

%k:}NﬂT;IMGFk Im CUFI: IE%UFI»%H:I$9FRH IDG UFk

CF,Bp F 2H4&.
B3 RETHIMNME.
(MHB’FER PHALE,EER EREZERTUFI (g:(0) ), F
18 !i*rgg&(\r)=xﬁ(x), rE€R".
(2) & fo: R —=R'(nEN),GCR! &BF £, iEH
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{x € R'; limf,(z) € G)

o= oo

= U U Nz € R dfu@),69 > 1/m).
m=1 k=1 a=k

1 1
& (D XF(I)—ELE1+k Tdz. F)
(2) kB,

B4 MRETHIME.

(1) i FCR" 2% ,i&81E fECR" 8B F={z: f(x)=0).

(2) # FCR' A&, iR4E R b Y% 58 7] 5% i 338 1% ok 3%, (518
F={z€R': f'(2)=0},

B) FEF,LF, ZRFEANERIHEZHIEZHE, RME R oYk
SR f(), 55

(1) 0<f(D)<1(z€R");

G1) Fi={z: f(x)=1}, F,={x: f(z)=0}.

(4) W F, Fo, Fs BRR PENELRAHZHAL, RIE FECRY,
L

1) 0<f(2)<1;

(1) f(2)=0x€EF),f(D)=1/2(x€EF),f(x)=1(xEF,).

M () fx)=d(z,F).

(2) f(x)=j A, F)de, f (x)=d(x, F).
[}]

(3) WERE f(2):

flzx) = d(z,F,) r € R”

~ d(x,F)) +d(z,Fp)’
BUR TR iy R 3K
d(x,FiUF,)+d(x,F,UFy)

() A= F UF) +2d(z,F,UF) +d(z,FUFD"
E ﬁ FI!FE!'" iFn Eﬁxﬁfﬁqmﬁaﬂﬂ‘@“

s P Ie F,‘(f=1t2:"'sk:’!
flz) =

& i &
(Za"}d(I’F’))/Zl'/d(I’FTJ’ Ig UFi!
=] =] |

BINE (D =a(zE€FIE=1,2,,k).
Gis KUEBE T A My .
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(D& f: RR>RLEFM RP P—YEEFE A,B: d(A,B)=0, 4
HAS(A,F(B)=0,0 f(x)—BOEL.

(2) S . R==R2BRE: F 2, €ER Hd(z,,2,)€EQ . HF
d(f(x), f(x))=d(xy,2) , I —Y] 2y, 0, ER* BJFH

d(f(x),f(x)) = d(x;,x,).

W8 (D RIEE. BRE f AR—BELEN , WFE >0, 3 EE

] 0>0, WIFH 2, yER, {E1H
| f(x) — f(»)]| =23 (d(x,y) <3).
SAEEM 2 €R1E S4B
S:.={s€ R%; |f(s) — f(2)]| <&},
T, = {t: |f@®) — f(z)| = 2&},

5 T.#T, M| f(S)—f(TD | =e, Wil d(S.,T.)>0.

EBUERH {0, } s {(xa) s {3 ) W

K6 =1. W x,,y, EH d(z1, 1) <0y | f(x))— f(3) | =36, .
XF s Zns yur 8 8,,,>0, H 01 <min{8./2,d(S. T, ),d(S, T, )},
H:K Iﬁ-l!}'uﬂ*ﬁ‘ﬁ‘

d(Zpi1sVop)) < 0,pys | (z,0) — F(3,40) | = 3.

i A={z.},B={y.} H 8, 0(n—>c) [ ,d(A,B)=0,

RER m<a, BRE | f(z)— f(yn) | <eo, B z. €S, . hHF

d(S, \T, ) > d, > d(z,y.)»

Wy €T, »BE | f(ya) — f(yn) | <26. B, BRATH
| f(z) — FO) I 1 f () — f(ym) ]
+ 1 f(ym) — ()|
< 3e,.
PR RN f(xn)— () | =3€. Xt m>n T[22 DIREHEFE, T m=n BiF. X
W d(f(A),f(B)=e, SREBRT G, BB FTIE.

(2) B 2, yER, IS >0;e<d (2, y) , B r€Q, #18 d(x,y)
—e<lr<ld(z,y). B r€Q.: r<e,H r++'>d(x,y). NI HIB(x,r)
NB(y,")#DB. S 2R d(x,2)=r,d(y,z)=+, 1}

d(f(z),f() =r, df(y),f(2)) =7,
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I JLF] 1%

HIEE YN

r—r' =d(f(x),f(2)) —d(f(y),f(z))
< d(f (@), f(y)
<d(f(x),f(z)) +d(f(3),f(z))
=r 4+,
d(x,y) — 2e < d(f(x),f(y)) <d(zx,y) + &
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$—E Lebesgue HE

§2.1 MHEM Lebesgue Ml

EAXANS
EY ®ECR.EH{LIER PR HAMFEEK,BHE

EC th I,

MHUIIHEM P L- AR (BRIFENEEARE, BF -1 L-ER(L) BT
— A SCEAE D L (TR + o0, | 1| 7R L KB, R IN#

k=1

m* (B> = inf { S3IL1. (1) M Ef L Bk |

%y 58 E ) Lebesgue VM.
BR.EEMEEWL- Bl NH

-11IiI:= Oy
k=1
M m* (E)=oo, HM m* (E)<oco.

EI2 1(R” P A R IM R &)
Q) ERE. m* (E)=0, m* (F)=0;
{II) iﬁﬁ % E]CEELIEU m" (El}{‘;m. (Ez);

(fii} ?ﬁ(ﬂﬁﬂﬁ« m*( U E.b )H{“Zm. (E).
k=1 ' k=1
5| & ECR" UK 6>0.4
mi (B) = int{ D2 10l: |J 1D E A FESE L itk < |,
k=1 k=1

A m;s (E)=m" (E).
EE2 BE.E,RR FHENSERE FJELE)>0,N
m* (B, U E;) = m* (E,) + m* (E,).
THEICEBARAETN) #ECR,.wER.IEE+{x)={zrt+x0,2€E}, ]
m* (E + {x0)) = m" (E).
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ST R S

1 KIERE TR

(DR PREEEHIIMUNENT, Bl 20€R*, W m* ({2,})=0.

(2) RICR" BRIFEME, T RAEE,Wm " (D=m" D =|I|U
HIERD.

(3) F ECR" B ¥ SEHE, 0 m* (E)=0.

(4) [0,1]%H Cantor 4 C By 5 K 0.

(5) B’ ECla,b],m" (E)>0,0<c<m" (E), MHFEEWTH A,
8 m* (A)=c.

(6) (BFMEEL)I®Z ECR, X AER,IE AE={Az: 2z € E}, |
m* (AE) = |A|m"* (E).

Bl (1),(2),(3) IEBE.

(4) FELE,JHN

C = ﬂF
EYW F.(EMBECHIBFE A ﬁﬁﬁ%ﬁ?ﬂéﬂﬁ)% MR
3T K E 2z 38R, rARNTHE
m* (CY<<m"*(F,) <2 +3",

MTTRHE m* (C)=0.

() fx)=m"(ayx)NE)ya<xz<b, ] fla)=0,f(b)=
m"(E). X8 2 5 2+ 02 , AR a<x<<x+Axr<t, N

la,x+Ax) N E= ([a,x) NE)U ([zyx + Ax) N E)
A5, f(z+Ax)<f(x)+Ax, B

flx + Azx) — f(x) << Ax.
St Ax<<0 HAERRPAERX. 8.2, RITH
| f(xz + Az) — f()| < |Ax], aKLx<b.

X fEC([a b))  MBEEZRBFEHEE, M T f(a)<c<SfB),
W EE (a,b) £/ f(E)=c. N\TTBL A=[a,&)NE,BPBFTiE.

(6) B Ky ECU (ansba) F M F AECUA(a vb) sm* ([ansb]) =

m* ((a,,b,)) Hiﬂ{ ‘K] (a, ), H
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m* (Ala,B)) = |Alm* ((a,8)) = |[A](B — @),
BT ARSI BE 2 LRT48 m ™ (AE) = |4 |m " (E).
B2 K UEEA T3 A
(1) & ACR" Hm" (A)=0,M{E &M BCR",
m* (AU B) =m"(B) =m" (B\A).
(2) i A,BCR", Hm" (A)ym"* (B)<co, N
lm*(A) —m" (B)| <m”"(AAB);

(3) LA,BCR.Fm " (AAB)=0,Ml m* (A)=m" (B).

) BABECRR $HHEAE HE m (AAB) = 0,
m* (BAC) = 0, m* (AAC) = 0. |

(5) WRECR.EMEEN € E, FHEFB B(x,8.), #78
m* (ENB(x,8.))=0,M m* (E)=0,

W (D) EE.RMNEAERX.

m* (AUBY<m" (A +m"(B) =m"(BY<m" (AU B),
m* (B) <m" (B\A) + m" (B A)
<m* (B\A) + m" (A) = m" (B\A) < m" (B).

(2) BHR ACBUUAAB) BT m* (A)<<m" (B)+m" (AAB).
WA Hl m* (A) —m* (B)<m" (AAB). I, XT[ 8 m" (B) —
m" (A)<m* (AAB). S8 W58, Bl 13 BT k.

(D Hm (A<m" (B)+m" (AAB)=m" (B)A[Hl,m" (A)<
m" (B). X m* (BY<m" (A)+m" (AAB) T8 m" (B)<m" (A).iF
K,

(1) FEIALAKX

(AUBUO\NMANBNC) = (AAB) U (BAC),
ANCDANBNC, AUCCAUBLUC,
A HI(AUONMUANC)CAUBUONMANBNC). NTIE
m*" (AAC) < m"(AAB) + m* (BAC) = 0.
(5) KB WA, 71 E B 7] BH = BR5(By £B (.6, )}, 18

EC | By B m* (EN B =0. AT
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oo

E=|JENB), m (E)y< > m"(EN B = 0.
k=1 b1

&3 RICEH T e .
(1) & ECR,IRIEHFEG EG: GOE Hm" (G)=m" (E).

(2) # E«CR"(REN). %Zm (E) <Aoo, m[ llmE*) =0,

& s

(3) & EXER J:E@mm {f2()} R R (AL>0,nEN)

Zm (E,) <+ oo (E,= {z€R': |f,(x)|/A,>1})

WFFE ZCR' B m(Z2)=0,/818 lim | f,(2) | /A.<1(zER\2).

=0

EH (D REXH REN FEEHTL,) 58 | 1, D8, B
%

DL <m'(E) + 1/k (k=1,2,).
r=]

4 Gy= U L. (REN),G= ﬂa,%%ﬂ GDE HG R G, 8. &iE G
EEN)

m B <m* @ <m* G < X1l <m* (B) +
re=1
2 k>0l 8 m" (E)=m" (G).
(2) ¥ limEi= | | E., BRI, HELR >0, N,

b m=1 k= m

B m" (ED<e. ATiXHER jEN, B
k=N

L)

m(h_mE,] Qm'[ UE;,) < im'(EQ.

koo k=) k=)

L ]

LS m | limE) < Sm* (Eo<e. IEH.

Ewoo =N

(3) % z= ] U E., Mt A m (Z)=0. H LY z€ R\Z B,
WIFTE no, BB 2 €EE,(n2=2n0). NTTE lim | f.(x) | /A <1 (zERND).

[ = =]
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§ 2.2 A[W& S5 EE
23 L

EX BECR.EMIEBEHNSERLTCR,.H
m* (T)=m* (TNE)4+m"* (TNE),
W # E 5 Lebesgue A M8 (B m " -AT AR, AHE LT MM, KF T HAILBHR
(33X — %€ 3 A 48 4 25 R B 4 Carathéodory %) ; T B 6 2 ¥k 0 oT R K
*,/ickh .
F FEIATAMREHFLRIFEY: PN TFR FHE—-HBENTIEHER
— A, RIMNABE— S8 TCR" IEH
m* (T)Zm " (TNE)+m* (TNE) (%)
BIR[. XREA m* (D<m" (TNE)+m " (TNED)BRBSLH. B XA, RE
X m® (T)<<cof) T HWRUECx YKEN A, H A m* (T)=200hf (x )R EHLAL.
T 5 7 S R AL
1) Fm " (E)=0, E€ #;
(i) &% Se.«#,H E,CS,E, S,
m* (E, U E)) = m"* (E)) + m* (E,).
B 1T MMV IER)
G) g€ #; (i) &% E€ A W E€ A
(iii) &% E\ € A4 ,E,€ 4, W E\UE,,E,NE, AR EN\E, ¥RTF -#; (hlt
A, B EEAERKEE 2R EBEE N TR
(iv) EEC A G=1,2,), WRHEWRT -« FHXH - FPHFENE= G

<2

£ B[ JE ) = Som® . (w4 bR AR FS o

T

MEBEMHLER G, GO R G)AALR" P MBI — 1 o8 3T Al
WL EEAMEFRIBE, CH mE), XHEEN FFEAN R EH Lebesgue M
.

EE 2GEMITHMESMMNEEN) SHEHTHESS ECECCE,

ves ,[Llrj m[ IimkE, ) = limm(E,).

e —0

EEIGERETTHESNMEEN) SHERTBRSGI EDEDDE
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Do H () <00, M m| limE, | = limm(Ey).

- kv

limE, ) < limm (Ep).

] k—= oo

3L 75 5] S o

B 1 AR T 3
(1) % ECRLZO0FAERLIBAE={Ar: x€EE}. FEEC .4,
AEE .
(2) RECR.ERFER FA[ ML A, FBn" (EANA)=0,U E
A, HB8 m(E)=m(A).
B)WRECR.WEE . #WARDSUVEFZHR. HEH 0, FE
T4 A,BCR": ACECB,# % m(B\A)<e.
(4) & A,,A,CR", A CAA BRTMEHEE m(A)=m"(4,)<
oo, M| A, & 0]l 5.
(5) I ECR". HXHEHL e >0, ¥FFE A€ A B m  (ENA
e | EE€ #.
Bl (D) AAXEEMLRE TCR,H
TNAE =AQ'TNE), T QRE) =AQ7'T N E),
it LA a] 18 |
m* (T N AE) +m" (T N (AE)Y)
= M[m* QA TNE) +m* (A 'T N ED].
XL E B9 RSSO T AE BY A i 4. )
) FE.KBEH mn" (E\A)=m" (AAE)=0,MiF 1T E=_A\
(ENA) JU (A\E) , BD 18 BT iEE.
(3) RERHFEMERLBIT], 3E—KBL TCR, RITH
m* (TYy<m* (T NE)+m" (T E)
<m*(TNB)+m* (TN A)
<m* (TN A +m" (TN (B\A)) +m* (TN A
=m " (T) +m" (T ) (BNA)) < m"(T) + e,
L 0,8 H m" (T)=m " (TNE)+m" (TN E),E} E 7] }.
(4) HBHE A

it ﬂ{zi}%wm,mm[

101



m(A) =m"(A) =m*" (A, U (A,\A))) =m" (A) + m" (A,\A)),
AT m (A \AD =0. \TTT A\A, 04,80 A, R a4,

(5) B ED, XHELS >0, F ¢/2°GREN) , GELETTRHERN (A},
FEBm (EAAD<e/2'(REN),BIA m " (E\A) <e/2'.m" (A\E)<e/
Y(REN). MES A= CJ Ao, A WA, BA

&

ENA = [(J(E\AD, A\E = |JA\E),

k=1 k=1

m* (ENA) <m" (ENAD(REN), m" (A\E) < D m" (A\E),
. i;l

o

m* (ENA) < ¢/2"(kEN), m'(A\E) < E =

k=1 zi

M e IERIE AT m* (E\NA)=0=m" (A\E),Bl m*' (EAA)=0.
EE(2),E R4,

B2 KAUEB T M.

(1) ®AE A, MIIEEH BCR, VH

m (AUB)+m* (AN B)=m"(A) + m"(B).

(2) ® A,B,C B R PHIME. FH m(AAB)=0,m(BAC) =
0,0 m(AAC)=0.

(3 REC[0,1]). HEmE)=1,REH E=[0,11;F m(E)=0,

E=g&.
(4) '& EUEM“'&E& %[G;I]':F’Wﬁfﬁﬁaﬂﬁ ZM(E,) >k —

i=]

:E_

1, T m( hE,—) =>0.

1=]

VB (D) BN A FT#, B RAENH (AR E m* (A)<+o0)
m*(B) =m* (B A) +m" (B A),
m'"(BUA) =m"(BUANA +m"((BUANA)
=m"(A) + m" (B[] A°).
LA Hl m* (BNA)Y=m" (BUA)—m" (A), A1 {3
m"(B) =m* (BN A) +m"(BU A) — m" (A).
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19 f B 48 BT AiE.
(2) HEE A\C =ANCNBUB)
=[ANB\O)YJULCNAB) ].
(3) JiEBg.
(4) & Ai=[0,1\E:(i=1,2,,k), M 7[5

OE,- _ [o,lj\QA,-, m( (le) =1 ~m( UA,-].

i= F=1
EEE

i

. k k
m( UA,—) QEm(A;) = Z(l — m(E;))
=1 =1

i=1

&
=k — > mE)<k— (k—1) =1,
i=1

B m( () E:) >o.
B3 MRE T
(1) BB R R FH MR, m | B < oo, HIEH

m| TmE) > Tmm(Ey.

[ |

(2) BHUE}RLOGIIPFEAHERHATRMB S, HFE >0,
m(E)=e (n=1,2,). AR EGFEFINE, ) . FE

m( ﬁ E,,’_} > 07
(3) R(ERL0, )P T RN, AR limm(E,) = 1, iRiEH

A==

MHERH a: 0<a<l, BFFE (E,,) W78 m| (E,) >a

k=]

(4) F (AN BREAHEENTHMEN,B,.CA.(n=1,2,),iRIEH
m*( DB, )ﬂ im*(ﬂu).

nw=]

(5) WA R FRE[MBEN{ES), BY b=k, B, ECla,b). BHFE
IimE;=E,1IRUFBH;: m(E) = Ehrgm(E*).

b0

B (O BHROE TmE= () U E=lim | E. i

=1 k=j el
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m(@ﬁi) = }lﬂm( QE*] ;Em(ﬁh).

E (1) %Enz(U!Z)(H %ﬁﬁ)pEﬂ:(laa)(ﬂ Eﬁﬁ)![mj
limE,=(1,2],imE,=(0,3], B#

- 50 =

( limE, ] < limm(E,), m{ IEE") = ﬁ—rr:m(E,,).

L = - a0

(i) A E,=0,1/n)X[0,nJ(nEN), WF
IimE, = &, mE,) =1, llmm[ lll’IlE] = 0,

== 0 F ™ b i W

(‘Qf‘*]_l*'"—“_*mJ“ + oo,

(2) A—%E. BlafES £ E.(nEN),
= {x € [0,1]: z 89+ HL/PEERXD,E n (LEF # 0},

550 m| [f} E, | =(9/10)"

(3) R, HERH LEN,FE (n), HH
m(E,)>1—(1—a/2" (k€ N).

B 1—m(E,)<(1—a)/2*(kEN). KT 153
[0, 1IN\ E, = J (0,1\E,),
k=1 k=1

m 01N E.) < 2mc010\E,)
— S A -mEN<SA-a/2 =1
k=1 k=1

m( ﬁ E, ] >a.
(4) § %f‘é‘#ﬂﬁ‘:%k? FThwm EoX
Zm (B, =m" (HB) <m" {HBH]
H1,4 N—>oo, Eﬂiﬁﬁﬁlﬂ:
(5) m{ llmE;J ?llmm(ﬁk)}hmm(&)}m( llmEa] :

B4 METHImE:
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(1) B{ESRL01 PR BN ,m(ED)=1 (k=1,2,--),iRkiE
BH m[. ﬁEk] = 1,
k=1

(2) BAE[0,1 P BE _HNBEE. m(E)=0.
B (1) HEIRHE m([0,1\E) =0(EN), XF

m[ [O,l]\fj E,,J = m[ Q ([O,IJ\E;)] < gm([(},l]\&) = 0.

178 fjaj =1.

(2) %[U;l]ﬂqz {flirzr"' sr”"'},lﬂ.}i

1 1

Ikz PEWY rn'i‘F) (n,k € N),

"y

Fep —

2
M 548 (— 00, +000\ | I,.7E R P FEALHE. 11T
n k=1

m[ f]] QI“] = (),

N UL Rsm=gms.

#ls METHIME.

O BFO,DFHEHTHMDBEF, RTHEBLE ZHE
m(E).

() ERRENMNNVE FEREFAHEAZLKE.

(i) ERRER T/ PMEVE LRRCHAENHFZ LA E.

Gi) ER M EE/NDNIMNE LRETARIARFZ 2K E.

() BO,DPHEAHHG DB, ERRAPEFERFC0”
HIMME 2Kl E, R m(E).

(3) 7ZE[0, 1] EE&E

E={z€[0,1]: ZE+H#HLA/PDBRRRX 2=0. aya, PHFE o &

AHE 10 MFEFHE 1),

i{iEF] E BRARIE4E, H m(E)=0.

4) O, DFHEATHEMPMIRF, SFRAP AR 94K
FH R EER E,RE UK mE).

(5) B L0, 118y s 16N EUR I, 4
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={z € [0,1): s HE—hL/BR 28K 7},
iR, () ERMAHE? (i) ERIFE? GiD) EBATHHE? Gv) E=[0,1]?
(v) E RA[ISE? m(E)=2
B (O G mEY=1/10. (i) m(E)=1/100.
(iii) m(E)=1/2.
(2) SEBH nENERE
E,={z € (0,1): z W/MBREALFE » NBFAHB 0},

g2
Uil m(ﬂ)——+102+ + e =1L

103
3) EREGE £=0,1,2,+,9)
E,= {zx € [0,1]): ZE+#HR/PBERK
x=0.a,a, PHNE a, BRAHLBREF &},

g
%%, E= | J E:,Es~[0,1] (£#=0,1,2,,9).
k=10

M, L0, 11ME 10 H 4, & £xam £ AL

(k=0,1,2,-,9),fl&EEr+1 M FXEH,MNERHAXEFHIH A+
PP PE /DR ASHIE e T KK IERAK0 9 1N FXIE
FHE—TEE 10FD BT ES 1A, - HIT T80
B H E.. Eﬁm%%ﬂﬁ%ﬁﬂzéf&lﬁﬂa

10+102+103+ 1,

u)AEﬂuewd)xm¢ﬁﬁﬁﬁ¢$ﬁﬁ$ju—ou

*,9), M E= UE HEEBHEL0, 1 )P AR A LREAL N BURTTES , B

ME;, 5o, 1]%XT%|¥J Bl E,=c(j=0,1,2,,9).

WA ¥ L0, 11E 10 54, &2 XE][£/10,(A+1)/10) (A=0,1,
2, DHE ;14 MEATHEN/DMEBERRPAEBRE D
P BRATHREYE 10 %4, X&E2FE ;1N B, BT TE. 5
qiteEXZzXEEKH

_+102+1f;+ zllo(l/‘l_%]):
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B} m(E;)=0,m(E)=0,
z= >b,/10", #F |z — x| <1/10°,Wb, =27

n=]

it xr€EE,B) E BIAE.
Gi) HEERIOURE EZ[0,1], /[ E AR EE.
(i) E=c,E AT ¥ 4.
Giv) B E RSB R E+£[0,11, 7% E AEL0,1]PHEFE.

(v) ERFWAE § 2.3). m(E)=1-0.8X >, (2/10)"=0.

#le XUERATF ) .
(1) & ECR,BHFAE q: 0<g<1,#F#BMNE—KE(a,d),HE T
X B3 {I,} .

EN (b C L, Dmd) < (- ay.
n=}

n=g

W m (E)=0.

(2) ®a>2,ER' P RR:

E={z. FEEXBRT 38 /0, 5 ¢ REENE RE,
8 |z — p/el <1/¢°},

W m(E)=0. |

(3) ® EC[o, DU, H m(E)>0,%4

A={z € [0,1): BEnENPURkt € E,fFB z = {nt}},
({nt} & nt B9/ NEERPOIM m(A)=1.

() 0,1 ] EH#THRIEDT .

G) BHESH m ATXEL,FIFEE L MY 1/m BFEE G
b <<my)s

() METHENFXE, CERES R m, HDTFRELFEE
by (kym) KR 1/m, B/NFR[E];

(iii) SKERHEET 2, 0B (k) (ma) s ka<m,(nEN), FHiC &
ERaZz 58N E,

2 T [Q—ke/m) =08, m(E)=0.
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EH (D EHm B =m|EN Uf)«rzzm ENTL) B LA

a=]

HEERBAEEN (@, b0),H m* (EN(a.6))=0 HE RN, FH I.=

(an>ba) (REN), UI DEN(a,b), F‘Eﬁ%Z(b —a,)<q(b—a). BXI &

A anb) R R ,ﬁs‘—jt’cﬂ%dﬂf q(bn—an). BRI FFAESEAE T &, W48
GIHERE LEN)

m" (E ) (a,b)) < qZ(b —a,) < g — a)- < ¢ b — a),
mﬁt%’ﬂm'(ﬁ:ma,m 0.
(2) AT E m(ED)=m(EN0,1])=0.10% p,q WEH E, F
2 ERNE, 8 Ey= | ) E, I € E, 0 FFERHFE o,
18 z€E, iE er;I:tlutHﬂ EClmE,.

g=r=oa g0

AN, B m(E, )=2/¢ A[ 5, m(E)<2q/q"=2/¢""". NTTR1H
Zm(E )<+oo, [ﬂ_ijlttm( limE ] =0, R E m(E)=0.

g-=oo

';I ﬁ a,>0(neN), Zﬂn{‘l_m!ﬁaﬁ%
n=1

E={z€ 0,1): GEXBTEATE p/9.p H g
RERMBERE.EH | — p/ql <a,/q},

M m(E)=0. ( %% E,= | ((p—a) /g, (p+a) /) (@EN), HH EC
p=0
U E,(JE & meN).

g=m

(3) KER S, M L e>0,#E¥FElﬁJﬂ{m,fﬂﬁGIQE,

> mUID<(1—e/2)7'm(E). N L,
k=1
m(I, \ E)> (1 — ¢/2)m,).

BAEBE roor fE JAGro,r)DIL , H m(ND<O—e/2) 'm U, ), WE
m(J (| E) =2m(l, NEY>O—e¢€)«m(J).
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% zo=a/nyx,=b/nJi=U/n,U+1)/n), I HER: a<I<b—1,&
Bm(JNEY ZA0—em(J). B, i H={z€[0,1): x/n€J,NE},
M m(H)Z21—e. FEI HCA, B m(A)=21—c H e ZEEH, A
m(A)=1.

(4) ) B—REEE LN FREE B THRIZEELE N
1=k /my. (D) R ZREZ LN TREEE W THRIZEKER

S )
L MEa RERBE . ATERA
- 8-l ).
-, Y B 78 B IE.

Bl 7 LUERH T3 fp i
(1) X ECR" BA[{M%E, 2, €R", | E+ {z,} RFT 4, H
m(E + {x,}) = m(E)., (A[BEHFEBAEHE)
(2) RECR RO, HERLISO EXMNTFHLA tI<IW
tER' B F a+t€E K a—tEE, N m(E)=6.
(3) ® ECR" H m(E)>0.% DCR" BHEH o] 54, 1

m(R\ | J ({a) + E)) = 0.

ae D

(4) % ECRL ZX{FEHN 2€RVBUH m(EAE+{z}))y=0,N|

() m(EAE +{z}))=0(zER);

(ii) m(E) » m(E)=0.

(5) W EC[O,1JRTTHE,m(E)>0,NFFTE n NEFFAZA
BE(G=1,2,,n),#75

E=|JE, mE)=mE)/n G =1,2,,n.

r=1
(6) ¥ ECR' Bo[#i£, H m(E)<+oo,
lim m((E 4+ {z}) N E) = 0.

r—++ oo

WEB (1D RFEHEE E+ {x ) RTMEE . /MU E M FEBA
AYER[H, WEE TCRSH
m* (T) =m*" (T — {x,}) = m" (T — {x,}) N E)
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+m* (T — {xo}) N E),
(T —{xe}p) N E= (TN EA+ {xo})
(T —{z)D NE =T} (E+ {x})".
HILTF[ B m* (T =m" (TN (E+{zo}))+m*  (TNE+ {x,})). X B

HH E-+ {Iﬂ}%ﬂwﬁ
(2) HEBEMN(—6,)CHa)—E)U{a)+E), BEEIFEAR

A, A1 8 m(E) >4,
(3) B e>0,1=[—¢,¢1, REigH m( \|J (a) +E>) =0. 3£

ae D

2 eSS0, PEE n(P\E)<e* m(P). BHIGEE a.€ED(=1,2,
v, N), {878

N
c:_U(P

I=

N
U < 2+ m(D).

L]
N
N (E + {a}) € | WP + (@D\E + {a:})).

ae D

EEE
> m((P + {aDH\E + {a}N< 25 m(P + {a;})

i=]

< 26m(l),
48 e MAERHE, RITE m| 1\ (E+1a))] =0

acD

(4) ) FER\E+H{D={z}+R\E), UK EA(E+{z})=
(RN\EYA{x}+(RN\E)), Bl 18 FriiE.

(i) BEx 2€R,L,RAITHE

m(E° N (E+ {(z})) =m(E [ (E°+ {z})) = 0.
EHmE) « m(EV>0, W p€E,gER\E,a>0,F18
m(E N (p —a,p+a))>1.8a,
m((R'\E) N (g — a,g + a)) > 1. 8a.
WMRIC z=p—q . BATH
m((R'\E) N (g — a,q + a))
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= m(({z} + (R\E)) N {x} + (g —a,q + a)))
=m(({z} + RN\E)) N (p —a,p+a)) >1.8a.
Elp—ql>2a, MUz} + RNENNEN(p—a,pta))=Z . BF
)+ RN\ED N (P —a,p+a)
NEN@—ap+a))=43J,
2a Zm((({x} + RN\ED N (P —a,p+a))
UEN P —a,p +a)))
=m{((({x} + (RN\ED N (P —a,p +a)))
+m((E ) (p —a,p+a)))
>>3. 6a,
[EOF &, N & e Bk,
5) EE f(@)=mEN[0, 2D RELE K.
(6) () WERFRITME, N BRHEFLE 2.>0,FEBE+ {x)N
E=J %% B R WAL
() X —MAMR E, T TEEYMERI(E): E.CEGeEN)H
m(E,)—=>m(E) (n—>2), B {1H
lim m(CE + {z}) N E)

I—= oo

= limm((E + {z}) N E) — lim m((E, + {z}) N} E)

=400 T +to

= lim m{((E + {z}) N E)\((E, + {z}) N E)}

T o0
<m((E + {2}) N E)\UE, + {z}) N E)).

H B4 (4 n—>o00)
lim m((E + {x}) | E) < limm((E + {z})\(E, + {z})) = 0.

oo

B8 RKUEEA T HMmE.
(1) & I1=[0,1]%x[0,1],%

E = {(x,y) €1I. sinz < —1—, cos{x + y) %i‘.ﬂﬁ}s

2
N m(E)=x/8.
(2) BHBE ECR.EXNEBY x€E, FEFXR B(x,6.),{E%
m(ENB(z,8.))=0,1 m(E)=0.
MR (D 2[0,11NQ={r.}, HfER &
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E, = {(x,y) € I.sinx <1/2,cos(x + y) =r,} (n€& N),
(B E.={(zy,y)ET; 0<2<<n/6;0y<1,x+ y=arccosr,} (nE€N))
5% m(E)=0xn€EN). EEF

m({(x,y) € I sinz < 1/2})

=m({(z,y) €T 0Kz < /6,0 y<<1}) = n/6.

i E={(z,y)€EI: sinz<1/2} \UEmﬁ{%m(E)—rr/ﬁ

(2) B A Lindelof &3 (R tPEFJE% EE UL FEEES
Hlo WENER FHERE F(OWE

(@) — f(] <z —y| (z,y € RY.
= ECR!',m(E)=0,0 m(f(E))=0.

FB A BEENERE. EC(—r,7), WXHEL >0, HFHE
FHB G, ECCGC(—r,r),m(G\E)<e. BFEIL G= U (a;,b;) (R i, X

i=]
\Z 3, BRI\
f((a; b)) C (f(a;) — e¥|b; — a;|, f(a) + ¥ |b; — a;]).
HIE m(F(GNKD,C e |bi—a;|<C + ¥ » e. NTi 1% m(f(E))=

i=1

0.

§ 2.3 W& 5 Borel £
t Z AR

5|#8 (Carathéodory) 1% GZR" BH#, ECG, %4
Elz{IEEd(Iso);L{k} (B =1,2,),
W) lim m* (E;) = m" (E).

= *

EE1 R FHHAERETRE.
it Borel BRT N 4.
EE2 HXEC A NMITEN 0, RINA
(i) FHEAT ENFRG. B m(G\E)<e;
(i) FEETENARF. 8 n(E\F)<e
=@ 3 FHEc.«,N
(1) E=H\Z, H £ G: B .,m(Z,)=0;
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(i) E=KUZy K £ F, 8,m(Z,)=0.

Gy 8,F, 8% % Borel 88, AT LA EEIRIE T Lebesgue 7] il 85 Borel £
HMRBAXR WAMRIAMENRERE  BA LA EERYE. FERGSEM
BHm(H)=m(E);FESTENE K, m(K)=mE). RINKIOHKWHEK
HEHNENEESENE.

TH4OMHENENSE) FECRAOVWEEESENG HEBH, B
m(H)=m" (E). R R{1ELHK H b EHEML.)

FE.EHRENSRHE,FHm" (E)oo, MHF mH)—m" (E)=0, B

m* (H\EYA—EFTE. RELAEH H\E PHE—7T#l FRE AT &
®it 1 & E.CR (k=1,2,---),mum'( l‘in_E;) < limm* (E)).

Wit 2 H{E)RBHESH, N g:gm' (E)) = m" (limE,).

307 5 S 0

Bl1 BETIME.

(1) @ ECR'ZAM . ZXEE(a,6 JCR,HE m(EN(a\rb))
<(b—a) /2, UEH m(E)=0.

(2) B GCR BHAE,RA0ERX m(G)=mG)Frge

(3) & ECR! H m(E)>0,iXiEf E=c.

(4) ik : REFEMR FCla,b],F#[ab],T m(F)=b—a?

B () RiEE BE mE)Z0,MEEn€Z,#8 m(E,)F0(4S
E.=EN(n,n+1)). BEM 0<e<m(E,) , BEHFLG. GC(n,n+1),
{15

E,CG, m(G)<<m(E) + e

¥ G ERMBREEZH | @6, &1TE E.=|JEN (a6, U K

i=1 i==1

m(E,) = > m(E (| (a,6)) < D, (b — a)/2
i1 i2]

=m(G)/2 < (m(E,) + €)/2.
B A H m(E,) <e. FJF. ik 5.
(2) R—&E. B4 Q={r), B G= | B(ri,1/2".

G BREFHAEF.EBm(F)>0. BT FEBANEE , BHEER
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F=PUZ,HPPrR7E2%,ZETHEL,HP=c

(4) RELE. BH F#la,b], T AFFFE 2,€ (a.0) Bz €EF. EE
B FRARBRBMFEE 6>0,(x0—0ssx0+0) NF=D H (20— 684r 20+
80)C (a,b). A, FC[a,b]\(xo— 080,20+ 80) s Bl m(F)<lb—a.

B2 HUERH T3 6 .

(1) ECRLZHB 0<a<m(E),MELEEDPEHERHAL F.#18
m{(F)=a.

(2) BREC[a .6 1RFIHEB, (I} R F'JﬁB:FIHﬁEm(Eﬂmf
21| /3(kEN). ES G= UI*,me(EﬂG);m(G)/B

iEBl Q1) AP EC[-‘n n),HVEEFHAEK,FBnEK)>
a. #MEE f(@)=mKN[—n,21), 5H f() R R' LHEERE,
BE f(—)=0,f()>a. MNTTAFEE 2. € (—n,n) ,#8 f(x,) =0c.
S F=KN[—n,z,], Ml FCE H m(F)=a.

Z FERBERXN E\Q HH, NBFZMEFRILHEM.

(2) SHEL >0, W I, i =1,2,,n), m( UL] >
m(G)—e, Hla, 6 JPAFERNE T =4 L,Z A AORITA

m(E NG =mlEN UI*) = m| L;J(Eﬂhl_)]

> 2302l 1/3= D I,1/3>mG)/3 — e
=1 =]

2 e>0, A 5l m(ENG)=m(G)/3.
B3 WIE T 5w,
(1) #{B.}oe 2 R F—EFF R ,IE G= | B.. HEH 0<a<m (5,
ac [

NEEFRNEAHERHIIFR B, 1B, >+ B. £
im(ﬂ.,.) > A/3"
(2) & GCR’ Eﬁ;}iﬁﬂ,mw&ﬁﬂ{m: B.CG( EN),
im(B,-)‘“-(OG(p}l),ﬁﬁ G=limB..

1=1
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(3) R {E—FF 4 G TR, G= | B,UZ, b (B,) BRI A
ZHI B3 ,m(Z)=0.

B DIECHERARF,EB - (F)>A NTHFE B, (=

oo k) ERK/DHEF, B, Z ¥ BB, ﬁ{%ﬂﬁ DF. %4 B,=

B, ,F&TE B.,» B, s+ B, *F 5 B, Tﬁiﬁ%*ﬁ%k#ﬁ%} By, Bk 4k
ST £, REHS B =3B, &i1F
A< m(F) < D m(B') = 3> m(B).
=1 =3

B 48 FIriiE.
(2) %z AT R @B E TGP REN, S ri="n /B, Bk
~YI% R B(x/k,r) CCHIR B, K22k, GHAERETH,I

MEEBEROG). NTTHEENEC, B ERRAEE _Z (m (B

CS R (FTHERL e R BOKR0).

k=]

AR ye G IS KE &y H By, 2r)CG. BAFRFTEN £,
EILLIEK@]’F%E‘L I&aﬁﬁ _}'e B(Ii/k!rl)- Eﬁuﬁﬁﬂiﬁ B(yrsz)CG*}'
€ B(xi/kyry). MB=ARERXFH B(xi/b,r)CG,y BT ILHF LA
B;,E[] G=EB“

(3) REGEE m(G)<+oo. BH G= | J IO, IOV RE R MM

RFHAEFIEN. BEMNEGN I E—PMEOCHEFHE BY,HS o,=
m(B(0, 1)), MAMERD m(B,”)/m ") =a,/2>. HHLBIIA

m| G\C!Bf,“’) - im(ziﬂl\ai“’)
= (1 — a/2)m(G) = q+m(G), g=1— /2" <1.
& G=G\|J BY, G, IR, FLH G, 5K | 1 3684
EPFF—’T‘E‘J':E;P‘?E?F[&I BV, BIMNXH ;
m[ Gl\[j B;‘j”) = gm(Gy) = ¢’'m(G).

A=}
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R Ak T 2 AR B IE AL, RS TR E S (B" ), (E78
A Use) =0

k=1 n=1

&l 4 iﬁiﬁﬂﬂFﬂﬁﬂEﬂ“.

(1) i ECR". (i) EMEL >0, EHEFEG: GOE H m’ (G\
E)<e,M E RO (i) HEXMEL >0, FEWEF. FCEHR
m(E\F)<e, | E J& 7] 1 48.

(2) % ECR" B m* (E)<+oo,EHH

m*(E) = sup{m(F), FCERERHE),
W E &2 7] 4.

(3 " ELE,CRGZEUE, BB H m(E,UE)<+oo. HH
m(E,UE;)=m" (E))+m" (E;),W| E, 5 E, &7,

() BECR' BRERHEE. WE Hiﬁﬂﬂﬂ}ﬁﬁﬁﬁ%ﬁﬂ- SRS €

>0, FEARAEAHZH K FZIF. V= UI fEBm (EAV) <.

(5) ¥ ECR*, Ul E W]l 7543 > %%#F% ML e >0, F T
#G,,G,: G, DE,G,DE, 1B m(GNG)<e.
B (D) KEEE, N 2EN,FHG,: G.OE,m” (G\E)<1/n.

4 H= ()G, HDE B m" (H\E)<m" (G,\E)<1/n. \Tii 4

m" (H\E)=0,1] E=H\(H\E),# E 7[i}.

(2) SELH 0, AL G: GDE, Hm(G)<<m" (E)+e/2. Buoh,
XiEFHEF:. FCE Bm(F)>m* (E)—e/2. NTUEHIHEE FCECG, H
m(G\F)<e,Bjl E B0l f]48,

(D VEELE, FWME H,,H,, &IINF

m(H,)) + m(H,)) Zm(H, U H,)) Zm(E, U E;)
— m*(E,) +m"(E,) = m(H,) + m(H,).
M  m(HNH)=0,BHF m" (HHh\E)=0.EE3 H,=
E\UHN\ED, 4% E.€e #. RI®EH E, € A.
(W) ok BEFKEJ. ECJ,VCI, H5H
(U\EYAWUNV) = EAV,
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(m* (J\E) — m* (J\V) | <<m" (EAV) <.
CBEED m (E)—m D) [<m" (EAV)I<e, ML K
m(V) + m(J\V) = m(J),
Im " (E) +m*" (J\E) —m"(J)| < 2e,
L =0, BNTE m” (E)+m* (J\E)=m(J). 5 (3) B8 FriE.
L& BE ERTWE, WIS >0, TEFEG. G=J 1,

i=]

DEWLV & G A ED BA m(G\E)<e. T i?ﬁ‘m( U I,\E) <e

"U o

€N Bt EN 1) | 1 50 m E\U L) <m| 1) . B

i=1 ng+1 ny+1

HHETE my e m>no 78 m| | 1) <e SFLARANA

| EAUL) <m{ ENUL) + m JINE) < 2e.
i=] i=] i=1
(5) o &M WERWTME,NXMES S0, FEET ENFE
G UMETENWHE F,E\
m(G\E) < e€/2, m(E\F) <e/2,
m(G\F) < m(G\E) + m(E\F) <e,
% GzchsE!ﬁl G %}Fﬁﬂﬁ GEDE‘,?}&fﬂﬁ m (G, ﬂGe)“::E-
oM HB/EFEGDEGIDE,FE#R/ m(GNG) <<e, N4
F=G;, 8 FCE,BH m(G\F)<e. AT &l m* (G\E)<e, B} E
RAR&.
# 5 (Steinhaus) & A,BCR' BA[MB, BH m(A)<+oo,m(B)<<+oo,
HIEH () =m(ANB+{z}NE R EHELE.

iIEBH (1} AIB Ezﬁﬂmﬁ%: q:yj.iﬁ A= (ﬁ'rb)!3= (f;d)!ﬁ agf{dgbv
RN\

(& r<<a-—d,

Aﬂ(B—{—I):*(a,dF*_I), a—dSsrsa—rc,
(c+x,d+x)y, a—c<x<b—d,
L(c + x,8), b — ¢ < x.

B f(o)rES. 5 A,B B—BR XA, f ()L
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(i) A,B BRFEHHEE . FHE A= U I.,B= U JulIavJn BFXED, H
BE LNL=Z,.J,NLh=TG#R Uk mU,)<+oo,m(J,)<+oo, M

an @+ == L) 0 Un+ )
n=1 m=] '

= [J CJ ., N U+ {2H).
n=1 m=1
M TG &

m(A+ (B+ {z]) = D ,mU, } (Jn + {z})).

Home=]

[ i‘iﬂ,m(fnﬂ(J..+{.r}))éihf,i|'I..f=m(fi)<i+w,ﬁl:it/ﬁ%ﬁﬁ“ﬁ

B | B mU0 Ut ()R 2 BB BB m(AN B+ (2B« 8
ESERY.

(iii) A,B RIEBTTRMBEFEIE . AL GasGs: GaDA,G3DB, H m(GaA\A)
<e/2,m(Gs\B)<e/2,BiE

Ga N (Gs + {2}) C ({z} + (G\BY) U (GN\A) U ((zx} + B) N} 4),

({z} +B) N AC (({x} + G N G U (Ga\B) U (Gs\A).
PNGEIE
Im(Ga N ({z} + Gg) — m(({z} + B) N A)|
< m(Gp\B) + m(G,\A) <e.
BH m(GaN (Gs+{x})) R x EZERE, FTAHE 6>0,
|m(Ga N (Gg+ {x})) —m(Ga N (G + {yIN| < e,
lz — y| < 4.
MR E | z—y|<é2Z y. A
im(AN (B+ {z}) —m(AN (B+ (3]
< |m(Ga N Gy + {x})) —m(A N (B+ ()]
+ |m(Ga ) (Gs + {2})) —m(G4 N (G + (¥} M|
+ |m(Gs N Gs+ {(y)) —m(AN B+ {(y)] < 3e

B8 BT iE.

Ble MHETFHIME.

(1) ®RECR,HDE HH RS F H\E P{E—7lFE£E
FNERE, R HEEANSHMOW?
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(2) B m" (E)<oo,iREHIHFAEG B H. HOE, /X T &
—a[MR A, E m"(EN A) =m(H ] A).

3) W{E)CR BB AWML, ,SCR” H m" (S)<<+oo, Rk
Hﬂ limm* (E;ﬂS)=m* (}LﬂlEtﬂS)

s

M (O FEEMNFRNEGEN HN\GCH\E H H\G 74,
UL m (H\G)=0. HItE m" (E)=m(H) Bl H & E 2.
(DD EEMGHEHMNENL H,BWE—8 Ac #,% B R
(HNA\ENA)PF#E—AT W4,
(H N A\EN A CH\E
A5 ,m(B)=0. AR (DB m(HNA) =m" (E( A).
(3) B E: (€N T ¥, 7] 50
m" " S)=m*"SNE)+m"(SNE) (k€N).
D koo, HEBB(SNE) RIBHELH, N8
m®(S) = limm* (S | E) +m" (S N (imE,)).
{HE LimE, 20 &, BT AR X
m*"(§) =m"(S N E.IEE”) +m* (SN (ETDE,,)‘).
MTTRITE EE m* (§)<+o0))
qum‘ (EsN S)=m" (EIE,E" N S).
7 KIEHTHHE,
(1) /& EL,E,CR, W m* (E\UE,)=m" (E,)+m" (E;) 1 743
BEXROR: FETHE M, ,M,. M\DE, M,DE,, B m(M,N\M,)=0.
(2) B p" BENER LB —FRIMEBE, 351 — Borel B E «
AT AR, T e R BE B AN R
W (D £9% AUGBE m" (E\UE)<+oo. XHEL >0,
VEFF 4 G, 18
GDE, UE,, m(G)<m"(E,UE, +e
HR E.CMNG,E,.CM,NG,H m[(M\NG)N (M. NG)]=0, fFLli8
3]
m*"(E) +m"(ED<mM, NG +mM, N G)
= m((Ml ﬂ G) U (Mz ﬂ G))
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< m(G) <m”(E, U E,) + e
B e MEBHETH,m (E\UE)=m" (E)+m" (Ep).
LR {EELE, FME M M, m(M)=m"(E),m(M;)=
m* (E,). WMHE m(M,NM)>0,BL2RKF
m*(E, U E,) =m"(E) + m"(E,) = m(M,) + m(M,)
=mM, UM) +m(M, N M, >m(M, UM,
=m"(E, U E,).
XSBF &, 8 m (M, M,;)=0.

(2) BRI, FRRE " TR BRER ELE BR PHIFEAS A

8R,H d(E,E)>0, MW {EFH G: GDE, HGNE,=J. ATi§%
pr(E,UE) =p ((E, UE) NG + ¢ ((E, U E) NG)
=p* (E) + p" (E,).
HIPE Y ST

gls METHIM.

(D KEHA P FEEZZLEC,,.H8 G=0,11\C, &FF
HE, HmG)=1/(p—2)=6>0(F p=1+28)/8) , KHP C, THA.
(1% C, F28 Cantor 5 Harnack %)

(2) # 0<<o<<1 YU R R [a,b], iRIEAFE 2.6 ] THRFEITE G,
&8 m(G)=38(b—a).

(3) R0 ]IRBFNEARHZHATIMNE A, B Z I8, {FHX
(0,11 E—KIE I,K

m(ANID >0, m(BNI >o.

B (D) P p=0+28)/0,FKRHALELT Cantor BRI ET R
£~ ,#MNE0IIPBEERKEN 1/p WRALOCHXE;E X, EH
FHRAAREBENEG NP, XBEREN 1/ WROCHEKME; B =
B, ERBFHNUNAXKRBREREKER 1/p° HEC K ;- 48510
ﬂﬁ,ﬂﬁ—%ﬁ_fﬁﬁﬁﬂ iaﬂe—ﬁ:%%n COHB).MCHBEKEHR

1] 1} _ _
Zz [ ] p “— =2
R 1% C,=[o0, 1]\(, j&r% Cantor $ (¥ =3 &},C, B & Cantor (=

MHE.C, LR, ARAA L.
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(2) K {lF Harnack £ERERE, RELU [a,6]RE[0,1],p=
(1+28)/86=23. B—HE XU G@+b)/2 HRL, EHB—a)/p AFKX
LY, E_SBEARTHRMARE S, EEERCEENG—a)/p
B FFR ] 17,157, . SRR T %, BB (e, b1 — P F 4 G

o 2%—1

ﬁ‘f%): G== U Uf,—fﬂ;ﬁﬁ

a=] i=]

m(G) = lef”l = ‘Zz "b—a)/p" =28+ (b—a).

n=]1 i=1]

(3) 242l F Harnack %H’JVEH&

@ ZL0IIPEHXRNAWMNKTEESI LI REEE H,,B
m(H,)=1/4.

Gy 20, 11 H, 4554 0 AR B K 1, 9 4 o G0 o 22 52
&R, T8 Ho= |JH, B om(H) =1/8 KK, -, 7B A2

| Hivm(A)=1/2.

k=]

ﬂ?ﬂ‘{,‘%‘ B:[U!IJ\A!#& I %[011]*{{:_'13:[“5] viﬁ ﬂﬂrﬁ’flg

no>2%/|1]. 5% | Hi R BEREKENTF 1/no, MEE—NKE J.

JNHe=F (k=1,2,yn0)
m(J N H, )= |J|/2""7,
m(J (O H,. )< |J|/2"" (=2,3,).
B INADJINH, 1, #mUINAZm(INH,,,)>0. /i BRINA

= UNH) mUNDKS mINHI<|JI |, T m(J N B)>0.
A=1 k=1

5H m(INB)>0.
Bl METHIMNME,
(D RELLI]EHEE A, FHEAEESREDWHE:. D
m(D)=0. (i) MEEH («,8)[0,1], 5% DN (a, ) F T HL.
(2) R¥E EC[0,1],m(E)=0,FBEEMHN feR(0,1]
(Riemann A[f2),E PFH (o) B HELE S,
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(3) % 0<e,<<1(nEN), M &,>0(n>) I KT LEFHRE: FF

# E,.CL0,1]H m(E)=e,EN),{#i18 D %5 () <H4o0,2€ [0,1]\
n=]

Z m(Z)=0,

(4) BRFCR EXASMHHE, Em(F)>0. 5%F ZCR" H
m(Z)=0,W xrEC(Z). (HIELR >0, FEFE GCR" ,m(G)<e,
1% x,€C(G)).

B (1) (O iE[0,1]9H Cantor £H C,.

Gi) L0, 1NC, BN R R MEXE P, HEL T1E Cantor 4
M= F% . FHETZLE, HEEKILH C,, - M ESEET 3,718

(C.). BAES C= | C.r BLAESRHNT

1/2"y, € (C, (n € N),

o= (V70 TEC
0, x € (.,

HIFLY
(2) i2[0,1JNQ={r.}, EXT 84 &, FA1I/E (0, 1) F I X [8] 3]

(L") nell” BILPI<2 . 4G, = L) 1 GF8),G:0QN [0,1]

n=]

Hm(GH<2™". 4 E= ﬂc*@a%)c[o 1], %% m(E)=0.

@iﬁlﬁ%‘ﬂ‘]%ﬁﬂ‘]%ﬁ%% B, L ERFE _HE. NI E
LEGAHEE G REEEZHE. F—FH |, f(2)2 Riemann [ R,
HESZEEEG R, LW, L.

Q) LM LE=[0,6]neEN),M mE,)=c(rEN). FH

S e (2)<+o0,a.e. 2€ [0,1],

iﬁ}'}i HHEIE_(I)‘Q‘FDCHH. E.IG[O;I]W%Q‘EZXE"(I):
+ oo RBR[0,1]PRBF{ENPRFLZTH x 24,80 LRE @E
WRERE. d TS limm| () Ei) =0. 8 lime, =limm(E,)=0.
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4) i ZNF#D. BEM 2 € ZNF e () 2=x, LbF
F Z° BiELEY, NFEE 6,>0,#18
Xr(x) =1 (x € B(x,,0,) ) Z°).
LB B(zo,00) NZCTF B m(Z)=0,% B(x0,8:) NZ° TE B(x,,6)
FHEE. FIE.

§2.4 EMERSEEBXE
x AN K

21 BREERR YHTHER m(E)>0,0<A< MEEEEI.FE
Al < m( N E).

EH 2(Steinhaus, 1920 F) R ERR FHGRBH »(E)>0. fE(m#%E)
=%

E—E& {x—y:,z,y€ E},
W FF7E 86>0,{8 8B E—EDB(0,8,).

X1 R W

#il1 RUERE T 3.

(D 0,1 PHFEEME E.FE/XWTF0.1]JRFE—~FRKEI,H 0
<m(END<m).

(2) B M={(E.} & R PR H 3K E 08 ey 8k, 0 r
R,

(3) X ECR' Hm(E)>0,MFE 21,0, € E, B o —x | BH
FEH.
(4) | EC[0,1 JR[MEHE

m(E) Ze>0, x € [0,1],i=1,2,,n,
HEn>2/e WEPFER T EHEEET (2,2, 0. ) PEFDHE
Z [a g IR .

WA (1) H5EE[0,1]19 42 Cantor B H,: m(H,)=1/2. &R

E£(0,1]% H, E’]?E*ﬁ[g.rﬁl{fu}ﬂ{]ﬁﬁh [uWﬁﬂE%@ Cantor 8 H,;.

”I(Hlj):' lfu\/ZEJfFifi H,= UHU' %Eax‘? JHlUHz M$B}%B:f5ﬂ
j=1
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{fg;}ﬂ‘{lﬁjlk IE}'!R‘H}:% Cantor % sz: m(Hz;‘)z ”z;"/za- ﬁiﬂ H;=
U Hoooo RIS EEHAT , W AT B (H ). 4 E= | H., BIFTBHE.

=1 a=1

2 & L=[—nn](n=0,1,2,+),E"=U, \.)NE.(n=0,1,
2,00 ), SN n BT FEB/ mET)>0/ E” REERETEAN. AW
& A 3.

(3) HE,FLE >0, E—ED(—46,0).

(WD) FEE=E+{x)G=1,2y+,n), W i B 85 F B AEHE 50,
m(E)=m(E)(i=1,2,-,n). XEAH EC[0,2](=1,2,,n),f
VMR(ESZHEEAHE,BE

2 mE) =n -m(E) <2, n<2/m(E)<2/e

=]

X GBETE BFTE iorir: io#i B 1<o,i<n {6718 E, NE, #.
BIFFRE st € E B stz =t+x, . NTUA [s—t|= |z, —z, |,IEE.

B2 KUER T .

(1) % A,BCR'H m(A)>0,m(B)>0, X DCR' £ R! 1%,
ML a€ ABEB,[FB b—a€ D.

(2) % A,BCR' A m(A)>0,m(B)>0,fEEEE={la—b]|:
a€ A,bE B}, EG&— K.

(3) # A,BCR! H m(A)Y>0,m(B)>0,0] A+B G&— K.

(4) FfE A,BCR': m(A)=m(B)=0,H m(A+B)>0.

WA (1) BRRRAAFAEXE 14,16, H15
m(A N 1) > 31141/4, Il < |I4)/2, mUs () B) > 3|1z]/4.
XM LS, WFEETRELEBndNA>3 /4. HTF DR
BER,TTRIEDFEBUNB+ )L BITAH

| m(I N A) > 3|1z]/4,
m(Ug N B) + {d}) =mUz [ B) > 3|1 /4.

MTGB mINWCANB)+{d}))>0,FE a€ AbEB,FB b—ac
D.

(2) A E=D,%DAER FHEE,ME DM, FEaEALEB,
#Bbo—acD. X5DWEXNFE. WD EFHEL AL EREBE—1
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X8| T.
(3) B m(—B)=m(B)>0,l A+B=A—(—B)ABE—1TK
/1.
(4) Bl A=B=C(Cantor 8),ll A+B=[0,2].
B3 AUERA T3 R
(1) % ECR' H m(E)>0, W74 a=>0,{E5
(E+{z)NE#QD (jx|<a).
(2) % ECR?, H m(E)>0, WL 2 € £, EBXE— B B(x0,0)
LB, ¥H m(BNE)>0. -
(3) % EC[0, 1R T4 FHFLE &: 1>8,>0, W {E—K I
(a,6)C[0,17, 98 m(EN (a:b))=8,(b—a) , | m(E)=1.
() #ICR' BFXE,ECR R[4 EHFE 1>, #1158
m(END>AI WX nEN,FEFXE JCI .
I|=n-|J]|, mENJ)>AJ].
iEB8 (1) FHNEFE «>0,8 E—ED(—a,a). FiA Y |2|<a
B H 21,0, €CE 8 r=x2,—x2. Bl x+ 2, € E, KRR
(E+ D NE#Z (lz| <a).
(2) RIE¥E. R F Linderof EFE (A H W =)
(3) fESRL0, 1 N\E=M, ]
m(E N (as&)) + m(M ) (a,b)) = b — a.
HEER m(EN(a,b))=8:(b—a) i E
m(M N (a,6)) < (1 — 8) (b — a).
AA=1—0, B 0<A<1, TR REH, N EE (a,6),8F
m(MN (a,0)<A(b—a). BXHEER m(M)=0,81 m(E)=1.
WK ITEIR 2 NERHENXE: I Ty 1. 1

ZA Ll =AIl<m(ENID = Zm(ﬁﬂf)

AR ﬁEImﬁ’fﬁm(fbnf )>A- |1 | H\ﬁ‘ﬁﬁuiﬂ RICIE
B4 AUERAT 5 MR .
(1) ) BECR Hm(E)>1,WEPFERHK: Pr=(z1,3),
Po=(x3,y2)  EH 2,— 01 €L, y,—y € L(Z BREYR).
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(i) B’ SCR?* 2R A 0,0) LRI RRIME, H m(S)>2%, 1
SHEBEHEE P=(2,v)7#0,0). Wb, XEFE n €N HEB m(S)
Sne e 28,0 S BARE 2n, MBS

(2) i AC[0,1]JH m(A)>1/2, M A GE T8 Ay: m(A)>
0,H Ao XTFEH x=1/2 BXHMH.

(3) BAEEXER FHERE (0,2

flx+ )= f(x)+ f(y), z,y€ R,
HE ECR mn(EY>0OLEHR M f(£)=cx (x€RD,Hd c=f(1).

WEBA (1) () ¥ R 28 RIS LU BORE A0 T A 89 0F 7K.
i L=G, DG, EZ)  FEEE

I,={L+P.P=(x,y) €[0,1) X[0,1)},
E,={{zx}— L., z€ ENI.},
EBZm(EL)——Zm(EﬂIL)—m(E)}'l WHESHR(E)AELTE

AR bkffﬁﬁi{ L, L,€ZXZ, BB/ E, NE, #Z. % A€E,_NE,,
il

A=P, —L =P, —L, (P,,P,€ E).
H,,0#P,—P,=L,—L,EZXLZ.

(i) ZEEEE E={z/2,z€S). I, AEUTFOHHRE, SHF
ERELVRTENF n 1 M EEGHE. AT E EFERRE Ly Ly
L, 1 88 Li— L€ ZXZ EFER  EH7 L AR THASHBB N
0, S £ (L — L) (k1) R B S 4, F 5.

(2) ZE A FHFS—A+{(1}=B, Ml m(B)=m(A). it E=AN
B,H BCL0, 117 4L, E4 . 5HmE)>0(FHMH m(A)+m(B)>1
5 H ,m(AUB)=m(A)+m(BY>1,F)E).

B, 58 cENL0,1/2], M —z€[—1/2,0]. ATifB—z+1€
(1/2,1]. X, 2€ B, M 2= —y+1(y€ A). &EH

—z+1=y€[1/2,1], =+ y=1.
B X} B A% L.
(3) G) B, @ Xt reQ,F f(r)=rf(Q1).
() HRK . B m(E)>0 0w, FHEKXE I. ICE—E. AR
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| f(2) | <M (€E), XL EBH €1, 8 ' ,2"CE,[§Ba=2"—2",
iy

1 f(x)| = |f(&@) — fGEM < | fE)]| + [ f(@MD] < 2ZM.

it I=[a,b], 3 %%[0,6—al. & € [0,6—al, W z+a€ [a,b].
M H f(2)=f(z+a)— f(@FH, | f(2) | <4M(z€[0,6—a ). iC
b—a=c,iX 1 BA

| f(D)| < 4M, x € [0,c].

SHNf(2) | <<4M, 2€ [ —c,c].

CHMEEN 2ER IKBRE . HFEEEER - 878 (2—7|
<c/n. BHILEATED

1f(x) —2fQ)| = |flx—r) +rfA) — z2fQ1) |

M+ c|fCD|

n

= |flxa—r)+ ¢ —2DfD| K
BIE - EEHEGCHEENE) BB f()=2/Q).

§2.5 A F W &
A AE

EE R TPHEESAHBEW.
LRl R

Bl1 MRETHIME.

(1) I ECR' Hm(E)>0,iRiEFHFELE E HAT] |48 W,

(2) KEBEFE EC[0,1],{#BMTEEN 2R, FEYEE,
F xr—yeQ?

(3) KELO, I JFIE—AAHE W, FHBW-—W TH .

(4) ®RE f: La,b]>RL,EXN T la,b]PE—RR E, (EXUH
R *%ﬂﬂ%sﬁﬁ% if?[ﬂ&b]EP{%“@ml% zsﬂ‘ﬁm(f(Z)):——
0.

B () HE= U (EN[—n.n DA H, FFLE n,, F18

m(E) >0 (E;=E( [— nyyne ).
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X’:j‘ IGE{)!{}F E,;z {teEg: f‘"IEQ}-rEUﬂ En: UEI'

e EI]

W xy,20,€ Eo. 35 1,— 2, €Q, NI EII=E12. EHNAH ErlﬂErr‘——:—Qf. M
MR AREE E, PER—P RARSEW: WCE,. B (7.}
=Qﬂ[_2ﬂu:2na],ﬁlﬂfﬁ

W4+ {mD N WD) =0 (nstr),

U(W+ ) C L= 3n0,3n0], E,C U(W+ 1.
{Eﬁw%Tm% BATA Wt () RTHE, RATE

(}{m(Eu}*’CZm(W—H— )#Zm(mfzenﬂ (%)
LR, %m(m-o mmcm =0, ﬁ%ﬁ%%‘ £ mW)>0,

Zm(W)= +00>6n0, 5 ) F E. X W RA A4,

(2) FAE. R0, 114 E A AT AREI .

) Blo]PH—VETBRITFEZEME: Y 2,y€[0,1]H
z—y€EQ B, 2 5 yBRFR—R,REEF - LPR—-ITEEREE
W. B . W RATEE.

() ¥ zEW,2—2=0EW,0€EQ\{0}.

(i) X ze€W,yeW H x5y, r—yEQ. MT

x—y€ (Q\{0})".

ZE5GQ),WER . EBNAEW—WCOQ\{(0)DHW-—WAREHN
=

(1) FOEEE. BE m(fZN>0,M F(Z)RBEEEARTHEW. H
TFWMCZEm(TTWH=0,BBFEEH (TWH=W 21l
8. F7)E.

B2 RIEBH T 5 ahRE

(1) # ACR” R[S, BCA BATME, N =" (A\BY>0.

(2) BEREE EMTENHRE FCECG ML F RIFL G,
A

sgp{m(F)} <itéf{m(G)},
W E ANTE] .
128



(3) ®WCLo,112mH 1 Z G)PAERM AT, Nl W A {E
— Borel £ A Wi B m(A)=0.

8 (1) & B=A\(A\B).

(2) RIEE. R n(E)<<+oo,BE E AW, M H & =
inf{m (G)} —sup{m(F)}, {EFF & G, W R F EH/BGOE, FCE, B
m(G\E)<e/2,m(E\F)<e/2. M\ i 7] 1%

m(G) — m(F) = m(G) — m(E) + m(E) — m(F) <g,.
X 5T, BHE.
(D FEA=A+r,MWmAD=mA). BLXEBE r,s B

0<r<s<1Bf, A, NA =, RFEEKXFE I. I:)UA Kt A=A+
(raby {ra ) RLO, DA BB 2. ﬂﬁfﬁﬁmmmo ;)

17| = me)_+m

SEFE, BB FTiE.
M3 BETHINE.
(1) 32k ] — J 7] 0 48 ) A8 48 00 2 W) R SR S 2
(2) B B—EEFARXE IU=(a,6]8[a,b)) Z 21, iXiF A

U1 R
Ier
(3) IBEH AR SR (E, ), (75

mr | B < Sim” (B
k=1 b=1
(4) RAFBMBE T (A B
m" (Ay) <+ oo (k € N), m”(limA,) <limm* (A,).

[ =00

B (DR BmicwRR FHRTRHE, UH [’l{a} =
ag
| U fa}) =W a5 (AT AR (o) =R — (aDF a € W, 1 3 R R AT

aEW

5.
2 AFEMRR: I~JUANTEHOHE T 2B HZFNRE R
B, SMENENRP—YVELTFAREHFEE-ARE, AW T

ey
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&) R

B)IFEWCO,DERATME, S {(rn)=QN(—1,1D,LL Rk E,=
W+ {r.} (REN), Bl R B K.

(4) KA GYPZ{E:}, BA

]
Av= O, N\|JE =1,2,-,
i=1
55 limm® (A) >m " (limA;) =0.

] ]

B4 RIEA TP .

(D) &W BRI, E R E. RiEH EAW BA ] 4E.

(2) MWCLO IR, MFTE 6. 0<e,<1,EBA[0,1]
FE—TA[ R E: m(E)=>e, ENW BRT0[ .

W (D) AR m(E)>0, ARIERk. BE EAW 7] 5, N
H

EUW=((ENW) U EAW),
G ENW BARWMEE AEFME EUW o]l Wi W\E#J
B, W\E=(EUW)\E vl FRE/RE, L E\W &%, H
&2
= (W\E) U W N E)

RURE, 5EIEFE. XiRE ENW A, Wi EAW 5 A w il

(2) RiEEE. HXELS e 0<e<1,BHFHE EC[0,1]): m(E)>=e,
{48 ENW AL, WA 6. 0<e,<1 H e,>1(n—>o0),i8 E.=E,

(nEN), Xk E= | E,, 74
n=1

e, <m(E)<mE)<1 (n€N).
BAES n—»oo, B I m(E)=1. HABNE
m(([0,1\E) N W) < m([0,1\E) = 0,
7 L m ([0, 11\E) NW)=0. X B8 ([0, I\NEYNW H . £ 5 —J7
mXE
W=WQNE UWN {0, 1NEN

= U(WﬂE)) U W N 0, 1N\ED.

?IEJZE'C'E%%T@J% M W R A&, F )& L.
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§ 2.6 EEAKSANE
¥ EX AN

TN BETHT. R"—R.EIE--FFHE GCR, PB4
T-(G) B {x € R"; T(x) € G}
BT HE UK TRENAR Z R HEEETLR.

EE1 AR R>R ZEEETRORSTBELEREFR. WE—H z€R
AR €0, F7E 0>0,FBY | y—z | <o, HIT(H) —T(x) | <e.

EE2 BT:R-R BEETH. EKRR PHESR U TEKORR FH
IR,
i1 RT.R-R BREGTHR. FERF 8,0 TERF. 8.

#Hit2 RT.R-R BEZTHR. EX R PHE-FRE Z, T DL HE
WA, Wit R FEE— TSR E, T ()b T 4.
T3 EHT:. R—R BEFRENSER . ECR", U
m* (T(E))=|detT| » m* (E).
(ldetT | RARER T 75X B XFH. )
#Hit BT:.R-R EFETHREUTER. FEc 4, MNTEEe .« HF
m(T(E)) = |detT | « m(E).

31 701 8 5

Bl1 R UERA TR,
(D ET: R"R" BEMHEAEL, N T BELTHE.
(2) % ECR® R[4, WG E 1Fie 574 85 B a8 4 W] i 4,
HMgEArE.
(3) R* =AM ESTEMER.
(4) B D={(x,y): Z+y¥<AIRR FA[MB,H m(D)=
(5) | EC(—n,n], 0<<a<b<+o0,%
Sg = Sela,b) = {(rcosf,rsinf), a <r < b,0 € E}.
KEFB, & E=(a,8), 0 S WRBHE i mE, KEEA N
(6" — a*)(B — a)/2.
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(D WNF-BREBERINTF m* (Sp)<G*—a" Im™ (E)/2.
(EE, LB m* SR THBIMNNE . m" (E)R—EINE. )

() #F EC(—n,x 20 ME, N S 2.

B (D) HE L, S e(i=1,2,,n) R T —HE, WX R
FEER 2= (8,6, ,¢),H

x=Ee + o + &e,.
BAT()=x(i=1,2,~,n), LA
T(x) = &2y + > + €2,

EM=| > |xl?) B
IT@ I |6 o] + o 4 6] 2]

<[t (e " = m- fa.
B B F]
T —T@ | = [Ty —o) | <My — zi.
XN T RS T .

(2) UERE.

(3) BRRFE—=AFERRTHE. h FREHTHATHE,
HAGBRE=ZAEHN - TAERA, Biclk =A% 0 A, KBS N
AL B AIm(A)=m(— A, FUBFHEIH 2m(A)=m(A)
m(—A)=m(P), K P BRFTNHE. BY P FHT=AEEREE
NER,AE PEBRAEE Q. B m(P)=m@Q)=|P|=2|A|. \ili
B m(A=|A|.

()L P. 5Q. N DWHESIM) n BEXDEFH, B—Y] P,
5Q. M MES D ZAl WA, F &R P.CDCQ,. UKk

m(P,) = nrt g%:ﬂ)ms E——rxrz (n - o0),
m(Q,) = nrt mﬁ"—m—*ﬂrz (n — o0)

a5 m (D) =mnr
(5) (1) () |’ be<<+oo, {WEl, MEL >0, FHEFXEFI{L, )}
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U LDE D ILI<m* (E)+e B, |J S, DS A A
n=1 n=] n=1

m* (Sp)<< m'( US;H J;C; Zm*(sfﬂ)
n=1 n=1
—

a*
> (m" (E) + €),

= (6" —a") > |1 |/2 <

B e AL E B8 ATiE.
(i1) & b= too,m" (E)=0, Wi, n=1,H GO H
m* (Sgla,n)) < (2 —aPH)m* (E)/2 = 0.

NIEEES
m" (Sg(a,o0)) = limm" (Sg(n)) = 0.

==

(i) & b=+oco,m" (E)>0. it BR.
(I BT Sea,b)=5:(0,00) N S(=xma,b), \TT 2T/ EHH
Se(0,00) T | B =],
WIC(—x,xJRFKE,ICT=S(a,b)(FHRBE) ,E=(—mn,n]
\E DA F& Sg=S8£(0,+o0), R1H
m*" (T () Sg) +m* (T () Sg)
= m" (Sinela,b)) + m’ (Sine(a,b))

b?_az
< > m*"UNE)+m "IN E)}

_b S = m(T). GIRBBERD.

®RE—TFEE, HHNETHERMHENTIAFHBRE T,
A/, EEE-FUEGER). B GERE, FHHE )52
m* (RN Sg) +m" (RN Sg)

< D m (T, N Sp) + D> ym*" (T, N Sg)
n=1 n=1

< D> m(T,) = m[ UT. ] = m(R).
n=1 n=1

ﬁiiﬁﬁ#ﬁa%fEE_ﬂ§E}E‘53;¢i
m(R) =m" (R Sg) +m”" (R[] Sg).
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M SeBE Se N (BRIR S M), LB Sy B o] i £8.

B2 AUEEA T R

(1) IRIFEH R? A9 Lebesgue Ml & R HEF AR,

(2) % T: R"—=R" B——Buot, BARFF A B 640 A, QI F
aj iR E, T (E) &2 7] il 4. |

(3) WT: R"+—R" B——MG. HEXNEBHERE ICR B H 1]
=>m* (T, [I1=m” (T, W T RBAR i e 5.

B (1) R* EW AR ETHEE

cosfl sinf

(TT =TT = 1)

— sinf  cosé
RRPLETHR, K 0 RREH A NTUXT ECR?, BITH
m(T(E)) = |detE| » m(E) = m(E).
(2) MEEH ACR", BINA
m* (T7'"(A) =m*(T'(A) N E)+m " (T7'(A) (| E).
M T H B A
m*(A) =m" (ANTE) +m" (AN (TE)).
XL T (E) R i 48.
(3) X ECR". W1E8 e, fE G= L::J]I,-(L RE®). GDE,H

m" (E)>m(G)—e= >, || —e, 8 N1H
izl
T C |JTdy,
iz
m (TEN < D> m" (TU)) < D || <m'(E) + e
i1 iz]

Mok, SHEL >0, X4E H=|] Ji: HOT(E), Wi Hm" (T(E))

k=1

> >0 1| —e BATA G R

k=1

EC T U, m" (E)<m (TE) +=

(=3

H e WIEEW . TH m* (T(E))=m" (E). ¥ (2) B 18 Frik.
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g=8 o0 %
§3.1 VM ERBATE X R ER

x K NE

EBY1 B AORELETHB ECR L CEERYE. X THEEMNE

e, SR
(x € E: f(2) >t} (MEABER{x: f2)>1))

B, UK f(ORE LTI MR, XK f(OFE LM,

EH1 RAOBTTHBE FWEE.DER PH—IHER. EXNEED
r€ED, BB lr: f(O>SHHRTHMB,NAMIEEN (ER, HB{ (x: >R
A AR,

EB2 FHAORE LTRMRE.NTHESEX PR SEFTH.
G) {z: (<t} =E\{x: f(x)>t} GERYD;

b=

Gi) {z: flz)=t)= ﬂ {.n f(:}::-:——}:-} (tER);
]

(i) {x: f(o)<e}=E\{x: f(x)=t} GER');
(iv) {z: f()=t}={x: (D)=t} N{x: fFl2)<t} GERY);

W) {z: fI<+oob=| ] {x: F2I<h;
i=1
(vi) {x: f@)=+ec}=E\{x: f(x)<<Hoo};

(vii) {x: f(x)>—o00}= U {x: f(x)>—k};

k=1

(vit) {z: flx)=—oco}=E\lz: fla)>—o0},

EE3 ()R AOBEXNEEVUECR EW X EERY.E f(OF E
LA M, % E, b E L0 f(0) % E,UE, ER[#.

(i) FS@OEE Lo, ARESHE, QU f(OBEMEREXE A LH)H
B A LR ETHAY.

TR TTHEBENERER 1)) F (@),g(x)R E #9567l %%, iy
T R¥
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() ef () (cERY); (i) f(z)+g(x); (it)) f(x) + g(x)
BEE L@ R

it EAFEETREE SR TR CEE A T ok F R L.

THS(TRRBEMEHIER2) FifilRE EAR KT, 0 T5
oR &

(i) supifilz)}s i) inf{ fa(z)}5 (iii);li_—qﬁﬂf:(x); (iv) lim £, (x)
HEE LMW ERY.

Wit FAHOIRE FHTHSEEY,BF

limfi(x) = f(x),

| =]

F ]

W fx)R E Y] s ok 3.
EX2 BRADBRENEE EH L LERY. S
ST (x) = max{f(x),0}, f (x) = max{— f(z),0},
HAMHENA (ONERERT. BRRITH
f(x) = fH(x) — f(x).
FHAOEE ERABM,W (), f (o)BRE LT MER. K2R 1o,
EARMNA
| f(2)| = frz) + f(2),
Y f(2)4 E EO[#ie, | f(2) [ E LA[#. (B 2Z AR,

EX3 BE- 1580 ECRPHE - FXUHE P(). ERT E+RM
~AEMBUINPOENE MK POEE EILFLL RN, R/ HR
P(z), a.e. z€ E. fllm

(1) | f(2),g(x) BEXTE ECR LR njieRr . HH

m({x € E.: f(zx) # g(x)}) =0,
WM f()F g(DEE EILFL0BE, WKY (05 g(o)—RYEN,.ILH f(2)
=g(x),a.e.x€E.

(i) i f(OBREXEECR FH MR, &F

m({x € E; |f(z)] =+ =})) =0,
W#H f()E E LRI LGRS, HCH
|f(z)| < oo, a.e.x € E,

HE, | f(2)|<co, a.e. 2€EE. H|f()|<M, a.e.2EE RBRAFN. GEAE
A& {HRZ AR,

BE6 WA g(DREXFECR FM N EHERYH,. (R E LoT#
M. f(D)=g(x), a.e. 2€EE, W g(x)E E LA[M.

BN AN RERYE) B [(OREXEECR FHLEHBE. &

136



{y: y= f(x), xr € E)}
RAERE, MK F(ONE LHWRRE.

p
E=|JE, ENE =g,
f== Ip} = ].92!"'!?-

f(x) =¢, x€E,
MR EPH £l

P

fl2)=D e (2), zEE. (%)

T R R RA RN FERE R REAS. B, S84 E REKGX B AN
R KAEE, K f ()RR,

BRE(0),g(DORE LHRBEE.M f()+gx), f(2) » gl R E
E o R

HIORE FHRARE. HORNPHES E MR THE, WF f(ORE
R RN R

ER7(NEREEE) O F ORE FHIERTTRHE, WFEEIERT
] £ 15 B2 R M 5

() < @ (x)y, k=1,2,-,
%15
| ELE@‘(I)If(I)‘ r€ E;
() FHFf@ORE EMTHRE MNEETHRHERET (e}, B
la@ < f(@ . BH
limg,(x) = f(x), x € E,

oo

H(OERERN, N ER KSR —ZM. |

EXS MTFENEECR EHEH (@), BINFEBR(z: f()F0) AR
OB XM CH supp (N H FOMERRERANXHEEE M, NH
fORRAERIRNBE.

Wit TR THHUATHMEREINFTHE - T TRAETEXHEY
iR 3.

70 180 9 W

B 1 RUERH T AU .
(D & fOREXEXEa,b] FHTRIRRE M f()R[a,6]E
A 7] ) o .
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(2) HEE€E.A,W xe(x)R R _LHYAT I REL
(3) I ECR" BEW4E. & FECE). N f(2)R E A7 # %

(4) # f(z),g(x)iE R" &3 {H ] i of 5.
(1) W M(x)=max{f(x),g(x)}ym(x)=min{f(x),g(x)} &0
1] o %L
(i) #F f () >0, £ (x)* B ]l ik 4.
WE (D) FLE, N TEENeR, HE{(E [a,b]: f(2)>t)
ERTTR=MERNZ —: K, 88 N4
{z € [a,b]: f(x) >t}
RO A, X f ()R (a,b]) b 7] 1 pR %
(2) & A= {z€R"; x:(x)>¢}, KM\
d, t=1,
A = {E, 1>¢t>=0,
R*, 0>t
(3) [ 1.2.3 F4] 5 Z (3).
W DEBMO=[fD+g@+|fx)—gx|]1/2, U Xk
m(z)=[f(x)+g()—|fx)—g(x)}|]/2.
(i) FE, B {z: Inf()>t)={z: f()>e}H[H Inf(x) &0}
B ¥ T2 BEREX F(O* BTN, REE g0 » Inf(2)H
o] .
B2 EIER AR .
(DB F@OEXETHE ECR L. # F(OEE LAM, B
(x€E: f()>0RAME. N f()#F E L7,
(2) B{ESCR BREAMZM MBS, & () Ex(k=1,2,

) ERTTIE W £ | Ex bR T,

(3) i F HO,DEH—MEERBE, N R (0<2<1)
@(z) = sup{f(x)}, W(zx) = inf (f(x2))}
fesF fes
2 (0,1) I Y AT ok 3.
B (1) 2 A={x€E: f(2x)>0},B={xz€E;: f(2)<0}, 1l
138



fx) =f(@) | (alx) =X (EE). B, B ()W A] M5,
| () |, (B{x€E;: |f(2)|>t)¢Z0)LAR{z€E;: ff(x)>t))

(2) iERg.

(3) X @P(x), I tER. F 2,€ {2 € (0,1): P(x) >t} AE,,WHFTE
FEF: flx)>t. HH f()FELE, TR 6,>0,818

f@) >t (x,— 8 <z <z + 6,).

H M X () > (xp—So<ax<zo+80). IXVLEH o BB E, 2K,
Bl E, R—FF4, D)2 7] 3 8 3.

A0l Hh AT HE W () BTN 3R

B3 RIEE T,

(1) ¥/ f()R(a,b) EH B R N

ﬁf(rjsz(_}’)—f(r)’ Qf(r)=limf(y)_f(r)

y*z y— X Y-z y—x
& (a,b) LA ] R %L
(2) W (D) FEa. ) L REEERE . NESEY £, (o) Ela,0) b
9 7] ] oR %5
(3) FTEO, D LR (o), K D' f(2)#0,1) EARA M H
BCE f€CW0, 1) HBEN, M DY F(x)7E0,1) L.
(4) & [ R(a,0) L EERY, DT (a,6) R f ()BT 8
8,0 /(o) D L.
U8 (D) U DfF (o RF, ZHE S8 (BRiEIER)
= {x € (a,b): Df(x) >1t},t € R..
WA myn JEX R [2),2,]1C (a,b),#15
1 f(x;) — f(z)

1

| - 1| < T, — Iy :;’t + :;r
ElE**ﬂW%E‘]KHE‘J%%ﬁ E,. THE¥EHT
rai) AL..—>

(i) Hz€D,WELE no,DfF () >1+ 1/n0. bkﬁ'ﬁijﬁfi\m A
v& (a,b), 5

0 < |y-.1‘|<ii;‘};, f(y)—'-—f(.r)}t_'__l_‘

ny
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X 2€ Enn (— VI m), Bl zEE.

(11) EIG Ehm»ljﬁ‘_ﬂ:. ﬂﬂrxe ﬁEm.nﬂ!EpX’j‘ﬁ'fr m:ﬁ&[l‘lfl"z]’

Ilgxgxé ’ ﬁﬁﬁ

|z, — x| ‘("L, f(Ig)_f(Il):}z_{_‘l_'
m Iy — I L
XL ERANTA
fa)—f@ 1 g fa=f@ 1
I'- -— I H{, ‘I'E — I ﬂﬂ.

HRFELE vE (a,b) . F1B

>r+*1—,
n

y—x 0
Bl Df(z)>t, € D.

2) B, f(O BRIV ESEY, BHETHMER, AR
flaz+1/m) T A, FRE

limn[ f(x + 1/2) — f(x)] = f, (),

=0

R 158 BT k.
() BWRO,DPAEHELHATWE,E
01 I E W?
AC 1, =€ (0,1N\W.
5 eW,RIMNAGE z2€Q)
) = fxo) _ 1=0 |t reany — toolr— xD).
I — Xy X — Ip
%Iﬂe (011)\W1ﬁﬁ]ﬁ
. flx) — flxe) s+ 1—1 _
DY f(z) =lim sup o —x T M= O

0

. =]

i LEDBFTIE. | (€ (0,1): D*f(@) =t} = [ {z € (0,1): HFHO

i k=1

<h<1/i,[f@+h) — F@1/h>t— 1/k}]
(4) 4 C={2€ (a,b): f(ax)FE x Wbi#EZE},MICODDHCRG: &
. % €>0,6>0, KM E,, = |z € C. HEy € (a,6): 0< |z — |
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<o gl =IO 5 o} g porel (R C SRFR2ZIO,HA
(z € C: D*f(x) >0} = [J [ Eeor

e€Q 3€Q
=) >0

MFIH{zE€EC: DT f(x)>0} R Borel 8. HHEENHT f(2)—ax L
R ax—f(z), APAAHEREA a, KB

{x € C; DY f(x) >a}, {x€C: D flx) <aj
# 2 Borel . HE 7|

C\D =[ U {r € C: D" f(z) >r,D” f(x) {:'Zr})

reQ

Ul Nz € C: D*f(2) >}
reQ

UlNitzec: D <n,

re Q)

LI D R Borel 8,{z€D; ff(x)>r}=DN{x€C: D f(x)>r}, T
H{z€D.: f'(z)>r} R Borel 8, f ()& D LT l.

Bl a AIERA T

(1) ] f()# ECR' EA[#I,G 1 F &R R RHFRMMASL, N
AR

E,={zx€E: f(x) €G}, E,={z€E; f(x) € F}

] 48, .

(2) H{filx)} 2 ECR" LT[R EF], W fo()FE E _EWEE
RO TTHAR.

B () ABRBE G= LJI (@nsba) » W H

(z € E: f(z) € G} = | J({z € E; f(z) > a,)
n=1

N {zx € E; f(x) <b,})
g, FRERRETTME X FHRF, AR/ER
{r €E; f(x)EF) =E\{xr € E. f(x) € F}
R &].
(2) EEAKHEENER(LARBREACEERPOLIF —E

§ 1.2 BENEEFHR).
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gils RETHIMEE.
(1) & f()R ECR" EJLF BRI A MR %, m (E) <<+ oo,
RIS 0, FHEE FHAERTMREL g(2), B
Cm({z €E. |f(x) —glx)] >0)) <e
(2) (BMAERL) & o<m(A)<Hoo,f(x)E ACR" FHya[ Y
KL HBE 0O<f@)<+oo(a.e. € A)yvIRUEBIXTELA W 0. 0<o<
m(A),FFE BCAUERBRE &, (18

m(A\B) < &, %{:f(l)cikﬂ, z € B.
0

(3) & f()RF[HE ECR' EHZEZREIAIE R L A] o8 3L
@J{ﬁ(r)}s}iﬂﬁ(x):f(;r)(IGE).

B (OERRE={(s€E: |f(2)| >k} (REN),X={x€E;
| f(z) | =400}, M

m(X) =0, EiDE,, (k€ N), X-ﬂEk.

B m (ED)—>m(X) =0(k—>00) , IS >0, #E Ei: m(E, )<
e. HIERY

o

f(x), € E\E,,

() = ()| < ke,
E\T IO, IGE;,U, |g~f| 0

Erﬂ{IEE f(_c)#g(x)}CEiu,ﬁEﬁﬁ.

(2) i A={z€ A: 1A<f(I<k) (h=1,2,),Z =
{z€A. f(2)=0}, Z,={x€ A: f(x)=+00}), BHI m(Z,)=m(Z>)
=0,HAF

A:[HA*) Uz U Z,

Ay C Agyy (B =1,2,%).
B B AT 4 m (A —>m(A) (k—>00). NTIFFTE ko» fE m(A\A,)<<J. X B
= Aa, , B3 BT iEE.

(3) MHEAD RENEHHE FL.CE, R m(E\F)<<1/2', N\ F4
GECR),HB g (2)=f()(zEFLRENLHRBRM(EZT R
YRS 1L.6MERL.2)). WESa(x)=g:(x) * Xe(x)(REN), FHI
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m(E(E\Fi))=D,ﬁﬁ‘ﬁ(r)ﬁ§lﬁTiﬂ!|.ﬁﬁ lima (z) = f(2).

Ble #ETIIMEA:

(D & fECase]). ERAEXELa,b] EHIRE g (2): g(x) =
f(x), a.e. € [a, b, R0 g()TE(a,b ] Lo B JLF4b4b 7 22 1T 9

QO ROBRR EILFLAEEENEY . ARAEBEEFEgC
CRY,#EB g(x)=f(x),a.e. xER,

(3) iIRER EMBRERY f(), EEE—FRE L{B/AXMET
— N ESE R

(4) KIEL0,1 ] E AL LN RE f (o), N TEREL—FTWM
R ERMREE, (O b ELZ.

B (DA AW f(2)=00<x<1),g(z) R Dirichlet 5%, 5
H f(x)=g(zx),a.e.z€[0,1],{B g(z) TLbFELE.

(2) A—F. Bl f(2) =X, () FE R EJLPREALESE, BRFHF
HEgECR),FH f(o)=g(x)a.e. zER. (FE R zo=1 BT

(3) 2 Q={r.}yx) =X(g.e0 (2) , [ ()= D Hz—r) /2",
n=1

(4) RS ECLo, 1], EaNE—FXE| IC[0,1],F mEND
>0,m(IN L0, 1 N\EN>0(Z § 2.3 141 8 Z(3)), HIERH
|1, x€E,
T =10, ze 0,1\E
Bl7 BETHIEE.
(1) BEEBRE L {(f.(x): a€ )R R L7 5 58 ¥ , i [7) o 1
S(z)=sup{fu(x): a €I} R" L RA[Ma9"E
(2) 0,1 ] LB X B f()WMT . F 2€ (0,1 JETHL /PR
RACRALFAPEER)H
xr = 0.aap=raz,
4 f(x)=max{ai: REN},IRUE f ()70, 1] EATHM.
B ) FA—ZE.FlmdS w0, 1 )RR ME, M e W, ERE
fim =7 TT" ce o],
0, x%a,
W) S (x)=yxw(x) B 1E3E.
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(2) BT RENAEBRY fi(2)=a(ll fi(x): filx)=00<a<
0. 1), /1(2)=1(0.1<2<<0.2),, [1(2)=9(0. 9<z<<1 ], 5 &
H@DGeEN)RREERH,.BF

f(zx) = sup{fu(x): k € N}, =z € (0,1].

B8 MRETFIMEME.

D B S@OER L. FHF f(a+1)=f(x),a.e. zER', K
R' FE¥ g(2): g(z)=f(x),a.e. zER, g(x)=g(xz+1)(z ER').

{2) WREX[0,1]E fla, R fa,v)B €EE R IR,
H fz, )R ye[0,1 ] LW FSERE, AUEH .

(i) f(z,y)R EX[0,1] 0]l k%X

(i) M(z)=max{f(zx,y): O<y<1}#& E LBy 7 MR %.

Q) WECR BB, EXEEX O, DLW fa, TR,
fla, R E LGy BB WA BMER, L0, E(z€E BE)Mits
oF ¥, IR E FA

H(z) = lim f(z,y), h(z) = lim f(z,y)

B E Larml.

(4) B XFE,1IXO,1]EW fe, R : fFlz, R 2By E
A MkE, Xy #EO,1]E(a E%)Hﬂﬁiﬁﬁﬁ IKUERA f(x,y)
FE(0,1]1X (0,1 ] 7] H.

B (ODEERBE={(z€R": f()#f(z+1)},HL E=

=]

U (E+{n}), B{ER X

e — 00

(2 = f(z), I€§1
0, z € E,
BR M BT R,
(2) () KL0,1] 2" Fq: B E &/2'(k=0,1,2,-+,2") fF
falz,y) = f(z,k/2%)
(B/2" < y<<(k+1)/2"k =0,1,2,-+,2" — 1),
Ml fXy EEETH, f. () f(x,y) (n>), T fulz, )E
Ex[0,1] LATH.

G1) 20,1 PRI A BN (.}, N M(z)Zsup{f(z,r)}. NFHE
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v.€[0,1], B M(z2)=f(z,vy.)(zEE).
ST e >0, FE S0, FHY|y.—y|<oH,F
flxyy,) < flxyy) + e sup{f(x,r,)} + e

n=1
H it X8 M(I)ngll){f(x,r,.) .

Bz, 8BMNA\ M(I):iglf{f(rrn)}- B f(x,r)E E LRy
AR, M()FE E bafil. |
(3) & H,(x)= sup. {f(x,y)}aﬁﬁ]ﬁ

0="y<<1/

H (x> H,,,(x)(n € N), limH,(x) = lim f(x,).

oo =0+

2} E0,1/n) P EEE S, N E
H,(z) = skgili{f(r.n)} = sup {f(x,y)}.

0<y<1/n

HIH H.(DFE E FOfil Bl H(o)#E E Eaffl.
KM FTIE A ()T E LT,
1) MM 2nENgER EEAB(A=1,2,,2")

E, ()= {:r € (0,1]; f(;r.k 1]<t~€.f{r,§%] }

zﬂ
2!!
SR E,@ORVHUE,HEWONEO)=SG#/), | E&)C(0,1]. X

,%-.

A, () =

TC

o€ @ b <e)x (1522,

2!

E—1 k
B.(t) = g({re 0,13 f| =22 <o) x (A1, 2 ),
MMz, MW EB.(DO\NA. @), MBEEFEHE—H &, F8 € EQ),
flx, (k—1)/2")<t, HH f 5t y BB MR, y<b/2". XH(z,y)E
A, f(x,k/2") =2, y>(—1)/2", Tl (z,y) EE,) X ((k—1)/

2", k/2"]. iIX 15t BR

-
B,()O\A, () C U [EJir (t) X [k ; 1,%]) .

e [[;J )| < 2
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m(B(O\A, (1) < Em(ﬁn(m -



m(B(tO\A()) = limm(B,(t)\A,(t)) = 0.

2 E@)={(z,y): flz,y)<t}, M
A, (t) CE@®) CB,t) (n€ N,t €RY,
B 78 BT iiE.
Blo {fi(x)}Rla,b] By 3{E ] MM oR F P, 3 0E FA 7 £ IE %X
B {a:), fE18
limay « fi{(x) =0, a.e, r € [a,b].

oo

B ¥ (6.}, HE E.={x€ [a,b]: f,(DI<h, )}, 3B RE
m([a, b ]\E,)<<1/2""". 2 a,=1/(nb,) nEN),HEH limE,.

X 2o € limE, ,F& N, 5

s R =]

IE'GEH! ‘fﬂ(Iﬂ)lg‘_bﬂ (H;N),
M H  a,f.(z0) | <1/n>0(n—>o00) , XF
m((a,6]\LimE,) = m(lim([a,6]\E,))

< Dm([a,b\ED < 1/28 >0 (k> o0).

n=4k

Bl10 HEF T @M.
(1) & f: (0,00)>R" 7}l 0<A<1. HEXHAEEH 2,y>0,F
flx+ ) =4f) + A~ Df(y),
M f(o)=CUEED.
(2) W (RO, ) ERHFTREBEE, W Flx,y)=f(y/0)&E
(0,00) X (0,00) |- 7] #il.
8 () Rk BEFE 0<zr2,<+oo, R f(z)=a1<<
flz) =a, AT v>0,/E 58 _
E(y) ={x € (0,0): 0<z2<y,f(zx) < a},
E,(y) = {x € (0,00); 0 << x < y,f(x) = a,}.
B 2€ (0,x,/2\E\(x1/2), W] flx)=a, fiF f()5F flay—2)
28, H z,—x€ E ;(x)). \TTHI
E\(z)) D E(x:/2) U ({xy} — [(0,21/2)\E  (x,/2) ].
HWYE n(E,(x)=0/2. BIBERGH fGo)=f()(r BRIEAH
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¥O.ERME, M EEH y>SOURERE r. r<y/x:,H E,(y)Dg
E\(z)). X m(E, (y)=y/2.

KT HEE m(E, () =2y/2. BB E (WNE(y)=Z, 7] H

HEE“="8Smr. MHAAR
m(E, (1) N A) = m(A)/2 (AR, FE—THE),
FHP A=E, (1,38 F &, IEE.

(2) AWiBE f()REEBE. 2 g(0)=f(tand) (0<<n/2),
EED and R BRP B EEZN(LFERE) . g@FE0,n/2)
. AT E={6€ (0,7/2); g()>t) (:ERI)%T&I% iShpsi=e (@
Ji R 54w i ¢ L sR 2R ) § 2. 6)

{(xz,y) € (0,00) X (0,00); F(zx,y) >t}

= {(rcosf,rsinf). 0 <r <+ 0,0 € E} = Sg(0,00)
Ru[i 4, Ll F(z,y) T (0,00) X (0,00) kB 7] il 5 ¥

§ 3.2 A R EH WL 8

XA NE
(—) LR 5 —Bul Rk

B B S 102 fol2) o fil2) R SE XA M ECR B8 X
KERY. EFEEFHRBEZ, A m2)=0 Rlimfi(z) = f(2),x € E\Z, W#
{fi(x)} ¥ E EILRGREET f(o),FHMicH

filx) = f(z), a.e.x € E.
5138 i S(2), [1(2) folx) oo, fiala), oo R E B JLF AL 407 BR (% =] 8 oK 3¢
Hm(E)<co.# filx)=>f(2), a.e. 2€ E,MM{EL ¢>0,4
Eie) = {x € E. |fila) — f(z)| = ¢},
RiN#\
im | | Ea0)) =0

k= j

£ 1(Eropos (HEPR)) B (1), /1@)sfila)s s fila),R E LJL
FHMFROTRERE m(E)<co, & file)>f(2), a.e. z€E, M40 6
>0, F & E Pl 8 E\m(E)D<S @B { i) E\E; L —BWHT f(2).
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(X —ZFW MR T F— B )
¥, Eropos EH F IR m(E)<<coREE X H. #1518 7] K 5
falz) = Xoom{x)y n=1,2,, x € (0,00).
B (0,00) b KT f(o)=1,BFE O, ) THIE—THRMERIA—
BHEHT f(o)=1.

(Z) JUP A dab il 2% 5 Hk 8 WS 8

EM2 @@, o)y, fulx), & E EJLF 4% By a] 8l 5
B E5MNTESEH 0,7

b=

MBS () E LRMEKET f(2).

H®, mU{z€E; |fi@)|=4))=0 h=1,2,).

EE2 F{ i) EE LANKMERRT f(0) 5@ 0 f() g0
X .

EEB3 B{AWBREENLFEFLAARAYTHBEFHE m(E)<oco. &

{(fil) } LW TFILF AL E R RE S (o), W fo ()7 E FAKREW ST
f(x).

EBE4 | (@), fi(@), folx), e, filz)R E LIJLFL AR AR S
. EELN 6>0, 1 E;CE H m(E)<8, 88 {fi(2))}fF E\E:; L —F Wk
F (), W fi)} i E KB RN T f(2).
B3 B{filo)) R E LILFALERG TR, EXMELY 0, 5F
lim m({x € E; | filz) — f;(x)]| > ¢€}) = 0,

MFF{fi()} A E ERHKEE Cauchy () #.
TEs H{fi(2)) & E ELWKME Cauchy 7|, ME E EHFEILFLLEFR
BATRIRE (), B (i)} E LRMEWET f(2).

EE 6(Riesz) F{fitx)}EE tﬁﬁﬂﬂﬁﬁﬁ?ﬂ:%ﬂﬂﬁ-&?ﬂ{f*l(.r)}.
8 limf, (z) = f(2),a.e.z € E.

JRLTCH (008 S

i1 LERR T PR
(1) #{fi(x)} R ECR!' FAJEE TR REI ,m(E)<oo,N|
E_‘Ef*(i") =0, a.e.x€ E

RS HVERAGFR. EEWN 0,8
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limm({x € E. sup | fa(x) |} =¢€}) = 0.

J==oo

(2) W{fulx)} & I=[0, 11#.%%57@&&%&@ » U T %) i 1 4
fhr -
(1) ?—&F%E{f,,i(x)}; Etgf,,*(;r)z{},a.e. x€ 1.

Gi) FEFERF (2.} s lim (2,1 >0, D . fo(2)TE T | a. e, WK
R—=Co prp—

(iii) FFERF ()2 D) | = oo fHB Dt fu () T EJLFAL

Ab 2T UK.
@) # (@ i) RENIR R EHLERH. N lim fi(2) =

f(x),a.e. 2ER" WV EREFRE: MELH >0, FETME EC
R': m(E)<e, BN 2€EE, FHEKH
| fi(z) — f()| <e (k>K).
iF8 2 SW={z€E. E@ﬁ(rn;]/n}.

(1D £oH  KERH,MEL 0>0, 7 b EN, B mS)<
0. @ﬁﬁﬂ'ﬁﬁﬂ‘] ﬂ!ﬁ

ﬁ lj {x € E; |fi(x)| > 1/n}

me=} k=m

s ]

C | Jlx € E: |fitm)| > 1/n) TS

ERB m(S)<d, UK & (R, BT it RRSBIFHHELZ
W RF

(UﬂU (xr € E;: |fu(x)| > 1/n} ) = 0.
L S={z€E,; limfi(z)=0},{KFiFH m(E\S)=0. ¥

k—=co

B Si”’Z?S?fUIARHS”C(E\S) B 18 limm (S©) = m ﬁs;)

s bk

Jeo

<m(E\S)=0. ﬂﬂﬁﬁxt&% e>0,F limm(87/7)=0,iEE.

(2) =G, QD). APRBE fo(£)=0(n—=>o0),a.e. 2E€ 1, M)
EH Eropos %fﬂﬂ%ﬂ,ﬁ?ﬂ? EICEEC'": m(f\E;)‘il/k (kGN)ffﬁ‘T&
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fn(I)E Ei _t_-ﬁqﬁﬁ:}iﬁ- &ﬁﬁﬁﬁf&ﬁ?: ﬂ1<ﬂ2<"' !ﬁﬁ% lfn(-T) l
<27 M2 € Evsn=n). A E= [ Eo M m (INE)=0. BRAEW 1,=0(n#

nk)rtnzl(ﬂ:ﬂk)f gﬂ-t! Ztnfu(x):__ an*(r)(IeE)!E-ﬁ

n=1 k=1

[fo, (@) <27 (2 € Ek > ko).
ii ko {E IE'E,ED rmu (1), (i) %E.
Gi)=> ). B, BT A0, AR HE N B REFH (n),

{18 2, | >AGREN). # D . fu(e) LR AL AL 8L, WK
n=]

limt"*f"*(:r) = 0, limf"*(ur) =0, a.e.x €l

ke

(ii)=1). & g(@)= D] It fulx) [<+oo(a.e. 2€ D, UK E,=

(z€1: g()<R)(REN),EA | JE, M S5 m(U\E)=0. Bl1H (&
FREMNES§4.1EHED
% 'Er:lJ‘Eilfn(-r) Id.lr = J-E!g(l‘)di' <+ oo,

B D el = o0, BLL lim | [,(2) |da=0. WITAHE i <mpoe

=i 0

B[ 17, lda<z™ HIL MHERS kENHHD, [ 17,0 lda

<Aoo, HBH E, DE, (ky2ky) A D, f, ()3 a.e. 2 € Ex RS
=]

). X AE limf, (z)=0,a.e. 1€ E,. H [, (2)>0G—>0),a.e. x
cE.

(3) HEIFA R, B HES 150, E8M o€
N, ﬁﬂz EnCR1= m(Eu)":Efznrﬁ'f%X¢ IéE:n #E KT;ﬁ- !fk(.l')"'_

f(2)|<e/2"(k>K). % E=J E., i m(E)< D> m(E)=e. R 2 €
=]

n=]

| filz) — flo)| <e/2"<<1/2" (k> K).
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M —Y] 2 € E, 5T fi(x)—>f(x) (k—>c0).

MESBR iO)OAMEF () HE,5H BCE,m(B)<e,
H e BHEREE, 5 m(B)=0.

Bl 2 KRR T 5 MRS

(1) % ECR! BA[#I#, fL(x) RENIE E FJLF b4 AR B o]
R, ML e >0, FE M>0,E,CE: m(E\E) <e,f§18
| fulz) | <MW EN,xE E,). |

(2) B () fulx) (nEN)R (O, 1) | JUF b 4k 78 FR &9 6T 1 o6 2%,
MAFFE (e} : €>0(n—>00), AR (0,1) LTI 5K ¥ F (), #18

[folz) — f() | < e F(2), a.e.x € (0,1).

W (D) ARE ERFRE.H L) ENYEHEME. H Y

E=|Jiz € E: sup|fu(a)| <k},
n=>}

ke ]

limm({x € E, sg?lf,,(.r}l < k}) = m(E),

o

ATCATERE ko, 18 m ({2 € E. sgli'ilfu(,r) | <ko}) >m(E)—e MTTS
E,= {z € E; Sg:ll-"lfn(l)l < koty M=k,

R m(ENE)<e, | fulx) ISM(nEN,zE E,).
(2) BAGFEE{a.}: a.>+oo(r—>0),{#HE
lima,[ f,(z) — f(x)]1=0, a.e.z € (0,1).

M T BY F(I)=§g[13{ lan [ folx)—f(x)] | BP 3 B K.

I3 BETHIEE.
(1) i [0] , Eropos S E ) E, 7] LI F M L1 7
(2) A8l , Eropos & ¥ o, E\E, 7] DA 24t i X [B] G 2
# (1) 7 Eropos EEH,H m(E») =0, MWERFR—EH LT . #
wlo,1] LAY REF
i/n, 1/n<<x<1,
f,.(.r)zjln, 0<<2<1/n, (n € N),
0, x =0
W Him f () =0(0<<2<{1). BIERER E;C[0,1]): m(E)D=0,¥F

=00

sup { f.(x): z€[0,1 \Es} =n, 8 TE[0,1 1\Es b, fu(=) R —F W T
0.
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(2) AE[ LA BT m=1,2,,%
D, = {(2k — 1)/2™, k = 1,2,-,2""},

0, r=0,r=a € D,,
folla,a +1/2")) =[0,1/2"], a € D,,1 <m<n.
BERBIFERII|>1/2"" 0 fui(x)=21/2"(n2m,z€1). 5 >0
HARTF D, WAL e>0,FE my: 1/2™<e. 2€ (arya+1/2™) (F
A aGDmﬂ);fn(I)}E(n;’r—mu).

B4 FUEEA TP A

(1) & f(2), f1(x) s, falx) y - R [a,b] b JLF4b 4k A5 BR &) 0] ]
mR¥,HA !irﬁfi(I):f(I)aﬂ.E. € a0 ], MHFE E.Cla,b] (n=

1&2*'")1{%?’%

falx) =

m( [a ,b]\ U E,,) = 0,
mi{fito)}EME, L —HWKST f).
(2) fulx)ZTE ECR' EIRF—BRAT O EFTLERGR.
SHEL 6>0,F
limm (E,(8)) = 0,

oo

L =

H e Ex®) = |J{r € E: |fu(x) — flx)| > 8.

n=k

(3) fo(x)TE ECR' EiEF—BWSETF f(), W fu(x)E E LJL
b AT f ().

(4) @ {foa ()} [0, 1] R EERT MBI, FXER >0, F 1
N,{#78
m({z € [0,1]: |fu(x)| <e,mn>N}) = 1.
WA ECL0,1JH m(E)=1,#B{f.(DMEE L —BRATE.

B (1) 2 e=1/nBEE.CIL a,bJnEN) EB/ m(I\E,)

<1/n, fo () E, L—BUWEF f(x). R%fﬂ]m( I\D E, | =0.

(2) ';L‘i“ﬁ- ﬁz@ﬁﬁ J{T1£% E)D!ﬁt{ E:CE: m(e,){s,ﬁi&
fal)TE E\ee L —BWHT f(x). A, HELS 6>0,F % K, §18
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Ex(8)Ce.. #{ m(Ex(8))<e. XiRH limm (E(8))=0.
oM IELD 0,kENLTFTE n, R/ m(E, (1/R)<e/2. %

A= JE, /B, U m(Ad<e. % j=ni, W
k=]
[fitx) — f(@ | <1/k (—Hlz € E,(1/k)). (%)

MY =€ A BT, R COBSL G2 B fL(FE E\Ac E—B T
f(I)fEE%-
(3) iEEE.

(4) X REN, TFE™RIENERE T (n},#18
m| U (= € [0,1): 1fi@] <1/8)] = 1.

ﬂ=ﬂ}+1

H

o

| )z € [0,10: 1fu@)| = 1/k)) =

H}H*

4 E= Uﬂ (z€[0,1]: [fulx) | Z=1/k} W m(E> =0, MAX 24

=] Hnﬂ*

e>0,H k. 1/k<e, WA f.()EE E E—BIRHTFE.

s KL T A,

(1) & ECR' H m(E)<<+4o0,{f ()} & E E—K(0<t<+o0)
LEHATMRE. SFERRE lim fi(z)=f(2)(z€ E),HF"(z)=

sup | i) —f()|RE LA EE,NELS >0, FE E,CE:

nsent

m(Eu)>m(E)—E,ﬁ'ﬁ=E E, b—BHFE hm filz)=f(x).

4o

(2) & ECR' Hm(E)<+oo, FENEEX[0,1] LM flx,y) ¥

B fa,EE E(GBEETM; f(x, 0,11k (x BE)ELE, N
() Ste,d: 0<<e,d<1, A&
={x € E: | f(z,») — flz,0)]| <&,y d)

R 4R,

(it) ML >0, F 7 E,.CE: m(E,) <e, HBHKE lg;f(x,y) =
flx, O E° L —3 Aoz,

EB (D) BEER F” (2)—>0(r—>o0,2€E), B # Eropos F
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L ES e>0, 8 E«CE: m(E)>m(E)—e 8 FY(2)EE, b
— B AT 0. MNTT R AT

(2) HERE.

B 6 RIUERA T 31 6y R .

(DB ORR FHEREIE. N f(OER EILFLG%ET—
TILFRAESEN BRI HNHIFEZCR . m(Z)=0,H f(x) £
R'\Z biE&E,

(2) B{fon() R0 EHRIE TR, BE

(1) };Eg;fmm(x)ﬂgm(.r)gﬂ.E.IE[O;I];

(i) limg.(x)=h(x),a.e. € [0,1],

=00

W AFAEFF{ fonyn, (2}, H TG limf,, ,(z) = h(z),a.e.z € [0,1].

B (1) BHEHBR. MIETSH, ERE
g(x) = limsup{f(y): y € R\\Z, |y — x| <},

0<d—=0

B f(0)=g(x),z€RNZ. X 2ER'\Z,{E% ¢>0,FF1E 6>0,{FE
fl@) —e<f(WMH< f(e)+e, yERNZH |y— x| <84,
Xt a': |a—a' |<6,H yERNZ H|y—2z|<o,#15
ly — 2| < =6 — |z — 2.
M LA g(2) —e<g ()< g(x)+e.
(2) WRBEPHWSHRERAE ECL0,1] £ —BK A, A‘Jﬁ?ﬂi{m;
{me}. (15

A (2) ~ gm (| <5 18m (@) = fapn(D| <5, z€E.

IWTTE |h(2) — f 0 (2) | <2/k,x€ E. ST FIE—BRHIEE. %8
Eropos & 38 , 3 X H X f £k 1.

Bl 7 RETH (6.

(1) & {fulx)} [a, 6] LA AT R EF, f () B[a,b] FHIE{EH R
. EXMELE) e0,8F

E_q_lm* {x € [a,b]: |fo(x) — f(x)| >¢€}) =0,

ik f(x)RLa,b] b H R R ¥ 2

(2) i% f: R">R',BMEEW 0, FEFE GCR ,m(G) <e,
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i} fFECRN\G),HKIER f(2)2 R* LAY 7] R %L
B () B8 KB, EEBW EENFE (). B
m' (E) <1/2", E.= {z € [a,b]: |f, (x) — f(2)| >1/2"}.

== = = & ]

H':U'itflﬁm'{ ﬂ UE;) =0, a.e.2€[a,b], B 2€ U ﬂE*- M

N=1 k=N =N

NHFHE N Y k2N B, H € EL XA
| fo (@) — flx)]| < 1/2%, E_mfn*(:r) = f(z), a.e,x € [a,b],

B () [a,b] LR,
(2) W a=1/k, MFEEFRIN(G:): m(GO<1/k(REN),H fE
CRN\G) (REN). & filx)=f(2) * Yprg, (x) , WIELE >0, RITH
m" ({x € R"; | filz) — f(x)]| = €})
=m"({z € Gy:. | f(2)| =€) < 1/k.
S kool 4 ()R FERRBWAET f(2). ¥ f()FE R L7
il
pis METHIEM.
(1) &5 : falx) = (cosx)"” TELO,n ] LA BEW ST 0 "7 e ¥
7
0, =€ [0,1/n]U [2/n,1],
g.(x) =
ny, € (1/n,2/n)
FEL0, 1] EHM B8 T 0 g7
(2) & f(2), filz) (k=1,2, )R E FEE7 R, &XHELH
>0, AR 0>0,FEE PR e UK K, {ER m(E\e)<6,BH
| fi(x) — fa)| <e (R>K,z € e).
R RLX P E T HUst?
(3) ® fi()TE E FRMBWET 0, XK
Eﬂm({x €EE: |fitx)|>0})=0
AL
(4) & Ex(k=1,2,- )R R" 7 n] i 8. X iiF BH
(1) Xe, () R" EHHEWAE 0 1 B m(ED)—~>0(k—>00);
(i) X, ()% R" EJLF LA E] 0 24 BAXY m(limEy) =0.
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B () BB} {g.(x)  TPRIL A AW T 0 /9.
(2) KB, S 0,0>0,% 2 >K B L, BHF
m({x € E; |fi(z) — f(x)]| = ¢}) <7,

T3 A ] R Wi K.

Q) A—&. FlImAE[0,1]EE X filx)=1/k(REN), H A fi(2)
FELO, 1] BRI EWET 0, (BRAH

m({zx € [0,1]: |[fulx)| >0}) = 1.
(4) () FE m({xER"; Xe, (x)>e})=m(E).

(ii) E_I{lgxzk(x)=0,a. e.rER"HET s BT RF LN E: LK
2T WE.

Blo METHIME.

(1) BETWME ECR' |, fo(@)(n=1,2,) JLEA KT
S, HERKUBW SR T g (), KB REBEHRXER

glx) = f(x), a.e.x € E?

(2) B f(2)s [1(@)s fo(x) oy i) o 2 E EJLF AL ARRE

A[ WK B, Hom (B <oo. FHE{ fu( ) YWHE—F I {f,, () Y PHFFELEIL

FRADERTF OB FIS, @ RER{ @O HE E BRI
®T f(2).

(3) B {fi(o) & ECR' LIEHTRIBRES. & fi (o) E EHKR
BWHT f(2),iRIEBAR p>0, () E EERKBMBEWSET (2.

(4) % ECR' EA[JMRER (/i () R

fi(x) = fa (@) (R=1,2,+).

= [i(OFE E LB EWHE 0,k H filo)E E LREILFA LW
T 0?

iEB (1) BfYy. IKBRA, FE () ER/ f, (OEE EJLEL
MREF glo). N\TTAEXRER: go)=f(x),a.e.xEE.

(2) Rk, BE fi()7E E EARREKMEBERST f()8, WFE
€>0,0,>0 LA K& (&} ,(ETH

| m({z€E: | fi (£)—f(2)|>¢e}) =0 (%)
BRI &, ) (R
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limf, () = f(x), a.e.x € E.

jroo i

WL XA f, () E ERMBEEST f(2), X5 O F B EE.
(3) AR, ML FINS (), BFEE }HER £ (DEE

EILFA T f (o). R SHEMEF 5 { ] (=)}, RFFEAEF 5
{f" ()} EIL AT (). NTTHRHE(2), BAE R &AL
(4) AR, (k) ER
%}Ef;,_(.r) =0, aex€E £k,
MTIARYE fi(2) = fiiq (2) (REN), Bl H]
E..Iﬂf"(‘r) =0, a.e.x € E.

Bl 10 AUERA T3 4 .
(1) B {E:}CR" BRI ES], W {xs, (x)} B KW BE Cauchy FAY
R LBERMER: lim m(ELAE;)=0.

k., jee

(2) " m(EY<<oo, f(x), f[1(x), f2(x) =, fulx),J E LJLF
REAE A RRAPTB R 2, W fe (O} E LERBBERSFF(OWESE
MR

liminf{e + m({z € E; |fi(x) — f(x)| > a})} =

koo a0

B (1) R HES € 12>e>0, MR | xg, () — X () | >e B
R E\E; 5 EN\E: #J7 £.

(2) oW HKEARR,IEL e0,a<e/2, FE N, EH

m({z € E; |fix) — f(x)]| >a}) <e/2 (= N).

M8 a+m({z€E: |filax)—f(x)|>a))<e(k=N). ¥ « WTHF
RO, B A k—ootiliR. i IE]ME FTHE.

ol LE()={z€E,; |filx)—f(z)|>a}, HBEH, X
% >0, N, 24 k=N B inf{atm(Es(@)}<e NTIK T . 4
2N, 0l >0, 8 ai+m(Ey(a))<<e. HREH ap<<e(k=N). BLES
@ =sup{a) U ac<e(e=N). B, IFEL e0,0<6<e, 7 N, E
&

m({x € E. |fi(z) — f(z)]| >8}) <e (k=N).
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XA fo(0)#E E ERMBEWST f(2).
B IR TN .
(1) E{f.(0)} B ECR' LikRERSY,BFH
| fula') — fo@ | < M| — "], 2',2" € E,
W { f.(x) & E _EJLF4bab e 8 31].
(2) & ECR' H m(E)<+4oco,{f, ()} E 35 ] i pg 25,
M f.()E E ERKRBERS T fOBRSVERGR.

_ | falx) — f(2)]
limF,(z) = lim = | fo(x) — f(x)|

MEBR (1) R ARE B WA, 3 €>0,0>0,FF4E N, {#18

m({x € E; |fo(z) — fa(z2)| =€/3}) <o (n,m = N).
BE 2 CE R
| m(E (| (xg — €/3M,x, + €/3M)) = 20 > 0.
MMTHFEES 2an € EN(2o—e/3M, 2o +€/3M), LA B 2,y m;, {18
| fo, (Tnm) — fo () | <<&/3. WM s 24 nym=N B,

| falzo) — fulxe) S| Sulzo) — £, (20m) |
+ ‘fn'.(‘xn,m) T fmj-(‘rn,m}'
+ | f (Z0) — o) |

<2M|zxy — x, .| + €/3
<2e/3 + €/3 = e,
X fo(2)TE x=x, ZbWE.
%id' Iue E, ﬁﬂz 303"0&{%1% m(Eﬂ (10_509104‘5{})) ZOJIU
[alO) R —BFE z=x0 LWL B 5 F AR 45 12 B L.
(2) &M KR, HES 0,60, FFE N, 4 n =N WA
m{z€E: | fi{)—f(x) | =ZeDD<o. RAEH s EFHR | fu(2)—
f()|<e®,hE OKF.()<e, L limF,(z)=0,a.e. 7€ E.

oM HERH,ES 0>0,e>0, 1 E;CE LR N8
m(E\E;) < &, |F.(z)|<<e(n=N,z € E;).
BB f.(OE E ERMERST f(2).

B 12 RIEW T .
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M BF@), fil@)(@eEN)RR FHFHMERE, HF | f.(0) <
F(z),a.e. z€R; XIMESR 0,98
m({x € R', F(x) > ¢e}) <+ oo,
# fo()E R EJLF KT 0, fu(x)fE R LRI BEWL ST 0.
(2) @HEXE ECR ERTRRET]: L)< fr(a)<<
ful) < F fo (o E BB T f (), W fu(2)E E EJLF
AW T f ().
) WLH@AGIEHNBEEER (n=1,2,),H fL(2)
L0, 1] B BT f (), FE (o) EES 2=2, L, 0F
Falzy) = f(xy) (n—> o0).
B (D) EE(z€R'; |f.(2)|>e}C{zER': F(x)>e),H
i, HEHEE A 57 0 BB L R L3 AT
(2) KRN, 724 (e}, H 1R
Eirgf,,i(.r) = f(x), a.e.x € E.

MTTARSE { fa(2) ) B 8 FHE , SLBP BT 50458 L SE.
(3) L. BE fo(xo) Z n—>colf RAULELT f(x0), MTFHE &>
U,Uﬁ{fnk(xa)}rﬁﬁ
[ (x) Z f(xo) + 6 B S, (x0) < flx) — &

HR—EERGL, MH o & f WEBESH, FE 6>0,E48
f(x) < flxy) + 6/2 (o< x<< x4 8).
BT f, (o) =1, (@)= f(x) + &> (), B E
m({z € [0,1]: f, (@) > f(®)}) =38 (k€ N).

HX Y f.(OE ] ERMERAT f(OFE.

X fa — TR IE , IR

& 13 A NEE TR e

(1) i) ECR” ERIBWETF f(2), {gr() ) E B
MW HT g, M{fHL(D+ga @ EE BKRMBWHT () +
g(x).

(2) B m(E)<oo, {fi() | E FHRMEWST F(2), (g} FE
E FRMEBWSET ¢, M{filx) » @+ ()} E E LK EWST
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flz) s g(z). FH m(E)=—4oco, MR F —EH.

(3) & ECR™ FH{fi ()} E E LIRBBERAET 0, {g:()}EE L
H BT 0, W{ fela) ge () VEE E E AR BEWCSLT .

(4) i ECR" Hm(E)<+oo. & filx)XE E L&KM BEWNT
f(x), B f(x)F0,fi(x)#0a.e. xE EGREN), W 1/fi(x)FE E LK
M EW BT 1/ ().

Bl () FEEE&XER.

{x € E: |[(fi(2) + ge(x)) — (f(z2) + g(x))]| > 0)
Clz € E; | fulax) — f(2)| >0a/2}
U{z€E.;: |[gis(z) — g(x)| >0a/2).
@) ME—=TFFS, (Dg, (), WERHLFE f, (DEE L

a.e. WHF (o), WHEE g (DDFEE L a.e. T g (). A
fi, (g (OEE Ea e, WHT f(x)g(a). X8 B M LS 1L

¥ m(E)=+ooftt, HM T, & E=[0,00) , ¥ER
falz) = . * € L0,m),
1/x, x € [n,00),
g.{x) =z (n € N),
W folx)ygo(DFEE FERMBWAT f()=0,g(x)=2. R
[folz) + () F HAKMBERRTF [ (D) +g@ ) fule) g (2)EE
EHAEKMBFRAT f(Dg0)=0,XRHEHI{€E: |fu(x)g.(x)]
>1}=[n,00).
) BFETREEXER: Gf e>0)
(z € E; |filx)gs(z)| = e} C{z € E; |fu(x)| =€}

Uz €E,; [ge(x)| =~¢€}.
4) RHRE fi(x) RENYT f()ERR 0. KB, HE—F
FI{fir ()} BFET I f,, (VLT f (). R, X
£ —F 5| {1/fs (I)}iiﬂgﬁﬁ¥§!1{lr/fj ()} LS T 1/ (2.

5 B Al B4 R RS
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§3.3 ARG EERIBHIKXEK

. I

T Jlyauu(F#)) F f(2) ECR" EMJLF 44 E PR A9 0T 3 5k 3, ) Xt
L8 6>0, K E PHHABF . m(E\F)Z5,#18 f()BR F EROESE R

Wit 1 & (R ECR EJLPALFRE T MFE, UHERE >0,
ER ER—PMEERH g (2) . ER
m({x € E. f(x) # g(z)}) < &
FERREABMUTELR s(DORFEIE.
Bit2 F (R ECR LJLFALARK TG, WFEER EHES
eRE N {g: ()}, 1EB
limg.(x) = f(x), a.e. z € E,

k—wco

£ RITWME.R EHRK
i, Iﬂﬁgﬁr

(1) =
T® =1, prms

AIRAZR A U E 1605 ) E LR B3 6 RXBEE .
lim lim[cos(n)2nx) J* = f(2), x € R

oo koo

RAUFAFER EHEEREI (g:(0)),F8
limgy(x) = f(z), = € R,

34 X DR W

Bl1 BETIIEE,

(1) &EE XEL0, 1] EATETTMRE f(o), X FL0, 1 ]PHE
—FWE Z, f(OHAEL0,1]\Z L&EE.

(2) |/ fORR EMLETTHEE, AFHBEEFHFE g€CRY,
{18

m({x € R, |f(x) — g(x)| > 0}) = 07
B ) FEL0,1]PEX Cantor B H, m(H)=1/2,2 0¥
1, x & H,
@ =1_1 ;e il\d,

SE0L,IINDNHAZ, HAMEEH x€ ([0, 1 \2)NH, (20—
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&, 2o+ HBH[0L,INCZUH)Z R X f()E 2=z, o EEE.
—1, IE{:G&I/‘Z)!

(2) A—E. AW f(2)= 1 16[1/2,1].%]3“{%% g€

C([0,1]): g(1/2)=A>0,FHE 8 >0,F B Y € (1/2—8,1/2+8,)
B, g () >A/2. 2Bt A<0,A=0, Bl o] BiE.
B2 K UERR T 6 .
(DEFf@OER LHLETRHER,HEA
flx+y) = flx)+ f(y) (x,y € RY),
W f(x)RELE R

) Bf@ORI=(a,0) LR LETHER. & (OEFPE
CPY ™R .

z+ v\ _ f(x) + f)
f( ) Jf-‘é. 5 y, xy,y€ 1,

W fecd.

Bl (D ER fa+h)—f@)=FfWLURE f(0)=0,fLl BE
WEBH f(2)TE z=0 Zb LRI O], AR 8 Nysun EB, JHEFRAL F.
m(F)>0,f8 f(x)TE F L (—BO®ESE, HIsHEER e0,7F% 6,.>0.F

() — fn|<e, |z—y| <8, z,y€F.

REWRF—F,mE 2 §2.4 FH8 2 5E,HTE 6,>0,818

F—F>O[—4,,6,]
mﬁ min{d;,d,} by U 24 26[“3i3]ﬁ m?ﬁﬁ:r, ye F, R 2=z
— y, W P[5
f(D)| = |fza—»]|=[fx) = f»| <=
XU f()E =0 b REZEM.

) BEBFSHERAH, MR fF(ORT EHEFRE, W
4 fecD.

XML BE () x=x€ ] (oW LR, HEEX B L2, —28, 20
+28]JCI, KPFE &S

§,€ (rg — Sz + )y, fEDZ=Zk (h=1,2,).
MPEEN € (6—68,4+8,.BRE
o — 220 2 29+ 20, 20 — 20K 2" 26, — < 1y + 26,
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B 26=2"+z, 08 2fGO<f () + f(2)). NIF f(x) =k 8 3F
f(&' )=k, X% B8
m({z€ (& — 8,6+ &) : f(x) =k}) =06.
W R, N FEE KR LBE
m({xy — 20 <y + 20: f(x) =k}) =0,
T EH f(z0) =400, F . BB IFIL.
B3 EXUEEH T 5 iR .

(1) & O TELa,b] 0T, MAFEEB TP (P.(2)), #78
limP,(z)=f(z), a.e. € [a.b].

(2) & f(O)R[0, 1] ER B MR, NELE f,eC0,1Dne
N, imf,(2)=f () (0<x).

00

WA (D) B Tysun EB, N EEW nENFERAE F,.Cla.b]
(neN), 8B F.CF, .,y m([asb \F,)<1/n,B fECF,)NnEN).

MPFE g€CLa,b D), 8 g(2)=f(2)(EF,,nEN). 1t XLHIFE
ELWK P.(x), {8

|g(x) — P,(x)| <1/n (EN, x€[a,b]),
i f(2)—P.()|<1/n(xEF,,nEN).

j% F = UFM ﬂw m([ﬂ!b]\F) = 0. R'T -Tﬂe I, ml.lﬁalﬂ ﬂua-fl"{}e
n=1

F.(n=n0). NTIRHESR 0,8 ni>no, H 1/n,<e, WA
lf(Io)_Pu(Io)"il/ﬂ‘(E (n >ny),

BR 19 B iLE.
(2) M‘ﬁ% SO =0,f=1.EBHREN)
— 1
En (x) = Z xf (k/n, (R+1)/n ](“T) + . f {ffn—mn.lja(*r)*

il 1;:!3313]"-|gn(I)—f(I)1Q1/n{ﬂ€N).ﬂﬁEﬁ
lgEHI(I'} — gzr_-(l"}i < |g2a+1(.1‘) — f(’f)}
+ lga(x) — [ K172,

ﬂ%ﬂZ[gEk+1(.r)mg2* (:r)]Zf(.r)*gg(r)ﬁéﬁﬁﬂﬁ}‘]ﬁﬁﬁﬁ
k=1
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%4 HKIEM T
(1) B/ f(x)R0,1) Eay T R 3, WAFEERD (R} ha—>0
(n—>0), 15
limf(x 4+ k) = f(z), a.e.x € (0,1).

T

(2) i ECR! BRU[Hi4g, /. E—~R'. HHEEM>0,FBXHEEH
r€E,HFH >0, K&
[f(y) — ()| <My—2), y€EN (x,2+ &),
W om* (FIENSM » m(E).
(3) |’ f(2), fulzx)(k=1,2,- )R ECR (m(E)<oo) FFL1E
AMER, BA Imfi(2) = f(2)(z € E), WAHES 60,7 % ACE

AR koym(A)<<S,{#15
@S f@)+ 8 (x € ENAE > k).
WEER (1) R Nysun B, A{EAE F.C0,1): m(F)>1—
1/n, f(2)¥E F. &S, NTTH 7.~0(n—>00), 5
[flx+h)— f)| <1/my zyxz+hE€F,, |k <2,
B Ay b | <9 (EN). BHI m{x€EFy: z+hEF,))<<1/n*(n€N).
B HELE E.CF,, m(E,) >1—2/2%,1§18
\f(z+ k) — fx)| <1/n, z€E,.
HEHE(E )W TRE,m E_TEEn) =1, B8 FriiE.

(2) Z S,={z€E: | f(—f@)|I<My—z),—¥] y€EENN
(z,z+1/m)}, EREE 2€ S.NE REPFI 2.} TS, (nEN): lim f(z,)

= f(z2),S,NE=S.,.8 S, R RE. BRE
S, S, -, |JS.=E.

nz21
EE:*SI!Eg:SE\SH'"#E%
m* (B =m* | |JSED) < Sim* (FED),

n=1 n=1

LA m(E)=> m(E,), L R EH

n=1

m'(f(ED)< M-+m(E,) (n€& N).

)i, AR LR
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f) —f@) | <Mly—z| (€ E,y€ E() (x,x+ 1/n)),
Mo ERNE.ENZIFE.MER/MF 1/n. \TIADR EMER
INF Un, | f()—Ff@) |<Mlz—y|(z,yEE).

MAELE e >0, MR G: GDE,m(G)<m(E)+e,HA L,(REN)
G MK E, I1H |
SO — @ <Mlz—y|<M- || (x,y € ENIL).
FK, (ENIDEF—HARXBEIFKRERZEH M- |I]. N
m"(f(ENI)) < M- |I,],

m (fIEN DO m (FEENTND<SM-mG) <M-m(E) + e

=1
B 1% FITiLE.
(3) & gn(.r)=s_§P{ff(I)—f(.r)} (z€EE),E,={z€E;: fi(z)>

f(z2) +8),Gi= UE.-(kGN).%ﬁE{I Gi={x€E: ga(2)>d}). B X
hmgk(.r) O(IEE) F}fu llmm(Gt)"‘—O Eﬁ@] (IjD'G*_Fl(kGN}ﬁ

Jeon

m(E)<+oo,B{H
m({x € E. hmgi(.r)>3 [ﬂ )

koo

B b B o, 8 m (G, ) <8, 364 A=G, BV T4,

§ 3.4 EE&REW I

X AEHF

AT VT W R RS 05 T T R, R TS AR Y
BT RVER B XBOR—F. KE M, FLE R f()FE, S8 (r: F2)>1)
5 G0N R—HH, BITE TRE# .

518 Ff(OBRZXER LHLESE N f@OER MY FTLEYL
BEUR: PR PHE—FRG, GO RTRHE.

EH1 RA(ORR EWEEZER . g(ORR EHTETHREE, TS
PRI A(x)=flg(x)]R R L&Y 7] 3 oF ¥

T2 VT, R—-R BELETHR, Y ZCR" B n(@)=08,T " Z)BEEN
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B2.E(ORR LATHETHBE. N ATG@EHERR EHRTRHEEH.
Bt HAOBRR HEETHER,T: "~R" BEFHFREHTER, N
f(T ()R R* LA ] iRk ¥

4 760 0 R S W

Bl1 METHIMEE.
(1) & (FHHREO

—n, r<—n,
%(I)={I, —n<zx<n, (n&N).
n, n<x
FHiE (ORR FPHEEBE . &5 —V n,¢.(0)=@[f()]JE R |
E4%, i IEH fECRY.
(2) iKfE g€ECRY, f(FER LT, {B fLg(x) ] £ i ok
.
(3) ® f()E ECR' LA[#, EHIX R PE—FARF,f 1 (F)
LIk E-3
()& fOEa 6] L7, H m<f()<M,g()E(m M] B
i, RIEH gl f ()] [a, 6] LTI,
B (D AERY.: E—RKRE @, ,f (@,0)BRFE. RITH
n: n>max{lal,|b|}, A
¢ ((a,b)) = (a,b),
fT1a,b)) = g ' ((a,0))] = ¢, ' ((a,b)).

(2) % () R[0,1] 1 Cantor 5,2

¥ () = EEHD

w0, 1] ™REEEAMELERH. i2 C B[0,1]19H
Cantor 4, W B ¥(C) gy A<l f| F4E.
MES f(OREE W) LR IEREL1E
glx) =¥ ' (x), =€ [0,1]
B, f(2)=0, a.e. z€[0,1], g(x)R[0,1] LAY 8 H I LFAKE
LR HH fleg(x) MHELO0, 1] EAE W] ok 3.
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Q) FEUE)) =fFUF).

(4) WFBE.

B2 AEEA T 3 MR

(1) F fORR EHTRHEE, N f(a—y) & R XR" LAY]#l
PR X
(2) I FECRY,g(x)RR LHTHRIRE. EXNETRHTRE
Z, TRV, W g[f () 7] R %K.

(3) Wa2=flu,v)RR FHEERE, 2. (2),g:(x) R I=[a,b]
CR' EAEETRIRE, N F(2)=f(g,(2),g:(x))R[a,b] EH 7] M
BR ¥

(4) & f(x) e XA 0, 1) Loy 3546 oR 3, T 0 77 78 T i bR 3%
g5 hiz) , FH

f(zx) = g[h(x)], = € (0,1].

B (1) () i8 Flx,y»)=f(z) ((x,y) ER"XR"), M H K3} F

tERH
{((xyy): F(z,y) >t} = {(x,3): f(x) >¢, y € R},
FrLA Fx,y)R& R*XR" L #7] il ok %

) FER'XR B RXR" HEFRLEHTBT.

x =& — 7,

y=§&4+79,
GEERBT T.Flr, B FE—7,84+n=fE—p AT fE—7)
72 R*XR" _L#Y ] i og 3K |

(2) M GCR BFE, WM (g-HG =g ] BH

g (GORTME, FrUFEZTME Z,,Z;, 00 & Borel £ H,{E73
g G = HZHYVUZ,, Z,CH,HNZ,=&.
MTRMNE L OI=UTTEDNTEOHUSMEZ). B ES
fx) ELEYE, I £ (H) & Borel 8. X i f1(Z),f " (ZHET]
W48, 7T H g (G IR AT 4R , B 18 FTiE.
(3) MHEE tER,A G={(uyv): Flu,v)>t}=F '((t,00)), N
z€I. F(x)>t)={z€l. (f(2),g(x)) € G,}.
=5 G BRAFEE. G.=(a,;,b,) X(c,,d,), ]

(§,7) € R" X R,
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{IEI: F(I) :""t} = {IGI: gl(I)G (31351)93'2(-1:)6 (flrd';)}
= {IEI: gl(I)E (ﬂ]sbl)} m {IEI: gg(:r)(f (Clrdl)}-
WHHE G, BEABITHAFERZHE. 6= J., /.=

n=1

(a,, gbu) X (cn‘}dn) !ﬁﬁ]ﬁ
{x€I. F(x) >t} = |J Uz € I f(2) € (a.,6.))
n==]

N{x€el. glx) € (c,hdD}).

HIHE F(o)%&E T Lo,
. a 0,
x=§;aﬁt,
F e X

o0

k@ =) 2 w0y =0,

n=1 3"’
WAC)FE,1] EHEEIE. 5 r0,1 D=2 Cantor £8FHK,
m(h((0,1]))=0.
B, HE RE
fR~ Y (x)), x € h{(0,1]),

g(r)——{ 0. oy
M fx)=gh(x)), Hd g(x) ,h ()R 0,17 EH L-77# g %K.
(DB f@)RR EHEETMRHE,F (2, y) 2 R LAIELER
W.E5H

flz+ | K<FUSf(x),f(»)), z,y € R,
W fOEERBLRAERRE.

(2) # f(2)R ECR' FRYLEEBE MAMEERN <0, FER |

AfMEY g (o)MEB H, HCE,{§18
m*(E)=m"(H), |f(x)—gx)| <e, x€& H.

B D) £ g@=|f@|+|f(—x)|3#4E ECR' ,m(E)>0,
#g()EELER NMHBENY 2, yEEB, f(a—y)BEFH.
H% E—EDB(0,8), Btk f(x)FE B(0,8) EFHR. #¥ =€ B(0,8),
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finz)H 5+
(2) G) X fEO)RTTEBHMIFIE, B F(E)={y,y:, } B}, 2 E,

={I€E= f(I)=yn};ﬁ“ EZ UEnt .l-[-tﬂ?.l-‘f}ﬁ Al:)El: m(A1)=
n=1

m"” (El) 11’”; AEDEE\A1 rm(Az)ﬁ?H' (Ez\Al) rﬁﬁ m(A'l mAz):O:
- EATH (A

A, D E\N U:A] . m(A) =m" ﬁ\Ul A,

m(AyNA) =0 (k=1,2,",n— 1).

it H=|J (E.NA), MEAETHES. SOH,m(S) =
n=1
m"” (H)- JJ:tH‘T!EHCAl UAZU"'UAn!ﬁ"‘Jﬁ

n—1
EH\UA;CEOAHCAHHS (H:2131”')9
i=1

m(A, 1S %m'(Eu\UA;) = m(A.),

i=]

m(ANS) = 0, | CJA,,\S) —o.

n=1

psh, | E.C Q A,cSU| CJ1 ANS) T4

n=1
m*(E) = m*( DE,,) < m(S) =m" (H).
n=]

B HCE,#m* (E)=m" (H). fE&¥
v.e € A, (n € N),
glx) =

0, x¢€ ( Ulfln}r,
W g(oH)Rf, H gla)=f()(z€ H).
(i) X —BEEH (), MEBEW e>0,4F g(a)=e[f(x) /e](x
€EE), 50K f(x) —glx) <e, H g(E)TE. BHG).
B4 RIEETHI @,
(1) ] f(2), fulx)aENER' LU[#,gcCRY,H limf,(2)

= f(x),a.e. zE R, M liﬂg[fn(x)]:g[f(i)]sa- e.z€R'.
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(2) % fal)FE[a, 6] EHKMEBWATF f(2),H g€ECR), N
g[fn(x)]E[ﬂ ,b],tﬁ'ﬁﬂﬁlﬁlliﬁi? gtf(:r)]'-

B () KBRAH, FEZCR: mZ)=0,#18f.(x)—~
f(z)(n—>o0, xE€ERNZ). AN g€ CRY LA limg[ f.(x)]=g[f(2)]

(x€ERN\Z), B8 FriE.

(2) BE BH g[f(@) ], gl fu(@) ] ENYE I T RE. HK,
MAE—FFglfe (]}, MBEHE £ (T [a,b] R ERKT
f@) BTSN fy, () FELa,b] EILFRLERT f(2). HELAL

g[f;,.j(x)]E[a,b]J:IL¥ﬂt&J:llﬂIﬁ? gLf (x) ]. X5t B M R 45 2 L O

§ 3.5 SN[ eEEL

AN
BN ZFHEEXERXRETIT LA TSRS (O g(2), EXEER 1€
R & |
m({xel; flx) Zt})) =mUx e l. glx) =1t}),
MHF (O g HWTHEE. YR AT BV MBAESA—-ERFR -1 R F

MEFERVAE FO)=m({z€1: f()<tN<4oo, WK FOR f(OET LY
SHRK.

TH #HAD.g@OEI=0,DEEM.E (D, g(ORBREELERE,
M fx)=g(z),z€I=(0,1).

A HEHRSARPENFTMRY. o AR AE SFRAEEED.
Jo 7 AR

Bl1 RETHIES.
(1) RTFFIRBAEL0, 2n ] LRI HEE F ().
(i) sinz; (i) sin(32/2); (ii) sin(2xr—mn/4); (iv) coszx.
(2) & f(@R[0,1 ] EHTIBEIE F@OAHZTHRE. KT
REEL0, 1] LMD R E
(1) f()+e; i) cf(x)(c>0); Gi) ().
(3) &[] sinz 5 sin (nx+ @) (nEN,aERDTE
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G) [0,2x];  Gi) [0,x]
T RETHMREG?
(4) | () R(a,0) LB, AFAMNES AR FOE
to € (a ,BIRLIELE?
B D @,G), G FREE R .
x + 2arcsint, |t| <1,
FG) = {0, t<—1,
27, t > 1.
(2) () FG—c);Gi) Ft/o);Git) F(Y¢).
(3) () &&;Gi) AR,
(4) FTE 20€ (a,b) LIS H {4
m({x € (a,b);: f(x) =1t,}) = 0.
(D BHEEING,) 2 (pa) : limp,=+o0, HA

falx) = |sin(nzx + 6.) | (x € (0,2%)),
W fa(2)FE (0, 27) _E AR B VAT 0. -
(2) BAE I=[0,4n ] ERBRET ¢ (o), E/BMEEMN t€RF
m({x € I.sint >t}) =m({zx € I, g(x) >t}).
WEBR (1) B R |sin(rz+6,) | 5 |sinx | 20 § , B LA
m({zx€ (0,2n); [sin(nzx + 6,)|" >t}
= m({z€ (0,27); |sinx| >¢""}) =0 (n—> o).

(2) & E;={z€I: sinz>t}, f)=m(E), W f)iBW,HHE
JU—1L,1D=/fRHY=[04x], fOE[—-1,1] ERB——B 5. BLAES
g=f "l g()FE[0,4n] LB, H g(x) >t ¥ HMNY 2<<f Q).

i3 BETHIEMA.

(D) & f()R ECR" LR R ¥, E X

f () =mf{t € R': m({x € R'; f(x) >t}) <}
(< r<<m(E)),
ok fHdEAREREGRED . IKIER f 5 BF Y.

(2) WK TR B E X E eI A EHE.
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(i) sinz,z€[0,2x]; (ii) sinz/2,x€[0,2n];
(iii) tanz,x € (0,7).
(3) WK fla,y) =2+ TF 22 +y'<<1 ERyIEF EHE
M D IEBE.

T—T

(2) (1) sin( -—2"—) (0<Tr<2m); (ii) cos "i’({)%réz'n).

(i11) cotr (0<r<<w).
(3) fr(t)y=~1—7/n(0<1t<mn).
Bla LBETHIEE.
(1) B f()FE I=(0,1) LRAETT#l, WMFFEHE —8 toER,HE
() mUUx€l, f(x)=t1)21/2.
(1) MELH e>0,m({z€T: fF(2)=t0+e})<<1/2.
(2) # f(x)E ECR' ERJELET W EE. EHFAE MR, {HE
m({iz € E. f(x) =M})=>1/2,
m({lx € E; f(x) < M})>=1/2,
TBR M 4 f B4 10 R B 5 iR ] o i e — A g
M (O L2gW=m{z€l. f@)=)), W g()BMAEES, B
g(—oo)=1,g(+o0)=0.FEH E=€ER': g(\)=1/2},ERF LR
B R, 110 sup{z: tE E)=to, W t, € E B HFFR.
(2) RA—%E.
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$DNE Lebesgue 14

§4.1 FEHMAMBREARS

E=ANE
(=) R TR RRPBRS

EX1 BADERR ELWEATHREARE . TESE AG=1,2,-,p) k
K{E Cis '

f(x) = Zcr.-h,.(r), UA='= R", A, n A,r'z 1] (@ # 7).

i=] i=1

EEC . # MEX f()EE LHBRSH

[ frdz = SemcE N 40,

XEBAHESTE dz B R" L Lebesgue MR HRE. (EB . BNIYFAE 0 o=
0.)

BE 1RSNEREER B f(2),g@ R R LH3EH T RRE, f (2
Eﬁﬁ A (i=1 !29"'1P)_I:mﬁ ﬂ,‘(f=112v"' rp)'qrg{I)Eﬁ% B_,‘(j-=].¢2!'" ili')
.tﬁﬁ bj(j=1y21'" v(}') pEEu’-ﬁ/yﬁﬁ];ﬁ‘

() & CRERME, N LCf{:.r)dx - CLf(:r)dr;

Gib) L_g: f@) +gandz=| f(r)dx+Lg(.x)d::.
ER2 ZFEJRR FHBHITRESH . (OFR EHIERTTHA AR
.

J' Fladdr = nmj ftordz, E= |JEu
E J—— E.i,-

k=1

(=) EERTRBHUEHTRS

EX2 ®fORECR LERTTMER. RiNEXSf(OFE LHRY
N
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[ iz = sup {[ heode, b R R L3 UMM R RS -

k{z)= f(x)
rek

X BB TR A+ oo j S(@dz<oo WS E LRTRE, K /()

& E FROTHRRGEH f€ LE)).
B & SO BR AT T F R B
(DWW D g(DORELITHNFERATHREYE. F f(D)<g()(EE), N

qu)dxgjﬁg(x)d:.

X —HERH: & (O E LIERTH,RITH

(A) HEHFEE FERTTEREH F(), 8 f(OO<F(2),z€E N f()EE
F TR,

B)FH f(FEELAR, B m(E)<co,W f(2)F E EFRL.

(i) F f(O)RE LHIERTTMEE.ARE Fail+4, 0

Lf(.r)dl = Lf(.r)h(r)d.r.
Git))  f(OHRE LIERTRHER. &F F(OEE EJLFL4%FE, N
[ f@adz=0; KT E mE =0, [ f@)dz=o.

A Lf(r}dx =0, fF(OEE FLF R BTE.

EER3 F(ORE LHERTTHEH. MU f(O)EE ERILELLEERY.
d ®’Sf@, g E EEATTBREE, N

(J.Ef(:r)g(:r)dr] 2 < (L:f(.r)d;r] (Jﬂg(x)dx) )

TEEE 4(Beppo Levi EBIFFAFIRIRS) AT L& E L# A 3E 0 AT K
1 ElP
fl{l‘) ifz(.l") é é f}(-l“) é "ty 1imfi(.1'} == f(:r}-. I €& E,

k=0

W lim | fite)dz = | flarda.
F B foOELkLEIERTR, BiE[ate,6](e>0) LR BL FHFERB

lim| f(x)dxr =1L,
=00 ate
B £t Larb] ERTRL, B
rf(x)d: s

| RFFICa,61 18 Lebesgue BUHEIEY [ f(0dz | Hefoldl 57
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1imf Fe)dr = rf(x)d.r.

=0 ) a

A + oo
lim '[ f(x)dx = j f(x)dzx.

TH SRS HRERE) ® f(D.gORE LMIERTHEN, o, f I
ik g8

L(ﬂf(x) + Bg(x))dx = aJ‘Ef(.r)d:r 4 BJEg(I)dI.

EE6 H{filx)BE FERTTARYEGRES,BH
limf;(zx) = f(x), a.e. z € E,

§won

il limLﬂ(I}dx = Lf(z)d.r.

k==c

2R 7(EWMRY) H{(ORE LHERTHMRES, T

e

Jng;(.r)d.r o ZLﬂ(I)dx-

Bt BEC.ZU=1,2,)ENE=BG#). HEf R E= U E. kY
Ak £ 7] it ok &, WY

jsf(I)dI = JGE f(z)dx = ih f(zx)dz.

k=]
k=1

7 8 (Fatou B|) & (fi(x)) R E b a3 ol 8l R 5, Y
j lim fy(2)dz < lim | _fu(2)dz,

| — ==

TR HA@DGRENRE LERTNEYR. FEFEE LIERTRER
F(z): il O )SF()(z€EE), N

mj f*(.x)dxgj lim £, (x)dx.
E

s E k—=oo

TH10 R/(OREIHILELLFRMOEATMEL  m(E) <o
[0,00) EFEMT X2
0=yo <<y < << Y <o > 0,
H yo—3<é (B=0,1,). F%
Ei={x € E: < f(x) <y} (k=0,1,),

[ fG)E E FRTHE YL HUSRYE D yom (ED)<+oo. HE

k=0

Li_ﬂkzt;yam{ﬁk} = Lf(r)d:r:.
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0700 B R

Bl1 BETIIME.

(1) RER FEETTHEE (), EfEE—XE LA

(2) % f(2),g(x)fE ECR" LR IERAIIMERE. & f(2)=g(2),
a.e. € E, A EBH JEf(I)dI:JEg(I)dI.

(3) & f1(z) s fu(x) R E LIE AR R eR %L, X UE B
= 1/2

@ F@=| D@ F] 1 E L#;

(i) G()= >, (fil@)fila))VE E LR,

1<5i, ksm

@) iRMFE f@=[14+Q+z2)e "]/ Q+2)FE[0,00) L[ FE?7
(5) B/ f(ORECR EILTFALAKTFEHTREE, BFERE

Lf(.r)dz:o,ﬁﬁ@ﬁ m(E)=0.,
ﬂ (1)%Q={Tn}aﬂ¢

IIl >19 o
{]'1 |I| = 0, f(:r) — Zzﬂ'g (I_ru)?
n=1

W A(x)<A4o0,a.e. zERY, f(2) W R EXR.
(2) & E\={z€E: f(x)Fg(x)},E;,=E\E,,m(E,)=0. ®M#AE

T, 0< 2| <1, h@) = D 27gx— 1),
g(x) =40, !

[ f@ra= | f@lts @ + 15,22 1da

— [ fydr + [ flordz
El ""Et

| g(x)dx + F g(x)dx =j g (x)dz.
E JE £

45 2

(3) () BEFSR
F(I)Q (i":'l"‘tlff(:r))1’HE + (r:ﬂjrg(.r))l"’2 + e 4 (mﬁn(x))lfz

< Vm (fL(x) + [o.(x) + oo + fa(x)).
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(i) G X [fulm)+filx)]/2.

=i, b==m

(4) BB QA +2)e " >0(xz—>+o0) , HFE X>0,{EH

0< flx) < F(I)ﬁ——%‘a’/(l + z°) (x = X).
l_ﬁ F(I)E[Grm)ijkﬁﬂﬁ!‘ﬂlﬂﬂ f(I)E[OrDD)_tﬂiFE
(5) RiE%. B m(E)>0, M FCE; m(F)>8>0, U &
kEN: f(2)=1/ko(x€ F). AT A

0= Lf (2)dz > Lf(:r)d.r > m(F) /by > 80/kos

X FHOFE. M.

2 AUEEA T 5 M .

(1) #® L@OREmE)<oco) FIERTREE, U F(OEE L
A,
(2) W f(2)7E[L0,00) EIERAFR, F(0)=0 H f (OFE, WFE
B

J f——(I)dI.
[0,00)

(3) %EnEza"'rEu E[O’s1]¢PE’¢JEIM%![U*1]EF§“.§§¢E
FLEARBESHPH L PG ,WE ELE,;, -, E, FLEF TS EHM
BEXTFHET £/n.

(4) & F(FER' L7, 0. (0,00)>(a,00)(a>0)HREW R
¥, 0

m((z € R |f@)] = a) < 5[ o1f @[ 1da.

WBR () FE.E£ A={z€E: f(OOK1)E AU R, E E\A
EH L@ o).
(2) HA®MNE }iﬂf(r)/£=£ﬂ[f(r) — Q) }/(z—0) =
0, BFRASTELR 0, F1FE 6>0,(815
O S /2 << 10 +e (O<Tz<<Ta).
mitE f(o)/x (0,0 L[, HNAZERK

oo + oo
J ﬁﬂdxélj f(x)dx <+ oo,
8 X 0J;
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W4 f(x)/z TE[8,00) LA, EEE.
(3) HAY cc(0,1]0,H

ZXE'-(I) ; k!
r==1]
JIt LA
ngf(r)d:r = k.

> mE)= Zj 3

IE.(I)dI = J
i=1 [o,1) '
HEB—Nm(EDE/NT k/n, 1
Zm(h) <% «n = k.

X S HTRT & MEHE 0, 618 m(E, ) >k/n.
(4) EEA%ERX

[ o1f @1 1dz > o | /()| Jdz.

lzERY, | fix) | =a)

*}"J adz = a +m({z € R | f(2)| = a)).
(zeR', 1f(n)|=a)

Bl 3 AR T 5 A .
D BEf@DH gx)BRECR FIERMMEE . BHmE)=1.FH
f()glx)=1,z€E, N

(Lf(.r)d.r] [Lg(x)d:] > 1.
(2) & f() R R FERTRREH, S
F(z) :J f)dt, z € R

(—oo,x)

EFEL®YM | f)dz=o.
R

(3) & f@OE[LI]EERBHBE, W0, 1JPHATNE E.
m(E)=e, B

J;f(l)d:r < JEf(.r)d:r:.
WEEA (1) RIyig f(2),g()FE E L[, #&{E
[ rea) ([ g@re)” = [ VF@r@a = m@ = 1.
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i I B 78 B iE.
(2) &, ERERYE F(oOF x M KMEY, BE

400
lim F(x) = f(x)dzx.

r—= 420

LA, FHRIR lim F ()70, F(2) % R ERTRIEE.

(3) % E[zEn [OgEJpEg'—-[O;E]\Eng:En [f!ljrmu EI UEEZ
[0ve), E\UE;=E,m(E;)=m(E3). 114

rf(r)ci:c — f Flo)dr + j Fl)dz
0 E, E,

< ‘ f(x)dx + f(e) « m(E,) = J f(zx)dx + J f(e)dx
E, E, E,

W

<[ fedze + L_ flz)dr = j f(z)dz.
3 E

JEI

B4 SIEH TG,
(D) B (OIRE LT REE,B
limf,(x) = f(x), a.e. x € E,

F=o0

?ﬁ E)’C‘!ﬁ

limm| | (z € E: |fi@) — f()| >e}] =o.

j=oo k>

(2) W () R[a,b ] L EETHEE, S 0<g<b—a, 1
F={ECla,b]: m(E)=q}, Nl

inf [J—Ef(:r)d.:c}> 0.

EcTl

(3) & f() [0, 1] LA AT, BA
Jlfn(l)dx = A (n=1,2,),

WMAFAL0 L PHTMR E, 8 f(2)=Y:(2),a.e. 2€[0,1].
) R fELEYH f(2)>0 (z€E),

limL[ ()] dz = m(E).

k—woc

W (O BREF=Z=|§3.2PM5[ERZ  AGEHRX I ETE
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A A m(E)<+o0, BB m(mE,(©) =0 #eth m| | Evo)) =0
- k=N

R ZBEED={(z€E: |filx)—f(@)|>e)). BAEZH|fi(0)|<L
g()REN UK g(FR[FRME, AN —U] REN,F
{x € E; |fila) — f(x)| >} C {x € E. g(x) >€/2},

f g(:r)d.ra;j g(x)dx <+ oo,
{x€E; g(x)>¢/2) £

LNIEE R

m( QE;(E)) <m(lz € E: g(z) > €/2})

< ‘&! g(x)dx <+ oo,
€ J(zeE, go)>e¢2)

XRLMEDE T _EREE. AL,
(2) B, R iﬁrg_[Lf(.r)dx} =0, WX HERM REN, 74 E,

Clasb): m(ED>q 8| f(0)dz<1/22REN). & 5= U E,
k n=] k=n
55 m(S)>=q.

& b
Lf(x)dx = J f()Xs(x)dx < J f()X - (x)dx
a a E

]
k=n

[= =

< ZJ flx)dzr < > % 2,}“ (n € N).
E, k=n

k=n

B (4 n-*m)Lf(x)dxz(},EF%ﬂ f(zx)=0,a.e. z€S. X 5Bi%

X J& iR .
(3) ) AAXNEEM LEN,F

m( z € [0,1]: F@ =1+ —;—])[1 + %)

grﬁu)dx:x (n € N),

B m({xz€[0,1]): f(D)Z21+H1/RD=0GFEN). BH m({x€
(0,1]: fF)>1D=0,B1 f(x)<l,a.e.2€[0,1 . \NTIXNE
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13 f‘(l')_lg
rl:_!glﬁf"(:r) {0, Fy<l, W4 E={z€[0,1]: f(x)=1}, \TTH
m(E) = JIIE(I)dx = J lim f"(x)dx = llmj f(x)dz = A
0 0 oo

HI 78 BT iE .
F LRGER,E OFRERRYE, WELEN f£(2)=
Xe(x),a.e.2€[0,1]. XHEFEFELRX

j (@ ]dz = [ f@)dz =2 (1 =1,2,).
l1mJ Y (x)dx = hmj M ()dr + llm-l. Y 2)dx
B\E,

ke k==cc

~ 1imf”*(;c)d.z+j lim /" (z)dz

o El ko E\El koo

— | 1dx —i—J ldz = m(E).

JE, ENE,

Bl s KUEE T 5 M.
(D)’ () R[a,b] EREEF RS, (E.) Bla,b]FR7HT
w5, EFH

limj. Flx)dzr = 0,
E

n--00

W m(E,)—>0 (n—>c0).
(2) B1E ) CLO, TR FTHMEN. 5 m| BmE,) =0, XHELH >

n—=oo

0, FAEL0, 1] A F48 A,/ m([0,1\AD<e, HEF
gmm NE) <+ oo,
3) B{fu(2)} R E LEFTRELH. # lim| fi(2)dz = 0, W
!LEIE]:I — e dr = 0.
B (D) RIEE. BRESFRAR, WHFE >0, U X({E,}:
m(E,,) >0, A T35 BT 40 VB 7 40 jn j fir)dr}>ﬂ {63
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588X & k. |
(2) KBRS, HFE2C[0,1]: m(Z2)=0,% z€[0,1]\Z,x HJ&

F B AR B S e, (1)< 001, e 2€ [0,1]. NTIRHES €
>0,F#E AC[0,1 A & M>0,E15

m([0,1ND <&, DX (@K<M (z € A.
n=1
HBLHATH

S m(A N E,) = szxgn(r)dr <M.
ne= 1 ne=]

E ARREEECE D m(E) <+ oo.
=1

(3) AKX 1—e "<t (0t <o) T[HI 1 —e U< S, (2).
#le EXUERH T 5 .
(1) & fE€C{0,00))NL(L0,00)), H B 1F {5 5 3 R X, |

'+'C¢J

o1 —
lim f(:c)_{ f(s)ds = 0

Pl o= r

WHYM >0F f(e+)/f(x)=>0 (z—>+o0).

(2)-ﬁtyf(ﬂﬁ)agikr)iéi})pDD).t:ﬁEﬁﬁiﬂﬁﬁnﬁ@;ﬁhuE[X¢1§?EiHﬁ.ﬂ::’or
fe€EL(0,a)),g€ L([0sa]). HEH

Juif(lfhjl'::_k OO, -{EE{(I)(Lr*i:—F OO,
J +f (2)dz > [ gla)da.

WFER (1) BH X rs<<z+t, B

f(x +t)
f(x)

Ao We>0,B0<8<1,8/(1—<e, FHHE M>0,{F15
24O () (a>M). BT X3 2>M,

peor=£- 75 oo = 75|
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+ e
0 < %J f(s)ds/tf(x).

I

+8 oo
F(s)ds + j fu + a)du}
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1 +&
< mj f(s)ds + oF (),

1

8
(1—6)3«"(;)%[ F()ds/ f(x)<a.

(2) FEE. BEFAE M>0,#8X =>M,FE S, 0<5,<r,H

r+5,,

:-‘-i--f!'r
J g(.r)dx;j Fla)dz.
r—Sr

r-—Sr

EHZRH,FEN: N>M,#H 5

I:f(x)dx > ZI g(x)dzx.

0

GANG =S, r+SHRIMNIH— 1T HBE MFEARER: .=

(n,Sr‘) (k—:l!z;'“}z)- % J = Ufl(ﬁ J ':P.'il-i%zﬁ:]: I.l' q:%ﬁ
k=]
B

+ 50 !
ZJ g(x)dx = ZJ g(x)dx = ZJ g(x)dx
0 J b=

1v 4,
{ N
> éjuf (x)dz > Lf (z)dz > JMf(z)dI,

XIS,
B 7 X UERA T 5 R .
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HOREZF M AE , B I A

n/2 ®/2 -
j f(x)dr = J- cos’zdr = —.
0 0 4

(3) R H,,TETE 0, 0<<6<<1,f#78Y 0<x<<sWH

LI—(I—) — |2 =TSO oy + 14 M
T X 0

M | F(x) /2 <M/ z (0<2<8), T g(x)TE[S,1] ERELL R
¥, ERETFHEMN. B g€ L{0,1D.
() #E F(x)=xin(1/2%) (x5£0); f(0) =0, I {E% =0, f (&)

fele, 1] b5, HSHHLE lim| £ (2)dz. AT

fl(x) = {Zx*sin # - %CG’S ﬁ! x# 0,
0, r=20,
i BF sine=>=2t/n(0<r<<e/2) , O] Al
sinz? 2> 22%/1 (0 < 2 < n/2).
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MF sin(1/x8) =2/ (rx?) 2/ 2?<<+o0) , AN TT5
| 22sin(1/28) | = 4/(rx)s | — (2/x)cos(1/x*) | < 2/ |x].
FREMNA (@ =2QC—4/0)/|z|,fELL0,1D].
(5) YERH f() =X, (x)g(x) =X 0.0, (), W] gl Fx) ]=1.
Bl 2 A UERH A A
(1) & fELMR" g€ LR, N B %L
m(x) = min{f(x),g(x)}, M(x) =max{f(x),g(x)}

e R TER"
fER" LA
(2) ® fFELMR),gECRH g(x) =0z €R, M ¢la) =
min{f(z),g(x) } 7E R" L0,
(3) & f()R[0, 1] Exynl L%k, HA

L @ I+ £ Pz < oo,
0,1

m ferLdo,1D.
(4) /& f(2),g(x) R I=[a,b] LB REY. 5

Ef(:c)d.r - Eg(:r)d.r,
MKE f(2)=g(zx),a.e. 2€ [a,b], REHE ECla,b],EH
| fde> | glarda.
i D) FEERX

m(z) — f(z) + glx) -2|f(.r) — g(x) | !
M(z) = f(z) + g(x) +2|f(r) — g(x) |

T a.e. x€R" B L.
(2) ERB: E.={z€R"; f(2)0}, UL
E,={z€ R g(&) < f(x)}, E;={z€R": fx)<gx)},
W ZH p(x)=f(2)(xEE), ,px)=g(x)(x€EE) ,p(z)=f(x) (€
ED,BER'=EUE,UE;. BV & ¢€ L(E)),9p€ L(E,), i Helx)
=g ()< () (€ E) X5l o€ L(E,) , IEHE.
(3) ATHM feL(0,1)), BREI X I R[H#EH LY. &
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FEFREN () [ In(1+ | (@) DRL0, 1] EF v Rk, #E v R
il | F () |7 B8R, X HREA InQ+ [ f(@) D=1 8| f(2) | =Ze—1 BFA
. HEER () | <e—1 8, B TFXE0, 1 JHMEEFRA, 8F
He—1XEHEREHRE. WA R, T EARME XREHIRKAH
5 il bR 4K
- AHLEERS
E,={zx€[0,1]: [f(»)]| <e}, E,=[0,1]\E,,
e E:]
lf(-??)i <e, €& E
()] < | f (o) |InQ + |fx)]), x € E,.
KR FELEDH fFELE) AT
f€ L(E, UE,=L0,1)).
(1) BEME—0 %L ECla,b),H

I f(:.':)dx’(." g(x)dx. (%)
ﬁlﬂjuﬂ’.@ﬁﬁ] IE—F] R ECa 0], 0HF
JEf(I)dI = JEH(.I)CII.

B W, 7 Eﬂc[a,b],ﬁ%L f(:r)d;r<L g (2)dz, fii 1B &

Jns f(.:r)d.:r)-j. g(x)dz, X5 X FE.D)

NE,
X4 >0, fE R 5%
E+: {I e I: f(.r) ;g(f) _+_ E}!
E_={z€l; f(z) <L glx) — €},

5 Hl JE f(;t:)d:r:‘—“L g(x)dj:,JE_f(.r)d.r‘——J glx)dz, NI 1B HH

E_
m(E))=m(E_)=0. :X{RBH
m({zx €1 f(z)# g(x)})

ek

—m| |Jlz €I 1f @) — g@) | = 1/n)) =0,

n=1

B4R AT L.
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Bl 3 KEEH T 5

W B Sf@RE LT HEE. EFE o€ L(E),¢€ L(E), §18
()< f()<¢(2) (=€ E), W f€ LE).

() | f(2),g(x)BE EVikdt. &5F

fx) < gla) (x € E), .(Ef(‘x)d“’"":’_ o0,

Lf(:c)d.r < Lg(.r)dx.

B FHE fEeLo1)),MEEF g€ C0,1D, 8B f(a)=
g{x),a.e.z€[0,1].

(O FEEXFR EWEETHEY, FEME—KE[a,6], 5
J‘&f(r)dx = + oo,

W (D EE MO @), (@)<¢ (2)(z€EE).
(2) R [T (@)<gt (), f(x)=g (x)(zEE), &5

J f+(:£)dxﬂj gt (z)dz, J g (:r)d.rﬁgj [ (x)dxr <+ oo,
E E E E
j F(x)dz = J FH()dx — J F (2)dz
E E E

Q‘[ gt (x)dx — J' g (x)dx = J. g(x)dx.
E E E

(3) ¥E[0,1]%3 Cantor & H: m(H)=6>0. HH H4E[0,1 \H
ELO,1JHHE, BF X () =0 € [0, 1\H), FILAMRFE g €
C(L0,1D), #18 g(x)=xy(2),a.e. 2€[0,1], T4 g(x)=0. BIX R
AR (Xg(@) =1 E€H), B m(H)=30>0,xs€ L([0,1])),iFE.

(4) Elnyn+1]JENYHFAEX Cantor B H.(nEN), F 18

2 m(H)=1.%& HC[a,b]}22 Cantor 8,1 KN Z 2 Cantor &
¥ o), EREMMEY H BHR0,1]E. 4
¢gu(x) = tan[ngy(x)/2] (a << x < b),
EiNAE HN (a,0)BEF (0,00) k. 1
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by (x), x € H,(n € N),

flx) = {
0, HAth,

]
| J f{x)dx=+oo,

Bl 4 BLIEE T B R .
(1) i fELRY, B ETHIXME I,id

fI: ﬁjff(-r}dr‘ EI:-' {.Ie I: f(I)}fI},
iy [1fxxa-—.fndx~=:zj [F(x) — fldx.
1 E,

(2) & feL(a,=)),% F(J:)=rf(t)clt. +H F(xo){E[a,o0) ki

W0 f(2)=0,a.e. xE[0,00).
(3) i EC[0,11(k=1,2, N)Ru[4E , HPEF =412 #

N
#[0,1]. X4 8= D> m(E), UK
=1

S, = iimwj NED, Ss= 2, mENENE,
y e 1<
& ﬂ[ i]{&(l‘)}zdr = S, + 65, + 6Ss.
(4) | f(.r):%[t},_ll]tﬁ f() =1 7] 1 R %,
Ef(x)lnf(z)dx = ( j:f(x)d.r ﬂlnf(:r)dm] .
i8R () HEERE MENRNA
[l £@ = fijdz= [ f@@> — fdx + [ fi= Fanda

NE,

=Jl+t}-2‘
Jy= f1r(\I| — m(ED) — fr+ |I] + Lf(.r)d.r

= [ f@ydz— | fdz=| (@ — fidz

i

/i IEEP AR T k.
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(2) AYBE f(OREERY. HERTH, L GCla,~),
%ﬁjﬂf(x)dx;ao. T [a,00) 1l G, B4 H,@.ﬁJ.Hf(I)d.r;G.

A SE [a,00) PIYE— TR BB | f()dr>0 BAES

E,={x € [a,); f(x) <—1/n} € N),
E={xr¢€ la,o); f(x) <0},

ngjﬁf(ir)d.rg- -}; cm(E) <0, m(E)=0 (n€ N).

BH E=| ) E., T H m(E)=0, Bl 18 FFiE.

=] -

(3) HE EUEUE=[0,1]JU<i<j<k<N),HUE
X[g,ﬂ.(r) =Xg, (z) + ng(.r) + Xg, (2) — Xe (x)Xg (x)
— Xg, () Xg, (2) — X ()X, (2)
+ Xg (2)Xe (2) X5, (2D
i u] 40
1=m(E) +m(E) +m(E) —m(E; Y E)
— m(E;  Ex) — m(E; N E») +mE: N E; N ED.

®IE
1 N 1
=] > @dz + 3 O (2 Xe, () + Xp (DX (2))dz
0i=1 OGN ' ’ ’
] w
+ 6 Xz, (2)Xe (2)Xp, (2)dzx = S; + 65, + 6S.
01 <jhEN ’

@) &) & [ f@)dz=1, M 2lnz>lnz(z>0) 50
f ; Fnf(2)dr = J;Inf(x)dx.
(ii) BE J‘:f(r)d;rzi-‘,él,‘% g(_fizf(x)/z,ﬂll g(x2) > 00
DB [ gCe)dz=1. A8 '

1 1
J g()Ing(x)dx },J- lng (x)dx,
0 0
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In( 142 da,

]

J': f(;«:)[lnfg:c) — lnl]dI ;J

1 1
%J f(@)Inf(z)dxr — Inl }3:_[ Inf(x) — Ini,
0 o

1 1
J- f(DHInfle)dx =1 - I Inf(x)dzx.
0 0

s RUEEA T 5 Al

(1) BASe (@) R E LW THEBHE I & | fi(0de>—o0,
|
limj filzx)dz = I lim fy (z)dz >— oo.

k=00 E b=

(2) @ {(fila) ) B E b0 7] 0 o MOl K 5. jEf1<x>dx<+m,
Al

j lim f,(x)dx = 11m f&(.r)d.:r < 4+ oo,

E k—= oo

Q) BW{filx)} RE LB WMEEF,FELE)H F(2)>0(z€
E).# fi(x)=—F(z)(x€E), N

j lim f,(x)dx < hmI fi(x)dx,

E k—>co koo

(4) % fLELE)(REN),FELE). HH
fi(z) < F(z) (z € E), Ej fi(z)dz #— oo,

i g__q;fi ()T E LU, HE

limf(x)dxr = 11mJ fi(x)dx.

E k—=co b—=oo

(5) #t FEL(E),fLE€EL(E)(REN). EHH
fi(z) = F(z) (k € N), limj Fi(z)dz #+ oo,

k-wco ) F

muj lim f+ (z)dz<lim j fulz)dz,
E b—wca koo,
if8l (1) &4 }imf&(r)=f(1)(,r€£)ylj!|]5%u
fF@<fF@< <A<, limfi@ =@,
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@ =2 f(@) == fi (@) =, lgf:(x) = f~ (x).

MR lim | S do= | limfT @de. RE | f7 (@)dr<+o0, B

E =i
ARE [ £ @de=lim| fi 2)dz. FRRITE
lim| f(z)dz = J f(2)dz >~ oo.
keco) E E

(2) FH{—Ffe (@ MHEERL T QO FZ HEHE.
(3) HAKNE i) +F(x)=0(xE€EE), LA

Iim(fi(2) + F(x))dr < lim | (fg(.r) + F(x))dx.

E k-+co ry——
H#F FeLE), T4
j limfy(z) + j F(z)dz < hmj fi(x)dz + j F(z)dz.
E k=0 koo E
7 B B 78 B .

(4) EAEEN mEN,F
F(x) = igp{f;(x)} = filz) (k=m),

FrUAEH (EE mEN)
+ oo > _ sup{f*(.r)}dx;?ﬂjlgf;(x)d,r (k =m),

J_Ek;m

"

+ co > | sup{fi(z)}dx = HI fi(x)dx >— oo.

JE k=m k=00

FEF sup{f;(r)}?’" sup {fi(x)}(mEN), WS m—>coflif

kZ=m--1

llmJ fi(x)dx < hmj sup{fi(zx)}dx

meoo) E kZm

= j lim sup{fi(2)}dx = I lim f; (x)dx.

E m—oo k=m E — O

G) ZUF WP ZHEEBERE{(— fi(n)).
M6 AL THME.
() F fELE), A
m({x € E; |[f(x)| >k}) =0Q/k) (k> o0).
(2) % fELN0,00)),% fulx)=f(2)Xom(x) (n=1,2,+), N
fal)FEC0,0) BRI BEW ST f(2).
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(3) | FELRY, AN «>0F
m {z € R If@ 1 =af 1f@1def )<

(4) # o(z)B[0,00) EHI BB, f(OUK filx) RENE
ECR " EZEEMER. HH

umL@( | folz) — f(x)])dx = 0,

b—=oo

M fe(x)TE E BRI BEWSLT f(2).
(5) & £.€ L0,1D) s fu(2) >0(2€ [o&])ﬁﬂﬂ@)@:pm

(n€EN). %2 N A < oo M3t a. e. 2€[0,11, 1 N, HH f. ()<

\/I(_H>N).
Wl (1) & Ex={z€E; |f(2)| >k}, HFEEAFHR

kemED< | 1f@)]dx < | 17 1dz <t oo,
, .

(2) WELL 6>0,2 E,={x€ (0,00): |fulx) | =Za}(nEN), M

+ o

m(E,) » o< | ]fﬂ(x)|dxéj ()Xo () |z
"'Er:

0

o+

[ T1f)dr >0 (- oo,

w T

) 4 1=] 1£(2)|dz, E= (x€R': |f (@) |>at) Rl

1> [ 1f@de>al - mED.
EE

e I B 48 BT .
(4) HEAEA 5, F{EE 0>0,H

K m({zEE: | filz)—f(x)|>a) ):-quo( | Fi(2)— () Ddz.

i I B[ 48 P k.
(5) & E,={zx€[0,1]: ful@)>V A} @EN), RIA

1
m(E,) =f Yo (x)dx gj Fulz)/ ST dx
a E,
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| 172
:A:l.f"i _J [Fim)dr < A7V« /m(E,) [L‘ f,,(;r)d.rl
E JE, )

LA ATV Sm(E) = A e m(E)YA
A m(E)<V A EN). TR D, VA <400, T D m(E)<
n=1 n=1]
+ oo, AT m(Z)$0(2'=ﬁ_n;En),|ﬂﬂ?|i3?f r€Z,RFE N, B 2CE,

ﬁu? ﬁﬁﬁﬂ?ﬂﬁa@“:
(1) & f(z)fE E E3E s, &4
Y={y€eR: m({z € E; f(x) =y})# 0}
& [ 3 AR,
(2) % fFELWO, 1D, HERFAMN 1 AR E. £S:(2) =

%i =L aen.m

1
IimS,.(x) = J f)dt, a.e.x € [0,1].

k—- oo

E HF a@=4 2ot | B lime @ TULFLATEE,

(3) Wm(E)<+oo,f(x)RE FHTHEY, BF 0<f ()<
M(zxE€ E). XEHHE‘J A 0=f0<31‘:32{'"<tn=Mr’ﬂ5 E;= {r€E: f(x)

n—1
>1,} (j=1,2,+,n—1), Bl Sa= D>, (t;— ;- )m(E,) , I

j=1

sup{S,) = j flx)dz.
a E

() & FORR FAGERMT WM&, 5 J:If(x) de<
0o, Il

lim ij F)de = —[ F(x)dx.

== 00 2

B (1) ) BE feEL(E),B%
Y., ={y>1. m{{x € E: f(x) =y}) >e¢},
X tystysestn€ Y, RITH
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Nep < 2: m(iz € E: (@) = ) < | f(a)da.

XU Y. BERE. YL | V., RTRE.

k,j EN

(i) & f()&F E EARTE, U mEN,EHE min{f(z) ,m}.
(2) iEB%.
(3) MR A FRBERB(E, =)
n—1
faz) = D tdee, () (z € E),
i=]
W 0 fA( )< Sf() (€ E). \T 5N

n—]
J f(z)dz }?;JA fa(x)dx = Zt,-(m(E.-) — m(E,, ))
E E i=1

#=—1
Z(: —t._m(E) = S,.
=1

e oh, XTE% e>0,4E4r % A, fE15
max |¢; — ¢_,| <€, f(x) —e< f,lx) < f(z) (x € E).

1=i<n
B4 52 S Lf(.r)clx—e : m(E)ésﬁngfmdx. B e WiEE
¥, 078 BFEE.
(4) X €0, B no, (18 -5 <50 Bl M= 1 £ ) d, 0%
ﬂﬂT(Ii(nDd{_] )T H_‘j- !:ﬁ

T x n T
|lJ' F(t)de — ljfmd: ~ ‘lj f(e)dt — lﬁjﬁf(r)dt
0 T Jo HUI 0
1 T T — ngl
5“;_ILJIf(:)lerrL!f(tHdt | 22l
M r—n
< z +M :c'l' { , T M f<€

Gls AU TS WA -
(1) BECR Hm(E)=1,f()#FE LEETHE,Hid A=

jgf(x)dx, 1l

M1+ AT < j N1+ FPlodr <1 4+ A
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(2) & f()fELla, 6] LIE AR, Y
(1) ( J f(.r)dr) ':?"b—_J A (2)dx (0<<ALD),

1 SN U P
(i1) ( jf(x}dr} %b—_—j A (x)dx (A>1;A<<0).

(3) % FE L0, fwf‘ﬂ‘h—jr &z, () =a K
0.1

), a.e. z€[0,1).
(4) & f(2),g()R[0,00) FIEF B L, (), (2)R[0,00)
EIE AT R WX o<, B

( Ef[??(t)]g[@(r)]sb(t)dr) [ Ii¢'(t)dt]

> ([ 1o o) ([ st o).

i (D EFREFE (0 =0+2)", B o) R (F)H Mk
. #4E Jensen 7E<%iﬁ(w(x)51),7§(¢42<{ fE(I)dI}

1/2

VIF A< |1+ Lf?(.-r)dx] _ [J [1+ f)ldz|

QL«A +- F(I)dIQLD + f(x)]dx =1 + A,

(2) & )= U g @) =2Q— D ERBE =0 B, FH J')<0
(0<<A<<1) ;' 1) >0(A>1;5A<0).

3) HE e @—a)te'<e” , HES R LY HALY r=a. B1XH
RiE. BRERTE, 4 a=| f(@de, UFHE ECL0,1]: m(E)>0,
{5 &

e’[f(x) —al+e <&’ (z€E),
J [f(x) — aldx + & 'CZJ e’ Pdzx.

FEF j;[f(x) —a ldz=0,¥H A0 A

[
Flzdx T
EL" = ¢“ <I e’ dx.

3]

X 5 BT g IR
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() 12 dp=¢@dt, FED f(O)RZIEMBEMRE, =7 BB # g
Poain Al RTmEEFERNR .

01 I‘-"“?l'.:__‘fp
f(r)=[ 1

11 I}fl.
& A={€la,b]: o)<, ) B={t€[a,b]): et)>1}, M BITE K
15 H

(Jg[@(”]‘i#}( [[du) > rd#] g[sa(r)]dp) ()

0
%Mﬁhkiﬁ(*)i&&ﬂ%%ﬁg(.ﬂz{l =, 4 C-
y I 2
(t€lasb]): p()<Ly)D={t€ [a,b]: e&)>1,}, WA L,<l, B, (%)

Ld,u} fdp);::- [J dp (J an),

XBRBAL. % L=l B, AEHR £ 8 ¢, B0 1B3E.
B (D=2 g(D)=zx,(2)=1,RINE
r;v ) ele)de rga 2(¢)de

2Ty
rw(t)dr b —a

Glo LI TH M.
(D®RELBRY.EZXN R LEBRHERTTMER (o), 8F

[ f@redz = o,

M f(x)=0, a.e. zER".
(2) & FELEYECR),H0< A = Lf(x)dx <+ oo, MHH
EfRajiT+48 ., FE8

[ f(x)dx = i;:"

(3) W fEL0,90)),g(x)TE[0,00) L0 M. FHFFETE M>0. [§ 15
lg(z) /x| <MO<z<+o0), M

lim —j S g)dt = 0.

4o
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EBE (D) KB, SHE—H R MA ECR': m(E)>0,47%
Lf(:f:)da::t}. Hy R M AR I 1 LS

(2) iﬁ E::En (“Dcyt)atERI !#ia
g(t) — Lf(.r)d:c,

t

Bl el B 2 X SR ] H L SHE S ) >0, 777 020, HE | Ar| <y 8k
A

gt + a0 — g0 1< | | f(x) |dz

EN[e.e4 b2

F

< | f(x)|dx <.

J [tst+42)

X g€ECRD. BH g(x)BBHEER.HF
lim g(t) = 0, limg() = A,

f— — oo i =

M 0<A/3<A,FTURBEERPPHEHEE M, FE to: —oo<t,<
+oo,fE 18 g(t)=A/3;

g(ty) = J f(x)dx = 4

EN(=c0,ty) 3

& e=E (—o0,1,), I BFTIE.
(3) BB, M ES e>0,FF7E N, ,{mﬁrf:m | f(2) |dx<<e/2M.
LAEE N, (878 |
—i—Mm . f‘ f)|dt < = (x> Nyp.

2
AT Y z>max{N,,N, i ,BH

J F(Og(t)dt \ < Mfz | £() | de

N x
< MNIJ L F) e + MIL £ |de,
1 1

_l‘_ x MNI Hl + o
> Lf(r)g(z)dr\é*-“—'x L lf(r)ldtJerN | f(2) |de

1

=€ UEHE.

e | €
<72t
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%l 10 HKUEHA T 5 M.

(D R g(x)BE LHAIREEXMNEELN fELE) BB f- ¢
€ L(E),MEx—1FWE Z 5b,g(x) & ENZ LA FREL

2) BEE f(YELUa,bD. EXEEBEN c€[a,b]F

f ]f<x)d.r =0, M| f(z)=0, a.e. z€ [a,b].

(3) % f€LULa6 D . LiC[a,bJ(REN)RK[AF]. ZBHFLE A>0,F
&

[} () [dz <AL (k€ N,
]

il

k=1
B (D) FEZE MRBRERARRS, WL —BHEERETFH
{ki} , (E 1%
m({x € E: b << |g(2)| < ki) =m(E) >0 (G =1,2,).
R TEAE R B

signg (x)
. ¥ - E:‘s
flz) = {!H“m ey T (G =1,2,+)

[}! v _f:: E,'.

&l A

| 17> dz= ;L,.’f(“’") dx

= > e (E) <+ oo,
< Il+(lf2‘.i . m(E,) t
Rl fEeLY(E) ,BEMNE
= k; .

Jaf(I)g(I)dI ; Z I-1+(1T2] . m(Er)m(E';) = 00,

X f« gELE), FE.

(2) BEWRARAL, MFE ECla,b],m(E)>0H f(2)EE £
EASETE. AHBRELEE L f()>0. EHE F,FCE B m(F)>0,
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HA G=(a,0)\F, &i1H
J.Ff(.r)di‘ + Lf(.r)d.r = J S(x)dx = 0.

B | f(2)da>0,B7LA
S fdz = | fade#o,
nz=l [au’ﬁnj G

ﬁqj{(an!bn)}%%ﬁ G ﬁﬁ?@ﬁiﬂﬁ:%ﬁﬁ#ﬁ ﬂ{:!ﬁﬁ
L .5 ]f(:r)d.;r # 0.

- I
o M

ip AT
| [a,a,u]f(‘r)dx #o & | 70
X5 R E , W45 AL
(3) A EITEEET M, TS >0, FE >0, eC
[a,b)H m(e)<<é Ed-’ﬁ_[, | f(x) |[dx<e.

ﬂ& !ji'h-'.ﬂ II?IZT--'?Inu!ﬁig

m( Hrk];ﬁz m| HLJ — 8,
ﬁ%*[a?b]q:mﬁﬁiﬁlﬁjwﬁ:}: L(I:]!Zs!ﬂﬂ)q:lﬂqzli\- Aﬁﬁ‘ﬁi
fiTa

J‘G]I*f(I)dIZJ’{. GI*}\(ECJIIJ if(r)‘dr-i-jtjf | f(2) |dx

k=1

ngﬂj | F(@) do<e+2D | Ll <e+24 + m| Lilh').
k=1 k=1 k=1

2 e~>ooHMB B L.
Bil11 RIEHT I M.

(1) & feL0.1D, BE J:f(.r)dx?ﬁo,ﬁlﬂﬁﬁ[ﬂ,lll:ﬂﬂﬁﬁﬂﬂ
Eﬁ g(.r) !ﬁﬁ

1 1
j | f(D)g(z) |dz <+ oo, j | F(2)g?(x) |dx =+ oo
0 0

213



(2) # FECP0,1D,g€CV0,1D. FEH m(S'(0))=0,
g (x)=00<a<<1), M

I = J;g(r)(|f(x)|)'dr = — Jllf(.r)lg' (z)dx.
8 (D) FE[0, 1) BRBMEAMEAKX B (1), #5

J.In|f(xj]dI=an>’0(n€N),Eﬁgan<+m, ]:jg'jﬁ%g; a, <

oo EMTRFA), BAF ()= S0 2, G0) RATE

J | f(x)g(x)|dx = ZJ | f(z)|dx « \/1_ = > Va, <+ oo,

[[1£@ gtz = ZL f@idz e L = S =+ oo,
0 n=1" 1,

i'l n=]1

(2) 20, D\ (=G, 5MGCRAE,HTLG =U "rba)
WRREZH). RIA .

I = ” g + ZJ. )g(:r)( | f(x)|)'dx = ;Jﬂ:g(x)(lf(x)l)’df.

Wen=(antb)/2nEN) , HEBINENn, B f(2)#0(a,<x<by),
W ()R FEFEST N AME, B AE R,
(f@) ) =signflc,) « f1(x) (a, < x<b).

M (EE f@) = b)=0)
I = Esignf(c,.) g rﬂg(r}f’ (z)dx

n=]

b
—— Dsignfen| F)g (2)dx

n=1

- b" 1
=— 2| 1f@ g @dz == [ 1/ g (2)da.
n=1" @, 0

Bl 12 A UER T3 ap A
(1) #& F€L(0,00)), M limf(x+n)=0, a.e. zER".

(2) % FELRY,KCR" B, 1
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lim Lwlf(x)ldx= 0 {1yl =(£ny]”2)*

lyi—=+oo

(3) ® ICR! BRI, f€ L) ,a#0. F%S
J={z/a: x €I} =1/a, g(x)= flax) (z € J),

Bl geL(n,ﬂﬁLf(.r)dF a |L Flaz)dz.
W (D) HY fax+a) = f(G4+1+G—1), Y R EEH

(0,19 &9 S BRT. HIEM, X A HRE D [ f(a+a) |#E[0,11)L
Fabab WS B R R FB T
| >ilfGt+mldr =3 [f@+mdz

(o, 1]1:51 ) n=1 f0.1]

B ZJ[ a+1]
TS £ Cotn) [N = 69 BBCRAEL0, 1] E FTHLEY , B TR SLE 4

n=1]

A FR Y, BRR R JL - 4b Ab i 8.
(2) HBEHA llm ff(,r)|d1=0.’5}'6'ﬁigg{f.:r]},,li[lj

|ziz2r

f(z) |dz = j 1 f(z) |dz <+ oo,

[1,00)

j |f<,r)|d.rgj 1f(x)|dz -0 (|y] —+ oo).
K+{y}

{z: |z| 2|y —8)

3) WD) ESf@=x),ERTHHME, N ECJ. BT
XeCazx) =Y e(x)  8H

Lg(.r)d.r = Ta ‘m(E) = T_}.[ f(x)dx.

LRI f (o) R 1 7] W R 3R, S5 iRt K.

Gi) ¥ fELWD),BRMBTMBEI (@ (), FE/ a(2)>f(2) (2
—+o00,z€EDH @@ < |f(@)]| (n=1,2,«,2€D,W%E ¢.(x)=
a(ax) (€T n=1,2,), g(x)>g(x)(n—>o00,z€J), RNA

|cz|_[ glx)dz= |a| llmJ . (x)dx

A==

= limj @ (x)dx = Lf(.r)dr.

n-wcof |
13 BETHIRE.
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(D& fELRD, g€ LRY,HA Llf(r)dr = ng(r)d,r =1,
HIEAXERER € (0,1, FE R FAME E, F17
Lf(-’r}dr = J.Eg(.t}d.r = 7.

(2) K f€L0,1D, EMERH: XFL0,1]PHE—WEm(E)

=1/2 TR EHH | fa)dz = 7.

(3) B’ f(2) #(0,00) LH WM. FH3f (0,c0) PFIEBMHERE m(E)=
1 5 m(E):«/?Elﬁﬁﬁﬁﬂﬁ,i@ﬁhf(x)dxﬂhﬂﬂ f(x)=0,a.e.x€
(0,00).

B (1) & A={z€ER': f(x)>g)},B=R\A, UK A,=
(—o0,t)(NA,B/=(—o0,t)(NB, ¥id

o) = JA,U(I) — () Mz, ¢@) = L [g(z) — f(2)]dz,

SR ¢x) gD R EAEFEERE, HE
lim ¢(z) = lim ¢(¢), lim @(¢) = lim ¢(e).

== — oo [t ="=1 t—=+on t— 4o

M tERVFE A=A, 8 o) =¢A). X4 C,=A,UB.(€
R, Cc.CC.:<s5), HE
lim m(C,) = m(C,).

=i

E]ll:h,h(t)%jcf(r)derrg(r)dx ER FESES. H limC=d,

[ — O

lim C=R"FTH A EH N 0 F 1 BT A B, XAt € 0,1,
HE L ERLER hG)=r,E=C,.
(2) Q) MER m(E)=m(E)<1/285[0,1]P 7 F£ E, .E,,
A AE
m(([0,1\ED\Ey) =1 — 2m(E) 2 1/2 — m(E,),
AT ARTBCCLO, 1INED\E, F R[5 E, 18 m(E)=1/2—m(E). A
M4 A=EUE,,A,=EUE,, T

m(A) = m(A,) = 1/2, j f(:r)lir:J f(z)dz,
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[ farde + Llf(.r)dx = [ fla)dz + j flx)dz.

E,

mlsﬂll%nj f(.r)d;.:=j F(z)dz.
E, £,
Gi) MO . RNE
1/n 2in 1 1 1
j f(x)dz = j Fla)de = - — j Fxyde = If(.r)d:r
0 (n==1)/n nJo

1/n

1/2 1
=l('|' fdz + [ feode| =1L 4 L= L
niJo ni 2 2 n

1/2

TS F(I)zj:f(s)dt(eéx@),iﬂaﬁ]?ﬁ

m k/n

_ 1l _m

nl ;j(iml}fnf(x)dx B ; n n

Mt z€QN[0,11,8 F(x)=x. B F()WEEEM,TH F(x)=x
O<z<). XH F (2)=100<o<1)B3 f(x)=1,a.e. 2€[0,1].

(3) H¥ o<~ 2 —1<1, LAt >0, 7 LEN,nEZ,#i B

0< (V2 — 1=k +n2 <a.
B H (k+n~ 2 ) (hyn€Z)TE(0,00) R,
WIE R m(E)=k+n~/ 2 B{E—T M EC(0,00),
(i) & k=20,n20,NF 0 E=E UE,. 18
m(E,) =k, m(E,) =n~2; ENE,=;

L; f(x)dx=0= L: f(x)dx.

m

F

(i) & £>0,n<0,MF# E, E;: E,DE,,#18
E=ENE,, m(E) =k, mE,)=n~2; Lf(.r)cl:r = 0.

Bja, SHE—IEME E,{E{E} .
??I(E‘) = k,‘ + [ TN 2 (k,‘pﬂi e Z)] llmm(E,) = ??E(E),

oo

J F(x)dz = limj‘ Flz)dz = o.
E E

==

XWH f(x)=0,a.e. 2€ (0,%0).
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1
B 14 ﬁJ- | fu(z) |'dz<M(nEN),H limf.(x)=0,a.e. £ €
0

=00

(0,17, IR B hmj:lf,.(x)ldﬁo.

b ]

B R, XS e>0, FFFE T U T R EClo,1], 8
m([0,1\E)<le, f,(x)fE E L —BlAF 0. RINAF

1
j | fo(2) |dx = j | fu(x) ldz + Llf,,(a:) dr

L0, 1\E

N

1/2
[ IA@z] om0\ + [ [£.02) lda
[0, 1\E E

< ~Mm([0,1\E)2 + L f.(2) |dx
< A Me + J | fa(x) |dx.

4 n-vo0, 7178 Tm [ | ful) |da<~/Me. B ¢ 94T B4 , BN 78 L.

§4.3 EHWHEHE

xE X AN

ER1deMEd &/ 1E€ELWE) k=1,2,-+),BEH E,“if*(f) = f(x),a.e.

x€ E. EFEE EWABRHE F),#ER
| folx) | < F(x), a.e, x€ E(k=1,2,-),
ni#

limIEfk(:)d: = JEf(I)dz. (%)

=]

GEXH F() BT {f1 () HEHRYED
B O FAFHEIEIREEXT ERAYE.

lim (1) — £ ldz = 0. (x %)
b0 E

AR, BRITBHER G OR i) EE B L' B XEREF f(o). —BFEH, X
COREREY ¢ OB (EEREEA G,
ﬁ?[‘s%ﬁ(* *)&ﬁﬁ?&jﬁ_‘%ﬁ llﬁfi(-r) = f{I)\}a. €., I E E.

ALY fi(o)EFE E ERBMBERART f(OMgR. dit, #—2 XA,
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FETI S (), EB limfy (2) = f(2),a.e. 7 € E.

(i) ERBEHKIEEH MR RAFRHEE,
“Wif) R E LHTTHMBET . m(E)<co,HX 2€EEH
E_Iﬂf‘(“r} = f(x), (fitxdI<M (*k=1,2,"),

W feLEYA nmj fulx)dz = j f(z)dz.”
b—=oa | E E

EER 2(kMERSRBHK® & LELRY =1,2,+),H fil)ER"
FHROFERRT (). BEFEFELRY),EH | fi@) | <F(zx) (k=1,2,~;a.¢
z€R), 0 fEL(RY,BHE

limjﬁﬂ}‘]l (r)dx = j!"f(:r)d.r..

=i

X MWTFEEKMEKET FELEYWERTREBEHN AW TE.ZH
1imLf.(I)dI=Lf(I)dI,ﬂu )

— 0D

1imj | filx) — f(z)|dx = 0.

Wit (MM #&f1€ELE) k=1,2,). KA }_,_[ | falz) |dx < oo, W

k=1

Zf*ﬁr)ﬁ E FJLFghabie sl HEHMBRN £, MrELEY AR

k=1

=)

Zj‘ﬁf‘l(x}df = L;f(.r}d:r.

k=1

TEIFPETRE) R @ VREXEEX @) EHEY.EEX
MRBEE LRTEA . EY yWBREE @, LRTHY, . EHFE FELE),{#
=)

]d f(f!j")' F(x), fr,y}EE}( (a,b),

d _[ 4

x EET I PINE RS
(i) #[0,1] k& XR¥EH

0, x € [0,1/n],

fu(-r):{ﬂzi IE (lfﬂ,Z/ﬂ),
0, x € [2f”91}v
it} ime (r)=f(2)=0, 11{2\‘ falz)dor=+o0.
GD) BEL. M neN,EE £, {8
219



n=2"+i (0<i<<2,k € N).
[0, 1] LfF R &5
Fual@) = Xyt oty (2)  (n € Nyz € [0,1]),
M3HEERN € [0,1], fLOBEFRKRAT f(2)=0,HA

1
limJ | fulx) — f(z)|dz = o.

a—={} 1 o

Git) ] fLEL(E) (k=1,2,),H filx)E E EF—BERTF f(&). HF mE)
< oo, W limJ.Ef&(;r)d:r = J-Ef(r).

oo

W8 G, G, Gi) BHIES >0, FEN,FH
| filz) — f(2)| <e (r€ E,b>N),

B U RIEH R AE R AT 5
lim| 1fi(x) = f(2)1dz = | lim|fs(2) — f(2) |dz = 0.
L X BARE W

Bl EERA T3 6
(1) # fe L(R"),ZE R LAERZF
g.(x) = f)X_, 1(x)s h,(x) = min{f(x),n} (n &€ N),

W lim l\gn(I)—'f(.r) |dx=0, limj ] \h,(x)— f(z)|dx=0.
R R

R0 =

(2) % fELE), W !Lm

o J{IEE: | flx) | <1/k}

(3) & feL0,1 D,

| f(z) |dx=0.

2
= limjr jnln 1 + J%L)dx = Q.

o

(4 BAE)REMTMRES, B imE,=E, X E L£EXH
f@WE FELEDREN). # lim| [ f(@) |dz<+oo,fELE),
BH *

J;ka)dx==1nnjﬁfrxadx.

=

B () 8 g @ || f@ |, ()< f(x)|(nEN,xzE
RY,HE
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limg,(z) = f(x), limh,(2) = f(z) (x € R"),

—e

DRI (AR 408 45 o Wi 2 72 , B4R BITAE.

(2) & Ex={2€E: |[f(|I<UR).EBAIF|f(2) X (2)<
1/k(x€ E), LA | f(2) | Xe, (x)>0k—>00, 2 € E). BEEE | f(2) | B
Lf (@) 1 Xe, (o) VIR ] R B, BCR

lim| f(2)dz = | limf(2)ts, (2)dz = 0.
E E

k=0 |

3) FEI In(1+2)<x(0<2), #ENIE nln(Q+ | f(2) |%/n?)
<<n » [ () [/n=[f(2) | (0O<a<1). PN B 4 i Wie 4 8 B T 7%

1 :JI liﬂln 'ln[l—l— JL(;lE)dr=0.
@) BEH (112 %, () BB B E E ERETF | £ |,
[ 17y 1dz = lim [ | f(2)ldz <+ co.
E koo ) E,

B2 RUER TR
(1) #§ E\DE, D DED,E= | Et, FEL(EY) (REN), N

k=1

lim| f(x)dz = J’ F(x)dz.
E E

koo

(2) @ FLELE), B fi(a)<frr (x) REN). EH
Lﬁ(mdr’gﬂf k€ N),

lim f,(z) = f(2) (z € B),
W FeEL(E),BA
lim{ fi(x)dz =J F(z)dx.
E E

ko

(3) ﬁ llfgv[ﬂlft(l)_f(l) de=09g(I)EE ‘tﬁ.ﬁ‘_ﬁ]‘mﬁﬁrmu

I = limj | filx)g(x) — f(x)g(x)|dx = 0.
E

| ]

(4) B{fitx) R E LIERFHEBEN, H fi(o)E E EJLELL
WF f(2)=0.FF

Jﬂmax{fl(x),fz(r),"'afi(I)}d:r <M (h=1,2,),

221



W lim | fi(2)dz = o,
R (1) EE f(r)xsh(;r)**f(x)x.r-:(.r)(k—*m)yﬁﬁ
| f(x) | Xe, () R T ] B 3K
(2) AH{filx)— fL ()} BAEm#E A5 BT f () — fr(2),
it A

J [ f(x) — fi(x) ]Jdx = limJ. | fi(x) — fi(x) Jdx << 2M,
E koo ) B

i i B A8 By .
() BE|glx) |SMG@EE), &RIINA

I=1imL|fk(.r)—f(x) | lg(x) IdxélimM E|fk(.r)—f(,r) |dxr=0.

ko

(4) & Fi(x)=max{f1(x) s [2(x) s+, fr() } y BITEH 0<Fi(2)
<Py (2) REN). FAD Filz)—~F () (k—>c0), ]

J F(x)dz = lim| Fi(x)de <M, F € L(E).
E

oo ) E

M\ T %

k=0

B3 KA TF .
(D) # FfeCo,00NH fla)=(x—>+c0), MITHETEH A>0,H

limj f(nx)dxr = Al
[0.4]

limI fi(x)dxr = j limf;(x)dx = 0.
E E kvoo

T =]

(2) B/ f(@), filx) RENR E bu[R¥. &H
hmf,(z) = f(x),a.e.x € E, |fi()|<F(x), F & L(E),

e

WXL €0, F1E e CE: m(e)<<e, 18 fi(x)TE E\e E—F WA T
f(x).

3) Bl {gm() R ECR EHEANATHMERN, BF
| fi(x) |<g(zx) (zE€EE,REN), E_tgf*(:r) = f(:r),!jﬂg;(r) = g(x),

DY
limJ gi(x)dx = J glx)dr < oo,
E E

b=

222



i Tim j fulz)dz = j ().

b—=co

(4) B fLEL(EY(REN),fEL(E). # limfi(zx)=f(x),a.e. €

oo

EJU lim[ | £i(2)— () |dz=0 S5 D BA AR

lim | | £(2) 1da #J | f(x) |dx.

k—=co

(5) iﬁfnéL([D,I]) (n=1,2,+),FEL(0,1]D. HAH/
(1) |fn(I)|£F(.I’) (n=14,2,+", IE[O;}L]);

r

Gi) MEBEH gcC0,1D,lim fulz)g(x)dx=0,

o {{hl]

U2 9 T ECL0,11,% lim [ £,(2)dz = o,

W (D) BHEFEEXSOLER | (0| <i+]1 x=2X). EEF
FOELXIEFR . BHFEEMS0,FHB|f(2) |<M (0<r<0).
EHE RN S, 74

limJ. fnx)dx = J- limf(nx)dx = LA,
[0,A]

R0 [0,A] n—=oo

(2) MBS 0,4 E(e)={2€E: |filz)—f(x) | =e}, ABEE

i llmm( Ume)] =0. &3 E:(e)C{z€E: F(2)=¢/2} (REN),

k=j

s m| U Ei(e)) <-+oo. AT HI m(limEy) =0 BI AT,

(3) BEEI{(g:(x)—fi(D) ) {g:(x)+ filz) } ¥ R 3E 1 o] FLE ¥
7, ¥

L_[g(:r) — f(x)Jdz< lim

k= oo

J gi(x)dx — J f;,(;r)d.‘r)
E E
= [ gtardz - limj fulz)dz,

[ e + fMa< llm[JEg&(I)dI + Lf*(.r)d.r]

)

J g(x)dx + 1lmj fi(x)dx.

o

FH B B A
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Jf(.r)d:c:?hm fa(x)dx, Jf(x)drﬁllmj fi(x)dx.

[
Bl 78 BT .

(4) &N FHAW@W]|— 1@< file)—f() |BA%E R
RS
Aol EIRNE| L@ —F@ <A@ +If@].UE
lim[ (1£22)] + 1@ Ddz = zj | f(x) |dz <+ oo,

b—ecs

FFLA B (3) BT lim | | fa(2) —f(2) |dz=0.

(5) MHEL 0,775 60, % m(e) <o ﬂfmﬁj F(x)dz<<e. BLIE

SE[ME EC[0,1],JHEEERE K 5HE G, KCECG,m(G\K)<S§;
NHEE gec(o,1]),(#18
1, =x 6 K!
g(z) = io, cEG, 0<<gx) <1 (€ [0,1)]).
PNIE 4K

im Jf (.:t:)d;rl— lim

=000

1
j f,(J:)xE(_r)dr‘
{0

u—-m

S !
< lim[ Efn(I)g(I)d-I -+ jfn(I)EIE(I) — g(.r)]d,rl)

=00

—_— i rl
gllm( f.(.r)g(:ﬂ)dl‘ + F(I)XU\K(I))QE-

R—=00 JE 410
B 4 KUERA T %M.
(1) ﬂfnecfn((ﬂ&b)) (ﬂ=1!21"')!ﬂ.%‘
limf,(z) = f(z), limf,(z) =F(x), xz¢€ (a,b).

-0 =00

EH7E (), F(@OE(a,p) FEZE, N f(x)=F(x), 2€ (a,b).
2) # feCabD o€ Cfasb D, FEL([a, 6], ¥} z€
Lasb]), H
limg,(z) = (z), @ € CV([a,b]) (€ N),

-

;_I?’n(x) = f(x)g (),

f@)a(@)| < F(z) (n€ N,z € [a,b]),
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¢ (x) = f()elz), z € [a,b].
B () AEHRHREGHH—TMHREETFELE (2)=F(2)
Biaf. A 4B (a.0)FHFXIE [c,d], Hid
E,={z € [c,d]: |fy (@) — F(x)| <1,k = n},
55184 E, WK, Elc,d]= | E. A4S Baire £ B (LE— &

§$1.260 1. 2. ) AT EL R no MR REILS,d'], 8 E, DO d' ).
BT

| fe (@) —F@)| <1 (;=ny, z€ [,d],
ﬁi*ﬂ% k;?*ﬂ{} HTJ‘! {f: (I)}%E[fr !d’].-t—ﬁﬁﬁ'- ii#; EE%:E‘:

L{J Flod = fi) ~ fie), ¢ <z<d
wH (B AW E D
jw F@©dt = f@) — (), ¢ <z<d.

FEFAFERT = RFWE
F(z) = f'(x), d<x<d.
R 18 BriiE.

(2) HEARA ﬁ(f)_%(ﬂ)zrf(:r)ﬂ(.r)dx(ﬂEN,a%téb) , B
n—oo [ 18§ IR E# H W A E 1)
ot) — pla) = ff(z)?(r)d:r, cl% = f()re(t) (a<<t<b).

#ls RIEATHIHE.
(DR F@ODEE LT, mE)<4oo, 0l AELE)REN)HHF
FERR R ELIE Ef‘(I)dI MAETVLERGRE: | f(2)|<]l,a.e. 2€E.

(2) #® fFELRY). HEX¢E—TF8L GCR",H
f f(x)dx = J f(x)dzx,
(e G

W f(x)=0,a.e. zERL
3) |’ HLELRY(n=1,2,),fELRY,BHE
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limJ 1|f,1(1) — f(x)|dx =
R

L =

EHAE ECRLZE,CR (n=1,2,+): m(E,AE)—>0 (n—>00), 1|
limj f.(x)dxr = J f(x)dx.
E, E

i e

B (1) o BEI (W) |<l,a.e.x€EE M| (x) |1,
a.e.7r€EE. & E_mf*(x)xﬂ.r),a, e. € E , B ¥ W 3 E RS

limj fx)dx = j f(x)dzx.
koo E E
B RIEEK 2 A={z€E: | f()|>1},BE m(A) >0,
A= JE/(E,={(z€E: |f(O|=1+1/j}), BFETE 61,818 m(Es)
=1
>0(E;={z€E: |[f(2)|>eD. BHIF ) =6y (), FF UL
S (Es) = | 825, (D de<| (@) da. B lim | £ (2)da—
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+oo, X ST E.

(2) E—MWXE J LLRE n€EN,TE J PE[{EH Cantor 8 H, ., {#
B mH, > |J|—1/n(n€EN). A G,=J\H,,,W G, BFAEHGC.=
J. B3R m(G,)—>0(n—>0), LI 1H

j flx)dz = J flo)dr = j Flo)dz.
G G, J

i 40 Lf(.r)d.zzo,ﬁﬁ— J BAERE BT, £ () =0,a. e. zE R,

(3) () MEL 0, FHE >0, m(e)<<o Hﬁﬁj' [f(x2) [dx<e.
X HEEmH,FE N, N, E5

Jn‘ |fu(:1:)—f(.r) idr*’(e (n_,:BNl}, m(E,NE)<é (ﬂ;ﬁNg).
(i) ¥ »2>N,+N, B, RAHE

J Sfa(x)dx — J f(x)dx
E, E

%J Afu@xe () — f(@xp(x) |da
R

< [ @ 12, @) — 2p(2) 1dz
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+ L* | Xe () | | folx) — f(x)|dx

<[ f@ldz + | 1£@ ~ f@ ldz <2e,
E,AE R

Bl 6 AIEHAT FpEA .
(1) & f(x),g()FE[0,0) L REH,BH

j Fo)dr < j g()dr  (0< 1<+ oo).
0} 0

=f

o0
J f(l‘)ﬁo(x)dxégj g(x)e(x)dr,

(2) % f(O)ER FEEBEEE, (g.(0)} £ I=[0,1] FB%EHE
B RS HE

1
lim —— =0, f.fﬂgn(.r)udng (n = 1,2,),
z—-'-l-t*t"f( 0

PR g.(x) = g(x) (n > 00, a.e.x € [0,1]),N]

1
1imj g.(x) — g(z)|dx = 0.

=y ()

N
B (D) F KDORBRER: ¢(0)=D ek, (@) 6:>0(k=
k=1
1;25 e *N) 1t1<fz<""<fﬂ'!ﬁﬁ]ﬁ

4 e N ¢
j flez)dr = anﬁ:mdr
{ k=1 {

N t

< Dol glrds = | gpta)dz.

k=1 0 0

E o) BRI WA H R R B, WA R 2R PRI (0. ()}, E
EE—XE[0,a] E—BWET ¢lx) , ] 15

Jf(z)ﬂr)dr = llmJ f(x).(z)dx

=0

4 oo

Fr—= 00
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rf(:r)%(z)d-r < jag(r)¢,(1)dr (a > 0).
0 0
MTTRER F e R, q 1/

rf(.r)qv(r)dr < jag'(x)g(x)dl'.

(2) (i) id ggg{r/ﬂx)}zm,ﬁmﬁ

[ g lde = {] + |
I lr€l: |g,(x)|2N lr€ 1 lg,(x) | <N}

| ga(x) |
g B " . .
J!IEM lg, (£)|=N) f[lgu(ur}l:,f[lg (Ijl:ldI—FN IIl

<Ay M+ N.
XiR g.€ L([0,1DREN).
Gi) &iNA\
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{x€l: |g,{z)—g, (£}|/2<N}

lg.(x) |dx

+J 2 . !gn(:r) __ gm(-r)ld
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B f ()B4, T 5
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M A8 GHE 4R e0)
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B J, NHA R WSS, B8 FriE.
7 KUEEH TR
(1D’ HELRDIREN),Iimfi(x)=f(z2),a.e. 2ER". FHHE
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FELR) fER/|f(2)|<F(2)(z€RM,HE
hi(z) = mid{— F(x),fi(x),F(x)}

(EIEURELZAE) U lim | hi(2)de= Fla)de,
(2) % E,CR*GREN)RT I, m(E)—>0(k—>). & fE LR,

m uij Fl)dz=0.

koo

(3) % fo(x)y [r(x)ENYR[0,1 ] FIER TR R E. £ ()
L0, 1] B BEWST fo(x), HA

lirnj.;—;frt (x)dx = J;fﬂ (z)dzx,

MO

WAfLo,1 PRI E—T ML £, 95
lim J fu@ddz = Lfﬂmdx.

[ Sl ¥ =]

(4) B{fi(o)} R ECR" EWIER TR R ¥ 3, H m (E)<oo, N
(@O MKRBERSETFEERIDOBMAETLERGER:
limJ. URED
o) E 1 + fi(x)
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A R, H i X
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(2) B2 limm (E0) =0, B X, () R* LRI BT 0. AT
40 f(r)xE*(I)E R F#l BT 0. &R |f(:r)l'.n:*(:r) | <<
| f(x) | (xER",LEN) , WU 5 15 ) W e BE v 15

limj f(x)dxr = limJ f(x)Xe (x)dx
Ek Rn k
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R" koo

(FE 1imf(.r)xg*(.r)=ﬂ,a. e.rE€R").

1
(3) KB H suEJ faldda=M<+too. SHELH e>0 UMK 6. 0<
n=0J 0
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() FEFIE -FE§3. 296 11 Z2),0[H fi(x)TE E LA B
WS F oY HALY
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pooe 1+ filx)
MR EE 0 fi() /(14 fi()) <1, B W] 1REE.
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(3) -Eﬁ fEL((O!O‘D)) ;H.Eﬁﬂ{ﬂu}ppjﬁ’%ﬁzf' 5 %ﬁ%/\-‘t&
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Z%Mx
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H

L
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(B SBILE ool & JLELL AT 0.
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Ll FE L(RY) ,IEH.
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& FLE | b
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1) )’} f@ORR EUT>0 AAMAE TN KL, B
:1f(.r)|d.r<m,!ﬂﬂ Einulﬁn‘zf(nx) = 0, a.e.x € R
(ii) lim [cosnz " = 1, a.e.z € R
(2)T&feL(R‘>,fneL(RU(n:l,z,--—),H?ﬁ
[ 1@ = f@ldz < 1/m = 152,00,
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(11) %’E@ﬁ(lnlmsx})z fv%ﬂ EEL0,x] AR, HEBBHI =
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1 a + oo
——J S(x)dxr = J f(x)dzx.
ale oo

Bl 10 HXUERA T 5 A .
(1) & fELRY,p>0,M lLTU n"?f(nx) =0, a.e.x € R,

(2) @{fi(}ZR LEFREETHREHES, B f.(2)—~
0(n—=>c0,zER"), A S(2)= D (—1)""'f.(z), M

[sCordz = S D[z
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n=] me= ]
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n—*=o0

lim f,(z) = Zaik_‘ | fu(x) | < Z|a In™" (z=2).
n=2
@%ZIanln‘xﬂﬂ,Eﬁu

00 4o to
ZJ an dxr = limJ f.()dx
n=2 v 2 =4 2

[ R = =]

+ oo oo 22
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[
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(1) |/ FELUODfLEL(0,1DREN). FEH
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1
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O

=00
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(2) ® ECR! Hm(E)<+oo, 5F
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E
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(4) Wiful)} B I=[0,6] LA TR BT HFEEI (o}

i la,| =+o0 ,fﬁﬁia,.fn(x)ﬁl:ﬂJ]J‘:fL?ﬂRE?ﬁiﬂﬁIﬁ , 13 1iE FH
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a.e.z€[0,1].HEF

1
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O
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LR, BE g(o)<f(x)<h(z) (x€R"),HFH
J‘n"[h () — g(x) |dx < &,

M fE LR™.
(2) 8 FLg€LE). frogELIE), | filz) |I<M (REN,z€E),

[ 1 fi(x) — F(x)|dx =0 (B —>o0),

o
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(3D’ (OEE ERKMBWSET f(0). FHFEFELWE,#EH
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B, A B R E !_lﬂft (z)=f(x),a.e. 2E€ E(EHEN I & B k.-}) y
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joo
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1
J [|F&+1(~T) - Fk(l')]/(l + |ﬂ1+1f&+1(I)|)]dI{ E{ﬁ-
E
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=
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Iim . 2 = () L ""Ql
neoo 1 + nz S B P L

Ll I= J liﬂlin—

(IEQI<+GO),

dxr=0.

. o113
(3) B % 1+ n2?>2nz, o 12 RSV IV

(2>0). B &l limn ~ = » sin "(nzx) /(1 +n22?) =0(0<z<n), M AR

H==00

B S EERE I=0.
(4) BEARAIA Isinz « arctan(nz) | <n/2, A R

{nsinz/?, 0 <<ax<nmn/2,

limsinz « arctan(nz) =

0, x=20,
—'-ﬂSiHI/E, - ﬂ/2<I'<Uy

Pt AR 45 1 i e 2, B g

n/? T 0 s
I = J’ —sinzdr — J —sinxdr = n,
i} 2 —xf2 2

Bl17 EXRTHREEE.

2 2 2

+ oo
(1) I=lim T s

a==oo Ja 1+IE
. +m 1':21‘2 —"3"3 i
(2) I=11n3 (1—e " e * «sin'zdx;
e~0 Jo
e dx
(3) I=Ilim ;
n—=oo ) (]—f-;r/n)". Ny x
rtoo I
(4) I=Ilim eﬂsin"(r—l—r:rjd.r ({r.)JCRY);
L= N 0
(5) I=lim ln(j:_n)e_zcos.rdr.
n=oo) o

B (D @ a=0. FERER u=nz, BiTH

2

I, 4 J-+m ueﬁuzdu lim ue = ye ¥
"l 1+ /) BT E (u/n)?

i3] ue_"e/(l-!-(u/n)z)éue_“z (=0), FF LA

+oo
I = J.u ue_“zdu = ‘é—

(1) a>0. (DA F 92 B ¥, 7748
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teo —u? +oo —ut
A ue “du _ J ue
L, _L 1+ (u/n)? o 1+ (u/n)zx[“'“““’(u)du'

¥HEOHRBIME R RO 8 I=0.
(2) AEHZ 0<e<<1,M |1 —e"" | <2exe" " , U Rk

|1 _— EEEIE le—.‘ra {: EEIE—IE(I'-IZ}
- .

WHEBREA (), RI1H

fo@) | € 2eze (2 >2), |f) | <M O<L<z<2),
AR fe(x)—>0(e—0). TR S8 EE il e e 28 , v 501 1=0.

Q) ICEFREE R f.(0), U f.(x)>e “(n—>c0).

(D) XM z€ 0,1, BINE 2=, Q+2/n)" =1, 8 fL(2)<
1/~ z.

(i) X x€[1,00),F41E 27V"<1, 8 fu()<U+z/n)"". X H

- n(n—1)( z\? n—1. x°
(ta/ny =1+ +20 D 2] s 22l 2 gy

+ oo

Ful)<a/2t NTIRIES BN EE, 78 [= f e~ *dzr=1.

0

(4) & E,={z€ (0,00): |sin(z+r.n/n)|=1},0 E, Z7THE,
HEESSL>O,TFEG,: m(G)<s,, B E,CG,C(0,0)RneEN), MUK

qusin"(.r + r,n/n) =0 (I € G = GG,] :
A T R 908 5 vt W A B, W)

Iim‘[ e “sin"(x + r,x/n)dx = 0.
[:ﬂrm}\c

n—=oa

X e>0,H 6, =¢/2" B X H |
J e "sin"(x + r.n/n)dx << e,
[0,00) NG

Al LR B A B4,
(5) ICBEHBREN f.(2). BIRNE (x=0)

2'&_:! ;13
mtn) 2ty by, @< z

207,  0<<z<<1
A S lim £ (2) = 00 x<<oo), IR AR B FE MW S 2 2, 0] 30 T=0.
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18 & {a, ) LI, FHERE
E = {x € R, lijgei""‘ ).
#F m(E)>0. ik {a, ) BWSF).
B S5H E PR AR, 8 H m(E)>0,7[ E—EDI=
(—6,8),E=R. % g(x)?-!'iﬂei"*’(IERI) JIMNEESY FELRY,T

BEE RS EE)
Jl]f(:r)g(:z)dx = lim| f(2)e"dz.

B Xt {a. ) AE—FFN (B} H B> (n—>00), MR $E Riemann-
Lebesgue 312, 18| f(2)g(2)dz=0({ER f€ LR)). XKW g()
=0,a.e. 2ERLEX S |g() | =1GERHFE . AR {e. BRERY
.

RE BB BRI RBEE: a5 6, W e, )BT TFFH (), {a}:
ﬂ:_"ﬂpﬂ:_"b(ﬂ_"m) 151%] Eiﬂﬁeibr(.re R’ ). &%ﬁﬁﬁ%j xI -T’R‘%! j_.
BIR Y a=b,i X H {a,} HE —THEBA.

19 FBET M.

+ o0 + o0
(1) R I=J e “cos~ xdx Z1H; (2) 3K I"-=J lxiizZ{ﬁ;
0 0

r*+sinar

(3) KR I=

dx(a>0)2Z1{H;

o O ‘EI_“].

1) K I= :f(x)dx >, Hb

zinz/(x — 1), 0<zx<1,
f(-I) = Ua xr = 0,
1, x = 1.
B (1) B Taylor BX.e “cosv/ = Z(—l)"x“e_r/(Zn)l IF
+ 00
?Iﬁ.@uj e dz=T(n+1)=n!, BRi1FH
0

[= ] +DD

e ‘z" < n) <y . N
;L ()1 | 9% = Z{, G S ;2 <+ oo.
st o] e fr 2 R o, B4R
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x'e
=J Z(—l) dr—;(—l)_[ 219
_ _qyt 1 2t 31 4l .
;( D G =13t e ta

IE = L n—1 —nx \
(2) EEWH-EI e =>(—D""ze ™ (2>0), U K&

A=1

+oo +co 1
J | (— 1)'xe ™ |dx = I re Ydxr = =
i

¥
0 ?Iz

B LA Rl T B R 5 45 3

oa [ =]

e n—1] —nr — . n—1 _1__ — Ef_
;( 1) L e “dx ;( 1) 2 1o
(3) @j{__’sm(ax) Z “sin(ax), L}
bt + oo + o0
EJ. le™™ « sin(ax) |dxr < aJ e Ydxr = %_
o om=] 0 0 n
FrLAv] gEf7 ZW R4, RiNEF
o + o0 .
I = ;L e ™ «sin(ax)dxr = ; 2 _T_ Py (a > 0).

(4) X 0<e<<1 —0<1, fFEBEH 2=1—y,18

12 3 _ _
J f(x)dx :J a — ynG y)d
£ 1—¢ - Y

&

R y"
{ y+;ﬂ2(ﬂ—l)} 1—e

*1*3—s+2,3 ?(?f{__lf) <+ oo,

(s s’

% E=l/k;5=l/m(k;m€N)sﬂkam-"‘@@;ﬂ-'fg Izl_z Hz(ﬂl—“l)'
Bl 20 LB TR FK.

[ o b
(1) J f(x) 1—;;2§:j+r2= Er"_l_[ f(x)sin(ax)dx, HH fE
a n=1 a

I;((arb))30<f‘<1.
+m -
(2) f(t):j Sx _“d;r—i“arctant(t;{}).
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8 (1) EED " sin(ax) = sinz ;o AR
n=]

1—2rcosx+r

~ g
EJ " f(2)sin(nzx) |[dx <
n=]+4

(2) () TEA .0 &b B e “sinz/z | <e ™ (2=0), 8 f () (>
DFEE. L Flr)=100<x<<1),F(x)=e “(1<z),M FEL([0,00)).
HAEMNE

_ ¢ SINT

J | F(2) |dz + ") <+ oo,

n=1

ETE =0 (x>0), < F(x) (x>0),

BRI, B8 lim £ —0. J4h, i

é{e_” sinx
x

ot
le Tsinx| K<e ™ (t=a>0,x=0).
W40 £ (1) = — J e “sinzdz (:>>a). £ 3|
i

(E tx SII'I.I

=—=e¢ “sinr (x=>=0),

4 . _ e “(tsinA + cosA) 1
Le sinzxdx = —— + L
M4 A=+, B @)=—1/A4+)>0). \Tix >0 F
F@y) — fQ@) =— J.:r ] i"rrz == arctant — arctant,.

B4 t—>+o0,B118 f(t,) =n/2—arctant,.
(i) 7E & t, =0 4b. Jthﬂa‘,s%%ﬁ[n,m)t71<ﬁlfﬂ,fﬂﬁﬁﬁ

Riemann 4> F1E. & fn(t)“;J"e"‘ﬂs.l;rdz(t;f}). HEED L)

o
2

<[ e de= =< B lim £ =0. L
0 Rres
N e "(tsinn + cosn) — 1
fi@) = Le sinzdx = 1+ 2 )

A limfl()=—1/Q+)E>0), U R
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% g () =f, O, O NEN), M g. € L([0,90)),TTH
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g R W SUE R, BRINA

n o0 + oo
lim{ £ ()dy = umj g.(£)dt =-j de i
n—=0c 0 Fp— 00 0
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14+ 2
S

5"

FERE [ £ Odi=f,00) = £,(0), XF# limf,(0) =
Bl 21 WUEW T I,

- oo
(1) #® FEL0,00)), B g(x) = L f%;dt fE(0,00) %

Zr.
(2) | f(x), 2Zf()FE0,00) L[, Hb s<¢, R

rw.r"f(x)dr(u € (s,0)) FEHR € G, EERE

Q) WEXEEXR" IR f(,)HL:

() B —1 yER", f(z,y) R E LA I R EL.

(ii) W/ —P 2€E, f(z,y) R L EZERE.
EHEGELE),ER|f(x,y)[<g(x), a.e. z€E, MR

F(y)=Lf(I y)dx & R" P ZESERE.

R (D) X 2,€ (0,0),4 0<|Ax | <z0/2, W] 2o+ Ax>10/2,
HY z0/20<2<zo+x0/2 B, BREVE | £ () /(a6 || () |/ (20/2)
(0<<s). L BP 48 FriE.

) ERI2 ()| f@) |+ ()] <u<lp).

(3) JERE.

B 22 LIERA TR HEK .

(1) & r‘(r)=j:m:c‘“*e"d.r(z>0) T (t)=j:m,:rt_le_xlnzd.r.
(2) I(t)é:me_rs—iwdx=arctant.
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|27 e T x| K 2e T Ll (a<<t<b,x=1),
27 e T lnx | <2 e In(1 /) (@ <<t <b,0<<zx<<1).
B K a>0, FFLAT#E e>0: a—e—1>—1 ML K M>0,{#18
|7 e Inx | < 27 e T2 In(1/x)
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MG BAL (B2 5 T aKS).
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d oo
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2
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]
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(2) B flx ) EXE@,6) X (a,0) L HWBRER t€ (a,)b) f(z, ) B IF
(a,0) LR EE B W REMN 2€ @,8), f(x,t) Bt F(a,b) R EERY.
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f;_[lle"f(t)dt = Lle"rf(: Ydz,
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HIR I EB st GEDERLERINB T s 5 ¢ ZaD
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lim‘ F(sg(x))—F(tg(z))

s—1

A T AR 308 4% o) Wi O e 7R , B4R BITIEE.
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EXR,EHREBTFH# R THRBEAER.
EB1 FESfCLE),MMEFL 0. FER FEFETENESERY

LU(I} — g(z)|dz < &
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(i) ]imj[ ]If(.r)*‘gﬁ(.r) |dz==0;
@b

)

(i) limga(z) = f(x), a. e. ‘:_rE [a,b].

F—

BE 2(FHEZN) FfELRDUA
lim[ | 1/(z + h) = f(2)|dx = 0.
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Wit F feLE),VNFEREFRIHVN BRI (a0} . E#B
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(DRFELRD. EXM—VIR" FRAFEXENELERY o(2) 8
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W (D) RAKIEE. AGHEERY f(OEFREREE LF
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(a,0)NHEZERE AR rh(.r)d:.::l B

T x b
Hz) = j g (t)de — j h(de - [ grde, z € [ab],

249



58 o) XRE (2, )N BH
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LR R R
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Ellttﬁﬂ’]ﬁ
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LIS
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Gi) 3HERH c€ [a,6)4 lim| g (a)dz=0,

250



M EEE f€L([ast]) A
iimj f(D)g.(zx)dx = 0.
[a,b]
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limg, (2) = f(2) (z €R\Z ,m(Z)=0). {EFF RFI 5 H R0

GiDGD DG DwDZ, mG,) <27,

Fo= () {z: @) — a@ | < 27)\G,

k=zn

BE F\CF,CCF,C,H @()¥E F. E—FWETF f(x). AT X
& fFEC(F,)(nEN).

g Ai={z: |an@—@a@)|[>27", 0 A BFE, BAL, ()<
2*|5€4+1(I)—¢}(I) t !XA*EL(RI)#M&

_( ]XAi(I)d:r < Z*LLI @ (x) — & (x) |dx
R

(n € N,

< 2* jljf(.r) — @ (@) |z + Lllf(.r) — o) |dx
R

-c_'_': z—k-l-l

RI\FHCG"U UAi (kEN)!
k=n

m(R\F,) <m(G,) + > m(A) <27+ 4-27",

k==n
WG (RN | F.) =m( (] RAE,)) =
n=1 ne=]
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Bls5 IEA T @A
(1) & EC0,2n) B u[ M £, (£, } B —%B3. U

limj cost(nx + &,)dxr = —%m(E).
E

R0

(2) (Riemann-Lebesgue G| X —#J )it f € L ((0,0)),
(a:,6:]JC(0,00) R HGIEE A 78y X (4],

E'J.
limJ Jf(x)cosAzdx = 0.

WEER (1) FEER

cos(nx + &) = —é* —+ %co&?nx « cos2f, — J—sin2n;r « sin2¢,,

2
3 # #E Riemann-Lebesgue 5| 7] {8 {iF.
(2) BARMNAFX

S, = J.:Af(.r)cos);xd.r = — j f(r + {—]caslﬁdt,

a_l—tﬂ.
fir L4532
b, < ay /A 5/
23;&;[ f(s)—f(s+7] dt+J |f(:)1ds+£ £ |de.
e I B a] 184,

#le FIERHTH M.
(D ReRER EHERTWMBLU T>0 HEH R, f€
LD & —AKED, N
| feomcirse = (F{[sra) | o).

(2) (Féjer) B ()@ b, {A,) BEXI, f€ LR, N
: 1 (" "
Einljnlf(r)go(nz + A)dxr = [ ;}:J-GSD(I)(!IJ [J’le(.r)d:r) :

+og
=+ limj. f()sinnzdx=0(f € L(R")).

=00 — o

B (D Xﬁﬁfﬁ%ﬂqﬁ»u)drzo[ EREE ¢(x) =o(x) —~

J‘?-sﬂfr)dI/T]. X P () =r¢(t)ds, Wi o) B9 JA B H L K
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T T
J o(z)dx=0 "4, | P(z) IQL lo(x) [dx(z€RY). X O(x)FE R
FER: 0@ |<M@ER). ANTOXHEBBXE J=[a,b], H
[ pardz = L[ ptrar = L1008 — 001,

w78 wa)d:ﬁe( Al —~4oo). Bk, B RBENEBREE

lim | g(x)e(Ax)dx = 0.

[A[—=+oo] I

e, HER >0, 6 1 RN BERNRIEA S ¢, 47
L |£(2) g2 [dr<e/M. KT

Lf(:r)q:(lr)dr ‘ -s;L | f(2) —g () | | gAx) |dx+ |Lg (I)?(A.r)d;r‘

<e+ Lgu)@(mdx

H 1 B 48 BT iE. -
(2) () B’ f(@)=Xpn(z), Blex) |<M(zERY), Y

g
L]f(::):p(m + A)dr = j onz + A)dx

_ T
ﬂfﬂ.{ Kzx)dx + A, ,
]

np+A
=1 e(x)dr = “3—:"

ORETES Y

Hp |An|€J:|¢(I) l[dx<MT. LA 50

T
lim| f(x)e(nx + A)dx = ﬂTJ ¢(x)dz.
n—+co | R 0

Miad f() R BER MBS E.
(i) ® FELRY, MAFIELE e>0, A EMBERE 2 (o), EB

L‘ | f(x)—h(x)|dr<e. il £=‘;?Etp(r)d.r,m“$;lq%it

[ ferlpme+r) -1z
54 |

< H ]h(:c)[@?(nx-l-l,,) —1)dx | +2Me
R
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lim

= 0

7 &) (A REEIMELE

E = {z € R, Z]r,cos(nx+&)l <+ o},

J. lf(:r)[tp(n.r + A,) — f:ld:rlé 2Me.
R

# m(E)>0, iii‘?EﬁﬁZTrn!cier
it XHGN fER &
E.= {z € R, Z1rcm(n:r+%,,)| }

BRE ECE,,(REN),E= Uﬁ; m(E)—>m(E) (k—>o0). T Al

FFAE ko, (518 m (E, )>0, ETﬂa E, FAFHF: 0<m(F)<+oo,H
%ﬂ .

Z |Fn1j lcos(nx + A,) |dx
n=1]1 F

- J E |r.cos(nx + A) |dx < by » m(F) <+ oo,
F

a=1

(1) FED) |cosz | F JAHA x,ﬁﬁﬁiﬁlcosxldrr%,éﬂ{%lﬁﬁ Féjer

1imj lcos(nz 4+ A,) |dz = *i—m(F).

00 F

ﬂﬁ*ﬁZlnl*ﬁ'ﬁLm.

§ 4.5 Lebesgue #1415 Riemann IR R

EERkARN

BEJLY,BINO28- K BT Lebesgue W HER, E# - T NHHX—
B REAELE, RINEXRBFRES Riemann BooMxR. X —XRZTLUH
—AAREERIE, EARLIHEA Lebesgue B4+ & Riemann B g9 —F e, M B
— A R R Riemann W FHERAE T 5 B &9 I HEN. A5 00T —4E /Y
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. 75X B E H P Riemann 4 HigH) FARJAL.
i (O RENE I=[a,b] LHHEFRY. (A7 R 2,6 1B ER 53 2 7 5!
ﬂ["}gﬂI: {“){:I?}{ "-'-:I,En) b (ﬂ=11-29'")9

|A™ | = max{z,” — 2%): 1<<i <k}, g@ﬁﬂl = 0.
A G i LK n)
M®™ = sup{f(2): 27, <z <L 2},
m® = inf{f(z); 2" <z < 2"},
MEF f(2)H) Darboux L\TﬁﬁTﬁ%iﬁﬂi

f(.r)d.r = llrn ZM,[ "2 Iml}:
. =1
l‘

f(z}d_r hm}Jm‘"’(x‘"* - 7).

S| & f(r)%E}{%E I=[a, b1 LI EREYE .. 1) f()EFla,6] WY
PRAE (R¥O, RINA

= 5
J'Iw(_r}dr = rf(;r)d.r — J f(z)dzx,

¥R o) 1 F# Lebesgue f43.

BE1 F[(ORE N2, 6] EFREY N f(2)#[a,6] LR Riemann
TRHTELELNERER. (OFEGHIEHFREESAREFTE.

EHE2 # f()% I=[a,6] LR Riemann a sl () Ele,b] L E
Lebesgue FJfRAY, HBUSMEHEF].

RATLL E R RLa,0] L E R R H Riemann B4, M F LR RRHBRR
UEIFRE FHREBRS EARAR T, EHEAR—ME Cauchy R EXLT
MBS BE.

4o A
J flz)dr = lim J F(x)dz, Jf(:r)d:r. = lim f(a:)d:r

A-eton) g ot

T T B MR B , BT Lebesgue ﬁﬁ*ﬁ%%ﬁﬁﬁﬁﬁgﬁﬁ
T3 R(ESRBWRBEEF . KHERE,
f E L(Ei) (k = 1:29"')-

HER lim [ 1S |dz U £E LG, BA

J’ f(x)dx = llmJ' f(x)dz.

h—erxs
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s 7 0

Bl 1 AR T A A
1) & f(:)%[o,ijtﬂﬂtﬁﬁs%%{,ﬁﬁfﬂ% e>0,F f€

R([e, 1,0 fe L[0,1 % BAUSFFERMR lim If(.r)dr-

E—"'D E

(2) % FCLo,1 1 RAE,.H m(F)=0,l§ x,€ R([0,11]).
(3) % fFER(arbD,g€R[arb D ECla,b]H E=[a,b]). &

b

[
F(x)=g(x)(xEE), M j f(:r)d.r:I ¢ (x)dz,

iF8f (1) iEHg.

(2) ¥ 2,€ (0,1)H 2. € F, MEETE 6>0,{18 xr(x)=0(x,— <
x<xo+8). X X () IR ELE B HI B HE.

(3) & Z,Z, B () g()BAREZERE, M m(Z UD=0.%
2 EZUZ,, MABBAFEE (2 : 2o >20(n—>0), [/ f(x.) =
glz,)(2EN),HE

f(xy) = ,liﬂf(‘r“) = li*rgg(.rn)' = g(xy).

X f(o)=g(x)(«EZ,UZy). iEE.

B2 RIERAT A R

() & f()R[a,b] EHEREY HAEERIRIEN D.EF D I
BOFIARIR AL, () R[a,6] EAY Riemann 7] R #L.

(2) & f(ORR LHARBEENTEH R 2€R FEHRR
limf(z+ha), W f(OEFE—KHEa,b6] ¥R THH.

(3) % FERUO0,1 D, M F)FE[0,1].E Riemann ®] 4,

A (1) HEETA, (ORI EESERIE(SHB—
).

(2) HBRTHEL, fOUAREESERTHESHE—F).

(3) & o)== fE[0, 1] FR™HREBEFEN.BAH FDHE (D
7E[0,1] EAES SR R E /.

&3 FUEH T F

(1) # EC[0,17, 1 x€ R([0,11) 4 B4 m(E\E)=0.

(2) # FERTO,IDHEE a<f()<b,geC(Lab D Mgl f(x)]
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#£[0,1]F Riemann A, Hgx 2 MA—E.

B () HEHEYE(2€[0,1]: 0(@)>0)=E\E, EH o(z) L
Xe()FELO, 1] LA IR IE R EX.

(2) 18 f(OWEEERENE. F 20€E,ME g(o)BELERE, T
VA gl f(x) ] xo € E S0FEZE. XM gl f (o) I A EE S B0 AT
R ,IEEE. |

K2 HEG= U(r—E Hrn 2T (n€QieN), Hit F=[0,1]

\G, F‘%W%H%F’?r’—i m(F)>0. EVEEEL
- ) =d(x,F), gx) =X,x),
nrecdo,].geRrR0,1D,BENTAF
glf(2)] = xr(2),

EEL0,1] AR Riemann A FH].

B4 AT HERE

(1) RFELO, VR E—F ML Z, R EEN fER0,1DIESL
BB cont(NHNE ZZ2XEHIETE.

(2) & f@ L EFREH. Ffl€R(a,b]),KIEH fE
R([a.b]).

B O 2nt=10,1]NQ,Hit(REN)

U(T‘__Z(—}Hsn'*hz(ﬂ_“a E'—ﬂEk+

mﬂmtﬂk){z“* ”mem,m(ﬁ:)—o BEHE G, B, ﬁﬁu[e 1 \E
BrF EE AV EESE cont (ORI, 1]FHEE G 8, Fr LU
cont(F)EE —HWME. HT[0, 1 \E/(FEN) BT & 8, 5

(0,1 \E = L_J ([0,1\Eo)

RFE—HE. X iR cnnt(f)ﬂE#Qf
(2) R f(OWARELE SRS - RKEEH S, BEEREH
fOBEPHEER. HZAEE SRR A IWHEKS BT
| () | ESESBZMBER O, | () | BREFA,H f(OFR,IE
B,
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[Easil

$4.6 ERSGSRXRITHXRER

xAEANR

FHRERASRKENNERREENF T REEHITSE> —. % Riemann
BadEh, MR (. E I=[a,b61x[c.d] LiESE IR TAER

J..rf(x yy)dady = r{rf(x.y)dy }dx

L. AN B R ETE Lebesgue A BRI PRE L EPH ER — Fubini EH.
ERUOIEHERE & Hh TENH EOREE, X -FHRANES.

(—) Fubini B8

ARg—BH, B4 n=p+¢. HP p,qg RIEBY,
R?, x = (§,&,,§,);
Ri: v = (§+1,812,4,8) 5
R" = R? X RY; (x,y) = (&,,§,,8p41,,8).
HiCEXTER EARE F 98N

anan‘f{.‘r.y}drdy = Il“f(.r,y]dxdy.

FEHE 1 (Tonelli, ERATHRMPME) # (@, »ER=R"XR LR
ATMEE,RINE

(2) id Fy(x) = Jﬂf(r,y)dy. 0 Fr(x)R R A9 3E o] B pQ ¥ ;

(3) LﬂF;(I)dF andxjﬂf(.r Ly)dy :Jf Fzsy)dzdy.
F1 ELARAZHEMZGFT.0EER
J.Eﬁf(x,y)dxﬂy = J.nqdyLPf(I,y)dr.

F2 #FHf,yRECR FRERTHMEE, MUTH f(z. )2z NABE
ﬂ*‘ﬂ‘l f(It}'}vﬂﬁ

Lf(:r;y)drdy = andr-l.ﬁf(x.y)x.e{z;y)dy-

£ 12 2(Fubini, f NI MM & fE€LRY), (x,y) ER"=R*XR, NI
() MF LR 2€R, (2, RER LR HEBEH.
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i) B [ fCxiy)dy R R EHATREH

(iii) J f(x,y)dxdy = J ﬁdxj- flz,y)dy = J dy| f(x,y)dxz.
R" K r? r? r?

1 EBRRREESERAHAS BN, R A REMN EFETITR.
Z2 HE @y )WRTREXBYIFEENESF, [z, ER EHTEREA

Y. Fm (e, ) =29/ (D) (2, ) E[—1,1]X[—1,1].
1/x%, 0<y<x<1,

1 1
=3 “&f(.r.y)={mlfy2, 0<:I<}r'<1,mIdyjof(xsy)d1=“l,uﬁ
0
0, R,
1 1
J.dr_[ flx,y)dy = 1.
0 Q

F4 B, EXEIXJ E,BHE
() BE z€1,f(x,EJ LHR,MA J'Jf(IL-_}')dy% z€l EHA B RE;

G BE yEJ, Fay) B T FAEL T A Lfcx,ymx BJ FMAREY,E

fla, DA REAR TP 8 R ¥

F5 WECR BE=R',f(z,WEXER XR' L. EXBE 2€E, f(x,y)
B yER' LT RIEE ;X a.e. yEE, f(x, )RR -ER LREZERE, W (2, y)
# R'XR' L a7,

() R LEEN

KEMEBAEMERMEN, TARINMEES (—)Pr & B8R ITR K4
MEZEPSESHERRZRPIBZEAHMEXR, FELSHB B ILEAE
TH3 ®ERR=RXR P58, HEEMN zER, S
E,={y € R (z,y) € E},
HRENSBELE - SHBEN. FERITHE, WML ELLH o, E. & R TH
MR nEHDRR LFULFLREEXFONITHBERE R nE) =

jaﬁm (E)dx.

EE84 FESEERR SR FHTHAE, A E XE, 2 R’ XR* 717}
#, 5\ m(E,XE)=m(E,) » m(E,).
B (THERBEEHNE) & /f(ORE FPHERATETMER ESR
Ge(f) = {(x,y) ER"™, x € E,y = f(2)},
RERN y=F(EE FHBE. (EB.ERR PHAR.G:HERTHFH R

261



8 ORI m(Ge())=0.
TR SESBDNLAED B/ f(ORE mamsre{am ic
Gf) =Ge(f) = {(x,y) E Ry 2 € E, 0Ky f(2)},
KREXN y=Ff(OEE LHTHEE. RITATRER. |
ODFEFORTHEE, NGHR R DT MM, BEHnG) =

Lf(.r)d:.

() £ ERTME.GHOR RV R M, W £ RTHRY BA
m(G(f))= j f(2)dz. X IEF Riemann 53 oft il B0 I LR S 4

(Z) BREY . TR

B () gl R LA RT3 R /585
Ln.f-(i‘ — y)g(y)dy
FAMBEERS R F 5 ¢ HER.ICHUS * ) ().
HEEXEMN f(a— R, y) ER*XR™ b1 0] # ik 2.
TRe & [HLg€ELR), M )M IL LS 2ER FE, (f * g)(2)
=R LAY R[ AR ER

[Joro@ide <[ 1r@de] | [ lg@ ).
EX B’ f@OEE Lo, i
o) =mlz € E. |f(r)]| >4, A>0
K fOEE FRIATRERE. BB,/ (OR0,00) EHEBREAH.
FH7 & O E LER[#L, R 1<<p<lco,

J | £ |*da —pJ UL (Dda,

34 X1 GRS

&1 RIEFAT I M.
(1) & f€L(0,00)),a>0,MFH

oo . ‘ 4 oy . Foa f( E)dt’
L bmaldIL _f(_‘y‘)e d}' = ﬂjn a’ + yz'

() I 2ERT(n>1)» ERIE(x,2)
(I,t) = (-II;IE,"'gIH_lgl‘-) €‘ Rn.
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I E R RPN, A>0, H B
A= {(az,ah): 2 € E,0<a< 1}
RULE HIR.B% A BTN 0 B4, 1 m(A)="£:—m(E).
W (1) ) B A
[;fp?sinare"’”dr == ;r_%_‘;‘g (x> 0),
it LA R % ] B B4 v AS K
(i) FHE oM B H sinax » f(ye ™, EARIENH NAME

B9 B @ AR A, UL E SN  WEREER T, X ]:
0<8<<X<<+oo. B E

X poo
J J |sinax + f(y)e ™™ |dxdy
8Jo 1

X n4oo + oo
.gjj |f(}u)|e-*rdxdyg(X—a>J £ |dy,
3 i}

0

XULEH sinaz » f()e @[S, XIX[0,4+oc0) LT[R, FRRIA

X +oo oo X
J. sinaxdr| f(y)e ™@dy = f(y)dyj sinare “dx.
& &

(i) EEB RERP B _FEEHD
X
j e sinazdz | < £, 0<0< X <+ oo,
5
B P4 o) W S E R B AR
+ 00 + o X 4+ oo
J sina;rd:rj f(y)e ™dy = ]imJ sina.rd;r."!. f(y)e dy
0 0 i—-fm ] 0
+eo X
= li'm'j f(_y)dyj. sinaxe” *dx
xi?m 0 &

oo o0
= J. f(y)dyJ- sinaxe “dy,
0 0

(2) Bz, )EAR Bl r=az,t=ah, B a=t/h,az=tz/h. )\
MY 0<re<Ch B, A

A, L {I -~ Rn_l: (x,t) € A} =
SH m(A)=G/R)" 'm(E), LT[ 15

%z:zGE.
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i~

m(A) = n"xd(u)du= “1drjnn—1x”(x’t)d‘r
JR J

~ r A
— [ e[ 1de = [ mcapds = 22 rmas
! A, JR h ]

o

= im(n‘_‘:).
n

B2 KIERH T3 i .
(1) % f(x,yEEL0,1]X[0,1] Ea#, n

I = j:[rf(:r ,y)d_y}dx = J.:[Ef(r ,y)d.r]dy.

(2) |/ flz,y)= ﬁ%(fﬂ%m,f(o,m:o,mu

I = L( Jﬂf(xsy)dx) dy = 0.

(3) BY f(zyy)=2y/ (P +yDFE[—1,1]X[—1,1] ERTTH
i.

(4) BE f(x,y) = (2" — ")/ (2*+ ) ((x,y)#(0,0)), £(0,0)
=0 7E£[0,1]1X [0, 1]L»‘r7ﬂ

e (D 1=| f(I,y) J."{I,J,}”{m(.r,y)dy]dx

- f(:::,}’)x {(zey): }rf:x}('r’y)dr]dy

JO=J0

rl
[ £z Jay.

(2) f(x,y)ﬁ%*ﬁ(o ODIEEZE,BHE | f(2,y) | <1z, €
L0,1]Xx[0,1),# f€ L(L0,115). NTTER A ZEHKFE, M f(x,y)
=—f(y;:r),i'ﬂﬁﬁ[l I=0.

(D B D=[—1,11X[—1,1]. EEIBFOER(y#0)

j'l |z |dx zzr xdx =1n1—|—zz’

-1t + y? 0o X2 + ¥ ¥
1 2 I 2
I |y|ln l—j"-_gldy _ J In L:;;Eldyz
-1 0
1 4o
jln(l + & } —j l”“__j L4y <+ co,
{ 0
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11178 ) (26 X (B W] AE 4R 4K )
[[15¢x23) ldzdy = j; pldyf 1T o

24y
(4) BINTABRTEMNT

1 pl
JI |f(x,y)|dxdy}J | f(z,y) |dxdy
0J 0 [(xo3) s 2y320,25 + 321}
1 pn/2 /4 !
= [ [ e=Pdrao> [ [ <L4rap = 3 F =t .
oJ 0 r 0J © 2Jo 7
I e oo dxdy " Inx __gz_
(1) I_—..Ju L 1+ Q+2y) L Iz—"ldI_ 2"
. dzd ydz _: _ (**=/( atctanz)’
(2) 1= 4 (A+2%2%) (14 y'2?) KIHZ_L dz, JF

X ={0<x,y<<l1,0<z<+ o},

U ;f (I)d“”] H Inf (I)df] J f@)lnf(z)dz.

B ) BOMBEEAEEERREEERN

r oo 1 (n‘l’ﬁﬂ dr )
I = d
Jo 1+ yiJe 1+xy Y
_{ J::E_E_{ (ted(x A v)
Jo 1+ 1], 1+:.ry.
| T 4 oo ~—1r’2d P 72
| 2, 14y T 2T T
| 1={"4 rm dy
| Jo ¥y A+ »na+ 2y
[ dz

dy

| +oo +oo 2 1
Jo IE—L[B 1"‘172.}'“1“‘!'}'
[t _dx (lnl--i— zly +°°]=2J‘+““ Inx
Jo 22 —1 1+ | o Xt —1
(2) FEIERBERIERD,. BINFE
I = H dzd rm dz
N Y U+ 222HQ + yizH)
| {0<z,y<1)

(%)

dz.
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. dxdy J*”}( x? B y* Id
= 2 2 22 2.2
xt— vyl V1 + 2%z 1 + yz°

LT

-5 [ # =g 3

{0z, y<1}

1
Z%J [In(1 + x) — Inz]dx = nin2,
0

e dxdy |
I—J—u dz .”- (]‘I‘I‘Ez?)(l—{—y,z)

="z, _)r{”'
£ fom f
dz = j'
0

e
o Mol 4 x%2?

(3) (0,11 2[0,1I1X[0, 1 DAGEE fAnfe L0,1]), M

Eg. f(I)QE!
0 )“i{ 0<] < i ")
<f(x)< FOf@ . fayse, S nf(x)f()inf(x)

AR (O ZE B FEZE. S Ine<Selne (6> 0) AT 40
(J]f(x)dx) Jllnf(x)dx) — Jlf(x)lnf(x)dx

2
arctanz
<

dz.

H Lf(Inf(y) + f(y)lnf(:c)]d:rdy

En 13

— E ﬂ Lf(DOInf(x) + f(MInf(y)ldzdy
[0.17°

=% J]f(l‘)[ln

[0,172

B4 BETHIME.

(1) BEEXHE[0,1]x{0,1] LB EH

1, zx€4Q,
2y, x € Q,

%_) %%l [%)]did}?ﬁ_ﬂ.

flz,y) = {

iRk I=J;J;f(x,y)drdy 4.
(2) % f(OER LIEATE,HE
= ﬂf(-fl:r:)f(x + y)dady = 1,

IE
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Wk J=| f)dz 218

(3) & EC[0,1]x[0,1],H%

A= {(x,/2,x,/2): (x1,2;) € E},
- {(IIntIz:f) € [011]3: (IlsIz) € E:f € [{}?1]}1

Hrlo0,1] £[0,11x[0,11X[0,1). i K m(4)5 m(B)HI1H.

B ) EED f(a,y=20,R1NEA

I = J.ldyj.lf(x,y)dx = rdyrZydI = 1.
(2) AR FX R Fubini S8

1 =I= L]f(il:r)delf(I + ydy =

f(I)dI] J f(4I)dIJ

|
| Llf(ct:r)dcl_t) = %

1\ Jnlf(l)d.r}

W5 J=2.
(3) H!(A)— -U. IA(flsfz)dﬁdfz—J]-}:A

[u 172

J f(.’r)dx] ,

Z, "f] 1 4z.dz,

m(B)= | JH Xe(2)129+23)dz,dz2dz;

[0,17°

rl

— dz;;, ﬂ XH(Z1122123)dZ1d22
o 0

(0,17

ol
[ ae ﬂ Xtz stanst)dzid,

o O

o1
= 2d.t . m(E)—F‘I'@

3
#l s ﬁﬁﬁﬂFﬂJﬁﬁ@
(1) # FELCO0,a)), 4 g(z) =rr"‘f(z)dz(0<::<q),ﬂlﬂ g€

Y

L(0,a)), BH rg(x)drzrf(;c)cif.

(2) # f(2),2f ()BT R J:Tﬂ,ﬂj F(dr=0. BESF(2)
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x

=J F(Ode, M FE L((—o0,00)).

(3) & f(), gD ELa,b] L ESE,H f(0)<g @) (@<a<h),
B E={(z,y): z€[a,b], f()<y<g(x)}. HFRECE),M hE
L(E),HF

b glx)
J h(x,y)dxdy = J.d.z:.[ h(x,y)dy.
E a fix)
B (D ) BARMNE
r rf(.t)t_ldt [rlf(t)lt_‘dt]dx

a

dx&(ﬁﬁj

0

=1 |f@® !I_l(J. I{-x,,,](z‘)dx) dt = J.alf(z) |!“1[J ld.r)d.t
0 ’ 0 4 . 0

o

= | |f(@)|dt <+ oo,
o 0

ﬁgEL((Daﬂ)).
Gii) rg(x)d.r — d(rf(t)t_‘dt)dx
] o 0 x

— f(,;);“” 1d.r)clr,=J f(e)de.
Jo 0 0

(2) 2% F(o)fE[— A, Bl LB, RINA
J:F(x)d1= j'i j_m f(t)clt)dr - I: f(:)(jdx)d:

+o0 o0
=B f@dti—| tf@)d=—

A
r+

mtf(r)dt.

i B 458 B3
B)HAERERHAR A (2, ) RARITMBE T € LE).
WHE

glx)

b
J hix,y)dady = Jd.r h(x,y)dy.
E a

ftz)
6 HKiERA TR
(1) BMFENz€[0, 1 9FESEI.CL0,1]): m(T)2=21/2,VU
K ZICT I e
1, 16[0,1], fGLs
Sz = {o, r€[0,11, t€I,,
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ML €[0,11, EC[0,1]: m(E)>>1/2, 878 f(xr,t*)=1(z€ E).
(2) | f(x,WENTE I=(a,b) X (c,d) L, W2

(1) flx.y)¥E I L3ESE; (ii) %fc.r,y)ﬁ&ﬁ& I ks,
(111) ;{?%’fl\ Iﬂe (ﬂ rb)*l{E(f 1d),tﬁgé%f(xﬁt}');
(iv) %[ é%f(.ryy)] FEHAET BEs,

2, o o
A5 f (223 50| 5/ o) | LA
(3 ¢ )22 |
a(é}f(xry)} = ay(a:rf(x,y)J-
W (D BRI F={((z,0): z€[0,1],t€ L.}, RITA

1p1 1
m(F) = J J‘ Xr(z,t)dzdt = J m(l)ydx = %
Ou 0 Y]

MTTHFEE " € [0,1 1A X EC[0,1], 18 f(z,t")=1.
(2) Al Fubini EBURMBSELETHE, SFHAMETEN €
(a,b),?}e (fsd)u& 5‘::7}93'('5!&{“7@'
od

70é o
FEm = f@m = £ + 60 = [ [ | L9 dzds.

KRS TRE 8 [ 2 2, y)de R e mssmt)

Bl7  RE T AR .

WE=EXECR, HE,E RR $#RIME, UK ERR 71
[ METE.

(1) A[4E EC[0,1]X[0,1]H m(E)>0,EARE [ M4ER.

(2) WIEBH E=R\{(x,y): z—y€ Q} AR & {E el IE ]| BE ] W %6
.

# () #Elo,1]PEXK Cantor B H. m(H)>0, UK S=
{((xsy): 2—yEH)CT[0,1]X[0,1], 54 S BEEB m(S)>0. L
FHEIEME AC[0,1],BC[0,1],#8 EAAXBCS,f4a A—BC
H.HA m(A)>0,m(B)>0,ffLL A-BEHIEZHRRETE.

(2) AR, EE FMT 2—y€Q, FFURKNE AXBCE %4
FA-BNQ=Z. APHEE 0<m(A)+mB)<+oo,ME
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m(A X B) > 0.
EHERS le.wy)xgiy)dyéfm,%%ﬂ f(o#EZ, H f(2)
=0(x+yE A, vEB),Bf

J f(x)dxr = m(A)Y e m(B) = m(A X B) >0,

MW (T A—BH—TEZHFEGC EAET 0,6NQ#JT. X &
BFJE.

B8 KM T . .
(DRABERR Fa[if&E, H m(A)>0,m(B)>0,] A+B
REE—NXIE T m(I)>0.

(2) (D) R&TFTEFAEEE D NME R HERE N
(bt DB S, #58 m{ D\ () D) =0 Sr, =+ co.

(3) 7542 R HA[ WAL £, B+ E A,
W () BRRNGRSR

[ mtz) =By e = [ | Xioomnady)da
R R R

_ Ll[leﬂ(I _ y)xa(y)dy)dx — m(A) » m(B) > 0,

FPUUETE 2, €RLVEB m (U —B)NA>0 HTF f(o)Em((Ux)—
BNA)BREZERE . d{x: m(({z}— B)ﬂA)}U %352%% HEEE.

(2) I8 D, fE = $ LB N L, EUJZII |—224r qﬁ‘zr<

+oo,ﬁElUL¥EﬁﬁE#]xet—l,lj{iﬁfﬁﬁﬁf‘f (Eﬂﬁﬂ I {l—ﬁ'ﬁﬁﬂ
A D, B BN Do (i=1,2,,4). BHl

k
Zm(IIﬂD,,T.) <mIND), aexz€[—1,1]

it E= D\UD,,,f(.r,y) Xz, ), W3 a.e. |2|<1, 8

n=]

I zf(.r,y)dy} 0, m(E) :J Id:rJ Jf(;r,y)dy> 0.
R R R

) W R F—ANAURERH W, HER FLIE
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= (W X {0} U {{0} Xx W}, m(E)=0.
SHE+E=A,UAUA;, K
A= {{W+W}x{0}}, A ={{0}X{W+W}}, A;={WXW},

HmAD=m(A)=0,T A; AL ME GV HEILFLAm8 0 EH
R' Fra] il 4.

o RXUERA T An i .

(1) I’ f(2),glx) B ECR" LR, m (E)<+oo, B f(2)
+g(WEEXE ER[f,0 fE€EL(E),g€ L(E).

(2) ® E,,E; = R PRJIEI SR, WFLE 1o >0, 75

m(E, N (£, + {he})) > 0.

WEBA (1) H Fubini E#0H, % a.e. z€EE, f()+g(WEN v
HREHE E LT, BUFE 2 €E, f(z)+g(WEE EVER(f(z) £
). B g€ L(E). FIHEA[ 8 f€ L(E).

(2) BHIm(E,)) = HXE](I,y)dxdy,m(Ez)ZHIEE(I,y)d:rd}u

.’?I(Elﬂ(E2+ )) J]-;EE (1‘!}') xE (I_Syjf_f»)d.rd}frh—(ﬁrf)s

¢G)=m(E\N(E+{h})REZERE,HF
[Jocsordsde = [[dsde e, 20> « 25,2 — 533 — )y

= "“IEI(I,y)dIdyﬂ‘sz(I — S,y - I)d&'dt

; AL

~ e,z 3)dady - ﬂl’ﬁ (s,t)dsdt = m(E,) « m(E,) > 0.

et
2

] FIFFETE ho= (s0st0) » fﬁﬁ P (so420) >0, X 15 B
m(E; () (E; + {ho})) > 0.

10 ®ECR BA&E HEWHHEENHFEE 0, 9%F rEL
{rx: z€EE}=E,iXHEBH m(E)=0 8 m(R!\E) =0.

B8R i0 Ro=R"\{0},E,=E\{0},Ixt4E 0o FEE -, UH rE.~
Eosr(ROAE)) =Ro\E,. BERE m(R\Ey)) =m(R'\E)>0, WHEEE
B Ko: KoCRN\Eo,m(K)>0. M{EEMER KCE, fER¥
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f@) = | e, D
W) F (AR L, HXTHE 0 R .

d
fr) = J Xx (WX (y) (i'}" ﬂ..J' X \EO(}J)IE‘ (y) — 0.
R 0 ‘}F n{_‘, i) 0 “}J‘

0

£)(_1.2
yiry

X f(2)=0(zE€ERy). HH
dy [ 4 condy _ [ 5o dz _
LDXKU(}*) y J;xx (y) y Lﬂf(.z) Pl 0,

Rl m(K ) =0. HILHE m(K)=0,m(E;)=0,80 m(E)=0.

11 A UEH TG

(1) & f(x),g(x) & ECR' FIERTTHMBE,H - g€ LE). %
Ey: {IG E. g(I);y}th}d‘—'tﬂ J’>0!t§3ﬁ&@ﬁ F(,}'):
L_ f(x)dxz, HE rmF(y)dy:Lf(I)g(I)dx.

(2) % EC[0,1]X[0,1 ] RAIME. &FFH

m(E;) = m({y: (z,y) € E}) < 1/2, a.e.x € [0,1],
W m({y: m(E,)=1})<1/2.

+oo + oo '
J F(y)dy = J IE f(.:r)cl,r]dy

0 0

= u*:m(JEf(I)XEF(I‘)dI}dy = Lf(:ﬂ”

~ gl
= | f(x) (J 1dy
JE

0

(2) RIEE. BRE m{y: m(E,))=1})>1/2, 1
m(E) = ”drrm(ﬁ:,)dy
0 ]

J 1dy + J
Jo {yi m(E))=1)

ERRNE m(E) =J:dyJ:m(Ex)dr€1/2 BT JE.

Bl12 EIERA T3 m il -
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}o0

}_’Ey (:c)dy) dx

0

dr = J—Ff(.r)g(r)d.r.

rl

m(E,))dy|~ %

{v; mEEJ_)#lI



(D’ SELRD,g()RR FHERBHEEBEE N ) (O)RE
% 1 H 25 i ek %L
(2) B fFEC.RY,gECT R, f*geCTRY,HA

d
Ir(f*g)(r) =

f = d—d;g) (x).
(3) | fECRD,P()RETA, W (f » P) () IREIHK.

I

(4) i () = (1—c087) Xpo.0m (2, (2 =J o(t)dt, 4 F(z)=

lLyg(x)=¢ (), I

i) (f * @) (x)=0(zERY);

(i) (f % §) (@)= (px P) (2)>0(0<2<4);

(i) ((f * g) * ¢ (2)=07(f * (g * P)) ().

iEBR W& |

o 13 RUE T3 M

(D) (ERBESERE) |/ fELRD,g(FER L HRTW, N
F(x)=(f*g)()ER' EN—BEZSEREL.

(2) (LPEBREA) LRHFAFERE «(2),EFH/MN—1]
fELRY,H

(ux )(z) = f(z), a.e. z€ R (%)

B (1) R lg(a) <M, zeR" #I1H
|F(x + h) — F(x)|

= L"f(x + h — t)ge)dt — L"f(:r — t)g(t)dt

<[ IfG@—t+m = fx=Dllg@d|de

<M 1fG¢+m —f®ldt>0 G0,

B8 B iEE. |
(2) RLFBRAER RIEHFTE u€ LARDE )X WL, HETTH 68>
0,78 |

I ju(x) jdx < 1.
—24

HKA LARDPERE (o) =X-s0(x), 5 E
273



&

f(x)= (ux f)(x) =j w(x — y)dy

—~é
r+8 -
=-—J u(t)dt, a.e. x € R,
.1:—3
Eﬂt;ﬂz‘:ﬁ InE["‘ava]iﬁ%
Iu+3

1= f(xy) =J u(t)de.

:n—ﬁ

R, p—FHFE.BINXE
r“ju(z)dx

]

1 =

Iﬂ-}-ﬂ 28
s;j lu@ide< | juyde <.

X—FEHRAAFE LR, EFB/N—Y] fELRY,FH
(ux Hx)=f(x), a.e. zER.
Bl 14 HKIEBI TP M.
(1) ¥ ECR' H 0<m(E)<+4oo, f(x)f R' L 3E &) @], 0

FELRHY ALY g(0)=| fz—nds % R ETR,
(2) | f(2),g() R0, c0) FERTMEE . HE
[COr@1 + lg@ | Vade <+ oo,
il
Emlf(.ry)g(y_l)lfydy <+ oo, a.e.x € (0,00),
Bl (H %R HA x;éL(RIJ,Eiﬁ
glx) = J-l]xﬁ(t)f(:r — t)de,

BTk g€ L(RY).
KAl o>

L1XE(3)f(I_f)d‘] dx

—[ xw|], fa—dz|de=m(E) + | fx)dz

(2) BE#k r=¢",y=¢,HiB FG) = f(),G(t)=g) , R{1AH
+ oo + oo
[ l%—ﬂidxtj | f(e*) |ds <+ oo.

-—
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St g () LA BELLFE L ENE Fe L(RY,GE L(RY). I fiT A &1
J’J’“’ flygly™) |d_}:
¥

0

» -0

= |FG+G(—¢t)|de
-+

= [ 1FG = 6@ |dr

=FxG(s) (a.e.x € (0,00)).
M &
EARER IR B RITED) 5 FIE RS, 7 LR R B S

SHERPRITE, RATRAZARGRG RBE—RHREHRS X,
MG R I RR SR Bt T K ey 77 (. IER

HEERRAANE, NERSELHK,
FERETX—, 55T LI
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FHE WHSAERS

FEHHMORELE Lebesgue BB bR AR ELEH, 4 U
Newton-Leibniz AKX B LW RSV ERG. VAR, BIMNFENB R WH
.

§5.1 HIERBAI AT TE

e

EEENEERMHERM L RITUBTEHERNELEEEE, EY
BAFRRE AT RERE TR SO FE AVTHENEE Vitali EXTHESTE
3 HAUEHA Lebesgue ¥ B 4510 . HiHRERJLF AT .

EX1 HECR,[={[.BR—1TEKHk HFXMEEH s€E UL >0, FHF
LET B x€ L, |L|<e, MIFMTBREE Viali EXTH 1T HEZ.HHEIEMW
Vitali J|E.

B 1(Vitali MXE) HECR' Hm" (E)<oco,ETM & EM Vitali 2, W3¢
FHEEY S0, FEARIMTEAMEEN LelrG=1.2,-,n),{#H

m (B 1) <.
=1

B2 B AORELAE R FE 2 09N ERLEER A
_f(II}“t‘h)_f(Iﬂ) f(i'ﬂ+h]_f{1‘u)

D™f(xo)=lim h » Dif(xe)=lim .
hwgt hoot
D (2= Tim LIRS -y p0 g i LTt =S (z0)

h

A0 k0" h

SRNKRENI fOE 2 ENELEM.ETESH . ELEH.ETFTEM. EKH
Dini (7).
F D f(xz)=Dif(xe)s D flxe)=D-fx0)s
D" (—f)=—Di(f), D (—fH=—D_().
Wi, EH A Dini MEFFHE -TARE W f(F 2o ERTHGE
D*flz)=D; f () WERE, M (O 2o ROLHESFHFELE;E D f(z)=
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‘ D Fe) HERME N F O 20 S HESREE.
£ 2(Lebesgue) 35 f()BEXE(a,b] EHAHH EF GEHE) R, R
‘ FOMATHS RN RS, A

‘ Ef’ (x)dx < f(b) — f(a).
Eﬂ S{Fut’inilﬁﬁﬁﬁ) ﬁ ‘{fﬂ{I)}E[d rb]tﬂqﬁm@ﬁyj !E. E fn(-r)
#la,.b] B, N |

i( Efn(:r)} — E ifu(.r), a.e.r € [a.b:]_l |
j = ne .

R W

- W1 KRR T A .
(1) FECR, T BAXEK, B Vitali EX TEZE E,NEHE

(T 78 m( N J) =o. |
() B (L: d€ SV R—ABA ERE WK HEE, 0 E= 1. 2
- e€ J

WRE.

B (1) AGBE EC(a,b) I FHEANRKEWE T (a,b).

(1) ﬁzﬂ Jler- %Emﬁ r EFIH'(J JHJE:'“:J}!ﬁﬁ]E r EFiEJ:_j
Jl!'" nh fﬂﬂq*ﬁfﬁ‘]—‘ﬁlﬁlﬂtﬁﬁz_t%ﬁ% 5&:#@ Jt+ler ﬁ}%

k
JH—I ﬂ [ UJ{) = gr J’H(JHI) = 6:/2.
(=]

(EE,EAFEMRZ J., WL EH.)
() ERE J, T BE J AL, 0 mJ)=5m ), 5584
20€ (J) 51 €EJe B d (200 11) 22 « m(JD) >,

> m(Jy) = 5> m(J) < 5k — a).
=

k=1

(B ERERBROUED. & A=E\ (1) . 3 m(A)>0,MAFLE ko, i

B> mJ)<m(A). N\TIBHE 2.€A B 2.€ (J) =k, HRILE
=k,

o€ (J ) (h=1,2,",k)). AR EHHE, JRNFEIJET,FEB € J,
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HINSe=F k=1,2, ko). AT 5l 0:<2m (J 1) >0 (k—>00), iR HE
O BB FAER/PERY £ ER INT, FL m (K< - ANTTH
ky> ko 193] |
r, € J Ji» o €J N (J:i)‘, m(J) =d(xy,x,) > 3,&1_1.

X—FEE m(A)=0.

A+ Vitai EEXT R {LE.

(2) RIHiR m" (E)<+oo, HE

& = {ICR; T R¥EANI, PHEKXIE],

G o BEM Vitali R NTWRFELAHKKEF (1}, 15

m( E\Qh) =0. & LCL,, W E:(E\CJIE&] U( CJI%)ET%D.E

IR}
B2 AR T P M.
(1) % IL,CR" B—1PMHE,T={[.Cl,: c€EJIYR—EFHE,ICK

= |JI..ECR" R[S, FWE— L, 5E m(ENL)=2mUT.) /3,
ae J

m(K N E) = (2/3)5"m(K).
(2) & ECR*,T'={(B,,B,,,B.,} & R* h—4AF @, B | J BDE,

=1

R T — S E MR A . B, B, ., B, 68 | 3B,DE.

iEB (1) EiRH 8, =sup {diam([.): a€ J} <+ oo. K H
Vitali R EHAIEAHE, fEBEAHEXB (L} ER n(K)<

5" 2 mU,). NTIRITH
SimU)<SSmENL) = Sm(EN UL).

i 8  m(ENK) > ~§—5-~mu<>.

(2) BT FERRBAHEGIN B, RIEES B, Rty S HAE
B Rk M B GE4) B, . kS B 4E, 7178 B, B, .. B,_. i
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5 A U 38,0 | ) B. i BB AT,

f=]

943 AIER T 5 .
(1) ¥ ECR!,f€ L(E),E,CE T[4 H m(E;)<+o0. F X}
8 2€CE URS0L,EE(x—68z+OHNEFEFKIE[q,8]:

7€ [a,B], (E78 j[" o F@da0, AR € Ea: f()<0) B

.
(2)  ECR, 2. €L(KH R E. HEH
llmm ;NN EDH/Ed =0,

MFR zo B E ZL%XK. % EFIJLEAERREEE A, mu E RZ7[M
.

B ) REHEY Ei={(z€E,: f(2)<1/n)(nEN)R TR,
iCEig sl E R EFN U L2ZeER 0,02 E § Vitali
WE  AHAWES SOLFEERAHEEZERA: (a,8), (a3, ),

k
ey (e, B) 838 G= | (o, 80
i=1
| m(G) — e <m(E}) <m(GNE) +¢,

Oéjf(r)dxzj f(.r)d:r%—J. f(x)dx <+ oo,
G

GNE, Gnu;}‘

Lﬂﬁ_f(.r)d:r: <L.mGnEp,

1 o~ Lo gy L
me}tf(x)d.r = n m(G ) Eo) > nm(E“) n

MWTTH 1/n » m(EE)(j f(;r)d.r-%—-l?;"E. B ARNAE m(GN(EDS

GN(E)"
=m(G)—m (G Ey)<<2¢, LA m(E})=0.
(2) APifRE EF—URENEFE R, B EC(a\b).
() SEH eSS0 UK 2€E, BT

limm'((r — hyx + h) [ E)
h-+0 2h

ﬁiij-_"tﬂﬁﬁfjxm h}ﬂ!ﬂ:ﬁ‘ m’ ((I"'h 1I+h)ﬂE£){2h . Eaﬁ%ﬁ
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AR E (x—h,x+h)CT (asb). Bk, %t E FREE « fE 8 LR KX
)i 2k © AR E B —4 Vitali B &, H\ﬁﬁ%ﬂﬁﬁr':l“ﬁ?*ﬁﬁﬁ‘]li
B3 {I,= (xn—hnsxnt+hy) )} 1S

G4 | JI.DE\Z, m(Z)=0,

=1

m G NEY<m'( |JdNE))

n=1

< 2om U N E) < D 2he =26+ > h, < 2(b — ae.

n=1 n=1 n=1

(BB LYETG.0)AEFRHEE.)
GD M &=1/kREN) ,HH ODHTFETFE Gi, B (m(Z)=0)
GiDE\Z, m"(G,NE)<20—a)/k (k€ N).

k=]

m* GNEY=m* | () GNED) <m* GuNE)<2E=2) 0

k=]

4 k—>oco Al m(G,NE) =0, % E W[4,
B4 KTH R f(o)H Dini ¥ .

U': -I'e ’
(1) fo)=2"%; (@) f(x)=|z|; (3) flx)y=¢ _Q
11 IEQ;
azxsin® —1-—|—b:rt:l:}52 l, x>0,
x T
(4) f(x)=+0, . z=0, (a<b,a' <b").
a' xsin® l-1—.6""1‘{:@5‘? 1 y <0
. x T

M (1) D.f(O)=D"f(0)=D_f(0)=D"f(0)=-+oo,

(2) D4+ f(O)=D*"f(O=1,D_f(O)=Df(0)=—1.

(3) X x€Q, D4 f(x)=0,D" f(x)=+00,D_f(z)=— oo,
D f(x)=0; % z€Q, D" f(2)=D_f(z) =0, D; f(z) = — o,
D™ f(x)=+oo0.

(4) HFAERXBQ/Cn+2)1,1/2n7 ]9 cos (1/2) A K sin(1/2) 7]
BB —1 B +1 Z[Ee—YIE, B

D™ f(0) = sup (asin®f + bcos?d) = b.

280



(M, H D, f(0)=a, D_f(0)=a', D”f(0)=¥".

Bl s LUERA T 5 R .

(1) #® feCa,b]), MHFLE x € (@, ) IR ER &, E1H

D_f(xy) 2k = D*f(2) B D™ f(xy) <k D, f(x).

(2) % fEC((—o0,00)), A4

filx) = fx+1t) — fx), —oo<z,t<<oo,

= XEEW € (—oo0,0), fLlx)X 2E (—oo,c0) T8, N f(2) T
(—oo,00) FAJHH.

W (DL A=[fB)—f@])/b—a), FEEF(x)=f(z)—
kx. ZHIFEC([a\b]),HE

b —_—
S ;* afma _ b%ﬂ[bf(a) —af®],

F(a) = f(a) —
Fb) = 72— [bf(@) — af ()] = F(a).
HILHFE 2.€ (a.0) ,fE F(z)R[a,b] L F(2)#8K MR B /ME.
M5 3|
D_F(xy) 20, D"F(xy) <0 (x, HBKXES,
D, f(zy) =20, D f(xy) <0 (x, HE/ME .
(FEE.H ¢ @IFE Hg@)=p(x)+¢(x), M| D*g(x,) =D e(xy)
+¢/ (x0) s Dig(x) =Digxe) +¢/ (x0)), HHHFLE &, E
D_f(xy) Zk=D*f(xy) (x0 ABKER);
D,f(ze) 2 k=D f(xy) (xo RE/ME ).
(2) () BEMEEFRE M 2"=2' +1(—co<t<{0) , BNTH
&R

fGa"+h) — fa")  fl' +e+h) — f@ +1)
h | h

f@ e+ R = fGE R @+ — ()]
B h

+f(I +h;)1*-f(:r)

_f:(IJ+h)_f:(I,) f(Ir"E_h)_f(I’)
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S R R iR BT A
D% f(z") = f,(z') + D% f(z'),
HRE f()E— S0 RH fOL T .
Gi) BEFEEMQ), THFEL UL ., #BEFHEE)
D_f(x,) =2k = D" f(x;).
M XAE B z=x,+¢ (—oo<y<{o0),H
D_f(z) =f,(x1) + D_f(x)
=1, (x)) + D* f(x,) = D* f(x).

Gi) AHBRE f(OARLEMEE, (EUAEFIHAETHOUEFEK
8] [a, 6], F/Ea.b]L F(OTFE(a, (@) EH G, f(B)))BELELN
TH.BLEL

F(z) = f(z) — Iz, izf(f?)—f(a)

b—a ’
W 5 KT 2, € (a,0) {8 F()E z=2, L BBB/ME. LB
D F(x,)<<0, B} D f(x,) <;
D,F(zx,) >0, Bl D,f(x,)>=L.
MTXHEER 2€ (—o0,00), XF
D™ f(x) < D, f(2).
(iv) & ELRgR, Ri1F
D_f(zx) =D f(z) =D,f(x) =D "f(x), — oco<az<oo,
X (OB BEXLAM ORI AT,
e RIERATHIMAA.
(1) FFEL0, 1] EM BB [ (=), €] f(£)=0,a.e.2€
(0,1].
(2) & f()R[a,6] LRAERRE. & FEL a6 W fla)FE
[a,b] L BHERERBEWEAW f(o)=2"%in* (" )E[—1,1 ] L EFFESE
¥0.
(3) W{fu(@} RO, D EHEEREI. HF limf.(x)=1,a.e.x

€ (0,1,

limf,(z) =0, a.e.x € (0,1).
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B (D) 20, DNQ={r.}, HIEHET
P 0, 0 x <7 (n = 1.2 0e0)
)= /2", rn<z<1 07

54 fo(o)FE[0,1] i, H f.(2)=0, a.e. z€[0,1]. BEERY

fo) = D fu@), 0<x<1,
n=]

BR, F(OE[0,1]E™/iEH, H 0<f()<1. AT Fubini Z
oy 2 B W] A

fl(z) = D f(x) =0, a.e.z€ [0,1]
=1

(2) RikE:. BE f()Ela b ] LERBE F(z): F'(z2)=f(x)
(a<x<<b), A F' () =20, F(x)FE[a,b | LB NTTEH

b
rf(.r)d_r — J F' (2)dzr < F(b) — F(a).

XA feL([a,b)), 5BEFE.
) BAEH, FE{a), i) 0<arltn<1,E1H
llm(b;, — ﬂi) = 1, limfu(a;) = llmf:n(bi) = 1.

n—oo == o e

W F Fatou 5|3, &1/
f" lim f, (z)dzx < umf*f;(.r)dr

! Am=ees dy

< lim[f. (b)) — fuad)]=1—1=0.

1
4 ko[ B| limf ()dx=0,HHXAE limf(x)=0,a.e. €

[0,1].

gl 7 RIERH T (Y Riesz HHHEER)

(D & feCa,b]D. & a,p)FHE— K = LA Dini FHZ—£
FEFET, M f@)<fB).

(2) #Fla,b1HH « 894 Dini S Z ML Fle,d ], M EEH
21v2:€ [a 6], 9F

¢ < [fx) — fa)]/(a, — ) < d.
(3) & ()T 2.€ (a,0) b Dini S8 2Z — 7 =, fbESLE, N
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().
B ) & 2€ (a.0)BRAFA.
(2) B(,B% F(@)=f(x)—cx.
(3) B4 _LS%, W=k
—e<[flay) — fx)D )/ x, — x) <€ (x,7; € Ulxy)).
B8 & f(x)Ra,b) EHBEMEE,EC (a,b). EXELE 0,
FAE (@i b)) CT(a b)) (i=1,2,), 518

U @b DE, YI[f) — fla]<e,

wIERH f(x)=0,a.e. zEE.
Bl KEERITE

[faa<| <[ @d

U (d*&*} k:—-ﬂ:-’l

k=]

< Z[f(b;) — fla) ] <e.

i ¢ B9 ERNE, T | £ ()dz=0, ATHEVBHFE.
o ®ECG,)HmME)=0,RIFHEE(q,b] L REZHE
WEARE f(0),E8 ff(x)=4c0,2€E.

Bl HEL L, ME—1TEHRE A BRINTUBR—EE EHER
8 G, 8/ mnG)<<1/2", F1ERE T

fox) =m([a, 2] NG, € [a,b] (n=1,2,-).
BR8N fL(OBREARE EARYE f.(0<1/2". BT
folx +h) — fu() < [RL (LR TSN,
B fu()RELZRY. AEBERE

f(x) = D) fux), =z € [a,b].
n=1

EREMREEHBFEANRE. F CE, MM TFEEREEHBERY
ks WTEL A | FES /D 1] |
[z, 2+ h]C G,y n=1,2,",k,
HARIE[z,2+Rr]C(a,b). HEH
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folx + h) — [, ()
h

:].1 ﬂ=192,“',k.

LIRS,

flx 4+ h) — f(x) _ <A falax + k) — f.(x)
h > 2, h

XY € E B, f () = +oo.

A LR, BRIFRERILFLAATHAX —28, —RIEER
AREUGHR.

Blio & f()Rla,0] EAYBEIEEE, HEBR R =[c.d]). HHF
EC[a,bJHm(E)=0,8m(f(E))=d—c,l] f'(x)=0,a.e. x€
[a,b].

B KRR feCa 6 DHEILFA LT ATBE a,b€
E. KRRt &HH

A= {z€[a,b]: @) =M>0), m(A) =r>0,
WFAEAR BCA\E: m(B)=r/2,f (2)=M(x€ B). \Tiixt z€ B,
FIE 6,.>0,578

N =J@ M, 2 <.
y—x 2

(FEYNS(BY=2)* >0, Af{EFF X [E]iE (1.}
Umdo <e, fB |1

M 2€ B FHE o, 8/ f(EL L, BH [ () =M, ik a,,6.€ [a,b],
@

f(x) € (fla), fb.)) C I, , a.<zx<b,,

H r—a,.<6.0b,—x<686.. \TT f(b.)— fla) =Mb,—a.)/2. X,
{(aerb) ER BRI BR, AT EAMR FEE: ((a. 6.0}, L HfE
BRI EFRRBRTHNNXE. H G

25>22m(f)}MZ(b —a,) =M -m(B) = Mr/2.

X—F & AL,
# 11 RE T 5B .
(1) & f(z)i&la,b] LREE BT, KIERFEa,0] ERIM B R
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B (f.(x2)}: fu(@TElab] E—BERETF f(x).

(2) i{r ) CR" BABEEI, AR f(2)= Z |2 —ra|/n? IR K

()M FREK.
B (2 fu@)=[af(x)]/n,BATHE
1

flx) — —‘ffif(:t) 'f(r}+"n—,

| f.(x) —“f(I)I:’Q;; (aKL << b,n € N),
H I B O] A& EE.
(2) 83 f (I)—Z(I—?‘ ) /n? —i—Z(r —x)/n* LA R p(z) =

(x—=r)¢(x)=—(r, —I)ﬂﬂﬂﬁﬁ@ﬁ ﬁiﬁﬁ Fubini B3, a4
f(x) = Z -15 - *:—2-, a.e.r € R,

n
LA 2 ru;:r

§5.2 ARAEERE

EAEAAXN

EX & fF)RBXE I EHEHEBE . ESR A, a=xo<<ax <+ <z
=p LA B HE R g

= 2 [f(x) — flxi-) ],
R (o) tEla,b] I TEIE
\/ () = supivs: A Hla,b] 4 —4r %),

R A LETEELRAREE) . HL2Ei2H BV ((a,6]).
1 Ff(OR[a,b] FHIEERE , a<c<b, T

[ 4
VO = \VH + .
EE 2(Jordan M) fEBV([a,b DM HAMY f(2)=g(x)—h(z), L

g5 h()Bla, b LW 8IF EF (LE) R
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=+ # a>>0,8>0, f(x)=x"cos (1/2") (0<2<1), H £(0)=0, R

(1) fFEBV([0,1D% B o> 4.

(2) f€Lip*([0,1 DY HIL Y a=>p+1.

(3) F a<p+1,0 fE€Lip"([0,1],7=a/(f+1).

(4) B f(2)=1/In(2/2) (0<2<<1), f(O)=0,0 fEC0,1 D NBV0,1]),
8 feLip"([0,1]),a>>0.

(5) B flx)=e Ycos(e) (0< <1, £(0) =0, fecdo,1,f€
BV([0,1]) 8% «<<1, € Lip*([0,17).

(6) ® fEBV([a,b]), B F (D) | =m>0(a<<a<<t), T 1/f€BV{a,b]).

xésin 1 y xF£0,

(7 iﬁif(:c)=[ z g(.r)==
0, =0,
BV([-1,1D.8 flg@IE[-1,1] LR R ERTERY.

. = 1
xsin —, 0<zrx1, {ISII} ' T STSL

1, x5

0,
01 -I-:Of

(3)&f{:)=[ z falz) =
0, xr=0, 0, Oﬁ(:-._-r"::%!
£H€BV[0,1D,H ful)E[0,1]E—BKETF F(2),H FEBV0,1]).

(O AEEERY. CAE— KA EYEERATE BEEERT LR, B
HAE— X E LR

Y

L U
Bl1 RETHIEE.
(D & f(OR[a,6] LR IRRE, XK \/(HZ1E.

4x 1
(2) KK G \(cosz); (i) J@—2)2Z M.
0 -1

(3) f(x)=zsin(n/2) (0<z<1),f(0)=0#[0,1 ] L REH R
EZRE

() B f()fE(a,b] L0, H(a,6)H f(x)=0 79 & A HER
H<I1<Ig<“'{xn<br

iKitH \/(D.
D EE X e, JE—0 R A, va= ) — f(a) |, &
V) = |fB) — fla)].
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(2) G) ¥[0,4n]5 RIRAE T /MK E,E cosx A /NXE L
B oF B0, BR W] AR4E \/ (cosx) =8.

(i) Az—29MFE—-1,0,1 30 —1,1]H =" X, % {E
Bl r=+~3/3, BUHEE/NME—2~3 /9, KE 2V 3 /9 %iHH
w3 B4

]
\(z — 2%) =8~/ 3 /9.
-1

2 2

(3)1””‘“"5*2”—1{2““3{ <3<1AU

__ 2 (____2_._ 2 ] [_2_ 2}, 2
va=5— |Gyt gt 5+3“,l+3
o 2

_2;24&—1'

T ] R 24 n—> ool yua—>+o0, Bl \/ (f) = oo,

] o
@) VO =1f@—fD |+ D, 1fa)—flz)]
a 1=72

+ 1) —f(x) |.
B2 AUEE T .

(1) (D=0 %HILY f(x)=COEHD.

(2) % feBV ([ a,b),g€BV([a,b D, M M(x) =max{f(x),
g(x)} Rla,b] EMABAREERE.

(3 ® f€EBVLa,b ), M| flE€BV([a,b]) (B2Z AR,

(4) &W.r)lﬁta,b]tﬁﬁ%ﬁﬁﬁﬁﬁ = feCa,bD, N

fEBV([a,6]),HE V(f)— V(lfl
(5) i’ f, gGBV([a,b])
D Vfe) <supif@)p VU +suple@} V.

& b b
(i) HXE f(@)=0=g(a),M \/(f+ &)< \J(H) + V().

(6) & feLipl([a 61, M FEBV[a,b]).
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(7) & FEBV([asb]),p(x)FE(—o0,00) FJ&TF Lipl, M ¢ f1€
BV([ﬂib]).

B (D) o BR.

LEM EAWEESN €00, BF () —f@ < (H=
0, FF IR R (1) =f(a)(a<x<b).

(2) & max{a,b}=[a+b+ |a—b]]/2.

Q) FEEH | fl— | WIS @) —Ff |, 8F F€BV([a,
b1, ME | f1€BV([a,b]). RZ UM Dirichlet BB¥ D(z), EAREH
RABERYE (D@ | =1 NEFRTERE.

(4) RERH V(f)ai V V1l R, 9% a=ao<<la <or <z =

by B vy= Z | flx)— x|

) #&F fx5 fa_DRE, AF
@) | = [ flz_ D = 1 @) — flxop .
(i) &F f(aD5 fa D5, ME &€ (2 2:),ER] f(E)=0,
M T A 4
| flx) = flziD I | f @ =1 FED |+ iD= 1 FED] ]
BESR A, a=a<a1 <o <o, <Ei<ai <o <z =b, BATH va=

b
v \/ (1.

(5) () GEE*E::T:Q ﬂldz—blbzzal(ﬂz—bz)—l—(ﬂr—bl)bz-
G) TEFRHED R f(2)=P(x)—N@),H¥

P(x) =5 [ V) + f@) - f@],
N = L[\
2 = [V — f@) + f@ ],

WEE [ (HO=P@G+NG BRI H f=g1— g8 V(<)

+g:0(6)). LR & f(I)vg(I)ﬂ"]ﬁ?ﬁﬁ“ﬁ% f(x)=P,(x)—N,(z),
g(x)=P,(x)—N,(z2),
289



f(I)g(I) :[PI(I)PZ(I) -+ NI(I)NE(I)]
— [P(2)N,(x) + N, ()P, (2)].
NIEE:

b
\V(fg) <[P (BYP,(b) + N,(B)N,(b)]

+ [Py (&)N,(b) + N, (BYP,(b)]
=[P (b) + Nl(b)][Pz(b) + N,(b) ]

= V(f) V(g}.

(6) KB HMFE M>0, {ﬁﬁ
f(@) — fI<M|z— y| (a<<z,y<h).
ﬁﬁtfﬂiﬂ'[a,b]ﬂ‘]{i“ﬁﬂ A ﬂ:Iu<I1<"‘{In=b:ﬂg:ﬁ

Uy = Zj | flz) — fla | < M; lz; — 2,_, | = M(b — a).

X\ (H<MB—a).

(7) BMERAEE M>0,#18
f(x) - fMI< M|z —y| (—oo<ux,y<+ o0).
MTX (a0 JE— R A: a=z<ay <o <ax,=b, BMH

va—zw(f(:r))—qb{f(.r D < Z,Mif(:c)aﬂx D |

— M}] | f(z) — flz_ )| <M V(f‘).
i=] a

(1) & f€BV({a,b ), W f(x)JL 4L ET 1%, H

d I
d_:r( \a/(f)] = |f'(x)|, a.e.x € [a,b].

(2) & f€BV([a,6]),MGRE) I, ;zf N1+ (2) Jdx.
W () O) BIB\EBLTENE A, S 0, FESR
Ara=x, <2< 2oe < 23 = b,
{15
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V(f> - Elf(x,) — flai-) | <e, (%)

?ﬁ%ffI—IHthB[aab]J:E‘flEﬁ g(x),fEH
f@) +ey  flx) = i)y [z € [xioy,x]

— fl@) + ¢ flx) < flxieyp), (i = 1,2,k
Hi oo (=1,2,, D) REE.

L b, 8%, € a,n 1,5
f(x) — f(ay), flx) = flay),
— f(x) + flap), flx)) < f(ay).

HX A BHAE  HE e, ]GO LEEEXT gla), WX 2 €
(ziyzit1 ) SE X

glx) =

glx) = 4

flx) + [g(x) — f(x) ], f(xis)) = f(x),

— f(@) + [gxd) + f(x)], flaig) < flz).
ST ER R g (), BRI N (rioyx: 1, B g (x) — F () B

g+ fDOREELH g @ =1 ()], a.e. xz€[La,b]. XHA (%)

GIEE

glz) =

b

B\ () —g (o) Rla b b i
i) B G 8 e=1/2", FE 4 [a 6] B HF (g, () ), (578
\:/(f) — g.(8) i—%, lgi(x)| = |f'(x)|, a.e. z € [a,b].
L

ol

Z/{ V(f)_g(ﬂ")] <+ oo, x € [a,b].
5| Fubini ﬁmﬁﬁﬁ}j@ A 4]

(e

Z[ V(f) — &n (I):I<'§+ co, a.e.x €& [a,b].

d I
HFle(]=|f(z)],ae z€a,b],H iz V(f);[}, a.e. €

La,b], MEINIAH
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f—r V(f) = |f'(x)|, a.e.x € [a,b].
(2) iﬁ-tﬂa ff(I)%E[ﬂ!I]Atﬂiﬁ .}’Zf(I)Eﬁ]gJE'li(dQIg
b) s B a<e<y<b, H
1(y) — l(x) =~V (y—2) 4+ [f(y) — fF(@) ] >0,
B L () fE[a,b] i, BT

ZOETI \/1 i [ = f@),
ax y — I f

iR

lj(x) =~/1+ [f(@)], aex€ [a,bl
PNE- A NEZ]

L;(b) = rz}(x)dr > _r N1+ [ (x)]dx.
B4 HKUEHI T3 AR
(1) # fECa,b DK 0\ (NH<+o0, MFHERER A: 0<i<

V(f)sﬂgﬁﬁ >0, %40 A a=r <y <o <z, =bHWRNAI=
max{xi—x,_;: i=1,2,,n}<0 i =]

E!f(l"f)—f(:r,-_l)l > A (%)
(=1

(2) # fEBV([asb]),E={x:}Cla,b]. & f(x)=0(zFz),
fl(x)=0,a.e.2€[a,b].
E (D) BERHELE SO ENH A, a=t<-<t,=b,fE
5
vy = ZII(:)—J(:, DI>a, lal<e,

E.;ﬁ(fﬁ(,([a,b]))
| F(2)— () | <(uy—A)/2p (z,yEla,b]H |z—y| <.
A, R IA <o R A& HETFOXHHE MG A
WimmE <z <a<y» 8
Nf(x) — fla_ D > 1 f(y)) — fly_) | — (wyg — A/ p.
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M 1T AT 15
2 | f(zx)) — f(z_)) ]| > i | f(y) — fy-) ] — (vg — A
| = v,y — (vy — A) =1A. |
(2) & fx)=a,GEN),S={x} , HEHE
E, = {_r € [a,b]: x € S,HFELXHET v,

— f(x) 1
=] >1,
EH IGE& %Hﬁ%ifﬁm$¢trﬁ|f"1-|‘:k|ﬂu|~iE.+fr=(I=—
kla;|szi+kla:|),BH

UJ D Ei, Zm(J) _2,&2;@ | <+ oo

(feBW[a,b]),ﬁi; g <+oo). H M, H ERENT WA,

m( N U7 =0 st g —BWHI FRATRE N = HEA B T
B m(ED)=0. MNTIRIHT

m(S U( gL:JE*}) =0, fl(x)=0 [Ig CJE;)
s RKUEHE T 5.
(1) & f€Lipl(La,b]), N VUWE%ET Lip1([a,b]).

(2) & EC[0,1], 1 xE(z)E[O ljiﬁﬁiﬁﬁﬁﬁﬁﬁﬁ%ﬁ
2 ENIREABEREARE.

iEBf  BE.

6 AuERA T 5.

(1) § FEBV([0,a]), 4 F@) =7 | f@©)d(0<z<a) W FE
BV 0,al).

(2) % FEBV([a,b DY HXLFE(a,6 ] LHIRE F (), E18

| ()= f) |<F@E"—F(2') (<2 <2"<b). (%)

b
(3) & FEBV([a,6D. FE V) = f&) — fla), W f(x)F
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la,b] FiE1H.
iFEBR (1) #B1E Jordan MR, HEE . 4 f(2) BE RN,
F(x)hiE. i, BE o<z<<y<a ,ﬁﬁ]ﬁ

1 1l 1
F(y) — F(x) yj f()de + Y I]J f(t)dt
> Q=0 | ap(L - L]-
y vy X !
i Bl 48 By k.

(2) b &H B F@) =\, W o<’ <2"<b,RAHA

x
| f@") — f) | < \J() = F") — F@').
T

Lo ﬁiﬁ(*)ﬁijﬁmuiﬂ-[arb]%{{j‘ﬁi“ A a=x2,<x11<
ez, =b, BIH |

‘Uﬂ=i|f(If)_f(Ii_1)1$:2IF(I;)_F(I,-_l)‘—_"F([})'*F(a).
Elau:tﬂﬂ;d FEBV [a,bD. ;
(3) 4 F(x)= V(f)—f(1)+f(a) W F(a)=F(&)=0. %%
F(x)ﬁﬁtg@ﬁ,ﬁiﬁ F(r)=0(a<x<<h). KW f(o)=f(a)+
\/ (..

7 AUERH T 3 el .
(1) 8 f)EEla b LT & £ €Ra,b]),

b "
VH =1 | (@) |dz.

(2) (FT"BgER) i fER([a,b]). % F(I)=rf(:)dz(agrg

b, 1 V(ﬁ‘)=r | £() |de.
ﬁEHH (1) (l) g‘d- II rl'ﬂe [ﬂ !b]E. IF {IH! ?ﬁfl‘]ﬁ
rﬂ (r)dz | < rlffc_r) ldz.
r xr

| fa™ — f(&")] =
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a5 \ O 1f @ lde,
Gi) YE[a,b 12 El A: a=xo<<x, <o <x,=b, N

Uy = i | flx)) — fx_D| = Z!f’ D |lx — x|,
?IJ%-@I 'Uag-.. V(f)iﬁgiﬁ%

b n & L
[17 @1dz = tim ST E 1z — | < VOO,
a ! =072 a

g4 1), Gi) BB FTiE. )
(2) G) M[a,6JE—2R,A: a=xo <, <o <z,=b, 19

b= F@) — Fap| = D || fed

Fe=l i—1

n 5
QZJ’ If(t)ldz=L|f(z)ldr<+m.

B4 FEBV ([2,6]), H \}(F)éjilf(z) de.
(i) (A) %ﬁ%ﬁ&ﬂm%‘[ﬁﬁ
¢(I)=ieix[11,_],zf](x), =1 0T —1 (a<<x<<h).
wiE
Ecp(;r)f(:r)dx == iﬁE ]f(r)dt

i=1
<>

=]

(B) M TEEPH f(2),1Ela, 6] EHIB BB B (¢ ()}, (EH
ii-[lln¢,(x)=f(_r),a.e.ur€[ﬂyb]aﬁ.%
@ (x) = sgn{¢,(x)} (n € N,z € [a,b]),
W5 [ B (@dr< \ ). LB
limg () f(x) = | f(x)|, a.e.x € [a,b],

=%

AR 1 W S R R HT AR

r f)de

i—1

n b
= S |F(z) — Flz,_ )| < \J(F).
i=] a
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k b b
J | f()|de = limJ @ (x) f(x)dz < \[(F).

Bl 8 RUERA T 3 di Al .
(1) B’ FEBV[a,6D. & f(OBFIRBE, N feCa.bD.
(2) iﬁ f: I:ﬂ ,b]‘*[ﬂ;d:];%i%ﬁ]%ﬁ. %R‘TH:EE"'J .}'6 [f*d]hﬁ%

FrUYNTEEH FELa,b 1) 10 A &L\ (H<10(d—0).
(3) W& FEBV([ab]). #F xo€ [ayb ], W] x=x, & f ()W ELE KT

B AT = B\ ()L .

(4) & FEBV([a,bD. ¥ fOWMARELE S 20€ [a,b],10
D(xy) = |f(xo + 0) — flx)| + | fzo — 0) — ()]
(B zo=a B b, W4 D(xo)=|f(xo+0)— f(xo) | B |f(xo—0)—
flx) ) BEBRE (2. Cla,b f(x)ﬂﬂiﬁﬁﬁﬁu,ﬁ!!

Zﬂc.r ) < V(f)

8 (1) RiEE. %ﬁ& 2,€ (a,0) , [ 1F | f(2e+0)— f(2,—0) |
=80, MIHERH e>0,F | f(aot+e) — f(zo—e) | >8:/2. NTT f(2)
TEW{E

max{[ f(x, — 0),f(xo + O} + 8,/3
5 min{ f(x, — 0),f(xo + 0)} — 0,/3
ZEBRABFEE, XS f(ORFREETE.

(2) Mla, 61— A a= < <<z, =b,1C [, =
[z sxi)ed: TaRUA f(x,2)) s f () Ryt 5 ) X Ja], 0 FUHIRE—TK
|, A

Z|f(:r)—f(x D < Z

SQ ZJ xf{;'_}(y)d}’ = J Z:x‘f(j’_](}')d_}' < 10(d — ¢).

f=1+v¢ L=}

(3) () AR axo<<2e<b, H

fz;)
[ -

flz, -

| f(x) — flx) | < V(f) V(f)--\/(f).
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FFIA S \/ (O FE 2= 0 AAHESER, £()HAE 2= 10 REHESE.

(1) | z=x,€ [a,0) R [P EZE LIRS 0, FF 6>
0,fE %
| f(x) — flzy) | <€/2, x € [xp9xo + &) C [a,b].
VELzor 2o+ 8T A: 2o<ay <o <zp=x010, B

.r+&

Zif(x)—f(r D+ 5> V(f>

x,+8 z,+8 x,43

rhjf}, | f(x)—flz, )< V(f) V(f)— \/(f>+ vm i

f=2

J:c,ﬁ-t? +5

VD = VH — Vi
%zﬂ:lf(x,-) — flx,_ )|

+ = - Z,|f(1‘)—f(:r_1)|
=lf(-1'1)“f(.ru)! +E¢(E.

T\ N\ () <erra<ar). EHB (DT 2 =0 R BA

. FIBAE \ () z=z0 MEES.

(4) EREZERARARN: 2102200 120, X d>0 BXEF2Z (6
BB /DEE R, MIXHELSR 0.5
0<a; <d/2, 0<b<d/2 (G=1,2,,m),
| flx; — 0) — flzi — a)| <e/2m,
| fx + 0) — fla + b)) | <e/f2m.
MAEELa.6]1Z 3R] A: zivxi—aiszi+b:G=1,2,,m), MEEE
FOBEE vy BT

vy = > ([ flx—a) — fla) | + | f(x) — fla + b)),
i=1
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flx, — 0) — flx) |< | f(xi — 0) — flx: — a)|
+ | f(x; —a;) — f(x)|
<L e/2m + | f(x; — a) — f(x)].
BE (i —0)— f(x) | —e/2m<| flxi—a:) — f(x) |. B A O]
| flx:+0)— flax) | —e/2M<| f(x:+b)— f(x)|. N8

Ua ?ﬂi:{[ | f(x; — 0) — f(x)| —
=1

£
2m

_I_[if(_ri.—{—(])—f(rf)'"* é_?;)}

H

Z{mf —0) — fxD |+ [fx + 0) = flad| —

D{(x;) — e.

|
II_ME n

B, R 1A uazzmm. B2 a4 v<f>.,:zijmx,-><mem. i

550 V(f):»ZD(I ) (CBP] 34 2 tRLAL).

:1 Ela(4)$a1 %feBwEa b1, T S A
E, = {z € [a,b]: wj(x) > 1/k}
HAFRE. (Wf(x)ﬁﬁ F(E x 5 EARE)
$o LUEBH T %M.
(D B{fa @} Rla.0)] LHERTEREYN,.BEF

b
V(fk)ﬁM(k=112,"'); limfi(I)=f(I)rIe [arb:lr

|

b
il FE€ BV ([a,b]) HIR \/ (HM.
(2) & feBV([a,b]), fLEBV([a,b)(EN). FH

lim V(f f) =0,

RO

WA (f., ()}, ER” !Ll}:lﬂf:,.(x)ﬂf (x),a.e. x€[a,bl.

(DR FEBV([arb]) (nEN). HEMIEL >0, F I no, 15
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V(fi—f)<en,m>=ny), H {f.(a)} £ Cauchy 5|, M EHEE f€

BV ([a,6], 8 lim \/(f,—fH=0.
B (1) Xla.0]8FE—R A: a=x, <o, << <z,=b, BN1H

2@ — itz D VU KM (n € N),
f=1] a

2 ko0, | B R HN
lim 2, [fu@) — filz )]

= i‘f(fe) — flz_D)I<M ((n€N).
T8 \/ <M, iEH.

(2) BB, S, () ] D (= 1,)<H+oo. $gi(x)

i=] a

- \x/(f—fnl)(.ré [a,b])y%%ﬂigs(r)&[a .bjj:tliﬂ f’fﬁ@] g,—(,}:)
GENTE[a,b] i1 , B H#E Fubini EF, 7] 4

S} L& = 1) ae st
X 15t B

(=

Zlf'(if) — f;i(I)} <+ oo, a,e.x € [a,b],

i=1

B[ 1__i‘m|f7(,r)-—f;'_(.r) |=0,a.e.x€ [a,b],UE .

3) W A\ )=M, BRI (a,6JWE—2H A: a=2,<

< <zxm=b, ﬁﬁ]ﬁ

S falz) — fulziy) |

i=1
]

é E |f,,(:t:;) = fn{](xi) - fn(*rj—l) + fnﬂ(“rf—l)|

=1
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+ D @) = £, ()]
i=1
b b
< VL — )+ VU <e+ M.

&
HILE \/ (fO<M (REN,M >0).

MER | f ()| <M'GEN,M">0). HARINA
| fo ()| < fulx) — fo@)| + [ fa(a)]

< \ﬁ/(f.t} +M'<M" (n € N,M">0),
Eﬁuﬁﬁ-aﬁuiﬁi&,ﬁd&{fﬁ(ﬂ}uﬂ FEBV([a,b]) 18
Eﬂ.f"s(r) = f(x) (a<{x<b).
(1) BHIEL >0, EEBH AR A, KI1E
Zﬁ] | fo, (z) — Fulx) — £, (xi) + fulzi))|

b

< VU, — H <e (kn=ny).

a

2 k=00, W8 (n=n,)

D) — fulx) — fla ) + fulz D] <e
a

=00

Bl 10 LUEEA T )RR .
(1) #ENEL0,00) LH f(O)WR -

V =sup{ \"/(f)g n = 1,2,"*}{4“ o,
v |

b b
BRI \/ (F—f)<e, WD lim \/ (f—f.)=0.

MGEH S F ) 54 Emﬂx)d.—c 8.

k=1

2) ® FEBV0,2x D), MM ERHEB ., HH [n - f(0) I
V(O (fG)FER f(2)H Fourier Z3).

iFEH (1) G) M[0,00) FHIEFIERMBH ¢ (2) .5
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A, = J.Hg(r)dt — gk (n=1,2,.
0 k=1

A= (O de— g (n+1)>0, ATH (A ) R BT B

k41

n—1]
[(gra = Zj g0d < g,
k=0
A< g(0) — gln) < g(0),
BT A { A} W 8L F1.

(i) TER R f(2)=fi(x)— f.(2), B £1(x)>=0,f,(2)>=0 B&
B EE. GE[0,2]LE F(OMIE. ABEEN P(2) ,N(2): B 0>
0, B f1(x)=V+f(0)—N(x), f(x)=V—P(x); £ f(0)<<0, MH
[ix)=V—=N(x),[2(x)=V—f(0)—P(x).)

*——-rf(z)—zu}f(k),ﬁlﬂﬁ
0 k=1

d, = [ﬂf](:)d: - Zfl(k)] - U:fz(z)dt - Zfz(k)}.
L F1 (), f(OBEDOPRZ g(x2), Y n—cobf ERXBRBELE.

5[
fE.

£S5 (MK, 5 lim £ () =0, M # £ umj £ de, B

=1 t—+oo

f(e)dt FFAE , Wl n—>oofif , if(k)=j:f(r)dt—du 4 B I 7

I: F()de WK,

Ck+1)2%/ |n|

(2) & n0,k REH, N [ e dzr=0.4

2ix/|n|

ﬂb=m (k=0$1521'"|ﬂ|)1
|n|

g(2)=2 ,f@)X,, . @ @F*0),
b1
M g(n)=0n+#0). H\ﬁ'ﬁ_‘rﬁ
f(n)| =

j [f(x) — g(x)Je ™dx
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n|
%Zj 1/ ) = fla|ds

//|\

L ay 2=
Z Vi = V.
& 11 'lﬁi las | < +oo, W f(I):chk.Ik EI—1,1]EERE

%= R L.
ﬁEHH %ﬁiﬂ-[gsljﬂqif_'ﬁtll A {]:I{J‘(I|<"'<In:] !ﬁ

= ilf(-re) — f(I.-&IH = i‘Zﬂ&(If — If_lj‘
<D lal@t — 2] = Zlml(Z(r )

i=] k=1 =1 i=1

= Z|ﬂ£|-
k=1

i\ () <+oo. KT HE FEBV([—1,0D. BI{3FTIE.

H12 & FeC® 0,1, H f(0)=0,iRiEH

\l/(f) = sup {lf(e)l +j If’(x)idr}ELM

O=Ze<1

JEBR  REE R, MAES >0, fE€BV ([, 1), 8F V(=

f ' () |dz. ITTA] 78

M = sup {|f(e) — f(O)| + V(f)}

Dele<]

< sup { \/(f) + V(f)}
—  sup  {|f&) — FO| + |fx) — f(©®]

e, < lx =1

4o | FQD) — flaD )

<sup [Ir@1 + [ 1F @1dz).

i o ol |
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§5.3 ANEMHHS

%A N F

BIE i € L([ab]) .4 Fulx) = %j F)de (% 2 [a,b]8t, 4 F(2) =
0),®INMA

b
1imj |Fa(z) — f(2)|dr = o.

he0) 4

ER & reLabs)D.%
F(x) = rf(r)dr, z € [a,b],
W F'(x)=f(x), a.e. € [a,b].
ﬁiﬁ %:fGL([ﬂ-b]}rmljxq[a!b]qaﬂi}?'ﬁﬂm)ﬁ Irﬂjﬁ‘

]
lim ij 1 flz +8) — f(zx)|de = 0

A0l h 0

(RMHEFRE LN E 2 5 f(2)B Lebesgue £).

L7 P
Bl1 METHNHE.

(1) & Fz) f—jqu(t)dt(ﬁé.ril) JREE BN E 2 £, F ()
0
#,XQ(I)?
(2) B{r. ) CO,DEEFEBEN, (a. BLEN, B X
|Lr—r,,i_”22_”, :1:;7’—'?',,,

(nEN); f(.r)Ean(.r),

Ay s r==r, n=1

f,.(.r)x[

REM FEL0,10), BRI BHES E (a,) ,F(I)=Ef<s>dz T r=r,

ERT .

(3) # EC[0,1 @YW, FHFLE L o<U<<1,EB/X[0,1]H1{E
B TRE[a,b], 85 mEN[a,61)=1b—a) ,iRIEH m(E)=1.

M (ODEIF@O=0,FUH F(x)=0=Y(x),a.e. 2 €
LO,1 ], 0] Hl F' () F X (2) (2 € Q).

(2) B falx)=0,a.e. z€[0,1], RiTH
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r+1

1
0 %J fulzydr < j 0"z — 1| Vidz = 2°
1]

r_—l

n+2

NI ﬂf(.r)dxéZZ‘”%er,ED ferLqo,1].

WA, FEER 7. R >0, RMNTAE
1

o r +h 2R
F(r, + h; F(r,) =% @z = IL fo(x)dx

;%,;h_”z — oo (h—>0).

M dE—&w hH.
(3) ¥ zx€(0,1],H Eiﬁﬁﬁﬂgﬁ—arh(r)dr%& % zx>a+, WG 1>

lya.e.z€[0,1]. XRAXEJLFAE SR E B 5Bl m(E)=1.

B2 RIEHT 56,
(D | fEL0,1 D, gD REXEL0 1] EH A EA R &

iﬂ“ﬁﬁﬁ’ﬂ[asbjcfﬂsl] !;E‘
rf(.fz:)d.r

W ()0, 1] EF ] e E.
) W f@OER EHARTRHEE,0<A<]. HEXEEM KX H

[ﬂ!bjiﬁ

2
< [g®) — gla)]b — a),

£ b
< AGh — a)P_IJ | f(x)|tdz (p> 1),

rf(x)dr
W f(z)=0, a.e. zER".

(3D WEXER LHRTAHER (), ECR' HE=R". &
flax+t)=f(x)GEE,z€RD,MF f(x)=C(HH,a.e. zER".

2

x4+ b

J f)de| <[glx + Ax) — g(x)]Ax, Ax >0,
D i 2 [glx+ Ax) — g(2)]

Az). f@)de] < Ax , Ax>0.

A Ax—>0,B0B | () |’<g' (x),a.e. 2€ [0,1]. XK BHLE W AT
() # TS5 ORI ERE, RIEA
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? 1

- Ax 4 Ar
[ Treal <a LM rore @a>o.

)

A Az—0, 04| f(2) [*<<A| f(2) [?,a.e. z€ [a,b]. HILEIR
| f(x)| =0, a.e.x € [a,b].
(3) W) FHFECRY,MH f()=fO)(zx€E)E E=R' 14
()= (xER).
(i) Xt f€ L(La,6])([a,6]CR" ,fERH

x+-h
filz) = -H f)dt (h>0,r € RY),

5H LECRD A fulz+s)=fi(x)GEE)Y. NTTH GO H fulz)=
FHOCEB 2R BH imfi(x)=f(z)(h—>0,a.e. zERY), FFLU

b=

f(z) = f(0), a.e.x € R
B3 RAGEATFI M.
(1) /@R 2n 5 1 AEB AT HER, N () =C(KED,
a.e. z€R'. |
(2) % fF(OER EHMEE, HR P~ T HEEFTHHE R
F@OBEAB, U f(x)=C(EE),a.e. zER.
(D WSELR. EXNE~HEmG)=1WFRGC.BH

J F()dz=0,M f(z)=0,a.e. rER..
(r

i (1) G) & FECRY A E={2kn+i: ki€ Z)}, B G
H )= (xEE).HAH E=RFTU f(2)=f(0).
Gi) ¥ FELa b)) ([a, b JTRY) NVERE (121 >0)

+h h
fi(x) = lj fde = *LJ f(x + t)de,
h hjo

x

| Ay 48
fulz + 1) = ﬂ flx+ ¢+ Ddt = 3| flz + 0de = £ita),
1] 0

fﬁ(-’r + 271) = fh(I). '

HY LOREZEEH. FUBH O fL(@)=C(¥E. ¥ EF
lim fa(x)=f(x),a.e. zER', B U] 1B E.

h==(}
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(2) 2 g)=f@)/[1f@)|+1](@ERY), M |g(x) <1 HHEJH
815 f(o) K. 2 G(x>=j:g(z)d:($£ﬁ= £ T>0 8 o)A,
o€ L([0, T,

lim —J o(2)dt = —J' o(t)dt & L),

X=+tco X

T g (OB EBPT,): T.>0(r—>0) , BiTH
L, = G(x + T%) — G(x) (n € N).
2 n—>cof]Hl L,=G' (z)=g(x),a.e. zER". B I B) 8 FriFF.

Q) HEEH X R FH rﬂf(.r)d.r=(},i'ﬂﬁ'ﬂ"—]: b>0, 0] 15

+& 1 +1+b
3] f@dz= [ @,
L0, 811\ f(a)=Sf(a+1),a.e.aE€ER. S

E,={a€ R fla)# fa+ 1)}, m(E) =0,

EE:{ﬂERl:f(ﬂ)=f(ﬂ+1)?éf(ﬂ+2)}, ?H(Eg):or
E,={a€R": fla)=fla+ 1) = = f(a +n)
| # flae+n+ 1D}, mE,) =0,
ﬂ}ES—RI\(UE M fla)=fa+1)=+=f(a+n)="(a€S),
n=}
Y3

a+1/n
lim[nJ f(:r)d.r} = f(a) (a € S\Z,m(Z) = 0).

A—=co a

Rd‘ QGS\Z!%
(GG =

a,a+%}U(_a+l,a+1+%]Um

U a+n—1,a+n—1+i~),
W GRHE. Hm(G=1,BF
at+1/n
Jﬂf(I)dImU=HJ lf(.r)d:r—hf(a) (n = c0).
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X AT LR b e €RY, H f(a)=0.
B4 AIEB T B
(1) & fE€EL([asb])yx0€ (a,b) R f(2)H Lebesgue &. {E,} &

(a,0)Pa] B, (5.} BN FFHLEHEH, B E.Clxi—8,,10+0.],
m(E,)=ad,(a>0,nEN). M

llm —(E:—)J J(x)dx = f(xy).

(2) & feLcdo,1. %xﬂfﬁﬁﬁ zE O, 1)K >0, HFELEFF
X J.Co,,E"

€ J,, m(J) <e, J f@)de = 0.

I

IR E B HTFIE 1C (0,10, 39 [ foode=o0.
BB limgy [ 1@~ ) ldz =0, U R

== 00

) M@ = S ldz < zla,,L_a £ — flzo) |da.

(2) 3T f(x)RY Lebesgue & 2,€ (0,1), B F 0 Y IEE I (5, )
IueJu=[Iq_6g9.Ia+3 ]C(D 1) 3 <1/ﬂrﬁ%

.r+r?
0= IE.]; E}?_J f(x)d.r = f(xy), [f(xo) =0,

73 %[Uﬁqujﬂfhif‘ﬁﬂ:ﬂﬂ% Lebesgue 5, ff Ll f(z)=0,a.e. €
[0,1]. AT Lf(.r)d:c=0.

§5.4 HXEZRPITHAEAEH

EXANE
G R ()RR X (a,b) b f Al Y, S
£ — @) =.rf'(£)dt, z € [a,b]

B BOLEAE 4R F T ROL?
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f)Rla,b] L AERTENEZRIL T £ €L [a,6]), 3%
h(x) = f(z) — J e,

Wr(x)=0a.e. Hhla)=f(a). EEFIFMAE T EERRA (DN ZEFF—
A X EE R ] 1ZE Cantor ¥ (), EE[0,1 1 B FFHy %R ¥,
P (x)=0, a.e. z€[0, 1\ EQDHAREE.HHA 6(0)=0,0(1)=1. HILT
H, HEFEXBRL, RIMTETESR f(OFMLE- &M

MWEEHBGRPRNCELED, ML FLLATHESE AT RHIHFAR—
EHET MW 7T HERZFHFHR, L RITE— 00X 2R B0 .

513 &’ f(OFE[a, 6] EJLFELLTEE F(2)=0, a.e. z€[a,b]. Ef(z)
T la,b] EARM KB W LIFE >0, BIHERH 6>0.[a,6 INFEHRA
HEAMZH X,

(111}'1)5{-1‘3;}'2}; i(I }")1

HKEMHBM/NT 6.8 Z | f(3:) — flz)| >
BX #/ f(zx)RE[a,b] Pé‘]%fﬁﬁﬁ FAAES B >0, 77 >0, 8 Y
{_a-b]’PEﬁﬁﬁ’r‘ﬁﬂﬁﬂﬁﬁﬁﬁzfﬂ(x.—,yi)-:f=1,z,m.n)rﬁﬂE(y,ux.-:nc::a
i, A a
L 1f(3) — flz) | <,

T f(:)%[a,b]t&@%i‘iﬁﬁﬁﬁ,#%ﬁiﬂ%} AC([a.bD).
BER.BRIMNATRREREL,
() B EERN—ERELFE;
(i) TEla,o] LA HEE R SEBA — M REZ .

W1 & fEL(a b)), MEFERS Flz) = fﬂnd: £a,b] L 25t

HEEERH.

ER2 Ff(Rla ] EHBXEEFH N f(OR[a, 6] LEREER
.

#E FS(OR[a,b] LR EERE, W () (a6 LR ILF AL
W, B f(x)R[a,b] LB T RRE.

EH3I F (Rl MBI EEZRY.H f(2)=0, a.e. z€[a\ ], N
f()#E[a,b] L BF—1THEL

B 4 WAL BERE) £ f(OR[a, 6] EMBEXEEFH, N

fz) — fla) = J Feddt, z€ [a,b].
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&1 HELR,AMGWT. “—4EEl.b ] LHRY f(ORFEA
f(x) = fla) + _rg(r)clh g@) € L([a,b])

MR EVEREN: f(OR[a,b] LB EZRE. K RITE g(2) =
Flx), a.e.x€[a.bl.”

A2 X EERYREILFL LTI R— RSN

3 704 I RS

Bl1 AR TIRBAESERE LA ESEH.

D flo)y=|z|, [—1,1}; (@ foy=~z, [0,1];
(3) f(x)=2afsin(1/2%), [0,1],F(0)=0;

(4) Cantor BREL C(z), [0,1].

B (D f@=Iz1FE[—1.1] E#xtiELE.

(2) &E@J«/’?=%rr—”?dnﬁ FEAC0,1]).

0

(3) 0<g<p B, fFEACLO0, 1 DHERE, YL 0<p<g W, fE
BV ([0,1]).

(4) BE COREL0, 1] EM#EITELERE,NE C' (2)=0,a. .

z€[0,17,FF LU C(I)=EC* (£)dt=0. X BB F &, # Cantor &R
o X 14 SF oR 3.

Bl2 BETIEHE.

(1) RAE—FEL0, 1] 1 ToAb B i iy 4 3t 3 45 oR %K.

(2) |’ EC[0,1]H m(E)>0,ifE fe AC([0,1]),H f(x)™#
HIY,EE S (2)=0z€EE).

(3) 1 [\] — B % L /Y ok BOR 2 X R SE Y S 9

(4) KM PN ELE R H SRR BT S m

(5) AL BB E—-BRANZH T ZEHAHG?

B (D) ELIPESBE HEBL0,1]FE—XE I HFEH R
§2.4 1)

m(INE)>0, mUNE)>O0,
FHEL0, 1] LAY BXTESE R
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Flz) = j :Exsm — e ) Tde.

E, Xt (0,1 )P HE—KE I, FE o €INE, € INE, {#17
f,(-Tl) = Xe(xy) — X (xy) =1 > 0;
F1(xy) = Xp(xy) — X (xy) =— 1 << 0.
XA f(OFERME I EARESIEE S, B8 k.
(2 W HC[0,1]RZE Cantor 8. m(H)>0 H m(H)>0. %

E=H , RIMERS f(z) =rIH(t)dt(Oﬁérél) , B % K.

(3) F. P f(2)=2%in(1/22)(0<z<1), F(0)=0. B {I1xF
L0, 1 #ES %1 A

1 1 1 .
0<< < <
~nn 4+ w/2 ~/ nn "\/(n—l)ﬂ-l*ﬂ/Z{:
1 1 1
< < < <1,
~N1+=n/2 ~m Aw/2

W] 8 v,= |sinl —2/x| + jll(kn+ﬂ/2)+l/(nﬂ+ﬂ;’2)- M T 5 5

k=0

1
V() =+oo.
]

) A—.8/m f(y»=y",ye[—1,1], L R

zicos¥(n/z), O0< <1,

0, x = 0,

A f(RL—1, 1 LA EERE, g (x) R0, 1 ] ELENR
B R, RITH

glx) =

P )
rcos —, O<xr<li, !

F(.r}=f|:g(r):|={ z \/ (F)=+-co.
0, r=0, °

0, OH{MIQ%!
(5) & fulx)= fLEAC(0,1 D(neEN), 5

%Dfu(.r)]ﬁi[ovljt"“ﬁlﬁﬁl%f(x): .I'Sin%. O*i:;r%],ﬁf(x)qﬁf
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[0, 1] EARAREEN.

B3 AE T M.

(1) ¥ f€AC0,1D,MFE f.€ AC([0,1]DG=1,2) Hi# ¥,
F18 f(o)=fi(x)—fr(2).

(2) Ri® f()RE XHE[a b LA BRI LFRELN f [ 77BN
f(x)=g()+h(z) (€ [a,b]), K, g(x) R BEE LRI HBITE
SEWRE LA (D) REE EFAREM B A’ (2)=0, a.e. € [a,b].

(3) ®& fEACLa, 6D, M f+,f~€AC([a,bD.

(4) H#E f€C0,1DNAC([0,1D,M fFEAC([0,a])(0<a<<
1).

W (D) AHGEBRE FOO=0(FUWF g(x)=,f(z)—f0)). 5
fa(:r)#Llf’(t)Idt.fz(x)=f1(x)—f(x)(0£x£1),Eﬂﬁﬁ%ﬁE.

(2) @g(a.-)=f(a)+rf’(s)dr,hmr——f(z)—g(x)(aéxéb),

W g(x)RiBMAY, H ' (x)=0,a.e. € [a,b]. TIE A()R)IBIWHE. K
M, a<<y<a<lb, BIfER¥

. f(z)! a‘u{.ﬁt<I!
f(t)—{f(l')r Igts_
WX >0, BRI\
T+ 8 — @) 1 (., 1+,
L 3 dt > 3L f*(t)de — 5]; f*()dt

1 y+&
— f(z) — gj' Fr@de < f(x) — £
I A Fatou 5|38, 7] Al
rf’(r)dr, = [ him L ED =Ty, £y — £y

, B0 F)

X g(x) —g(M<Sf () —F(3), Bl A(y»)<h (D). |
(3) iEBE.
]

(@) f@)=(@—Dsin| =

Bl 4 KU T B RR .
(1) ZHRE f(OFE(a,b] LFE R Lipschitz &%

) (0<2<1),f(0)=0.
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(@) — fO| <Mz — y|, z,y€ [a,b],
M flx)R(a,b] 43T ESERE.
(2) & f()Rla,b] LRYIERBITELERE, N 7)) p>DE
[a b b B4 X4 3% 22 R 3L
(3) #® FEBV[0,1]). HEMIEL >0, () e, 1] E X ELE,
H ) z=0 &3S, W f()FE[0,1] L 4axtELE.
B (D) XEEN

th(x)—f(yﬂ ME yi — x;| < &M,

i=1

FRUA T F B e>0, R 6<<e/M Jﬂﬂpmﬂgﬁlﬁﬁii.
(2) BE | f () |<Ma<x<t). HHEANIF E>7>0)
& —n=pp+6¢ - 'E—n, 0<b<],
FRPART 2,y € [a,b],18 %
L fP(y) — ()| K< p@MTH f(y) — f()].
B It B AT RE.

g BRAODEOVEREXELEREH]f () |P0<p<DE[0,1] L7
UARBIHEERY. Bl f(2)=2"in(1/2)(27#0), f(0)=0,0 f€ AC0,1]
(ERI @I, B/ (O T F 0N LEERAREEFRTEFH.

(3) MRBMB AT 0 B IERF {e.) LA S € (0,1], 9] A

Jf* ($)dt = lim f(t)dz = lim[f(z) — f(e)] = f(a) — f(O),

|

X 1% B f’GL([Orl]),ﬂéﬁ}ﬁJﬁ_\f_.

Bl s HAUERH T 5.

(D Heg@)Bla,b] LB EERE, F(OFER LHERE
Lipschitz &4, W flg(x) J&[a,b] k028 X% 22 iR 3.

(2) () R[a, b EWEXMN EETHR BB, g (y) F
Lf(a), f(B) ] LIS, N g[ f(2) JHE[a,b] L 43T 4E.

(3) ] f(x)Ela,b] L3 L, EIELR >0, 7 6>0,%[a,b]H

ERNEAHEZHXE [xiy:] G=1,2,-,n)HER z": (yi—x:) <6 B,

H
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‘ i‘[f(y,-) — f(:r.-)]}{ €,

RIEEH f(o)FE(a,b] L2 XTIELZE.
B (1) IKEBIRHMELE M>0,{#18
| flz) — [ < M|z —y|] (z,y € RY.

xRS e >0, L 3}0,”:’![&6]*1{%*5?5@%%52(J’r'_l'u'){:
& H*J'*ﬁz g (yi) —g (x:) | <<e. AT ] 45

Zlf[g(yﬂ f[g(x)]I‘:MZIg(y)—g(.r)i<ME

Hy 4% ﬁi“ﬁﬁlz
(2) B g€ AC(Lf (@), fB) DA, IHES e>0,FH 6,>0.4H

FABR R AR ([ d, 1) A (e d 1 CLf () ,f(b)]HZ (di—cb)

<4, Hﬂ‘,?ﬁ;‘ lg(d)—glc) |<e. HHA fF€AC([a\b]), FFUAFFAE 6>

0, % [a,b]HERHZ R FE (210517 fﬁ,@gw.-—-x,aw ot
2, £ — Flan] <6,

ERE] £ BRI, B RE R f (2, f(30])] R TR
4. bkﬁﬁ%[a,b]q:m:mamzmaj Cyemz) <8 B ] 18

Zl glfy] —glfzn]l <.
(3) KA A, 23‘&'% e>0 YA MK a, b JHEFRHRZ X B H

ﬁEZ(%—zfms A N1

S — flan |

i=1

_ Z'[f(},l.) — flx)] + i”[f(-rf) — f(yd]
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= ST G0 = Fe1]+ | D@ — fon]]

= [ ST 1re0 = FEd]+ |Z[f(y>-f<x)]\<ze,

ﬁ':fqz KRR )= ()BT [E] [z, y: JKHT, L R
ST R () <Sf(a) B AR K (8] {22 y; |RF0.

Bl 6 XIERAT 3 i -

(1D &’ fE€BV (a6 D, f(x){E[a,b] LARTELE Y HIUZ B

\ ¥l b) LR 4.
@ B ffElab] LR, B
jif’ (2)dx = f(b) — fla),
M f(x)Ela,b] L4 ELE.
(3) # fEBV([a,bD. FH EIf’(I)!dr = \;(f), W f(x) 7
(a,b] Lo L. a
i (D) A9H BE \?(f)eAC([a,b]),;‘iﬁ@W%it

Elf(ya — flz)| < Z V(f),

SLERAT S f€ AC([a,b])). -
hEM BRE fEAC[a b)), !nIJiﬂf%E?;o FPE 6>0,% a,b]

qjﬁxﬁﬁﬁfﬁlﬁ{(rny.)}’f Z(}'fmif){asﬁz ]f(y,-)—f(rj) ]

<k, iﬂ'ﬁ"l\ I&Wﬁ}iu
Aﬁ,‘: i = Q; < d; < a; » < wem L a,‘,mi — Yis

M,

&_ La;,—a, - = Z(y—r )<<d H] &I

i=1 j=1
Z Z |f(ﬂ,-,j) — -}r(ai,;‘-q) | < e,

T A — 143 R A B BB R, T8
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i‘\ﬁf)%h B \}(f)eAC([a,b])_

=1

(2) ZEERY F(2) :rﬂ (Ot —[F () — f(a)], BEF(a) =
F(b)=0. X[HY alo<y<b W}, H

F») = FG) = [ fiwd = [f) — f@] <o,
FFEL F () RBREE. NTTH F(x)=0, XA
[Fwd—f@ - f@)=0, f@) =f@ + [ @,
{148 BT k.
(3) R i{(f);%ﬁiﬁ%ﬁ&’-}ﬁﬂﬁf, 4

Fz) = j £l — U,

S H F(x)la,b] BB ERE. B Fla)=F®) =0 a[#l,F(z)=0.
B!

o=[1rwia— Vo, Vn=[iro.

WA Ve B
B7 KRR T A e

(1) % FEAC([a,6)) g€ AC([a,b]), T \}(fg)EAC([a,b]_).
(2) & f(2)R[a,b] EHESEN T MREL N f()fEla, 6] L4EXT
ELE
Bl (1) BURA, R e >0, BFE >0, B4 a.p P ER
AR A { (x5 9 b, ?ﬁ,@_}_j(yi—r,-)r:a mt, A
Z f/(f) < &, Z \l{(g) < e,

i=]

BEIF@ <M, |gx) | <M, (a<a<b) , RITE
V(fg)i-..M'l V(g) +M2 V(f) (f—_“ 1?29"'9”)-
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T4
> Ve — VU |= > Ve

< D> M (@) + D M, /() = Me + Mee.
i=] x; )

ey it B[ 45 FFiLE.
(2) X >0, 70,818 4<<b—a,HE

| f(z) — fla)| < (a<<x<a—+ 2%9),

3
3
1 F(x) — f(B)] <§ b— < z1<h),

HE f(«l")%‘E[ﬂ!ﬂ+2?jg[b‘2q!bjt$*iﬁ- Rﬁ M:;’Oaﬁ;f%
fO) —f@IsMz—yl G@+rsKz<b—7.
A d=min{y,e/3M}, HIRE A KA {(zi,y) 1]

U(In}’i) - [ﬂsb]-! 2(_}’:‘ T I:‘)‘<$&
i=1 i—1

XEBE y<zx 0 A RN 1<p<g<n, A
Tp<la+ 1< a0 <y, b— 1<y,
CmA B, W B e A X (8], AT A
a<y,=(y,—x,) +x,<0+a+7<<a+ 27,
B RIS
i | f(y) — f(x)| = | iff(yf) - f(:r,-)]\

< | f(yy) — fla) | <-§~.

RKUYUHEF b>z,=y,— (y,— ) >b—7—06=b—279, LA R

DUF) — fa)| < | fB) — flz)] <e/3.

=g

PNITE: A(RF: 5]
Z | f(y) — f(x) ]| < L S ) — fla) |

' 3 =p+1

t=1
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g—1
QZ?E‘I’MZ Iy;*r;|<"2'3E+M3££.

i=p+1

i AZIEC TS T
B8 IKIERA T A

b
(1) #® fEBV([a,b]), € AC([a,6D (rEN). # lim \/ (f,— /)

(2) | fo(z) (n=1,2,)R[a,b] B H %3 ELERET.

%an(x)'ﬁ[a,b]LLHIﬁi,mﬂﬁfﬂ@ﬁﬁz[a,b]héﬁﬁﬁﬁ.
(3) ¥ ga(2) (k=1,2,)R[a,b ]l 0 HE %% 5 05 ¥, &

() T c1 a<<e <<t TBBRH S 20> B2
Gii) irlg:(x)ldr*iima
m'JﬁﬁﬁZgg(x)?[E[a,b]_t%ﬁﬁtﬁﬁfﬁﬂi*ﬁﬁﬁﬁﬁ% g(x),g() B
g'(x) = Digi(x), a.e.x € [a,b].

EBR (D) BB, MES >0, FFE no, B/ \/ (fi— ) <eln

}’ﬂﬂ)t Hﬂ%ﬂﬁ%ﬁ_ﬁ 6>01 i“’l[Hab]EPEZ:*Eﬁgrﬁjéﬂ{(I;a}h)}? ﬁﬁ‘f‘.
E(J’J‘_Ii){a Bﬂ'aﬁz %fnn(_‘}’;')““f,,u(l‘f) |<E,u&

D) — £,0] = fx) — f @]l < VU = f) <e

CNIEIEL:
2|f(y,-) — f(x)]

— Z!f(.yr) T f(-:r:') — [fnﬂ(yf) - f"ﬂ("‘r")]
i=1
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+ [fnﬂ(}’f) — fnU(Ie)]|
< DG — [ ()] = Lf @) — £, (x)]]
=1

+ Z 11, () — S, (x| < ze
A I B[ 45 B iE.

2) & S(z) =D fulx)(a<x<h), W S () 2% 1 of 3. W
==

Fubini & 3 7] 4 S’(I)=Zﬁ(x),a.e. € [a 0], EEEF f,(2)=0,
a.e.x€ [a,b], BN1H
b 2 b
J’ S'(x)dzx = EJ fi(x)dx

n=14a

= D fud) — fla)] = S®b) — S(a).
n=1

X SE€AC([a,b D (RAE 6 Z(2)).
(3) HEHFGITHR §4.3 €1 2 IR R EL

G(x) = D gi(x), z€ [a,b]
k=1
Bla,b ] LW W FRE, B
lim[ SYgi()de = [ Georde,
n—-'x'j.; -1 [c
B RN g (o) BREX ELERELFTUA
gi(x) = ngiir)dr + gi(c)y, x € [a,b].
PNUEIRS!
n T .Fl_" , n
Egi(x) :J Z‘gﬁ(t)dt -+ Zg&(c}, n=1,2,"
k=1 < k=1 k-1
MAES n—>oo,Bl1E
D> &) = JIG(t)dr + Dl&(c)y 1 € [a,b].
=1 ¢ =1
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glx) = jIG(:)dr + D80,
¢ k=1

B E % g (z) R [a,b6] ERIEEXT ESLRE, HA
g(x) = zg;(_r), a.e. r € [a,b].
k=1

Blo RN FHIME.
A a=z <)< <z,=b,H

= |f(~17.'+1) — f(l”.') |P

('I":+1 _ Iz’ )P‘_I

<M (p>1),

R fear(a,b]). & f€A*([a, 6], W f(x)fEla,b] 43t ELE.

(2) R f(z, ) BEXEa,b] X [c,d] L Z TR ¥, HF &
%€, d), EB/ f(z,y) FE[a,b] LRTEM; XX F&H—F
IE[a,b],f(I;y)%iﬂ' y E[C,d]iﬁ"]gﬁﬁ'ﬁﬁﬁﬁsfy(xs}’)ﬂf

[a,b]% [c,d] L RFTBAY, M H 8 F(y) = rf(:r,y)dr B X e,d]
st S R g, B LA AN v € [cad], B

F'(y) = rf’;,(.r,y)d;r.
i (D FEAER

n—1 a—1 b!- . f N
Z £ 6 — flad ] = Z |{.;;( _3 a-){PE?w)p! (b; — a)*™ V"

n—1

n—1 N _ p\1/p B
<D V=S (Be—aw)
i=0 t 1 =0

(2) HEABH(yE [c,d ]
flx,y) — f(z,y0) = r £ (x,t)dte.

0

WE G z #Ela,6] BB

¥ &
F(y) — F(y,) = J dtj‘ f, (z,t)dz.
1 RE[FH5HNEL

ﬁﬁﬁ f(I)ﬁER;LtE(aab)t 1.1'06 (aﬁé)ﬂ%ﬁ‘ﬂ{ﬁm
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im L&D =S 5 oy
z’—-:& L — X

z" ""IO

WJW f(I):G‘: =Ty ﬂﬁﬂ%-f {Iﬂ)ﬁ:% f(l');ﬂz I =Ty }.’-iibﬁ‘]ﬁ-%ﬁ ﬁ{nﬁ%
®

= f(DFEC,d) PRS0 f(o)E[ab]. [a,b1CT(c.d) FHXTESE.

2 AN ELERES Lipschitz {4y [ R A

() B/ OB Ea 61 LR f(O)FEa 6] LRBIEEN R LB RN
2. WELH 0, FE M0, BB (e, ]PHEBEERASELAHEHKE) Lci.di ]
(i=1,2,,n),H

Z,if&)—f(d)l-ﬂiMEld — ¢i| + e

(i) ® f() & XF#Ela 6] E, W fELipl(La,6 DT LERGE: MiESH

# €0, fF 7 M>0,fE 8 (a, b ] PEEFRA X FH .
Cersdids [ezsda]s ooy [enyda],

"4 Elf(d)—f{c)t(MEId—c[—i—e
(tﬁ%ﬁ&‘]ﬁfﬁﬁxlﬁﬁéﬁﬁﬁA’Eﬁﬁﬁrﬁ:?(ilﬂﬁ K2 IR, 2001)284—287)

B 10 XIERA T H R .

(1) # f)TEla b LT ESE, B f () |<M, a.e. 2€ [a,b],
|

1 f(y) — f(o)| < M|z — yl.
(2) & fo)E XfEla b)) b EHH
f() — f@I<Mly—=z|, z,y€ la,b],

W f () |<M, a.e. x€[a,b].

(3) & f(o)Ela,b] LI ESE, N

MK 1 f)=F«f1:L 7 (o) .

(1) | f(OREXAER FHA[HEE.H (05 ff(@OFHRZR
ERTRER. W | @)dx = o
iEBl () X z,y€[a,b], RITH
| f(y)—fla)|= Eﬁu)d: < Elf’(z)idtiéM!r—rl.

(2) HEEE FEAC[a b D, f (@) JLEAM AT 5. B K
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() —f)|<M|y—=zx|, f(y;:ir("r) iéM (z,y€[a\b]),

ﬁJTu 2 y*‘*x;j?%”'(r)%iﬂd’;a e. IE[&;E}'J.
(3) B §5. 2% 3(Ha 51, HEHEH

() gf V1 F [P (2) Jdx.

A, IHEE e>0,4Ela, 0 18R X A {EB a6 ] EHZ y=f(2)
ST, T AR .()H=ISf)—e, XEg€C([a\ b)), ([#15

&
j. T (x) — glax) [dx < e,

B0 75 A G(I)—_'-rg(r)dh&&ﬂ|fa(f)—£a((}') | <e. FEEF
|1+ — 1+ 5 < |a— B,

b b i

J«/1+ [f*cx)jﬁdx—j V1 F [g@) ]

]
5;'[ [ f'(x) — g(x)|dx <,
i I 1) &0
&
1s(f) < 1s(G) + e < j V1 F G (@ Fdx + ¢

— r V14 [gla)Pdxr + e < jb V14 [ (x) ]+ 2e.
FEI L(H>ISH—e, BERH
1F) gf AFIF@OT + 3

BP48 BT iE.
4) B, FE

=+ oo
j F(x)dr = Lim f‘(r)dr_ lim [F(B) — f(A)].

_F"'f'.-l‘ﬂ B— -
A —oo

2 lim f(B)=1, hm f(4)m£g,ﬂlﬂ$ [ BERE L, =0=L1.

H—-—F—m

B | S (@)dz=o0.

Bl 11 KERA TR A
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|
(1D &’ fEAC0,1 D H (D)~ f(0)=1,N j_[f’m]?cu;:;l.
(2) & f(OTEE KB [a,b JCR' EEAEITES, MITEAD vE
R, H
" d
J f(x 4+ y)ydr = J— E{jﬂi + y)dax,
(3) '’ fOTEL0, 1] g &ESE, £(0)=0,1
1
j () f () |da.-gj | f' (o) |d.
] {
(1) I FEAC(0,a ), H FCO)=0,M{U>0)

I

J lf(I)lff’(J)ldx&£+ IJ (o) ' .

{ 1
R (1) 1:f(1>-~f(o)=j f'(_r)dxgu [f (o) Ttda

(2) ®BMA

d . hYy —
dyJ' flx + y)dx = llmL flz +y+ F)z AC y)dr

v 1/ 2

h—0

b 1 T4+ h ) b
_ limj (Ij e+ y)dr)d:r _ j £ (x + y)dr.

h_"'ﬂ s

{ EES fule)=- J+ FCe)de, M y_r_r;f | fale) = f(z) [dz=0.

@ BHIf@ = |[ ol <[ 15wl pros

| f () ()] ﬁ_J.:.!f'(tHd.t (D) | f ()] . J.l]f’(t)jdt,

j;[fir)f(r)ld;rg: ([lifr(f)fd1]2£j11f"(13[EdI

Vo1
@ 4 F@=[ 1fOIf @ld—p5 [ 1 @la)

Fr(z) = [f(o) ' f ()| — [Llf*uﬂdz} TS

ERE | f@ 1= || Fod) <{ | 17 1d) TR F <o, i
0<<E<a, F(2)—F(O)=F (&)x<<0. N\l F()<0,®INA

a[ ‘ |t} £ - _ 1
LJ(J): | f (I)ldx%‘f_{_ 1\[ | f'(x) |dx

p i1
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_a t+1
s,ngLwc_m dz.

(GX B 3] Holder AER, WEAE)
& 12 RKIERH T3 M8 .

(1) &% f€ AC([a,b]), A ERA V(f)=F|f’(:r) |dx.

(2) ® f(OELI]EFRBE, g () &[0,1] EHY %85 7% 4 of
¥, f(x) » g(x)E[0,1 | EHFIRREL.
B (1) ) XM[a )M E—2 R A: a=x<l2, <o <z2,=b, 8
Uy = Z | f(z) — flx, )| = Z r F1()de
i=1 Ti—1

i=1 -

QElﬁ{z)ldt.
NIt \Zj(f)éﬂlf’(:)tdz.

(1) HAEREH FE€EBV([a,6],H|f(2)] =i \:f(f),a. e. 2z €
a,b). HEE D@ \j/(f)l’{[a,bjj:iiiﬁ RATE

(17 @=L \:/cf)]dx < ‘{/(f)_

Fo R Ss 2 M3 ZDOLILSS. 48 6 2Z2(1).
@) B’F()=f(2)(0<a<<1), B h(x)=F(x)g(x)—

J F()g ()de, M3 0<a<y<1, B

hiy)—h(x) F(y)—F(x) B
e (OB

HEIE A ()= f(2)g(x) (0.
13 KUEER T 5 i X
(1) & EClo,1]R0[i 4, WHFE f.€c AC(L0,1]D(nEN),{#78

1
limj | £, (t) — xe(2)|dt = 0. (%)

YF)—F(x) t—=zx |
A * 28 (2)dt.

= O

(2) W i{gi(x)) BrE[a,b] M3 E LRI, XE g ()| <
F(x) a.e. (k=1,2,)YH Fe L(a,b]). & limgy(x)=g(x) (a<=x

koo
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<b), %imgi(:.r):f(x), a.e, x€ [a,b], Wl

gx) = f(x), a.e x€ [a,bl
(3) W{fu() ' BREEET (2, b)) WEET MK ES, B2

b b
1@] | fulz) — f(x) |dx = 0 = ILmJ If.(z) — F(z)|dr,
ml-l Jlr'“.(u*"':)':.fil (z), a.e. .’IE[@&E)]!KEP f!F'eL([ﬂyb])
z41/n
R (1) 4 _fﬂ<x>:nj e (O de, M 0< £ (2)<1 H f, €

ACL0,1 D (neEN), UL K Eiﬂfn(r)zxﬁ(x).a. e.x€[0,1], TR #E
HHRWSEE, 7B ()T,

(2) HAIEH J g (Ddt=gi () — gea) (a<<a<<b) » T 488 2 f i
S E FE v 18
Jrf(r)dr = Eimjrg:(r)dr = g(x) — g(a).

HI f(x)=g' (2),a.e. € [a,b].
3) MEXEEF @,0)MF—EETTMEY (), B

Efn(.r) s o(x)dx = ﬁ( J‘:ﬂ(r)dr.) » o(x)dx

= Eﬂ,(x) : [Eqa(:)ds] dz.
M 1 (4 n—>c0)
ﬁf(:r)ﬁv(.r)dx = EF(I)H}U)d‘]dI = r( EF(t)dr] * p(x)dx.

0 It 5 15 f(.r)‘——rF(t)dt,a. e. € [a,b]. UEEE,

Bl 14 BEUER T3 A .
(1) &H/EXEL0, 1] LW f(o), 8 XAE[0,1]X[0,1] kM
g(x,y) ﬁ&f(y)—f(,r)ii._g(.r.y)(y—;r)((}ﬁi.r,yﬂ’il)*U.&
glu,v) < glz,y) <z, v<y),
] P lj_ﬁffgg(r;y)=9?(r),a.e.rG[{},ljyuﬁ

() — flz) = rqo(z)d: O<z< y<1).
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" I V 1

(2) # fECRD, % A =2 fla+5: | —f(@)| .2ER.EF
T M>0,FBlAl.<M =1,2,, BE~E),H A (2)—>0
(n—*DD;IERILNU f(-r) = Cr X E Rl-

B (D) 4 o(x)=g(x,2)(0<<z<<1), W o(x) BB IGRE, H

]

?(I)ég(yyrj'ﬂ;

ﬂy;:i(‘r)ég(r,y)%@(yh <y,

(%)

(y)<g(x, y)éﬂy;:gr) <g(y,o)<p(z), y<z.

MmHEHI{z€ [0,1]; limg(x,y)F@e(x)} C{x € [a,b]; limp(y)F#
=T

y—=+x

)} HMEXEMABEAHBR. BRAGOH e AC0,1D
(Lip1), H ff(x)=¢(x) (z B (o)W ELZE S, NTRTH

f(y) — fx) = rf’ ()dt = r;o(r)dr.
(2) ME—RKIE (a,b) , FE_HTFEEH {([a,6.)}: an=p.2" ",

bo = (Put 127 (pusqu €N, B [a:6) = | [ans6.). HEFFAE 1o, iC

=]
a.=inf{a,} 6" =supib.},E 5
ugnﬂ n%ﬂu

|f@@) — fla)| + |f(&) — f(*)| <b—a,
f(b) — f@) | <|f@) — @)+ D, 1f ) — fa) ]

+ 1f(@") — f(a)]
<b—a)+ D27 M
n=1

<M+ D% — a).
HULE A feLip'(RD),BEZ f€ ACRYD. &ITH

-

42
flr+27) — fz) = J f(®de,

+2

IimA,.(x) = lim i (Hde/27" = 0.

H—=0 oo r

325



Bl f'(x)=0,a.e.z€R". \TTH[ 1] F(0O)=f(k2")(REZ,nEN). BRI
(k27" REZ,nENTE R PRI FEEL K f() B ELEE, W f(2)
= f(0).
Bl 15 KUERH T 3 e .
(1) /& f(x)R[a,b] a9 m] 0 e& 50, W X4 e>0,6>0, F
GEACULa,b DL K ECla,b]): m(E)<S,{#18
sup {|f(x) — G@) |} <e.

aEfa.bNE

(2) & fEAC([La,6 DM T (iR
dft(zy [, f(x)>0,
dz 1o, fix) <o,
WE ) HEEA.FEgeCa,bDUEHAE FCla,b]:
m(La, b \NFI<6,EH f()=g () (zEF). WHZXHFHEBHAP(2),
FRlg(x)—P(2) | <e/2(a<z<b). A B | f(x) — P(x)| =
lg(x)—P(x) |<e/2(x€F). NTii % E=[a,b6 \F,G(x)=P(x),B}1§
Sup (fla) =G} <e.
() BE ff(@o=f(@+|f))]/2 fila,b] EHITESE. XFT
f(z) >0, WEFEESE U (x,,0) ,1F18
f(2)>0 (z€U(20,8)), fT@)=f(2) (€U (x0.8).
% f(x0)<<0, AR R.
BMEF f(x0)=0: F f(2), | () | {E z=x, 3 a] T, R

a.e.x € |a,b].

dff(ze) _ 14, 1 d]f(zp)|
dx o Zf (z0) + 2 dx
1 .. flag+ h) + | flxo + h)|
== lim : (%)
2 kv h

BB, BURAETE (R s £ Crotha) <0, R ATLE0) o, gy nt

#l 16 HIEWH T M.
(1) & f(o)EXFEL0,1]E, M FeLipl ([0, 1 DR R4 DB FF
B, GHE € L0 DRENRE), #15
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f(x) — f(0) = rg(r)dr. (%)

(2) fELipl([0, DY B LTFERE feCV 0,1 (n=1,2

), (E1%
(1) 'f:(l)l%fb{ (JG EO«:]]:J’I:].!BE“');
(i) lLrpfn(I)Zf(I),.;.‘E (0,11,

B (1) &M {HZE FELipI (0,1, FEACUO0,1DH
A

f(r)—f(0)=rf (t)de,
]

If(—f|<Mly—z| (x,y€[0,1D.
HULRIET | f () |[<M,a.e. 2 € [0,1],3 % g(x) =7 () B H].
Lot BECORBILH|g@ |<M,a.e.2€[0,1], W3H{EE
# z,ye[0,1], ®ATH

f() — flo) | < j () |de | <
(2) &M RE FE€Lip1([0,11), M (150
f‘(x):f<0>+ff'<:)df, O I<M, aetel0.1].
0

M|y — z|.

WHEETE . €C(0,1 D REN); 1g. () <<MO<<1),H5

1
lim Ign(r)—f’(r)tdr:(}. lﬂgnk(s)ﬁf'(r), a.e.t€[0,1].
Wi 2 fi(z) = f(0>+j g, (Ddt, el

Eﬂff(.r) = f(0) + limj g, ()dt = f(0) + J limg, (¢)dt

B I b—woo

= f(0) + [\f’(r)dr = f(x),
DA R
f[ilo) =g, () 0Lz, [file)| <M (k€ N).
Lol BEEELLECVU0L,IDMENFERG), G T, T

fiva
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| f(z) — f( | = lim|f.(x) — f,(y)]

v

= lim|f. ()| |lr— y| < M|z — y]

P ]

<<y 1,x<<& <y
B 17 KUEH] T M
(W fELRY,gc L(R). HH
“mJ. f(x+h) — f(x)
h—0J R

h
a+i
WHFTE a,AER,{F/8 f(a+r)=J g(x)dx+Aa.e.t €ERY, W ()

=g(x),a.e. zER.
() B GCl0,1]JATHEN)RFE . BHE
GIDGED'“DG“D"'& m(Gn)élalz"!

L f(.r)xim((}ﬂﬂ [0,z D(x€ D, M

n=1]

() fE€ACD.
(i) fELipIDH R VEXMNR: FIEEN,FBRG, =0T,

r+h
i 88 (1)%%111&1%[ F()dt=f(2),a. e. ER', B EEAE

— g(x) ‘dr = 0,

-ra+h
a€RAER, 78 lim H FO)de=A W8
a4+t

fla+8) —[ -g(l‘)di — A
att —
= fla+1t) —A— limj flx + h:l Jif(I)ci.:.r
h—=0) g
. "M fx+h) — flx) '
— I:LI-I;L |: ’ — g(x)]dx
ratt —_
= fla+ 1) = A~ lim f—(“rh; f 2y,
= patt a-tz
= f(a+ ) — A— lim f("r:h)dr —-J %dx]
- _ ~ rath+t M B a+t@
—f(a—t—t)—A—ihl_l}g_MH 5 dx L ) dx]
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a+t+h a+h
= fla+1t) —A—Ii U f(“‘)d;r—j ﬂ”d:}

A0 +t

= fla+t) —A—=[f(a+1t) —A]=0.
(2) (i) XEL e>0, U N fH8 D 1/2"<e/2. XiE d=¢/2N, M3t

N4+1

0, 1T BRI FF X FF{ (ai ) } : Z(b,-—a,-ma,%%n‘]?ﬁ

S — f@y| =3 Zm(G N [a:6)]

=1 =1

= 23 m(G. N [a6:D)
i (G,) + Z[ Sim (G, N Laib]))

N+1 n=] =1
E E
(2+N;(€?¢_ﬂ:)<_§+
X f€ ACD.

(i) A9H BEFEEN, BB G, =2, M0, 1]HFHH
}I! ;Eff[%

€.

£
2

-1

| f(2") — f(2")| = Zm((“ N[22 <nglz" — 2|,

b BH RIUEH. fﬁ%iﬂ{mﬁ N, ny: >N, 678 G, #
S,2MEBRE Gv#=D. BRINW >0, B (x—8, 2+ TGy, XB a,b:
ﬂ‘:biﬁﬁ

N
ﬂ!be (I“31I+5)CGN= ﬂan
i=1]

L NIE:]
[ f(B) — fla)|= Emm N [a,bD)
= i (G, N [a,b])
=
= > (b —a) =N — a).
R FELOD . FE.
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§5.5 SEESARTHSHEAR

3 L
FTHE 1SBRLAR) B (g E N a.b] LA HEE «,fER, S

F(z) = a+ rf{:}d:, G(x) = A+ j'gf_r)dr,
i
&
rG(x}f(:r.}d,r + f Z(X)F (2)dx = F(B)G®B) — F(a)Ca).

£ FEINRNEZRBSAERSHREK, EAEETSGRIT
W f(2),g(x)Rla.b] L% S R %, W

] &
J f(2)g' (2)dx + J gz = Fb)g®) — fla)g(a),

EE 2FASE—PEAR) HF ORI EHEEZERER . ¢ B[a,0]
ERTTHEE L MFE € a.b]. B

&
J_f(r)g(r)d.r = f(f)rg(_r)d.r.

EEIFIE_PELARX) F feLda,t]), grRla,p] LA B ERE,
W ZE7E 8€ [a,6], 118

b ¢
J f{x)g(x)dx = g(a)J‘ f(x)dxr + g(b)J:f{.r}d.r,

L0 1 R
g1 KIEEA T A,
(1) & fEL([a,b]), 2 g(z) = f(r)rf(t)dr, il

I = Eg(.r)dx == %‘{Ef(x)dr} 2.

) & FeL(0,1]), LA J’:f(r)drzl,!ﬂﬂ

1 X ¥
I = j dxj dyj FfO) f(z)de = ~
] ] ()

5
(3) % feL(a.bDEE
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J.r"f(.r)d;r =0, n=10,142,""",

M f(x)=0,a.e.x€ [a,b].

(4) % fel (0,1, BF
1
L.r"f(r)d:r - ﬂ—}r? (n = 0,1,2,),
N f(x)=x,a.e.2€[0,1].

W8 () i8 F(I>=rf(x)dr,ﬁinﬁ Fla)=0,UU R
I = j FOF()de = F?(2)

4N 21 = F2(b) , BI 18 FRiE.
2) & F(:)=ff<s)ds,mu F(D=1, B4 (0<z<1)

] &
— j F () f(2)de.

Lf(y)(j'f(z)dz]dy = [ FG)F(dy = LR (),

I= f (2) {Ef(y)( :f(z)dz) dy]d-r

.

] 1

— f@) » P (z)dr = lj F?(2)dF (x)
J 0 2 2 0

1 1 N _ 1

= 3F(I)0_6F(1) 5"

(3) %F(r)=rf(t)dt,li]§y F(b)=0,F(a)=0, A%

b

b
J ' f(x)dxr =2"F(x)

&
— nJ R ()dx

&
= — nf 2 VF(r)der=0 (n=1,2,),
Ll #1153
b
JI”F(I)CII =0, n=0,]1,*".

BREMEZT X BRI FEZER B EE, TR EEYN 0, FE
ZWHA P(2),E B |F(x)—P(x)|<e(x€[a,b])). FEF|

b
JP(I)F(I)dI =0,
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= A NE:]
rFE(x)dx _ rF(x)[F(;r) — P(x)dx.
M T A]

b b
J. F?(xr)dzx < EJ \F(x)|dx.

a

e ZEBHETE F(2)=0,l2X1§ f(£)=0, a.e. 2E [a,b].

1

(1) EHE ?ﬁ:j 2, W B S (r=0,1,2, )

0

1 1 1
I " f{x)dx [ _ran;r=J’ ' f(x)—zx]dx=0.
0 0

0

MR HE3),BM 8 f(2)—2=0,a.e.2€[0,1].
B2 KIEBAT A A
(1) # fFEL0,00)), M

f:” f(u)dudtzr(.r—u)f(u)du O 2< +00).
0J 0 0

(2) & f(2) 7 (0,00) b3 5738 W bR 3, B3 (0, 00) e { — X [H]
La:b]!ﬂg;ﬁ' fE AC([a,b]),mU

4 oo
I = ’"L [F() P2 N dr <

b )
J-n f(.r)dx] .

(3) ® fEL0,6)),B% g(x)=Ef(r)/rd:<o<:Ia:&),miJ

i) lim zg () =05 i) g€ L((0,8)); iii) J:g(r)dr=JZf(I)dr.
B (1) 4 F(:)=J.;f(u)du(0$z<‘:+DO).m'J

I =tF(t)

ﬂ —Luf(u)du

IIJ.If(u)du . Jruf(u)du = rx(.;-: — u) f(u)du.
] 0 4!

«

P_

(2) mﬁﬁﬁutrf(x)]“@(j:f(z)d:: (0<z<+o0),8E

too

r<s| | [ roa) L fyd = [al[Ferae)”

0
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P | e

J:mf(.r)dr)‘b.

=”;f(z)d: ﬂ
(3) () BB, XEE 0, FF7E 60,5 Elf(z)idr:s. A
mxt z€ (0,8),F rf- | () [de<<e. Wb, BRE (0<2<8)
[Zifwlae< %[ 1r@la<e

b
B, [zg(x) |<~;;f f | £(8) |de<<2e. X IR BALE 8 BT
Gi), Git) FEL a: 0<a<b, KA

Eg(.r)d:r H af(” Jd;r

b b
+ j f(x)dxr =a - gla) + J f(zx)dx.

—

J J:—(:—)de:

a i

2 a—0+,0 g€ L(0,6)),BF
& ]
j g(x)dz =0+ I f(x)dzx.
0 ]

Gl 3 FIERA TS 6 .
(DFgeEL®RHY,MNEFLEC,EBIMNCPRHFHR f(2)=0
(€ (a,6DHIEE f(2),8F

jglg(IDF(I)dI g CJ 1EF(I) _1___ (fr(I))zde.
R

(2) ECR" BUHISEHE mE)<<4oo,g(DEE FERATHM, X
it a=inf{g(z): xEE},b=supi{g(x): zEE},hEAC([a,b]). HSL
f)=hlgx)]1(z€EE). M fFELE),HEA

J Fr)dr=h(b) » m(ﬁ:)—f R () » m(g~ ([ast]))de.
E a

f € L([0,00)), |ag(x)| <M, 1< x< o0,
i
lim ﬂ (O g)dt = 0.

r—-4co
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)| (1)%G(x)=r_ g()dt , RAITAH

b
j g(x) f(x)dx :,[ FA()dG(x)
Rl a

=G(z2) /i (x)

b
a

&
- 2j G(2) f(x) f (x)dx

&
— QJ G(x) f () f(x)dx.

HHR 2 () f <A+ @] UL

|G (x) | ér g@) Idra’jrflg(mdzgc,
FF AR 3
+ o
J-nlg(.r)ﬂ(I)dl- QC‘J [fx) + (f (x))t]dx.

(2) B feLE), BIERE
G(t,z) = K (DX 100 (x) (,2) € [a,b] X E),

4 4 j
[a-éaxE

P ] b
I = drj G(t,z)dt = IdzJ G(t,2)dz
J E a a E

b
G (e, 2) Idzdﬁrs\’;’[ B (£)de » m(E)< + oo, FFBL G €

b b |
= hr(-‘:)[ jExg_lffa.z1}(I)dI] df = J. h' {f) * m(g_l([a,t:l))df,

E

I=.d~r

JE glx)

B (2)de = L(h(b) — W[g(x) Ddzx

—h(b)m(E) — J f(2)dx.
E
gt X, B8 Bk,
(3) % F(Ijzﬂﬂuj ldu, IIH ¢>1)
< J‘MM(,”
1 U

j:f(u)g(u)du
1

+ o

F(u)

i

=M

F;?)du

M Faoy <[ 1f@]duf
1 1 ) !
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%M‘L%-)- ~F 4 M[ flldz {1 — 4]
/ 0 | /

}-

hee =8 f 11
[ir@ e — Fay M- [T @11 - )

t |

Hoo
MJ | F() ldr — MF(1) = o(t) (¢t =+ o).

§5.6 R' ERZ#ITAK

2 I SR

L & fEL(Lend]) B g [ab]+e.d VRILF LA AT B AR
Jg(ﬁ:f(f)dx — Jﬂf(g{f))gr (t)dt, [a,ﬁ] - [a,b]

gla
J& 4 RS
RMNEER.Y f(o=186,0R4&Hb

g
g(B) — gla) = J 2 (£)dt.

B AT, B ARR T, B BRIME A %, N Riemann R HHBRTARKB ¥
S, RMNBEZXEABSESRENHT AL EXE HREEU REES
—E EHZH.BNEEABILNXTIRAESREBENREZEXRD
.

Bl 1 (ORI EHEMNEEERER, EC[a,6]H m(E)Y=0,
m(f(E))=0.

Wit £ (@Rl EHEIELRYE . E Bla,b TR TTRE, N f(E)R
EEE Y

S| 2 % ()R EMEERE.ECla. 0] #F f(EE EFEAR
| f () | <M,

m* (FLE) <M +m" (E).

Wit (ORI EHTRER.EC[a, b JRFTMMBE f()EE L]

%

m* (FEY) ng () |dz.

eI % () R(a b FHEERY a6 TR E ERATHE. AT
-
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() & f(2)=0, a.e. zEE, M m(f(E))=0;

(i) FHF m(SE))=0,ll f(£)=0, a.e. xEE.

EE 2 EAHREHMS) Bg: [arbl>le,d | BRILFELATHAERE,F(2)
Ble,d] LU FRLTHAREEF (2)=f(2) a.e., FlgEa,6]ERIL
T b wT . E X T Lo, d IPRIE—FWE Z, 885 m(F(2))=0,1

[F(gt))] = flg)lg'®), a.e.xz € [a,b].

Wit weOUR (g FElab ] EILFRETT, Hf () fFE(c.d] L%

X ELE, g([a,6 DTe,d ], M
fgunN] = fg)g' ), a.e.t € [a,b].

BE IR E) BE g EFEla,b] ERIFTTHME, f()Rc.d]
E#ARER, H g(abDClend] B F@) = [ f(rde, WFRFA S0BRSM
) ;

() F(g(e))RLa,b6] kB8 %% 22 ok ¥ ;

Gi) flgDg DOR[a.b] EWTHRBES

gAY 8
J f(x)dr = J flge)g' ()dt, a,pf € [a,b]. (%)

Wit &g (e b dIBEINEERY, € Llc,d], W TFTREHZ —H
B ORI T4 R AF

() g)fEla 0] EREHBE

G f(D)ELcdILRARRY:

Gil) f(g))g (O fElab] BT R E.

7 B
Bl1 RAE T FI A
o, fﬁ (2)dz = f(B) — fla).

(2) | () RE LFEle, ] LW ELERE B — ] BE S, f ()
i, B f () [a, 6] ERY AT R E, T

ﬂn—ﬁm):rﬂmm,re[mﬂ.

(3) iﬁf(-f)&[a !b]i‘.ﬁj‘ﬁ %Jﬂ (z)=0,a.e., z€ [ﬂibjpmu f(-r)
fEla,6] ER—PTHERED.
(W) &/ feCla,bD. & f(x) | Ela,b] LRI ES, N f(2)E
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La,b] EH4BXTELE.
W8 () ERH A€ La,b]),. Bl TFHEEN 0,774 6>0,
% EC[Hwb]B m(e)<d Hzl‘sjﬁ‘

f f () |dx < .

M FRHEKESMDNDFIOMEENERAMERZXBEA (21,31,
(Iz 9}’2);"‘;(1‘”&_}’::)!EI5\C[]

Do = ] < D m(f(Lziy 3 1)
i=1 i=]

< Zj[] F (@) |dx = jf,l

BB (o)L b ] B 5 % B B, B 10 A .
(2) KB HE, HE LS 0,777 6>0,H18

j | () |dze <e (e C[a,b],m(e) <d).
S E={t;)} R (OERLAT SN EE, BERE n(f(E))=0. BLEX
[a,bwﬂ:mz‘ﬁzrﬁjﬁ{<.1-,-,y,->}:,Eﬁﬁi}@mgga.ﬁﬁ]ﬁ

]If'(;c) ldx < e.

D) — flad| < im(f([xuy.']))
i=1

=]

< D m(f Ly \E)) + D m(f(E))
=1 i=1

<> @i+ So=[. If@ls<e

i-1Y 7, GEERED
X f(x)Rla,b] A% X E SRR, SR B
(3) HEBHRA f€La,b]), ¥ FEAC([a,6 ). HA f(2)=0,
a.e.x€ [a,b], LA f(2)=C(KED.
4) () & EC[a,b): m(E)=0,gH|f|€AC([a,b]) ] 4,
m (| fI(E))=0. \T1 58 m(f(E))=0.
(i) BB | f () | #ELa,b] L JLFabAb AT 8. 8UAE f(x0) >0

f(x)<O0BI A o 25 H ﬁ?ﬁf‘; | fCxo) | =F" (o) s TR f(x0) =0 B9 X
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To 1%@& |f(i?u) | erIJ f'(.fcﬂ)_

(iii) Iﬁ ZCla bR | (O 1 EH ERTHMA S, M m(Z)=0. H
@), GH () GGEDHFER freLda,b]), ML e>0,F57 0

>0,% eCla.b]: m()<S WA | 1f (o) |dx<le. BAERF [a,b 1o
E;@.——.ﬁma AR EA (290 ) RATH
> 17G0 = fa)| < > (L]
< _‘jmf([x,-,y.-j\z’) + j»:(f(zn

j 1f"(z)ldx+0—j () |dr < e

(a: ¥
=1

W (DT a.b] BT IELE.
G2 RIEBH T S,
(DR f(OBREXE e ] EMBEREARYE, S E=(2€

Casb]: £ (L) rf’(:::)dx — m" (FCEY).

(2) & fELipl(RY),MMEFETRHE ECR , E m(f(E)<
Mesm(E)(HPF| () —f(DI<M|z—y|,x,yER).
D BWELER'W (WA

| f(zx) — f(y)] %EIIHM e |lxz —y| (x,y € R,
F ECR': m(E)=0,M m(f(E))=0.

B (1) REHH Lf’(x)dxgm* (FE)) , MEZE F(IEWK

] fn(nﬁl),mUE&EiﬁJ =f1, )(ar:}l)ﬂéé EFAN J. PHGER
¥ {a,” ), MBI (B ), #8 llmﬂ"’” = lnf hmﬁ = fgp{x},

®I1TH

()

B,
j F(x)dx = hmj f@dz <mdd).

F
l

AT /] 14
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J. f (I)di‘%j f(x)dx < J
E l;'JlJrz n=zl

FRAE i BE 52 SRR A4S BAL.
(2) HBEH FEACRY, HAFEZCR: m(Z)=0,
m(f(Z))=0 BFELE f () (x€E\Z). N & {1E
m(f(E)) < m(f(E\Z)) + m(f(Z))

— m(F(E\Z)) a‘j

[ (xydx < D m T,
n=1

JP‘E

() |dx %J Mdz = M - m(E).
E

E\Z

(3 AYBRE ERBRE: EC(—r,r), MXEH >0, FFFETF4E
G: ECGC(—r,r),m(G\E)<e. % G= | (ai»b) W f((ai,b:))C
izl

(fla) e |bi—a:|),HE
m(f(G)) < | JCe¥|b, — a,| < Cee,
=1

HE m (f(E))=0.

B3 EIERA T 5 A

(D & f()Rla,b ] EMEREEZHEEMRE. FXF a,6]F1E
—EWMEZ,HEm(fCNH=0HH f REFWHE, XK f REER
N, fla)Rela,b] L3 2 R EL.

(2) % FEAC([c,dDsg€AC([a,b D H g[a,b])=[c,d]). F
g a6 LEFZE M flg(a) a6 ] LI FELE.

(3) | fl)Rla, 6 | LR EAEERY E={z€ [a,b],
fiix)=co}, W f()FE[a,b] LHENFEEN TP LERHEF L.
m(f(E))=0.

B Q) KEREEE ECla.b]): m(E)=0,{§18 F ()G
(€ [a,b]\E). B1BIZ XH m(FE))=0,#% (z,y)Cla,6 ], BNTE

f(y) — f@ | <m(f([x,y])

<m*"(f({x,y\E)) + m(f(E)) < jyif'(t) |dt,

R AERE S f€ AC([a,b]).
(2) SFE—La, b ] FHZME E, BB H m(g(E))=0. AT
m(flg(EYD=0. %2 flgx)]Rla,b] L EREERE WL
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AL (Z WD),

3) &M RBRE fCACa,6]), MBEBEH m(E)=0,#
m(f(E))=0. _

Lo BEnSE)=0 ABEH n(E)=0,TFEED fe
BV({a,b]),BH B f€AC([a,b]).

E1 (o] EHRTRRE f(ORBETWE. LhLE,BE EC(a,b]): m(E)
=0,M@ E,={z€E: |f (D) |<alGEN),BE m(E)=0HEN). E&F F(E)

= |J FED BN EITRHE.
nz2]

ZE2 RrfeCUa,]),M fOBFZEMEN SV ELELE, tla,b 1T
— AR E, f(E)R T4,

W &8 B ECa, o JRTME NFESHR. E=( | JF.)UZ.

n=1

P BREE D=0 B NG F)BRE R G ED, Bl f(E) =
( Uf(F,.)) US@YU R m(f(Z2))=0 FH, f(E) £ 7] §i 4.

n=1

&3 OB MOEXla,o] b, HEAEBEE, W 12 ()W B A4 W,

() B f@)R[a,6]JWERBEBEBFTME, W f(o)t BH T

B (D) M, b]FHE m(E)=0 T ME E,H m(f(E)=0. F&E
gla)=x" RV ELRE, L m(g[f(E)D=0,B) () BAH BRI,

(i) ¥ g(2) =~z BB EERY.

x

Bla (1) # fELRY),HA F(I)ZJ_ f()de, MFHERH 6>

J oo
0,¥9H FEAC([—5,6]),H lim F(x)=0 L& \/ (F)<+oo.

I — o

+ oo
(2 FFEAC(L—6,6DUERK 6>0), H lim F(x)=0, \/ (F)

I

<4oo,MELE fE€LRY),{FE F(r>=j f()de.

_

4oo
EH (D HHFEACT—b,6D, BH V) =[ 170 lde<
+o0, W V<F>:L|x(_m,ﬂm o | £Co) |de, BT LATBF

lim \/ (F) = Lﬂ lim ..., () | £ |de = o.

T+ e
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SR ANIEE: lim F({z)=0.

(2) A F(x)=F(— b)+J F'(OHdi(z>—b). B3

b

+ oo
J F' (1) |dt = limj |F' () | de

= lim V(F) V(F) <+ oo,

=00

aE F e LRY. Wi BEE W SCERE, #1187 fSWOLF (1),
F(z) = lim F(— B) + llmj F' (6)dt = 0 +J Fe)de.

b o0 b+t

Bl s L UERH T i . .

(1) WFECYRHHA F(2)>0(ERY, X R hafis E,
FTHUE) W AT 4.

(2) |’ () ELa,b] LT H F(@)>0, MR BE [ (2)#
(fla),f(b) ] 23T ESE.

(3) X fEAC(La, b DEHRWHEWMERE,EHFH f([ab)D =
(e d ], MK [a,6 ] #) Borel 8 E, 1017

[ f@dz=m®.
£ HE

iEB (D EE.KEEA T (OREETHMERIBEHE R
8 CIVRHEE § k3745 vl

(2) S fH(@DFELf (@), f ()] L i 3% H T3, f‘ V()

L), f(B) ] B . AT HBIE.
(3) 3¢{£“E|‘Ejtprqjc[fyd]piﬂ ?'=f-1(;'3)s5=f_l(q)?mu

'J_l fi{x)dx = f(s) — f(r) =q— p=m([p,q]).
f pwD

Wi e La\b]), SLEPATHIZE 18 BLAL.
F BAORTHREMBESHER,. S E={(z: f(@)=0},0 () R%
ST LR L ENY m(E)=0.

&6 AIERATHIME.
(D JFEL(0,IDHE z=0bFEZE .S f.(x)=Ff(z")(EN,
0<ax<<1), M f,€ L([0,1]D(nEN).
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(2) /W g() & XHE[asb] B, H g(La,6DCTle,d], X f(2) 58 XA
levd ] B & F(@)yg (D& d]5[a bl FIL T4 FEAEBHE e
La,b]: m(e)=0,[18 g’ (2)F0(x€e) M| flg(x) ME[a,b] LT 4b
W, BA

(flg@]) = filgx)]g' (x), a.e.x € [a,b].

(3) | f(x)g R 3 SE{E T i sl B0, () FE[0,00) i3, H
FEE—KE[0,a](@>0) L iELE, X ¢(0)=0,% G, = (rER!':
f(x)>t}, 0. WX R PE—TH4E E,F

I = Lﬁfm]d.r - fm«tff: N Gog’ (&)de.
W8 () MHEREESR =, R1E
L | fu(2) |dz = L £z |dx = Jl £ 7 /ndt

— H': + r} | () |n 1" e

=01L+1, GE0o<a<lJGE).
HR f(2)TE 2=0 kbiELE, XA o 718 F(E0,a ] FER, B 1—
Un<t, BB I B4t [as 1 B B FREREATFEF " 1f @]/

n s i I, ’_ﬁ’ﬁ:

(2) uERg.
(3) B @(a) By 4 Xt 3% S5 ] 41
n fix) '
I=| Xe(x) J ¢ (r}dEJ dx
JR 0
o oo
- RIIE(I)L x[mﬂﬂ](t)gd (¢)dedex,

EEE X, 0 ORR'X[0,00)FEG ((2,8): f(2)>t) EHHFIER
B, AT AA
ptoo

I — L] Xe(OX, ()¢ (@)dedx

o 0
Ftoe |

| x:@2,, )@ @ | dadr
R

4O

)

=1 m(E N G)¢¥ @)dt.

o 0
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Bl7 & SfERc,dDg(x)HEla,b] EIELZEH™EBIH,R(g)=
[cvd]. % g (W E[c=ga)d=gb)] 3T ELE, LU f(g)E
R([a,b]).

B R ECLe, d]R f(OWMAEZELR, BRE m(E)=0.%

=g "(E), W B BRH m(E)=0. NI XA flg(x)]#E[a,b\E |i%

2,00 f(g)ER([a,b].
F RECR ETHEL.T. E-R EFHETARAZAE/HTH,
(1) HFETE)~ERNTHR T,
(2) T 5 T2 0] i 48 % °] 48
(3) m(T(E))<+oo,
RIFHE gELE). X fELTE))  BH f(T(« NELKE),BHE

J F(2)dz = j FIT () g (y)dy.
TE) E
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gRE LY T |
§6.1 L ZBFEPEXNEAERX

EM 1 ()i f()E ECR" F#a] # o/ ¥ ,2

WA, = (L!f(x}spd.r] w, 0 < p < oo,

BITH LPEOFRRENSN,<col f &, 5FH R L2 6. (L'(E)HAF MY
BLE L(E)Y.)

(i) % f(2)E ECR" LA ME . m(E)>0. HHEE M EB| ()| <M,
a.e. tEE M F(HEE LEFEHEBBRMEN (OB EFELRE. B3 —UE4#% L
ABRTHRA LI e HKEXN F(OEE RHXELIRA. KA L7(E)RRE
EEXHFEROREZ &K,

T Ho<mE)<Ho, M limlifll,=If .

peoo

BE1 K fige L(E),0<pKo,a, BRER M af +Bg€ L (E). (LP(E)
RRYEZH]) :

HELE,BITEANMBE p=1 MFEE, TXPEREHE p>0, M —
BIVHE p=1.

® X 2RWEH Lo >1LH § +§=1,mum 5 p N kIR IR

0. HBE] p =L TR p=2 B p'=2. % p= 1, AT G p/ =01
p=oo, M EXEIH p' =1.

EIE 2(Holder F¥R) & p 5 p AEIER,F fELN(E) g€ L (E), I
Blhfe <A, gy, 1spCoo, B

(@@ i< [ (7@ 7] ([ g 17da)

i

T < p<oI U R

Llf(.r)g(x)idr&illgiimj‘ﬂlf(ﬂld:, p=1 (p=coflfl p'=1 BFAAL).

¥ 1 Holder FERY M HESH R E Schwarz A HA  Blp=p' =2 ¥t
¥ .

172

Vg de < | [ 17 1) [ [ et 2dz)
E E E
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& 2 Holder REA SN, Bilglly=+oobt B R
£ 3(Minkowski A HR) #F f,g€LY(E) U<p<oo), Ul
I+ gl < UFll, + Ngl,.

3T BRSO

#l1 KIEEE T,
(1) ' m(E)<+o0,0<p<py<+oo,ll L#(E)CLN(E),HH

171, < Dm(EYT™H < |11,

(2) WEL(EYNL(E). & p: 0<r<p<s<Hoolfi B
1 A1 —2A

;=?+T <AL,

RNANIAN < AN ,

(3) | O<r<p<s<+oo,fELIE),MMMIEEH >0, FES
. f((D)=g@)+h(x),[EH

lgl <2 1FIE, IRl < e~ 11,
B (D) R pr<oo. & r=po/pr, Wl r>1.38 ' r B350
Hati, ST £€ L7 (E), i Holder R H]/8

J @ nda= [ L1 @17 1340

v

1/r /7
<([,lr@ x| 7| 17z )
VJE E

= (m(E))”’J”EU(I) |‘°2d1] ”r.
LN
(JAlf(I) lp]d.r) 1/p, 5..5\___‘ (m(E))(”PI)-{”PZ)(J‘ |f(.r) |P2d.r) UPE,
E E ;
BP 15 BrritE.
(2) HEL b, Y r<s<+oofit, RMTH

L|f(:r) |?dxr= ‘E | f(x) |?|f(x) |4 Vdx

V (1=A)p/s

< (Jreoras] x ([, ot

Y r<s=+oolf [N p=r/A KUK
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[E[f('r) IPdr < |2 ||ij|f(I) I"dzx = "f”fa . ”f"fjl_”,
(3) X >0, fEeRE

( )={ h(x) = f(x) — g(x).
E = r@, 1f@] >t &
RIVFGEE r—p<<0)
lgl= | lgCa)Idz = | lg(x)|"*|g () |*dx
E EN{z€ E; 1 flz) >t}

< t’_PJE|g(I) Pdr < t’_PJE|f(I) |#dx.

R el L — P AEZR.

2 KUERA T 5 4 3

(1) # feL20,1DH F@)#00<a<D), & F(I)=J:f(t)dt
Oz, WIF < £,

(2) ¥ f€ L*(L0, 1D, WAFA&EL0, 1] LA EMER F(2). #H3T
EE# a,6]C[0,1],59F

b 2 _
If(.r)d;r < [Fb) — F(@)](b — a).

® & [ f@dr=a,0<f@<a™ W [ VF@Ddr=a®.
(4) |/ 1<p<r<g<+oo,fELN(E). F
+ %, 0<t<1,
il
AL e lfls 4+ 72 £,
(5) i 1<p<oo, FF L€ LP(E) (k=1,2,), H& ¥ .if*(""")

£ E _EJLF Ak bW si, W)

, g Z "f.t "p
= k=1
EBH (1) WM Schwarz A%, RI11E

|F |2 =J: Ef(t)dr 2c:l.t < J;(Elzdt] (Elf(r) Izdt]d.j:
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<[ 2 1fliar = 5 A0 < I

2) & F(I)=j1ﬂ(z)d:(ogxg1),ﬁfﬂ:ﬁ

0

b z b
J-f(J:)dx{ < (b — a)j fA(x)dxr = [F) — Fa)]b — a).

1 A4yt
R)iEp>1,BEa RN a=Lf(.r)zp “dz, M AT 18

/g _ 2+l 1
o< ([ VF@dz| QW @ <[ V@i
0 0
T2 p—~1-+,BIV{RiE.

(4) T ab<a’/p+b/r A/p+1/r=1DF,U era £ a,e 648 b,
Al
ab<ea?/p + e Jr L ea? + 7,
W op<r<<g,1/r=t/p+Q—0) /g, BREVENNLNAN, IAN" i B 75
FIriiE.
(5) EEAFR

] }Efi ] = (L! ifi(.r) . #d:z:) v — L ;!:E' Zfi(l')} d_r) 1/p
= = >
<], if*(*"’)r‘"’")wé Z I£l, = 3 1Al

B3 KUERA T3 A

(1) ] 0<pr<go<<oo, FF LPW(E)CL%(E), MXfo<p<g, H
L*(EYCLYE).

(2) # w) R LHERTEEY,IE de(z) =w(x)dz.

() L*(R*,dp)CLA (R, dp) (1<p<q).

(1) B we L'RDHNL=(RY, N

LY(R™) C L*(R*,dp) (0 < p < q).

(3) i’ fFEAC0,a]),H F€L?((0,a])(p>1), MFFHE C>0,

SHEER 6. 0<b<<a,fER

J:‘f(‘rwdxé { j'f'i-r>|”dx+ jlf(m”dx}
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JEB (1) LR E,H LP(E)CLY(E) TR PR B E E
FRERM. RIEP:. 18 FELE),HiR E.={z€E: |f(z2)|>n},
MW m(E)—>0(n—>o0). BHGELE(n} (me) B

. . 3 g
my " S m(ENE, ) <(my — D7, a=- — _"‘PG.
BLIEAE
i x € EN\E,,
g(x)={m* DALY P S
0! Iz e Eni\ﬁ‘n* ) ? 2 qﬂ - pﬂ
BI1TH
» < mp
i
J @ Irda < 3 s <o,

X g€ LM(E), Bl T

BB fELYE) , FE.
@) G B FELR A B | £ [w(e)dr<+o0,

j |f<.r>|*w(z)dx=j () P (x) » w9 (2)dx
R" n

b 4
q

- i P!'r‘i" ~
< ( | /(@) |'w(z)dz) ( w“"‘”‘-”ﬁ(.x)dx)
JR"

<+ oo,

- ! plq ~ v 1—ple
= ( | f(x) |"w(x)dx ( m(.r)dr}
R’ f JRT

(i) ABEERSERXCHER ¢/p 5 ¢/(q—p)
J | f(2) |Pfw(x)dx = J | f(x) |Pwpf"(‘r)wlpm(x)dx
R” R"

<

l/q 1—ple
j | f(x) |""w(.r)d.r] J. w(x)dr)
R" R"

1—-plq

/g
<hwlo| [ 1f@1dz] | [ wiordz] <+ oo.

1

x 1/p
@ 4 F@ =L Irora)  o<<a,BEtE 6 G E
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[0,a] 88| FED |=F@), | f&)|=F(a),&1EA
|F(a) — F®)| = || fED| — | fED] < &) — F€D]

/8

1#'
a

EE
L f(x)dx

<[ir@i=<([1r @
(1/p+1/p'=1), L AT 401

Fla) < a”P'( IZU’(I) |de) - b“”"( j:lf(:r) |de] v

a']”’( j:u(x) |*°d;r] 7 cqrs L f () |*d.x] v

+ b*”*[ [ : £ (2) zfd.r] v,

1/p v 1/p

a
5
ézﬁ{a"j:af' () |*dz + %Elf(:c) #dz ).

B4 EIEEA T

(1) B m(E)>0. FHHE M>0.E/EEN p>1,8F171,<
M, fe L”(E).

(2) Bw@)E R FHFERTTIMBEL. FFE porqo: 1<p0<qe<<
+oo, 18 L(R",dg) DL*(R",dw), W) w€ L' (R™) , H P

dy = w(x)dzx.

W8 (1) 2 E.~{z€E: |f(x)|=n)(nEN),HBEMITEH

n€EN,BH m(E,)>0,

..|_

a

a 1/ P
[1f@1rz< ’}

J | () |Pdx

”Z|f(~r)|"d:c

1/p
ne mEN? K L If(.r)!”dl‘] <M (>,

L prt oo, [ B aSMHREN), FEFE. B, FE nEN, 1
m(E,ﬂ)ZOaED If(I)[%Hﬂta-E.IGE.

(2) SHAFEEE 1>0, B3 R L TETMER £ H
1ty /g,
(j H[f(r)lpﬂw(x)d‘r) " QA(JH,,U{(I)'%W(I)C{I

B R AR K PO FERHEAY BO,r), EL (1) =Y., (2>
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B1H

Pg9g

1/ 1/q,
( J w(a:)dx] gg” w(.r)d.r) : J w(2)dr< A,
B{0,r) B(0,r)

B(O,r)
M4 r—+oo, Bl {H jnﬂw(x)dxﬁi—{*M.

s UERA T 5 R .
(1) &f&HEIJE(E)*_rE_;ﬁ

£l = lgll, = Lf‘(x)g(x)d.r -1,

M glx)=1|f(x)]|, a.e. zEE.
(2) & a>1,6>1,0<<A<a,0<pu<b, f(2)EE[0,c0) LI AT,
mllﬁﬂ; C=C(a pb!:’l!ﬂ)!ﬁi‘%

Emf(:r)d.r - <C '[I;_m:':?ﬂ-l_jif"(.r)d:r)*u -
WEBR (1) 2 p=3/2,p'=3, "
1= HEF(I)g(I)dI’L‘Q Lf“’(.:r)lg(r)ld.r
< 140, « gl = diflld? « ligh; = 1,

Wi [ 1) g 1dz=Ir21, » lgll, =1. BiA
| f()]P= g, |fx)]| =lgx)|, a.e. z€E,
J-EF(I)ng(I)I—“g(I)]dI

A

Foo 5
j .rb 1+Ff7'(:r)d.r

(2) 5%

. - S el="=] a/a - dI
L f(x)dz= L x f(x) 1+

dx
A+

+ oo
+ j Iﬁf&f(-r) 8/b
0 x

Al + 1.
(a=a—1—A,B=b—1—p). 3l 1, 1 yRAIA

400 1/b

j 28+ fP(x)dx ,

0

e 1/a
J :c’-f“(r)d:r) s I<M,

0

Iﬁng‘
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a—1 b—1

(J~+m dI . ] a (J-I-w dI ] b
— a a ' !IH e _b'_ .
M=o aan® "o e

P f(z/t) >0k f(2),H# %L z=tx, 718

A—g

T A = 27 . a2
tj £l Zldz <Myt 2« fi| 2 dz
0 t 0 t j
s—b +-oo & v 178
+Mgtb J Z‘e'fb(“;' dz]
0

R —VIEHE R R A ¢(2) , IFAFR

+00 1/a boo 1/t

+- Mzt_ﬂfb( J 2?¢’ (z)dz

o

o(z)dz < Myt

+ oo
I 2°¢*(z)dz

0 ]

WL, B R AT ¢ REAMRAME, BIIER S
B 6 iRERR TR
(1) & AER', M 4sin’A—2A « sin(2A)<C2A%

(2) 8 FEL(0,1]). 4 glz) = J = A

1/2
[J’]gz(r)d.r) < 2+ 2 [ ﬁ(x)dr)
0 0
(3) & p,g,r BIEE, H 0<e<<1/(p+q+r). |

ll,i,dt(o <zx<<1l), N

1/2

2 dz
I'= J @z 1|z —2]y -1

FH (D) BA%SR j:msxdx)zg[EdI){J:coszxd.r]mﬂ,
sin?A<CA?/2+ Asin(2x) /4. B BGRB8 i iE.
(2) EETHAER (0<2<1)

1 1 2 t Edt
sl <[ e [ LOLG <o vz L[ (O

o |z — £|Y? T —t| |z — t]

1 1
Jl |g(x) |2dz << 2/ 2 ru |z — t|‘”ﬂfz(s)ds}dxg BLlf(r.) 12de,
0

lgll, <22 £,
1 1

(3) i€ d=pt+qt+rt, i EHE <1, ﬁﬁ;ﬁﬁ/(;‘p) 5/ T/
1. \ia &
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(el <=

0

BY7 EUEEA T A
(1) i;j- R" I:F'EP{J"TE I:(Iul‘z:'"a.rn)ry=(y1syz“‘ay,.)siﬂ |I| -
n 1/2 n
( er) . |x——y|:( Z(.r,-—y, J”E BEBE p>0,ECR". £ m(E)
i=1 =]

=m(B0,n)), N {EEHN R, F

dy J' d=
< .
J-E |1‘ _J’|pa B(0,r) |4"-’|"'"

(2) iﬁ f(Iiy)sf:(Iyy)rf;(Iﬁy)%Eziﬁ D={(I1y): Iz“l"}'zg
1} EFESE, HENR 22+ y*=1 L2 @ % 0,0

IIfIIE.g_% KGN, + 141, a<p<2).

. . d
i () 4 E.={z—y, yEE) ﬁﬁjﬁ ,|;|:p-ﬁ

4 E=E.N B, r),A=EN\E, I m(A)=m(BO,rH\E). Bi1F
sup{1/lzl”: z€ A}<r"*=inf{llz | *: z€ B(0,r)}. B 15

J Iz | ~*dz << m(A)‘i_[ Iz}l *d=z,

B(o,rNE

J e = yimtdy = [ hel ™z + [ Yol e

s;_j Iz || *dz + j lz |~ ?dz = j Iz | ~*da.
E B(0,7)
(2) () p=1.% f(z,y)=00(z,y) ER\\D),#1E

flx,y) = J.i filt,)de,  flx,y) = r [ (x,s)ds.

B(o,r)\E

bkﬁ'ﬁ%ﬂlf(r,y)l-ﬂr

’fj(fay)|d11|f(rfy)igj_ |f;(I!S)IdS-R
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+oo 400
If(:r,y>|2a~’éj £, (3 | de [ | £, (zys) | ds,

J:[|f(.:::,:;) 2dzdy < ﬂ'u*(x,y);dzdy J]|f;(l~,y) ldzdy,

D

LA, < A II”2 A2 AR + 1451 /2. (
(i) 1<p<2. % q=p/C—p), HEXRCOFH R 1 ATH
LA i, <cllgsf™" « £l + llgff ™« £ 1)/2
g7, AT, + 170, 150, /72
A/p +1/p"' = 1.
R L= 1,1 17, =N AIG 2, = WIS, o » BP T BHEE.

B8 XIEEA 3Rk,
(1) & fELYE)eCE RTMF4, W (p=>1)

L|f(.r)|’dx)w% (Llf(.r)l‘“d:c]up e (Jﬁtlf(r)i’dr

(2) FHRWAAFXRA R RLE .

Q) j’[ f(x)—sinxjﬂdx«g%; i) r[f(x)—cosx]?dxg—%—.
0 ]
(3) B 1< p<+00,0<a<1, f(2),g(x) R E FIEHRATHEE,

Al

)

¥

p

1=1/p

AL+ Q- el < If + gl
(4) |/ 0<p<1,fEL*(E),g€ L*(E), N
If +gll, <27 i, + ligl,.
iEBE (1) HWATERE
[f(-r)s IGE! { » Ieey
hix) =
0, IGE\Er f(-I}: IEE\E1

N f(x)=g(x)+h(x)(x€ E). I\ 7] H (Minkowski &)

IEIf(IHPdI]Up _ ( .

\ o E

g(x) =

1/p
lg(x) + h(x) |Pdr]

1/p

/g |
< (j @ Mz) + ([ 1k 12de
E / E
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/¢

([ F@lnda) + [j | f(a)|*dz
(2) RIEP:. ﬁ%ﬁ’iﬁ‘%ﬁﬁﬂiﬂii,mﬂ B

= (] — sin2x)dx = j (cosxr — sinx)dx

= }f(-’r) + cosx — f(x) — sinx|idx
J 0

1/2

n 1/2 n
*:\:;J | f(x) + cosxlzdr) + (J | f(x) + sinz|?dx| < 1.
0 0

XX,
(3) HFEH @)+ (O<L[f@+g@ T, AU+ lghHY?
<lf+gll, AAREX
"z + A =)y < Uz + [y,

RAIELE]

a" U fl A+ A=) g, <A+ gD <N f+ gl

(4) () MAAFERX 1+ 20+ (0<e<+oo) A Al

LANS + gl = I+ glie.

(i) TR o) =AQ+")Q+e) P O<e<+ o) =1 1K

ME—A%/ME (1) =2""" BT A
1+ )L 4+ 2% (0t <+ o0).
Boe=r15/ghs, ®i1H
AANE + g < 27 AN, + gy,

M 455 (1) B 18 BriiE.

oo LIERA T 5 M.

(1) # f(x)R[a,b] &Y IEMHE 7T W &%, 0

o] ([ e 0 o

Q) BEmE)=1,f(x)5gx)RE LEETTMEBEE. &/ ()gx)

(jEf(I)dx) {ng(I)dI) >1.
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B ()5 g)BRE L JMER.H1/p+1/9g=1/rQ<Lp
<oo), Wl fe . <<IAN, lgl,

(1) & F() 5 g()TE E F M, j g a=1,1

i 4
Lf(:r)g(:r)dx) QJ. fP(x)glxddx (p>1).
E

T () Eﬁﬂ(&—a)2=[£1d.r)2,ﬁiﬁ

2
Cay = ”'/f(.r)) * oLl
b — a) [ J Foda %Lf(.r)dx j Foydz

(2) FE 1~——m(E)2=”EIdI)2,?ﬁ{ﬂﬁ

| L: *v/f(:r)g(.r)d.r) 2 < Lf(.r)d.r E Lg(.r)d_r.

rig

(i

r'£ rIP
(3) JE|f(I)g(I) |rdx€(JE|f(1) | ’"d.r)

Er/p+r/qg=1).
(1) 3t p 5 p/(p—1)F Holder A%, 718

P i
jf(.r)gmd_r) - Jf(.r)g””(.r) g7 (2)de
E E

4
j g(z) | rdx
E

] /P

[o7Fioa)

< fﬂ[ S (x)g(x)dx g ¢ (z)dx
\ JE E

= Ef"(.r)g(x)dr.

10 RIEHTHIME.

(D B g(x)RECR LRI, EXEEN €L (E), B
lg « FLL<MIFN,,M|g(x)|<M, a.e. zEE.

(2) # geCV(0,11,H g(0)=0,g(1)=1,g(x)7E[0,1] L%

. = I;[g’ ()] /g(x)dx<<F o0 (+0>p>1),
1 p
I = L[gf(:r)]P/g(:r)dx = ( jf»‘_{_l] .
B () RiEE. 4 A={(z2€E: |g@)|>M} . BE m(4)>0,
MXT f(x) =x(2), B[ 4R fll,=~m(A). NITH
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1/2
lefl = ([ 18 x| > M/ = M U1

X SFEOFIE. i m(A)=0,5 1151k,
(2) MIEM FELP((0,00)),4 F(z) = -—J f)de, Mg Flx)=

j :f[a:g(t)]g’(r)dt o] &

r+oo 1 r P foo
Fr(2)dr < J [gg%ldz J fP()dz.
i

o O Q
o ol

BEBAR | Fr(dz< | pa Pj:mfw)d.r ot ;{——1-] RR

EFH L §6.4% 2 2Q)), BNa]&iE.

Bl 11 EH TR AER .

(1) ®a>0,8>0,af<1. %/ fFEL(E),g€ L' (E), H
fH“gHﬁELI(E), mu

‘ JEf(J')g(I)dI

(1+a)(1+ 53 /(1 —af)

<[[1r@ 1" lg@) )

BQ1+a)/(1—af) E j~ ] a(l+B)/(1—af

Elg(x) " fd

X {Lum 1ed

(2) W f(x)g(x)RE EIFERATMBE, 1<p<Ho0,1<g<

o0, 1<r< oo, =t o — 1L M

1/r
meg(x)dx 0 IIgII“‘””[Lfﬁ(x)gﬂ(;r)dx] .

3B Sf(ORECO,0) EIEHETMEE,m(E)>0,0<r<<
+ o0, T

1/r

1 -t 1 dx
( (E)I f("'”)d‘r] S (m(E)L f(x)
(4) # f(x),g(x) R E EIEHEHTHMBE,0<p<l,g=p/(p—1),

|
j f(Dg(x)dx = (Lﬁ"(.’r)dr} ”P(J’ g”(:r)d_r] ”g.
R D EE G IREEY:
%
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| f(x)g(x)| = |f(I)|llT§|g(I)f e | f(x)| THF |g(x)| '*o
i Holder A% B W HESR.
FR

r—p,r—qg 1 _
L=

3 H Holder AR ;8 p=¢=1,0r=1.3 p>1,q=1,0 r=p %7
2 A0) Hb fif.

(3) & p=14+1/r>1,U 1/p+1/rp=1. M X EFE 45 H Holder £
3,0 5

m(E) = j £z - Y (2)de <
E

Lf(.zm] v

\ 1irp
J f_r(.r)dst :
E

KB < [ fde] ([ £r@ra] i

D) ERBE ()= f@g@) Plgx) ], 3FBXER1/p 5
1/(1—p)JH Holder A%, RIAE

Lf?(:r)d.r < '[Ef(r)g(r)d:r) ’

LA EL 31N
#l12 HIEATHINAER.
(1) iﬁ fl(}’&z) !fz(IrZ) sfa(Ia‘}')% R? LﬂFﬁﬂ?ﬂﬂ@ﬁfﬁ.id

Il=_[n2ff(y,z)dydz; ngjnzﬁ(r.z)dxdz; f;;:j.nzfi(riy)dxdy.
S F(zyy,2)=f1(y,2) f2(x,2) fi(x,y),
I= | Fy2)dadyde < AiLIDY

v 1—p

J I:g(_?:) ]P”PTndI
E

(2) B p>1G=1,2,,n),p>1 H D 1/ pi=1/p. & fi€ L"(E)
i=1

(f=152¢"'tﬂ)!ﬂ“
fifoofu€ L2EY, HEF i full, < Al 1l

(3) & pi>1 (1=1,2,,k), B D 1/pi=1. % fi€ L"(E) (i=1,
i=]1

2, k), W
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[ 1@ fr@ i@ 1z < Ul = 1l I£1,,.
(4) I FEL'RY),p=(n+1)/n,AIEH
Lﬂlf(.rl)f(xe)-"f(.n) e fx, + 22 + - + ) |dzda,--+da,
< I

(5) ¥ Ri=R'GG=1,2,+,n),3E 5] W R I
fl — fl(IZQIaa"’i-In)l fn == fu(Il 2 Lzy""" Xy 1)3

f:‘ 1“"ﬁ"=f.-‘(-rnv"“ r-I,'-ls-I':'+11"'-In) (1 = 24y — 1)

2§ A Ri=R, X R, X+ XR,_, XR;y, X+ XR, £, Hit

I, =I PNy e s Zimy s Zigr 30 9 T )Ty oo od i d iy o+ d 20 s
i,

1/in—1)

m“ I = J. _f‘.lfz'"fnd-rldxﬂ"'d-rn ‘*-{-.. (II"'IH)
i8R (1) 3| Holder A%, A[ Hl
.nlfg(.r,z)fg(nr,y)d-r)dydz

I={ fi(y.2
J R

v 12

:n‘ﬁ(r,z)d:r] ( -[.R]fﬁ(:r ,y)d.r) mdydz:

S-Er Efl(y:z)
J R

Q( jlzﬁ(y,z)dydz} " [.LE( Jnlf-ﬁ(x ,z)d:r) {Jnlﬁ(r,y)di‘) dydz]

1/2

1/2

1/2
:I}fﬁ{jnzﬁ(.r,z)drdz ‘jnzﬁ(.r,y)d.rdy)
(2) % n=2,2€ L, el BiTA
1/p
( L | fL(x) ] fa(x) I‘“dr)

/g,

< ([ 1f@1naz) ([ 1fao 17a)

MEBES n=k, ZAZERBL, WX n=k+1,F

1 1 1 1
4 e 4 1 =1 by — N <1,
0 < 1+ -+ !i—— ; - /(P?HM(PH 4

B ppasy/ (prp— p)>1. BB E A
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fifoefs € Lttwa/ e "P (E)Y |
(Pypqg—1/by 1P

(L[fl(:c)---fa(:r)]”q,npw-ﬂdx < A, ||P1... £, ”m*

mﬁ ﬂ:25(f1"'f.t) . f§+1€LP(E)!H.ﬁ‘
FCf oo ) Fapr lp SN Fioes £l

R AIEE Y aT
(3) JERE.
(4) @%ni1+ni~1+"'+$(;¥"+l o)=1,
fx) flx) e fx) fxy + 23+ + x,)
= {[f @) f(x) = f(x) fx, + 2, + = + x,)])"
= [fx)f(z) e flz) ]
X [f(x) Flx) e fla) flay, + x + o0 + 2,) ]

X I:f(-rl)f(.rg)'"f(xu)f(xl —+— T, + e + In):]lfn

X [flx)) flx) o flxa-)f(x) + 2, + == + :r,,)]”",
AR 11H (dx=dx,dx, +-dz,)

L, | Fa) f (@) F(r) * Flay + xp + o + 2,) |dz

* "f1-+1 " Pasi’

PPyvy/ By P

1/(n41)

< [j' | f ) e | dx
"

X

) 1/(n41)

.L" |f(Iz)“'f(I,.)f(.:r[ ..|. see In) |(n+11.-"'ndI

>< I RIS RTITIETL
)lr’tu+l}

X {J . |f(-rl)-uf(-rn—1)f(,rl + vee __I_ Iu) |(n+1”udI
R

n/(n+1)

Ll | f(z) |de1] "”ﬁ”---{j“l | f(x) |#dx,

BG) Y =20, AERXREBERBR L. AEBEY n— 1 HNAHRRK
ML NEHEERS

= [ fofdndepde, = [ fdeede, [ fofidn,

“1
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I

L F

j. oy, WARSE Holder A% 5% AT 78

R
'

1 -
I::.:;;j fo o Frlee " Ydzyeeda,
ﬁl

B p=n—1,9=(m—1)/(n—2) ] Holder A% LB GEEBNEL
Bi%)

I{I;.;J'_T(J. Fr-2 Fr—2dx,+dzx,
1
B 1.
. 1 a1 n —
< (112) ] = 1 []7) 7 = dt™
=2 =

' D S
( r)(f: (F:I_E) dIEH.dI':._ldIi-}—I."dIn
) o ﬁr_

- 'ilF.‘dIE”'dIE—IdIi+1"'d'rﬂ

-~

_l |
_Lf!: drl] dzyeedx;,_ dx;y, edx, = I,

Ji]

B0 2V ER BPHEHAMTERIE,IC S:,S:,S; AN EES N LFRFEE

FRHBE, NV HER 2(V)<SNVSS,S;:. GE ELE:HE, YEBERXBE 1 &
Ip(r.y,z)-ﬂxglfr-}') . Igz(y,z) . xﬁa(.r,:r).)

13 uERd R A AR .

(DFESfORR LHAMEYR, [((OREFHRB(SH
§4.6). & sup{Af.(Q))<<+oo,MHK fEL.(R").

(DESFEL. R, HmUxz€ER": f(2)F0)H) <+, fE
LY (R (0<p<1). |

() &F fEL.(RHYNLZRD N fE€LHRDHA<p<+0),

(2) B m(E)<oo,H f(x),F(x)HE E LAl k. 3 >
0, &5H

m(z € Es F(z) >1¢)) <+

4 L:E E. F(z)>t)

i (LFP(I)dI) " < ;—f_—l{ Lf?(,r)dx] RSy

f(.I)dI ’
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(3) Wm(E)>0,f(x)R E FAERT MR E, HE
1 1 _
m_[ﬁf(r)d.r = A > 0; mLﬂ(I)dx < B.

3 6>0,iC Es={(z€E. f(z)>8A),N
m(E;) Zm(E)(1 — §)2A%/B.
) fFELNEYMTRLERMGFR: £4 <0, FEgEL(EA
g(x)=20(x€E), 18

J | f(x)|? <e.
{r€E, |flx) | >glx)}

8 (1) G) IE M=m({z€R"; f(x)5£0}), M

+ oo
[ 1@tz = p[ #7'f. (Dda
R

0

= p”: + fm}ﬂ”“f. (A)dA

1 + oo
< ;bMJ AP A + pj APTE(AS L (A))dA
0 1
4o
SMA+pIfIL| ¥ tdr=M+ e
1

+o0 (I

(i) B8 L Af"lf,u)da=J A2AF . (A))dA< +00.
i

(2) AWk fE€L?(E),F.(x)=min{F(z),n}, N
| Freade = p[ 7 (F . (Hdd = p| 27| f(x)dz
E 0 0

{-Tf.‘.: E. F"{I}:"A}

F_(x)

- f o
By 40 (F Holder A% %)
1/p { 1/p
nl 4
[ Frods] T < 5[ [ s
B4 n—>ocoRfi 7],
(3 FEE, (1 —HAm(E) QJAEf(I)d.er%(E) : B%m%(ﬁ"g).

(4) LM R =2|f@)|(€E), A
(z€E;: | f(2)|=g(x)}

AP A = —i—f F(x)F* ' (z)dx.
p—1Je
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={x€EE;: f(x)=0}U{x€E; {|f(z)|=-40o0}.
A Llf(x)lpd:c =j | f(x) |?dx

(z€E: | f(2)|>gla))

+j | F(x) |*dx
(=€ E, | f(x)|<a(x))

'ége+j gl (x)dxr<<+oo.
E

#l14 WETHIEM,
(D) & fO R0, 1] EMAERTIMEE, HA
€ [0,1]: f(@) =) <1/A+) ¢>0),

K p ., E/ feL7(0,1D).

(2) R f(OFER ERRBEF D, 1<<p<loo,iXUERA T 5 &M £
Y.

() fFEL*(R™;

Gi) FF7EM>0, X F R PEBEERNMEAHRZWIEME E,, E,,
...,E“ﬁ

k

Z(m{E )]
B (D XMpe(l,2),B1TE

> mUz € [0,1]: f7(x) =n))

Aa=1]

[ f(x)drl < M.

Z Gz € [0,1]: flx) =n"?))
Z 1 _{_nwp{ ZIT;[T_;‘CWL co; fre L'(0,1).
- £

W p=22,4 fx)=1/~z —1,8% fEL 0,1 . T

m({z€{0,1]: f(x) =1t}) =m{z€[0,1]: 1/~ z —1=1¢))

1 1
(1+t)3<i1+t2’

=m({z€[0,1];: <1/ + )?})) =

WY BTN &Y.
(2) ()= (i) i*fﬁ“ﬂf(r)dz

P
< G (E?? I | F(2) 17dr
E'.
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G p,p' HISAEIR) 564 M= £1I? BT

(iD= fE glx)=D)C:» Xz (),

=]

H f(x)g(x)dx| = ZC;J. f(x)dx
R i=1 E,
rn 1:£ m L_-:_l
S 2 mE) T ] S@dz 6| n(ED) F

S [E (m(E))' L_f (z)dz

r=1

pTIl/E[ m ben L/’
:| E 1Cr‘|‘pl(m(E.‘)) P }
- =1

n ]J’IPJ
<M YicPmE) " = M gl
im1

KIS A f€ L?(R).
&) 15 RIEA T HIME .

(1 & FEL0,1, M ]imL 1f@ |7dz=1.

=0+

(2) |’ fFELY(E)NLYE), N
1 ) |¥dxr =
lim L{f( ) |*d Llf(.r)ld.r.

=1+

(3) | 0<g<p<+oo,m(E)<+oo,

fim ([ 15 1odz) " =

Ui

i (D EER | (o I’<1(f@ <D | f@ P f() |
(If(:r)!?)l)siﬁ'E1={I€-[0,1]= |f(I)|>l}¢E2:{I€E: If(I)|
<1}, RITH @25 FRHER

1
lim j | f(x) |?dz= lim j | f(x) |*dx + lim j () |?dx
P“"D+ E'i =0+ EE

=0t Jo

[ 17 17z ] e

=m(E,) + m(E;) = 1.
(2) B E\={z€E: |f(2) | =1}, E,=E\E,, W3 2> p,>p.>1,
2]
| f(D) | = (@) (x€E); |f@)|2=|f(x)|" (z€E),

AT i
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i

litn lf(:r)l"dx=j | f(2)|dx,
E E2

p~it+ JE,

lim “E Cf | — [ f(x) | ldr = L 0= 0.

Pt .
B I BP 4% BT IEE.
AR & SELENLE M Lim W= 070, 3B b, TR WAL
1n|E|ffm}1Pd:
lim £l = lim e 7 =" = g,
(3) G) @A

q/p

T __ g q(l_l] P
||f||q-J£|f(I)|dx£[m(E)] @b JEIf(I)IdI .

FrA a8 lim A1,

g—=p—
(ii) M3 Levi 5| BAFEHIWSUERE, & 1H
lim | £1I] = lim | f(x) |%dx

g p— g~p—

J-{IEE: 1 f(z) >1}

+ lim

9P '['irEE: |fexy <1}

£ @) |Pdat| F () P dz=I1I%.

(z€E, |flo) <1}

| f(zx) |'dx

'[':IEE: | f(x) | >1}
B 16 RUERA T AR %X

Jllnf(x)dr}.
(2) % f(x),w()B E LI ATMEH. &HF
j w(x)dzr = 1, J f()w(x)dx <+ oo,
E E

lim || f]l, = exp
p—0

I lim

p+0-+

v 1/p
i) Infix)dr
I fA(o)w(x)dx = EJE )
E /

(3) & FELZE) w(x)>0 H FEw(I)dIZ 1.

W

I = lim
p= oo

: 1/p
[ If@1rw@dz] " = £

B (1) i Jensen R 540 In ||f||P?--Elnf(I)dx. 57—
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AR Ine<e—1G>0), AT 4

1 1l 1 -
-i—an’uf"(:r)dx < i Lf"(x}dx — 1] - J'ﬂ fp(‘r; liz.

EE,RITE

1 ‘ 1
lim| p~'(f*(x) — 1)dx = j lnf(z)dz.
i)

pF~0Jo

b I B0 R 8.
2) SHEBSY = j w(a) + Inf(2)dz HRX.

D) FIHFEMARER | —D/p <]t +e" GER, 0<p<
1) 3k iE BH

p~0+ JE P

(ii) F I=—o0, I FE fo(x)=max{f(x),8}(0<6<1) , TERZ

w(x)dx = J‘ w(zx) * Inf(x)dxz.
E

A

/g

1/
U w(zx) » f"(:r)dx) Pn‘é
E

PR S 6—~>0+.
(3) () H I<If..
(i1) MRS 0, FE eCE: m(e)>0,818
f@) > fle —€¢ (= € e

j w(x) ¢« f5(x)dx
E

L NITEIEE:
( JEIf(I) |?w(z)dx

) 1/ 1/p

= ”‘If(.r) I‘“w(:r)d.r.

1/p

> (£l — e)(medx

B X (A p—> -+ 2| fll.—e.

4 G),Gi), B8 FTiE.

B 17 KERA T A

(1) & f()RO, 1] LI ERTHMRE, A EEY 6>0,f€
L'((G,1D.F 227 f7(x) B>DRTF L'0,1],

1
o
¥ I 3 0+t

1—

1
F(x) éj f()de = o( In %
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(2) BN 0, f(OE[e, 1] X ESZE, HEA
J‘:-‘rlf’(r) |tdx <<+ o0 (p > 2),
M| 7 7E A PR lim f ().

(3) B FELPRY (p>1),1/p+1/p' =1,4 F(z) = j:f(:)ds,
z € R', WY
|F(x + h) — F(x)| = o(|R|Y*), h—0.
() i f(ER BV, FELXRYD, € LR, f(2)—=0

(I—I-DD)_
W (D FEEXT0,1]EM o) : ¢(x)=1,9(0")=0c0, H
)’ PORTBM. NTH (g=p/(p—1))
F(z)= ff (t)dt = f (@b (D)7 F()@F (2)0 7 de

1/p

1 1/q 1
< [j ga‘“”(x)z*ldt] U t? " e(e) f?(¢)de

1 l/q
B FO<M| [ g @ d] RS 0,8 20 0<ai<1,
8 g (2)<e(O<zx<lz,). B

I
J @ P (¢)t™'de < 2¢ln %

(2) B Cauchy MM FHE. BRFEEFE C>0,0 o< <2"<1,
A

el
1fz) — f(z')] gj 2P f1 () da

x

v 1/
%C(II)I—ZI’P e

Fa
j x| f(z)|*dx
x
(3) SHEL e>0,F4 0>0,F17
Jlf(x)l"dx<ep (E C R',m(E) < 9).
E
MY 0<<h<lO B, EITA/p+1/p'=1D

x+h
|F(z +h) — F(2)| = j F()de

366



1/¢ T Ve 1/$
< AV . j |f(;)|’dt] << eh'".

1/2

@ aRFR[ | @ lde<vi—a| [ |f @ 1%dz] 5,5 €
L([a,6]). LB fFEAC([a,6]) . B FEAC([a 6. ANTTRTH
r(fz(.r))’d.r=fz(b)—-f7(a).ll‘tﬁ’hiﬁ

& ]
J (fA(x))'dx < ZJ If('.r)f' (z) |dx

1/2

< 2[ Eﬁ(I)dx) m( E(f’ (x})zdz) < 2 A0, 1A 1

XRAH A ED/dz ER ER.BE FELLRHUREERR
hmfz(b) 518 lim f(b)=0.

(] =<cc

18 RIEFATHIHE.

(D &’ fEL’(RY) (1<<p<0). & f. (D) =m{z; |f(x)[>A})
(A>0), 1

(1) lim A?f.(A)==0; (1) imA?f. (A)=0.

A—+—4-oo A0

() ZfELPRY) (A<p<2) & filx)=f(z+h). FEr>0,5>0
.E.r+5$‘f’amu

[PEIW Hf; ‘ f:"1 = 0.
B (D) () BEARMNA (S Ex={z€R": |f(x)|>A})
L,If(a:) e = L |f(x) [Pdx = 2f. (D, fE€ L*®RY,

L f. (AD—=0(A—+o00), X Hy I H (R4 48 % i 5 4%)
2. < L 1f(x)|*dz =0 (A—=+ oo).

(i) B e>0,A<o, R TH
hmA? f, (A) = llmA*"[f (A) — f.(o)]

A0

= Exgl’m({x ER A |f(D] La})

< | f(x)|*dx.

I#rEI": | f(2)1<a)
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41 o ) 1F B ¥ERI 48 BT E.
(2) B, B LEL R, FEL R /p+s/p=1), Al A

fEL'RY. HR , MHEL e>0, W N, i E=[—N,N],{EB
_[Elf’(x) de<e. B3 2€E,% |h|>2N B, z+hEE, L

Nl = L]ﬂ,(:r)f’(.r) ldz + Lf | £ () f(x)]dzx

sfp

< ([ 1o rvaz) ([ 15> 17

<+ [L{ | fa(x) l”d.;r) " L‘ | f(x) }""d.r) v

AN + €7 A1
i it B 48 FiTiEE. — |
B 19 HER T3 M .
(1) & fFEL(E) ym(E)<oo, HIfN..>0, M

Vs
lim =4t = 1/ ..

(2) B m(E)>0k=1,2,), H m(E)—>0(k-—>0),

gi(z) = Xz, (x)/m(EQYs, % Fo=1p>1,

Ri%t € L7 R, lim| g,(x) f(x)dz = o.
3) H{fo (DR E LR EH, BAE m(E)<+oo, A K
1f.(2)| <M (z € E,n € N), j f.(x)|{dz =1 (n € N).

HRH Zan falx)TE E _LJLF R AW, W lima, =0,

A—=oo

[

EH D 4 a=I 0= 11 W a < lab, im St <

I Moo BESH, U5 hmb 2| f |l Wi B ] ABEE.

R0

(2) FEA%ER

1
Jula@f@ldr =~ 171
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1/p /e

—L = ([, 1@ 1ra)

(3) AR li_tzlﬂaufn(x)=0,a.e.r€E;ﬁﬁE 0>0 LK AC

E: 1—M3>0,m(E\A)<0,{EB{a.fa(x)} T A E—BET 0. A
A8 Gg eﬂ=sgp{a,.f,.(x)})

T

g™ [, 1£@ |dz

la,|? :j la, fo(x) |3 dx = j |a,fo(x) |3 dx + J la, fa(x) |%dx
E A ENA

<€, * m(A) + M%|a,|?d.
HILH a, | > <e¢m(A) /(1 —M?*8) , B W] 1B 3iE.
20 KIERA TP .
(D \1<p<too, fE L (E),

I|f|lpzsup{HEf<x>gcx>dx :ngnq=1}, i $= .

BAEE g€ LD lgl,=1, RIS N,= | fg)de,
(2) % 0<e<1,{x)R& E b 1E{E 7] I pR %, W
. |.f(x) | _
171, = inf| [ 22 az. lgl o, =1},
B (D) G) Hi1<p<4oo,HN
[ sz < sl tell, = 171,

Bk R . Belgl, =1, Lf(x)g(.r)d.r=||f||,,.

£ f(@20,% A=If 1, W = |f(2)|*dz. B g(p—1>=p,
% g@=[f @/ Rl

[ lgt 1z = [ 1717z =1,
E E

J f(x)g(z)dx = j f@)[f(x)/A) dx = (%) M =2a=|fl,
E E

#HA@DOBS, WA g@=[f@) /A" +» sgn{f(ax)}.
(1) p=1,Hk gq=+o00. 4 g(x)=sgn{f(x)}.
p= 3 E‘TfEL“’(EJsﬁ’ﬁ||f||m=supHEf(.r)g(r)dx: ||g|h=1}:fﬂ$*“$#
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1 g ngn=1,{m||fum=j£f<,r:sg<_r}d1.
ERE,S M=flle, RX} e'}ﬂ,ﬁ-?E ACE: m(AY> 0,/ | ()| >M—c¢

(€ A). & glax)=X(x) » sgn{f(zx)}/m(A), Flligl, =J-EIA(I)dIfm(A)=1. €4
(DEZ]

JEf(I)g(I)dI = pr(I)IA(I) « sgn{f(x)}dx/m(A)

= L|f(z) |dz/m(A) > (M — e)m(A)/m(A) = M — e.

B —&RAIE. HR, 8] f(0)=20<z<1), Wfllo=1,TT % g, =1 8F, BRINH

1 1 1
Jf(x)g(:)d.r , < J xlg(x) |dx << I |lg(x) |dx = 1.
O i a

MTIJE — &5 8.
(2) G) AR

¢ 1—a

| E@(x)mdr] ,

L | f(x) |dx < (J‘E{f(.r) |¢7‘1(I)d;r] u
Fir LA

[ 1f@ “dz "< inf{[ 1@ 197 @z gl =1},

| =a

(i) &’ "ﬁ.[ﬂf(_r) "de#0,4 @la)=|f(@) | e A

[quﬁ(x)dx - Lﬁ(x)rld_r =1,

a

Hglf(x) ¢ (x)dx

- ” F@If@] A da
E

J.Elf(.r) I“d.:r] n).l'“ A = Llf(.r) |“dz.

21 %K@,y )RRXR F#MEd, BE
[ Kz, |dy<M, a.e.z€ R

[ 1K(z,y)|dz <M, a.e.x€R",
.

E

4 T@)=| K@) f(dy(f€ LFR) 1< p<+o00), IRIEW TS €

LR, BITAI,<C If 1, (fE L2 R™.
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iEBR  3f p=+oo, BRITH
|Tf(x) | < LHIK(I.y) |1 f(y)|dy < ||fﬂmLx|K(.x,y) |dy

<MI|fll.,, a.e.x €R"

kT <M Ifl...
X 1<p<<+oo,¥Eq: 1/p+1/q=1,0

Tral <([ 1K@ idy] ([ 1K@ 117G) 1dy

1/p

/¢

<M”| [ 1K) 1£() 1%dy
R f] Fubini & 3 3 8B40 K 7, 718
[ iTf@ e <pe| || 1K@ 1117y

dx

.
_ M“"‘*L" F(y) 1?( L" K (z,) |dz|dy < M”““Ln F(y) [*dy.
dEn s ITF 1, <C 71,

§6.2 L?ZEaI%EW

A NE
(=) L E)RE&HEBENZE

¥TETEL(EDSIHER, B L (E) ZE K SHE— AR, Bk
SEY f,g€LXE),H f(x)=g(x),a.e. zEEW,f 5 g & L*(E)PHFR—4 T,
R LA SE RSN XRE LY/ETHTHrRSNE. HnE E EILF
S TEHRELER L(E)PHEFT,. TRRBINATEEH.

E®1 MNTF figeLE),EX

d(f,g)=If —gll,, 1< p<eo,

WLAHE), D R— T ERZE. Hic AL (E).

X1 B AHELNE) (k=1,2,). 5B feL (B, EH

limd (fy,./) = lim lIfs = fll, = 0,

]

B LA R B XERT £, (1R L2E) PRI, £ N (i FE L2 (ED
PHRR.
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RITA T MEHL,

(i) —%. & llirgllfk-f1|p=0,}iﬂllfk—g”p=0,mu f(z)=g(zx),a.e.x€
E;

(i) #& E_rﬂ"fk_f"p—_—ﬂ,ﬁw !LEJ"f& Ho=17F1I,.

EX2 BUWCLE.& lim Ifi—fill,=0, WF /R L (E)THEF
(2% Cauchy)5l.

BR BTN o—f1L,<NA—Fll+ 0 f,— Fll, . BRI S F 2 Cauchy 5. T
ik EERY LY (E)PH Cauchy FU & AW, X —H LR ANZE L (E)H &
¥. |

BE2 LNERZEMERZHE.

(Z) LM(E)Y(U<p<co)R T[4 22 (8]

EX3 BTRLEPHTFER,ENEEN FEL(EOUR 0,7 g€
'NERIf—gl,<e, MH T LV(EOTHRE:F L"(EOOTHFEREHRTERT
¥ FE,NFHK L (E)RT 4.

518 # feLX(EYQ<p<oo),MFAHEEE >0, RINEH

() FER LREEIXEHEZRY (). 55

Llf(:r) — g(x) |?dx <&

i

i) FER LAARXBRURBRY ¢: ¢(0) =D et ()L BEZ

HEFH) 5718 Llf(z)—gom *dz<e.

EE I LNEU<p<co)RBH 422
B F1<p<oo, 1<r<oo, Ml LHEYNL(EYHE LH(E)PRE.
T4 FELRHYASp<c), UH

lim{ [f(z + ) — f(2)|"dz = 0.

=0

Y B R W

P R UERE T %) 4.
(D B{fi( R E LB EI,FEL(E) (p=21). FF
| fi(z)| < F(z) (£ € N), liﬂf*(x) = f(z), a.e.x € E,
W fa—fI,—=0 (B—=>o0),
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(2) % f,€ L*(RY) (1<p<oo) H fo(2)=0 (n=1,2,+), M

Ifo — Fl, =0 (n—>o00) BHAXE [fF — I, >0 (n—>o0).

(3) £ LP([0, 1 DB HFMEF,

(i) BNMEPEZEE N EZERY

(i) FEASHELREHIE.

Bl () EEBEIA@W—F@PIP<<(|fitx)|+ | f(x) )<
2?7 | F(x) |,

(2) &M iaj_rn(I)zﬂgn{fn(I)i'f(I)}?TH(I)sz}X{fn(I)s

f@LME 1f—F1L,=>0 (i) LK Fo(x)+ f2(2) = fi(x)+
f? () H Al
W70, = 1A, W0, = 1FL,  (n—>o0).
Wi 12— 1 =17 — £ =171 £ 150 (n>o0).
Lo ' KEEH fL(oOFER EFERBEBERNT f(2). H
Y

[t — Pl |< (172 - @l
A, SRS €0, 60,4 m(e)<<d,n>N, Bt , H
[rrane<, [fad<e.
Bk B ECR ym(E)< + oo, 8% n>N, B,
[ frade<, | frods<e,

BB o=¢/m(E)Y?, A N>N,, €8 n>N B, H
m({x € R'; |f,(x) — f(x)]| =a}) <4,
A

If, = £, s;;[J | falz) — f(2) 1%1.::} v

(z, If,—fI>0}

+ ( [ £u(2) — F(2) I‘“d.r] v

o ErHI'-. |f”_ft"-':ﬂ'|

- 1/p
+ [ 15 - f@ *dz |
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1/p
| fo(2) 1Pd1‘)
é[ J’{-ﬁ |f (x)—f(x) | Z=a}

1/p
£ (x) I"'d.r]

I {2y 1S ()= f(2) | 20

1/
1 fulz) — F(x) |de)

JEM{x;s If"(x}'-fli:r)l-di:r}

1/p

([ o) ([ 7@ 1raa)

<de + (¢? « m(EN'" = 5¢ (n > N).

(3) G) BAR.

(1) X 6€ (0,1), Y62 Cantor 28 C;C[0,1]: m(Cs) =48, N X4
B X, (OHFEBFNE o« MEFE f€ENCUL01 D, H2LFH f()
=0,a.e. 2€[0,1\Gs. RT[0,1\Cs L0, 1JFHE, A/ f()=0,
XY xe,(2)#0,a.e. € [0,1]FE.

Bl 2 XUERA T3 M

(1) ] 1<p<oo,fELI(E), L€ L*(E) (k=1,2,-),HA
limfi(x)=f(2),a.e. 2€E,limlfell, =11, W

lim Wfe — fli, =o.
(2) & filz)=>f(z) (b>o0,2EE),m(E)<cHH

jlfi(.r)lfd.x-éM* (b =1,2,), 0<r<oo,
E

Xt p: 0<p<r & ILmJ.Elfi(I)—f(.r) 1?’dx=0. (F &, XM m(E)=
ooy, p=r HEAH)
3) ®lfelh,<MGeN),H mllft—fllmmu,mﬂ
lim “fr: — f“z = 0.

(1) B 1<q<p<oo,m(E)<oo. £EH E_r;_lbft(.r)—f(x) IPd =
0, N
limj.Eif;,(:r) — f(x)|'dx = 0.

k==oo
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8 (D EAAFR [e—o'<2’'(al|*+16]), 718
277N fi@ P + 1@ D) — [file) — f|P =0 (x € E).
Sk AN

szIf(rn”dr:I m[ 2271 (| fax) |2 + | f(x) %)

E koo

— | fax) — S(x)|? Jdx
< ZP*IJEM(I) *dz + 2" lim| | fi(2) |*dz
o) E

+ lim| — |fi(z) — f(x)|*dx

k—=on) E

. zﬁj £ () |*dz — Tim| | filz) — f(2) |*dz,
E k=) g
Y

0<lim| | i) =F(2) 1*<Jim| | i) = £(2) [*dz<o.

(2) HBREIAN <M B q: p/r+1/g=1,HHEHL >0,
fE eCE: m(e)<[e/2M)* ), {8 f.(2)FF E\e F—BMATF f(2):

lim{ |fi(x) — f(x)]|" = 0.
Ehe

koo

A RIE
[ 1o = r@ e ([ 1w = sy raa)” ([ 1a2)

< ZM)? « m(e)!? < e,
G FRER B AR fi— £, -0 (ko).

T Mp=r, LRMBEFE,. M filx)=V k (0<2<1/k); filz)=0(HAE
x ﬁ),E-r.'t]lﬂfi(r)tf(:)=ﬂ(0{.r<l)r"fle =18 fitx)AEU L ([0,1]HEX
TWAETF f(2).
X m(E)=+oco, LRGBMLRE.
1, k<z<hk+1,
() = r)=20,
/ 0, i, /@

mH fi(I)_'f(I){k_'mi-re (Dvm))tﬂﬁ Hf.k HEQM!@E fj(l'}z:%u
L'((0,c0) ) EXBHTF f(2).

(3) EEAER
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Ifi — I = Llft(:r) — f() | 1 fi(x) + f(x)dx

1/3

<([ 1@ — o] ([ 1@ — f@ 1)
<

Ife = Fli,, Al + WAl <e2M I fe — £,
(4) EEAREXGE p': 1/p +q/p=1)

t—g
P

g/l
L]fa(:r) — f(x) % < {Llf,.rix) — f(x) |*‘dz] (m(E))

B3 KUERH T3 e
(D) & HELEYNLYE) (k=1,2,),fEL'(E). H M=
Fil;{llj{”fk o} <<oo, HIfi—fH,=>0 (B—>c0),
Wfe—fFll,—0 (k—=o00,p>1).
2) & fer?{a 6D, fic L ([a,bD(EEN, p=1). HFH
lim |l fe— f1l,=0, W]

ﬁmrfk(z)dz — rf(t)dr, 0 < < b.

koo

(3) | fL€ L?(E),m(E)<<+4o0, H M=s*1;13{||f* [,} <Aoo, &
filx)fE E EARE B ST f (),
lfe— fll, >0 (&—>o00,1<<r<p).
(4) B L€ L (E)(REN,1<p<+o0),limfe(2)=f(x),a.e. €
E, TR E.
(i) feL*(B) A lim|fi—fl,=o0.
(i) XHEB >0, 1E e:CE: m(e)<+oo, A K 6>0,F 15

J fi(z) [Pz <& (B € N);
E‘-.tl

[ | fri(@)|Pdxr <e (k€ Nye C E; m(ey) < 0).

B (1) HEBBRAFE(f,, () limf, () =f(x),a.e. € E.
BRE f @ISIAJN.<MGEN. a.e. z€ E), Tl | f(2) |<M,

a.e. r€E. HILBEIBIfl.<M WNTHRNFE
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I | folx) — f(x)|Pdx =J | folz) — () || filz) — f(x) | 'dx
E E

ol

N

| felz) — f() |« (Jfax) | + [ f(x) D dx
E

of

H_Elfk(:r-) — f@ 1 fill + 11" da

AN

< <2M>P‘1jEsfk<x> — f(x) |dx.

B AT 48
(2) FEAZER(p>1)
x b
[0 - f'(r)ldtéj Fu6) — F() |dx

.

b 1/p
J‘ {fe(t) — f(8) |"dt] e (b — a)f L.
(3) BMBRAFEE S ()} limf, (2)=f(2),a. e. 2 € E. W

[—=oo

<

H

|L1f(1)|ﬁdr)w:{f “m|f&..(~*-‘>|”dr]wé_1i__m(j£|fh<x>|"dI:] v

E 1—+co o

1

AN, <M. B LA, MRS €0,0>0,7F1E KL &R
m(E;)*(E(k%K)a E*:{IEE: |fk(-x)_"f(-r)|>a}-

M ATHE (k=KD

[ 1@ — f@rde={[ +] 1@ - f@rd
E E ENE,

k

. i —r
L | felz) — f(.r.)|‘"d.rl (m(Ek))E? + &« m(E)
]

A

pr
< Nfe — fI,(m(ED) * + 0« m(E)

< (2:‘1’1?')’.'5%r + am(E).
A L B A ABHE.
(1) (H=>G) HE,HEL 0, URTIME ACE 71 N, @

5
j tfkfzxwdzgj F(o)|f 4+ ¢ (k=N
A A
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(iD)=>() MBREHE, L4 0,7 6>0,f15
J |f(I)[P“-‘51 J. |f(.I)|P<E (m(eg){ﬁ',m(e;){:—Fm).
E\e

€2

LN
JE’ | felx) —f(z) [pdr“‘gzpj |f.t(I) |Pd1+2pj |f(1.) I*dr<<2?te.

ﬁ[‘ﬂf&(l)ﬂ:f1 b 4% Jﬁl{iﬁﬁ‘] f(2), &S ey={zx€e: | filx)—

f(x) | =€) MFFEAE no, 18 m(e))<<8(k=no). M X 7] 15

J | fa(x) — f(2)|dx = H; +J. | ;} | filx) — f(x) |Pdx < Ce.
e “ e \e

ZalbRER ,BNMEIA—F1,<Cee.
Bla | feCVLONDAI<1 WEN). EFEX—H] g€

co,1D,F hmff () g (x)dzx=0,iRIF Y hmllf l..=0.

i e ]

Bl RGEE. BRI AR, WFLE >0 LEL0, 1P M 2,
(.} EB/ (@) =8z (n—=o0). RN N1, BB fu (o) —
Falzo) |<KTx—z0| (20,2 € [0,1]). ANTTHB A, FIE N, FHE

falx) 26/4 (m=N,x, — /4 < < xo + 8/4).
fELO,1 ] E BB LR E g ()T
(1, xo —0/4<ax<a9+ 6/4,
8 =, 2 [ — 6/40zs + 8/47,
MY n=>NBLEH
ﬂf,,(:r)g(r)dr > f—;
X SBOFE ,IEE.
B 5 R T 5 R
(1 B ft€ L'(E)(REN),m(E)<t+ocoH M=sup{llfill;} <

+oo. & fil)E E AR BEWRT o, WX g€ L'(E)E

lim ’\;’ |f,,(.r)g(r) |dx = 0.

=00

(2) & E,.-::Rl,0<m(aﬂ><+m(nem,ﬂ limm(E,) =0, X%
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g (2) = M(ED) Xy @ €N, 1< p<Hoo, -+ =1,

W Tim | f(2)g.(2)dz=0(f€ L*(RV).

n—eoo

(3) | 1<p<oo, L€ LRV, I, <M (REN), fELYRY, B
”
iimrfn(r)ciz = rf(t)dr, xr € R,

-

MXHEER g€ELTRY,1/p+1/g=1, 8
lim | ,(0)g(2)dz = [ f(2)g(o)dz.
R [

=

(1) Ehfo—Fll,—0,lg.—gl,>0—>00,r=0),M)
i fogn — fgll_,, >0 (n—>o0).
WEBA (1) XMES >0, R B, FTE 6>0,%4 e CE H m(e)
<o M, A Jelg(.r) dz<<e. & Ei(e)={2€E: | filz)|>e}, M fi BHig
YHELIFTE N, 2> N B m(E(e))<<d. Wi >N, 818

L«/m(r)g(r) dz = H w J

VI fix)g(a) |da

E\Ei':ﬂ }

| lf;(.r>|d.r]'(j g |dz)
E, () E, (o) j

1/2

1/2
[I lg(x) |ch]
L v ENE ()

1/2

<

+

!

J | fa(2) Idr]
E‘\E*{ﬂ

<WAl* Ve + € emE) - lgh”.

B I B ] 154k,
(2) RBEBAELX

1/

Jnlf(l‘)gn(a':)dg: o= (m(Eu))—UqJ. | f () ldx < {JE | f(x) |Pdx
Eli n J

(3) BETIRSE, E h(O) BN RS, WA
lim | f.(Oh@)dz = [ f@hda.

= O

MM g€ L'(ROUK >0, EM B EE A (x), #48
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. 1/g

g .— hl, = H;ﬂ |lg(x) — h(x) l"dx] éi—l’

HEHE
L]fu(:f:)g(}r)dr — j ]f(:r)g(:r)dr'

QJ Nfu@ [ 1g(x) — h(2) |dr

+ Ll[fu(r)h(:r) - f(:)h(x)Jd.r\

o~

+ | @ lh(x) — glx)|dx
R

o

< £, lg — Al + ]Ll[f,,(x)h(.r) — f(2)h(x)]dx

+ £, g — Al
i 1 5 RN 45 1R AL
(4) mEEA limlf, =171 BAEAA

JE|fﬁ(I)gn(I) — f(x)g(x) |rﬂd:x:

g[ Fo g — g2 ] + @[ fulz) — f)]|7dx

E

< 2” | fu(2)[ga () — g(2)]]"dz
E

+ j.EIg(af)[f.,(l‘) — f(x)]|”r2d:r}

< 7| ([ 1roras) ([ 10 — e vaz)
. 172 | 1/2
+”E|g(;r')|'dx) [LU',,(I)—f(I)VdI) !,
FBL4 n—rco BN BT ABHE.

Bl e RIEHTIaE:
(1) @& hfi—£lI,—0,lge—gh,~0,p>1 H 1/p+1/¢g=1, 1

=i

1ilef,,(.r)gﬁx) — f(x)g(x)|dx = 0.
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(2) & ECR" LAIA=F,—=0,lgi—gll,=0 (k>c0). F fi€
L2E) | fello<M (B=1,2,), 1
| fige — fgll,—=>0 (k- o0).
(3) |’ 1<p<oo,fLEL*(E) (k=1,2,),HH
limfi(z) = f(z),  sup 1£:ll, < M.

)

MXERER g€ L7 (E)Y(p' & p BILTEIER) , B (B0
limLf*(.r)g(I)clx — Lfcx)gu)dz.

RO

(4) ® ECR", 1<p<oo,lim I fi— fll,=0, (g2 ()} R E E—HH
Ryl MeEE, H g.(x)>g(x) (xEE,b—>o0), N
~ lim Ife+ g — f+gll,=0.
WA (D) EARMNAFEX
fil@)gr(x) — f(2)g(x) = [filx) — f(2)]Lg(x) — g(x)]

+ f(@)[g(x) — g(x)] + g@)[falz) — f(x)],
Frilig s

jEifk(I)g;(I) — f(»)g(x) |dx
%fﬁlf*(.r) — f@) | lglz) — g(x) |dz

+ Hﬁlf(x)l |ge(2) — g(2) |dx

.

+ PEIg(I)I | fe(x) — f(2)]|dx

< W — I, llge — glly + 1A, lge — gll, + llgh, 1 — £,
4 k—>oco Bl 18 FiTHE.
(2) BHNNe<M,H fi* g¢s €LE)REN), fg€L(E). 3H{E%4
e>0,0>0, HBIRHBEEISOUR N, FB(CE,e(0)={z€E:;
| filx) — f(x) | >a})

J lg(x) |[dx <<e (m(e) <3),

m({zx € E; |fi(z) — f()|>a})<d (R=N),
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J lg(z)|dr<e (Ey={x € E. x| > N).
Ey

W& TH
J | filp)g(x) — f(x)g(x) |dxr < ZMj |lg(x)|dx < 2Me,

Ey

J | () g(x) — fx)g(x)|dx
E\E,,
= {j +J }|fe(.r) — f(@) | |g(x) |dx
Ay (@ Byy(o)

gzMj g(x) | +”'L( g(x) |dz < 2Me + o llgll,

(An(a)=(E\Ex) Nei(a), Bn(a)=(E\Enx)\ex(a)).
BB fig—fel, >0(k—>0). FED | fig — fuge I, <
Mlg—gl, . BEFH

I fegr— Fe | <l fage— frgll + 1 fig— fe =0 (k—>c0).
(3) BERAIAN, <M IHEL >0, FE SO N, EHBS e

CEﬂm(e)iﬁﬂﬁ,ﬁj ]g(x)lpd.r*iis,ﬁﬁj- lg(x)1? dr<e(En=

(z€E: |z|>N}). {8 # Eropos Iﬁlﬂﬁéiﬂjﬁl e ACE\En:
m((E\EN\A)<&, 718 fi()FE A E—BUSLT f(2). il RFFAE
N, fE575

| filx) — f(x)| <e/m(A) (k= N,,r € A).

Eﬁtﬁﬁj | fi(2) — f(2) Pdz<<(e?/m(A)I)m(A)=¢". TR k=

max{N,N,} RFE

[ fmrgtardz - [ fr@z< | 1@ = f@)] g ldz
E E

o S RIS B SN PIENE
Ey CENENN\A A

/¢

< fe — £,
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j g(x)|*dx
Ey




1/¢

T R L

(E\Ey)\A

1/
[ 1fi@) = f@1%dz) gl

_|_

<2M-€” 4+ aMe” + e gl,.
X 156 WA A R R AL
(4) G) ML >0, FENUR>0,HBY CE: m(e)<d,
# [ 17 1"de<e, MR (By—(2€E: |2|>N)D)

j F@ e <e, Ifi— fl,<e (> N).
Ey

B lgi(2) | <M(EREN,2EE),e,(e)={xEE\En: |gs(z)—g(zx)|=
e}, U S FFTE N1, B m (e, (e))<<E(A>N,).
(it) A ER
I fege — fell, < lga(fe — O, + Mg — & fIl,,
RINA
lgsfi = DI, <MIfi — fll, <Me (> N),

legs — ) fII2 = L|f<:> #1 g (x) — g(x) |*da

- {JEN T J(E\Ey)"\f*{ﬂ T .L*(ﬂ} if(.l‘) lplg*('r) - g(-r) |Pd.1"

< (ZM)PJ | f(z) |Pdx + E”J | f(z) |*dz
E

Ey

+ (zmﬁj () |Pdx

(&)
< (2M)?e + ¢ [|f1l] + (2M)* « e.
H 1 B 48 BT SiE.
Bl 7 A UERA T 5 6 R .
(1) & FELNE),[LELE) (k=1,2,). Flfi— I, <47%? (%
=1,2,), MIHEL 6>0, 1T E;CE,m(Es)<<d,{#8 filx)TEE\E;

B8 T ().
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(2) % f(o)R R LIEFR R E, WAL >0, FE R LIE

] MR g (), fE 17
W If—gl.<e; GGi) m({xER'; glx)=r})=0 (rER).

(3) ft o= {fec“""'(n‘); sup {|f(z)| }<C+DO,L1f(I)d_r=

zE lll

O}JLUJ o {E L (RY) (1< p<oo ) 5.
1
(1) B1<p<+eo0, % F={rer'C0,1D. [ I lde=1,

[l Irdz=2) WXt e, 0<e<t, FiHE 30, 78

m({x € [0,1]: |f@)|>e}) =6 (feT.
B (1) 2 A= {(z€E: |file)—F@*>27"REN), N

2" m(AD K fi— fli<a mAn<2™ AT H fi (2) & EN
[UA) 2B -3l T fo. BRERINA

k>

m(B) < > m(A) < D27 =27—>0 (i—o0).

[ =] >y
BT 5 1 45 92 B AL
(2) ) B ir): 0<n<r<<ooo <<+ yrp>+oo(n—>0), HF
Vor1 —1rn<lb. BE f1(x)=f(z)+arctanz, HiC

g‘l(r) = quxgﬂ(:r) ’

n=1

EE{:I En={I€R1:?’n_1<:f1(I)£r,,} (HGN),
18 g (z)=arctanx, | f1—g l.<<e. X% g(z) =g, (z) —arctanz, [
gxry=0, If—gl=Ifi—ale<e

Gi) BERENA
{IGRI; g(x) = r}= {IGRI: gl(_r) — arctanx = r}

‘ = U{IGE,,,arctanr=r,,~—r},
n=l

‘ m({x€E,, arctanxr=1r, —r}) = 0 n&N),
frih m({xER': g(x) =r}) = 0.
‘ (3) (i) SHIEL >0,h>0,l Kk nE€N, W o€ C (R, [E 18
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P X IREREE Fn,00),0<pDI<h(ERD, | plo)dr=

1, el ,<e.

L b, FHE FECRY,BX LENF
suppf C [nyn+E+2], 0K f@)<K<1 (£ €RY,
fx)=1 n+1<a<n+ &+ 1).

B o= f)de>0, B o) =F2) /1. AT K

nt+k+1

o< < (1= f@da> |

ntk+2 p e
ol <{ [ (4] dz] =

EHLH & 750 K, o) B 2 EoK.
Gi) BHIM FELPRHUE >0, FIE g €CE(RY, F8 | f—

gh<e. # | g)dr=0, UMBERL. BEY | g()dz=m7~0,
BAVE n, EBsuppg N [n,00) =, I HER o€ C (RHFE R
(A) suppgpC[n,00); (B) o{x)=0(zER);
© [ paddz=1;  ©@) lgl,<e/Iml.
HMEE ¢(x)=g(x)—me(z) , BRyE ~ ,HE
If —¢ll, = I1C(f — g) — mell,
<If —gh, + Im| loll, <e+mllel, < 2e.

X o FHAELROYFEE, AW f () =xpn (). BT, FH € L' (R")
Hlf—¢lh<1/2,1

1 - | oz = [ () — g Jdz < || 1/2) — pled 1z < -

cl:r:k),

n+1

1/p
k—;Z] A (k — o0).

H JLHE J“]qrﬁ(x)dx}l—MZ#l;’Z,ﬁ PE o .
(4) ¥ fer, @ A={z€[0,1]: |f(2)|>¢},B=[0,1]\4, ZH
[[f@ldz<emB) <o,
B

1
j |f<:c>|d.r=j ifc:c)!dx—j 1f(x)|dz>1—e
A { B

Wwag: 1/p+1/9g=1,R7]H
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1/p v Vg
(I ldIJ
A

1/p
j lfu)ifdx] (m (AT < 22 (m(A))Y,
A

[ 17 < (L!f(:s) \Pdr

MR ITE 1—e<2" (m(A)) H] m(A);(l—_e)w*”:z( 17—_"‘} .

%) 8 KUEEH T 6.
(D) ' fELPRY QA< p<co) , MFEEI{h,}: hy>0 (n—>0),
fi 15

imf(x —h,) = f(x), a.e.x € R,

(2) # FEL'R). EH
Ife — FIh << el (fo = Flz + ),
M f(x)=0,a.e. zER!.
3)#| p=1, [LELYRHGEN) , BHXEE >0, 8

lim | fi(x) — fj(I) |?dx = 0,

=) 2] <r

MFELE(Sf ()R limf, (2)=f(2),a.e.2ER"

Pl = oD

() ® ECR", lim|lf, |, =00 <p<<oo) , UAF LS, () }RA K 0

F(x): FELYHE), f§15
If,,*(I)l < F(z) (€ N,a,e.x € E),

limf,,h(;r) =0, a.e.x € E,

]

S (1) ER m| | fGa—h)—f @) |dz=o0.

(2) & f(x)# Fourier B K f (), BHIf [.<IfI, LK

f@)=Ff(x)e B3
I, — O e = IFE* — DI << I, — I, < 124
TG —Y] 2,8, F(x) » e —1|<s* B,
[f) " — D/el < e (el # 0.

A1t =0, T 5| £ (2) |<0. XM f(2)=0,a.e. zER’.

(3) X r=1, BB, i (D)X ae ()P A& F 5
{fi, @}, E/] fi (OFEIxI<1 ERILFASEWHA. X r=2,%
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o (DX (@)) R FR S, (2)) EHIE |2 |<2 L ILP A4

B, B r=3,4,,—HTE, AN KHN, EMNEE
| x| <N EJLEAR LK. B, AX AZEHR T BEH%S
B[ O] /8 3iE.

(4 HERH, lim [If,—fall,=0. NTOFETFIIS, (2}, &R

Ifo,,, — Full, <1728 (e =1,2,).

& F@)=\f, |+ 2 1f, (@ —f, @ | EE), RIE
k=1
IEN, < NN+ 25 0, — full, <+ oo,
k=1

. -
| fo,(2) | = |f,,, (x) + D Lf,, (@) — f,,l_(ur)]lg F(z) (k€ N).
o= '

H I 5 5 Eﬂf,;i(:r)zﬂ,a. e. 7€ E.

B o HIERA T 5 6p .
() F fEL(RHAL p<<oo), M

lim L,,If(r) + f(xz — )|z = ZJ- N f (@) |*dz.
R

|0

() fOER PE—RUEFRMTME LTRSS LER

HE: 1 LEL'RY),fLELZRY,f#1E
f(x) = fi(z) + f(x), x € R"
(3) L=CC0, 1)) R—AAT4HE.
(4) | fFELFRH U p<o0),
lim |If + fill, = 2170,  (fiC2) = f(z —h)).
WA (D) XMELRH) 0. /E0 8.
f(x) = g(x) + h(z),

K g(x)RR LAEREXRMELZRYMIal,<e/4. BR,FEM
>0, %t 2>MBt,g(2)5 gla— )X NTTH

J.n" lg(x) + g(x — ¢t)|?dx

= [Lle@ Pz + [ gz — 017
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= 2| _lg@|tdz (lt] = M),

i SR T |11, — gl | <l <e/4. el
@)+ flz—t) =[g@x) + gz — O]
+ [A(z) + Az — ) ],
UKL a(x)=@lz—1), 7[5
U+ 10— e + gl < b+ hall, < 2 IR1, <
Wi = || =M B, &
I+ fell, — 27 lgl, | <
RERNBE
If+ £l — 272 1111

< | W+ £ll, — 272 Mg, | + 1272 llgll, — 272 1 £, ]
<Z +

£
2
(2)%%& 4
A, ={z € R 2”2 < | f(DI <+ 1)Y) (n=1,2,-),

W77 #E nn,fﬁﬁzn m(A,)<+oco. XEBEN. HEAR, m!lia‘&ﬁﬂ@ b,
ﬁ 0

p—

En m(A,) =+ oo,
LA Tﬁﬁ?ﬁﬁﬂ!ﬁ%ﬁf}:
() FEE{n,;}  nj e m(A, D=1, WH B,CA,, fEB nim(B,)=1.

Wi m{ | B,) <oo, RBRRNA | £(o) 122 | B, LTR, HiX 5

Zn?m(B,—) = +ocoF J§.

j=1

(i) FHE N2 n>N B n - m(AD <1, M m| | A,) <oo. {8

=N

UuM&Lkut%ﬁﬁhﬂmﬂﬁaﬁﬁi%E.
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BAEFRET Sn? « m(A)<oo, A4 A= | 4,312

n=hg 0

fl(I) = f(zx) * Xa(x), fz(I) = f(I) ¢ Xalx),
W flx)=fr(x)+ fo(x), K f,€ L' (RY), f,€ L7 (R").
oM @) =A@+ (00, () YR 7%, B
EF— 1 m(E)<+<W E,f

j |f(x)|drgj_|f1(x>|d.r +j £ () |dz < oo,
E E E

(3) BEHEBHK f1(2) =X0.0 (@) (0<e<D, HER IS, —f)l.=
1(0<t,<t,<1).
(4) () geELPRHNCARYD,RAE
||g—ga||p‘5~§||g—gaﬂm v m(supp(g))”’—-ﬂ (h—>0).
(i) BFMIEL >0, FF g€CRDFBIf—gll,<e. HOH
FAE0>0, 4 |h| <o B, Hlg—gull,<e. AT
W — fh";; <|f — g";. -+ "8’& - g"p + "gﬁ — fh“p
<2Uf—gll, + llgn — gll, < 3e.
BiERINA (A<
LI+ full, = 2MA1, <N+ fo — 271, = Ifi — £, < 3e.
10 RUERA TR M
(D & fEL?RH AL p<co), MFHEWHT 0 WIEEF (a.}, #
BT (b} : b, <a,(nEN),H
lirgfb"(r) = f(z), a.e.x € R! (fg,"(.r) = f(x — b,)).

(2) % fLEACU0,1D,H £,(0)=0 (n=1,2,). E{f 1B
L'([0,1 ) Cauchy mj_,mljﬁtg feAC(o0,1],{#48 f.(o)7E[0,1] L
— ST f ().

(3) & fie L*([a, 0D U< p<o0), A D) I fill, <o, MIFTE
k=1
fE LP([afbj)i{ﬁ:f%
@) D file)=f(2), a.e. z€[a,b];

(i) D, fila) R LP([a 6 DB X T f(2) (n>+0),
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(4) ] fELY(E),gEL?(E),p>1, 1
J |f(;r)|‘°d1‘—J |lg(x) |?dx
E E

=l

1/¢ »
<o|[ 17 = g@ 1rae] ([ 1f@1%a)

([ e )

WEE (D) B a,>a, > >a, > a,~>0(n—>00),#18
If, — Fl, <2 € N.lbl <an.

mﬂ:ﬁmi I, — FIE< 400, BLE

LIZif(I“—b)-"f(I)I”—Z,"f — I <+ oo,
bkﬁ'ﬁiiﬂ]?ﬁ
Zlftx—b)—-f<x)|*<+m a.e.z € R.
bz W[ 1% llm[f(:r) f(z=b)]=0, a.e.z€ER"

(2) B f,,u):jnf;(z)dz. YT @) R L(0,1 D
) Cauchy 3, FF4& g€ L' ([0,1]), {18

limJ1 | fi(x) — g(x)]dzx = 0.

=00

It 5 A
lim f(t)dt“*Jg(t)dt < x<< 1),

B0

IS f(x)———Lgmdr,miJ FEAC0,1]), LA

fo(@) — f()] = J:f:(z)d: - Eg(t)dr éjllﬂ(t) — () |de.
T 18 i R R ST
(3) % gnm—z|f,,(.r)|(nem,?!aﬂ]€

k=1
" & a] a

g, < > 1AL < D) AL =—M <+ .
k=1 =1
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AT Al g 1< M, g1 (2) < g () <o K ga (1) <Ko B BEARBR

limg” () JLFE BT B S 1) |) ' <+oo,a.e.2€EE, BE

=00

i

I = A
[(Sih@rje<m, Sh@==—r@, aczek,
n=1]1 a=1
[1r@ e <, W, <M= 1A,
n=1]

lim | £ = >34 <lim 35 14, =o.
k=1

P e =n+1

i ]

13, B Gii) B 5L
(4) FERX p>1,a=0,0=0, BRIVTEARERX
b — a?| = p Lxﬁ—ldr
WAl B AER

[ Cirir - |g(~r>|"‘]dr|éj ) 12— g |#|da
E E

< Pl —a)@™ + 7],

N

r
P E| ()] — lg@|(f@ " + [gla) | Ddx

<p FElf(x) — 2D UL@ P + g(x)|?Hdx

(% 1/p + 1/p' , 8 #E Holder 5 Minkowski A%¢ 3 7] 41)
v 1/
<p|[ 1f@ = g@)|rda) ,,

AR V)
X\ [ Af@ 1™ + 1g@@) P77 da)
E

1/¢

<plf— gllp{ {JEif(I) |P‘-:.a—ndx)

+ (JElg(I) |F’{p“1}dx) lfp'}

=pllf —gl,dlAIE" + lght™.

#l11 i® fLELHEYA<p<oo,nEN), UL TF MEEFHr.
(1) F1E fFELYE), ¥ 18
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lim If, — £Il, = o.

= {1 £, (o) |*) BA RSy — B XL, B X4 €0, FFAE 020,
fiE 1%
j 1 fo()|?dx <e (n € N,e CE H m(e) <),

B D=0 BE.LL(OEE FRMEKRST fF(ORBRRE
SH BEWGE R (o) & LY(E)HH Cauchy 3, B LA SH{E4 >0,
F1E N, [#7B

Lif,,(r) — ) Mz <€ (nym > N).

B X5 j.ElfN(I)_fn(J‘) |‘ﬁdr<:‘25—p(n;2N). X falx)(n=1,2,-,
N FE 60,4 ¢CE. me)<obfr, A

[ i1t < 0= 1,208,
M RATH
[ 1@z < 2| [ 11n@) 17de + [ 11500 = fuo) |2

<e+J fu(a) — f@)|tdz<e+e (n>N).
E

X B 5 3 Gi) R AE.

()= @), ABHE{f. ())& L*(E) % # Cauchy . J I, X
% e>0.

(A) m(E)<+ooff. BB HTFLA 0>0,E15

jlfﬂ(r)lpdxéﬁ (n € Nye C E Hm(e) <&). (%)

B E, ,={z€E: | fulx)—fi (&) | =(e/2m(EN?} (n,kEN), T

jg fl@) — fila) |1z <&« mCEL ) /2m(E) < 5. (x %)

[

(E, ,=E\E,..) B 3 {f.(x) ) 2 WM 5w &3, 2K Cauchy 3,
FrUARTEL N, {18 m(E, ) <<d(nEN,k=N). 5
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S (n€ N,k=N),

Jlﬁuﬂ%ﬂip
E A

n, bk

FR&MNE
jlﬂuoﬂﬁuﬂﬁxéfj
E &

My .k

| fa(x) |Pdx + 2“’_[ | filx) |?dx

En,ﬁ‘

.E £
i T ot == (ENE=N).

< 2f

BARE (x ») ,BIH { f. ()} B L*(E)$H Cauchy 7.

(B) m(E)=+oofi}. fE & E= | J Ex: m(ED)<+oo(REN), ¥
. k=1

2 A= JEG=1,2,~),{A) REABTHEE T, 8 () 4,=0.

k=j

WE T BHRS BB RN, THEFEE jo,#15

I lfu(I)|Pd~T< 2;,51-3 (ﬂ — 112!"').
A,

1y

Wi 3 17
L 1 £o(z) — f(z)|*dx

To

QEFJ |f,(x)lpd.r+2pj | fon () |Pdx < &, (%)
A

A
Iy o

ju"’l

EEE m(A))< D m(E)<+oo, RIFAIVKH
j=1

Lc | falz) — fa(@ |Pdz <e (RDKHIn,m).  (*x)

Yo

ZEA (%), (x ¥R, PLHH { fo(2) } /& L?(E) ™ Cauchy 7.

Bl 12 FXUEBA T AR .

(D fal®)=Xpne(x) /x(nENIR L' ((0,20)) FH Cauchy 3.

(2) ful@)=Xoum (x)/N 2 (nENIFR L*((0,1))F# Cauchy
5.

(3) B fEL ((0,00)), falx)=f(x) * Xp_y.y(x) (REN), I
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g.(x)= > filx) R L}((0,0)) 1y Cauchy 7.
k=1

(4) f2(2) =X 13 ) REN) AR L' ((0,00))FH) Cauchy 7.
(5) fo@)=Xem(x)/ x(RENIARE L' ((0,0))FE Cauchy 3.
(6) falx)=Xom(x)/2*REN)R L' ((0,00))FH Cauchy 7.
B () FEERX

+ce
Ifo — full, = j [ Xenni11$8) = Xpmominy (@) /2 + dx

n m 4
<J'Hd*’*" J 1d—‘“‘"—~1( ]—i—ln[l—l—i),
(2) AEAFERX (n<<m)
B 4_1;:-(_1_)* 1
I, f,,tu.,—jwﬁ dz=— 2| " =m—n>1
(3) EEAFR
+eo ntm
J |gﬂ+m(1')*gu(-r)|dr—f ka(:r)|d.:r
¢ k=nt+1
ntmo oo nbm
< ZI | fa(x) |dzx = ZJ’ | f(x) |[dx
k=n+1 0 nt1

= J-:I i | f(x) |dx.

(W) EBIf—falli=2 (m<n).

G &I — Ffalli= Mdj Inm—Inn (n<lim).

(6) iiﬁlif..—fmlll—— Md_x_“l"' i (n<m).

N

Bl13 % o{:p,q<+m,iﬁiﬁﬁ L*(E) « LY(E)=L™**  Hrh
LICE) « L%(E) = {f g: f € L*(E),g € LY (E)}.

iEBl (D) #F g€ LY (E) . hE LYE) , MRE

o - P
ngu)hmwd:fg[ng(mm] [Lm(r)i“dx) <t oo

XA LP(E) « LY(E)CLH*O(E).
Gi) @ F€ L™ (E), % g(x)=[F ()T, h(z) =
394



[F(@) T W f(x)=g(z) » h(2),g€ L*(E) ,h€ LU(E). X% B
L*(E) + L*(E) D LW®+9(E),

§6.3 L 2% g

EEx AR
(—) AREXR
EX 1 #fELUE), g€ LYE),iB
frg) = [ fogdz.

E

B B, Schwartz RAFXAE X [ IS« lgh.. BR . (fLae)HRETRAHA
Py BRI

(D) (frgd={(g: ) G {fitfrg)=(fr.g)+ (f2,g);

(i) (af,g)=al{f,g)={(frag) (a BE¥D.
RINH SR f 5 g HEAR, LI X (EEH) (X ARLE.

T8 1(ARNESMYE) FELEHE Eﬂl"fi_f"2=0:

RIXEEE g€ L*(E)R (WO lim (fi.g)=(f,g).

EM2 HfgeLlME)RBf.g)=0,MH f5g EX;HFaICLYUE)REHE
MENTHRER, MF (@) REXR; FLF lal.=1(— o, WK {a) HLH(E)
FHRIREIENR.

EAEERF ()L EVF X~ « #5820, { 21 | BASREE

EE2 LEOOTE—HEEXZTRZTHHN.

(=) J"M Fourier ¥
EX 3 BRigd R LEPHIREIERZR, € LX(E),RINHK

o= (fop) = [ f@er@dz, k=12,
K F(EF o)) B S X Fourier R, 5 D avu(x) B F B CETF (g DX
k=1

Fourier &3, /iCH f ~ D g
k=1
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E ﬁﬁﬂ]{f.} » #ﬂ; Si(x)= ZE.‘??(I}. %ﬁ

lim [|Sy — fll. =0,

k=

]j[u {fs%'}=£';(j=112:"'}.
EE3I Rie B LUETHIRETERR, FELYE),BUE k. 1E

k

() = Zaf?’f(a.‘),

i=]

E;P ﬂ'.‘(i:l?z! '”9*)%@5&![’1[{% d; = ;= {fﬁ'?f}(i:lvz:"'tk}wiﬁﬁ
Wf— fell B3 B /ME.

EIR 4(Bessel A HRX) FHla()I B LEPHIFEHEERXER,H

f‘ELE(E)smUf(x)ﬂ’qr‘)ZFDurier,ﬁﬁ{m}ﬁﬂz{fi%ﬂfﬁ%.
=
£ S(Riesz-Fischer) #{a ()R LAE)PHIFEEIXRE. ZGIRAER

o0

D <+ oo — LB, WIFE g€ LX(E), B (g,@)=c(kEN).

k=]

B4 BipdBLEPHIERR, & L EVTABEEEZ TS Y
?tEﬁvﬂﬂﬁ:lﬂﬁ{Pk}E LPHRLESR BAIEHR,F fc LE(EYR(f,pi)=
0 (k=1,2,-),M:EF f(x)=0, a.e. z€E.

EE6 Biel LX(E)PHIRETRLZIERR . JELUE), % a=(f,9:) k=

%
192!"‘)!.@1 llm “ Zf;‘?’i_f =0.
e =1 2

EMXS ®Ri(x) (@), (D REXFEE LR mEM
ah () + asp(x) + *»» + apy(x) =0, a.e. T € E

AN ai=0 (=1,2, k), RAHRE ¢:(i=1,2, ) (EE DEZMETX
BN THEFZMRBARNBHR MRETERER T REMELHE T X
LA RBRREHEL LY. (BR . BULXRBRERIAGEE/ILF 4%
TEHRLO

T TERUEXXNERESAN—TREZR. AL RINTUEKREED
HAl ERVEERXRZRE, XRE T EF#H Gram-Schmidt IE3Z L7 i .

BigE LLEVFHEETXER, S

¢1(x) = dh(x), ¢:(x) =— M‘-’P;(I) + ¢ (x).

||i""l ||§
Hﬂ%ﬁ*&ﬁ% ?]!?’2!'"1?&—1%!%
‘P;;(I) = {I.[.,ll}'?](z‘) ~+ '—'1&,2?:'2(1} + o + ﬂk_.i_l'{f?.t—ﬂl") + 1}"&(«1‘)1

Hep
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{ [ :') .
l' — » — ’ ,...’k — .
ag,i = ”P. IFE t 1,2 1

SRXHEI B (e (k=1,2,)RIEXH.

HF LAE)TPHFEMBEER N EW D PRAETLH R RE Sk, F#{7 £
BIEXE R, MA[BE — T EXAR.

ER7 Rie)BLEDFPHRELEZR, EXEESH fe LUK >0,
e THERHEAT

]

glx) = Dja; 9. (2),

Jj=1

ﬁﬁllf—g l:<<eCHLBT , tBBR (.} HE A R), N {?’-}E%%EEE
L 5 S

B 1 KUERA T 3 A
(D) &/ fg€ LXE), M CEFTIBEAR)
If+ gl + 1f —gll; = 2dlFN: + lgll?).
(2) Bl fa— >0, lg.—g l;=0(n—>00), M
| (forga) — (fr8) ]| =0 (n—o00).

3) #lfll,=lgl,,W<f+g,f—g)=0.
@) Bl MU0, s YIS (ro0)  l

\f. — fll, >0 (n— o0).
Bl (D) FEEKX

J’E[f(.r) + g(x) Jdx + FE[f(I) — g(x) JMdx

= 2 j fi(x)dx +
E o

2) &g ll,—~lgl,(n—=o0) L E AR
| {fus8n) — (o) = |{Sfa— fr8.) + (gn— g+
< W fo — fl; gl + g, — gll; 1f 1.
(3) FEER
(f+ g f— &)= IFll; — ligh; + <&, /> — <(f.g) = 0.
@) FEIAH— =100 =20 ).
Bl 2 FUER T F e

- gi(x)dx ],
E
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(1) B fi—fl,=0@G—>c0), MFERR
lim jgfn(x) fu(x)dx.

[ ==

(2) & fe L [o0,1D,fec L*([0,1]),%
F(z) = rﬁ(:)ds, Fo(z) = rﬁ,(r)dt,

ol IF — Foll, < 2dIF I + WAUDY2 A — foll,
(3) W {fu(x)} R E La[Y %3, HH
limf,(2)=f(2) (z€E), FeLWE) (F(x)=sup{fi(x)}),

W fa—= f ;0 (n—>00).
W D) EENAN~ 1A e>oo) PR R

j E{f..(::)—f,,,<.r>)2d_r=j£fﬁ(_r>dx+Lf?,,mdx—zj RS AETH
(2) HARMNEAER
F(z) — Fo() | < j< F@D] + 1fo D F@) — folz) |da

1

< (4J;[ﬂ(x) + fﬁ(:r)]dx) ml Llf(.r) — folx) Izd:c) ”z,

FIf DA 45 2 5L
(3) TR | f.(2)— f@) P<A[ )+ fA(x) J<BF (2).
&3 R TH .

D) & FELXT0,1D),4 F(x) =J:f(x)dt,mu

s

Hpo<n<1,HCEH f X%.
(2) i’ﬁ fHGLE(Eﬂab]),gHELE([mbj)(HEN),H;ﬁ
limf,(x)=f(x), limgn(r)zg(r), a.e.z€la,b],

F(x+ h) — F(x)
h

2 1/2
dz|  <CIfl,

]
Jigﬂ(x)lzdng, | fo( ) |<F(x) mEN), FeL*([a,b)),

b
ny llmj. fn(I)gn(r)dr=rf(1)g(;f:)dr.
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B () ®INA

rxr+-h

f@)de

9 1/2
d.r)

| (D) |-’-'dr,] : hd,r)

:1'-~-||—l

o I

1/2

A

3],
y

1 ri—h{ mxt+h
wl AL

1/2

[
—={[[ [ 17@ 1] a

+jl 1 |fcz)|zdx]dt+J (7 170 vz ar) "

=ﬁ Llf(t)lztdz +L F()|? « hde

[T ae|

s

1 1/2
+J f@®1*Q — o)de]
1—hk

:NTl"h—{ﬁlf(t)lzhdt +J:_h|f(r)|2hdz +J‘:_h’f(f)|2hdt}”2

=C |fI,(C=1/~1h).
(2) BB H XS >0, 6>0, B (eCla,b])

J,F(I)d:r'iﬁs J|f(r)g(r>|df<5 (m(e) <),

MmH g.(x)fE[a,6]\e L—FWHTF g(x). BIHELE N, {§E

|g.(z) — g(x)| <e >N,z € [a,b]\e).
BT ER4aH

j | fa(2)ga(z) — f(x)g(x)|dx
<[ 1@ — f@) g, dz

-+ r|f(;r)i 1g.(x) — g(x)|dx
A1 41,

b b
Iﬂgj | fu() —f(mlzdx-J g, (2) | *dz
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<M If. — fl:=>0 (n—o0),

I =j g, (2) — g(2) || f(2) |dx
[a,b]he

+ [ lgut@) — g 1£(o) 1d

I"

<e |fN, + | |g.{x)f(x)|dx + j | f(x)g(x)|dx

o

Llf(x) |'-*dx] "

Le lfll, + M« € + e (n> N).
I B 45 BTt
4 AIEBA TP M
(1) #& fELZRY). #F zf (x)E R EFHFE[HL M f€ L'(RY.
(2) % FEL*RY,g€ L*(RY), % fulx)=[f(z+h)—f(x)]/h
(h#0). 58

[ 18 da | "

{
\

<e lIfll; +

h—=0

limL] Fi(2) — g(x) |2dx = 0,

MFEE c,EB f(x)':j:g(z)dﬁrc, a.e. rER
WA () FEAFERO<r<<+o0)

[(f@lde=[ (f@ldz+| [fo]de

4 lxl<r |lxi=>r

/

1/2
< J,lf(-r)lzdr) (2r)"*
R

\

. | . 1/2 (LI)HE
+ (jn'}‘f(‘r) Il dI] jl:l}r IE

=2 AN, + 2 lefll,/r.
(2) EEIAFR

* 1/2 #
J lg(t) — fil®|dt < (L, g (@) — fu(®) lzdr] 1z]"2,
gt

rg(r)dr =limjx fath) — @,
0

=04 0 h
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+hk h
=lim ij f()dt — lim LJ. f()de

h=0 R o A Jg
=f(x) — C, a.e.x € R,
H W B 45 BT .
Bl s LUEEA T3 R .
(1) & feLl*(0,1]D,geL*([0,1 . & J:f(z)dx=0,ﬂu

1

u:f(x)g(x)drj] 2 < {ngir)dx - [ Eg(x)dr) ZHLF(I)CII_

(2) % g(x)R[a,p] LIER TR L{ERE, S
= {f(z): f+ge€ Li(a,b]},
W r#&ELida,b)HHEE.

WEBH (1) i r;g(r)dxza,ﬁ{f]ﬁ

1 1
If(x)g(x)d.r — J [F(2)g(x) — af (x)|dx
0 ]

1
= 1 f(@)[g(x) — ajdx
o 0

1
gj F) | 1g(x) — aldz
0

a1 1/2 1 a1 1/2
< fz(l‘)fl.r) ( (g(x) — &)zdx}
0 Jo _

r1 1/2 | a1 1 i
= fi(x)dz { gi(x)dx — 2(-[ g(:r)ch) (J g(x)d.:c]
H J 0 0 Lt

+ Ulg(:c)dzf}m

- (J.:}fz(x)dr]m{ﬁgz(r)d.r - {J-:g(.r)dx)z}m_

(2) RIEE. HE4RAH,NFE o€ L*([a,b ] () Ela b ] EA
JLUFE A% TF 0,18

&
jm)f(_r)dx =0 (fen.
"’3‘ Ek={x€[a,b]= g(I)Qk}sﬂ'{fEH{] € f'kCEMH.ﬂ r q:'?_fl f(l‘)
= 1, EE [ 402, @dr<hG6—a)| RINE | o) dz=0.

B er T Ex PRIERYE, FLLB A ¢' (2)=0,a.e. € E: ,FHEZ H ¢’ (1)
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=0,a.e. 2€[a,b]. ¢ (D)WF L. HIt ¢(x)=0,a.e. € [a,b]. &
BT &, JE Y.

Bl 6 iXUERA T 3 1 B .

(D |’ e L20,1D,BlIfLl,.<MGeN). & f.(x)f[0,1].E
i B ST 0, WAL Nl —0(—>00),

2) & fLeELE)REN), BIfi— o, <27 €N, M FFE
fELYE) f#78

ELTE \f. — fll, = o, Ei*rflpfn(r) = f(x), a.e.x € E.

(3) | fu(x)(n=1,2,-)R[0,A]JEEH A>0) L%t %L

B E5EH

L L@z <M, L@ < T (r=1,2,0,0 < 2 < o0),

W& —BU T3 { S, ().
WB (1) MESH >0, E,={x€[0,1]: | fu(2) | =6}, KFiT
M m(E,)>0(n—>00), (IfFHE N,m(E,)<?(a=N). NI RI1H

A R R [T ASTE

1/2
g(j () Izdr) (mE)V? + €

<|f.ll.e +€ (n=N).
B M Bl A] 48 4E.
) EEBNfoa— full, <27+ +27" V<2
{falx) } R L2(E)¥ Cauchy 7. NG f€ LY (E),#18
lim | f, — fll, = 0.

=00

WA, H ||fn‘"fn+1||g<2_{”_”ﬁ_[§[|(<$- E—>oo) | f,— Fll<L 2P
(neEN). NI XFH

J 2@ — f(@) |"dx = ZLlf..(x) — f(x)|dx

En=1 n=1

—{n—11)

, W

= S e = AR D27 < 4 oo
n=]

a=]
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KRS 1 £2(0) = F (@) '<+00,a. . 2€ E, B EVB lim £, (2) =

oo
n=]

f(l') 1H-E.IEE.
(3) () EAHRMNEBEAFTRX O<e<<+0)

() — fo(D] < Jﬂ(t)dt
1

[ ax 1/2
< Ullﬂ(:)lzdt] z— 1|V << M|z — 1Y%,

1 fi@) | < | LD+ Mlz—1"'<14+M (0<2<1),
NEEFY 2>1 8, 1/2<<1, T | fo(2) ST+ MO<Kz<<oo), X
B {fu (@ E[0, ) L —B AR HEHFEE.

(i) WO A E, X REN,FE(f. () YRS, ()} #E[0,£] L
— BRGNS, @ VPRI foy,. () ) EEEL0E+1]E
— B XE—EHEBM T, BETRH g.(2)=f,.(2)nEN),E
BHE[0,00) E—Fr s,

E (g (2)) R L2([0,90)) ¥ # Cauchy FIl. B b, 3 0<<e<<1,,>>3/¢, 5 H

HFEN,#H

1ga(2) — gn(2)| <e&/3 (O< z< kymon>N).
M x>k B, XA lgm(x) —ga(2) | <<2/2<26/3. WNTITB xo: 4/20<<€/2, AR N,
BBl gn—galle<(e/220) " (m,n>N). BIEINA

xy + oo
g — g5 = H‘ +j }!g...(:r) —g,(r)|zd:{~£~+i{s.
¢ I Lo

= 27
Bl7 RIEH T 6.
(D '—i*}*X=[f€:C‘°""*([O,1])= f)=o0, J

LE (0,1 DPHAE.

@) B ()R Lo, 1 DPMBMELZGHI, B /£, €
LE[0,1]), XFFE frg€ LI([0,1]), T &

lim |If, — fl; =0, lim If, —gll, = o.
W f()R[0,1] BRI EL R, BF
f'(z) = g(x), a.e. z € [0,1].
iR (1) B E {xcos 2nnx) )} C X, {asin 2nnz) | CX. MER
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g€ L*([0,1DHE X 9—YImiEse, N&K1H

r2%

|
0= J zcos(2nwx) » glx)dx = ilrrii Tecosnx g{ i]dx,

0 a

—L,—‘Eﬂ
4t}
MM 2g () =C(HEE)O(z€[0,1D. HH,g(x)=0, a.e. 2 €
(0,11

@) BERE.FES, (0} limf, (2)=f(2),a.e.2€[0,1].

X i £, — gl 0(n—>00) B RN (0L 20 <<2<1)
1 x
lim j fuO X @t = | glode.

1
0= J xsin(2nnx) - g(x)dx = rsinnx e g( i}dr*
O

ﬂ Em Torx € [Gilj!ﬁ’f’% fn*(I)_"'f(I) !f;,l(I{r)'_"f(-rﬂ) (k—>00), :}ﬁ
BF:]

x 1
f,,*(.r) — f,,*(:cﬂ) == I f‘,,*(t)dt = J- ﬂu(‘f’)x&wﬂu)dz*

ol p ool f(.r)—f(;ru)=_r g()de. N8 F€ACL0,1D), 7

O

H fl(x)=g(z)a.e.z€[0,1].
B8 R T A M.
(D % flz,R[0,1])X[0, 1] MBER . E={(x,y): 0<|x]

<y<1}). & FELHE) M lim| | f(xsy) [dz=0.
y—=0

¥

)’ fLeCcd0,1DReEN) N fi—fal,>0,m—>00). X
Kz, R[0,1]1x[0,11 b #ELERE, HS

1
F (x) = j Kz, f.(dy (€ N),
0

M {FaCx)  EL0, 1] E—BOR .
B (D) ENRITA 0<y<<D

J-;ff(.r,y) ldxr << [J‘; | f(x,y) lEdI) UE(ZJ,)UE |
Br AR 3
ﬂéla(f!lf(ay)ld.r)zdygj
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MEBEELAE,BIEE (>0,F8Y | v 2/, F
H, | F(zay) lda| > 1,

W XBNfl, =00, FEFIE.
(2) AREMNEAFKX

1
F.(x) — Folz)) aj K (o) |1 f2(y) — Fu(y) |dy

1/2

(j Kz(x,y)dy j Fu(y) — i) %dy

0

1/2
MUIf(y) a3 Iidy) (M= sup |K(x,) 1",

osr<)

VT |
Frilig 3|
WF,— F_|. = oi}igx{ |Fo(x) — F,.(2)|}) >0 (n,m— c0),
Hi I B R] 43iE.

#lo & F()FE@,n M, AU T 5 2)FM.
(1) BEE FELX((a,b)), i F(_r)=rf(t)dr(a<i.r<b);
2) FEM>O,EEHBIE—2X A: a<ao<lo ) <o<x,<b,H

I, — Z [Flz) = Fla-o '

1 Lk — Lp—-
i (D=>). HIRMNA
n rT 2
= 1 Y fode
Id ; Ty — Ly Jx
<> ([ oyl U dz]
ﬁhg=1 Ty = L\ 5, Tr-1

<3| If@ e = 71
k=1 T4y

B A M= F1I2 BP R[5 4iE.
(D$U)m@ﬁﬂiﬂmmW&ﬁmETEQZEww
{(a,, ) )

| F(B) — F(ay|*
Z F— < M.
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RIFEAFA
ji|piﬁ)ﬁ_ﬁxm)|=-§:|FTﬂ}——F%m)|_ f&__af

i=1 ﬁﬁﬁi__m
- \ /2 n |
<[> A —B@ L) (S - a) ™
i=1 f ' i=1

<(M3p - )"
18 FEAC(a,6)). XMHFFE f€ L ((a,b)), 117
F(z) = J FOdt +C (@< x<b).
AE fGI_F((a,b))U-‘%?EHj
Z{n » m(E,) <+ oo,

E,={x€ (a,b): n< | f@)|*<n+1} (n €& N).
i*ﬂ!%%l%—-ﬁ\%%z “iq(ﬂab)$1{ﬁmﬁm*ﬁiﬁ].m*$ E];Ezt“';
-EmJuliE;}Oﬁﬁpﬁ

- 1
Z m(E,) + ¢

i=1
ATX—41R,.&IN2
Ef ={z€a,b): vV n < f(2)<~n+1},
- = (z€ (@) —VnF 1< fa)<—~n},

4

<M.)” (%)

L.f(r)da:

5 5
Siam(E,) = > (n«m(ES) +n«m(E))

n=] n=1]

2

J‘ f(z)dzx
E)

J f(x)dx

1
hmzhmlm(fsk)—i—s

N == — e}

1
m(k;) + €

+

j f(I)dI

2

lfﬁkﬂﬂgli:ﬂ(L )-+
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2

1 | <eom.

m(E;7) + ¢
E (*)ﬁmﬁ%:
() 7 EG=1,2,m)Ra,0) FHFE.: E= | (a,,8,), T

1=1

_1_

L_f(.r)cir

(i) F E(G=1,2,,n)C(a,) BB, NIE(a,b) PR BB TFL
?IJ {G,_,}'(Izl ,2,"'sn;j€N),ﬁT§

E =[G, =1,2,,n), G, NGy=@Z G#k).

=1

ﬂ&jﬁj‘ G]j!Gg_,‘!"' yGnJﬁim(l) !}Fﬂ&ﬁﬁ_;(*)ﬁﬁj.
(i) X — MR E(i=1,2,+,n), A[fERHERTE, ).

U Er‘j C EH llmm(EU) = ?H(E;) (1' — 1,2’... !n),
j=1

j+oo

HN A G T ElpEz,,-r"';E.;pﬁﬂ’c‘ﬂlfﬁ,ﬂl]iﬂ(*)itﬁﬁﬁ.
&l 10 LIEER T MR .
(1) L —=, = P = H K EH .
1 ’ 1 cosxT, ]
NELIRVES
R HEIE R &.
2) (ZEARYRRRLEXR) BRE=[-—nr],N=ARBKE
1, cosx, sinx, *+, coskr, sinkxr, s+
2 LN(E)THR2IEXR.
(3) LE)PHIERXR R {a) —EREETXMN.
WEBR (1) JE®E.

. 1 )
sinx, coskxr, ———sinkxr, =
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(2) () F f()R{—n,n] LR EZERE. 77 H — V] Fourier £33
HMEE, I f(x)=0.

FEE MR FOZEOMAFE 20€ [ —n,n ], G| f(x0) | HEE
KAE. A f(2) =M>0, AT A BB FE 4 /DRI R (8] T = (20— &5 20
+&), {18 :

f(x) > —%M, z€IN[— =n,x].
BEME=—HAEWMLA.

t(x) =1+ cos(x — x,) — cosd.

EHA o OME-AN =AW HUREBERNE
Jinf(x)t”(x)dx =0, n=1,2,—-.
EXRARTEEN). —HE H AL €[ —n,a ]\ HH () |<1, R
[ J@rewde <M. o

A—HELHEH IS J=(x0—8/2,20+ /20, FHE r>1,#18
t(l‘);rs Ierfﬂ [_ T['!T[:Ij
Fir LA

J f()t"(x)dx = J f()t"(x)dx = LM:v-" i
IN[~%.x] INL-x,%) 2 2

EH ELABIRSLAFK, B
lim’rr f()t"(x)dx = oo,

oy — O —_

FRF E WAL f(2)=0.
(ii) & f€ LY E). RIER%

glx) = J_ f(t)de.

EX glo)R[—mn] LA ELEREH g(—n) =g (x) =0, LI
B AXA B

x sinkx
J g(x) x
—~x cOSkx
— coskx| 1 |* 1 (" — coskx’
= g(2) A A )
& . sinkxr | k1=« k —HI(I sinkx *
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RES
17 _ _
B = x| 8 (x)dz, G(z) = g(x) — B,
e ALz
"o | coskx
J (;(I) . (LI':O, k:[}rl!z!'“s
—x sinkx

Bl G(x)WJ—4Y] Fourier ZREFMEZE. H () H G(x)=0,8) g(x)=B. \
IGIE:!
f(zx)=g'(x) =0, a.e. x € E.
(3) HELLE,EHE (e PIEBRERANHEE
a9 (x) + ap93,(z2) + - + ap,(z) =0, a.e. x € E,

WA ERXFRER, ¢ (), HE E B3 2 #TRA, B {e ) HIER
Tl a, =0, AE a,=a;==a;=0.

B 11 AUER T A

()& fELN[—xmyn D)y (g RB(—n, ] LRI ZARBE. &
Z:]

J ()0, (z)dr =0 (n=1,2,),

W f(x)=0,a.e. rE€[ —mx,x].

(2) {sinnz}fE L2 ([0, " DFHELIER £,

(3) g(z)=sinAx (n=1,2, )& L}([0, 1 DFMIER R, HP ],
(n=1,2,)BHE tanr=x HJIEH.

B (D) HERA, N =AZWX Q) , A {(f,Q)=0.TX g€
C([—nm,na ), FE=ZALIHANQ. ()}, EE[—r,x] E—BWHNF
g(x), lA

0 = lim{f,Q.) = (f,g).

A+co

Riﬂ'[—ﬂrﬂ]q:'ﬂ’{]{£—'£m% E!ﬁ’_EE gnEC([—'?{,ﬂ]), |gn(1)]£‘;11
F18 limg,(x)=x:(x). NTIRBER WS TR, JHS X0 =0. HIL

MEIHEN S WAL
(2) _‘E%: {SIHHI}% LE([UTEJJEIJEI‘JIE?\‘E?“ .lﬂfnlﬁl\!ivﬁ fe
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Lo, ], HE J“f(_r)sinn.rdIZO, MAE f(o)E[ —m, x| L #Y &Y EE
0
. (@) =f()0<s<m), [ (a)=—f(—)(—n<z<<0). B R

X

J f.(I)CUEHIdI:G (n=0*1321"')1ﬁﬁﬁ_(n€'N)

r=—1

0 x
J' " (x)sinnxdx J- f()sinntdt = 0.
o .

% 15, BH r_ f*()sinnxdx=0. \ifi f* (x)=0,a.e.zE[—=,x]. HIL
B[ 18 BT L.
(3) RITFHFEKX

1
J sinA,x * sind,r + dx

0

1 j.;cc}s(ﬂn + A)xdxr — J;cos(zl,, — )«,,,)Idl‘}

2
1 (A — Adsin(A, + 4,) — (A, + A)sin(A, — A,)
2 (A2 — 22)
- A.cosA, * sind, — A, * sinA, « cosAi,
- (A2 — 20
sinA, * sind,, — sind, * sina,, _
(A,z, — Af,,)
B 12 RXUEPRH T M.
(1) B} CL ([a,b)) BAHEIER R, & 7 ERIR
limﬁk(l‘) = ?(I}, a.e, x € [a!bj’
M| (x)=0, a.e. € [a,b].
(2) B {gs()} B LA EYPHREERLR. FH f€LXE), N

1imL_f(.r)ga.(x)d.r = 0.

0.

|

-

(3) B{ful) R L20,1 DR HEIER F, I

1
sup{ \/(f) | =+ oo.

nz=l

1
W) g Fer0,1D,H [ F(rydr=1. % >0,
)
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EH(E) = {(IIEIE?.-.i-In) G (0,1)?1: ( |if(£;)|/ﬂ£)_}ﬁ 1}
E=1
Iy limm (E,(e))=0.

B (D H jbﬁ(I)drﬂj llmqfix)dxiiim @ (z)dx=1, A] A
o€ L*([a,b]). NI EKATA

b b
0= }imj o) (2)dz = J #(z)dz,
i ILEI7E (2)=0,a. e. € [a,b].
(2 i ci=Lf{I)¢a<I)dr(kem,EEZCHIUHE.
A=

(3) RiEH:. B Méig?{ V (f) ] <+oo, M

| [ ]| — M | < | L0 +M (xe [0,1D.
5LV REFFNEUSBNSALN,>1). B Helly H#FJREGE
() P B RO, THIFE f(0) 0<z<D), &8 limf, ()

e

=f(x). NI’ f(z)=0,a.e.2€[0,1]. E&EF| f?,i(I)“"G(k“"W!
a.e.x€[0,1)]), ﬁﬁ‘?ﬁﬂi‘}%ﬁiﬁﬂaﬁpﬁHf,,kllg—'ﬁ(k—'m)- X5
Ifll,=1F ).

(1) HARMNEAE

m(En(E))g-l- E” |Zf(l‘k)|/ dzx,+--dz,

[Zf(.r; ] dz,dx, +dz, l

L

vJoal1"

- 1/2
[ Zf?(x'g)dxldxg---dx'n]

v 10,17 k=1

& I

i

v 12

[ ij[ﬂ 1]ﬂfz (xp)dxy e dx, ]

ﬁl*—*

::I,_J

=1

1
21} VETS
B LA 2R L.
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(1) W ELX0,1 DRIRAEIEA £, N

oo
n=1

(2) W) CLHEYRIERFR,IHC 0.(2) =D, fi(x) /n(n € ND.
k=1

2
<z, x€ [0*1:]‘

J.If,. (¢)dt
0

# i > Il2/n=0.1 0. () E ERMBERAT o.
(3;_1&:{@}(:1,2([.::m])%ﬁiﬁmﬁfé,mﬂ{ﬁ}%;’%%ﬁﬁﬁﬁ%
I = 2{]}4:)@]2 —z—a, z€ [a:b].
B Bip) CLA[arb]) R EZE, S
i@ = a@[ awd + - + 6@ awad.
A {fa@ ) Ela 0] E—BHER, LAWK, M{g () RELF

4 BALY limf, ()=, a.e. 7€ [a,b].
B (D) EEAEX

el

2

n=]

L e

Ef.,(;rf)dz‘2 = >,

n=]

2

[ Fag o de

= S st 1 < Mo l2 = 2.

ns=1

(2) BRI, AER 0,850, 51 N, GBS 1/ 12/n?<e8n
>N). KT8 (ERH)

2 _—
jEJ"(I)dI = JE
L e,={x€E; |lo,(x)| >}, KMNA

_ﬂ 2
%ng(r)] dz << &’d (n = N).
k=1

Ez-m(e,,)gj‘ |0 () |*dxr < &8, m(e,) <8 (n=N),

R 18 Frilk.
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e | b s i ‘}
= Z ( J X[Q_I](t)?n(t)di ] = Z I {x]:qf:],@l) 52: “x[a.;_HET:I_ﬂ-
e " n=1

a=1

ol BEI=z—a, WX o<y, ®MNAF

[ ¢

Z[Jtp(r)dtl =y — I,

=1

WA L, 6] E BB £ (0, 808 | [ 2 0n.0de] =gl
B/ e L[a,b]), BB 66 R EUET , 714
> [roawa) = i7

H B R A 4R iE.
(4) En (-T) = Wn(I)J %(f)dh mi‘l%fﬁﬂ

G.(zx) & Egn(a‘)dt = %*[ Egv,.(r)dr) 2.

XiE falz)—=>f(2),a. e. 2€ [a,b](n—>o0) , T f1 BB B0
e x 2
[ feerae = lim| f,()de = llmZJ ge(t)dr = 2_]1‘ | Lms)dz) .

=0l

= f(x)=1/2, a.e.2€ [a,b], Nl LEBH (g () | B2 R.
Fia () BELR, UH rf(.r)dr=ZGn(y)EI§E[I,

o

flz) = ZI,GL(I) _ Z}g,m — % a.e.z € [a,b].

(EE,.EEOREE L' B TR
# 14 RUEE T M R .
1) B{fa(N R LEFAREERR, m(E)<<+too,HH

| fo(2) | SKMEN,z€E),UREL D fu(2) /n # E FILFAbAHSL.
(2) B{fula) ) B LUE)FHIERR, % o, m—-Zf*(x)/n(I(;

E). & 12> 0 P f i< +oo, I limo,(2)=0,a.e. zEE.
n=1 i S )
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FE (D RS (/) < oo, FEMELE £€ LH(E) 78

limj. |Sy(x) — f(x) lide = 0, Sy(z) = an(.;r)_f}h
- n=l|

N-wca ] F

1S — Sxeli= D, n '<< < C/N"

nr‘v-l-l

N
}: 1S e,z () =S, (x) | Tl Minkowski AR 0] 15

.1'"

t"fill
j-ff"q"l‘l] dr

L gn(zx) =

lim th gn, ,<<C, lim HN_E—N;21=U.

h.a‘v—- NNZ_.

M T FFAE gEL (E) 18 lgn—gll,~0(N—c0), T H.
gn(x) < gy (1) lrﬂgh(i) = g(x), L'Tﬁ :(x) = f(x).

F p N2<p<(N+1)2,ﬁ:ﬂ‘]7ﬁ

, ‘ )
‘SF(I) Shz(l‘)l M k-_%i lk N + ] _P\I?' .,'_ ] ’
flx) — S,) | < | f@) — Spe(@ | + [Sp(a) — S|,

e I B 1 458 AL

(k41
(2) /13{\ Idz= Z "fu”i(kZU!].SZE"')!mIJ
n=i2

(e ‘r-l}

zw >, I - S Lk,

TG T 40
2 nakznzgzk-*}ﬁ Sk

1=0 k=it

2Ly + D17 L <+ 0.

=1

X limoge(x)=0,a.e. 7€ E.

j

MAEBE n=k"+pk=[~n 7,0 p<<2k), H 2
F(x) = > n "f(x),

n=1
Ml Fe LY (E). BINA
Gi(z) = Do Vifia) >0 (a.e.x € Esk—>0),
n=k
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lo,(x) | < |o,(x) — kPop(x)/n| + 0p2(x),
l0,(2) — Rap(@ /n| < 35| D5 filo)]

1 (k+1)? 1 th+1)%
< 2 i@ < Gl 20

i=kf 1 i=k 4]

) 1/2

Glff(x)

< é(k + D2k + DVGY*(2) >0 (B—> co,a.e.1 € E).

& 15 RiEPA T 343,
(D {@)CL(a, b DEMHEER R, HE la(2) IS MREN). &

b
feLl'(a,b]), N 1121: f()e(x)dxr=0.
2) i CL(E)RWBWHEERXRZR, HE € L' (E),# 18
lp(2) || D) ], a.e. xGE.%Eamk(I)ﬂEEE_t%ﬂiﬁﬁiﬁllﬁﬁﬁ
k=1

7, W a0 (b—>00),
(3) W{SLIICLHE)RWMEIERR, (a. BEHF, 4 S.(2) =

Safil2) BV ai< 400,
k=1 n=1
@) D IS—=Sli<+o0( S=D a,ful2)) 5

(ii) ia,f,,(.r)az E L4k b8 s

(iii) ;;rll|5n'(x) | E EFI7nf A

(D) B @) L Carb ) PEIE LIRS R, M T (2,61 H E
~EWETFRE N 3 [ dde>1

(5) i;ﬁ{qa(x)}%E;(l[a,b])f%%é%,mll

> @G(x) =+ o0, a.e.x € [a,b].
B

B (1) BHEMESR >0, FHE g€ L ([a, b D FEBIf—gll, <
e. T XAEHE N FB | (g,0) | <e(r=N). \NTIFNTH
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j ()@ (x)dx J 1 f(z) — g() | g () [dz + J (D)o () |dz

<MIf—gll, +e< Me+¢ (n=N).

i I B 45 FrLE.
(2) RitE. BEL4 I AE, N BHBEH limg (x)=0,a.e. € E.

R

BT AR 48 4 i W S0 2 B, P R grgllgllﬁo. HX 5lal,=1F&,iE
ke,
(3) (i) [ﬁlfﬁJ"S—SﬁNz: Z al, IFLARANA

i+1

SIS —Selli= > > el < Z\/_a <+ oo

i— k41

(i) BR Se(DEE fﬂ%iﬁ_'ﬁ[ﬁi T S(x). &
n=Fk+p (k= [ﬁ],{}%p%ﬂz%
®RiNE
5.0 — Se@ = | S afi | <p D) @f)

i=k2 1 i=k 41

<2 >, Viadfi(z) 4L 2Ri(2).

i=k+1

E%@JZ Vi alfi(z) % E EILF AR, MR lim R (2) =0,

=1

a.e.z€E. N\ A5
1S (2) — S| K|S, (2) — Sp@)| + |1Sx) — Spe(x)|

KV 2R () + [S(z) — S ].

XYL lim [ S,(x)—S(x)|=0,a.e. zEE.

Giii) 4
- 1/2 - 1/2
Fao = (23 VTaifi) +( 215@ = se@ ]
i=1 k=1
M FELXE), BE |1S.(z)—S(2) |<F (). £ E T
1S |<IS@ |+ 18.() S IK|IS@ | +F(x) (z€E),

AR S (x) |+ F ()T E F i #, B 184,
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(4) & f(D)=Xe(), FEH (a(0) W2 A

L%(I)dx ‘ 2.

m(E) Xeli = D 1 Xes@) 12D

n=1 n=1]

(5) RiE. BE D, d @) <+oo, WF L EClasb]: m(E)>0,
k=1

LI M, B D a(a)<MG&EE). #11%

k=1

j. iqof(;r)dx = 2[ & (r)dxr <+ oo,
Efi E

HE{a@) R L ((a,.6DFHITELE R, BN (a6 ]HE—IEME e, 7]
8

Zj 7 (x)dzx = gutﬁ(,x)dx) E/m(e) —1

=] V€

o

KBRED | da)de<+ooF . (KR L BN, 68

k=1

oo

>, [ A@dr<i/b REBR CLa.), 88| dorar<t. A

n=NJ|1

TGIEE if @ (z)dzx<<1)

h=1"¢%

Bl 16 AERA T 5 A .

(1) & FeL'([0,2r]). &FH Fourier ZAEERME EC|0,2r0) |
(RO, M Fourier REWVKSTE.

(2) YR (e n=0,1,2, }fE L*((—o0,00)) .

WEBH (1) 12 a¢sans b (REN) R f()TE[0,27x ] £ A Fourier £
B,S ri=a’+bt,a.cosnx+bsinnzr=r, » cos(nzx+86,). ¥ HRiFE.
BE ro—=—0(n—>02) ,WFFLE 6>0 LA 2 {ns} - ra, >0 (REN). 229 AR

limcos(mx + 6,) =0 (x € E).

]

&R lcnsz(mx—’rﬁ',,*) |<1,88F

limj cos’(mx + 6, )dx = J. limcos® (myz + 6, )dx = 0.
E

koo E koo

H—HHE,RNXE
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J cos’(nx + 0,)dxr = —;*m(E) + mszﬁuj cos2nxdx
E

£

- sin2€ﬂj sin2nxdxr — %m(E) (n — o0),
E
XS HOFE L.
(2) ﬁfer?t—m,+m)ﬁ,%j F) e 2dt=0(n=0.1,2,

), 4 F(2) =J_ _f(z)e“'f’fe“*ds(z BEX).BH F®(2)=0(k=1,
2,), il F(2)=0,

+oo _
J f)e ™2 dt = 0 (— oo < 2 <+ o).

=

e ™™ (y REFOFREXFS, HAE(—1,0 B3 = R4S, 018
oo _2s5 sinl(t — y)
j_mf(r)e >

MMENTE f()=0,a.e.tE (—o0,00),
M 17 LT M.
(1) Bl CLUE)RTER2WMHEER R,V f,g€ LHE)H

(f,g) = Z Fr@) (g, o).
(2) & {p. Cf}([a,b]);%méfr?ﬁ[ti%.fELE([a,b]) f(z)

‘*'—Zf;qu(:r) R = e, WA o, 6 HHIE— T4 E, 4

de = 0.

L

Lftr)dx = ZcEL%(I)dr.

k=1

(3) & f.€ELXE),m(EY<+oco, HFEHE M>0,8>0,{818
Il <M, |f.l,=6 (n€ N).

%Zm ful@) | <400,a.e. leg.mz|a,,|<+m

8 (D EE: I X Fourier ﬁﬁZ{f,g>g<r)azE & L
BT f (), AT 71 18
fag) = O rdmg) = 2, (Hra)(a.g).
k=1 k=]
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(2) FEHITAHFK

b
j f(x)dx= J‘ f(o)Xe(x)dx = (f,Xe)
E a

oz

= D@ K@) = DoalXerd
k=1

b=1
== Zm[ @ (x)dx.
= E

(3) 4 e>0,% f(2)= D lafu(2) |, 3 >0, L4 E,= {2 € E;
n=1
[ >}, WIFFAE 1.>0, {818 m(E, )<<e. LA
J If,,(.r)ldxﬁ-;:».fm(E,ﬂ) MM~ €.
EI'

o

BAERL €>0, (88 M~/ <o/2. RATH | 1£.(2) 1dr>5/2

B
M i 4% 2
tom(E) = J.E\Ef f(zx)dzx = 2 IQNIjE“Eru | fol2) |dx > ;Z; la,|8/2,
Z la.| << 2t - m(E) /0.
T "

%18 LIP3 i
(1) Bl R LLayoDPH R ENREERT R, & (¢ B

LCabD AR D [ [pa (o) — () o< WEXF A g} R

L*([a,6DPRIERIERX &.

(2) W{g: ()R LA LREHEERR, (g(2) 1 R LY(B)F 5
EHRHEERXER, N{ iz, W) ={0.(2) * ()& L}HAXB) L5
2R,

iEBR (D) EF feL(a,b DRS¢ =0nEN), N H

(fro) ==+ {(sd)={f— >
WAL e P<KIANL la— ¢ ;. T8
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A1 = S P IAIE - 5 g — ¢ull2 < IFLE
n=1

n=]

X REEF f(x)=0,a.e.x€ [a,b].
(2) (1) j ﬁ,k(ryy)dxdy=J qf(.t)(_[ Sl’i(y)dy]dr:l.
Ax B A B
(i1) E ?:1:75:52(1&1"7‘-"}32)1]4‘:?2"‘]%
J. fil‘il('r“}’) * f52+*2(I1y)dIdy
AxEB

ZJ Sbkl(}’)';biz(.}')(_[ gq](x)t;q.2(r)d.’r}dy =0
B W A
(i) FH €LY AXB) fE#HB L f,)=0GkEN). A F.(y)=
J Flz,alz)dz, 55 F.€ LX(B). \ifih
A

J F:(y)¢d(y)dy = J flxyy) fis(x,y)dxdy = 0.
B

Ax B

X B F.(y)=0,a.e. yE B. E{lﬂﬁﬂjdf(.r,y)@%(z)dur:[ha. e. yE B.

REla@ W2, THX L& 48 ye B, I1TH m({z€ A:
flx,y)#0})=0. L, H Fubini F#&,55
f(x,y) =0, a.e.(x,y) € A X B,
Bl19 T3 L GERE).
(1) Hermite ¥ & H,(z)=(—1)""
))PHRLR.

(2) B p(x),qla)Rla,b] LHEZERE, H g(2)>0<a<d). HMOFRH
Y4 Ap(x) — gDy =0 (A€ (— o0,00))
RAWRAR KRG y(@=yB)=0 HEFR (o), MFH A N E TR T P
W FAFIF R R y (O AT A P IERE. HERE 3 (2), 3. () RASL
FhA WD METERHE NEH o D =Vr@n@ 5a@) =,

N p() 3 (YL [a b DFIEL.

(3) # —coLa<b< +o0, f(x)RIa,b6]EJLF LA 0 6] I & ¥ 35
LA | <Ce M (aKa<t, 60, M {x" f()} (n=0,1,2, )R L ([a,.6 D HH E
&R,

dﬂ
dz”

e T (n=0,1,2, ) L} ((—co,
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§6.4 L?ZEEPWE

kAR
1 F fELHE) U<p<oo),MFE g€ L (EYRIglly=1,{#18
Nflt, = Lf(r)g(r)d.r.

282 & el ® WHI = wp {|] g |,

EE3I #HgRECR EWTHER, EFEEM>FRMN—YIEE b
B[EMRARERE o), BE

‘ Lg(x)q:(:)d.r

W g€ LY (EY(p' B p M3EHMAEO R g, <M.
T 4" Minkowski F8R) & f(x,y) & R"XR" Lo R ¥, 55T
LA E yeR™, ()BT L2ZRDHA<p<=), BEH

[ [ i)ty <t -

[L. H,uf':l*y:'d}' pdr]w < L" [L_ | flzy3) |’d.r:|wdy.

1 AR X[0,2] BT ERH:

flo), 0Ky <1,

glx)y 1y 2,

Het fELYRY, g€ LR, X f(x, )BT X Minkowski AR 1k H:EH K
Minkowski AR,

< M lell,,

i

f{I!}’) - l

W+ gll, < WU, + ligl,.
F2 EO,)X[1,2]EEX _TTREH

f( ) {au! HQI':::H_{_]; Oé}'{lu ( GN)
¥ — n
Y b, n<zr<n+1, 1<y<2,
1 ¢ Minkowski AEEX 4k %K
- - 1p o 1/p | = 1/p
(Slatal?] <[ Slal]” +{ Siar] "
Yompma] n=1 R |
R 7S 0 O W

Bl1 RUERA T3
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(1) & f(OfE R Lol FXEEH g€ L' (RH (1<g<<+0),
£<]

j I!f(.r)g(.r) |dxr <+ oo,
R

i FELPRHA/p+1/g=1).
(2) L LECEOYWWA fi BT £ ALSMG=1,2,+).
(3) W fLELE), g€ LY (EYQ/p+1/p' =1, i H

F.(g) éj f(gdr, |F)| <M (€ N),
E

WHfN<M (mEN).
iFB (D) RIEE. BENAN,=+oo  MFEF {g. ()} : g ll, =1,

{115 Ll | f(2)ga(x) [dz>n*(mEN). BLIEVE R L
o N
gx) = > lg.(x)|/n*y Sn(x) = > |g.(x)|/n?,
®wIAIS., <D 1/n2 TS I, B HFa T lgl,, B gl <
n=]

Do1/nt<+oo, Bl g€ LY(RD). HREXNH
n=]

J I{f(.r)g(x) |dx = ﬁ_[ lIf(:a':‘)g,.(l")It:lI >n (n € N),
R R
XE5BIEFE.
(2) HEEM, M EE ge L(E),H
lim || fﬂ(r)gmdxl: [ f(::-g(.ndx‘g A1, - el
0 E E
W M>0,818
Lf,,(_r)g(md.r <Mlgl, (g€ L*E)).

M 5 F LS <M.

(3) RiEHk. BELRAHE, WK eNEF LN, >1. R
1@ g ll, =47 FHE My =sup | F(g0) |5 it n, €N BERILL ), >
30 42 (M, +2). WM g (2): lgl, =47, B | F, (g >
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2 el i B AN, = sp || S ez =

II:F’,&EI
(sup_ IF, (@ D). ATTH |F,, (g2) | >2(M;+2). XHBEMT X,
gl < z
Eﬁg{g,-(x)}:
| Sa| <3 lal, <5 lad,,
i=k+1 4 k41
7, Zg} <A1, + 5 el
mEHArH
PFn,t(ng + gpe + ) < %IF,,&(ge)],

’%" H(‘T)':ng(x)sﬁ.ﬁg
k=1

|F, (@)= |F, (g + = + g + F,(g) + F, (g,,, + )|
= |F, (g — |F, (guyy + =) — |F, (g1 + = + g4 |
> (My_y + k) — My_, = k.
XFHOrE.
g2 ik FHIAER.
(1) (Hardy AFR) i 1<p<oo,fE L?((0,00)). FHiL

F(x) = irf(.t)al.t, x>0,
T Jo

0 FE 120,000, B IFIL<( 525 171,

2) & g€ L2([0,1]), Allgll,0, % Gu)ﬁj ¢ (DA (0<2<1),s
0

i8R () ERRMAE

1
F(z) = j flat)de,

FFLLARHE T Y Minkowski A%, 7[5
[+m J.lf(;rr.)dr

1/#

o
dzx

| Fl, =
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1/p

<1 o] = 117 e

A et FA P

(FE,Y p=10,FEL".)
(2) HAENA

~1 I 2 I x |
G|} = H g(t)dt) d:cfé’éj U lg (@) |*dt » x|dx
o 1 {0 L1 0

rl

<[ zdz + Igll} = 5 gl
J 0
Bl G 1 <lg ./~ 2

$§6.5 & =

xEAF

TR 1(Young A &) W fEL'RY,gELIRN(U<p<co),Milif+gll,
<L ligl,.
BN BK@OBREXLER LARE,>0,%4

K'(I} = E_NK( f) - E_"K[ ﬂiﬂv'"r& ]

E £ £
BNH K ()8 KO REEER®. M K(x)=xacp.n (x)
e, |z| <e,
0, lx| = .
RIMATHIMAFEE. R KECLY(RY, N
@) [ Ke(odda= K(2)dzy

K.(x) = {

Gi) XFEEMN >0, 4 l'i_g;j K@) [dz=o.

|z

EFH2 B KeL'®RHYEIKIL=1,#F fELR") (1<p<),H
lim |Kex f — fll, =0, (BHAEMRERK) EEZESEK.)

=0

REBMNEFEMNS K@) =p(2);

1
plx) = {CE]{D( Tl - lz|2) lz| < 1,

0'! 1I|:>11
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HfcBRElol =1 2% BiEY f(OHOREEEXEBFERTF LY ROVEY
B, (o NDOWEBTETE IRANESR

(bex @ = | fla = edp@de = | fx— edptorde

[tl=1

HF Y f(OMEXRFEARBG;a)RAHEXE,MBF|])<1, &
flx—edpt)=0,B1Co.* H()=0,FFLL, (pe* IO THER F Y IR 3%
{x: d(z, F)<e})). XMBRECAFTE L.

EE3 RARIHBTRKTMB R CRHE LPR)PHE.

EH® 4(Urysohn) & FCR" BEE.GEFRELE F.WEE FEC R
2

flx) =1,z € F; supp(HNCGC; 0<fla)<1, € R".

wit & p>1,e>0,M>0,EN, MFEE 0€ C™RY, supppCR"\

B(0,k),HA |

Lﬁ(ﬂdr =1, llgll, <e, 0<p(x) <M, x € R".

I 75 0 6 o

Bl1 HIEEE TR .
(1) |’ fEL([0,6]) Q< p<+00), 5

[.(z) = r(:c — DT d <2 <b,a>0),
¥

W 1.€ L*([0,6]),H I.eC([0,6]) (a>1/p).
(2) & fEL'RY, S

- |
F@ = [ fa—y '5‘%) ldy (zemry,
- y

M FeL?(RY)(2/3<p<2).
W (1) 4 f(2)=0€E[0,6]),g(x)=2""10<Lz<H H g(2)
=0(x€[0,6D,#NAE

+ =
I.(z) = glx — ) f@dt (0K x<bh).

s I.e L (0,6 D (a>0). ZHI Y g LY ([0, DA, I. €
C([0,6]), A @—1p'>—181 e>1/p Wt I.e C([0,5]).
2) ZANSf =gl <IN lgll, (g€ L (RY) , B ER,
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_ | sinQi/ |/~ yls y#0,
g(y) =
0, v =20,

MY ge LP(ROBBRE f«g€LP(RY.HRN

lgly =[ " el ¥,
=H | +j Jsllil—’]zﬁ‘zdzg I+ 1,
fr{s1 lx| >} Z|
M2 p>2/3 Bf, || <H4oo; Y4 p<<2 B}, | 1| <<+co, BFLALE B IBIE.
Bl 2 A UERH T3 A
(1) B e>0,K.(x)=Cee *"“(xER): K|, =1, 0
lim |[K.x f— fll, =0 (f € LYRY).

=0

(2) & f()R[0,00) EHERBRAL.BHA F€L°([0,0))
(1<p<~+oc0), N

+= !
: . P 1l 1
lﬂ‘L f@ @ Az =0 |+ 5 = 19> 0],

K fu(0) B f(oO) M BEHREL
(3 wfeC —=n,x]), Wl
lim flox () — fll, =0 Q< p<+ 00,

$ch a_u(f)zm.r(fhr)%ij F(&)Kn(z—1)dt R Feéjer

1 I—CUS(N-I"I)I
2(N + 1) 1 — cosx

B (1) B% C=1/~ne, BiH
Ll Ll[f(x — K. (y) — f(:r)K!(y)]dyldr

<|
R1
j 1z — y) — f(2)|dz| K(3)dy

=t

L1 + 1 (a>0).
SMAES 7>, FEBANS ., —flh=0(G—>0), 8% a B /IHEH
|1 [<g. XH K (D) (|z|>a) R e BRET OMERET M, H
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el

| f(x — v) — f()ldz 2 IfIl,,

MR IR MU E B, [ 18 Y e TR /DT T | <7.
(2) 1) W xof () /2< l.rf f()dt—=0(x—+o)H[H],
lim xf(x) = 0.

(i) BITAAFTFA (e<p) |

+oo : ;
j | £ (2 Xy, (2) | P de =j £ ()dx
(0

7

to0 | | §oo
— | f@) - £ @de S /Y - [ ftada
7

7
== =2 ; l i e . T d —"'0 —
7 [L E]f[ E]] L fe(z)dx (e —>0),
B b B 48 BT E.
(3) EH | Kulo)de=1,FAR €0, 44 60, 78
" 1 —cos(N + 1)t

- 1
“aN(f) — f”p = ” 2(N + ]_)j["[__! 1 — cost
c[fCe—1) — flde
¢
1 ™ 1 —cos(N + 1)¢
S 2(N + Dn) _, 1 — cost I£¢=o = fl,d
1 1 —cos(N + 1)t
SINF DR 1—cost Wm0 = fllde
LA, *}1 — cos(N + 1t
+(N+1)“ j—x+J5 1 — cost dt
<ot LA, 4n

(N + 1)x 1 — cosd
M2 N—>+oco, B4 e—>0, Bl [ 1BiE.

B3 HIEA T 5 6 A

(1) B 1<p<oo, M E={fEC™ R, junf(r)dﬁr:D 45
LY (RO FHEE.

(2) BFELRDLIE fulx) = flaz—o). % lim | fi— fll..=0. FF
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fER' E—BOEE R g(2),F153
f(z) = g(x), a.e.x €R',
(3) % 1<p<<oo,1/p+1/p =1, fE LR, gE LY (R, B%

F) = | fz —Dgwdt, z€Re,
R

M FECR).
(4) ¥ f(ORFR PR, DCR H D=R. HEXN{EFED

a€D,¥HE fxt+a)=f(x),a.e. 2ER,MHFEHKEC,.EFHB f(o)=
C,a.e.zER!.

R (1) Bhn=1 . WEL S0, CHFEE gECTRY L E
Blf—gl,<e/2.

= ulg(x)d.r:(},m']%i@ﬁ‘ifﬂ;

% | gCodr=A520, ME &, 73

suppg N [ky,00) = .
H\Tﬁ]‘m ‘{OE C:m)(RI) -?ﬁ}% Suppqu[k{]qDD) 1?3(1');30(1'61%1) 13%‘

£
qu;‘(a:)dr— 1, lel,< 2TA|

NAEEZRE g(x)=g(x)—Ap(x), ZHE ¢€ L*(R") ,BH
VNf—¢ll,= | f— g+ Aell,
< | f—zgl,+ 1Al lel,<e

B 45 BTt

(2) B p (2)2q. (z) (n=1,2,) HIEFELESE.
@O fgaxf=Sfllwssup | fi—= Sl .

LR LS gl =1, 5l
[ %o — F )z,

< JJ Fx — ) — F@)| |90 | |4Cx) | dxde

R xn!

N J\t'gsn?n(tj(Jnl | fe(x) — f(x) | |¢(x) |d:r) dt
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<sup || fi — fl 'j lsi?,.(t)[J () idr]dt
lefse, R R |
= sup I fo — |l
(1) B G) LR v A
lim [ ¢, % f— fl =0
EEE ¢, x f()RR E—BOEZRILUR{(p.x H@DREGK «
—F)Cauchy 3|, NI FIE —BOELERE g(2), 1B
,I,:I.TF”*f(I} = g(x).
R B f(x)=g(x), a.e. xER".
() EE
Fx+h) —F@| < |fa+h =)= fla—2,lgl,.

(1) () fO)RERARYE ERNVEFEREI (a) HS filz)=
(g * ), 0l LECRHRENIHE
filx +a) = fi(x) (R€ N,a € D).
BT D=RL#EH fi()=CReN). BHNfi— fIl,>0(k—>0),FFLL
B, (2}, 1678
lililafin(x) = f(x), a.e.x € R, ILTQC* = C,
B f(x)=C,a.e. zER".
(i) X—a f(), ITERE
fx), |f)]<n,
0, HAt,
W fu(OERORRE. NTTHR f.(2)=Crra.e. z€RL.FXN—YI n€
N, 3% C.70, 0l f(x)=C,,a.e. zER'EN). EUHEHA f.(x)=0,
Bl f(x)=0,a.e. zER.
4 HIEAT M.
(1) # ECR' H m(E)>0. HEMEEN 2, yEE ¥ H (x+y)/2€
E, N E&EF—1EZHFE.
(2) ® e 0,1 D, g€ L0, 1D. EXMEFE LECT ([0,1D),
o ]

fn(-r) -
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1 1
J F()h(x)dx = J g(xYh(x)dz,
0 ]

W f(x)=g(zx),a.e.zE€[0,1].
R (1) AHRE Ec=EN[L—noynol: 0<<m (Ey) <<+ oo, N

Xe, € L'RD. HLHN ()= 2e, (22— )2, (1)dy B R' EMYESR
¥LHIERUR f(2) =0z (Eo+Eo)/2).

BT f(x/2)=(Xg, * Xe ) (2) , #80F f(2)=0,BF Xe(x)=0. AT
e llz=0. HEATH lxe, >0, Hbt fF(OERAFREETF E, D EH
EA. E 4. |

(2) M0, 11 E—F KB [a 6], AR h(x) =210 (x) , FFLE ha €

= ([0,1]), fd48 J | ha(x) —h(z) |dz—>0C(n—>co). g H BN 40
5 1 j’ f(x)dxr = %rg(z)dr
2 b—>a B8 f(z)=g(x),a.e. x€[0,1].
s HuE T .
(1) & fFEL(RY),g€ L(RY), 1/p+1/q—1,mﬂ
lim |[(f*g)(x)| = 0.

|z|—+oo

(2) B FELPRH A< p<+00),p(x){E R 0]t B ¥ 2
lp(x) | < M/Q + |z (&> 0),
M2 x & f(x)B Lebesgue &0}, H

lim(f % @) (2) = af(x) |a=| pa)dz].

(3) ® fELPRY, fLEL*R)Y(n=1,2,+), HFEINSf.—Fl,~0
(n—>o0)., # g€ L'(RY), 1Y
lim [|f,*xg — f*gl,=0.

=00

B Q1) BAGE LEC. R, g €EC.RY EB(fi * go) (2T
R' F—E BB » o) (). M XH{ELS 0, 0B A ENL{E 15
supl(f,e * g ) (x) — (f*xg) ()] <e

:El

B M>0, 813 (f * g4 ) () =0z |>M). KATA
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(xS U, g )(@) — (fx) (@) | + [, *g,) ()]
<supl(fy x g )@ — (Fxg)@| <e (x| > M.

re r!

(2) BB, WHE R 6>0, 67 >0, [E18
jl fz—y) — F@dy <87 <.
»<r

F

L4 | flx — ) — f() | |aly) |dy,
Y vyl

~

1,48 | f(x — y) — f()| |la(y)|dy,

v x>y
(t—0) B v,

Xt I KR 25<9/t<2®M' (9/t21);K=00/t<1), A
E.;={y€R: 2 T9< |yl <27,
W la() <G Q') " " (yEED, la(y) |<Ct™"(y€ B(0,
27%)). T ] 15

-l —kj| TR
n<yo| 51
k=10 2

] *If(x——y)—f(r)ldy

e |yi2 Ty

| f(x — 3) — f(2)|dy.

K

+ Ct_"J B
ly|>2 'y

K, B p/e=2 W[5

K—1 _kq €
—n 2 —knn -n —Koavn
L<Ca 3 (T | @+ o

:(:3[%] .2+ Cs 2_??‘
—ca(%] B f_ll +ca[¥’f "

LCLE*— D'+ 2T
I, & p' A p LR .e={y: |y|>7),

I, gj [1f(z— | + | @[ 1aly) |dy

v >y
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<Al Uxe @, + 1] X - &l
M R & 15 lim lx. » @all,=0¢q=1,9=7p").
* q=+oo. A
I @l <Ct™7"Q 4+ 9/t) " = Ct'CG + 7 KO,
= g<+oo. BIE

I, - @l = j —

¥ >9

dy = t"“"‘”'[ lp(2) |*dz

lz} =9/t

o — 1= {(n+e)
o ol B e

:CEIH(I_{H | _12

T RBREE, Ixal, X8  Brigs).
(3) FEAFER
||fn*g - f*g”z

2 1z

= [Ll L}g(t)[ﬁ(r — 1) — f(z — t)]de

dz|

~ i~ .I'I'I'IE
< [ 1g(t)lzlf,.(r—~t)~f(.r~r)lzdx] de
Jr!'LJR!

1/2
= |g(f)l2” If(r—f)*f(r*t)tzdr) dt,

&l 6 ﬁﬁﬂﬁ?ﬂﬁ%ﬂ

(D f(OFER ERFATR, U THHEALEREM.
(1) FEXKHC.H18 f[(2)=C,a.e.xER".

Gi) ME—H X La,b6], 4H

b
j flx+h) — f(x)|dz = o(|k]) (h— 0).

(2) & () R ERFRAH, W THBAE e F

() FE g, EEE—HRIE a6 | EXAEREE, 5
f(x) = g(x), a.e.x € R,

() FEEEHNARRE a0 L, 9F

b
j 1fz + k) — f(2)|dr = OC[R[) (h— 0).
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WBH (D) GD=>). FEAEEFN (a0} a(x)=0({z{>
1/n), 18 fu(x)=(f * @) (2), Xik §>0,{F B/ 1/n<8/2. MEEH
o€ RLVERX E] (20— 8/2,20+8/2) , B MI1E

| fulxo + h) — fulxo) |

gj flzo+h — y— flzo— | 1@y |dy

ivl=1/n
b
< IIgo,,IlmJ fy 4+ k) — £ |dy = o(|k]) (h — 0).

XKW [ (T 2=2, b2 S B H O HZ A HMEEELC,: f.(x)=
C.. £E R limf,(2)=(2),BH limC,=C=f(2),a.e. rER.

=00 b

(2) W=>GD. BRE | f () |<M,H f(x)iB¥, XiF o<ha<<1, N

b b-+h a+h
j | fz+h) — f()|de = | flx)dx — j f(x)dxr < 2Mh.

(iD= @), HARH, 7 0>0,FH
f':lf(x +h) — f(@) |dz < MIB| (h] < ).

aq—

fEaceC'RHABZBEET[—6,01, Xlal,=1,LL B(m(Z)=0)
limfi(x) & Em(f* @a)(x) = f(x) (£ € R\Z).

| ]

B a,b€EZ HI|R|<S,RINEF

j” filz + k) — filx)
a h

ld:r

rby o8 '
gﬁ:—l (J-‘a[f(:rJrh—y)—*f(r—}’)H%(}')ld}’ dx

~d b+8
<] e[ 1R - f@ e <M

& b

Vo = | 1fi@ 1dz < M,
S iz — [z | <M (x € D).
=0

n—1
4 koo, BIH D | f(xiy)) — f(x) | <M. iEHE.
i=0
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W7 RIEHT M.

(D) B fLE L' RDIEEN) g€ LY (R H ()=, filx), W)
k=1

[(Frg)@] < D1 faxgd @]
k=1

(2) # 1<p<+oo. B1E

W FFELYRY AN p=sup{llf*hll,: lall,=1}.

Gi) Fsup{Il|fl*all,: lali=1}<+oo, M fELY(R),BH
LA, = sup{ll|f]| *xhll,. ANl =1}.

WA (D) Al S

lim [Rv(x) I =0 (Ry(x) = >} filn)).

k=N+1

LK };ﬂliRN * gllﬂiﬂilRw Hi* lglhi=0. B NAFEE(N},ER
| lim (R”... *g)(zxr) =0, a,e.xr €R".

-0

B, BATH

N

()@ < D[ faxg)@) | + [(Ry *g)a) ],
k=1

i 4 m—» oo B} 18 B .
(2) @ B A =ae " HRIRL=1,8(14
IfH, =lim A% £, <sup{llh.x fll,. € > 0}

£}

sup{llf»hll,. lIall, = 1}.
(i) 4 L=sup{ll|f| *&ll,: lali=1}, 5% f()F R" LR/ AR A ()
=Xp(x) ym(E)<+o0). H (DA
lxe « fll, <sup{N|f] %hll,: IR, =1} = L.
HESANAN,<L. REH Young REER.
s bR T 5 AR .

(D’ f@ORR EH—BEZBEFHNRY.K.€cL'RYREN),BH
(O K. LEMGEN);

(ii) lileK,(:r)d;r= 1;

n—=

(iii) imﬁmapo.limj |K.(2) |[dz=0,
|z =&

LR ]

M (K. * /) ()TER" L—BWET f(x).
(2) B ()R (—o0,00) LRI MEEL, T H S * HOIJLELALREE L. iE
filx)=f(x), fi(x)=(,,*xDx) (n=2,3,");
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B £ ()R OB n KIEKER.
B SELPRD, I p<e0, 34

1 1 1 k
— '5.._:‘_‘ — — — . T .
1 n P 3 f,}l =] p (k =1 21 ﬂ)‘

MW, <A, (R=1,2,~,n; 1/p+ 1/p' = D.

W ) BE| (D<M M>M,2ERY). HE R, L 0, 5%
N, {5

JK(J‘)d.r—l’-di n > N,.

oM,
LN

- & _ £
HRIK,,(I)f(I)dI f(.r)lﬂiMl oM.~ 3
W o>0F18

| flx — y) — f(2)| <e/dM, (x € R',|y| < &).

XN, 618

J IK.(2) |dr < == (n> N,
ly| =&

BMI
Sp A E ]

| K\ % )(x) — J.RiK,,(y)f{:r)dy

< . K, () | flx — ) — f(z)|dy

~

i

|K.(W) | | f(x — y) — f(x)|dy

]yl >2

+ J K. || fx — 9) — f(z)|dy
fo =g

< zMIJ' |K.(3) |dy + J' K. (y)|dy

€
Iyl <8 4M,

|y| =&

le * SMI _f_ "K "l 4M[

E £ £
<y tMpr =73
4 N=max(N,,N,), 78

(K, * H(x) — flx)| < ‘ (K, * /(2 -*J lKn(y)f(:r)dy‘
R \

-+

JR!K,Ey)f(,r}dy -
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e —_ B — —

<5+ ?:s (r € R'yn > N).
(2) #B4# Young A%X, BAHNAME. BRRINA

1 _ 1,1
o, < (=243 -1>0)

B/ e L (RY, X Young A% F[H
) = (f7 = H(x),

FOtY e e [,...lﬂ:.‘g—_i__i;._.l),
1 r

Prs
(T < W, WA
ty 1k B AT AR E.
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