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Chapter 1
Kinematics

Kinematics is the study of the geometry of motion: it deals with the mathematical de-
scription of motion in terms of position, velocity, and acceleration. Kinematics serves as a

prelude to dynamics which studies force as the cause of changes in motion.

1.1 Frame of Reference and Particle

1.1.1 Frame of reference and coordinate system

The world we live in is made of matter, from the largest bodies, such as the Earth, one of the
eight major planets in solar system of which the Sun is in the center, the galaxies in which the sun is
in one of the spiral arms, and the entire universe, to the smallest particles, such as molecules, atoms
and subatomic particles: electrons and nucleus composed of protons and neutrons. Each proton and
each neutron is made of two kinds of quarks called up quark and down quark. Although the objects
above differ in size by a factor of more than 10", they have a universality, being in endless motion,
and from this point of view, we say that the motion is absolute.

In the remainder of this chapter we shall discuss the position, speed, and acceleration of
various objects. To do this scientifically, the first two questions we must answer are: “What

? »”

position with respect to?” and “What velocity with respect to?”. If we choose different objects
as the reference to describe the motion of a given body, the indications will be different. For
example, if you stand on the ground in a train station and let a ball drop freely from your
hand, the motion of the ball seems to be along straight line by you, but along a parabola of
trajectory projected horizontally by the observer seating in a moving coach passing through the
station. From this point of view, we say that motion is a relative concept and it must always
be referred to a particular body that serves as a reference chosen by the observer. Since differ-
ent observers may use different [rames of reference, it is important to know how observations
made by different observers are related. For example, when we discuss motions on the surface
of the earth, this is the most cases in our course, and then it is convenient to take the earth’s
surface as our frame of reference. For the motion of the earth or other planets, a particular set
of stars, for instance, sun is a good choice, whereas for the motion of the electrons in an at-
om, the nucleus of the atom is preferred. You are free to choose the frame of reference, but in
all cases it is necessary to specify what reference frame is being used and you must always be

aware of your choice and be careful to make all your measurements with respect to it.
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In physics a frame of reference is usually pictured in terms of a coordinate system, consis-
ting of three mutually perpendicular axes, called the x, y and z axis, relative to which posi-
tion in space, velocity, acceleration and orbit can be specified. These three axes intersect at
the origin O of the coordinate system. In Fig. 1-1, let us consider two observers, one of them
on the sun and the other on the earth. Both observers are studying the same motion of an arti-
ficial satellite of the earth. To the observer on the earth using frame z'y’z’, the satellite ap-
pears to describe an almost circular path around the earth. To the solar observer using frame

xyz, the satellite’s orbit appears as a wavy line.

path of satellite __: & -~ )
relative to the Sun P oy

~

path of satellite
relative to the Earth.

o 1

1

x  Sun path of the Earth A
relative to the Sun

Fig. 1-1 The orbits of a satellite relative to the Earth and to the Sun
1. 1.2 Particles

The moving objects that we might examine are among countless possibilities. We shall
restrict our concentration on a simple case —translational motion of a particle first, which is
defined as the change of position of the particle as a function of time. In the case of an ideal
particle—a body with mass, but with no size and no shape, therefore position as a function of
time gives a complete description. We can represent an object as a particle (that is as a mass
point) if every small part of the object moves in exactly the same way. The concept of particle
is an ideal model, the motion of objects are usually more complicated. In some circumstances
we are not interested in the size, orientation, and internal structure of a body.and then we can
treat the body as a particle, concentrate on its translational motion and ignore all the other
motions. For example, we can describe the motion of a ship sailing down a river or a car trav-
eling on a street as a particle motion—for most purposes it is sufficient to know the position of
the center of the ship or the car as a function of time.

You must be aware that an object can be treated as a particle in one situation but not in
another. The earth behaves pretty much like a particle if we are interested only in its orbital
motion around the sun. If we study the rotation of the earth revolving on its own axis. howev-
er, the earth is not a particle at all.

It is a very useful method in physics to simplify an object as an ideal model which helps us
to solve the major problem in a subject. You will use more ideal models in the other parts of

this course.
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1.1.3 Time interval and time

It is necessary to distinguish two concepts, time interval and time. When we say time in
physics, we mean a give instant, For example, some scheduled flight takes off at 8:00 am
from Beijing, lands at 11:00 am on Kunming, 8 o’clock is an instant and so is 11 o’clock. The
3 hours that the whole flying lasts is a time interval. The position of a moving particle is cor-
responding to a given instant labeled with z while the distance it passed is corresponding to a

given time interval labeled with Az.

1.2 Displacement, Velocity, and Acceleration

1.2.1 Position vector and Position function

When we describe the motion of a particle, the first question is: “Where is it?”. In three
dimensional world, we need a vector to answer this question. We locate a particle by a vector r , ex-
tending from the origin of the coordinate system to the particle’s position as in Fig. 1-2. Thus,

r=xi+yj+zk (1-1)
in which, i , j and k are unit vectors and x, y and z are the components of the vector r. The
W components can be positive, negative or zero.

We shall define position, displacement, velocity and accel-

T, eration for the general case of three dimensions. To simplify

the figures, we shall illustrate them in two dimensions in the

| rest of this chapter.

/ 0\‘\\ L ) Mechanical motion is defined as the process of changes in
"""""" - position with time. In principle, the position vector can be cor-
related with the time by means of a vector function
Fig. 1-2 Position vector r=r(o) (1-2a)
Its three components are written by the following scalar functions
x = x(t), = y(2), z==z() (1-2b)
Eq. (1-2a) or Eq. (1-2b) is defined as the position function that determines the location of a
particle at any given time. Combining Eq. (1-1)and Eq. (1-2b), we have
r(t) = x@i+ y(@)j+=z(k (1-3)
which is equivalent with Eq. (1-2a) and Eq. (1-2b).
The path equation can be obtained by eliminating ¢ from Eq. (1-2b)
FlEeys) =0
If the path of a particle is a straight line, the motion is called as a rectilinear motion;if the

path is a curve, the motion is called as a curvilinear motion.
1. 2.2 Displacement

Displacement is the change in position during a given time interval. In Fig. 1-3, at time ¢,
. . - - . - — - - -
the particle is at point A, given by position vector r =0A. At a later time ¢, , the particle will
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be at B with r, =OB. Although the particle has moved along the arcA/B = As, the displace-
ment is the vector given by
AB = OB —0OA

or

Ar=r,—r (1-4)
note that the displacement indicates the change in posi-
tion not in the path length over the same time interval. As
Displacement is a vector, its magnitude | Ar | is the i
length of the chord AB;the path is a scalar As, the length
of the arc AB. In most cases, |Ar |7#As (Fig. 1-3), only in ! d

the limiting case of Ar—0,

Ar | can be regarded equal to

As. For example, a man walks from point A along the ¢ *

rim of a circle of radius R for half a round, his displace- Fig. 1-3  Displacement Ar during
ment is 2R, but path is ®R. A particle moves back and time interval Az
forth in x axis for one period, its displacement is zero, but path equals to 2A (A is the ampli-

tude). You should also be aware of the difference between | Ar | and Ar.
1.2.3  Velocity

The second question to describe the motion of a particle is;: “How fast is the change of po-
sitions?”. If Aris the displacement that occurs during the time interval Az, the average veloci-
ty for this interval is defined as

Ar
At

The direction of average velocity points in the same direction of displacement (Fig. 1-3) ; the magni-

=

tude of it equals | Ar| /At . Obviously,average velocity is related to the specified time interval Az,and
it takes into account only the net displacement in the time interval Az,ignores the details of the mo-
tion,and gives no credits for back and forth motion or the length of the path.

To describe the motion of a particle at a given time ¢ or at a given point,we must make Az
very small. The instantaneous velocity at time ¢ is obtained by evaluating Ar /At in the limit

that Ar approaches zero

. Ar __ dr
v — L}I}’A E — a (1-5)
Thus, the instantaneous velocity is defined as the time derivation of the position vector.
B = B Direction of instantaneous velocity:
To determine the direction of instantaneo-
§ us velocity v at point A, let us see Fig. 1-4.
Ar

When Ar approaches 0, point B approaches
point A, as indicated by B', B’, +++ with the
vector AB changing continuously in both

Fig. 1-1 Velocity is tangent to the path at A magnitude and direction, in the limit when B
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is very close to A, AB=Ar coincides in direction with the tangent at A, therefore, the instan-

taneous velocity is a vector tangent to the path,and points to the advance direction.
Magnitude of instantaneous velocity :

Substituting r from Eq. (1-3) into Eq. (1-5) gives

oy oy dr dy. | de | _
U_dt(ﬂ+yj+z}()_dtl+dt']+dtk (1-6)
or
v= vl +v,j+ vk (1-7)
As we see,the three components of the velocity vector are given by
Cde o _dy o de ,
RS4 P T @ T & s1-5)

And the magnitude of the velocity is
v= "+t (1-9)
Fore the case of the motion in a plane, angle § formed between v and + x direction in deter-
mined by tanf = v /v, as shown in Fig. 1-5, usually used to indicate the direction of velocity.
Velocity and speed:
On the other hand, the magnitude of velocity vector
can be written as

dr _ llm ‘Ar|

a a0 AL
Let As represent the path length over At,which is given

(1-10)

@] x
Fig. 1-5 Velocity in two dimensions by the length of the arc AB (Fig. 1-3),and the closer B
is to A, the closer magnitude of Ar is to As, that is

| Ar|

113521) As =1
Therefore
0= lim LArL i Ay _ ds (1-11)

R OVAY m-0 At dt

Where As/At,the path length divided by the time taken,is called the average speed, so ds/dz is
the instantaneous speed. Note that speed is a scalar,and Eq. (1-11) means that the magnitude
of instantaneous velocity equals instantaneous speed, which can be briefly called as velocity and
speed.

The unit of speed is m/s, that is, meter per second in SI system.

Example 1-1 The position of a particle moving in x -y plane is given by + = R + Rcoswt
y = R sinwt, here R = 1m, w = (x/4)s"'. Calculate:

(1) the path function f (x, y)=0;

(2) velocity at any time;

(3) position vector at ¢ = 0 and ¢ = 6s, the displacement Ar and path length As during
this time interval.

Solution (1) Rearrange the position function as
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r—R = Rcoswt, y = R sinwt
then we have
(r—R)*+ 3y =R
This is the path function of a circle with radius R and the position of center locates at (R,0) as
Fig. 1-6 shows.
(2) From Eq. (1-8)

Ve — d_._r =— Rw sinwt
dt
v, = dy _ Rw coswt
: dz X
v =— Rw sinwti + Rw coswtj
v= v+ = Rw = %m/s B(R. -R)
which means that the motion is a circular motion with con- Fig. 1-6 For Example 1-1

stant speed. The angle § between v and + & direction is
given by
tanf = v,/ v, =— cotwt
By inspection of the signs of v, and v, at the particular time, you can determine which quad-
rant the angle is in.
(3) When ¢t = 0, we have
ro. = 2Ri
represented by OA, andatt = 6 s

r, = (R+Rcos %W)i+RSil’l %nj = Ri —Rj

represented by OB, the displacement during At = 6s is
Ar=r —ro=—Ri—Rj
represented by AB in Fig. 1-6.
larl= VR’ + (—R¥=+V2R=1.41m
While the path length during the same Af is

A.s'zarc;\(—)B:%nR=4.7lm

1.2.4 Acceleration

The path of a particle moving in two or three dimensions is a curve in general, its velocity
changes in both of magnitude and direction. The magnitude of the velocity changes when the
particle speeds up or slows down. The direction of the velocity changes because the velocity is
tangent to the path and the path bend continuously. Fig. 1-7 indicates the velocity v at time ¢,
and v ,at t;, corresponding to the position A and B, respectively. The change in velocity dur-
ing the time interval Az = t,— ¢, is represented by Awv in the vector triangle in which v +Av
=wv,,then Av =v,—wv. To describe the average rate of change in velocity for the time inter-

val At, the average acceleration is defined by
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Av
At

Using the same method as in definition of the velocity, the instantaneous acceleration at time

a =

t, refereed simply as acceleration is given by

— lim A% = 47 :
o= imsP = G a2

which is the time derivation of velocity vector.
Direction of acceleration:

Acceleration vector has the same direction as the limit direction of the change in velocity
when Ar—>0, which is always pointing toward the concavity of the curve, and because Aw is
always in the direction in which the curve bends, as shown in Fig. 1-7. Suppose that the direc-
tion of acceleration is at an angle of ¢ to the velocity, a<Z90°, «=>90°, and = 90°correspond-
ing to thecasesof |v, | >|v |, |v,|<|wv|,and |v, | = | v | ,respectively. It is
important to be aware that there is an acceleration whenever the velocity changes in either

magnitude or direction.
v Magnitude of acceleration:

From Eq. (1-5), we can also write Eq. (1-12)

in the form

_dv _ d'r 4
R TI T (1-13)
0 X . . 2 .
Substituting Eq. (1-3) into Eq. (1-13) gives
; B s g o . . dZv . d?=
Fig. 1-7 Acceleration in curvilinear motion a=>=-">i+ __-fZXJ ) 7 k
or
a=a,i-+ta,j—tak (1-14)
The three components of acceleration are given by
_ dx _ diy _ d’z
a., dtz ) ay = dtz ) Az = dtz (]. 15)

And the magnitude of the acceleration is

a = v/a:+a’+ad’ (1-16)
The unit of acceleration is m/s” in SI system.

In the case of @« motion in x-y plane, suppose ¢ is the angle formed by a and +x direc-
tion, thus

tan @ = -2 (1-17)

e

Example 1-2 Suppose the position function is the same as in Example 1-1. Find the accel-
eration at any time.
Solution From the result of Example 1-1,we have

dv,
de

g, = =— Rw?cos wt
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a, — d—v'k =— Rw?*sinwt
- dt
2
a = +/at+ada, = Rw® = % m/s® = 0. 62 m/s*

which means that the magnitude of a is a constant, the direction of it can be represented by an-
gle o between a and +x direction, and

a

tang = —¥ = tan wt
a .
) 3 .
For example, if t = 3 s, tan ¢ = tan Vi =—1, because a,>0, a,< 0, so thata =— /4, in

the forth quadrant,as shown in Fig. 1-8. On the other hand., we can rewrite ¢, and a, as

a, =— (xr—R)o*, a, =— yw®

that is
a =—o'[(x—R)i+ yj]
Note that, there is a vector
R= (zx—R)i+yj
which is pointing from the center of the circle to the position of particle in Fig. 1-8, therefore
a :_sz
which means the acceleration is always pointing toward the center of the circle. So it is called
as centripetal acceleration.

v

Fig. 1-8 For Example 1-2 Fig. 1-9 For Example 1-3

Example 1-3 A seaman standing on a cliff, pulls a boat by a pulley, as shown in Fig. 1-9.
Suppose that the height of the cliff is A, the rate of the rope pulled is ». Find:

(1) the velocity of the boat;

(2) the acceleration of the boat.

Solution Because the motion of the boat is in one dimension, set x axis pointing right,

choose the origin at the foot point of the pulley, and let / representing the variable length of

the rope at any time. So that, position vector of the boat isr = xi, note that x = +/{* —h® in
which = and [ are changing with time, take time derivation of x, we have

;4
de _ " dt I

dt 12 _ |2 x
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here % —=—u is the rate of rope shortened, then the speed of the boat is
p—dx 2 th
dz x Z

which is the velocity as a function of coordinate x.
The negative sign indicates the velocity is in the —x direction. The acceleration of the
boat is then
(b
dr ax®

which is the acceleration as a function of coordinate. The results indicate that a and v are in

the same direction of —x in Fig. 1-9, so that, the magnitude of v becomes larger and larger

with the value of x decreased, in the other words, the boat is moving with speed increased.

1.3 Two Types of Problems in Kinematics and Sample Problems

The problems solved by means of vector derivation:

From Example 1-1 and Example 1-2, we can make conclusion that if we know the position
vector of the moving particle as a function of time, r = r (z), according to Eq. (1-8) and
Eq. (1-15), by taking derivation of position function with respect to time, we can get the ve-

locity and the acceleration.
The problems solved by means of vector integration:

In the opposite cases, if we know the acceleration a=a (¢), or velocity v =v (¢) as a
function of time, we can rewrite Eq. (1-12) and Eq. (1-5) as
dv=a()dt, dr=v((Dds
In order to find vand r as the functions of the time ¢, we must know the velocity and position
at some particular time, for instant, whent = ¢,, v = v,, r = r,, which are called as the
initial conditions, then by integrating above equations in both sides

| o= [ ara (1-18)

)

J' dr:f v () dt (1-19)

( 0

We can obtain velocity and position vector as a function of time. It is important to have your
attention that Eq. (1-18) and Eq. (1-19) are vector integrations composed of three scalar inte-
grations, but in practical problems the integration usually can be simplified.

Sometimes the acceleration is known as the function of coordinate, for example, a =a(x)
is known, separate the variables and integrate, that is

aza(r)zﬁéy_LdU

v dt dx
then
a(x)dr = vdv
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The function v =wu(x) can be obtained. Problem 1-7, 1-10 and Example 1-5 etc. give several differ-

ent cases to solve kinematics problems by means of separating the variables and integrating as well.
1.3.1 Motion with constant acceleration

If the acceleration vector in Eq. (1-18) remains constant, and when ¢t = #,, v = v, and
r = r, are known, the result of the integration is given by
v=v,t+alt—t) (1-20)
Substitute Eq. (1-20) into Eq. (1-19), and make integration, the position function

r:r(,+'v(,(r—t(,)+—%—a(t—to)z (1-21)

obtained. Generally speaking, Eq. (1-20) and Eq. (1-21) each has three components, like in
Eq. (1-1) and Eq. (1-7).

Lineal motion with constant acceleration:

Obviously, one dimensional motion or lineal motion, with constant acceleration is just a special
case included in the discussion above. Let the linear path of the motion along x axis, if the initial
condition known as v = v,, x = x, when ¢t = ,, we can use one dimensional integration from

dv = adt, dx = vdt
Or we can simply take the x component of Eq. (1-20) and Eq. (1-21) to describe the motion,

the same results will be obtained as

'U:'U()_i_(l(t_'t()) (]'22)
.I':.To_'_'ll()(f_[())“}_%a ([_[0)2 (1’23)
Eliminate time ¢ from above equations, we have another useful equation
# = + 2alx— ) (1-24)
Note that:
(1) About the initial time: often, we choose z,= 0, which is the instant when we begin

to observe the motion, and is not certainly the instant when the motion starts.

(2) About the sign of a, v and x: all quantities in Eq. (1-22) to Eq. (1-24) are algebraic
numbers, whether they are positive or negative depends on their direction compared with the
directions of the axes chosen in the coordinate system, if the direction is along the +x direc-
tion, then it is positive;otherwise, negative.

Example 1-4 Projectile motion and Superposition principle.

An important example of motion under constant acceleration is the motion of a projectile:
near the surface of the Earth, the pull of gravity gives a freely falling body a downward accel-
eration g of about 9. 8 m/s*. If we ignore air resistance, this is the only acceleration that a
body experiences when launched from some initial position with some initial velocity v,. The
motion mentioned above, is therefore the motion with constant vertical acceleration and zero
horizontal acceleration, which is called projectile motion. Our projectile might be a golf ball, a
base ball. a canon ball or a bullet, among many possibilities. We analyze in general case under

no-atmosphere condition,
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Solution (1) If we choose the x-y plane coincident with the plane defined by v ,and a =
g.the y-axis directs upward and the origin O coincides with the initial position of the projec-
tiles so that, we have g = —gj , xy= 0, y,=0, at t,= 0. Suppose that vis at an angle of
@ with the horizontal (that is & axis) as in Fig. 1-10, so the components of initial velocity are

Vo = VeCOSHs Vo, = vy SING (1-25)
and the acceleration components are
a, =0, a,=—g (1-26)
by integrating Eq. (1-18) and Eq. (1-19) for this case or substituting Eq. (1-25) and Eq. (1-
26) into Eq. (1-22)and Eq. (1-23), we have the velocity at time ¢
v, = vycoslls v, = v,Sinfd — gt (1-27)
and the position as a function of time

= vycosd e £y y = upsing » t—é—gfz (1-28)

These results indicate that the motion of projectile can be regarded as the superposition of two
independent rectilinear motions: a vertical motion with constant acceleration and a horizontal
motion with constant speed, which is an application of the superposition principle of motion:
any motion can be regarded as superposition of several independent motions that plays a very im-
portant role in physics.

(2) Some consequences of the motion of projectile:

(a) The equation of the path is obtained by eliminating time ¢ from the two equations in
Eq. (1-28)

fIZ

2vt cos’l

(1-29)

y = xtanf —

This is the equation of a parabola since both tan @ and g/(2v,%cos*@ ) are constants, and is al-

so called trajectory as shown in Fig. 1-10.

by (b) The total time of flight can be obtained by
making y = 0 in Eq. (1-28)
U rju, sl 2
T = Zsing (1-30)
WP &
! h . . . . . .
% g x o which is twice the time ¢, required to reach the
| L
o o ¥ projectile’s highest point, set v,= 0 in Eq. (1-27), we
R
have
Fig. 1-10  Projectile motion th = using/g

(¢) The maximum height A is calculated by substituting #, into the second function in
Eq. (1-28)
w5 sin’@
28
(d) The range R is the horizontal distance covered and is found by substituting the value

h = (1-31D)

of flight time T into the first equation of Eq. (1-28)

9 :
R— 25 sinfcosf

(1-32)
8
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You can prove that R has a-maximum value at § = 45°, for a given magnitude of initial velocity.

Note that Eq. (1-29 ) ~ Eq. (1-32) hold only in the case that launch point and impact
point are at the same level (y = 0).

You should be aware that above results about projectile
motion are valid when (a) the range is small enough so that
the curvature of the earth may be neglected, (b) the altitude
is small enough so that the variation of gravity with height

may be neglected, and (c¢) the initial velocity is small enough

so that air resistance may be neglected. If the actual situation
is beyond these restrictions the disagreement between our Fjg 1-11 The path of long range
calculation and the actual situation of the projectile will be- projectile is not a parabola
come quite large. Fig. 1-11 is a rough sketch of the path of

long-range projectile, which is not a parabola but an arc of an ellipse.
1.3.2 Sample of motion with variable acceleration

Example 1-5 A parachute with a sportsman falls from a helicopter, and its acceleration is
a =g —lv (b is a constant ) caused by both gravity and air resistance. Assume that v,=0 at
to=0, find the velocity and position as function of time.
Solution  This problem can be regarded as an one dimensional motion with variable ac-
celeration. Set the origin at the initial position of falling, the +y axis downwards.
(1) From Eq. (1-13), we have
_dv _

a = Sl g—bv
Separate variables, rewrite the above as giUbU:dt and note that v, = 0 when ¢t = 0, then
make integration in both sides
v ’
jo g ivt";rv - Jodt

so that, the velocity at any time is given by
v=~20—e")
(2)From Eq. (1-8), we have dy = wvd¢ substitute above result into it, by integrating, the

position function of time y = JI E(l—em)dt =& (t + le"" — i) obtained.
o b b b b

1.4 Circular Motion

1.4.1 Tangential and normal components of acceleration

Fig. 1-12 represents a particle moving in a circular path of radius R with center at . Sup-
pose the particle is at A with velocity v and acceleration a at time ¢ . Since a is pointing toward

the concave side of the path, we can decompose it into two perpendicular components: a tan-
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gential component a, called tangential acceleration, and a normal component a, called normal
acceleration. Each of these components has a well defined physical meaning. When the parti-
cle moves, its velocity may change, the change in magnitude is related to the tangential accel-
eration a,, and the change in direction is related to the normal acceleration a,.

In Fig. 1-12(a), draw the unit vector 7 tangent to the circle at A. The velocity is ex-
pressed as v = vt , thus the acceleration is

_dv _ d _ dv dr )
a="4 —dz(vr) dlr—l—vdt (1-33)

To find the direction of dz , let us introduce the unit vector n , normal to the circle at A and
directing toward the center O. When the particle is at B after dz, the unit vector tangent to the
circle is 7'and makes an angle d9 with £. From Fig. 1-12 (b) we see that dz = 7' —1r has the

direction parallel to n. Because |t |=1, so |dz |=|7 |dd, that is
dr = dfn (1-34)
dr
i T
.
do/ T
V' a,
A
(a) (b) (c)
Fig. 1-12  Acceleration of circular motion
thus
dr_do _Rdg _ ds _ ,
&~ d" " Rd"™ T Rd" T R" (1°3%)
Substituting Eq. (1-35) into Eq. (1-33), we have
_dv | O )
a= T -+ Rn = a. 71+ ann (1-36)
or
_ do _ 7 )
a‘_df,, an—R (1 37)

in which a, called as tangential acceleration along to tangent direction of the curve at A is pro-
portional to the time rate of change in magnitude of the velocity, while a, called as normal ac-

celeration along to normal direction of the curve at A indicates how the direction of the velocity

changes .

The magnitude of a is

a= va*+d? (1-38)
The direction of a is represented by the angle ¢ formed by a and n as shown in Fig. 1-12(c¢)

a.

tang = (1-39)

An

1. Uniform circular motion

In this case, the magnitude of velocity is a constant v, or
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dv _
dt
SO

P
a, =0, a=a, ==

R

which means that the velocity changes only in direction.
2. General curvilinear motion

In this case, the path is not a circle, we can generalize
Eq. (1-37) as

do 2 Fig. 1-13 The general case
t — 3.9 n == (]740) e .

dt p Of CurV]llncar motion
where p is the radius of curvature at A as shown in Fig. 1-13. C is called the center of curva-

ture, then p=AC.
1.4.2 Angular variables in circular motion

Suppose particle P moves in a circular path with the center O, in 2y plane as shown in
Fig. 1-14. The position vector r changes only in direction not in magnitude, which remains
constant of R— the radius of the circle. Choose a reference line, say Oz, note that position
vector ris at an angle @ to Ox, and @ is varies with time corresponding to the position vector’s

changing, so, specify the angular position as a function of time, that is

= 0(t) (1-41)
which describes the circular motion. If the arc length corresponding to 8 (Fig. 1-14) is s, thus
8= ;IR

The unit of an angle defined in this way is given by radians. or
simply given by rad, and

1 revolution=360"= 2x rad
If the particle moves along counter clock wise direction, thus @
>0, otherwise §<C0.

1. Angular displacement

Suppose that, the particle is at angular position §, at time
Fig. 1-14  Angular position ¢ | and at angular position @, at time ¢,, the angular displace-
ment that occurs during the time interval Azt = t,—t,, is defined as
A= 0, — 6
the specification of the sign of Af is the same as that of angular position.

2. Angular velocity

We define the average angular velocity of the particle to be

Af
At

The instantaneous angular velocity w is the limit of this ratio as Az is made to approach zero.
thus

Ca:
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_ A0 df ]
o= lmi =4 a2

If we know §=0(¢), we can find the angular velocity w by differentiation. The unit of angular

velocity is rad /s in SL
3. Angular acceleration

Let w; and w; be the angular velocities at time ¢, and ¢, , respectively, thus Aw=w—w is

the change in the angular velocity that occurs during the time interval At= ¢, —¢,. The average

angular acceleration of particle is defined from g = Aw/At . The instantaneous angular acceler-
ation f is the limit of this quantity as At is made to approach zero. That is

e DM dw &0 i}
B_Bﬂ% At dr de (1-43)

If w and B have the same sign (w>>0,8>>0 or <0, <C0), which means that « is increasing
with time;otherwise, w is decreasing with time. The unit of angular acceleration is rad/s” in

SI system.
4. Motion with constant angular acceleration

In pure translation, motion with a constant linear acceleration is an important special
case. The component equations in the series of Eq. (1-22) to Eq. (1-24), for example, the x
component equations hold for such motions.

In circular motion, the case of constant angular acceleration is also important and an
equivalent set of equations holds for this case. We simply write them down from the corre-
sponding linear equations, by substituting equivalent angular quantities for the linear ones in
Eq. (1-22) to Eq. (1-24) ;

0—~x, w—>v, B—>a

Then the set of equations of motion with constant angular acceleration is given by

w — wo +B(t_t()) (a)
6’=Ho+wo(l—to)+%ﬁ(t~to)2 (b) (1-44)
wz — wg _‘_Zﬁ(@_go) (C)

The method that we use here is called analogy which plays a very important part in physics so

that we shall use it quite often in the following parts of this course.
1.4.3 The relations between linear and angular variables

Since we can use the linear variables s, v and a, and the angular variables 6, w, and j to
describe a circular motion of a particle respectively, there must be some relations between
them. The two sets of variables are connected by R, the perpendicular distance from the parti-
cle to the center of the circular path, from the definition of radian, which is § = s/R in
Fig. 1-14, we have

s = 0R (1-45)
Differentiating Eq. (1-45) with respect to time leads to
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ds _ do

a—dtR:wR

that is
v = wR (1-46)
taking time differentiation of Eq. (1-46) leads to

dv__ dwp _ gR

dr  de
That is the tangential component of linear acceleration
a, = BR (1-47)
Substituting Eq. (1-46) into Eq. (1-37), we have the normal acceleration
2
a, =% = 'R (1-48)

The magnitude of acceleration

a=VaZ+a =RVFTta (1-49)

The direction of a can be determined from

tang =42 =8 (1-50)

dn w

The series equations above will be applied in chapter 5.

Example 1-6 A particle is moving along a circular path of radius R, the path function is

given by s = vyt — %bt2 (v, and b are positive constants). Find

(1) a, and a, at any time ¢;
(2) at what time when |a | =67
Solution (1) From Eq. (1-11)

viijﬁ-:vo bt
We have
a:d—v—:—b a:ﬁ:M
' de g 1 R R

(2) leta = /a? + a% =b, that means a,=0, so that t =v,/b.

1.5 Relative Motion

We mentioned in sectionl-1 that motion is relative — the descriptions of the position, veloci-
ty and acceleration of a particle depend on the frame of reference in which these quantities are
measured. In the situation shown in Fig. 1-15, we assume that frame B, say a train coach,
moves with respect to frame A, say the earth, their x and y axes remain parallel to each other.
Two observers are watching a moving particle P, for example, a car. rps and rpg are the position
vectors of P with respect to frame A and B, respectively. raz is the position vector of origin O of
frame B with respect to origin O of frame A. From the vector triangle, we have

rea = rpg +rp (1-51)
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v i’ Take the time derivative of Eq. (1-51)
. drepa  dre d re =
A Bl P & T A T d (1-52)
o o We obtain
0 - 'U[{q:'vpg“i—'vﬂ/\ (1‘53)
% | Which means that the velocity of P measured by the observ-

er in frame A is equals to the velocity of P measured by the
Fig. 1-15 Frame B is moving

, observer in frame B plus the velocity of frame B measured
with respect to frame A

by frame A . The term v g is the velocity of frame B with
respect to frame A. Eq. (1-53) is usually called theorem of velocity addition.

Take the time derivative of Eq. (1-53), we have

dvpa . dvps +dvm

de dz dz

That is
aps = Apg + Apay (1-54)
Eq. (1-54) is usually called theorem of acceleration addition.
Example 1-7 The gull stream current has a velocity of 4. 8 km/h in direction due north.
The captain of a motorboat wants to travel on a straight course from city M due east to city N
as shown in Fig. 1-16(a). This boat has a speed of 18 km/h relative to the water. In what di-

rection must he head his boat? What will be its speed relative to the shore?

’

‘ Yt

-~ ! \
M \ v Vi

(a) (b)

Fig. 1-16 For Example 1-7

Solution Suppose the shore is frame A, the stream is frame B, and the boat is the parti-
cle P. using Eq. (1-53), the speed of the boat with respect to the shore represented by vp, »
then the speed of the water relative to the shore by vu » and the speed of the boat relative to
the stream by wpg . that is

Vpa= Uppt Um
we have known that vps points due east and vgais due north, so the vector triangle is a right

triangle as in Fig. 1-16 (b), the angle between vpg and the eastward direction is given by

sinfl = wpa /vps » SO that

UBA . 4,8
= arcsin —- = 15°

UpB 18
Thus, the boat must be head 15° south of east, the speed of the boat relative to the shore is
then vpys = vpg cos@ = 18 Xcosl15°= 17(km/h).

0 = arcsin
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) ‘_’f Questions
Y

1-1 Explain the difference between
(D) | Ar] and Ar;
dr dr

(2) P FL

and

(3) d(T.;J ‘ and ((jj_": . Draw some sketches and gave some examples.
1-2  The position function is given by * = x (¢£), y = y (1). Some students calculate »(1) =
2
V2t (1) + y* () first, then take time derivation for v = EIT:, then again, fora = Sl—tzr Is this the correct way?

Why? Give the correct procedure.

1-3  Take some examples and illustrate the motion of a particle for the following cases:

(1) a,=0;

(2) =0 3

3)a=20;

(4) a,=0 and ¢« = a constant, at any time.

1-4  What is the position of a projectile where

(1) it has the maximum normal acceleration;

(2) it has the minimum curvilinear radius, what is the value of this minimum if v, is known?

1-5  The path of a planet is an ellipse as shown in Fig. 1-17, the acceleration is always points to the focus
where is the sun. Does the speed is increasing or decreasing when the planet passes points M and N.

1-6 A trajectories are shown in Fig. 1-18 for a football kicked from ground level. Rank the paths accord-
ing to (a) time of flight; (b) initial vertical velocity component; (¢) initial horizontal velocity component;

(d) speed at launch, the greatest first (ignore the air resistance).

I
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Fig. 1-17 For question 1-5 Fig. 1-18 For question 1-6

1-7 A person aims at a toy monkey hanging on a tree with an air-gun, at the moment when he shoots
while the toy just falls freely from rest . Explain: why the bullet always shot the falling toy monkey?

1-8 A boy sitting in a railroad car moving at constant velocity, throws a ball straight up into the air.

(1) Will the ball behind him? fall back into his hands ?

(2) What will happen if the car accelerates forward as the ball just thrown ?

(3) What is the path observed (a)by the boy; (b)by a person standing on the ground near the car?

1-9  Whether or not does the following state of motion exist?

(1) v =0, a #0 at a given instant;

(2) v#40, a =0;
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(3) speed-= a constant while velocity is changing;

(4) velocity= 2 constant vector while speed is changing;

(5) velocity in east while acceleration in south;

(6) acceleration is a constant vector while the direction of the motion is continuously changing.

1-10  Suppose that you seat in a car traveling along a straight way with a known speed in the rain with no
wind. You'll find that the rain drops strike the windshield forming an angle with the vertical, and measure it.

Bank of river Make a sketch to calculate the speed of the rain related to the ground?

1-11 A motor hoat is headed cross a river. Suppose the velocity of the stream
! current is 7 » the speed of the boat is w with respect to the water (v, > v ). If
” @ (1) the boat is headed tilted in a upstream direction to get a resultant ve-
p locity directly toward the opposite bank as shown in Fig. 1-19;

9

(2) the boat is headed pointing directly at the opposite bank, but reaches
Fig. 1-19 For question 1-11 the other bank in a downstream direction. In which way (a) the path will be
the shortest, (b) the time taken will be the shortest?

#
_» Problems

1-1 A particle moves so that its position as a function of time in Slisr (1) =i + 4t *j + tk . Write ex-
pressions for (1) its velocity and (2) its acceleration as function of time.
1-2 A man of A in height pulls a sled placed over ground by
H as shown in Fig. 1-20, if the man runs with v, find the veloci- %
ty and acceleration of the sled.
1-3  The position function of a particle is given by r = 2¢i + H
(2—¢?) j (SD. Find {
(1) the path funetion of the particle; ]

Ty

~

(2) the position vector at ¢t =0 and 1 =2 s;

(3) the displacement from ¢t =0 to 1 =2 s. Fig. 1-20  For problem 1-2
1-4 The position vector of a particle is given by r =2t *i + (5¢—1) j —t * k (SD), find

(1) the displacement from ¢, =1s to t, =2 s;

(2) the average velocity during the same time interval as in (1);

(3) the instantaneous velocity at ¢;and ¢,.

1-5 A particle is moving in a2~y plane, its position function is known as

x = +/3cos %z and y = sin %t(Sl)

find

(1) path function, draw the path curve in -y plane;

(2) the expressions of velocity and acceleration;

(3)the magnitude and direction of the position vector, velocity and acceleration at ¢t =1 s,

1-6 A particle moves along a linear path, it’s velocity is known as v = £ —2/#+1(m/s), if +=2 m when
t=1s, find

(1) the acceleration and position function;

(2) the acceleration, velocity and position of the particle at 1 =2 s,

1-7  The acceleration of a body moving along x-axis is a =(4x—2) m/s* where x is in meter. It is given

that v, =10 m/s at 7o =0 m, find the velocity at any other position.
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1-8 A particle moves with a constant speed v=>5m/s, the angle between velocity and raxis is £1€equal t6
the value of time) rad. The initial position is that x=0, y=5 m at t=0. Find the po§€$n function; draw the
path in -y plane.

1-9 A block undergoes back and forth motion along z-axis
as shown in Fig. 1-21, and its acceleration a = —kx/m (m is
mass, k£ is spring constant). Suppose xr=A when v=0, find the

velocity at any other positions.

1-10 A balloon rises from the ground with initial speed v,

and initial position y, =0, it is known that its v, = by (b is a

Fig. 1-21 For problem 1-9

positive constant) due to wind. Find

(1) position vector of the balloon (chose the +x points right) ;

(2) the function of x coordinate relative to y coordinate;

(3) the function of tangential acceleration a, and normal acceleration a, relative to y.

1-11 Known that the acceleration of a moving particle is given by a = (6i +4j ) m/s*, u,=0(m/s) and
ro=10i (m) at t=0. Calculate

(1) the velocity and position vector at any time;

(2) the path function in x-y plane and sketch the path.

1-12 A elevator is moving up with acceleration of 1. 22 m/s*, a screw pm==---- -

drops down from the ceiling when the speed of the elevator is of 2. 44 m/s. The ; o]
distance between the ceiling and the floor is 2. 74 m as shown in Fig. 1-22. Al o)
Calculate

(1) how long does the screw take before it impacts to the floor? [ ] « I"

(2) what is the distance does the screw pass with respect to the fixed

column outside the elevator. Q

1-13 A man throws a ball with a velocity of 32 m/s at an angle of 40°  Fig. 1-22  For problem 1-12
with the ground. Find the velocity and position (;f the ball after 3 s. Also find the range and the time required
for the ball to return to the ground.

1-14 A sportsman is jumping up over a pit with a mo-
torcar as shown in Fig. 1-23 in which v, =65 m/s, 0=22.5°,
H=70 m. Calculate

(1) the width of the pit;

(2) the time required for the motorcar to impact to the

other side of the pit;

(3) the magnitude and direction of the impact velocity. Fig. 1-23  For problem 1-14

1-15 The kicker on a football team can give the ball an
initial speed of 25 m/s. Within what angular range must he kick the ball if he is to just score a field goal from a
point 50m in front of the goalposts whose horizontal bar is 3. 44 m above the ground?

1-16 A wheel of a grindstone rotates about its central axis, has a constant angular acceleration f=0. 35 rad/s’,
and an initial angular velocity w, = —4. 6 rad/s. Calculate

(1) at what time ¢, will the grindstone come momentarily to rest?

(2) at what time will the grindstone have turned (in the positive direction) through five revolutions from its
initial angular position?

1-17  The Earth rotates on its axis with the radius R of 6370 km. Calculate the speed and acceleration of a

point whose location is at ¢ degree latitude as shown in Fig. 1-24, for
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(1) Beijing ¢ =39°57";
(2) Guangzhou ¢, =23°00" respectively.

\ v 1-18 A particle is moving in a circle of radius 20 cm, known that a, =
5 em/s” 5 if v, =0 at t=0, find the time required for
‘A (1) an= a,;
(2) an= 2a.

1-19 A particle undergoes circular motion of #=10 m, the angular accel-
, cration f=rmx rad/s”, suppose that v,=0 atz = 0, find
Fig. 1-24 For problem 1-17 (1) angular speed;
(2) a, and a,;

(3) a (magnitude and direction) at ¢ =1 s.

1-20 A projectile is thrown horizontally with an initial speed v, =15 m/s. Calculate a, and a, at t = 1s.

1-21 A particle is moving along a circular path of radium R, known that the path function is given by s =
bt+0. 5¢t * (b and ¢ are positive constants ). Find

(1) a, and a, at any time ¢;

(2) at what time when a, =a, ;

(3) how many revolutions has the particle completed during the time interval of t = 0 to¢t = 2 s 7

1-22 A train travels due south at 30m/s (relative to ground) in a rain that is blown toward the south by
the wind. The path of each raindrop makes an angle of 22° with the vertical, as measured by an observer station-
ary on the earth. An observer seated in the train, however, sees perfectly vertical tracks of rain on the window-
panc. Determine the speed of the raindrops relative to the earth.

1-23 A man swims cross a river of 100m width with the speed of 1. 50m/s relative to the water, he finds
himself having been brought along the direction of downstream for 50m when he reaches the opposite bank. Find

(1) the time he needs to swim cross the river;

(2) the speed of the water with respect to the bank;

(3) the actual velocity of the man with respect to the bank?

1-24 Two cars A and B are traveling with the speed vo =80 km/h and vz =100 km/h, respectively, calcu-
late the velocity of A relative to B in the following situations:

(1) A and B travel in same direction;

(2) A and B travel in opposite direction;

(3) wa and vg form an angle of 60°.

1-25 The compass in a plane indicates that it is headed due east, its air speed indicator reads 215 km/h. A
steady wind of 65 km/h is blowing due north.

(1) What is the velocity of the plane with respect to the ground?

(2) If the pilot wishes to fly due east, what must be he heading? That is, what must the compass read?
Then, what will be the speed of the plane relative to the ground?

1-26 A aircralt travels due east from city A to city B, then back to A again. Suppose the distance between
A and B is L, the speed of wind is «, the speed of the plane relative to the wind is v'. Show:

(1) if « =0, the total flight time 1, =2L/ o/ ;

(2) if u is due east, the total flight time ¢z = tq/(l_g%);

2

(3) if u is due north, the total flight time ¢ty = tn/ (] e ) ;

2

(4) in (2) and (3) we must assume «<<v' , why?



Chapter 2

Dynamics—Newton’s
Laws of Motion

Dynamics is the study of forces and their effects on the motions of bodies. In this and the
next two chapters we will focus on the motions of particles. In this chapter we shall see that
the cause of acceleration is a force exerted by some external agent or environment. The funda-
mental properties of forces and the relationship between force and acceleration are given by
Newton's three laws of motion. The first of these laws describes the natural state of motion of
a free body on which no external forces are acting, whereas the other two laws deal with the
behavior of bodies under the influence of forces.

Newton’s mechanics predicts results that agree with experiments in highly accurate within
a broad range of phenomena for macroscopic motions. However, it is necessary to point out
that for the problems in which the speeds of the particles involved are an appreciable fraction
of the speed of light, we must replace Newton’s mechanics by Einstein’s special theory of rela-
tivity while for the problems on the scale of atomic structure (for example, the motions of
electrons within atoms), we must replace Newton’s mechanics by quantum mechanics, We

now view Newton’s mechanics as an important, special case of these two,

2.1 Newton’s Laws, Force, and Inertial Reference Frame

2.1.1 Newton’s first law

Everyday experience suggests that a stationary object remains at rest unless some outside
force acts on it. A cup on a table will stay there until someone takes it away. A car parking on
the lot will be there until the driver start it. Less obvious is the statement that an object in
motion will continue in motion until an external force exerts on it and changes the motion. For
example, a baseball that if kicked twice, first on the ground, second on the ice, would roll
much father on ice before stopping than on the ground. This is because the horizontal interac-
tion called friction between the ball and the ground is much greater than that between the ball
and ice. This leads to the idea that a ball on a perfectly frictionless horizontal plane would stay
in motion forever. These ideal are formulated in Newton'’s first law of motion:

A body at rest remains rest and a body in motion continues to move at constant velocity un-
less acted upon by an external force,.
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First of all, this law reveals an important property of all bodies that is the tendency to
maintain their original state of motion, or maintain at rest, which is called inertia so that the
first law is called the law of inertia. Image what will happen when you seat in an moving auto-
mobile while suddenly accelerated or stop, to understand that everything in the world obeys
the law of inertia. All matter has inertia. The concept of mass, introduced later, is a measure
of a body’s inertia.

Furthermore, the first law of motion contains a qualitative definition of the concept of
force, or at least one aspect of the force concept,as “which changes the state of motion of a
body”. The friction force causes the ball slow down;the gravitational force makes a projectile
body bent its path;and the satellites have centripetal acceleration toward the earth, which are
produced by the gravitational pull of the earth, and so on.

Finally, the first law defines by implication what is known as inertial reference frame, It
is obvious that if this law is valid in one given reference frame, then it can not be valid in a
second reference frame that has an accelerated motion relative to the first. Those special refer-
ence frames in which the law is valid are called inertial reference frames. How do we know
whether or not a given reference frame is inertial? We can only tell by making a test: take a
free body, that is, a body isolated from all external forces, and observe its motion, if the body
maintains its state of uniform motion, then the reference frame is inertial. For example, in
Fig. 2-1, in the reference frame of an accelerating train leaving the train station, a ball initially
at rest on the frictionless table of the train has a “spontaneous” acceleration toward the rear of
the train observed by the man in the train, in contradiction to Newton’s first law, therefore
the train is not an initial reference frame;but in the reference frame of the ground, the ball re-
mains at rest before and after the train accelerates, and obeys the first law, so that the ground

is a inertial reference frame.

¢ N The problem we mostly concern is what refer-

ence {rames in practical use for everyday measure-
ments are inertial? The most commonly used refer-
a ence frame is the one attached to the earth. Al-

though crude experiments indicate that this refer-

I ence {rame is inertial (for example, the test shown

m in Fig. 2-1), more precise experiments show that

this reference is not exactly inertial, because the

Fig. 2-1 A test to tell a reference earth rotates about its axis with a centripetal accel-

frame is inertial or not eration on the order of 10 ? m/s® variable at differ-

ent location. For most practical purposes, we can neglect this small acceleration and so we can
regard a reference frame attached to the ground as inertial to a good approximation.

It is proved that the reference frame that moves relative to an inertial reference frame with

a constant speed along a straight line is also an inertial reference frame.
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2.1.2 Newton’s second law

Newton's second law establishes the relation between the force acting on a body and the
acceleration caused by the force. To find this relation experimentally, we can exert different
forces on different bodies and exert several forces on same body etc. All experiments and ob-
servations having been done so far can be summarized in a simple vector equation;

F = ma (2-D)
It means: An external force acing on a body causes an acceleration which is in the direction of the
force and has a magnitude inversely proportional to the mass of the body.

The mass defined by Eq. (2-1) called inertial mass which is the measurement of the inertia
of a body. If a certain force exerts on deferent bodies, the body with larger mass gains a smal-
ler acceleration, which indicates that its inertia is larger, and its state of motion is relative
harder to be changed. Put in the other way, the acceleration produced by a certain force is in-
versely proportional to the mass of the body that the force acts on. On the other hand, for a
certain body of mass m, the acceleration gained is proportional to the external force.

In the SI system, the unit of mass is kilogram, and the unit of force is Newton,1 Newton
= 1 N = 1 kg * m/s*. It is the adoption of SI system of units that makes the factor equal to
one in Eq. (2-1).

To understand Newton’s second law, we must note what physics meanings it includes.

(1) Newton’s second law is valid only in particles or the objects that can be regarded as
particles.

(2) If several external forces F,, F;, F;, **+ act simultaneously on a body, then the ac-

celeration is the same as that produced by a single fore given by

net Fl —l_ FZ * Z F
The single force that has the same effect as the combination of the individual forces is called

the net force or the resultant force which is the vector sum of the individual forces. In term of

net force, Newton's second law, becomes

Foet = Z F; = ma (2-2)

Eq. (2-2) can be interpreted as follows: each force acting alone produces its own acceleration
(a,= F,/m, a,=F,/m,++);and all the forces acting together produce a net acceleration a,

which, according to Eq. (2-2), is simply the sum of these individual accelerations.
:“(F1+F2+Fx Ea (2-3)

This is called the principle of superposition of forces and is equivalent to the assertion that each
force produces acceleration independently of the presence or absence of other forces.

(3) The relation between the net force and the acceleration holds instantaneously. This
means that they change simultaneously, or, the instantaneous acceleration corresponds only to
the value of net force in the same instant, once the force vanishes the acceleration becomes

zero simultaneously.
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(4) Eq. (2-2) can be rewritten (dropping the subscript of net) as
d*r
dr*

Like all vector equations, Eq. (2-4) is equivalent to two sets of scalar equations:

ZF, = ma, , ZF_Y = ma,, ZF: = ma. (2-5)

F =m

(2-4)

or
R - dy - de )
E F, =m TR E F,=m PR E:P, =m 2 (2-6)

If the path of motion is given, project Eq. (2-2) and Eq. (2-3) on tangential direction and nor-

mal direction of the path respectively, leads
ZFt:ma‘:m%, Z:Fn:ma”:mv?Z (2-7)

These equations relate every component of the net external force acting on a body to the corre-
sponding component of the acceleration of that body, and represent the most useful form for a
mathematical statement of Newton’s second law. Eq. (2-4),Eq. (2-6) and Eq. (2-7) are also
called differential functions of motion. By integrating, we can calculate the velocity and posi-
tion functions to determine the motion.

(5) The acceleration in Eq. (2-1) ~Eq. (2-7) is measured by the observer in an inertial
reference frame, which means Newton’s second law is valid only in inertial reference frames.

Finally, we note that Newton’s second law includes the formal statement of Newton's first law
as a special case. That is. if no force acts on a body, Eq. (2-1) tell us that the body will not be accel-
erated. This is not to trivialize Newton's {irst law;its role in determining the set of reference frames

in which Newton’s mechanics holds, justifies its status as a separate law.
2.1.3 Newton’s third law

Everyday experiences tell us that forces come in pairs. If a hammer exerts a force on a
nail, the nail exerts an equal but oppositely directed force on the hammer. If you kick a brick
wall, the wall pushes back at you. The situation has been summed up with the gentle words:
“you can not touch without being touched”,

Fig. 2-2 represents the general situation formally, let body A exert a force Fgy on body
B;experiment shows that body B then exerts a force Fyz on body A. These two forces are
equal in magnitude and oppositely directed, that is

Fius =— Fpa (2-8)
This is the quantitative expression of Newton's third law, put it in words: Whenever body A

exerts a force on body B,body B also exerts a force of equal magnitude and opposite direction on
body A.

"o F m,, Note that the order of the subscripts in Eq. (2-8). Fas is

4 il
the force exerted on body A by body B. The mutual interac-
F=—F,, tion involves two forces. Commonly,one of them (it does not

. . matter which) is called the action force,and the other member
Fig. 2-2  Newton’s third law
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of the pair is then called the reaction force. Every time you see a force,a good question is:
“where is its reaction force?”. Usually,Newton’s third law is called “action-reaction law”.

To apply Newton's third law correctly, you must be aware of the following aspects:

(1) As Fig. 2-2 shows,the two members of an action-reaction pair always act on different
bodies so that they can not possibly cancel each other. If two forces act on the same body they
are not an action-reaction pair, even though they may be equal and in opposite direction.

(2) The action-reaction pair of forces act on the interaction bodies simultaneously and
vanish simultaneously too.

(3) The action-reaction pair of forces belong to same category of force, that is, if the
action force is gravitational,or elastic,or frictional force, thus the reaction force is the gravita-
tional, or elastic,or frictional force also.

(4) Some action-reaction forces exist by contact, for example, you walk by pushing
backward on the ground;the reaction of the ground then pushes you forward. This kind of reaction
plays a crucial role in machines that produce locomotion by pushing against the ground, water, or
air, and so on, However, some other kinds of force exist even if the two interaction bodies are not in
direct contact, so the forces between them must bridge the intervening empty space. For instance,
the earth pulls on everything on it by means of gravity then the third law requires that everything on
the earth pull on the earth with an opposite force (its effective point of application is the center of the

Earth) but equal magnitude, this reaction force is also gravity.

2.2 The Forces in Mechanics and the Fundamental Forces in Nature

2.2.1 The general properties of forces in mechanics

1. Weight

Weight is the pull of Earth gravity. Consider a body of mass m in free fall near the sur-
face of the earth. Under the influence of gravity. this body will be accelerated downward with
an acceleration g. According to Newton's second law, the gravitational force that causes this
acceleration must be F =ma =m g . it has the magnitude of mg and the direction pointing
downward as g does. This force is what we call the weight. Usually we denote the weight by
the vector symbol G ,thus

G = mg (2-9)
In which g is called the gravitational acceleration, If the body is not in {ree fall but is held in a
stationary position by same supports,then the weight is still the same as given by Eq. (2-9),
however, the supports prevent the body from downward motion.

The weight of a body and the mass of a body are often confused because at any point near
the earth surface they are proportional to each other. Being the measurement of the inertia of
a body,mass,a scalar, is an intrinsic property, and is the same on the earth surface.in an or-
biting satellite on Mars,or on the Moon. Weight, a vector, is not an intrinsic property of the

body.it depends on the location because g varies with different altitude.
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2. Elastic forces

A body is said to be elastic if it suffers a deformation (no matter how small) when a com-
pressing or stretching force is applied to it and returns to its original shape when the force is
removed. Even bodies normally regarded as rigid, such as a steal ball,a wooden block. etc. .
are somewhat elastic. The force with which a body resists deformation and tends to return its
original shape,is called restoring force which acts on the other body in contact with it.

(1) Normal force is the perpendicular force with which each surface presses on the other,
its direction always points the opposed one, The magnitude of the normal force depends on the
extent of compression between each other and the properties of the material.

(2) Tension at the end of a cord is the force with which the cord pulls on what is attached
to it. Tension is always along the cord, and points the direction of contraction of the cord. If
the mass of a string can be neglected. applying Newton's second law, we can prove that the
tension acting on any segment of the cord is equal to the tension at the end, which exerts on
the attached body.

(3) Restoring force of a spring with which an elastic body opposes whatever pulls on it
often obeys a simple empirical law known as Hooke’s law: the magnitude of the restoring force
is directly proportional to the deformation. Hooke’s law is only an approximate and is often a
quite good approximation, provided that the deformation is within the elastic limit of the ma-
terial., If a spring is stretched beyond its elastic limit. it will suffer a permanent deformation
and not snap back to its original shape when released.

Fig. 2-3 shows an important special case of a coil spring. In Fig. 2-3(a). a light spring is
in its relaxed state, the coordinate x axis has an origin coinciding with its equilibrium position,
and the left end of the spring is fixed to a rigid support. If we apply a stretching or compress-
ing force to the right end,then we can measure the deformation of the spring by the displace-
ment that the right end undergoes relative to its initial position. In Fig. 2-3(b), a positive val-
ue of = corresponds to an elongation of the spring,and a negative value corresponds to a com-
pression in Fig. 2-3(c) ,obviously..x is nothing but the change in the length of the spring. In
this case, Hooke's law can be written as

F =—Fkx (2-10)
where £ is the spring constant, and is a positive number characteristic of the spring, a stiff

spring has a high value of £.and a soft spring has a lower value of £. The unit of # is N/m.

l '
I 1
1 1
I 1
I

L.

(a) (b) (c)

Fig. 2-3  (a) A spring relaxed. the origin O coincides with the equilibrium position;
(b)spring stretched x>>0, then F<Z0; (c¢)spring compressed <20, then F >0
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Eq. (2-10) indicates that the restoring force is proportional to the magnitude of the dis-
placement of the spring and points in the opposite direction of displacement refer to the coordi-

nate system above.
3. Frictional forces

(1) Kinetic friction exists between dry solid surfaces moving across each other at relative
slow speeds. Fig. 2-4 shows the general case in which a block of steal slides on a table top of
wool. Frictional force f\ exerted on the block by the table, pointing the opposite direction of
motion and resisting the motion, will gradually slow the block down and ultimately stop it.
From the Newton’s third law, the block also exerts an opposite friction f} on the top of the ta-
ble. Experiment shows that the magnitude of the kinetic friction between un-lubricated, dry
surfaces sliding one over the other is proportional to the normal force pressing the surface to-
gether and is independent of the area of contact and of the relative speed. Put it into mathe-
matical form as

S = N (2-11D)
Where 4 is the coefficient of kinetic friction, a constant characteristic of the materials in-
volved. Friction force is parallel to the contact surface and always in the direction opposite to
the relative motion. This simple law is quite a good approximation for a wide range of materi-

als (and is at its best for metals) when the speeds are not at high or low extremes.

& N
motion
£ F
- /e S
fi& _/;’
N{ N/
Fig. 2-4  Interaction between the Fig. 2-5 Interaction between the
moving block and the table surface tabletop and the block held at rest

(2) Static [riction exists between two surfaces at rest. Fig. 2-5 shows the general situa-
tion in everyday experience: If a external force F is exerted against the side of a steel block ini-
tially at rest on a wooden tabletop,the block will not be moved, this is because, in response,
a static [rictional force f, arises pointing to the opposite direction and exactly cancels the ex-
ternal force. If F is increased, f, will automatically increase until the external force is suffi-
ciently large to overcome the frictional force and to accelerate the body. The value that the
static {riction attains when the external force is just about to start the motion (so called
“breakaway” point),is the maximum of the static friction. Experiment shows that the magni-
tude of the maximum force of friction between un-lubricated dry surfaces at rest with respect
to each other is proportional to the normal force and independent of the (macroscopic) area of
contact. Mathematically

Ssmax = N (2-12)
where . is the coefficient of static {riction which depends on the materials. The direction of f.
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is parallel to the surface,so as to oppose the external force that tends to move the body. If the
external force is less than the critical value of “breakaway” point, then the static friction is al-
so less than fuux . In general,we have

Sfo s puN (2-13)
For most material g, > g and therefore the maximum static friction force is larger than the ki-
netic friction force,

(3) Fluid friction drag force: If a body moves through a fluid, a friction like drag force
will act on it to retard its motion. The object may be a cannon ball sinking in the ocean,a jet
plane in flight, a ball falling in oil etc.. When the body moves at a relative slow velocity
through a fluid, the force of the friction may be well represented by Stokes’ law

Fi=—kyu (2-14)
the coefficient £ depends on the shape of the body. For example,in the case of a sphere of radi-
us 7, a close examination reveals that

k= 6nr (2-15)

SO
Ff:*67cr17'v (2-16)
which means that the drag force is proportional to the velocity and opposed to it. The coeffi-
cient 7 depends on the frictional force between different fluid layers moving with different ve-
locity, which is called viscosity and 7 is called the coefficient of viscosity. In Eq. (2-15) the
unit of % is meter, thus in Eq. (2-16) the unit of y must be N « s/m*. On the other hand, the

fluid exerts a buoyant force on the moving body,which according to Archimedes’ principle, is

o P equal to the weight of the fluid displaced by the body. If m; is the

(fluid THCtion) (buoyancy) mass of fluid displaced by the body, so that the upward buoyant

force is
B=—mg
G=mg the net downward force is (m—m;) g, in this case the Newton’s sec-
(weight)
ond law becomes
Fig. 2-6 The forces on
(m —m)g—6rrpu = ma (2-17)

a body falling in fluid ) i
The three forces act on the ball as shown in Fig. 2-6 .

2.2.2 The fundamental forces in nature

At the fundamental level, all the forces mentioned above fall into two categories: the
gravitational force of which weight is an example and the electromagnetic force for the others.
Beyond above two kids of forces, there are two other forces known to occur in nature: the

strong force and the weak force.

1. Gravitational force

1) Newton’s law of universal gravitation

. Every particle attracts every other particle with a force directly proportional to the product

of their masses and inversely proportional to the square of the distance between them.
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The magnitude of the gravitational force that two particles of masses M and m separated

by a distance r exert on each other is
F=G, ¥ (2-18)

where (5, is a universal constant called as the gravitational constant and in metric units its value is
Gy, = 6.67 X 10N « m?/kg? (2-19)

The direction of the force on each particle is toward the other particle along the straight
line between the two particles; therefore the two forces are of equal magnitude and opposite
direction, form an action-reaction pair,

The gravitational force has some remarkable characteristics: first,it does not require any
contact between the interacting particles. In reaching from one remote particle to another the
gravitational force somehow bridges the empty space between the particles, this is called
action-at-a-distance. The gravitational force is the weakest among the four forces.

Second, the gravitational force between two particles is unaffected by the presence of
intervening masses, in the other words, it is completely independent of the presence of other
particles. This consequently leads that the net gravitational force between two bodies is mere-
ly the vector sum of the individual forces between all the particles making up the bodies, that
is, the gravitational force obeys the principle of superposition. It can be proved that the net
gravitational force between two spherical bodies acts just as though the mass of each body
were concentrated at the center of its respective sphere. This important result is called
Newton’s theorem.,

2) Gravitational force on a particle by Earth

As an example to apply Newton's theorem, the magnitude of gravitational force exerted
by the earth on a particle above its surface is given by

F=6, Mr;’" (2-20)

in which M. is the mass of Earth, m is the mass of the particle, and r is the distance from the
center of the earth to the particle.
For the special cases that the particle is at the surface of the earth (almost all of the cases

involved in our course), let R, represent the radius of the earth, from Eq. (2-20), we have

=~ Me
F:("’me (2-21)
The consequent acceleration of the particle is therefore
. G()Me
S

Which is a constant for all particles at (or near) the surface of the earth, called the accelera-
tion of gravity, and labeled as g, so

. G()Mc
=&
We usually call F in Eq. (2-21) as weight G, that is, weight G = mg .

(2-22)

At a distance » (»~>R.) from the center of the earth, the acceleration of gravitation becomes
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o =2 (2-23)

’
It is obvious that the acceleration of gravitation decreases with the altitude above the surface of
the earth.

The mass defined by Eq. (2-21) is called the mass of gravitation while the mass defined by
Eq. (2-1) is called the mass of inertia. If we choose proper units, it can be proved that these
two masses of the same particle equal each other. In the following, we’ll make no difference

between these two kinds of mass.
2. Electromagnetic force

Electromagnetic force is an attraction or repulsion between electric charges. We shall dis-
cuss this kind of forces in detail later in the second part of our course. The electric and mag-
netic forces once considered to be separated are now grouped together because they are closely
related. The magnetic force is nothing but an extra electric force that acts whenever charges
are in motion.

Like the gravitational force, electromagnetic force is also action-at-a-distance force, be-
cause it bridges the empty space between the charged particles. Another similarity of electric
force compared with the gravitational force is that it is also inversely proportional to the
square of distance between the interacting charged particles.

All such forces, including the tension in a cord, restoring force in a spring, the frictional
forces, the drag force and so on, at their deepest level, are noting but electromagnetic force

between the charged particles in the atoms of one body and those in the atoms of another.
3. Strong force

The strong force acts mainly within the nuclei of atoms. It binds together the constitution
of protons and neutrons and serves as a“glue” that holds the atomic nucleus together. This
nuclear force is called “strong” because it is the strongest of the four fundamental forces. It
can be either attractive or repulsive. The strong force will push the protons apart if they come

too near to each other and it will pull them together if they begin to drift too far apart.

4, Weak force

Finally,the weak force only manifests itself in certain kinds of radioactive decay reac-
tions, which involve the spontaneous break up of a particle into several other particles. This

force is called “weak” because it is very weak. The distance over which a force acts is called its

range. Table 2-1 lists the strength and range of the four fundamental forces.

Table 2-1 The four fundamental forces

Force Acts on Strength/N Range
gravitational all masses 1034 infinite
weak most elementary particles 102 less than 10" m
electromagnetic electric charges 102 infinite
strong nuclear particles 104 10 m
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2.3 Fundamental Quantities, Units, and Dimensions

Physics is based on measurement. Before we measure something, we must first set up a
standard and assign a unit for each quantities to be measured. There are fundamental (or bas-
ic) and derived quantities and units, Physicists recognize four fundamental independent quan-
tities: length,mass,time and electric current, we deal with the former three in mechanics. The
other quantities called as derived quantities, can be related to these basic quantities by their
definitions, expressed as some combination of them. By means of these defining relations, the
units of all derived quantities are represented in terms of the units of the four basic quantities.
Different selection of fundamental units forms different system of units. International system
of units, abbreviated SI and popularly known as the metric system,is commonly used in the
world. In mechanics the fundamental units in SI are meter,second and kilogram for length, time
and mass, respectively. The derived mechanical units are defined in terms of them, for example,
the unit of force, Newton,is represented as kg * m/s”,according to Newton’s second law of F
=m a and the definition of acceleration.

Meter , with the development of science, for higher precision, redefined in 1983 is the length of
the path traveled by light in vacuum during a time interval of 1/299 792 458 of a second, instead of
the standard of the wavelengths of a particular-red light emitted by atom of Kr-86 adopted in
1960 that ones was instead of the original standard of the platinum-iridium bar.

Second , base on the cesium clock was adopted as the international standard in 1967, that is: one
second is the time occupied by 9 192 631 770 vibrations of the light (of a special wavelength) emitted
by a cesium-133 atom. The precise time signals are continuously announced by radio station WWV,
Fort Collins, Colorado of United States, which is called Greenwich Mean Time.

Kilogram ,abbreviated kg, the first SI standard of mass.is defined as the mass of the in-
ternational prototype of the kilogram, a platinum-iridium cylinder kept at the international Bureau of
Standards near Paris. Accurate copies have been sent to standardizing laboratories in other countries
and the masses of other bodies can be found by the equal-arm balance method.

To meet the need for a better and much smaller mass standard in science, the second mass
standard has been developed. It is the carbon-12 atom which by international agreement, has
been assigned a mass of carbon-12 unified atomic mass (abbr. u), also called Atomic Mass
Unit. The relation between the two SI mass standards is

lu = 1. 6605402 X 10 " kg
The uncertainty of it is about #=10 units in the last 2 places of decimals.

Dimension is a very important concept. The SI meter, millimeter, kilometer, the English
units of inches,feet,etc. » all of these units are said to have dimensions of length, symbolized
by L. Likewise, all different time units, such as seconds, minutes, hours, etc. . are said to
have dimensions of time,symbolized by T. The kilogram and all other mass units have dimen-
sions of mass, symbolized by M. From these three fundamental quantities, we can express all

various mechanical derived quantities by means of combinations of L., T and M. For instance,
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volume, such as cubic meter, has dimension of L.’. Mass density is defined as mass per unit
volume, so that, has dimensions of M/L*. The formula that expresses a quantity in terms of a
combination of the fundamental quantities,is called the dimension of that quantity. The di-
mensions of some quantities in mechanics we discussed before are given in the following:
[v] =LT"', [a]=LT?% [F]=MLT?
[w]=T"', [pl=T?*, [4]= L"(no dimension)

A quantity in a square brackets, say [ F ], represents the dimension of that quantity.
Numerical factors have no dimensions. Another way to express the dimension of a quantity is
simply putting the symbol dim before it, for example, dim F=MLT ?*, dim =T 'etc..

Dimensional analysis is important in understanding physics and in solving physics prob-
lems. Physical equations must be dimensionally consistent. In other words, every term in the
two sides of a equation must be dimensionally the same. For instance, if someone give an
equation = mv, we analyze the equation dimensionally, the dimension of the left side is
MLT ?, but the right side MLLT ', obviously, the equation is not correct. Dimensional anal-
ysis is a useful way to catch careless errors in physics calculation. Furthermore. dimensional

analysis can give physicists some hint to find, even, to discover some new laws of physics.

2.4 Applying Newton’s Laws of Motion

To analyze the forces exerted on the object and to find its motion are an important prac-
tice in the study of university physics. The procedure consists of following steps:

(1) Select a body to which Newton’s laws will be applied. Analyze the process of its mo-
tion, classify it and use specific method to find the solution.

(2) Draw a free-body diagram, be sure all the forces acting on the chosen body, including
both contact forces such as normal force, tension, friction, and noncontact forces such as
gravity and so on.

(3) Set up a coordinate system, determine components of forces and accelerations with
respect to the axes, and label them in algebraic symbols. If more than one body is involved.
the above steps must be carried out for each body. and express the geometrical relationships,
if any, between the motions in algebraic form.

(4) Write the component equations of Newton's second law for each body, find the un-
known quantities. Analyze the results if necessary.

Example 2-1 A box m;of 0. 4 kg and a box m, of 0. 2 kg are connected by a light rope
passing over a frictionless pulley slide on two inclines A and B which form 60°and 30° angles
with the horizontal respectively as shown in Fig. 2-7(a). The coefficient of kinetic friction s
between the boxes and the inclines is 0. 4. Find the acceleration of the boxes.

Solution First, select the two boxes and analyze the forces exerted on;there are four forces act-
ing on each of the two masses: the weight acting downward, the normal force exerted by the plane at
right angles to the plane, the tension in the string and the retarding force due to kinetic friction along

the attached surfaces. Assume that m; slides downward along A while m, up along B.
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(a) (b) (¢)

Fig. 2-7 For Example 2-1

Draw a {ree-body diagram. Set up coordinates so that x axis parallel to the inclines, mark
every force on each body and their x,y components as shown in Fig. 2-7(b) and Fig. 2-7(c).

According Newton's second law, write down the x,y components equations for each body
as followings:

myg sinb0” — T, — f,1 = ma

For m,
N, —m,; g cos60° = 0

and

f = pN; = pm, g cos60°
We have

m; g sin60° — T, — pm, g cosb60° = m;a @D

For m,

T, —m,gsin30° — f,, = mya

N, —m,g c0s30° = 0
and

Su2 = uNy» = pm, g cos30°
We have

T, —myg sin30° — pm., g c0s30° = mya @
Because the mass of the rope can be neglected, so that, T, = T, in magnitude, but oppositely,
adding Eq. (D and Eq. @ gives

mi g sin60° — my, g sin30° — p Gmy g cos60° +mz g c0s30°) = (m; +my)a )
so that the acceleration of the masses obtained as
P m_ji_n‘T [m; sin60° —m; sin30° — p2 (m; cos60° + my cos30°) ] @
I 2

Substitute all data into Eq. @, the magnitude of acceleration is given as

_9.8X J3 1 1 ﬁ} 2 2
a_0.4+0.2|:0‘4><* 0.2 X = O.4><(O.4><§+O.2><—) m/s” = 1.59 m/s

2 2 2
®

You can [ind the magnitude of the tension T in the rope by substituting all data including =
1. 59 m/s” into Eq. @) or Eq. @ easily.
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If we assumed m; would ascend, the above analysis would lead to a negative acceleration
indicating that it descends actually, in this case we should change the signs of some forces.,
check the procedure and the result again.

Example 2-2 A reindeer drags a flatcar-sledge with mass m; = 60 kg on which a crate of
mass m, = 40 kg is placed, moves forward on the snow coved ground. Suppose that the force F exer-
ted on the sledge by the reindeer makes an 30°angle with the horizontal as shown in Fig. 2-8(a), the
coefficient of kinetic friction between m, and the ground is p=0. 15 while the coefficient of static
friction between m, and m; , g, =0. 3.

(1) If no relative motion between m, and m, , find the expression of the force F related to
the acceleration.

(2) What is the maximum acceleration before m, starts to slide relative to m,? Calculate

the corresponding value of F .

a v N Ny

_ F
S o S I gl L = S

(m + m,)g

(a) (b) (c)

Fig. 2-8 For Example 2-2

Solution (1) We use blocks m,and m» to represent the flatcar and the crate respectively.
If no relative motion between m; and m,, we can treat (m; + m,) as a whole. Draw a free
body diagram, set the x axis of the coordinate pointing right, and project every force into the
axes, let a be the common acceleration along positive = direction showing in Fig. 2-8 (b).

Apply the component equations of Newton's second law., we have

the x component F c0s30° — fi, = (m; +m3)a @D
the y component F sin30°+ N, —Gn, +my)g =0 @)
from Eq. @

N, = (m; +m,)g — F sin30°
and
S = mNi = pucGmy +my) g — pu F sin30° @
substituting Eq. @ into Eq. @ yields
F c0s30° — pu Gmy +mz) g + pu F sin30° = (m, +my)a
so that the relation between F and a is

_ G+ my)Gug+a) @
(c0s30° + g sin30°)

Put the known data into Eq. @
F = [100 X (1. 47 + ) /0. 941N
If the sledge moves at constant velocity, a = 0, then F,=156. 2 N at least.
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(2)Choose m; as the object and draw its free-body diagram as in Fig. 2-8(c¢). It is that the
static frictional force exerted on m; by m; produces the acceleration a for m,. The static friction
will increase with the increase of the acceleration until it reaches its maximum value f, =g N2
which is corresponding to the maximum acceleration of a.... If the acceleration was over .y
then m, would start to slide relative to m;. Applying Newton’s second law to m, for the mo-

ment just before it slides, we have two component equations:

the & component fa1.= Ma2@ax @)
the y component Nz —meg =0 ®

and
f21 :fsmax :,usNzl = pshz g @

combining Eq. © and Eq. @ yields
Ao = o8
substituting all data, we have
A mx = 0.3 X9.8 = 2.94(m/s*)
which is the maximum acceleration before m, starts to slide relative to m,

Put an. into Eq. @ the corresponding force F is therefore

100 X (1. 47 4 2. 94)
Fax = 0.941 H

Example 2-3 In Fig. 2-9(a), a incline of mass M is placed on a table and a block of mass

= 468. 6N

m is put on M. Suppose that all contact surfaces are frictionless and angle @ is known. Find

the acceleration of M, and the acceleration of m with respect to M.

NecosON'

M

x —
‘ a,,coso
1
v
= m\{
(a) (b) a,, Sind

(d)
Fig. 2-9 For example 2-3

Solution We have two objects to be analyzed. Find all forces exerted on M and m, and draw
free-body diagrams for each one as in Fig. 2-9(b) and (c¢). The possible motion of M suppose ay
with respect to table is towards the left caused by the horizontal component of normal force N exerted
by m. The possible motion of m: as m moves together with M, it slides down relative to M with
amv » therefore, the acceleration of m is the vector sum of ay and am. Set =y coordinates, decom-
pose all forces, a,, and a,u into x, y axes as in Fig. 2-9 (b), (¢) and (d), note that

a, = G,m + ay
x-component of a,, Ame = Apum COSH — ap
y-component of a,, Ay = QA SING

Write the component equations of Newton’s second law for m and M, respectively, we have
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x-component for m N’sinf = m(a,ncosd — ay) @
y-component for m N'cos) — mg =— ma,usinf &)
x-direction for M — Nsind =— May
or
Nsinf = May ©)
and
N=N’ @

The number of equations is equal to the number of variables,

so we obtain

__ mg sinfd cosf

ay —

m sin’f+ M
P (m —i—l\Z/I)g sind
m sin“0+ M
‘mg Example 2-4 A small ball of mass m is attached by a
Fig. 2-10 For Example 2-4 thin cord, moving along a circle of radius R about a fixed

center () in the vertical plane as shown in Fig. 2-10. Suppose that the ball is passing through
the bottom point A with initial speed v,. Find

(1) the speed as a function of angular position;

(2) the tension in relation to angular position.

Solution (1) The forces exerted on the small body are weigh mg and the tension T. Ap-

plying Newton's second law, we have mg + T =ma , and the two components of it are;

2
normal direction T — mgcosfd = m % @D
; : ; ., dou
tangential direction —mgsing = m & ®

and
dv _ dv  Rdf _ wdv ®
dt Rd§ dt Rdo

Substituting Eq. @ into Eq. @ yields

vdv _ .
Rdo gsinf @
separate variables in Eq. @ and rearrange it, we have

vdv =— Rg sinddf

By integrating, and note when t = 0, v = v, so that we have

v ]
J v ile :—jo sind df
0

Yy

SO

v = /vt +2Rg (cosf— 1) ®
This is the speed in relation to angular position 6.

(2)Substituting Eq. @ into Eq. ) and rearranging it yields

T:m(%z)—Zg—i—SgCOS@) ®
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You can make the analysis about the variety of T with the change of . Furthermore, what is
the initial speed needed in order to finish one circle, which means the tension T Z=0 as the ball
just passes the top position.

Example2-5 A small ball of mass m and radius r is moving descend through a viscous
fluid from rest along a straight line . Find

(1) the velocity of the ball as a function of time;

(2) the terminal speed. The coefficient of viscosity 5 of the fluid is known.

Solution (1) This is the case shown in Fig. 2-6. From Stokes’ law Eq. (2-14) to Eq. (2-17),
let +y direction downward, applying Newton’s second law for the ball in a viscous fluid:

(m —m;) g — b6xrp = ma

In which F=(m—m/) g is a constant for the given ball, #=6xr, rewrite above equation as

dv
so that
dvo _ ky( _ F
dt m (U kq)
Separating variables and integrating, while considering that v =0 at z = 0, we have
Jv _dv - @?2 ‘ ds
o v — F/Ckp) m Jo
That 1s
_EN_ (_F\__ kg
ln(’v kq) ln( kq)—- mt
or
'U_F/(k!Z) — efk:qf/m
— F/(kp)
Rewriting above equation yields the speed of the ball as the function of time"
= i) (1—e ) D
ky

(2) The exponential term decreases rapidly soon becoming negligible. Let t—>co, the
speed becomes constant:
*u,:limE(l%e*%?‘):£ @
troa oy ky
which is the terminal speed. Suppose the mass densities of the ball and the fluid are e and p'
respectively, substitute them and # = 6nr as well as m= 457 p/3 into Eq. @, the terminal

speed is then
,

:(49;40/_)3'.4_75322.&—_,0_. 2
o 6erp 3 9 g 8T

obtained.

2.5 Galilean Transformations

In section 1. 5, relative motion, we have discussed the situation that two observers mov-
ing with respect to each other describe the same motion of a particle, and obtained the rela-

tions between the positions, velocities and accelerations indicated by Eq. (1-51)~Eq. (1-54).
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Now we discuss the transformations between two inertial reference frames moving rela-
tive to one another. Consider two coordinate systems S and S’ which i1s moving with constant
velocity u along x axis relative to S as shown in Fig. 2-11. Assume that O and O coincide at ¢

=0. s000" = ut, then we have

r=r—ut (2-24)
o 1 s Additionally, there is an assumption of
‘ — u ¢ =1 (2-25)
, ’ where ¢ and ¢ are the times measured by S and S’ respec-
’ tively. The Components of space-time coordinates are
0 ul o' £ I/ = r—ut
p
Fig. 2-11  Two frames moving y/ Y (2-26)
relative to each other Z, =%
T =t

Eq. (2-26) {for reference frames in uniform motion relative to one another is called Galilean
transformation, which is lie at the foundations of Newton’s theory of space and time, it means
that time is absolute and therefore the space is also absolute in classical mechanics. The Gali-
lean transformation is therefore valid as long as Newton’s theory holds. That means when we
are dealing with the problem of velocity much smaller compared with the speed of light,
Eq. (2-26) is valid. For the situation of high speed comparable with the speed of light, Galile-
an transportation is proved not be valid and will be replaced by Lorentz transportation that is
the subject of special theory of relativity in modern physics of this course.
The Galilean transportation for velocity and acceleration obtained by taking differentiation
of Eq. (2-26), because of uniform relative speed u, we have
v =v—u (2-27)
a =a (2-28)
This means the acceleration does not depend on the reference frames which are in motion respect to
one another with a constant velocity. In Newton's theory, force F and mass m measured in frame S’
all remain unchanged, thus, It can be seen that the form of Newton's second law
F' = ma’
F = ma
remains unchanged also, it follows that the form of the conservation law of momentum re-
mains unchanged as well as the other mechanical laws in classical mechanics. In brief, me-
chanical laws are equivalent for all inertial frames, there is no an absolute inertial frame.

which is called as Galilean relativity theorem.

2.6 Non-inertial Frame and Inertial Force

As stated above Newton'’s laws hold only for inertial frames. The reference frame moving accel-
erated relative to an inertial frame is a non-inertial frame. For instance, the accelerated train in

Fig. 2-1, for the ball on the frictionless surface in the train, is a non-inertial frame, as well as an ac-
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celerating elevator, a car suddenly making a turn, an accelerating vehicle for the passenger in it etc. .
Particularly when we investigate the atmospheric circulation or other motion in large scale, the influ-
ence by the earth rotating can not be neglected, in these cases we take the earth as an non-inertial
frame. Moreover, in view of such situation it is interesting and significant that if we introduce a hy-
pothetical force or a new concept — inertial force, then Newton’s law renews in form and still can be

applied to solve the problems in non-inertial frame conveniently.
2.6.1 [Inertial force

In the case shown in Fig. 2-1 of section 2-1, the train moves with acceleration a , respect
to the station (an inertial frame). the observer in the train find the ball has a *“spontaneous”
accelerationa = — a, toward the rear of the train without any external force exerted on it,
which violates Newton's law, but, if we introduce an assumed force—inertial force F,

— ma, that exerts on the ball, then the form of the Newton’s second law could be used to ex-
plain the phenomenon, that is, F; = ma, a =— a, here a represented the acceleration of the
ball with respect to the train.

For general case of the motion in non-inertial system, suppose that a non-inertial {rame
translational moves with acceleration a, related to an inertial frame, an object of mass m exer-
ted by external force F , moves with acceleration a related to the non-inertial frame. According to the
theorem of acceleration addition, the acceleration a’with respect to the inertial frame is
a =a-+a,

and the Newton’s second law in the inertial frame is

F = ma’ = m(a+a,) (2-29)
in view of the non-inertial frame the inertial force on the object is defined as
F, =— ma, (2-30)
substitute Eq. (2-30) to Eq. (2-29), we have
F+ F, = ma (2-31)

It indicates that the sum of the external force and the inertial force, the total effective force
exerted on the object equals to the product of mass and the acceleration with respect to the
non-inertial frame, which is so called the Newton's second law renewed in non-inertial refer-
ence frames.

Note that (1) The magnitude of an inertial force equals the product of mass and acceleration a, of
the non-inertial frame related to the inertial frame, but in the opposite direction of a..

(2) Inertial force is a suppositious force, it has noting to do with mutual interaction be-
tween two objects, but a kinematical effect, there is no exerting side and reaction side either.
So, having introduced inertial force in a non-inertial frame, Newton’s second law renews in
form but the third law does not.

Example 2-6 Acceleration meter. In Fig. 2-12, a block-spring system on a frictionless surface
of a table fixed in a train accelerated moves along + x direction . An observer in the train finds the
block at rest when the spring extends by z, . Suppose that the mass m of the block and the spring

constant 4 are known, to find the acceleration a, of the train related to the station.
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Fig. 2-12 For Example 2-6

Solution The train is a non-inertial frame . In view of the observer in it, the acceleration
of the block relative to the train is zero, the inertial force on the block F; =—ma, pointing to
the left, from Hook’s law the external force F =— kx, pointing to the right, note that x, << 0,
by applying Eq. (2-31), we have

— ko —ma, = 0

3 .
then a, =— —x obtained.
m

This result indicates that we can use the extension of the spring to measure the accelera-
tion of the train, conversely, if a., m known, % can be measured as well.

Example 2-7 Apparent weight in a freely falling elevator.,  Assume that a passenger of
mass m stand on a platform scale in an elevator shown in Fig. 2-13. What would be the scale
reading if the elevator falls freely?

Solution In this case the freely fall elevator is a non-inertial frame with acceleration g .
The scale reading equals to the magnitude of the normal force N on the passenger by the scale,
which is the weight that the passenger would read from the scale display, this quantity is often
called the apparent weight.

The only external force on the passenger is the gravitational force

G — mg . In view of the observer in the falling elevator the inertial force
is F; =— mg upward directed, and the passenger is keeping stationary
respect to the cab, in other words, the acceleration a related to the cab
2 is zero. According to F+ F, = ma , we have
— N-+mg —mg =0

SO

N=0

Fig. 2-13 For Example 2-7 Thus, the freely falling scale reads zero and the passenger con-

cludes that he is weightless. This is the same weightlessness that
astronauts of a spacecraft in orbit around the earth experiences. The feeling of weightlessness
arises not because gravity has ceased to act — it hasn’t but because the vehicle and its occu-
pant are both accelerating toward the center of the earth at the same rate . In the matter of
fact, it is gravitation that keeps the spacecraft in orbit around earth., Actually,in a space shut-

tle, the astronauts are “weightless”— they would float above any scales attached to the floor.
2.6.2 Inertial Centrifugal force

A block of mass m on a frictionless disc while attached to the fixed central axis by a string
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of radius r shown in Fig. 2-14, when the block is moving together with the disc of the same
angular speed relative to the ground what is the inertial force on the block?

In this case, first, in view of the observer on the ground,
the inertial frame, the centripetal force needed to keep the
block in uniform circular motion is the tension force T pulling
on the block from the string inward along the radial direction.

From Newton's second law

T = mrw®

While. in view of the observer on the rotating disc, the non- 5 2.14 A rotating frame and
inertial frame, the block keeps at rest with respect to the inertial centrifugal force
disk, and an inertial force F;on the block together with the
tension force keep the balance, applying Eq. (2-31)

T Fi =0
So that

F; =— mw®r (2-32)
which is directed outward along the radial axis as shown in Fig. 2-14. This inertial force is
called as inertial centrifugal force. Note that although the tension force and the centrifugal
force are in same magnitude and in opposite direction but not a pair of action-reaction force.

The centrifugal effect is an objective reality in rotating system, though it is a kind of hy-

pothesis force introduced in non-inertial frame. And this effect wide utilized in all fields, from
centrifugal cream separator in milk industry, centrifugal whizzer in chemical laboratory, to
separation of uranium 235 from a kind of uranium gaseous compound in atomic reactor as well. The

most common centrifugal machine is an automatic washer used in thousands of households.
2.6.3 Coriolis force

Finally we discuss so-called Coriolis force. If an object of mass m moves with respect to a
rotating frame, besides the centrifugal force, there is another kinematical effect—a Coriolis
force would be on the moving object. It can be proved that the Coriolis force F is represented by

Fc=2mv’ X (2-33)
Which is the cross product of two vectors, v is the velocity of the object relative to the rota-
ting frame while @ is the angular velocity of the rotating frame with respect to inertial frame,
say, a frame [ixed on the ground. The both directions of @ and F; are determined by the
Right-handed screw rule shown in Fig. 2-15. The thumb points to the direction of @ , when
one's 4 fingers curve along the way of rotation, for example, if rotating counterclockwise,
then @ pointing upward. The direction of Coriolis force is pointed by the thumb, when one’s 4
fingers curve from v’ to @ as shown in Fig. 2-15, perpendicular to the plane determined by v’
and @ , and F¢ is on the right side of v ', makes the motion deviate to right hand direction.
The magnitude of Coriolis force is given by

Fe = 2mvwsing (2-34)
0 is formed by v’ and @. 8 = 90° in Fig. 2-15 where Fc = 2mv’w.
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Considering the effect of Coriolis force in a rotating
system, we can interpret many phenomena by the influence
of earth’s rotation. From Eq. (2-33), it is deduced that F is
always on the right side of the motion at north hemisphere, bud

on the contrary at south hemisphere. In weather forecasting TV

program, the whirling in atmosphere is counterclockwise in satel-
Fig. 215 The direction of Coriolis lite cloud diagram in north hemisphere, while such whirling is
force in rotating frame clockwise in south hemisphere. And also, because of the influ-
ence of Coriolis force the right shore of the river is more washed

out than the left shore in north hemisphere.

Finally, the Foucault’s pendulum provides one of the most dramatic demonstrations that the
earth is not an inertial frame, but is rotating. The observation on the earth show that the orientation
of the plane of swing gradually rotates clockwise, which conversely gives the proof of earth’s rota-
ting. Because of the Coriolis force is always on the right side of v, so that the real trial of the pendu-
lum bob drifts sideways that makes the plane of swing rotate. Fig. 2-16 shows the situation that if
Foucault’s pendulum were placed at the North pole. In Beijing astronomy observatory, the plane of

Foucault pendulum with 10 meters length rotates one round every 37 hours and 15 minutes,

Fig. 2-16 A Foucault’s pendulum is placed at the North pole of the earth,

tends to swing in a fixed plane, actually, the earth rotates under it

,, ,{ Questions
—ipd

2-1  'Why no matter how hard you push the wall of a carriage in which you are, it’s never move forward at all?

2-2 The weight of a certain bowling ball, say, is 71N on the earth’s surface, 27N on the Mars, and 12N
on the Moon; while its mass is 7. 2 kg in the all three places. Explain.

2-3 Is certainly the frictional force acting on a body always pointing to the opposite direction of its motion?
Explain using some examples.

2-4  The following statement is true, explain it: Two teams are having a tug-of-war, the team that pushes
harder (horizontally) against the ground wins.

2-5 While rounding a curve at high speed, a motorcycle rider leans the motorcycle toward the center of the
curve. Why?

2-6  Why are the train road beds and highway banked on curves?

2-7 How could you measure the coefficient of static friction between a small metal block and a wood plate

on which the block put at rest in the beginning? Draw a sketch and describe the possible experiment you design.
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2-8 A weight is hung by a cord from the ceiling of an elevator. From the following condition, choose the
one in which the tension in the cord will be greatest or least: (a) elevator at rest; (b) it rising with uniform
speed; (¢) it descending with decreasing speed; (d) it descending with increasing speed.

2-9  Two identical weights are attached by a cord over two identical pulleys.  wzvirzviizzirre LL LLLL

In the beginning, they were at same height, then, give a horizontal speed to one
of them so that it begins to swing about its equilibrium position, as show in
Fig. 2-17. whether or not the two weights remain balance? If not, why?

2-10 A passenger in the front seat of a car find himself sliding toward m ~o m
the door as the driver make a sudden left turn. Describe the forces on the 777777
passenger and on the car at this instant if the motion is viewed from a refer-  F1& 217 For Question 2-9
ence frame (1) attached to the earth (2) attached to the car.

2-11 In a roller coaster with a full vertical loop, when a men is just passing its top position, some students
give two statements:

(1) there are three forces including weight, tension, and centripetal forces acted on him;

(2) beside above three downward forces, there is a upward centrifugal force to balance them. Are they cor-
rect? If not, give correct answer.

2-12  Review Example 2-3, could you choose non-inertial reference frame to solve 1t? if so, how do you an-
alyze the forces on the block and write the dynamic equations for it?

2-13  Draw a sketch of the earth, like Fig. 2-16, using Eq. (2-33), show that F¢ is always on the right side
of the motion at north hemisphere, on the contrary, it is on the left side at south hemisphere.

& j; Froblems

2-1 A 40 kg slab rests on a frictionless floor. A 10kg block rests on the top of it (Fig. 2-18). The coefficient of

static friction between the slab and the block is 0. 6, whereas the kinetic coefficient is 0. 4. The 10 kg block is acted by

a horizontal force of 100N. What are the resulting acceleration of (1) the block and (2) the slab, respectively?

2-2 A men of mass m=72. 2 kg stands on a platform scale in an elevator cab(Fig. 2-13). Find the scale
reading for the following cases: (1) if the cab is at rest or moving with constant speed;(2) if it has an upward
acceleration of 3. 20 m/s”; (3) it has a downward acceleration of —3. 20 m/s?; (4) if the cab broken, so that the
cab falls freely; (5) what would happen if the cab were pulled (downward) with an acceleration of —12. 0 m/s?.

2-3 A truck travels with a speed of 54km/h on a road, and a 50 kg crate is placed on the floor of the
truck. Suppose no relative motion between the crate and the floor, find the frictional force exerted on the crate in
the following cases: (A) The path is a straight line, (1) the speed is increasing with an acceleration of 2 m/s’;
(2) the speed is decreasing with an acceleration of —1. 6m/s*. (B) The path is an arc of radius 250 m, problem
(1) and (2) are the same as those in (A).

2-4 At a highway. a curve of radius R is banked at an angle of 0 as shown in Fig. 2-19. If the driver of a
car does not wish to rely on friction, at what a speed of v, should he take this curve? if v = w4, or v < ©, in what

direction of the frictional force will be?

10 kg 3 @
40 kg Sy
7 7 7 \

no friction [}

Fig. 2-18 For problem 2-1 Fig. 2-19 For problem 2-4

100 N
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2-5 Two masses, m; =1. 65 kg and m, =3. 30 kg, attached by a mass-less
rod paralleled to the incline on which both slide, as shown in Fig. 2-20, travel
down along the plane with m; trailing m,, The angle of the incline is §=30°, the

coefficient of kinetic friction between m; and the incline is p; = 0. 226; between

myand the incline is g, =0. 113. Calculate

(1) the tension in the rod linking the masses; Fig. 2-20 For problem 2-5

(2) the common acceleration of the two masses;

(3) how would the answers to above questions be changed if m; trailing m; ?

2-6 A particle of mass 10 kg, subject to a force F=(12¢+40)N, moves in a straight line. At time /=0
the particle is at 2, =5m, with velocity w,=6 m/s. Find its velocity and position at any later time.

2-7 Fig. 2-21 shows a conical pendulum, its bob of mass m whirls around in a horizontal circle at constant
speed v at the end of a cord whose length, measured to the center of the bob, is L. The cord makes an angle 0
with the vertical. As the bob swing around, the cord sweeps out the surface of a cone. Find the period of the
pendulum, that is, the time ¢ for the bob to make one complete revolution.

2-8 A kind of rotor is found in mane amusement parks. It is a hollow cylindrical room that can be made to
rotate around a central vertical axis, as show in Fig. 2-22. A person stands up on the floor against the wall. The
rotor starts rotating and gradually increases its speed until, at a certain critical speed, the floor is dropped away,
revealing a deep pit. The person does not fall but remains pinned to the wall. p between the wall and the
person’s clothing is 0.4, and the radius R of the rotor is 2. Im.

(1) What force supports the person so that he doesn’t drop?

(2) At what minimum rotational speed is it safe to drop the floor?

Z

Fig. 2-21 For problem 2-7 Fig. 2-22 For problem 2-8

2-9 In the system shown in Fig. 2-23, suppose that the cord and pulley are all mass-less, neglect the fric-
tion between M and the table surface, and the friction between m; and M.

(1) What is the horizontal force exerted on M so that m; doesn’'t move relative to m;.

(2) When the system moves, what is the normal force acted on the table by M? Suppose m; = m,.

2-10 A small block of mass m slide on a horizontal frictionless surface as it travels around the inside of a
hoop of radium R (Fig. 2-24). The g between the block and the wall is known; therefore, the speed v of the
block decreases. In terms of m, R, wu and v, find expressions for

(1) the frictional force on the block and its tangential acceleration;

(2) the time required to reduce the speed of the block from an initial value v, to v/ 3.

m,

[1 7

o v
’"1

77757, PIITEY s L 7

Fig. 2-23 For problem 2-9 Fig. 2-24  For problem 2-10
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2-11 A truck starts from rest at time t=0 and accelerates uni-
formly, achieving a speed of 20 m/s in 10 s. A small package of mass
5. 0 kg is initially located 3. 0 meter from rear of the truck . The pack-

age starts to slide at time t=0,and the g4 between the package and the
truck floor is 0. 15(Fig. 2-25). Fig. 2-25 For problem 2-11

(1) Find the horizontal acceleration of the package relative to the
reference of the ground.

(2) Determine the time after /=0 when the package reaches the rear edge of the truck.

(3) Determine the horizontal component of the velocity of the package as it strikes the ground.

2-12 Body D, which has a mass of 12 kg (Fig. 2-26) ,is on a smooth conical surface ABC and is spinning
about the axis EE with an angular velocity of 12 r/min, # =30°, L=1. 5m. Calculate

(1) the linear velocity of the body;

(2) the tension in the thread and the reaction of the surface on the body;

(3) the angular velocity necessary to reduce the reaction of the surface on the body to zero.

2-13 A small ball of mass m initially at A, slides on a smooth circular surface ADB of radius » (Fig. 2-27).
When the ball is at point C with angular position a relative to the initial position, show the angular velocity and the
force exerted on the ball by the surface.

E"

B

A

Fig. 2-26  For problem 2-12 Fig. 2-27 For problem 2-13

2-14 A pilot in a fast jet aircraft loops the loop. Assume that the aircraft maintains a constant speed of 200
m/s and the radius of the loop is 1. 5 km.

(1) At the bottom of the loop, what is the apparent weight that the pilot feels? Express the answer as a
multiple of his normal weight.

(2) what is his apparent weight at the top of the loop?

(3) at which position it is possible to experience the feeling of “weightless”?

2-15 Consider a satellite in a circular orbit concentric and coplanar with the equator of the earth(Fig. 2-28). At
what height A from the surface of the earth, will the satellite appear to remain stationary when viewed by ob-
servers fixed on the earth? Suppose that the rotation of the satellite in its orbit is in step with the spin of the
earth, The mass of the earth M. = 5. 98 X 10*" kg.

2-16  Assuming that a body is launched with a vertical velocity v, from the surface of the earth, if we want
the body reach a destination at which the earth’s gravitational force no long effects it so that it will coast along
with zero velocity without being pulled back to the earth, that launching velocity is called escape velocity, find
it, starting from Eq. (2-20) (R.=6. 37X 10°m ).

2-17 In the system shown in Fig. 2-29, m, , m;, and mj; are known, suppose that the cord and pulleys are
mass-less, neglect all possible friction, find the acceleration of each body and the tension in the cord.

2-18 In the system shown in Fig. 2-30, My=1. 0 kg, My=2.0 kg, M-=3.5 kg, § =30°, the coefficient of
kinetic friction between A and the incline is y,, = 0. 1, between A and B is p, = 0. 80. Suppose that the cord and pul-

ley are mass-less, ignore the possible friction on the axis. Find the acceleration of B relative to A.
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Fig. 2-28 For problem 2-15 Fig. 2-29 For problem 2-17

2-19 A flexible chain of length / and mass m is initially placed at rest on a smooth frictionless surface ABC
with the distance [—a {from B to D (Fig. 2-31), the angle of the incline is ¢ . Calculate

(1) the speed of the chain when the end D just arrives at the point B;

(2) the time required from the beginning of the motion to the moment when the whole chain just leaves the

horizontal part of the surface.

l—a

y \

Fig. 2-30 For problem 2-18 Fig. 2-31 For problem 2-19

2-20 A small ball bearing is released from rest and drops through viscous medium. The retarding force
acting on the ball bearing has magnitude kv, where £ is a constant depending on the radius of the ball and the
viscosity of the medium, and v is the bearing’s velocity. Find the terminal velocity acquired by the ball bearing
and the time taken to reach a speed of half a terminal velocity.

2-21 Consulting Example 2-7, use elevator as a non-inertial reference {rame, solve problem 2-2 again.

2-22 A pendulum suspended from the roof of a coach moving along a straight rail with acceleration «,
someone at the coach observed that the cord of the pendulum forms an angle § with the vertical and measured it
(Fig. 2-32), how could he calculate the acceleration by taking the coach as reference frame.

2-23  The system shown in Fig. 2-33, placed in an elevator moving up with an acceleration a = 0. 2g, body A
and B have equal mass m, A is on the smooth horizontal surface, B is hanged and connected to A by a light cord over
a pulley. Neglect the possible friction and the masses of the cord and pulley, take the elevator as reference frame, find

(1) the acceleration of the bodies related to the elevator;

(2) the tension in the cord.

m

© (o)

Fig. 2-32 For problem 2-22 Fig. 2-33 For problem 2-23
2-24 A steal block of mass m placed on the surface of a disc table rotating about the fixed central axis.

The static friction coefficient between the block and the table is p,, the distance from the block to the center of

e

the disc is 7. In order to keep the block without sliding relative to the table, what is the maximum angular speed

(use Fig. 2-14 and the rotating frame)?



Chapter 5
| Work and Energy

In many important problems encountered in physics, the force on a particle is known as a
function of position F (r ) that leads to the definition of two new concepts; work and energy.
You will find that these powerful methods will enable us to solve problems with remarkable
ease. But work and energy are the first steps on the trail to an universal law—so far known no
exceptions, the Law of conservation of energy.

Newtonian mechanics does fail when we apply it to particles moving at speed comparable
to the speed of light, yielding there to Einstein’s special theory of relativity. It also fails when
we apply it to motions of electrons in atom, yielding in that case to quantum physics. The law
of conservation of energy as well as the other two conservation laws, however, hold in all
these domains.

The other conservation laws involving mechanical quantities are the conservation of mo-
mentum and angular momentum, which is the core of the following two chapters. Conserva-
tion laws play an important role in the world of matter. Physicists apply all conservation laws

throughout the study of the objective world especially the microscopic field of physics.

3.1 Work

3.1.1 Work done by a constant force

Consider that a constant force F acts on a particle moving in one dimension, Fig. 3-1
shows the general case in which the force vector and the displacement vector makes a constant
angle § with each other. Then the work done by this force on the particle as it moves through
a displacement S, is defined as

W = (Fcos® S (3-1)
In words, we say that work is equals to the dis- F
placement times the component of the force along
the displacement. Thus only the component of the

force along the displacement products work. The

work is positive or negative depending on the angle )
0. 1f @ << 90 °,the work is positive;if = 90 °, the Fig. 3-1 A constant force F acts on a particle

work is negative;if the force is parallel or anti-par- undergoing a displacement §
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allel to the displacement, then, the work is simply FS or —FS, respectively. If the force is
perpendicular to the direction of motion(§=90"), then the work is zero. This means that nei-
ther the normal force N on the body sliding on a surface nor the centripetal force on a body in
circular motion does any work—both of them are always perpendicular to the instantaneous
motion,

Work is a scalar, although the two quantities involved in its definition, force and dis-
placement, are vectors. We can write Eq. (3-1) more compactly in vector form, as a scalar (or
dot) product. thus

W=F-8 (3-2)
This equation is identical with Eq. (3-1) in every respect. The SI unit of work is called joule.
1 joule=1J=1 N+ m=1 kg » m?/s?. The dimension of work, [W |]=MIL*T 2,

3.1.2 Work done by a variable force

Let us now consider a particle moving along a curvilinear path under the action of a force
F which is not a constant but a variable vector, that is, both of the magnitude and direction of
the force depends on the position of the particle, as shown in Fig. 3-2.

What work is done by this force as the particle on
which it act moves from an initial point A to a final
point B? To find out it let us divide the path into a

number of intervals of width Ar , corresponding to a

number of displacement Ar;, Ar:, Ar;, -+, Ar;, -

. . . We choose Ar small enough so that we ca 8 -
Fig. 3-2 A variable force acts on a particle st for sl snemgl 5 the e can regard ev
ery interval as a very short straight line and we can

moving along a curvilinear path ¢
take the force as reasonably constant over that inter-
val. Therefore, the element work AW, done by F; over any particular interval Ar , is given by
Eq. (3-1) or Eq. (3-2) .
AW, = F; « Ar, = F;cosl;Ar;
To find the total work done by the variable force as the particle moves from A to B, we add up

all work elements, that is

W= D>AW,= D> F -Ar,
This is an approximation to the actual value of the work. According to the concept of calculus
you have learned, we can make the approximation better by reducing Ar to infinite small, thus

we get more intervals, let the width of Ar approach zero, the number of intervals then becom-

ing infinite large. We then have,as an exact result,

W= > F -Ar, (3-3)

lim;y‘ 0
As you have known in your calculus course, this limit is exactly what we mean by the cur-
vilinear integral of the function F (r) along the path C between the limits A and B. Thus.

Eq. (3-3) becomes
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e {%_% r’J

B B
W—J\F-dr:J\Fcosﬁ ds (3-4)

where ds is the magnitude of dr , @ is the angle between F and dr. If we know the function F
=F (r). we can write the elementary work as dW = F « dr, and carry out the integration with
the limits A and B, then find the work.

Special case (a) if F = a constant vector over the entire path (Fig. 3-3), Eq. (3-4)

becomes
B
W=F.|dr=F+(y—ry) =F«-AB=F-.8§ (3-5)
A

It is the same as Eq. (3-2) that means Eq. (3-5) holds also in the case of curvilinear motion of
a particle under the action of a constant force.
Special case (b) if F and dr are along the same straight

line, say. x axis, thus

B B B
W = AF-erJ F-deJ‘F(.I‘)d.r (3-6)

. A @
Geometrically, this value is equal to the area that lies under
the F(x) curve between the limits A and B. If F and dr in

opposite direction, the work is negative.

3.1.3 Work done by resultant force Fig. 3-3 Displacement over

) ) a curvilinear path
If the particle moves under the action of several

forces., say,F,, F,, F;,+-,the resultant force F = F, + F,+ F;+ -+, the work done by the

resultant is then

B b
W[ Fedr = | (F 4 F A F ) - dr
B B ‘B .
—J‘Fl . dpt AFg-errJ«F;;-errm (-7
=W, +W, +W; +---
which means that the work done by the resultant force is equal to the algebraic sum of the

works done by every force acting on the particle.
3.1.4 Power

In practical applications.especially in connection with machines and engineering, it is im-
portant to know the rate at which work is done. If an amount of work AW is carried out in a
time interval Az, the average power for that interval is defined to be P = AW /At. The instan-
taneous power P is defined by

_ dw _
= (3-8)

that is power is the work done per unit time during a very small time interval dz. The SI unit
of power is the joule per second,or watt (W) that is named after James Watt, who greatly im-

proved the rate at which steam engines could do work. 1 watt=1W=1]/s. The dimension of
power is [ P]= ML*T,
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Considering dW=F «dr and v =dr/d¢ Eq. (3-8) becomes

_dW_F-dr_
dt dt

and then the power is defined also as the scalar product of force times velocity.

P F-v (3-9

Example 3-1 A 45 kg block of ice slides down on an incline of 1. 5 m long and 0. 9 m
high. A worker pushes up on the ice parallel to the incline so that it slides down at constant
speed. The coefficient of friction between the ice and the incline is 0. 10. Find

(1) the force exerted by the worker;

(2) the work done by the worker on the block;

(3) the work done by gravity on the block;

(4) the work done by the surface of the incline on the block;

(5) the work done by the resultant force on the block.

Solution (1) Draw a sketch including all forces acting on the
block and set up the coordinates as shown in Fig. 3-4. We have two

equilibrium equations in x and y directions respectively:

F—mgsinf+ f, =0 @)
N —mgcosd = 0 ®
Fig. 3-4 For Example 3-1 and f. = pN = pumgcosf ®

substituting Eq. @ into Eq. D and rearranging it gives
F = mg (sinf — pcos)
in which
sinf = 0.9/1.52 0.6, cosf= +/1-0.6%2=0.8
Substituting the known data:
F=145X9.8X(0.6—0.1X0.8)N=229.3 N
(2) The work done by the worker
F=F+«8 = Fcosl80°S =—229.3X1.5] =—343.9]
(3) The work done by weight
W, =G+ 8 = mgcos(90° —DL = mgh = 45X 9.8 X 0.9 = 396. 9(])
(4) The work performed by the surface on the incline is the work done by frictional force.
W,=f,*S= f,cosl80°L =— pumgcosfL =—0.1X45X9.8X0.8X1.5=—52.9 (]
(5) The total work done by the net force:
Wet+We+W,=0

Which is expected because the speed is uniform so that

Zfi:O9 ZWi:O

Example 3-2 Work done by a spring. As an important example of variable force. con-
sider a spring of force constant £ fixed on one end and attached with a block on the other end,
see Fig. 3-5, set the origin of coordinate axis Oz at its relaxed position O. How much work
does the spring force do when it changes from an initial state in which its extension is x; to a
final state in which its extension is x,;. Suppose there is no frictional force between the block

and the horizontal surface on which it moves.
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Solution With respect to our origin O of x axis,the

extension of the spring is x, therefore, Hooke’s law can N

be written as F(x) =— kx, here x is just the displace- 0

ment of the end the spring,the restoring force F (x)is al-

ways points in the opposite direction of displacement. _JV\/W\/\WW\’_{_]

The element work done by the spring force is o x X X
dW = F(x)dxr =— kxrdx

the total work from state x; to state x, is then

Fig. 3-5 For Example 3-2

W:ﬁ%uMm:ﬁ—kMF:%ﬁ4%h§ (3-10)
Discussion
(1) If the spring is initially in its relaxed state(x; =0)and is stretched (or compressed) to

an extension x, the absolute value of work done by the spring force (elastic force) is W =

Ekrz , whose sign is different in the cases as the following.

(2) If the spring is stretched,x >0, when x, >z, ,then W<C0, otherwise W>>0.

(3) If the spring is compressed,x < 0,when |J:f | > | x| » W<C0, otherwise W=>0.

(4) Suppose that the position of the spring’s end changes in the sequence of x;—0—x,—
a;,by using Eq. (3-10), we obtain the total work

W= (et —0)+ (0= gk ) (haet =kt )= gt — ]
which means that the work done by a restoring force of a spring depends only on the initial and
final position rather than the path.

(5) Suppose that there exists friction between the surface and the block, the coefficient of fric-
tion is z . How about the work done by frictional force: (a) from x; along right to z,; (b) in the same
sequence as in question (4), what conclusion will be made, which leas to solve by yoursell.

Example 3-3 Work done by the universal force of gravitation

In Fig. 3-6, the object of mass M and the object of mass m interact on each other with a
universal force of gravitation

F— Gol\gl m.

7

here GG is the force constant. Assume that M > m so that

the object M could be regarded as at rest and as the origin
Fig. 96 Tor Exuple 33 of our coordinate, r is therefore the position vector from
M to m. Calculate the work done by the universal gravity
on object m when it moves from point 7 to point f along path iaf.
Solution From Eq. (3-4), dW = F « dr = Fcos(xx — @) dr =— Fdr

”¥zamﬂi—i) (3-11)

ry &

W — G{)Mm J

Like in Example 3-2,if the path is i6f rather than ia f, the result will be all the same. There-

fore,the work done by the universal force of gravitation is independent of the path too.
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3.2 Kinetic Energy and the Law of Kinetic Energy

We now consider what effect will be caused when a force has done an amount of work on
a particle? Suppose a particle moves along a curvilinear path under action of net force F as
shown in Fig. 3-7.
The elementary work done by the net force during the dis-
placement dr is
dW = F « dr = Fcosf ds
where F cosf = F,, the tangential component of the net force.

Recall that the tangential equation of Newton’s second law is

dv

F‘:mdt

Consider that ds = v dt, therefore

Fig. 3-7 The tangential

dv
component of net force dW = F « dr = Fcos § ds = m a‘vdt = mudv
By integrating, we find the total work done in moving the particle from i to f is
i f
W:J_FcosﬁdsImevdv:%mvﬁ—%mv? (3-12)

in which v, is the particle’s velocity at f and v, is the particle’s velocity at 7. The result Eq. (3-12)
indicates that no matter how the force varies with position and no matter what the path is followed by

the particle, the value of the work W done by the force is always equal to the difference between the
value of the quantity %mv2 at the end and its value at the beginning of the path. This important

quantity is defined as kinetic energy of the particle,and designated by E , therefore

Ek = %TH'UZ (3’1’3)

Eq. (3-12) can then be expressed in the form

W = E,—Es = AE, (3-14)
which is called the law of kinetic energy of a particle, or in words as the change in the kinetic en-
ergy of a particle is equal to the total work done on that particle by all the forces that act on it .

If the work W>>0, then the final kinetic energy E is larger than that initial kinetic energy
E\; that is, the kinetic energy increases by AE,= E\;—E,, ; otherwise, when W<Z0, the particle
overcomes the external force and does some work by decreasing its kinetic energy.

Kinetic energy 1s obviously measured in the same unit as work,i. e. in Joules in SI, and
has the same dimension as work,i. e. [ E, |=ML?T 2,

The law of kinetic energy is not a new independent law of classical mechanics, it is derived
directly from Newton's second law. It gives us a new way to look at familiar problems and
makes the solution of certain kinds of problem much easier.

Example 3-4 Apply the law of kinetic energy to solve the first problem in Example 2-4.

Solution From Fig. 3-8, we know that only the tangential component of weight, f,does
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work, and f,= mg sinf, when the angular position changes from ¢
to 0-+df. making an angular displacement df, as shown in Fig. 3-8,
the elementary work done by the tangential force then is

dW = f.ds =— mg sindRdé

the total work is

W =—mgR Jgsinﬁdﬁ = mgR (cos 6— 1)
0

X . . mg
Applying the law of kinetic energy to the ball, because vs= v, we have
1 1 Fig. 3-8 For Example 3-4
ng(COSO_].) :E 'vz—?mv%

so that

v= & +2gR(cosf—1) = /vt — 2gR (1 — cosd)
This result is the same as that in Example 2-4. But we have simplified the procedure by
means of applying the law of kinetic energy.
Example 3-5 A 2 kg particle is at rest in the beginning, then an external force F=12¢(N) acts
on it, the direction of the force does not change . Find the work done by the force in the first
2 seconds and the power at t=1 s and t= 2 s.

Solution From the Newton’s second law, the acceleration of the particle is
F 12t

a=— 6t (SD D
m 2
The velocity is therefore
v:Ja dt :J:6zdt = 3* (SD @
Using the law of kinetic energy, Eq. (3-14), the work done by the external force is
W = Eg—FE = 5mo}—0 = Jmz' (SD ®

Substituting m=2 kg and t=2 s we have

W——~%><2t“ — 9t = 9 X 2' = 144(])

The power is
P=F+«p=Fv=12t X3 =366 (SD

P,=36W, P,=236X2"=288W
Another way to find the work is integration of the work done by the varying force:

dx

=, dx = odt = 3£2dt
dt

v =

so that
W= [Fedr=[120x 32t = 001 |* = 1440

3.3 Conservative Force and Potential Energy of Weight

If you pull back a small block attached on a spring, you do work but no kinetic energy ap-

pears. However, you can generate some energy in the form of a oscillating block-spring—by
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simply releasing the block. It makes sense to say that the kinetic energy of the spring-block
system is in some sense “stored” in the stretched spring, which suggests that the energy is
hidden away but has the potential to reappear in kinetic form. This kind of energy is named
potential energy that could also be called configuration energy., because the system on which
the work is done—the spring in our example, stores potential energy by changing its configura-
tion, say, being stretched or compressed.

Before we introduce three kinds of potential energy,it is important to introduce a concept
of conservative force. We now start from the Gravitational force (or weight) near the surface

of the earth.
1. Work done by gravity near the surface of the earth, Conservative force

Let us consider only displacements near the earth surface, so that variations of gravitation
force with distance from the earth’s center can be neglected. The downward gravitational force
on the body is then constant and equal to the weight G = mg . We call this force as constant
gravitational force or weight in the followings.

Suppose that a body of mass m starts from point A at elevation y, and moves up to point
B at elevation yg along some arbitrary path ACB as shown in Fig. 3-9(a). Fig. 3-9(b) is an enlarged
view of a small portion of the path., The element work done by the gravitational force is

dW = F « dr = mg « dr = mgcosfdr

mg

(a) (b)
Fig. 3-9 The work done by weight

in Fig. 3-9(b)
cosfdr = —cos (180°—@ )dr =—dy

so that
dW = —mgdy (3-15)
the total work is then
W =—mg Jzﬁdy ——mg (ys — ya) =— mgh (3-16)
here '
h= ys—ya

Note that the path ACB is arbitrarily chosen, therefore, we can make conclusion that the
work done by gravitational force depends only on the initial and final positions (configurations)
and not on the path,
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It is the distinctive property of gravitational force in doing work. If the body moves down
from point B back to point A along another arbitrary path BDA, the work done by weight then
equal to

Weor =—mg JyAdy =—mg (ys — yp) = mgh (3-17)
yB

If the body makes a“round trip”, the path is a closed loop ACBDA . then the work done by
weight 1s
Wacspa = Waeg +Wpgpa =0 (3-18)
which leads to another expression of the distinctive property of Gravity mentioned before:
The work done on a body by gravitational force along any closed path is zero.
The force whose work depends only on the initial and final positions (configurations) is

called a conservative force. So that, gravitational force is a kind of conservative force.
2. Potential energy of weight

Since the term mgy in Eq. (3-16) and Eq. (3-17) is a function of position y, moreover,
the work done by gravity is equal to the value of the change of this function. Furthermore,
this value is a constant for the given position A and B,no matter how is the path connecting A
and B. Therefore,we can define the value of this work as the change of gravitational energy
from the initial position i to the final position f.

Let E, and E,, represent the weight potential energy of a body at position i and position f
respectively, thus

Wy =E,—E,=—(E,;—E,) (3-19)
Which means that the work done by gravity acting on a moving body from the initial position
to the final position equals to the decrement of gravitational potential energy (or the negative
value of increment of that potential energy).

To determine the value of gravitational potential energy of a body at a given point we must chose
a reference position (point or a plane) where the gravitational potential energy is zero. The most con-
venient reference is the surface of the earth (the ground). In Eq. (3-19), let E,;,= E,, =0, that is
the position f is chosen as the surface of the earth, position g ,we have

W, =——(E,—E,) = E, (3-20)
that is, if ground is chosen to be the reference of zero potential energy, the gravitational poten-
tial energy at position 7 equals to the work done by the gravity during the changing in position
from point 7 to the ground.

1If the elevation of a given position above the ground is 4, the gravitational potential energy
of the body at that point is therefore

E, = mgh (3-21)
with which we have been so familiar before.

It is necessary to point out that the change in gravitational potential energy of a body be-
tween two given positions (or configurations) is of absolute significance in all possible differ-
ent zero reference levels while the particular value of the potential energy at a given position is

of relative significance.
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We should also recognize that gravitational potential energy belongs to the system inclu-
ding the body and the earth,interacting on each other with a pair of gravitational forces.

Not only the constant force of gravitation but also the other several kinds of {orces are in
the category of conservative forces as long as the work done by the force is independent of the
path and consequently has a corresponding function of potential energy associated with it i. e.
the work equals to the difference between the final and the initial values of the function of that
potential energy. The principles discussed above hold for all of such cases as the elastic force
produced by a extended spring in Example 3-2 as well as the universal force of gravitation

between any pair of objects in Example 3-3.

3.4 Elastic Potential Energy and Universal
Gravitational Potential Energy

.
According to the previous argument about conservative force, we are now ready to define

another two potential energies in the same way of introducing potential energy of weight.
3.4.1 Elastic potential energy

Eq. (3-10), the result of Example 3-2, the work done by a spring on the block when the
spring changes from the initial state of extension r; to the final state of extension x, along an
arbitrary path in x axis,

W= ket — 7
indicates that elastic (or restoring) force produced by a extended spring is a conservative
force, therefore, we can define Eq. (3-10) as the negative value of increment of elastic poten-
tial energy of the spring block system, that is

%% :"——J'r‘fk.rdr e (%k_r; == %/&1,2 ):— (E,, — Eu) (3-22)

Then we chose the relaxed position (origin of the coordinate in Fig. 3-5, i. e. #=0) as the ref-
erence point of zero elastic potential, in which state the spring has no extension. so that,
when the extension (displacement) is &, the elastic potential energy of the system equals then

to the work done by the spring from position x to the position + = 0,that is

E, :*Jl‘krdx = %/&1‘2 (3-23)

which means that the positive value of the work done by the spring on the block equals to the
decrement of the potential energy during that process. In the opposite process,as the block
moves from origin (x=0) to the x position, the negative work done by the spring on the block
will be the increment of the potential energy stored in the spring, in the other words, the ca-
pacity of the spring to perform work will then increase. By solving the problem 3-18 in the end
of this chapter, you will convince yourself that the change in elastic potential energy has an ab-
solute meaning, but the value of that energy at a given position is a relative one which depends

on the reference of the zero potential chosen.
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3.4.2 Universal gravitational potential energy

The work done by the universal gravitational force on a body that moves along an arbi-
trary path from the initial position r; to the final position r,,in Example 3-3 (Fig. 3-6) is given
by Eq. (3-11)

- ——J” (_ml\/Izmdr — G,Mm (i - l)

r, r Yy ri
Which indicates that the universal gravitational force is also a conservative force. Once
again we can define the amount of the work as the negative value of increment of the universal
gravitational potential energy during that process.that is
W:—[(—M)— (—G“M)]:—(EPI—EP,-) (3-24)
ry r;
If we take E,=0 at r =co as the reference of zero potential, the mutual gravitational potential
energy of the system (M-+m) is therefore equal to the work done by the force when it moves
from position » to r=co, that is

E, ——| ey . Coln (3-25)

r r r

from which the expression of gravitational potential energy near the surface of the earth,
Eq. (3-21) 1. e. the expression of the weight potential energy can be deduced, we leave it in
problem 3-15. You will find that the potential energy of weight can be treated as a special case
of universal gravitational potential energy.

Additional to the above,the Coulomb’s force between charged particles is conservative so
that associated with a potential function, which we shall deal with in chapter 6. And the force
between atoms in an molecule is conservative too. You can find the corresponding potential

energy by solving problem 3-16.

3.5 Conservation of Mechanical Energy

3.5.1 Kinetic energy of a system

Consider a system included particle 1 of mass m; and particle 2 of mass m,, suppose that
the external force F, exerts on m; and the external force F, on m,, meanwhile,m, and m, exert
action-reaction forces f» and f), on each other as shown in Fig. 3-10.

Our plan is to deduce the relation between the change in
total kinetic energy of the system and the work done on the
system. Let v); and vy ;3 vi, and v, represent the velocities of
the particles at the initial state and at the final state respec-
tively. Applying the law ol kinetic energy to particle m; and

ms » we have

/
j (F, + f12) «dr = %ml'zﬁj —%ml?ﬁ,

Fig. 3-10  Two particles system
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fi . ,
J_ (Fs 4+ f2) «dr = —;—mzvﬁ/ == %mzvé,-

Rewrite them as

Wea +Win = Ekl_[ — Fu:

Wee +Wip = Eoy — Eia:
add the two sides up respectively, and use

Wy =W +Weoo Wy =W +Wip
Ey = Egs+Eess Eus = Eui+ Ew
We have
W +W, =E,—Eq (3-26)

which means that the total work done by the external and internal forces equals to the change in the
total kinetic energy of the system from the initial state to the final state. We call Eq. (3-26) as the
kinetic energy law of a system. This conclusion can be extended to the system including more

than two bodies.
3.5.2 Work—energy theorem

It is possible that the internal forces include either conservative ones or non conservative
ones, so that we divide the work done by the internal forces into two parts
Wi = Wnin + Wognin
thus, Eq. (3-26) con be rewritten as
We +Weorin +Wionin = Exy — Eii (3-27)
On the other hand, we have defined that the work done by conservative internal force equals the neg-
ative value of the change in the corresponding potential energy between the two states, that is
Weonin = (E,y — Ep)
Substituting this equation into Eq. (3-27) and rearranging it, we have
W +Woonin = (Eyy + Ey) — (B + Eg) (3-28)
The sum of total kinetic energy and potential energy is called mechanical energy of the system,
labeled as E., so Eq. (3-28) can be written as
Wee + Woain = Ef — E; (3-29)
Which means that the sum of the work done by the external forces and the non conservative inter-
nal forces equals to the increment of the mechanical energy of the system from initial state to final

state. This conclusion is called the work-energy theorem.
3.5.3 Conservation law of mechanical energy

The most important special case that we concern is that from Eq. (3-29), work-energy
theorem, if W, +W ... = 0, then

E, = E; = constant (3-30)

Eq. (3-30) is a statement of the law of conservation of mechanical energy for a system . which

indicates that if no external force and non conservative force act on the particles in the system

or the work done by them is all zero, the mechanical energy of the system remains constant.
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In the other words, if only internal conservative forces do work on the system, its mechanical
energy will never change.
Let the left side of Eq. (3-28) equals zero and rearrange it, we get an equivalent form of
Eq. (3-30)
Ey— Eg =—(Ey— Ep)

or

AE, =— AEy (3-3D)
Which is another expression of the law of conservation of mechanical energy, it tell us that ev-
ery change in the kinetic energy of the system is accompanied by an equal but opposite change
in the potential energy of it. For instant, a block attached to a spring oscillates back and forth
on a frictionless horizontal surface, in Fig. 3-5, suppose the magnitude of the maximum dis-
placement is x,. The energy shuttles back and forth between the spring and the block as they
do work on each other. When the block passes the equilibrium position from left or right, in
one cycle, the energy is all kinetic, while when reaches the position x, or—x,, it is all poten-
tial. At intermediate positions the energy is shared by these two forms, but the sum E, the
total mechanical energy of the system, remains constant at all times. As long as the oscillation
continues, the cycle of energy transformation repeats itsellf.
Example 3-6 (1) Once again solve the same problem of Example 2-4;: A small ball of
mass m 1s attached by a thin cord, moving along a circle of radius R about a fixed center O in
the vertical plane (Fig. 3-11). Suppose that the ball is passing through the bottom point A

with the initial speed v,. find the speed as a function of angular position.

(2) Prove that in order to let the ball complete one circle, the initial speed v, = +/5gR
must be satisfied (neglect air resistant).

Solution (1) First, we choose the ball and Earth as our system, therefore, the tension
being a external force which does zero work on the ball. The only force doing work is the con-
servative force, weight, so that the mechanical energy of this system is conserved.

Second. choose the bottom position A as the reference level of zero weight potential ener-
gy. choose the initial state as the ball passed through A, the final state as the ball reaches an-

gular position §. Applying the law of energy conservation, we have

E. = %m’uﬁ +0

Es = %mvz + mgR (1 — cos®)

from

we have the speed at position 0
v = /¢ — 2gR (1 — cosf)

Taking advantage of application of conservation of mechanical energy.which involves only

energy of two states rather than the particular process in the motion, we solve this problem in
the simplest way compared with those used in Example 2-4(the Newton’s second law) and Ex-

ample 3-4(the law of kinetic energy).
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v, B (2) Choose state B as the final state when the ball passes
T the uppermost point as shown in Fig. 3-11. Because E;, = Ep ,
we have
1 2 l 2 ’
—mvi = —mvi + 2mgR
2 2
vh = v —4gR @D

4 % on the other hand, the resultant force acting on the ball is Ty

Fig. 3-11 For Example 3-6  and mg , the normal component equation of Newton’'s second

law is then

2
Ty +mg =m=22
B 24 R

The tension
2

TBzm%—mg @

Substitute Eq. (D into Eq. @, we obtain

Ty = %(v;% —5gR)

Note that Ty == 0 is the critical condition that the ball can pass through point B and finish one
circle, so that the minimum value of v,
Umin — «/ﬁ ®)

Example 3-7 Escape velocity of a projectile, Find the minimum launch velocity that a pro-
jectile, say, a spaceship requires in order to escape the earth’s gravity.

Solution By “escape” we mean that the projectile’s speed and kinetic energy approach
zero as the distance from it to the center of earth, r —co | Because that in the system of pro-
jectile + Earth, gravitational force is the only force doing work, so the mechanical energy of
the system remains constant.

Take the initial position of the spaceship to be at the earth’s surface and the final position

at the infinity. The minimum launch speed is called the escape velocity, and corresponds to
v, = 0, We have

1 . 1
Ey = 77)/1"0? , Ey = Emfvzf =0
E — Gl p(Giem)

From Eq. (3-30), E;, = E,, the law of conservation of mechanical energy requires
1 5 GM.m

g T R.

Solving this equation for the launch speed, we get

S S

Using R.= 6.37X10° m, g = 9.8 m/s?, the escape velocity ve.=21. 12X 10" m/s=11. 2 km/s

obtained, which is also called the second universal velocity.

=0
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Example 3-8 In Fig. 3-12, a block of mass m attached with a spring of stiff constant &,
is placed on a horizontal frictional surface. When the block is at the equilibrium position, an
initial speed is given so that the block can reach the maximum displacement 2, = 0. 05 m. Sup-
pose that m=0. 1 kg, =20 N/m. the coefficient of kinetic friction between the block and the
surface is p = 0. 2.

(1) What is the initial speed v, ?

(2) As the block moves back and passes x+ =0 again, what is the speed vy, ?

(3) What is the magnitude of next maximum displacement x,; ?

(4) What is the speed when the block leaves x+ = x, and reaches x=— 0. 01 m?

Solution (1) Choose the system including the

block and the spring so that the elastic force is a con-

servative internal force, the frictional force becomes a .

external force which does negative work, therefore, i 0 x,
the total energy is not conserved. Fig. 3-12 For Example 3-8
Let the equilibrium position x=0 as the zero reference of the elastic potential energy. We

apply the work-energy theorem

W/,.,- = Ef - Ei
from x=0 to x=ux, the work done by the frictional force is
1 1
— pmgx, = Ekr% — Em‘ug

so that

o — JMS + 2pumga,
(VN
m

substituting the known data, we get
UVy — O. 696 = O. 834(m/5)
(2) When the block passes x+=0, again, we have

— 2umgx, = im’v(zn — lfﬂv{z)

2 2
vy = /i — dugro = 0.551 m/s

(3) As the block reaches the next maximum displacement x,, (on the left), we have

1, 1
*/ﬂnghm | - 71?-1‘(':1 _Em'vgl
or
- L
o RTGL T pMET oL — oMUy = 0
Solve this equation and take the positive answer, we get | zo; | = 0. 0304m.

If took two states being * =x, and x = x, the result would be the same as above.

(4) Leaving x=—0. 0304m, when the block passes x =— 0. 01m, the equation becomes
—umg (|l zxa|— |x|) = %mv2 —l—%lm2 — %krgl

Substituting the known data, the instantaneous speed at that moment v=0. 291 m/s obtained.

From above examples, the procedure to apply the law of conservation of mechanical ener-
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gy or the work-energy theorem can be concluded as following:

(1) Choose the system so that the conservative force being internal force associated with
potential energy.

(2) Choose the zero reference of potential energy.

(3) Take two states (or configurations) of the motion, write down the kinetic energy and
potential energy respectively.

(4) Apply conservation law of energy, if only the conservative force does work, otherwise apply
the work-energy theorem to write an equation connecting the two states and solve it.

(5) Sometimes, Newton's second law or other relations are needed to find the answer.

3.6 The Conservation of Energy

3.6.1 Non-conservative force

Consider the spring-block system again, in Example 3-8, because the mechanical energy
of that system is no longer conserved, we can except that the motion decreases continually in
maximum displacement and eventually dies away. The frictional force is therefore called a non-
conservative or dissipation force. If we choose our system including the horizontal plane hold-
ing the block so that the frictional force becomes an internal force, using Eq. (3-29), substitu-
ting W, instead of W un» we have

W, =E,—E;, = AE (3-32)
Where W,;is negative because the motion stops at last, that is E;=0 and AE < 0.

3.6.2 Conservation of energy

What happens to the “missing” energy in above example? The experiments and daily ex-
periences imply us a clue in the fact that both the block and the surface over which it slides be-
come slightly warmer as the oscillations of the system die away. It is as if the kinetic energy of
the directional motion of the sliding block was transformed into kinetic energy of the disorder-
ed random motion of the molecules that make up the block and the surface over which it
slides. We call such energy as internal energy or thermal energy and represent it by E,.. The
change in internal energy in that system can be defined as the negative value of the work done
by the frictional force, that is

an' - (E_/im _ Eiim)

or

Wi =— AF (3-33)
combining Eq. (3-32) and Eq. (3-33) yields

AE =— AFE;, (3-34)
or

AE+ AE,, =0 (3-35)

as a statement of the law of conservation of energy . This law is more comprehensive and gener-

al than the law of conservation of mechanical energy. We shall study this general conservation
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principle more fully in Chapter 11 in which thermal phenomena are involved.

You may already be aware that when we apply Eq. (3-29), the work-energy theorem, we
have chosen a larger system, made up of the block with spring and the surface over which it
moves, as shown in Fig. 3-13, rather than the block merely. The internal energy that is gen-
erated as the block comes to rest is shared between these two bodies. We call the system as an
isolated system within which the energy transfers from one body to another, from one kind to
another, in the other words. there is no energy transferred between the system and the out-
side. It turns out that in new situation involving perhaps electrical or magnetic phenomena we
can always identify new quantities like internal energy that permit us to expand the scope of
our definition of energy and to retain the law of conservation of energy in a more generalized
form, thus. for an isolated system

AE + AE,. + (changes in other forms of energy) = 0 (3-36)
This generalized conservation of energy principle can be put in words as follows: Energy may
be transformed from one kind to another in an isolated system but it can not be created or de-
stroyed, the total energy of the system remains constancy.

This statement is a generalization of experience, so far

not contradicted by any laboratory experiment or observa-

tion of nature. In the later chapters dealing with electro-
magnetism and thermodynamics, we shall study a number
of new kind of energy transformations — from mechanical An isolated system

to electrical; from electrical to magnetic; from mechanical to Fig. 3-13  An isolated system

thermal and so on.

| ,/ Questions
e

3-1 Does kinetic energy depend on the reference frame of the observer in?

3-2  Consider that a box placed on the rough floor of a moving truck remains at rest relative to the floor,
analyze the work done by the forces exerted on the box and the truck, observed on the ground in the following
cases: (1) the truck travels up along a slope; (2) travels down along a slope; (3) moves with an acceleration on
the level ground.

3-3 In a tug war, one team is slowly giving way to the other, what work is being done and by whom ?

3-4  Does the frictional force do work on a block placed on the top of a rotating table about its central axis.,
(1) if the angular speed remains constant; (2) if the angular speed is increasing. Suppose there is no relative
motion between the block and the table.

3-5 Spring A and B are identical except that A is stiffer than B, that is,kx >>£;. On which spring is more
work expended if they are stretched (1) by the same amount and (2) by the same force?

3-6 A planet moves around the sun along an elliptic orbit as shown in Fig. 3-14. In the trip from the peri-
helion toward to aphelion,is the work done on the planet by the gravitation of the sun positive or negative? An-
swer the same question in the trip from the aphelion toward to perihelion. If the path is a perfectly circular orbit,
does the sun do any work?

37 Explain, using work-energy concepts (1) how a child pumps a swing up to large amplitudes from a rest
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position. (2) A girl standing on frictionless roller stakes on a level surface, facing a rigid wall sets herself in mo-
tion backward by pushing against the wall. What is the work done on the girl? What is the work responsible for
the increase in kinetic energy?

3-8 Air bags greatly reduce the chance of injury in a car accident. Explain how they do so in terms of ener-
gy transfers.

3-9 1In Fig. 3-15. there is no friction between B and the table surface, a constant force F pulls B that
moves. If A slides on top of B, whether or not the total work done by the pair of frictional forces equals zero be-

fore A leaves off B?

B F

Fig. 3-14 For question 3-6 Fig. 3-15 For question 3-9

Froblems

3-1 A small body of mass m acted upon by an external force moves from point A to point B in a horizontal
table surface, the coefficient of kinetic friction is pu. Draw a sketch. calculate the work done by the kinetic fric-
tion, make a conclusion about work done by frictional force:

(1) The path is a hall circle of radius R;

(2) the path is the diameter AB.

3-2 A block of mass m=3. 57 kg is drawn a distance d =4. 06m at constant speed along a horizontal floor
by a rope exerting a constant force of magnitude F=7. 68 N at an angle 6=15. 0° above the horizontal. Compute

(1) the work done by the rope on the block;

(2) the work done by friction on the block;

(3) the total work done on the block;

(1) the coefficient of kinetic friction between block and floor.

3-3  Each of the two engines on a Boeing 767 aircraft develops a forward force of 1. 97 X 10°N . When the
airplane is flying at 250 m/s, what power does each engine develop?

3-4 A runner with mass 50. 0 kg runs up the stairs to the 268 m-tall of the second ball of the Oriental
Pearl TV Tower (with 468 m-tall) in Shanghai, in order to lift herself

(1) to the second ball in 20 minutes;

(2) to the top in the same time taken, what must be her average power output respectively?

3-5 A car of mass 1.5 t drives along a straight road with a constant frictional resistant 300 N between the
car and the ground. The air resistance is about 1. 82/ N. Find the simultaneous power supported by the engine at

the moment as the speed is 60km/h and the acceleration is 1 m/s’.

3-6 A sled slides down from a hill of 2 on height along a curvi-

linear slope as shown in Fig. 3-16, then it continuously slides on the

. . - h
horizontal plane, eventually stops at the position x, the coefficient of

kinetic friction between the sled and the surface in both cases is s
O X
Prove y=h/x. !

3-7 In the same situation as shown in Fig. 1-9 for example 1-3, Fig. 3-16  For problem 3-6
suppose that the magnitude of the force F , exerting on the boat. is a constant . Find the work done by F pul-

ling the boat from xyto a, (2 =>x» in the same coordinate system ).
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3-8 A force F= 6 ¢ N (¢ refers to time) acts on a particle whose mass is 2. 0 kg. If the particle starts
from rest. Find
(1) the work done by the force during the first 2 s;

(2) the power at =2 s.

39 A 10 kg brick moves along the positive x axis from Fx)/N
rest. The net force acting on it as a function of its position as i
shown in Fig. 3-17. 3 i
(1) What is the work performed by the force as the brick 21 i
moves (1) from =0 to r=3 m.@)from =3 m to x=10 m; '_ i
(2) find the speed Mat =5 m, @at x=8 m, © 1 3 x/m

3-10 A pendulum of length / fixed at one end of the cord,its 3 |

bob is released from horizontal position. Find the speed of the bob -3

when the cord makes an angle @ with the horizontal

(1) apply the law of kinetic energy; Fig. 3-17 For problem 3-9

(2) use Newton's second law,

3-11 A force acts on a 3. 0 kg particle in such a way that the position of the particle as a function of time
is given by =3¢t —41 *+1¢* (SD,

(1) find the work done by the force during the first 4. 0 seconds;

(2) what is the instantaneous power at (= 1. 0 second and 1 =4. 0 seconds.

3-12  Use the law of kinetic energy to solve the problem 2-19 (calculate the work done by weight first).

3-13 A semicircular shaped screen is fixed on a frictionless table sur-

face, a block of mass m slides along the screen with a initial tangential Y
speed vy when it enters one end of the screen as shown in Fig. 3-18, the co- 2
elficient of kinetic friction between the block and the screen is p.
(1) Prove: as the block passes through another end of the screen, the
work done by the friction is W = 7mur’,(e B —1);

(2) Why the radius of the semicircle has no effect on the answer? Fig. 3-18  For problem 3-13

3-14  What is the work done by the force of gravity on a 80 kg astronaut in a displacement from the surface
of the earth (point A) to a point B whose altitude is 2 times of the earth’s radius. Draw a sketch and calculate
(M, =5.98X10* kg, R.=6. 37 X10° m).

3-15  From Eq. (3-25), deduce it to the expression of weight potential energy at height 4 from the surface
of the earth (h<<R.), let the zero reference to be the surface of the earth.

3-16  The force between atoms in an oxygen molecule was called the Lennard-Jones force which is given as
o 13 o 7
F— 1«1,[2 (<) — (<) ]whore Fy=9.6X10 1" N, g= 3.5X10 “m,
r r

Using the definition of potential energy and picking E, () =0 when r,—>co, Find the inter-atomic potential
energy [, .between two oxygen atoms and make a sketch of the potential function.

3-17 A 1.0 kg object is acted on by a net conservative force given by F=—3. 0 x—5. 0%, where F is in
Newton and .r is in meter.,

(1) What is the potential energy of the object at x¥=2. 0 m (picking E,(2) =0 when 2=0)?

(2) 1f the object has a speed of 4. 0 m/s in the negative & direction when it is at x=5. 0 m, what is its speed
as it passes through the origin?

3-18  Fig. 3-19 shows a spring-block system on a frictionless surface. Suppose that the extension of the
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spring is /o » and choose this position as the reference of zero potential energy and the origin of x axis. Show that
the change in clastic potential energy of the system between two given positions (states) is the same as that
when the equilibrium position was chosen as the references of zero potential, but the particular value of potential
energy at a given position is different for the two references of zero potential.

3-19  Using Fig. 3-20,show that the total work done by a pair of forces (action-reaction forces) exerted on

particle 1 and 2 by particle 2 and 1 respectively,is given by W = sz « dry; in which dry; is the displacement of

particle 2 relative to particle 1,or W iJfl « dryz , in which dry; is the displacement of particle 1 relative to parti-

cle 2. Make the conclusion about the total work done by a pair of forces.

|
7777777777777, i Gl

1w 2 o
Fig. 3-19 For problem 3-18 Fig. 3-20 For problem 3-19
3-20 A 3. 2 kg block starts at rest and slides a distance d down a m
smooth 30" incline where it runs into a spring of negligible mass, see Fig. 3-21. d

The block slides an additional 21 cm before it is brought to rest momentarily by

compressing the spring whose force constant is 430 N/m. k
(1) What is the value of d? e
(2) The speed of the block continues to increase for a certain inter-
val after the block makes contact with the spring. What additional dis- Fig. 3-21 For problem 3-20

tance does the block slide before it reaches its maximum speed and being to slow down?

3-21 A bungee-cord jumper of mass 61. 0 kg is on a bridge 45. 0 m above a river. The elastic bungee-cord has a
relaxed length of L=25. 0 m. Assume that the cord obeys Hooke's law, with a spring constant of 2=160 N/m.

(1) If the jumper stops before reaching the water, what is the height A of her feet above the water at her
lowest point (Draw a sketch first, treat the jumper as a particle) ?

(2) Suppose the allowed maximum mass of the jumper is 100 kg, if the height A is the same as in above sit-
uation, what is the spring constant # needed ?

3-22 A 10 kg package is acted by a constant force F horizontally and moves up along a 30°incline, the coef-
ficient of kinetic friction between the incline surface and the package is 0. 2. After a time interval, the package
has passed 3. 0 m while its speed increases from 0. 3 m/s to 2. 0 m/s. Find the work done by the force and the
magnitude of that force.

3-23 A small block of mass m slides along the frictionless loop-the-loop track shown in Fig. 3-22. the
block is released from rest at point P,

(1) If H=5R, what is the normal force acting on it at point Q?

(2) At what height above the bottom of the block be released so that it is on the verge of losing contact with
the track at the top of the loop?

(3) If H=2R, at what position above the bottom the block will lose contact with the track? What is the

maximum height where the block can reach after it leaves off the track?
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3-24 A heavy ball of 1. 5kg is attached at the end of a cord. then released from rest at an angular position
0 as show in Fig. 3-23. Change ¢ and observe the motion, it is found that the cord is not broken until §=60°.

What is the critical value of tension in the cord?

[J
0
H
R 0 "
Fig. 3-22 For problem 3-23 Fig. 3-23 For problem 3-24
3-25 Two plates of mass m; and m, are connected by a stiff spring as m,

shown in Fig. 3-24. Can you press the upper plate down enough so that when it
is released so that it will spring back and raise the lower plate off the table? If
you can, what must the force F be?

3-26 A slider of mass m is connected with two springs (of force constant
m,

kyand k,) to the ends of an air track as shown in Fig. 3-25(a). Suppose that the
springs are in relax state at beginning and the slider is at position (J, then the Fig. 324 For problem 3-25
one end of the track is raised quickly to form an angle ¢ with the horizontal as
shown in Fig. 3-25(b). Find

(1) the distance from the lowest point where the slider can reach to point O?

(2) the maximum speed that the slider can have?

(a) (b)

Fig. 3-25 For problem 3-26

3-27 A man-made satellite of mass m moves in a circular path with a radius of 3R, around the earth whose
radius is R.. Take E(r,) =0(ry—>c0), express the speed, kinetic energy, potential energy and the total energy
by m, R. and M, the mass of the earth as well as (5, , gravitational constant.

3-28 In Fig. 3-26 a uniform chain with mass m and length / lies on the T &

surface of a table at rest initially with a part of length a hanging, then it starts

sliding down. Suppose that the frictional coefficient constant between the chain
and the surface is p. Find

(1) the work done by the frictional force as the whole chain just leaves the

table;

(2) the speed at the same moment.

Fig. 3-26 For problem 3-28



Chapter 4

Momentum

The linear momentum, or briefly called momentum of a particle is the product of that
particle’s velocity and mass. Linear momentum deserves special attention because, like ener-
gy, it is conserved under certain conditions. To provide a basis for the law of conservation of
linear momentum we will introduce the concept of linear impulse and use it to reformulate
Newton’s second law. In this new formulation the net linear impulse represents the influence
of the external forces on the particle. The linear momentum of a particle changes in response
to an external linear impulse, When the net external linear impulse vanish, the linear momen-
tum will be conserved.

Angular momentum is the rotational analog of linear momentum and is also associated with a
conservation principle. In this chapter, besides the law of conservation of the linear momen-
tum, we shall also introduce the law of conservation of angular momentum for a particle.

Physicists take advantage of all conservation laws in several ways. In the process of parti-
cles interaction, physicists find the change in momentum and angular momentum to make pre-
dictions about some aspect of the motion of a particle when it is undesirable or impossible cal-
culate the full details of motion. This is especially helpful in those cases where the force law is
not known exactly. In the study of atoms, nucleons, and elementary particles, physicists use
the conservation laws to decide what reactions are possible — if a hypothetical reaction vio-

lates a conservation law then it is impossible.

4.1 Linear Momentum, Linear Impulse, and Momentum Theorem

4.1.1 Linear momentum

Through Newton’s second law the net force exerted on a particle determines the product
of the particle’s mass and acceleration. Through the law of kinetic energy the work done by
the net force determines the change in the kinetic energy of the particle. Now we shall see that
through the linear impulse momentum theorem, the linear impulse delivered by the net force
determines the change in linear momentum of the particle,

Before we define linear momentum and derive the linear impulse — momentum theorem,
Let’s consider Newton's second law, F = ma . Using a = dv /dt for acceleration, we can

write

_dv .
F_mdt (4-1)
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According to Eq. (4-1), the net force acting on a particle equals the change in the product nw
per unit time. This product is called linear momentum, and labeled as p. It is defined as
p=muv (4-2)

The SI unit of linear momentum is kg m/s, the dimension of it is [ p ][=MLT ',
4.1.2 The impulse-momentum theorem and Average force

Eq. (4-1) can be rewritten as

F—dp (4-3)
dt

The two forms of Newton’s second law — F =ma and F = dp /dt are equivalent if the mass
is constant. In the case of variable mass, such as a rocket,then F =m a can not be applied,
and we turn to F = dp /dt. Rewrite Eq. (4-3) as

dp = Fdt

Taking time integral of above equation from ¢, to ¢, we have
t
pr— D :J’th (4-4)
ll

where p; and p; are the linear momentum at ¢, and ¢, respectively. The integration in the right
side is defined as the linear impulse of the force during the time interval ¢; to ¢,,labeled as I,

thus
1:fwm (4-5)

Impulse is a vector. If F is a constant force, the direction of I is the same as that of force. If
F is a variable one, the direction of I is determined by the vector integral of the right side in
Eq. (4-5). The SI unit of linear impulse is Newton * second, or N « s ;the SI unit of linear
momentum is kg m/s, they have the same dimension, that is [I]= [p]=MLT .

Eq. (4-4) can be expressed in the form

I=p,—p = Ap
or
I = mv;, —mv, (4-6)
Which we call the impulse-momentum theorem, or in words as

The change in linear momentum of a particle is equal to the linear impulse delivered to that
particle by the net force,

Just as the change in the kinetic energy of a particle measures the net work done on the
particle, the change in linear momentum of a particle measures the linear impulse delivered to
the particle by the net force. We see that the vector law of impulse-momentum theorem
Eq. (4-6) is analogous to the scalar law of kinetic energy theorem Eq. (3-12), both of them in-
volve integration and connect the initial and final values of quantities without involving the
values of these quantities at intermediate times.

In practical application, it is convenient to use the scalar forms of Eq. (4-6). Suppose that » and

ware all in x-y plane, thus impulse is also in this plane, and the components of Eq. (4-6) are
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Iy — J- nyd{ = mup — MU,

Like the law of kinetic energy, the impulse-momentum theorem is not a new and inde-
pendent theorem but is a direct consequence of Newton’s second law. Both theorem are special
form of this law,useful for special purpose. Impulse momentum theorem is particularly useful
for the problems of collision. For example,when a golf club strikes a golf ball, a large variable
force of short duration is exerted on the ball by the club,observable changes in the motion of
the golf ball occurs as a result of the force, which is usually called impact force.

In order to deal with sudden or abrupt change in the motion of particle, we can use
Eq. (4-6) to calculate the linear impulse by means of measuring the change in linear momen-
tum of the particle during the time interval of the collision.

Fln) Determination of the impact force as a function of
time is quit difficult and unnecessary, it is illustrated

_ roughly in Fig. 4-1. When dealing with such a variable

F oy
/ \ force,it is sometimes helpful to introduce an average force
0 A = ¢ F, defined by
F——L_["ra (4-8)
Fig. 4-1 The curve of an impact force br =i

which is represented by a straight line in Fig. 4-1.
So that Eq. (4-6) can be rewritten as
I:F(tf‘_l,-) = muv; — mMv; (4‘9)
which is represented by the area under the curve of the variable force in Fig. 4-1, its compo-
nents are

I, =F.(ty—t) =mv, —mv,

Il\, — F_V(t]j_z,') - m"u_f,l:,,*mv,i. (o
The time interval At = ¢, —t; can be measured, so that, we can use impulse-momentum theo-
rem to find the average impact force or its components.

Example 4-1 A baseball (zz = 0. 1 45 kg) is moving
with a velocity v,= —31. 8(i+j ) m/s, when it reaches the
batter. After the baseball is hit by the batter it travels with a 4,
horizontal velocity v , = +60j m/s along y axis as shown in
Fig. 4-2.

(1) What linear impulse was delivered by the batter?

0
(2) The impact time, At for the baseball-bat collision is Big 42 For Example 4-1
1. 2 ms, a typical value. What average force acts on the baseball?
Solution (1) From the known we have
pi =—0.145 X (31.8)(i+j ) =—4.61G(+j ) kg m/s
pr=0.145 X 60j =+ 8.7j kg « m/s
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Their directions shown in Fig. 4-2, and
Ap=28.7j—[—4.61G+j) ] = (4.61i +13.3j ) kg - m/s
Using Eq. (4-6) we have
I =Ap= (4.61i +13.3j ) N=s
for the net linear impulse delivered to the baseball. The magnitude of I obtained from its com-

ponents, thus

I=vE+ID =461°+13.32 =14.1N+s
The direction of I is given by

ang = 1 — 18.3
a I. 461

That is, I makes an angle of 70. 9°with the x axis as shown in Fig. 4-2. Using a vector triangle

=2.88 or #=170.9°

Ap = p,— p:» we can get the same result.
) M At=t,—t;=1.2ms =1.2X10 * s, thus, from Eq. (4-9) the magnitude of the

| S U
tf T ti 1. 2 >< 1073

average force is then F = = 11750 N, which is over a ton!

4.2 Conservation of Momentum

Much of our discussion so far has dealt with the motion of a single particle and with the
laws governing the relationship between the particle and its surroundings. We have just seen
how impulse of a force effects the motion of a particle,now let us generalize this theorem to a
composite system of two particles being able to interact with each other, then lead to the law of

conservation Of momentum.
4.2.1 The momentum of a system of particles

Consider two particles that are free to move on a horizontal frictionless surface. Their
masses are m;and m;, ,and they each exert a force on the other while external forces are being
exerted on them by the surrounding. F, and f), are the net external force and internal force
exerted on m; by the surrounding and m; respectively, while F; and f; are the net external
force and internal force exerted on m, by the surrounding and m; respectively as shown in
Fig. 4-3. The pair of internal forces fi» and f5 include gravitational forces, electromagnetic
forces,nuclei forces,and contact forces,such as tensions, compression, friction and so on.

Suppose the velocities of m,and m; are v;; and v,z F,
at initial time, through interaction, they becamewv;, and

.

v, at final time. Using Eq. (4-4) for m; and m, re-

spectively, yields m,

JIJ(F1+f12)dI:M1 VT M1 Va (4*1121)

Ju- (Fy + fo)dt = my vp—my vy (4-11b) Fig. 4-3 A system of two particles

i
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According to Newton's third law fi, = — f», add Eq. (4-11a) to Eq. (4-11b), and note
fi:+ fa1= 0, we have
JJ’ (F, +F,)dt = Gm, vy +my vp) — Gny vy +m; vy) (4-12)

The left side is the impulse delivered to the system by the resultant external force while the
right side represents the change in total momentum of the system. Thus, Eq. (4-12) means
that the change in total linear momentum of a system is equal to the impulse delivered to that sys-
tem by the resultant external force. This result is called the linear impulse-momentum theorem

for a system.
4.2.2 The conservation law of momentum

We are now ready to derive the conservation law of momentum:if the resultant external
force is zero in Eq. (4-12), 1. e.

If ’

F,+F, =0
then
my vn +my v = my vy +my v (4-13)

This important result is called the law of conservation of momentum. It tells us that if no external
forces act on a system of particles. the total linear momentum of the system remains constant.

In general case, the system may consist more than two particles, the impulse-momentum

theorem and the law of conservation of momentum can be expressed as following:

J.I/ DIF;dt = Zm_,'u_,j — Zm_ivu (4-14)
¥ ] b} J
If D)F, = 0, then
J

Zm,v, = a constant vector (4-15)
i
the subscript 7 and f represent the initial state (time) and final state (time),; represents the

jth particle,and the sum is over all particles.

Like the law of conservation of energy that we met in chapter 3, conservation of momen-
tum is a law more general than Newtonian mechanics itself. It continues to hold in the subat-
omic realm,where Newton's laws fail. It holds for the highest particle speed, where Einstein’s
relativity theory prevails; it is only necessary to concern that the momentum is related to
speed, rather than Eq. (4-2).

Eq. (4-15) is a vector equation and, as such, is equivalent to three scalar equations corre-
sponding to momentum conservation in three mutually perpendicular directions. In the case of
motion in x-y plane,the x and y components of Eq. (4-15) are given by

If EF,A, = 0 then Zm,vj, = p, = a constant
(4-16)

If >F, =0 then Zm,'uj_\. — p, = a constant
Note that,it may happen, for example, there is an external force acting on the system but it

acts, for example, in only the vertical direction, with no component in horizontal direction. In
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such a case,the horizontal components of the total momentum of the system remain constant,
even though the vertical component does not.

Like all law derived from the Newton’s second law, the impulse-momentum theorem and
the law of conservation of momentum is valid only in inertial reference frames, that is, all ve-
locity in above equations should be with respect to the inertial reference frames.

Example 4-2 as Fig. 4-4 shows, a cannon whose mass M is 5000kg, fires a 100kg ball
with a muzzle speed v =300 m/s in a direction of 30°to the horizontal. The cannon is mounted
so that it can recoil freely.

(1) What is the velocity v of the recoiling cannon with respect to the earth (Neglect the
friction between the wheel and the ground) ?

(2) What is the direction of the ball’s velocity with respect to the earth?

(3) Suppose the recoil time interval Azt = 2 s, calculate the average acting on the buffer?

Solution (1) We choose the cannon plus the ball as o
our system. By doing so, the interacting forces between
the cannon and the buffer caused by firing the ball are in-

ternal to the system. The external forces acting to the Sys-

tem have no components in the horizontal direction. Thus,

/— buffer

[ 1

the horizontal linear momentum of the system must remain

unchanged as the cannon is fired, that is
Fig. 44  For Example 4-2

ZF,‘I =0, Z)m,-’v,;r = a constant

Choose a reference frame fixed with respect to the earth and assume that the recoiling ve-
locity is —wv . Before the cannon is fired, the system has an initial momentum p; = 0. After
the cannon have fired, the ball has a horizontal velocity v with respect to the recoiling cannon,
v is being the muzzle speed. In the reference frame of earth, however, the horizontal velocity
of the ball is v/, and

v, = vcosh — v,
where @ =30°, v, is the cannon’s recoiling speed with respect to the earth, and points to the

left. Thus, the total linear momentum of the system after firing is
P = m(ucosf)—v;) — Muo,

Where m is the mass of the ball, M is the mass of the cannon. Conservation of linear momen-
tum in the horizontal direction requires
m(vcosf—v) —Mv, =0

Solving for v, yields

_om _ 100 V3 _
—?—H+MUCOS(9 —~100_|_5000><300>< > 5.09(m/s)

(2) The velocity of the ball with respect to earth is ©’, which makes an angle @ with hori-

U1

zontal direction, as Fig. 4-4 shows

! / .
v ,= vcosd —vi, v ,= vsind



76 _ Part one Mechanics

SO
wsing  _ 300X (L/2) .

— = 30.5°
veosd —ur 300 X (/3/2) —5.09 254.7

a — arctan

(3) Using the impulse-momentum theorem to the cannon on which the average force F acts.

FAt = 0— (—Mv,) = Mo,

At 2

directing to the right. So that, the average force acting on the buffer is

F =—F=—12725 N

directing to the left in Fig. 4-4.

Example 4-3 Alpha particle scattering, An alpha particle collides with an oxygen atom
at rest,scattering along the direction of # =72° to the incident direction while the oxygen atom
recoil along the direction of 8 = 41° to the alpha’s incident direction. Find the ratio of the
speeds of the alpha particle before and after the collision.

Solution  Our system includes alpha particle and oxygen atom. Suppose the mass of alpha par-
ticle is m,its initial and final velocity are v, and v, respectively; the mass of oxygen atom is M, its

v final velocity is v,. In Fig. 4-5,0 =72°, 8 = 41°, the alpha’s inci-

/ v dent direction points to & axis . During the collision process,only

m . .

% internal forces act on the two particle, so that the momentum of
v!l & o b 3 — ~ -

z ® k) 0 i the system remains constant. Using Eq. (4-15) we have two com

m M NP p ponents equation in x direction;

M A muy; + 0 = muycos 0+ Mo, cos B ©
Iy

in y direction;
Fig. -5 For Example 4-3 0 = mu,/sinf — Musin 8 @
Eliminating Mv,, by Eq. D Xsing plus Eq. @ X cos 8 »we have
muv,; sin 3 = mu;,(cosf sin B+ sind cos )
so that

sinf sin 41°

s+ @ snlre a1

Yif
Ui

4,3 Collision

A collision is an isolated event in which a relatively strong force (a variable force) acts on
cach colliding particle for a relatively short time. An observable sudden or abrupt change in
the motion of the colliding particles occurs as a result of the force, which is usually called im-
pact force(Fig. 4-1). It must be possible to make a clean separation between times that are be-
fore the collision and those that are after the collision. In a true collision the impact forces act-
ing on the particles are internal forces,while the external forces play no role.

In our daily experience, the examples of collision might be a hammer and a nail,a base ball

and a bat, a stone dropped toward the earth-:-, In laboratories, many physicists spend their
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time playing what we can call“the collision games”. A major goal of those “games” is to find
out as much as possible about the forces that act during the collision, knowing the states of the
articles both before and after the collision, which include all of our knowledge of the subatomic
world—electrons, protons, neutrons, quarks, and so on. The objects that collide range from
subatomic particles to the galaxies. No matter what is the nature of the objects that collide,

the common rule of the collisions is that the momentum of the system is always conserved.

~ . . s . . . vy, 1JL
4.3.1 Elastic collision in one dimension - :
crore

Fig. 4-6 shows the general situation of a collision in one m
dimension, which is usually called head-on collision. The coliision
conservation equation for linear momentum in this case can

be written as

my vy, + my V2 — my Uiy +7ﬂ2 Va2y

n,

m,
let the direction of the collision in & axis and the positive x

pointing right, the x component of above equation is then Fig. 4-6 "Two particles collision

myvy; + mavy; = myvs +mpuy (4-17)

in which v, « vy, 5 v, and v, are all algebraic amounts of the corresponding velocities, if the di-
rection of velocity is the same as the direction of positive x axis, then its magnitude is posi-
tive, otherwise negative.

If the total kinetic energy of two colliding particles is conserved, their collision termed
complete elastic or briefly elastic, and the total kinetic energy before and after collision is

%m]vi + —l—mzvﬁ, = im]v%, 4= lmzv%/ (4-18)

2 2 2
Because collision in which one particle, for example, m; is the projectile with initial speed v ;;, anoth-
er one, the target m, is at rest in the laboratory reference frame is quite common, so, we take

m. to be at rest before collision, that is, setting v = 0 in Eq. (4-17) and Eq. (4-18), thus

m,v; — 7n11)1./‘+7722112f (4‘17)1
1 - 1 ~ 1 ; /
?mlvi = ?mlvff—i-?mgfvé, (4-18)
Rewrite above equations as
myvyy = my Coy; — viy) (4-19)
mg‘vg‘,- — M ('Urf,‘ - 'U%j') (4‘20)

Dividing Eq. (4-20) by Eq. (4-19), we have
U2y =— Ui + Urr

Substituting it into Eq. (4-17)', we obtain

Uiy = m e mzvu (4-21)

my + my

2)?’11
my + my

Ui (4-22)

Vayr =
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From above results, we note that vy 1s always positive (in Fig. 4-6, the target particle m, al-
ways moves along +z direction) ; while v,, may be of either sign, if m;>> m, , the projectile m,
moves forward, if m;<lm,, it rebounds. Let us look at a few special situations:

(1) Equal masses. If m;= m;, Eq. (4-21) and Eq. (4-22) reduce to

vy = 0, Wy = i (4-23)

which means that the particles of equal masses simply exchange velocities after collision, and
this is true even though the target particle may not be initially at rest.

(2) A massive target. If m,>m;,Eq. (4-21) and Eq. (4-22) reduce to

2m
Vi == Vi and Vop = (7])7)];, or 'Ugf%O (4-24)
2

In this case, the projectile 1, simply bounces back in the same direction from which it came, its speed
essentially unchanged. The target m, moves forward at a low speed, even becomes halt.

(3) A massive projectile. If m;>>m,, Eq. (4-21) and Eq. (4-22) reduce to

Vi R Vs Vap A2 20 (4-25)
In this case, the projectile m;, simply keeps going, scarcely slow down by the collision, while
the target m, leaps ahead, at twice the speed of m, s initial speed.

One of the important application of above results is in a nuclear reactor. Some certain
heavy nuclei capture neutrons and then undergo fission, emitting high-speed neutrons. These
emitted neutrons go on to initiate additional fission reactions, and the process continues in a
chain reaction. In thermal nuclear reactors low speed neutrons are used to initiate fission.
Therefore, the high-speed neutrons must slow down or transfer most of their kinetic energy in
collision before they can initiate another fission reaction. Thus elements of small mass, like
hydrogen and helium,are usually chosen in the thermal reactor core to maximize the chance of
a neutron (projectile) collision with a particle of nearly equal mass (target),so that the neu-
tron becomes almost at rest, this makes the energy transfer as efficient as possible. While in
another kind reactor called fast-breeder nuclear reactor high-speed neutrons are used to initiate
fission. Designers strive to minimize the energy transfer by elements of large mass chosen in
the reactor core, for example, liquid sodium, rather than water,is used as coolant in order to a-

void having hydrogen (from water) in the reactor core.
4. 3.2 Inelastic collision in one dimension

If the two colliding particles stick together after the collision — the collision is termed
completely inelastic or briefly inelastic, as shown in Fig. 4-7. They may not lost all of their ki-
netic energy but they have lost as much of it as they can, so, the kinetic energy is not con-
served at all, the “lost” kinetic always shows up in some other form — perhaps as thermal en-
ergy. In Fig. 4-7, after collision, the projectile and target becomes one particle of mass (m, +
m;) moving along x axis, Eq. (4-17) of conservation of momentum becomes

myvy; +myvy; = (my +mz)o (4-26)
SO
my vy + My vy

g = ——r L (4-27)

m, +m;
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If v, = 0, thus we simply have

="y, (4-28)
¢ m, +my “
Example 4-4 A ballistic pendulum is a device that was B v,
used to measure the speed of bullets. It consists of a large before () O
”T:

block of wood of mass M hanging from two long pairs of ™

cords. A bullet of mass m is fired into the block, coming caliliston
quickly to rest. The block with the bullet in it then swing

upward. The change in vertical position of the block is e
(<]

measured as h before the pendulum comes momentarily to

my -+ m,

rest at the end of its arc,as shown in Fig. 4-8.

(1D If M =5.4kg,m= 9.5 g,h=6. 3 cm, what is the Fig. 47 An Inelastic collision
speed of the bullet?

(2) How much of the mechanical energy remains after the collision?

. 4 . Solution (1) The first stage of the motion is a inelas-

\ \ tic collision, if the projecting speed of the bullet is v, the
' \ speed obtained by the block is ¢, from the conservation law

\ \ of the momentum,we have

. - = mo = (M+m)v’ @

i - S— I After collision, the second stage of the motion is the swing in
which process the mechanical energy of the swinging pendu-

Fig. 4-8 For Example 4-4 lum remains constant, the kinetic energy of the system when

the block is at the bottom (the reference position of zero po-
tential energy ) of its arc must then equal the potential energy of it when the block is at the

top, thus
LM+ w0 = (M4 m) gh @
Eliminating ©" from Eq. @ and Eq. @, leads to the projectile speed of the bullet
o= MEm g — (AL 0009 /780,063 = 633 (m/s)

0. 0095
(2) The initial kinetic energy of the bullet is
Ei = Jmu’ = - X 0.0095 X 630° — 1930(])

The mechanical energy of the system when the block is at top is
E=E, = M+m)gh = (5.4+0.0095) X 9.8 X0.063 = 3.3(])
Thus,only 3. 3/1903= 0. 2% of the original kinetic energy of the bullet is transferred to me-

chanical energy of the pendulum. The rest is dissipated inside the block as thermal energy.
4.3.3 Elastic collision in two dimensions

Fig. 4-9 shows a typical situation of two dimensional collision in which a glancing collision

(assumed elastic) occurs between a projectile particle mjand a resting target m, (v,, = 0). Set
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the incident direction of m; as the x axis, thus v, =0. According to the conservation of mo-

mentum, we can write down two components equations

x component:  myvy; = m; v cosd + my vy cosl, (4-29)
y component: 0 = m; v sinf, + my vy sind, (4-30)
v Where 0, and @, represent the directions of v,,.and v,; respec-
m, (‘,/ Yy tively. From the conservation of kinetic energy,we have one

. ,f"- more equation

’ 3§

i m \0102 x %m]v%, = —é—ml'zﬁ_, -+ —é‘mzv%, (4-31)
mf"\ v, These three equations contain seven variables, if we know

any four of them, we can solve the three equations for the re-

Fig. 4-9 A two dimensional collision majning three quantities., Usually, the known quantities are
m, sm; and one of the angles. The unknowns to be solved for are then the two final speeds and
the remaining angle.

Example 4-5 Two particles of equal mass have an elastic collision(in two dimensions) ,
the target particle being initially at rest. Prove that the two particles will always move off at
right angles to each other after the collision.

Solution et us solve the problem in a straightforward way rather than using Eq. (4-29) ~

Eq. (4-31). Fig. 4-9 shows the situation both before and after the collision. Because of conser-

vation of momentum, »w,; = mv,;+ mv,,;, these three momentum -
vectors must form a closed triangle. Consider that the masses of i WL
the particles are equal, the corresponding velocities form a closed v,
triangle also as Fig. 4-10 shows. Cancel the mass m,we have v,

111;:’01/+'02f @
On the other hand, from the conservation of kinetic energy, Eq. (4-31)

Fig. 4-10  For Example 1-5

holds, with the mass canceled. It becomes
vij=vi+v} @
For Eq. @ holds, the triangle in Fig. 4-10 must be a right triangle and therefore the angle ¢ be-

tween v, and vy, must be 90° 1. e. = 90° which is what we set out to prove.

4.4 Conservation of Angular Momentum of a Particle

4.4.1 Angular momentum of a particle

Like all linear quantities, linear momentum has its angular counterpart. For a particle having lin-
ear momentum p , located at point P with position vector r in the 2~y plane (Fig. 4-11),the angular
momentum L of this particle with respect to the origin O is defined by equation

L=rXp=mrXv (4-32)
The angular momentum vector L is perpendicular to the plane determined by r and p (in Fig.
4-11, this plane is coincident with =y plane),and in the direction determined by the right-hand

rule for the cross product, thus,L is directed along the positive z axis in Fig, 4-11.
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The magnitude of angular momentum is given by

L = rmusing (4-33)
where g is the angle between the linear momentum and the direction of the position vector. If the
particle is moving directly away from the origin (¢=0"),or directly toward it(¢=180"), thus the
particle has no angular momentum about that origin. The SI unit of angular momentum is
kg « m®/s, equivalent to J « s, Apply the definition Eq. (4-32) of angular momentum to the
particle undergoing a circular motion, as shown in Fig. 4-12, the angular momentum of the
particle with respect to the center O of the circle is given by

L=rXp=mrXwv
which is directed upward, perpendicular to the plane of circle, Its magnitude is
L = mrv sin 90° = mrv = mrie

in which r is the radius of the circle, w is the angular speed of the particle around the center.

L
L -rXp
@) v

/\/P o
¢ 90°

X P m

Fig. 4-11 Define the angular Fig. 4-12 Angular momentum of

momentum of a particle a particle in circular motion

4.4.2 Newton’s second law in angular form and Torque

We start with the defining equation for angular momentum of a particle, Eq. (4-32) L =
r X p, by differentiating each side of it with respect to time ¢, yield

dL dp | dr _
o erz—l—thp (4-34)
Because v =dr/dt, p=mwv , we can write the second term as

%Xp:vx(m'v)vaXv:O

so that Eq. (4-34) becomes

dL _ . dp
"
Using Newton’s second law F =dp /dt, we have
o rxF (4-35)

Where F is the net external force acting on this particle,r is the position vector of the particle
with respect to the origin O. Here we introduce a quantity torque exerted on the particle by
this force with respect to the origin point O,labeled as M. It is defined as

M=rXF (4-36)
in Fig. 4-13. Where M is perpendicular to the plane determined by r and F and points to the di-

rection determined by the right-hand rule for the cross product.
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M The magnitude of torque M is given by
M = rFsinf = Fd (4-37)

where @ is formed by F and the positive direction

of r , d is the perpendicular distance to the line of

action of the force from the origin O, and is

called the moment arm of the force. Therefore

Fig. 413 Definition of the Torque M exerted  Ed. (4-35) becomes

on a particle by the net force F M — d_L (4-38)
dt

Because F is the net external force,so that M is represents the net torque produced by external
forces. Eq. (4-38) is indeed the angular form of Newton's second law:
The net torque acting on a particle is equal to the time rate of change of the particle’s angular

momentum,
4.4.3 Conservation of angular momentum of a particle

When the net torque equals zero,dL /dt=0, the angular momentum of the particle does

not change—it remains constant, and is thus conserved, we can write
If M= 0, then L ;= L ;,or L = a constant vector (4-39)

this is the law of conservation of angular momentum for a particle: If the net torque is equal to
zero, the angular momentum of a particle remains constant.

The case where the net force is a central force merits special consideration. A central
force is the one whose direction is always toward or away from the force center then F is along r.
Electrical and gravitational forces provide examples of central forces. When F and r are parallel or an-
ti-parallel, their cross product is zero. Therefore. for a central force,r XF = 0, M =0. The angular
momentum of a particle moving under the influence of a central force is conserved.

Example 4-6  Halley’s comet moves about the sun v,
in an elliptic orbit (Fig. 4-14) with a perihelion distance
Rp= 0. 885X10"m and an aphelion distance R4 =52. 5 X
10" m. We know the perihelion speed is vp = 5. 4 X 10"

m/s. Find the aphelion speed v =7
Solution From Fig. 4-14 we see that the sun’s force Fig. 414 For Example 46
of gravity acts along the line joining the sun and the com-
et, i. e, it is a central force (M =0),so that the angular momentum of the comet with respect
to the center of the sun is conserved, thus
Lp =L,
or
mupRp = muaR 4
therefore

) 1
vp = v,,(%): 5.4 X 10* x %885 X 10

m = g, 1 X lOZ(m/s)



Chapter 4 Momentum 83

leia

Example 4-7 Planets move in elliptic orbits with the sun located at one focus. Prove the
Kepler's second law of planetary motion: in equal time intervals, the radius vector from the
sun to a planet sweeps out equal areas.

Solution Because the sun’s gravitational force acts along the line joining the sun and the
planet, the angular momentum of the planet relative to the center of sun is conserved, that is
I. = a constant vector

which means: L

(1) The direction of L is remaining unchanged, as

shown in Fig. 4-15, so that the orientation of the planet de-

termined by r and p is pointing to a constant direction, in

® ""ll,,,////////:%/
. @

a

the other words, the planet moves always in a same plane in \Arlsing
which the orbit of the planet locates.
(2) The magnitude of the angular momentum of the Fig. 4-15 For Example 4-7

planet relative to the sun is given by

dz
Here r| Ar | sin a=twice of the shadowed area AS in Fig. 4-15,1. e.
r| Ar| sing &= 2AS

L . r| Ar|sina
sing = m lim —/———"—"—=

L = mrvsing = mr
A0 A[

so that

L=2m1imA—S: 2md¥S
A0 At de

in which dS/d¢ equals the area swiped by the radius vector r in an unit time interval, called

area speed. Because that the magnitude of L is a constant so that the area speed

ds L
5~ = a constant

dt ~ 2m

It is the Kepler's second law of planetary motion that we set out to prove.

4.5 The Center of Mass

4.5.1 The center of mass

We can simplify the description of the motion of a system that consists of many particles
by introducing a new concept of the center of mass. Suppose there are several particles, with
mass m, sMz s ... M;» and so on, shown in Fig. 4-16. Let the coordinates of m; be (&, v,),
those of m; be (xy, y2),0f m,be(x,,y,) and so on. The definition of the center of mass of the
system is the position having the coordinates (x., y.) given by

o +mox, +myx; + o0 i

1
X, = = E m,x;
‘ my; +my; +ms + - E’"i m<2T
=

Z?')’l;y,‘
_my Yy +in2y2 +m3_y3+”. i __i -
yL‘ m +’nz +,n3 + oiee Z)’I' m Zﬁ?:_y., (4 41)

(4-40)
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In whichm = Zm, is the total mass of the system. The position vector r. of the center of

!

mass can be expressed in terms of the position vector ry, r;,+:of the particles as

ZTVI,T,‘
. nr +1712r2 +I?’I3"3+"' o i
¢ m, +my +my + - Zm,
r

N - N .
= mZm,r, (4-42)

In Eq. (4-42) it is necessary to point out that the position
of the center of mass is not related to the origin of the co-
ordinate system chosen.

The most simple particle system is that consists of two

particles with equal mass, obviously its center of mass is

located right at the middle of the line connecting to one an-

other. For the two particle system with different mass, the

Fig. 4-16  The center of mass position of the center of mass is on the connecting line but
closer to the heaver one.

For the case that the mass of a body is continuously distributed, we must divide the body
into a number of small volume element dV with mass dm and replace the sum in the equations
above by an integral then the expression of the definition of the center of mass becomes

ﬁrdm J.rdm J ydm Jydm erm

Te — ~F == ) Ne = - ’ s = ; (4‘43)
J dm m Jdm m m

In which 2 , y are the coordinates of mass element dm, dm=pdV, p is the mass per unit

volume, m is the total mass of the body. There are some general points about such problems
should be mentioned. First, whenever a homogeneous body has a geometric center, such as a
solid sphere, a disk, a thin rod, or a solid cube, the center of mass always coincides with the
geometric center. Second, whenever a body has an axis of symmetry, such as a wheel or a
pulley. the center of mass always lies on that axis. Third, the center of mass is not always lo-
cated within the body. For example, the center of mass of a thin hoop is right at the middle of
the hole.

Example 4-8 Find the center of mass of the earth-sun system. The mass of earth and
that of sun are known as 5. 98X 10* kg and 1. 99 X 10* kg, the distance from earth to sun is
1. 5X10" m.

Solution This is a two particle system, take the center of the sun as the origin of x axis,
then x.=0, x.=1.5X10" m, according to Eq. (4-40), the center of mass locates at

M Ts + M2 _ 5.98X 10 kg X 1.5 X 10" m
m, + m. 1.99 X 10* kg + 5. 98 X 10** kg

from the center of the sun, note that the radius of sun is 6. 96 X 10°m, the result means that

= 4.49 X 10° m

A

the center of mass of the earth-sun system locates within the sun on the line connecting them
and is about 0. 645X 10 *R..
Example 4-9 Calculate the center of mass of a thin semicircle of radius R.

Solution Take the coordinate as show in Fig. 4-17. Suppose the mass per unit length isA,
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the mass of a element arc d/ is dm = Adl = ARdf, the v
coordinates are y
(¢
x = Rcosfl, y = Rsinf 7] S
Because the symmetry of the semicircle is the y axis, the center of . E
mass definitely lies on it, that is z. =0, from Eq. (4-43), we do !
0 !
have 0 x x
J vdm JﬂRsinH « ARdY 9 Fig. 1-17 For Example 1-9
_— — 28 o LD
e m TRA ie

which indicates that the center of mass locates at the point 2R/x from the origin on the y axis.
4.5.2 Motion of the center of mass

To find one more useful way to describe the motion of a system of particles, rewrite Eq. (4-42)

as mr, = Zm,—r,- and taking the time derivative of it, we obtain m % = Zm, %’;’ = Zm,»'v, s let
v = U(‘;‘ represent the velocity of the center of mass, the above equation can be expressed as

muo,. — Zm,-u = Zp,- (4-44)
In which Zp,- = p is the total momentum of the system, thus we have proved that the total

momentum of the system equals to the product of the total mass and the velocity of the center
of mass. The change rate of the total momentum with time is given by

dp _. m d'g,
de d¢

where a 1s the acceleration of the center of mass. On the other hand, from Eq. (4-3), the

= ma. (4-45)

change rate of the momentum of a particle with time equals to the total external force exerted
on it, furthermore, due to Newton’s third law, the total internal force of a system is zero, and
the total external force equals to the vector sum of the external forces exerted on all particles
ol the system. So that, the total external force F equals to the change rate of the total momen-

tum with time, Eq. (4-45) then can be rewritten as

F— %f — (1-46)

Eq. (4-46) indicates that the total external force on the system equals to the product of the total
mass and the acceleration of the center of mass of the system which is called as the theorem of
motion of the center of mass. The form of this law is the same as that of Newton's second law,
which indicates that the center of mass moves just as though all the mass concentrated at that
point and it were acted on a net force equal to the sum of the external forces on the system.
The result above is very important when we analyze the motion of a system of particles, a
rigid body or an extended;for example, we describe the motion of a diver as a combination of
translational motion of the center of mass along a parabolic path and rotational motion about

an axis through the center of mass.
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Finally, note that if the net external force is zero, Eq. (4-46) shows that the acceleration
a . of the center of mass is zero. So the velocity v . of the center of mass is constant, the total
momentum is constant as well. This reaffirms the principle in section 4-2 of conservation of
momentum.

Example 4-10 a cannon shell traveling in a parabolic trajectory (neglecting the air resist-
ance) with initial velocity 500 m/s at the 60° with the horizontal explodes at the point of the
maximum height, splitting into two fragments with equal mass as shown in Fig. 4-18, one

fragment falls downward. Find the position of the other piece.

y/m

Fig. 4-18 For Example 4-10

Solution Set the coordinate system as shown in Fig. 4-18. Because that before and after
the explosion there is no external force in horizontal direction, according to Eq. (4-46), the =
component of motion of the center of mass is unchanged, the position of the center of mass is
the range of the parabolic trajectory

vsinfcosd _ 2 X 500% X 0. 866 X 0.5
g 9.8

The position of the fragment falling down is x; =0. 5R=10. 8 X10* m, y; =0, from Eq. (4-21)

z.=R= ~2l.6X10°m, y.=0

and m, =m, =m,we have

_ mx tmyx, . mX10.8 X 10° +mx, _ 21. 6 X 10° (m)

m; + my m

°

by solving this equation, the position of the other piece is obtained as
the position of the second fragment in y axis y, =0 too, which indicates that both fragments

fall in 2~y plane.

| ;l Questions
<@

4-1 1f you kick out a ball that originally was at rest on the deck of a moving ship with constant velocity,
whether or not the increment of the momentum of the ball with respect to the ship and to the ground are equal to
each other? How about the answer to the same question about the kinetic energy of the ball?

4-2 (1) When the nozzle of a fire hose discharges a large amount of water at high speed, several strong
firemen are needed to hold the nozzle steady. Explain the reason.

(2) When firing a shotgun,a hunter always presses it tightly against his shoulder. Why?

4-3 Many features of cars, such as collapsible steering wheels and padded dashboards, are meant to change
more safely the momentum of passengers during accidents. Explain their usefulness,using the impulse concept.

4-4  To solve problem 4-7, two students give two equations as following,
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(1) Mv = (M—3m)7' + mu — 2mu;

(2) Muv = (M—3m)v + m(v+ w) + 2m(v— u) what is wrong with the solutions?

4-5 Can a spacecraft or rocket get propulsion in empty space there is nothing in the environment to push
against? What will happen when a rocket engine produces a large quantity of hot high pressure gas from the
combustion of fuel in combustion chamber and then ejects this gas at high speed at the tail end of the rocket
while pushes on the gas. Compare this with that a gun recoils when it ejects a projectile (say,a bullet) , explain
the mechanism of a rocket’s propulsion.

4-6 Make schemes in two dimensions about the following example, specify the angular momentum of the
particle with respect to a reference point:

(1) a satellite in a circular orbit;

(2) a satellite in an elliptical orbit,for both, the center of earth is the reference point;

(3) an airplane flying straight possesses angular momentum with respect to an arbitrary point on the earth;

(4) for a rotating wheel, each bit of mass contributes some angular momentum to the total with respect to
the axis.

In which ones among above examples the conservation of angular momentum hold?

4-7 A man walks back and forth from the stem to the stern on a boat which is at rest on a still pond;can
the boat move forward and reach the bank? Give the reason?

4-8 A man and a boy are standing some distance apart on the frictionless surface of a frozen pond and pull
on the ends of a light rope that stretched between them, midway between them there is a bag on the ice. Then
the man pulls the rope and moves toward the bag, if the mass of the man is 1. 5 times the mass of the boy, who
will reach the bag first? Why?

4-9  What path does the diver’s center of mass follow when the diver is doing a forward one-and a-half-

somersault dive in the air after leaving the spring board ?

4

s Froblems

4-1 In a high jump,a 60. 0 kg man jumps over the 2. 0 m height bar, and vertically falls to the bumping
cushion. Suppose that it takes 2. 0 s for the man to reduce his velocity to zero.

(1) What average force acts on the jumper?

(2) If the jumper directly fell to the ground from that height and it takes 0. 20s to get rest, what average
force would act on the man?

4-2 A 140 g baseball,in horizontal flight with a speed v of 40 m/s, is struck by a batter. After leaving the
bat, the ball travels in the opposite direction with a speed v;, 40 m/s also.

(1) What impulse acted on the ball while it was in contact with the bat?

(2) Suppose that the impact time At for the baseball-bat collision is 1. 2 ms,a typical value. What average
force acts on the baseball?

(3) What is the average acceleration of the baseball?

4-3 A 2.5 g ping-pong ball bounces off a bat, the magnitude of the incident and the leaving velocity are
7 =10 m/s and v, =20 m/s respectively, they are in the same plane, make 45°and 30°angle with the normal of
the bat as shown in Fig. 4-19.

(1) Find the impulse acting on the ball during the collision.

(2) Suppose that the impact time takes 0. 01 s, find the average impact force exerted on the ball by the bat
(magnitude and direction).

4-4  Coal drops at the rate of 200 kg per second from a hopper onto a horizontal moving belt which trans-
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ports it to the washing plant (Fig. 4-20). If the belt travels at the speed of 3. 0 m/s, what is the power of the

motor driving the belt (ignore {riction loss)?

Am
-
Q)) '
Fig. 4-19 For problem 4-3 Fig. 4-20 For problem 4-4

4-5 A cannon whose mass M is 1500 kg fires a 70 kg ball in the horizontal direction with a muzzle speed v,
of 50 m/s. The cannon is mounted so that it can recoil freely.

(1) What is the velocity v of the recoiling cannon with respect to the earth?

(2) What is the initial velocity v of the ball with respect to the earth (refer to Example 4-2)7

4-6 A workman throws a package of 50kg mass with a speed of 1. 0 m/s in + x direction into a 200 kg
flatcar, what is the velocity that the flatcar gains?

(1) The car is at rest in the beginning;

(2) It moves with initial speed of 2. 0 m/s in + .z direction;

(3) It moves with the same initial speed, hut in—x direction. Neglect the friction between the flatcar and

the ground.

4-7 A loaded boat of total mass M sails on a still pond with a 7
‘ ° ) ’ ’ V] 2 v
velocity v as shown in Fig. 4. 21(a), then a man throws a body of =it
mass m from the stem and another man throws a body of mass 2m
5 g . (a)

from the stern simultancously, with the same speed u but in oppo-
site direction horizontally relative to the boat as Fig. 4-21 (b) ~u u

. ) ) . % 2m m m—»
shows, Find the velocity of the boat just after the two bodies are v’

_ e
thrown. S
— N T T T T T T T

4-8 A man of 60 kg stands on a 100 kg canoe at rest in still -
,

water and the length of the boat is 5. 0 m. What is the distance that
the canoe moves when the man walks from the stem to the stern? Fig. 4-21  For problem 1-7
Neglect the resistance of water.

1-9 A sportsman of mass M with a basketball of mass 72 in his hand jumps up forward with the velocity o,
that forms an angle ¢ to the horizontal , he throws the ball with velocity u relative to himself backward horizontal-
ly just as he jumps to the highest position. What is the increase in the distance that the sportsman passes for
ward compared with the situation that if he jumps but does not throw the ball.

4-10 In Fig. 4-22 a boy standing at one end of a light flatcar puts the shot along the length of the car
twice, First, with the car locked in position, then with the car free to roll on horizontal rails with negligible fric-
tion. On both trials the shot,just after it leaves the hand of the boy, has the same velocity( both magnitude and
direction) relative to him. On which trial,if either,does the shot cover the greater distance measured relative to
the ground? Suppose that the mass of the flatcar with the boy is M while the mass of the shot is » . What is the
ratio of the two distances d»/d, ?

4-11  Fig. 1-23 shows an elastic collision of a deuteron(the nucleus of an isotope of Hydrogen with a mass of 2. 0

u.u is the atomic mass unit) and a proton (with a mass of 1. 0 u). This collision took place within the emulsion of a
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photographic film;in this medium the particles produce visible tracks because their passage exposes the film. The deu-
teron has an initial speed of 2. 7X 107 m/s and the final speed of 2. 2X 10" m/s. The proton is initially at rest. Calcu-

late the final speed of the proton,and the final directions of motions of the deuteron and the proton.

Fig. 4-22  For problem 4-10 Fig. 4-23  For problem 4-11

4-12 A bullet weighting 4. 0 g is fired at a speed of 600 m/s into a ballistic pendulum of weight 1. 0 kg and
thickness 25 em. The bullet passes through the pendulum and emerges with a speed of 100 m/s. Calculate the
average retarding force acting on the bullet in its passage through the block,and the height to which the pendu-
lum rises (refer to Fig. 4-7 in Example 4-4).

4-13  Another way to measure the speed of the bullet is that to fire the bullet into (and embedded in) a
block connected to a spring with one end fixed, then to measure the compression of the spring. Suppose that the
mass of the bullet is 20 g, the block is 8. 98 kg. the spring constant is 100 N/m, the compression of the spring
is 10em and the coefficient of kinetic friction between the block and the horizontal surface is 0. 2. Make a
scheme; calculate the initial speed of the bullet.

4-14  Fig. 4-24 shows that a crate of mass m released from the top of an incline slides down along its fric-
tionless surface into a small cart of mass M placed at a horizontal plane. and moves with the cart over a distance
S =0. 25 m, then stops. Suppose that m =1 kg, M = 4.0 kg, h =5. 0 m, and § = 60°. Find the coefficient of
friction between the cart and the ground.

4-15 A 5.0 g bullet is fired with initial speed v=400 m/s horizontally at a block of mass 1. Okg resting on
a smooth tabletop. The bullet gets into the block and embeds itself in it while the block moves a distance as
shown in Fig. 4-25. Find

(1) the work done by the force exerted on the bullet by the block;

(2) the work done by the force exerted on the block by the bullet;

(3) the mechanical energy dissipated.

m

h M
e e )
m v X |
— o>
0 3 f
_r M ! )
7777 77, 77777 I 777
Fig. 4-24 For problem 4-14 Fig. 4-25 For problem 4-15

4-16 In Fig. 4-26,a disk of mass M is connected to a light spring of force constant # with another end

fixed. A small body of mass m is released from the height A above the disk and falls into it, then moves together
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with it. Find the maximum extension of the spring.
4-17 A particle of mass m is released from rest at point P in Fig. 4-27.
(1) what torque does the gravitational force acting on the particle exert about the origin 7
(2) What is the angular momentum of falling particle about the origin? Show that this result satisfy the re-

lation M =dL /du.

A.
O
m
h
p
M y mg
Fig. 4-26 For problem 4-16 Fig. 4-27 For problem 4-17

4-18 Show that a particle of mass m moving in a circular path of radius R at constant speed v will have
constant angular momentum relative to an origin at the center of the circle.

4-19 Fig. 4-28 shows the relaxed state of a string of length / with one end fixed at point () and another end con-
nected a ball at position A,OOA=h. Let the ball move along AB which is perpendicular to (JA, when the distance OB is
equal to / so that the string is then stretched to cause the ball moving around point O with radius /. Find the ratio
E./Es (Ey is the ball’s initial kinetic energy while E; is its kinetic energy when moving in a circle).

4-20 A child whirls a ball of mass m in a circle around her head, the initial radius », =130 c¢m with an initial
angular speed w; of 35 r/min. Then the child pulls in the cord, shortening the radius to »,= 85 cm. What is the

angular speed w; of the ball in this new orbit (Fig. 4-29)7

Fig. 4-28 For problem 4-19 Fig. 4-29 For problem 4-20

4-21 In the Bohr-atom model an electron of mass 9. 11 X10 *' kg revolves in a circular orbit about the nu-
cleus. It completes an orbit of radius 0. 53 X107 " m in 1. 51 <10 ' s, What is the angular momentum L of the
electron in this orbit?

4-22  Find the position of the center of mass for a water molecule which consists of one oxygen atom and
two hydrogen atoms, mo=16my, §=37. 7° formed by x axis and the line connecting oxygen atom and hydrogen
atom, the length of each line is d=1. 0X10 ""m. Use the coordinate system shown in Fig. 4-30.

4-23  Find the position of the center of mass for an uniform semicircular thin sheet with the surface mass
density ¢ and radium R . Use the same coordinate system as in Example 4-9,

4-24  Another situation of Example 4-10, if m: =2m, , the first fragments is found at 2, =16 X10*m y, =
60 m after explosion, calculate the coordinates of the other piece, suppose the initial parabolic trajectory is in -
z plane, @ and v, are the same as in Example 4-10.

4-25 Using the theorem of motion of the center of mass and Eq. (4-40) solve problem 4-8 again.
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4-26 A soft rope of length / and mass m winded on a horizontal table surface, a person lift one end of it

with his hand at a uniform vertical speed v, , try to find the lifting force when the distant from the up end of the

rope to the table surface is y (Fig. 4-31). Hint: use Eq. (4-41) and Eq. (4-46), the answer is F = %(z‘% + yg).

H d y H
0 (¢]
0 77777777 O
Fig. 4-30 For problem 4-22 Fig. 4-31 For problem 4-26

*4-27 I the initial condition of problem 4-26 is the end of the soft rope just leave the table surface at rest,
then release it, try to find the normal force exerted on the rope when the left length is y from the table surface
(hint : find y.(y) first, for the particle system of the rope, weight should be mg rather than (y/l) mg, the an-
swer is F=3mg(1—y/)).



Chapter 5

Rotation of a Rigid Body

Our discussion of the principles of mechanics so far has been concerned only with transla-
tional motion of a particle—an ideal model whose size and shape can be neglected in the prob-
lems involved. But in our everyday life experience, in factories, laboratories and in nature
phenomena, there are many problems in which this model and its translational motion are in-
adequate, instead of this, we need to study another important class of motion—rotation. Ro-
tation is the motion of wheels, gears, motors, handles, clocks, helicopter blades as well as
the motion of spinning electrons and atoms, spinning planets and so on. It is the motion of ac-
robats, of high divers,or of ballet dancers etc.. Rotation motion is all around us.

To discuss the principles governing the motion of rotation, we need to introduce you an-
other important ideal model—rigid body. A body is rigid if the particles in the body do not
move relative to one another under the action of an external force. Thus, the body has a per-
fectly definite and unchanged shape and size and all its parts have a fixed position relative to
one another, in the other words, all possible deformations can be neglected so that the as-
sumption that rigidity is a good approximation.

In this chapter, we will focus on the subject of the rotation of a rigid body around a fixed
axis, in which the concepts, principles and laws are the bases of study more complicated rota-

tion problems,

5.1 Motion of a Rigid Body

5.1.1 Translation and rotation of a rigid body

A rigid body can undergo two types of motion, translation and rotation. The motion is a
translation when all particles describe parallel paths so that the lines joining any two points in
the body always remain parallel to its initial position,all points in the body have same instanta-
neous velocity and acceleration, therefore, the motion of any point of the body can represent
the translational motion of entire rigid body. usually we choose the center of mass as the repre-
sentative point whose mass is equal to the mass of the rigid body and that is acted on by a force
equal to the sum of all external forces applied to the body. The principle of translational mo-
tion of a particle given by Newton's second law which we studied before, is applied to the
translation motion of the representative point of the rigid body.

The motion is a rotation of a rigid body around an axis when all the particles describe cir-
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cular paths around a line called the axis of rotation. The axis may be fixed or may be changing
its direction relative to the body during the motion.
A rigid body can simultaneously have two

kinds of motion, the most general motion of a

rigid body can always be considered as a combi- 0—n 0—=44
nation of a rotation and a translation. For ex- ; Ar Y
ample, the rolling of the wheels of a bicycle in A' " '

Fig. 5-1, which can be regarded as a translation | —

represented by the axis with respect to the earth Fig. 5-1 The combination of a translation motion
and a rotation around this axis. The displacement and a rotation of the wheel on a bicycle

Ar of point A on the rim relative to the reference

frame fixed on the earth, is the vector addition of the displacement Ar, of the origin O on the axis and

the displacement Ar 'of the point A relative to the origin O shown in the figure.
5.1.2 Rotation of a rigid body around a fixed axis

The simplest and most common case of rotation is the rotation of a rigid body around a
fixed axis, there are mane examples relevant to it in daily experience, such as a pulley rotates
about a fixed horizontal axis, and a disc about its central vertical axis, a door about its hinge,
a grindstone wheel;a motor as well as a gear etc..

Fig. 5-2 shows a rigid body rotating about a fixed axis
which coincides with the z axis, every point of the body
moves in a circle whose center lies on the axis of rotation
and every point experiences the same angular displacement
during a particular time interval. To describe the orienta-

tion of the body at any instant, we select one arbitrary

particle P in the body and use it as a reference point, the
Fig. 5-2 A rigid body rotates about = circular motion of this particle is then representative of the
axis. Each particle moves in a circle  rotational motion of the entire rigid body, that is, the an-

with center lying on = axis gular position, angular speed and angular acceleration of
the entire rigid body are all represented by those of particle P.

So that, the kinematics equations of the circular motion of a particle discussed in section
1-4 are all valid in the motion of the rotation of a rigid body about a fixed axis. For the sake of
convenient, let us rewrite them in the followings:

angular speed

_ dg

w =7 (5-1)

angular acceleration

_ dw _ d0 ;
f=5 =53 (5-2)

where # is the angular position of the body with respect to a reference line. Moreover, equations
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w = wo + Bt —15) (5-3)
0= 6 +an(t— 1) + 5B U—1)? (5-4)
o = wi +28(0—06,) (5-5)

are specially useful for the motion with constant angular acceleration.
However, as you may already realize from the motion of points P and Q in Fig. 5-2 that
the linear speed of different point in the body may be different,depending on the perpendicular

distance from the particle to the axis, that is the radius of the circle the particle moving along.

Equations
s = 0r (5-6)
V= wr (5-7)
a, = Br (5-8a)
a, = w'r (5-8b)

hold for the relations between the angular quantities of a rigid body rotating about a fixed axis
and the linear quantities of the points in it.

It is important when we study angular motion by means of analogy between linear and an-
gular motion to find the corresponding quantities and the governing laws of rotation, which

will head us well-understand and in easier way to solve problems met in rotation.

5.2 Torque, the Law of Rotation, and Rotational Inertia

5.2.1 Torque

In this section we shall deal with the dynamic problem for the rigid body rotating about a
fixed axis. If you want open a door or a window, you must certainly apply a force;that alone,
however, is not enough, where you apply that force and in what direction you push are also
important. The physics concept hidden in this experience is torque of the force applied on the
body. The first place where we learned this word is in section 4-4 where Eq. (4-36) M =r X F
defined the torque acting on a particle with respect to the fixed point around which the body
rotates.

Suppose that the force F acting on the body is located in the plane perpendicular to the ax-

is O O" about which the body rotates as shown in Fig. 5-3(a). The force is applied at point P
whose position is defined by the vector r = OP. The directions of r and F make an angle @ with

each other. The torque produced by F with respect to the axis is defined as

M= rXF (5-9a)
The magnitude of M is given by
M = rFsinf (5-9b)
or
M= rF, (5-10a)

which means that only the tangential component of F (F,=F sinf )can have any turning effect
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on the body. The radial component (F,= Fcosf ) passes through the axis and can not cause
the body to rotate. Torque plays the same role in generating angular acceleration that force
does in generating linear acceleration. Eq. 5-9(a) can also be written as

M=r F (5-10b)
Same as d in Eq. (4-37), r| called the moment arm of the force is the perpendicular distance
from the axis of rotation to the line of action of the force,as Fig. 5-3(a) shows. The SI unit of torque
is the Newton * meter (abbr. N ¢ m), thus the dimension of torque is [M ] = ML*T 2,

The direction of the torque in Eq. (5-9) is determined by the right-hand-rule for a vector
product,that is to sweep the vector r into the vector F with your right hand through angle
0(6<<180°), thus, your outstretched thumb then points in the direction of vector r X F. So
that torque is at right angle to the plane formed by rX F ,or parallel to the axis OO’, and it
has only two possible direction (orientation),if it causes the body to rotate counterclockwise,
it is defined as a positive torque, otherwise, negative. Fig. 5-3(b) shows a general case that
the force F is not placed in the plane perpendicular to the axis. We can resolve the force into
two components,one, F | is in that plane, the other, F; is at right angle to that plane,and the
later has no effect at all to rotate the body about the axis. So,the force in Eq. (5-9) refers only

to the force component in the plane perpendicular to the axis.

(a) (b)

Fig. 5-3 (a) The definition of the torque with respect to axis OO’ is given by rXF.

(b) Resolve a force that is not in the plane perpendicular to the axis

5.2.2 The law of rotation (Newton’s second law for rotation)

We are now ready to consider the dynamic equation of rotation about a fixed axis. Qur
method is treating the body as a collection of particles, all with same angular acceleration. In
Fig. 5-4(a), point P; is one of the particles of the body with mass Am,. The particle is acted
on by an external force F;,and by an internal force f;,the resultant of the forces exerted by all
other particles in the body. Applying Newton’s second law to particle P;, gives

F.+ fi = Am; a;
whose radial and tangential components are
Fiu+ fuo = Mmian = Am; r; o
Fo+ fu = Mmiay, = Am;r 8
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The first equation does not concern us further. Let us multiply both sides of the second equa-
tion by the distance r; of the particle from the axis, we obtain ,

Firi+ fori= omrif (5-11)
Comparing it with Eq. (5-10a), we find that the first term on the left is the torque of the ex-
ternal force about the axis,and the second is the torque of the internal force. We can write the
equations corresponding to Eq. (5-11) for all particles of the body and add up all of them, then

obtain
ZF,-tr,--l—Zf'nr,- — Z(Amir?)ﬁ (5-12)
According to Newton’s third law, consider a pair of internal action—reaction forces, f; and f;

as Fig. 5-4(b) shows. Because they act along the same line, their moment arm about the axis 1s

the same,and also they are equal to each other but in opposite direction, so the resultant torque

of them about the axis is zero. Since all internal forces exist in pair, so that

anri =0

Fig. 5-4 (a) The forces acting on P, and their components.

(b) The resultant torque of a pair of internal forces is zero

The sum of the left side of Eq. (5-12) is then simply the resultant torque of the external forces
about the axis,or
M= > Fur
Eq. (5-12) becomes |
M= (3] amsrD)B

The sum on the right side has a certain amount, it is defined as the rotational inertia of the

body about the axis, and is represented by I, that is
I = ZAmir? (5-13)
Eq. (5-12) finally becomes l
M=1p (5-14)
which means that the angular acceleration of a rigid body is proportional to the resultant external

torque and inversely proportional to the rotational inertia of the body. This is called the Law of

Rotation,
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It is obvious that the angular acceleration of a rigid body about a fixed axis is given by an
equation having exactly the same form as that for the linear acceleration of a particle,
F = ma
The resultant torque M, the angular acceleration 3,and the rotational inertia I of a rigid body
about a fixed axis correspond to the resultant force F ,the linear acceleration a ,and the mass

m respectively. That is why Eq. (5-14) is also called as the Newton’s second law for rotation,
5.2.3 Calculation of rotational inertia

If a rigid body is made up of discrete particles, we can calculate its rotational inertia by
using Eq. (5 -13). If the mass of the body is continuous distributed, we must replace the sum

in Eq. (5-13) by an integral and the definition of the rotational inertia becomes
I=[rdm = |rpdv (5-15)

where p is the mass per unit volume,dV is the volume element,and r is the distance from dm to

the axis. In the case of the mass distribution over a surface, Eq. (5-15) becomes
= Jrzdm = Jrzo'ds

where ¢ is the mass per unit area,ds is the area element. In the case of the mass distribution

over a line, Eq. (5-15) becomes
I= J r'dm = Jr’zAdl
Where A is the mass per unit length, and df is the line element.
The SI unit of rotational inertia is kg * m?,and its dimension is [ I |=ML2,
Example 5-1 Fig. 5-5(a) shows a uniform rod of mass m and length [, calculate its rota-
tional inertia
(1) about an axis at right angles to the rod, through its middle point;

(2) about a perpendicular axis through its end point.

Solution (1) We choose dx as a mass element located ! .
at position x. The mass per unit length of the rod is A= m/[,so an |
that the mass dm of the element is dm = (m/l) dx. From 7] ﬁ:’\x
Eq. (5-15) we have e
/2
— | 2 = 2 (M D S (@)
I J.z dm me ([ )dx lzml W
(2) We change the origin from meddle point to the end o .
point as Fig. 5-5(b) shows, the integral becomes x i
: ) ||
e 2d — | 22 (g = L2 (b)
L, JI ez J()I (l)dx 3ml

Example 5-2 Calculate the rotational inertia about the Fig. 55 For Example 5-1

axis of symmetry in the two cases:

(1) The mass m is distributed uniformly in such a way that forms a thin hoop of radius R
(Fig. 5-6Ca) ).
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(2) The mass m is distributed uniformly in such a way that forms a thin disk of radius R
(Fig. 5-6(b) ).

(a) (b)

Fig. 5-6 For Example 5-2

Solution (1) In this case, mass per unit length A = 2=, we choose an arc element d/,

2nR
dm = Adl. From Eq. (5-15), we __have
_ 2nR -
I = [Redm = [ R Todi = mR®
(2) In this case,the disk can be regarded as made up of a large number of thin concentric

rings fitting one around another. We choose such a ring of radius r,width dr, located at r, as

mass element. The mass per unit area is¢ = —; , and the area element is ds = 2xrdr, the mass

xR?’

element is dm = ¢ + ds. From Eq. (5-15) we have

R
— 2 = 2 . L . == 211 3 = l 2
L Jr dm Jr R 2mrdr Jo R dr 5 mR
From above examples we note that the rotational inertia of a rigid body depends on
(1) the total mass of the body;

(2) the distribution of the mass;

(3) the position of the axis relative to the body. Table 5-1 summarizes the rotational iner-

tia of several common bodies, about various axes.

Table 5-1 Rotational inertia of several common rigid bodies

Body and axis Rotational Inertia

>

R
< 3}” Thin hoop about symmetry axis - MR?

R
Thin hoop about diameter — MR?
M 2

r

¢ h———'jR Disk or cylinder about symmetry axis —é— MR?
M
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table continued

Body and axis Rotational Inertia
Q> g
R, M
Hollow cylinder about symmetry axis -?(R¥ +R3%)
M
P 1
Thin rod about perpendicular axis through center ﬁMI‘-’
/
o |
Thin rod about perpendicular axis through the end TMIE
/
M
Solid sphere about any diameter % MR?
M
Thin spherical shell about diameter %MR’2
5.3 Applying the Law of Rotation
Since the law of rotation M = I is the Newton’ s second law for rotation, making an

analogy between rotational problem and translational problem would help you to understand
and solve the rotational problem, keeping the following points in mind, would be also helpful;

(1) Be sure to include all the forces and their torques acting on the rigid body involved,
and write them down.

(2) Choose a positive direction as a reference to determine the signs of the torques, angu-
lar displacement, velocity, and angular acceleration.

(3) Write the equation of law of rotation to rigid body, and to find the unknown quantities.

(4) For the particles, if any, connected to the rigid body, apply Newton’s second law to
it,write the equation of relation between the rotational quantities and the linear quantities.

Example 5-3 A pulley fixed on a horizontal axis as Fig. 5-7 shows, two blocks m, and m;
suspended from a light string which runs over the disk of the pulley without slipping. The
pulley has radius R and a rotational inertia I about its axis, and rotates without friction. Find

(1) the angular acceleration of the pulley and the tensions in the two parts of the string;
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(2) suppose that the blocks move from rest, what is the time required when the tangen-

tial acceleration equals to the normal acceleration for the points at the rim of the disk.
N Solution (1) Suppose that the tensions in the two parts of
the string attached to the masses are T and T,. If the rotational
inertia of the pulley were zero as it used to be assumed in particle

dynamics (chapter 2), then these tensions would be equal. But if

T, T
! ’ " the rotational inertia is not. zero, then a difference between T, and
| " T, T, is required for the acceleration of the pulley.
D . The upward supporting force at the axis generates no torque;
" I::l e T, and T, generate torques T\ R and T, R about the axis, the
2 torque being reckoned as positive if it tends to produce counter-
g

clockwise acceleration, The equation of rotational motion of the
Fig. 5-7 For Example 5-3 pulley is then
T\ R—T:R=1I3 @
For the attached blocks, we use Newton's second law. Because the mass of the string is
neglected, so Ty= T). T.= T,
mg — T, = mua 2
Ty, —my, g = my a 3
Note that the angular and linear acceleration are related by the equation
a, = PR @)
and we have one more relation
a, = a ®)
here a, is the tangential acceleration of the points at the rim of the disk. Because there is no
slipping between the rim and the string, so that it also represents the acceleration a of the
blocks. Solving above equations, we obtain

_ (my —my) g g= (m; —my)g/R
m, +m, + 1/R?’ mi +m, + I/R?

ZMz+I/RZ ZmlJFI/RZ
m; +m, + I/R?’ m, +m,; + I/R*

(2) For the points at the rim of the disk, normal acceleration ¢, = w’R, because w = 0 at

a; = @

T, = m(g—a) —mg- T, = my(g+a) = mg

¢t = 0 and B 1s a constant so that

w=pFts a,=f1*R
When a,=a,,that is R =t *R, then
1 g m; +m, + I/R?
B ’ (my, —m3z)g/R

From the expressions of 8,a, and a,, we see that the disk rotates with a constant angular

P =

acceleration, therefore the points on it rotate with a constant tangential acceleration, but the
total linear acceleration changes with time.

Example 5-4 A uniform rod of length /, mass m pivots about a horizontal axis (), and can free-
ly rotate in vertical plane. In the beginning, the rod is at rest in horizontal position as the dash line

shows in Fig. 5-8. Find the angular acceleration and angular speed as it wings over an angle 4.
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Solution In Example 2-4, we regarded the bob of a /

pendulum as a particle, but in this case., the motions of the dif- o
e .DICos -

ferent point in the rod are not all the same, that is, the shape
and sides of the body can not be neglected at all. We must use

the law of rotation to treat it.

Obviously, it is only the weight of the rod that exerts a

torque on it to cause its rotation. Because the mass is uniform- mg
ly distributed over the rod, we divide it into a numbers of small )

. o Fig. 5-8 For Example 5-4
elements, and take one element dm of width dr whose position

is r related to the axis, and weight is dmg . the torque element of it about O, is then

dM = r cosOdmg , dm = 7[_'1 r
The total torque is
!
M = J-dM = L?gcosﬁjordr = -é—cos@ . mg D

which is equal to the torque as if the total mass were concentrated at point C (the mass

center), then, its torque would be,
Substituting Eq. D into equation M= 18, where [ = %mlz » then we obtain the angular

acceleration

B= éz%cos 7} @)

To find angular speed, rewrite M=Ip as M = Idw/dt
or
Mdt = Idw ©)
replace M by equation (D, then multiply both sides of equation @) with w,that is

%mgl » cosf » wdt = *én’llzwdw

ig GCOSH « df = llrwdw
2°Jo 3 Jo

we have

2

ﬁwzém

or

w = /3gsind/l
5.4 Kinetic Energy and Work in Rotational Motion

5.4.1 Kinetic energy of rotation

The rapidly rotating flywheel of a machine, the rotating rotor blades of a helicopter and

all rotating bodies certainly have kinetic energy. In order to get the expression of kinetic ener-
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gy of rotation, similarly to what we have done in section 5-
2, we treat the rigid body rotating with angular speed w as a

\"J collection of a number of particles, all with different tangen-
tial speed as shown in Fig, 5-9. Take the ith particle of mass
Am;, perpendicular distance r; from the axis, we can write
the particle’s kinetic energy as

Fig. 5-9 Different particles AE, = %Amiv?

h diff tli speed . . .
ave ciiierent fneat spee The kinetic energy of rotation of the body should be the

sum of kinetic energies taken over all the particles that make up the body:

E. :%Amlvl—F Amyvh + oo+ = Amv, = IZAmv,

The problem with above equation is that v, is not the same for all partlcles. We get around this

by using the relation v;= wr;, so that we have
E.= D, %Miv? — %(EAmir?)wz
in which w is the same for all particles and 2 Am;r;2 = I is the rotational inertia of the body

about the axis,thus E, becomes

E, = %Iwz (5-16)

which is the expression of kinetic energy of a body in pure rotation we seek, and is the angular

equivalent of the formula E\, = Emv‘a in pure translational motion. They are both kinetic ener-

gy, expressed in the ways that are appropriate to the problem at hand. Therefore, they have

same unit and dimension.
5.4.2 Work done by torque, kinetic energy theorem of rotation

In Fig. 5-10, suppose that the rigid body acted by a force F rotates through an element
angular displacement df,the work done by the force is
dW = F « dr = Fcosg » ds = F,(rdf)
where ds is the length of arc passed by the acting point of the
force. From Eq. (5-10a), we see F,r is the torque,so that
dW = Mdp (5-17)

The work done during a finite angular displacement 4,is then.

(7]
W :J Mdo (5-18)

Which holds for all rigid bodies rotating about a fixed axis,and is

Fig. 5-10  For the work

done by a torque

the rotational equivalent of equation
W= [Fdr

in chapter 3 for one dimensional translational motion.
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7
>

In the special case of constant torque,Eq. (5-18) becomes
W= ['Mdo=M| dg = Mo (5-19)
0 0

From Eq. (5-17), we can get the power for the rotational motion. Assume M is not
change with time, then

dw ., do
dt _Mdt

Which is the angular analogy of P = Fuv. Both formulas can be used to calculate the instanta-

P = Mw (5-20)

neous power.
You may expect that there should be an angular equivalent of the kinetic energy theorem.

To derive it, we start from the law of rotation, substituting 8 by dw/dz, thus

—p—1%
Multiplying both sides of above equation by df, we get the element work done by torque
dew dg _ 1.
dW = Mdg = 1 5d0 = 1(, ) de = Io + v

When the angular speed changes from w; to ws, the work done by the torque is therefore

W:Fh-@=%m-%M=Ewig (5-21)

Eq. (5-21) tells us that the work done by the resultant torque acting on a rotating rigid body is
equals to the change in rotational kinetic energy of that body. This is the kinetic energy theorem
in rotational motion. Like in translational motion, application of Eq. (5-21), usually can sim-
plify the problem we solve,

Example 5-5 Calculate the work done by torque and use the kinetic energy theorem to
solve the problem in Example 5-4.

Solution Let us return to Fig. 5-8, and use the result in Example 5-4, the torque pro-

duced by weight is

M= %[cos@ . mg

When the rod turns through an angular displacement d@, the work element is dW = Mdf =

%mglcos@ + df during the finite angular displacement 8, the total work done by the torque is

W = JdW J —mglcosf) « df = %mglqmﬁ
Substituting it to Eq. (5-21), we have

D Y S 3
W——ngl sinf ZIw 0

where I = %Mlz , so that

SESH lsinﬁ, B= — o A7 _ dw:igcosﬁ

w —

dt o dt “do 2

which is the same as we obtained in Example 5-4.
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Discussion note that the part of %lsmﬁ in equation W = ?mgl sinf, is the change in ver-

tical position of the center of mass C, if the total mass of the rod were concentrates at this

point,and if the initial position (horizontal) were chosen as the reference of zero gravitational

potential , %mglsinﬁ would be the change in potential energy of the body during the motion

(by taking integration of element potential energy we can get the same result). In this case,
only gravitational force (weight) acts on the body. Use the conservation law of mechanical en-

ergy for the system of the body and the earth,we have

1.1 ~
0= 5 o > mgl sinf

from which the same result w = +/3gsinf/[ is obtained. From above example, we can make a
conclusion that, if the rigid body is acted by a conservative force, we can introduce the corre-
sponding potential energy;if the conservative force is the only force doing work, the total me-

chanical energy of the system will be also conserved.

5.5 Angular Momentum of a Rigid Body and
Conservation of Angular Momentum

5.5.1 Angular momentum of a rigid body

We have already defined the angular momentum of a particle undergoing a circular mo-
tion, with respect to the origin as L = mr X v in section 4-4. Now consider a rigid body rota-
ting about a fixed axis z as shown in Fig, 5-11, every particle that make up the body moves
around this axis in a circular path with the origin (); on the axis. Again,we take the ith parti-
cle of mass Am;,, path radius r;, linear speed v, in tangential direction, the magnitude of its an-
gular momentum is Am, v; r;. By the right hand role we see that the direction of the angular
momentum is along axis z, and it is true for all the mass elements in the body. therefore the
angular momentum of this rigid body with respect to the

axis is defined as

X L= Z (Amvir;) = (2 Amrdew = lw

that is
L=1w (5-22)

If the body rotates anticlockwise then L points up along = ax-

A R B . . . . . .
Fig. 5-11 ~ Angular momentum is, otherwise down. Note that the inertial of rotation I in the

of a rigid body right side of Eq. (5-22) must be about the same axis as it in

the left. Obviously, Eq. (5-22) is the angular equivalent of p =mw in translational motion.
5.5.2 Conservation of angular momentum

In section 4-4, we have known about the conservation law of angular momentum for a
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particle. We are now ready to answer the question about how this law is for a rigid body rota-
tion. Let us begin from Eq. (5-22), and take time derivative of it. Because that the rotational

inertia about a fixed axis is a constant, therefore

A e a7
Compare this equation with the law of rotation M=1I3, we have
_dL -,
=4 (5-23)

Eq. (5-23) is another form of the law of rotation,which means the net torque acting on a rigid
body is equal to the time rate of change of the body’s angular momentum,

It can be proved that Eq. (5-23) hold for any body or a system rotating about a fixed axis.
In the later case, M refers to the net external torque; L refers to the resultant angular mo-
mentum of the system about the same axis. If no external torque acts on the body or the sys-
tem (so called isolated system), that is if

M =0

then

di’:
dt

this is the law of conservation of angular momentum,

0 or L=Iw=a constant (5-24)

If no external torque acts on a system, the angular momentum of that system remains con-
stant. The system involves almost all possible cases: a single body, a system of particles, a
couple of rigid body, rigid bodies and particles. In the latter cases, the convenient form of
Eq. (5-24) 1s

L; = I.w, = constant (5-25)
2Li= 2,

where i refers to the 7th body or particle. Eq. (5-25) is the angular equivalent of Eq. (4-15),
in translational motion.

Like the other two conservation laws that we have studied, this law holds beyond the lim-
itation of Newtonian mechanics. It holds for particles whose speeds approach that of light and
it remains true in the world of subatomic particles. No exception to it has ever been found.

Let us look at some interesting examples to see how this law governs those phenomena.

The spin of the earth: For a single body, if the situation meets Eq. (5-24), and the rota-
tional inertia I is a constant, then the angular speed about the fixed axis will remains con-
stant, that means, once the body starts to rotate,it will continue forever. The most important
example of this case is the spin of the earth around its own axis, otherwise, the length of Iday
would be all various!

On the other hand, if the rotational inertial varies while the body rotates, the angular
speed @ will be then changed consequently.

The spinning demonstrations: Fig. 5-12(a) shows a man with two dumb bells in his out-
stretched hands, seated on a stool that has been set into rotation at an initial speed w; about

the vertical axis. Then,as shown in Fig. 5-12(b) ,he pulls in his arms, thus reducing his rota-
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tional inertia from its initial value I,, to a smaller value I,. Consequent upon this, his angular
speed increases remarkably from w; to w,. The same phenomenon is demonstrated by ballet
dancers and by figure skaters. The man, the stool, and the dumbbell form an isolated system,
on which no external torque acts. No matter how the man changes the distribution of the
mass, therefore changes the rotational inertia about the axis, the angular momentum of that
system must remain constant, that is
Liw: = I/w/
because I,>>1,, so that w,<<w/.

(a) (b)
Fig. 5-12 A spinning demonstration for conservation of angular momentum
The diver’s demonstration In Fig. 5-13, the motion of
ﬁv the diver is a combination of a translation (represented by his
¢ center of mass) and a rotation (about the axis through his
/ \' center). The linear motion follows a parabolic path. The div-
% er is an isolated system and his angular momentum can not be
\

; changed. By pulling his arms and legs into the tuck position,

\ he can considerably reduce his rotational inertia and thus in-

crease his angular speed. Pulling out of the tuck position at
the end of the dive increases his rotational inertia and thus
\ slows his rotation rate as he enters the water.
Fig. 5-13 The angular momentum Re-orientating spacecraft In order to make the spacecraft

of the diver is conserved orientation controlled by means of the internal action-reaction,
engineers design a flywheel rigidly mounted on the spacecraft, as shown in Fig. 5-14(a) . The system
of spacecraft and flywheel has zero total angular momentum. To change the orientation of the space-
craft, start up the flywheel, as long as the flywheels rotates clockwise, to remain the total angular
momentum equal to zero, the spacecraft will rotates counter-clockwise. Once the flywheel is braked
to rest, the spacecraft will consequently stop with a changing in orientation by angle A9, as shown in
Fig, 5-14(b) .
Conservation of angular momentum plays a vital role not only in sports, in daily experi-
ences around us but also in atoms, nucleus, and primary-particles world and in all sorts of as-

trophysical phenomena. It is a universal law.
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spacecraft

= S
W K Q-
\ @‘ flywheel )Q

(a) (b)

Fig. 5-14 Re-orientation of a spacecraft

Example 5-6 When a gymnast jumps off from a balance beam, initially she outstretches
her body erect while rotating about her center of mass at a rate of 1 r/s,then she contracts her
body to a fetal position.

(1) What is her new rate of rotation?

(2) What is the change in rotational kinetic energy? Assume that the rotational inertia is
10 kg * m? in the erect position and 4 kg » m® in the fetal position (regard this process as a
pure rotation, neglect the change of the position of center of mass).

Solution Since there is no external torque, the gymnast’s angular momentum is con-
served.

(1) Let I, and I,w, represent the initial and the final angular momentum of the gym-
nast,from Eq. (5-24) we have

Ilw] — IZCUZ
and the rate of rotation n =w/(27) ,so that
ILin = I, n,
n; = mli/l; =1 X10/4 = 2, 5 (1/s)
(2) The change of kinetic energy of rotation is

Ey —E,— %Igwé —%I]uﬁ = %12 (2 » my)? ~%1] (2« 1)
:%X4X(ZHX2.5)2*%X10X(21()(1)2 — 493.5—197. 4 — 296. 1(])

The increase of kinetic energy comes from the work done by the gymnast when she contracts
her body.

Example 5-7 A men of m; =80 kg is standing on the rim of a stationary uniform circular
platform of mass m; =140 kg and radium » = 4 m, which can freely to rotate about its central
vertical axis. The man throws a package of mass m=1 kg out in a direction tangential to the
rim at a speed « = 20 m/s relative to the platform. What angular velocity of the man and plat-
form is gained in consequence?

Solution For the system of the platform, the man and the package, which is at rest in
the beginning, the total angular momentum L, is zero. At the moment when the package (a
particle) is thrown with a speed u relative to the platform while the platform and the man start
to rotate with an angular speed w about the center axis of the platform relative to the ground.

Since there is no external torque acting on the man-package-platform system, so that, the an-
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gular momentum of the system is conserved, that is L = L,= 0. To find the final angular
momentum, we need to find the speed v of the package relative to the ground. Let v, represent
the speed at the rim of the platform in the opposite direction relative to the ground, we have
V= U—
Therefore the angular momentum of the package is given by
mor = m(u—v)r

The total angular momentum of the system is then

1 2
O=m(u—v)r— (*mzr* )w—mlvrr

2
And the speed at the rim
Uy — wr
so that the angular speed of the platform is

_ mu _ 1 X 20
@ 0.5%X 140 X 4+80x4+1 X4

—mr +myr+ mr

2

This example reminds us that the speeds in the conservation law of angular momentum are

= 0. 033(rad/s)

with respect to the inertial reference frame, and the simultaneity of the law.

Example 5-8 Fig. 5-15 shows that a uniform vertical rod of mass M and length [ pivots
about an axis ) and can freely rotate. Suppose a particle of mass m flies to the end of the rod
at a speed v, in horizontal and sticks to the rod . What is the angular speed of the rod?

Solution  For the system of the rod and the particle, because

0\
that in the moment of collision, no external torque is acting on, the
total angular momentum is conserved, and note that the collision is
- inelastic, the particle sticks to the end of the rod, becoming a part
of it, that is
Ls =L
m
oL ool = N e 4 mrol @
Fig. 5-15 For Example 5-8 and
v = wl @
SO,
w = — %, v= . S Up
3Im+M | 3m+M

obtained, the linear speed v of the particle after collision is the same as that of the end of the rod.

From the above examples we can make the conclusion that the angular momentum of the
individual body may be changed during the interaction (separation in Example 5-7, collision in
Example 5-8 etc, ), but the total amount of the angular momentum will remains constant —
the angular momentum may exchange among the bodies in the system. The interaction forces
may have torque about the axis, since they belong to the internal torque, so, have no effect to
the total angular momentum of the isolated system.

Making an analogy between the examples above and the corresponding problems in chap-
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ter 4, say, Example 5-7 and Example 4-2; Example 5-8 and Example 4-4, we can conclude
once again that the way of understanding and solving the rotational problems is all equivalent

to that in translational motion.

_ ,/ Questions
[52-)

5-1 Consider a point on the rim of a wheel which rotates about its axis.

(1) If the wheel's angular velocity is a constant, does the point have a centripetal (radial) acceleration? a
tangential acceleration?

(2) If the wheel rotates with a constant angular acceleration, what are the answers of the same questions?
Do the magnitudes of these accelerations change with time?

5-2 (1) When we say that a point on the equator has an angular speed of 2x rad/day, what reference frame
do we have in mind? Answer the same question about a rotating stool in your class room?

(2) What is the reference frame in which the law of M=Ip holds.

5-3  About what axis is the rotational inertia of a man the least? About what axis through his center of
mass is his rotational inertia the greatest?

5-4 The net external force acting on a rigid body is F while the net external torque is M ,give some exam-
ples and explain in which case the following situations will happen

(1) F 40 while M =0;

(2) F =0 while M #0;

(3) F =0 and M =0.

5-5 If you give a hard boiled egg resting on a table a twist with your fingers, it will continue to spin. If
you do the same with a raw egg, it will not. Can you explain why?

5-6  For a rigid body, only the work done by toque of the external force can make change of its kinetic en-
ergy while for a non-rigid system, is this true? If not, why (Recall question. 3-7(2))?

5-7 1f the rear-brake of your bicycle does not work, what would happen when you rid it down a slope at a
pretty high speed and suddenly put on the front brake? Why?

5-8 Suppose an astronaut floats freely in weightless conditions in a sky lab, how can he change the orien-
tation of his body without external force exerted?

(1) If he swings one of his feet in a circle, how will his body rotate? Once he stops swinging his feet,
weather or not his body continuously rotates?

(2) How about the answer if he swings his arms in a lateral circle? Explain why.

5-9  Some one thinks that when a helicopter flies off, its body would rotate in the opposite direction of its
propellers rotating. However he is wrong, what mistake does he make?

5-10  When a child pumps up a swing, is there any external force (therefore an external torque) acting on
the child + swing system? Explain why he will pump up the swing efficiently,if he does in such a way that he
squats at the end of the swing’s arc and stands up as the swing is passing through the bottom of its arc.

5-11 A tightrope walker in an acrobatic show uses a balancing pole to keep steady, how does this help?

5-12  Could an astronaut on spacecraft in outer space stop the craft by means of controlling two symmetri-
cal jet nozzles mounted in tangential direction at the rear of the craft to inject waste gas with a certain speed in
the same direction of the rotation of the craft (treat the craft +waste gas as whole system)? What is the differ-

ence between question 5-9 and question 5-127
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5-1 Fig. 5-16 shows that an elevator is supported by a cable running over a wheel of radius 0. 40 m without
slipping. Suppose that the elevator ascends with an upward acceleration of 0. 50 m/s’.

(1) Find the angular acceleration of the wheel.

(2) If the wheel makes 3. 0 revolutions, how long does the accelerated motion last starting from rest?

(3) Find the instantaneous acceleration (tangential and centripetal) of a point on the rim of the wheel at the
instant t=2, 0 s?

5-2 In Fig. 5-17,wheel A of radius 4 =15. 0 cm is coupled by a belt to wheel B of radius 3 =30. 0 em.
Wheel A increases its angular speed from rest with a uniform rate of 12. 0 rad/s”, what is the rotational speed

(r/min)of wheel B,after 30. 0 seconds from the beginning? Assuming the belt does not slip.

04m

~— —

——a
&

Fig. 5-16 For problem 5-1 Fig. 5-17 For problem 5-2

5-3 A uniform disk rotates from rest about the vertical axis through its center at a constant angular accel-
eration. The rotational speed is 10 r/s at a given instant, after 100 revolutions, its speed becomes to 20 r/s. Find

(1) the angular acceleration;

(2) the time taken from the rest to reach the speed of 15 r/s;

(3) how many revolutions passed during the process in (2) ?

5-4  Six particles, each with mass m, are fastened to one another by six light rods of length d, forming a
hexagonal rigid body as Shown in Fig. 5-18. Calculate the rotational inertia of the combination body

(1) about the axis through any two adjacent particles;

(2) about the axis through one particle and perpendicular to the plane formed by the body.

5-5 Three uniform thin rods, each with length /, form an equilateral triangle rigid body ABC as shown in
Fig. 5-19. Calculate the rotational inertia of it about its median. Suppose that the mass per unit length is A.

&

m

Fig. 5-18 For problem 5-4 Fig. 5-19 For problem 5-5
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5-6 Calculate the rotational inertia of a uniform semi-circle of radius R and mass m, about the axis shown
in Fig. 5-20.

5-7 Fig. 5-21 shows an uniform disk whose mass M is 3. 0 kg and whose radius R is 20. 0 cm mounted on
a fixed horizontal axle. A block whose mass m is 1. 0 kg hangs from a light cord that is wrapped around the rim

of the disk.
(1) Find the acceleration of the falling block, the angular acceleration of the disk,and the tension in the cord.

(2) What is the time when the block falls a distance of 3. 0 m?

M

D

m

Fig. 5-20 For problem 5-6 Fig. 5-21 For problem 5-7

5-8 A phonograph turntable driven by an electric motor accelerates at a constant rate from zero to 33. 3 r/min
in a time interval of 2. 0 s. The turntable is a uniform disk of mass 1. 50 kg and a radius 12. 0 cm. What torque
about the axis is required to drive this turntable? If the driving wheel makes contact with the turntable at its out-
er rim as shown in Fig. 5-22, what is the normal force that must be exerted? Suppose the frictional coefficient
between the wheels p=0. 7.

5-9 Two blocks each of mass m suspended from the ends of a rigid weightless rod of length (/, + ) with
I =3 1,. The rod is held at point O in the horizontal position shown in Fig. 5-23 and then released. Calculate the

accelerations of the blocks as they just begin to move.

(2 ] [

Fig. 5-22 For problem 5-8 Fig. 5-23 For problem 5-9

5-10 A round uniform slab of radius R = 40cm is placed on the horizontal plane, the frictional coefficient
between the slab and the surface of the plane is 0. 4. Suppose that the slab rotates about the vertical symmetry
axis with an initial angular speed then turns through 5 revolutions before it stops. What is the magnitude of the
initial angular speed wy (Refer to Fig. 5-6(b) in Example 5-2, find the torque of the friction by integration) ?

5-11 In Fig. 5-24,an uniform thin stick of length / is initially standing vertically on the floor. If the stick
fails, with what angular velocity will it hit the floor? Assume that the end in contact with the floor does not slip.

5-12 Fig. 5-25 shows a flywheel and its brake staff that consists of a brake bar and a shoe. The wheel has
50kg mass and 0. 20 m radius, rotating with a rate of 1200 r/min. When a 100 N brake force is exerted on the
end of the bar, what is the time taken to stop the flywheel? Suppose the frictional coefficient between the brake

shoe and the flywheel is x=0.5. If x=0. 8, what is the answer?
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Fig. 5-24 For problem 5-11 Fig. 5-25 For problem 5-12

5-13 A package of mass m, is dragging up along a frictionless surface inclined by an angle ¢ to the horizon-
tal, a light cord attached to it is wrapped around the shaft of a wheel mounted on the top of the incline. A body
of mass m; is attached to the rim of the wheel by another light cord as shown in Fig. 5-26.

(1) Suppose the rotational inertia of the wheel is I, the radius of the wheel is R and the radius of its shaft is

r. What is the expression of angular acceleration of the wheel?
(2) If R=0.30 m, r=0.10 m, =30, m; =5. 0 kg, m;=10 kg;and m, passes 3.0 m during 2. 0 s from

s

the rest, calculate the rotational inertial of the wheel.

ny

m,

Fig. 5-26 For problem 5-13

5-14 Consider the motion in problem 5-8, calculate the work done by the torque during the acceleration,
and the average power.

5-15 A flywheel of a steam engine with mass 200 kg and radius of 1m, if the steam valve is closed when
the rotational rate is 150 r/m. Suppose the average frictional torque acting on the shaft of the flywheel is
5.0 N + m. Calculate

(1) the work done by the torque;

(2) the time required for stopping the flywheel.

5-16 Solve the problem 5-11 by using the rotational kinetic energy theorem.

5-17 A uniform rod of length 1. 0 m pivots about a horizontal axis at the upper end, can freely rotate (re-
fer to Fig. 5-15 in Example 5-8), which is originally at rest in the vertical position, then begins to rotate with an
initial linear speed v, at the other end. In order to let the rod finish at least one revolution, what is the minimum
initial linear speed given to the end (Suppose no friction on the axis)?

5-18 Water flowing in an open channel drives an undershot water wheel of radius 2. 0 m as shown in Fig. 5-27.
The water approaches the wheel with a speed 6. 0 m/s and leaves with a speed 3. 0 m/s. The amount of water
passing by is 300 kg per second.

(1) What is the torque that the water exerts on the wheel?

(2) If the speed of the rim of wheel is 3. 0 m/s, what is the power delivered to the wheel?

5-19 In the system shown in Fig. 5-28, a body of m= 5. 0 kg is connected by a rope over a pulley of rota-
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tional inertia I=0. 0100 kg * m*, R=7. 0 cm to a spring of # = 200 N/m with one end fixed . Neglect all possi-
ble friction.

(1) When there is no deformation in the spring, and the rope is stiff, gently let the body fall down from
rest till the maximum distance x¢, find 3

(2) then the body vibrates up and down, find the position where it has the maximum speed v, find v as well.

k

\ -
U — e = @,
_—_\_d——_/ =

Fig. 5-27 For problem 5-18 Fig. 5-28 For problem 5-19

5-20 A man sitting on a stool that can rotate freely about a vertical
axis. The man, initially at rest,is holding a wheel on its central axis, while
the wheel is rotating at an angular speed w of 4. 0 r/s. The axis of the
wheel is vertical and the angular momentum L; of the wheel points upward
as shown in Fig. 5-29. If the man turns the wheel end for end, what will
happen? Suppose the rotational inertia of the wheel about its central axis is
1.0 kg » m*, and the rotational inertia of the system (the man, the stool
and the wheel) about the stool axis is 5. 0 kg « m®.

5-21 A man of mass m; standing on the rim of a uniform circular
platform of mass m; with radium R rotates together at angular speed w in

the beginning, then the man walks to the half way of radium, find the an-

gular speed at this moment?

5-22 A uniform disk of mass M and radius R rotates about its vertical Fig 500 For problen 520
central axis with angular speed w . a small piece of mass Am brakes from
the rim.

(1) What is the angular momentum of the disk after broken?

(2) How far is the small piece projected? If the distance from the disk to the ground is A.

5-23 A man of mass m stands at the rim of a uniform platform of mass M and radius R, mounted on a ver-
tical frictionless shaft at its center. The whole system is initially at rest, then the man walks along the outer
edge of the platform.

(1) Through what angle will the platform have rotated when the man walks one revolution and reaches his
initial position on the platform.

(2) Through what angle will the platform have rotated when the man reaches his initial position relative to
the ground? Compare this problem with problem 4-8.

5-24  Two flywheels A and B, are mounted on a shafts which can be connected or disconnected by a fric-
tion clutch as shown in Fig. 5-30. With the clutch disconnected, wheel A is brought up to an angular velocity of
600 r/min,wheel B is initially at rest, then the clutch is connected, accelerating B and decelerating A, until both
wheels have the same angular velocity. The final angular velocity of the system is 240 r/min. It is found that
2000 ] of heat are developed in the clutch when the connection is made. Find the rotational inertia of the two fly-
wheels respectively.

5-25 A uniform vertical rod of mass M and length / pivots about an horizontal axis () at one end and can
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Fig. 5-30 For problem 5-24

freely rotate (Fig. 5-15), at rest in the beginning. Then a small ball of mass m flies to the end of the rod at a
speed  in horizontal and bounces back after collision. What is the returning speed v of the ball and the angular

speed w of the rod. Suppose the collision is elastic.
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Chapter 6
Static Electric Field in a Vacuum

There are so many electronic devices such as mobile phone, television, computers., which
are widely used in our daily life, and the laws of electricity and magnetism play a central role
in the operation of them. More fundamentally, the {orces responsible for the formation of at-
oms and molecules are electric in origin. In the following chapters we will study the basic laws
of electric and magnetic phenomena.

Evidence in Chinese documents suggests magnetism was observed as early as 2000 BC,
The ancient Greeks observed electric and magnetic phenomena possibly as early as 700 BC.
The Greeks knew about magnetic forces from observations that the naturally occurring stone
(Fe;0,) is attracted to iron.

The systematic and quantitative study of electricity may be beginning with the establishment of
Coulomb’s law in 1785. In 1780 Galvani discovered electric current by accident. Not until the early
part of nineteenth century did scientists establish relation between electricity and magnetism phenom-
ena. In 1819, Hans Oersted discovered that a compass needle is deflected when placed near a circuit
carrying an electric current. In 1831, Michael Faraday and, almost simultaneously. Joseph Henry
showed that a current is set up in a circuit whenever the magnetic flux through the circuit is chan-
ging, and this reveals further the relation between electricity and magnetism. In 1873, James Clerk
Maxwell used the theory fruits and other experimental facts as a basis for formulating the laws of
electromagnetism as we know today. This theory is now called the classical theory of electromagnet-
ism, which is the important fundament of electromagnetism.

In this chapter we will discuss mainly the property of the electric field, which are set up
by the static charge relative to an observer in vacuum. For description of the property of the e-
lectric field, we introduce two important physical quantity—electric field and electric
potential. We will study the Coulomb’s law which is the fundamental law governing the elec-
tric force between any two point charged particles. Next we introduce how to use Coulomb’s
law to calculate the electric field for a given charge distribution, Then we will study the
Gauss’ law and its application for calculatiﬁg the electric fields of highly symmetric charge dis-

tributions. Finally we discuss the relationship between electric field and electric potential.

6.1 Electric Charge and Coulomb’s Law

6. 1.1 Properties of electric charges

The electric phenomena were known to the ancient Greeks as long ago as 600 BC. It was

known that amber, rubbed by wool, acquired the property of attracting light objects, and we
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say that the amber is electrified, or carries an electric charge, or is electrically charged. These
terms are derived from the Greek word electron. Nowadays, the hard rubber and fur or a glass
rod and silk are commonly used in demonstration.

In a series of simple experiments, it was found that there are two kinds of electric char-
ges, which given the name positive and negative by Benjamin Franklin (1706—1790). And an-
other important aspect of electricity that arises from experimental observation is that electric
charge is always conserved in an isolated system. That is when one object is rubbed against
another, charge is not created in the process. The electrified state is due to a transfer of
charge from one object to the other, for example, when a glass rod is rubbed with silk, elec-
trons are transferred from the glass to the silk, as a result, the glass has positive charge and
the silk has negative charge. The further experiments lead to the fundamental results that

(1) like charges repel;

(2) unlike charges attract.

In 1909, Robert Millikan (1868-—1953) discovered and confirmed that electric charge al-
ways occurs as integral multiples of a fundamental amount of charge of an electron e. In mod-
ern terms, the electric charge ¢ is said to be quantized. That is, electric charge can write as
q=1ne, n is some integer and e = 1. 60219 X 107 "C = 1.6 X 107"C.

6.1.2 Coulomb’ law \éﬁj
When the dimension of a charged body is much I

smaller than the distances involved in a problem, such
charged body is called “point charge”.

In 1784, Charles Augustin de Coulomb (1736—
1806) first quantitatively investigated the magnitudes of

torsion fiber

the electric forces between charged objects using the tor-

sion balance which was invented by himself. The oper-

ating principle of the torsion balance is the same as that charged

-~ - . ithbal
the type employed 13 years later by Cavendish in meas- pilkiGalls

uring gravitational force. Coulomb found that the mag-

nitude of the electric force between two point charges is
directly proportional to the product of the charges and
) . . Fig. 6-1 Coulomb torsion balance
inversely proportional to the square of the distance be-
tween them (Fig. 6-1).

In mathematical terms, the magnitude of the force F that each of two point charges ¢, and

g: a distance r apart exerts on the other can be expressed as

_, lagl|
F =k (6-1)

where £ 1s a constant. Eq. (6-1), called Coulomb’s law, applies only to point charges and to
spherical distributions of charges. The absolute value bars are used in Eq. (6-1) because the

charges ¢, and ¢, can be either positive or negative, while the magnitude of force F is always
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positive. The directions of the forces the two charges exert on each other are always along the
line joining them. When the charges ¢ and ¢ have the same sign, either positive or negative,
the forces are repulsive (Fig. 6-2(a)) ; when the charges have opposite signs, the forces are at-

tractive (Fig. 6-2(b)). The two forces obey Newton’s third law;they are always equal in mag-

nitude and opposite in direction, even when the charges are not equal.
FII

The unit of charge, coulomb (C), is derived from the fourth
fundamental unit, ampere (A) of electric current in SI. One cou-
lomb is the amount of charge that is transferred through the cross

section of a wire in one second when there is a current of one am-

@ pere in the wire. From experiment, the constant £ in SI has the
=7F, value
P k= 8.98755 X 10° N » m® /C*
& This value is taken to be 2 = 9. 00 X 10° N » m?/C? in computation.

Fig. 6-2  The electric forces [n SI units the constant # in Eq. (6-1) is usually written as

between two points charges 1
k= (6-2)

4Tt€u

where g, , called the permittivity of vacuum, is
g0 = 8.85 X 1072C*/(N « m?)
This appears to complicate matters, but it actually simplifies many formulas that we will en-
counter in later chapters. The dimension of electric current is I in SI, so that the dimensions of
charge q and g, are IT and FL M ' T* respectively.
Considering both direction and magnitude of the force F , Coulomb’s law is expressed as

F,, =—F; :Lmrlz (6-3)

dney i
in vector form. F); is the force exerted on ¢, by ¢, ; ri3 /712 1s a unit vector directs from ¢, toward gs.
Eq. (6-3) shows that if ¢, and g, have the same sign, the product g, q, is positive and the electric force
between them is repulsive interaction as shown in Fig. 6-2(a), and F; in the same direction as ry; ,
and F, , exerted on g by ¢, points from g, to ¢; and in the opposite direction of Fy;. If g; and g, are
of opposite sign, the product g, ¢, is negative and the electric forces are attractive interaction between

them, F), in the opposite direction of rj; as shown in Fig. 6-2(b).

6. 2 The Electric Field

6. 2.1 Definition of electric field

The repulsion or attraction forces between two charge bodies A and B exist when they are
some distance apart, which is similar to the gravitational force, that is action-at-a-distance.
That means each charged object produces or sets up an electric field around. When another
charged object B is placed at some point P around object A, the force on object B is exerted by
the electric field of A. We can equally well consider that object B sets up an electric field, and
that the force on object A is exerted by the electric field of B(Fig. 6-3).
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In order to investigate the property of the electric g ”
field produced by a given charged object, a positive
change g, , called a test charge, is placed in the field as 4
shown in Fig. 6-3. The experiments show that the i P F
force F that acts on the test charge is different at dif- q P @D—
B

ferent positions and at a given point is proportional to A

its charge q,. If the charge is go» 2gos 3go» ***» the Fig. 6-3 The force on a test charge

force becomes F,, 2F,, 3F,, -+, which indicates that qo is exerted by the electric

the ratio of the force F to the charge is a definite vec- field E of a charged object

tor, and can be used to describe the property of the electric field of the charged object. The

electric field E at a point is defined as the force F on a test charge q, divided by ¢, , that is
=X (6-1)

qo

A test charge is a special point charge, and its amount must be less enough not disturbing the
field investigated. The physical meaning of Eq. (6-4) is that the electric field E is equal to the
force acting on a unit positive charge at that point.

In most instances, the magnitude and direction of an electric field vary from point to
point. If the magnitude and direction are constant throughout a certain region, the field is said

to be uniform in this region.
6.2.2 Electric field of a point charge

To determine the electric field of a point charge g, a test charge g, is placed at point P, a
distance r from ¢, as shown in Fig. 6-3. According to Coulomb’s law, the force exerted by ¢

on the test charge is

F—lﬁr

o 4:7['5() r3
here r is the position vector from charge ¢ to point P. By the definition of electric field, the

electric field at point P created by ¢ is

\/ \7// r=f_-_1 4, (6-5)
¥ — qo dyeo 1
/IN /\R If the charge ¢ is positive, the electric field at point

P is directed from the charge ¢q toward point P as shown

(@) (b) in Fig. 6-4 (a). If the charge g is negative, the electric

Fig. 64 Electric fields of field at that point is directed from point P toward charge

positive and a negative charge

g, as shown in Fig. 6-4(b) .
6.2.3 Electric field due to a finite number of point charges

If there is a group of point charges, q;,q2,***, q,. at distances r;, r;,***, r,, from point
P as in Fig. 6-5, each charge exerts a force on the test charge g, placed at point P and the re-

sultant electric force is the vector sum of these forces



F=F +F, fe+tF, = > F, (6-6)
i=1

Then from Eq. (6-5), the total electric field at point P is

>F, :

< . i= . o qi
Fig. 6-5 Superposition E = ? =E +E;,+-+E, = ; mr, (6-7)

principle of electrie field. .
Here E, is the electric field that would be produced by point

charge i acting alone. Therefore the electric field at point P due to a group of point charges is
the vector sum of electric fields produced by each individual point charge. Eq. (6-7) is called
the superposition principle of electric field .

Example 6-1 The electric fields produced by v
an electric dipole, which consists of two charges of
magnitude ¢ but of opposite sign, separated by a
distance [ as shown in Fig. 6-6. The vector [,
whose magnitude is / and direction pointing from
—q to q, 1s called the dipole arm and the product ¢l
is defined as the electric moment, labelled as p

p=ql
Find the field E at point P,, a distance x from the

midpoint of the dipole on its central axis, and point
P, . a distance y along the perpendicular bisector of Fig. 6-6 The field of an electric dipole
the line joining the charges.
Solution The dipole axis is taken to be x axis. Applying the superposition principle of
electric field, we find the electric field E; at point P;is
E =E. +E_
where E . is the electric field of positive charge ¢ directed toward the right and E_ the electric

field of negative charge —q directed toward the left. Therefore, the magnitude of E,

b= b= e G e G F DY

We are usually interested in the electrical effect of a dipole only for a case of x 3>/ which means

that point P, is distant. Using the binomial theorem and considering x > [, we have

P~ 2
TEN X

or

in vector form.
Similarly, the electric field E; at point P, is
E, =E.+E_
The magnitudes of E. and E_ are
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1
= E,: —L =% 1 5 72
E dmey y* +12/4

Their directions are shown in Fig. 6-6. Hence, the magnitude of E,, directed toward the left,
is given by
1 ql

EE = 2E_ cosf) = 4“50 (_’)/2 + [2/4)3/2

If v > [, it can be proved that

E, ~— _P_‘
dmeg y

So the magnitudes of E, and E; for distant points are proportional to p and vary as 1/x*(1/y")
and it turns out that E for a electric dipole vary as 1/7* for all distant points;here » is the dis-

tance between the point and the dipole center.
6. 2.4 Electric field of a continuous charge distribution

Very often the electric fields are set up by charges distributed along a line, over a surface
or within a volume. When we want to find the electric field near the charged object, it can’t be
treated as point charge. How should we do?

To calculate the electric field created by continuous charge distributions, let’s follow the
procedure below. Firstly, divide the charge object into many infinitesimal elements, each of
which contains a small charge Ag;+ Ags, -+ (called charge element), as shown in Fig. 6-7.
Each small charge element can be treated as point charge.

Secondly, use Eq. (6-5) to calculate the electric field
due to Ag; at point P

AE, :L%(L)

47’(5() 7‘}? r;
where r, is the distance from the ith charge element to

point P and r;/r; is a unit vector directed from the element

Ag; toward point P,
Thirdly, the total electric field at point P due to all Fig. 67 Electric field due to

; continuous charge distributions
elements is the sum

dmey r; ry
where the index 7 refers to the ith chatge element on the charged object.
Finally, because charge distributions is modeled as continuous, at the limitation that Ag,

—0, the above equation becomes a integration, which is over the entire charged object as fol-

lows

E—lim> L 8a(n)_ 1 jdgr (6-8)

st Aaeo ri P \ri ) Amegd ¥ or
Let’s illustrate how to calculate this integration with several examples in which the charge is

distributed on a straight line or a ring.

Example 6-2 As shown in Fig. 6-8, a charge Q is distributed uniformly along a rod of
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length L. Find out the electric field at the some point P along the line, a distance a to the left
end of the line.

Y Solution  Since the charge is distributed uniformly
along the rod, the charge per unit length or the linear

. dx charge density is A=Q/L. We divide the rod into differ-
= i = E Z  ential elements, and charge dg on the element dr is dg=
P
a | L |

Adx, The magnitude of the electric field at P due to the

_ element charge dq is
Fig. 6-8 For Example 6-2

gg— L dg_ 1 ade

dney x* dney x?
Because every element charge dg produces an electric field in the x direction, the sum of their
contributions can be handled without the need to add vectors.
The total field at point P is obtained by integrating from x = a to x+ = a+L, that is,

E— J”“ 1 Adl 1 Q(l_ 1 ): Q

47!60 1‘ 4116(: f Z L+a 4Tt€()a(L'|_a)

If Q=>0, E is in the negative direction of x axis.
Example 6-3  Positive charge Q is uniformly distributed around y
a semicircle of radius R, as shown in Fig. 6-9. Find the electric Field
at the center of the semicircle.
Solution  The coordinate axes are shown in Fig. 6-9. The linear
charge density is

_Q
A_TtR

and the charge of the differential element d/ is
dg = Adl = ARdO
The magnitude of electric field dE due to dg is

WE— dg _ AR _  Qdg
4T[€UR2 41T€()R2 47T2€()R2

Fig. 6-9 For Example 6-3

dE can be resolved into components dE, and dE,, as shown in Fig. 6-9. Considering the sym-

metry of the semicircle, the resultant electric field E points in the x axis direction, and

dE, = Q—dﬁsinﬁ

47t2€0R2
Therefore, the electric field at point O is given by integrating from =0 to §=x , that is
' — Q Q
J dE, = 52 RZJ singd =— 12 cost| ] = gt

Example 6-4 As shown in Fig. 6-10, a thin ring of radius R has total charge Q uniformly
distributed around the ring. Determine the electric field at point P, a distance = from the
plane of the ring along its central axis.

Solution We take a charge element with length d/, which is at the top of the ring. Its
electric field contribution dE to point P can be resolved into two components, dE, parallel to

the x axis and dE| perpendicular to the x axis. Because of symmetry distribution of the charge
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Fig. 6-10 For Example 6-1

on the ring, the perpendicular components of the fields of all charge elements cancel each
other. That is true for all pairs of element charge around the ring, for example, the two ele-
ment charges located at the top and at lower part of the ring.

The magnitude of electric field due to charge element dg is

__dg
dE 41(507‘2

The & component dE, =dEcosf. Noting variables r and 6 are constant for all charge elements,

the electric field at point P is given by integrating dE,, that is

o _ [ cosfdg __ cosf __ _cosd
E Er JdE, J4TC€()"2 47‘[6())’2 dq 47(6(1"2

Considering the geometrical relations »** =R*+x° and cosf=x/r. we have

E= = -Q (6-9)
4re, (R4 2%)7

Discussion (1) If x=0., then E=0, because the contributions from two charge elements

on opposite sides of the ring cancel out each other.

(2) If x>R, then E>Q/(4xwe,x*), that is the ring can be regarded as a point charge.

6.3 Electric Field Lines, Electric Flux, and Gauss’ Law

6.3.1 Electric field lines

The electric field exists in the space around the electric charge, but it is difficult for a
person to imagine the field distribution at that region. It was Michael Faraday who first intro-
duced electric field lines to picture the electric field patterns. The electric field lines with ar-
rowheads are drawn such that the tangent of the lines at each point indicates the direction of
the electric field E and the number of lines per unit area through a surface perpendicular to the
lines is proportional to the magnitude of the electric field in that region.

Fig. 6-11 shows some typical electric field lines. At any point near a positive charge, the
electric field points radially away from the charge. Therefore the electric field lines diverge
from a point occupied by a positive charge as shown in Fig. 6-11(a) . Similarly, the electric
field near a negative point charge points inward toward the charge, so the electric field lines
point toward a negative charge. As we move away from the point charge, the electric field be-

comes weaker and the lines become farther apart so that the density of lines decreases.
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Fig. 6-11 Electric field lines for some charge distribution: (a) a positive point charge;
(b) a negative point charge; (¢) two identical positive point charges; (d) two equal and

oppositive point charges; (e) two equal and oppositive parallel-plate charges

Form Fig. 6-11, we can conclude that the electric field lines have follow properties:

(1) The lines begin on a positive charge and terminate on a negative, In the case for a sin-
gle charge, the lines will begin or end infinitely far away, as show in Fig. 6-11(a) and (b) .

(2) The lines never begin or terminate at space where there is no any charge, that means
the lines always has a origin(positive charge)and a end(negative charge).

(3) No two electric field lines can cross each other.

Consider two concentric spherical surfaces of radius »; and r,, and there is only one point
charge at the center of the spherical surfaces; it is not difficult to see that the electric field
lines through the two surfaces are equal according to the properties of electric field lines that
they are continuous at the space where there is no charge. The electric field lines through a
surface or a closed surface is called electric flux. Next we will introduce the relationship be-
tween the electric flux through a closed surface and the charge enclosed by the surface. This relation-

ship, known as Gauss’ law, is of fundamental importance in the theory of electric fields.
6. 3.2 Electric flux

The electric flux, labeled @. , is the number of electric field lines through a surface. Consid-

er an electric field that is uniform in both magnitude and direction as shown in Fig. 6-12(a) .



Chapter 6 Static Electric Field in a Vacuum 125

g

A rectangular surface of area S, is oriented perpendicular to the field. Recalling that the elec-
tric field lines density is equal to the magnitude of electric field E and the number of the elec-
tric field lines penetrating the surface divided by the area S, so the electric flux @, is

@®. = ES (6-10)
From the SI units of E and S, &. has units of N » m?/C.

If the surface of area S is at angle # to the uniform electric, the flux through it must be
less than that given by Eq. (6-10). As shown in Fig. 6-12(b), notice that the number of lines
that cross this area S is equal to the number of lines that cross the area S, , which is a projec-
tion of S onto a plane oriented perpendicular to the field. Hence, the electric flux through S
equals to the flux through S, , that is the flux through S is

®, = ES | = EScosf (6-11)
From this result, we see that the flux through a surface of fixed S has a maximum value ES
when the surface is perpendicular to the field. If 9=90°, ®&.=0; if 0°<§<90°, ®.=>0; if 90°<C
0<180°, @.<<0. Therefore, we must be in mind that the electric flux ®. may be zero, positive
and negative,

In more general situations, the electric field is not uniform, and the surface may be an ar-
bitary surface, such as the surface shown in Fig. 6-12(c). How can one calculate the flux
through the surface? Let us divide the surface into a large number of small elements, each of
area AS;, and the field over the ith area element AS; is approximately constant, and every area
element can be regarded as a plate plane, so that the electric flux through the ith area element
AS, 1s

AD.,; =~ EAS;cos); = E « AS;

A

0\ /

Nl

(a) (b) (c)
Fig. 6-12  Electric flux: (a) S perpendicular to the uniform field and

(b) S not perpendicular to the uniform field; (c) arbitrary case

Here AS; is an area vector with magnitude of AS, and perpendicular to the surface (that is
along the normal of area element AS;). Adding all A®.,, the approximative electric flux for

the surface is
®@. = D EASicost, = D E + AS;

If the area of each element approaches zero, the number of elements becomes infinity and the

sum is replaced by an integral. Therefore, the definition of electric flux is

D, :LECOSHdSZLE - dS (6-12)
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If surface S is a closed one, for example the surface of a sphere, the direction of d§ (the nor-

mal n ) is directed away from the interior of the surface, as shown in Fig. 6-13. Using the

symbol 3€ , the flux through a closed surface is an integral over a closed surface, that is
S

o :3§ E-ds :gﬁ EcosgdS (6-13)
S S

Form Fig. 6-13, it is not difficult to see that if
the field lines are crossing the surface from outside
to inside, as the surface element A in Fig. 6-13,
180° > # = 90° and the flux is negative because
cosf) << 0;if the field lines are crossing the surface

from inside to outside, then @ << 90°, the flux is

positive because cosf > 0, as the surface element B
Fig. 6-13 Electric flux in Fig. 6-13; if the field lines are tangent to the sur-
through a closed surface face element, ¢ = 90° and the flux is zero. Since the

flux may be positive or negative, the total flux is net flux which is the number of lines leaving

the surface minus the number of lines entering the surface. If there is no charge enclosed by a

closed surface, from the continuity property of electric field lines, the field lines leaving and

the lines entering the closed surface are equal so that the net flux is zero. If a positive charge

is enclosed by a closed surface, the more lines leaving than entering, the flux is positive. If a

negative charge is enclosed by a closed surface, the more lines entering than leaving, the flux

is negative. This indicates that there is a relationship between the net flux through a closed

surface and the charge enclosed by the surface; this relationship known as Gauss’ law, is a

statement of an important property of electrostatic fields.
6.3.3 Gauss’ law

In the following, we take a positive charge q as an example to derive the Gauss’ law {rom
Coulomb’s law and the principle of superposition of fields.
First consider a positive point charge g located at the center of a sphere of arbitrary radius

r as shown in Fig. 6-14(a) . We know that the magnitude of electric field everywhere on the

surface of the sphere is E = 1 i —qg Since the field lines are perpendicular to the sphere sur-
e T

face and @ = 0°, we get the total flux through this spherical surface

. = E - dS = EcosgdS =¢ .4 dS = dS—= -9 4pp— 4

s dmegr dreor?t s dreor? €0
This means that the flux through any spherical surface centered on the point charge is same
and equal to ¢/e;. Now two closed surfaces surrounding a charge g as shown in Fig. 6-14(b),
S, is spherical surface, but S, is not. From the continuity of field lines, the number of lines
through S, is equal to that through the nonspherical surface S,; therefore, the net flux
through any closed surface surrounding a point charge g is equal to ¢/e; and is independent of

the shape of that surface.
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(a) (b) (c)

Fig. 6-14 Gauss’ law
(a) g is located at the center of spherical Gaussian surface S; (b) ¢ is inside an arbitrary

< " . . . X . ’
Gaussian surface Sy ; (¢) ¢ is outside an arbitrary Gaussian surface S

Now consider a point charge g located outside a closed surface S” of arbitrary shape as
shown in Fig. 6-14(c). As can be seen from this construction, the number of lines entering the closed
surface at one side is just equal to the number of lines leaving the surface at the other side, the net

flux through the closed surface S” is zero. Expressing mathematically, we have
@ = E+ds =0

Let’s extend the arguments to a point charge system composed of charges q;» g2» g3+, g, at
any point. The principle of superposition gives that the total electric field is

E=E +E;+--+E,
where E,; is the field produced by charge g, individually. The total flux through any closed sur-

face will be
@Q:ﬂgsE =l :SESEl ’ ds+ﬂgsE2 »d§ - +SESE" w1l

— @31 +‘Pez + === JF@en
where @, , &y, =+, D, are the fluxes due to the charges ¢, g2» ***, g, individually. Form
the conclusion about a single point charge, if g; is inside the closed surface, then ®.. = ¢, /eo ;

if g, is outside the closed surface, then @, = 0. Thus the above equation becomes
CJESE-dS:Eiqu (6-14)
h 0

where E g represents the algebraic sum of the charges inside the closed surface. Eq. (6-14)

is Gauss’ law which states that the electric flux through any closed surface is equal to the net
charge inside the surface divided by e,, and the closed surface S is called Gaussian surface,

It is the fundamental law describing how charges create electric fields. It can be proved
that Gauss’ law is equivalent to Coulomb’s law. However, it is more convenient to use in
some situations. In practice, Gauss’ law can be used to calculate the electric field of a system
of charges or a continuous distribution of charge, especially with a high degree of symmetry

such as cylindrical, planar and spherical symmetries in the following examples.

When using the Gauss’ law, you should note that although the charge Zqin is the net
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charge inside the Gaussian surface, E represents the total electric field at the surface, which
includes contributions from charges both inside and outside the surface.
Example 6-5 There are two point charges +q and —g¢. as Fig. 6-15 shows. Find the

electric flux through three closed surfaces S;, S; and S;, respectively.

Solution according to Gauss’ law the Electric flux
through closed surfaces S;. S, and S; are ¢/¢;» 0 and
— q/eo s respectively. The electric flux through surface
S, is zero, but it doesn’t mean that the electric field E
S S S

on the surface is zero. It only means that the number of
1 2 3 electric field lines entering S, (at left side) is equal to
Fig. 6-15 For Example 6-5 the number of electric field lines leaving the surface (at
right side) as shown in Fig. 6-11(d).

6.3.4 Application of Gauss’ law

In general, the left side of Gauss’ law, the integral, is difficult to finish and to solve for
E,but in a limited number of highly symmetric situations, if we choose the Gaussian surface
surrounding the charge distribution carefully, the integral in Eq. (6-14) can be simplified and
further, the electric field E is determined easily. Some examples are given below.

Example 6-6  The charge Q is uniformly distributed over the surface of a conducting
sphere with radius R, as shown in Fig. 6-16. Find the Electric field at any point inside and
outside the surface.

Solution By spherically symmetric charge distribution, elec-
tric field at any point must be radial, and its magnitude must be
the same at all points on a spherical surface of certain radius r.
let’s choose two spherical Gaussian surfaces S, and S,, of radius

r1>R and r; <R, concentric with the sphere, respectively, as

shown in Fig. 6-16. For Gaussian surface S;, by symmetry, the
magnitude of E is constant everywhere on the surface, and § = Fig. 6-16 For Example 6-6
0°, so we can remove E out from the integral. Notice that the to-
tal charge enclosed inside the Gaussian surface is Q, we have
§ E-ds:Egg dS = 4xrE = Q
& s, €0

yielding

E=-SL. Ry (6-15)

o 47(507‘
For Gaussian surface S,, the charge enclosed inside is zero and
35 E-dSzE,gg i85 = it E ==V
S, S, €0
So we have

E=0 (<R (6-16)
The electric field distribution is shown in Fig, 6-17.
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Example 6-7 Find the electric field produced by a thin, flat, infinite sheet on which

there is a uniform charge per unit area ¢, as shown in Fig. 6-18.

E(r)

(_)/4m:,,R: """

X Oo--e-—=

0 =

Fig. 6-17 Electric field distribution Fig. 6-18 For Example 6-7

of the conducting sphere

Solution Notice that the plane of charge is infinitely large. Therefore, the electric field
should be the same at all points equidistant from the plane both in magnitude and direction.
And E must be perpendicular to the plane at all points and directed in opposite direction on
two sides of the sheet. This implies that the electric field E has a planar symmetry. So we
may take a small cylinder whose axis is perpendicular to the plane and whose ends each have
an area AS and are equidistant from the plane. Because E is parallel to the curved surface,
there is no contribution to the flux. The flux through each end of cylinder is EAS;hence the
total flux through the entire Gaussian surface is 2EAS. Notice that the enclosed charge is

oAS, according to Gauss’ law, we have

fﬁgE-dSzZEASz"EAS
This gives
E = é (6-17)
0

Because the distance from each flat end of cylinder to the sheet does not appear in the equa-
tion, that is, the field is uniform everywhere, depending only on the charge per unit area g.

Example 6-8 There is an infinitely long line with a uniform positive linear charge densi-
ty A. Determine the electric field at any point around the line.

Solution  Since the line of the charge is infinitely long, the electric field is perpendicular
to the line and directed outward as shown in Fig. 6-19, that is the electric field lines are radial.
Hence, the field has the same magnitude at all points equidistant from the line, that is the
electric field has cylindrical symmetry. This suggests that we can apply Gauss’ law to find the
E . Let’s choose a cylindrical Gaussian surface of radius » and length / that is coaxial with the
line, as shown in Fig. 6-19. For the curved part of this Gaussian surface, E is constant in
magnitude and perpendicular to the surface at every points, satisfying E + dS =EdS;the flux

through the two flat ends of the Gaussian surface is zero because E is parallel to them. Apply-
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E ing Gauss’ law and noticing the total charge enclosed inside
__________ . the Gaussian surface is A/, we have
‘,/: “ S \‘ )\[
I : i /1 . — = == = —
\H{ e b 9551; ds = [EdS = E[dS = 2nriE A
/l./ I‘f\ . ;: From which, we solve for the magnitude of electric field
ol y K
---------- _ A
E = 6-18
T d ‘ 21‘[81)?’ ( )

The direction of E is radially outward from the charged line
Fig. 6-19 Electric field of

o _ if the charge is positive and radially inward if it is negative.
an infinitely long charged line

From the above examples, we could conclude that the
Gauss’ law can be used to evaluate the electric field E for charge distribution that have spheri-
cal, cylindrical, or planar symmetry, and the Gaussian surface are spherical or cylinder closed
surface. And for these symmetric arrangements of charge, it is very much easier to use

Gauss’s law to calculate the electric field around the charged objects.

6.4 Electric Potential

In this section, it will be proved that the Coulomb force is conservative and an electrical
potential energy is defined corresponding to the Coulomb force. Furthermore, a more valuable
quantity is called electric potential, defined as potential energy per unit charge, which is very
much useful in the study of electricity. Electric potential is also of great practical value for
dealing with electric circuits, For example, when we speak of a voltage applied between two

points, we are actually referring to an electric difference between those points.
6.4.1 The work done by the electric force and potential energy

If a test charge ¢, is moved from some initial point a to some final point # in an electric
field E due to a point charge g, as shown in Fig. 6-20, the electric force acting on the test

charge is goE . The element displacement is dr , and then the work done by the electric force is

B (B
W/\»B:I (I(lE‘dr:(ﬁ)J E - dr (6-19)
(A) (A)
since E = 4—(1—#(5), and r « dr = rdr, we have
TEo
N . 9q (1 1 .
Was Qo . 4n€(]r2di‘ Lrce (rB fA) (6-20)

which means that the work done by the electric force due to a point charge depends only on the
initial and final positions and not on the path. This indicates that the electric force of a point
charge is a conservation force.

For a more general charge distribution (point charges system or a continuous distribution of
charge), we may always divide the charge distribution into small charge elements and treat each
charge element as a point charge, and according to the superposition principle of Eq. (6-7), the elec-

tric field due to many charges is the vector sum of the electric fields produced by the individual
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elements. Therefore, the total work done by the total

electric field is

B B
W= [ g+ dr = [ gy (B, + B+ B o) + dr

"B B "B
— J (1UE1 . dr+J q()Eg o dr+J \q(;E;{ . dr+ neie,
A y.

A
=W, +W,+W;+ -

which is path-independent or conservative property since

Fig. 6-20 The work done by

electric {orce of a point charge

cach term is independent of path. Therefore, it is possible
to define an electric potential energy associated with electro-

static field. We can define a related potential energy by
B
W;\H - AEP == (E[)H —Ep‘\) — q:) ‘E . dl" (6_21)

where E, 4 and E,; are called potential energy of g, at points A and B, respectively.

We often take the value of the potential energy to be zero at some convenient point in an
electric field. If we take point B as the zero point of potential energy, that is E,z=0, the po-
tential energy of ¢, at point A is given by

B
Enw =Wy = J‘CIUE e dr (6-22)
If we choose infinite distance as zero of potential energy. the potential energy of ¢, at point A

L is then
Ey— Wi = LqE . dr (6-23)

The integral performed along a path is called either a path
integral or a line integral, in which the element displ t i
Fig. 6-21 The work done by electric thtegrat o © miegtals M whie € SPIASETT 1B

field along a closed path is zero oriented tangent to a path through space, If the integral path is

a closed one, as shown in Fig. 6-21, according to the conserva-
tive property of electric force, the integral is equal to zero, that is W :3@ qoE « dr = 0. Since g, 7%
L

0. we get immediately

fﬁrE edr=0 (6-24)

This means that the line integral of electrostatic field E along any closed path is zero. This is
called the circuital theorem of electrostatic field, which is the equivalent statement of conserva-

tive field for electrostatic field.
6. 4.2 Electric potential and electric potential difference

Analyzing Eq. (6-23), the term on right hand is the potential energy proposed by the
charge-field system, and depends both on the test charge g, and the electric field. If we divide
the potential energy by the test charge ¢, , we obtain a new physical quantity that depends only
on the source charge distribution. This quantity is called the electric potential (or simply the

potential) V, .
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Va= %‘ﬂ — JE . dr (6-25)
0 A

Because potential energy is a scalar quantity, electric potential also is a scalar quantity.
The practical unit of potential, the joule per coulomb, is called the volt (V). The value of
electric potential at some point A equals to the work done by the electrostatic force on a unit
positive charge (g, = +1) when the charge is moved {rom point A to the zero point of potential
energy (also potential). The potential at a point is one volt when it requires one joule of work
to move a positive charge of one coulomb by the electrostatic force from that point to the point
of zero potential. Since the electrostatic field is conservative field, we can calculate the electric poten-
tial by integral along a special and simple path as following examples illustrate these remarks.

The potential difference between two points is represented as Uy =V, — Vg, which is
called electric potential difference between point A and point B. It is not difficulty to express

U as follows
X B
UAB:VA—VB:JAE-dr—'LE-dr—LE-dr (6-26)
b, 3

Comparing with Eq. (6-23), the electric potential difference two points A and B equals to the
work done by electric field to remove a unit positive charge from point A to point B. In term

of potential difference, Eq. (6-20) can be rewritten as
B
WAB — q“ J\)‘E . dr == Q()UAH (6ﬁ27)

When a positive charge is placed in an electrostatic field, it moves in the direction of the field,
from a point of high potential to a point of lower potential. That is its electrical potential ener-
gy decreases and its kinetic energy increases. When a negative charge is placed in an electro-
static field, it moves opposite to the direction of the field, from a point of low potential to a
point of higher potential. In the process, it also undergoes a decrease in electrical potential en-

ergy and an increase in kinetic energy.
6.4.3 Electric potential of a point charge g

In the case of point charge, the zero point of electric potential is chosen to be at infinite

distance from the charge. Applying ry=c0 and ¢,=+1 in Eq. (6-20), we obtain
Vi = g 1

47‘[’5() ra
For more general, the subscript A of 4 can be omitted and the electric potential at any dis-

tance r from the point charge ¢ is given by

v—-9 1 (6-28)
47[5() r

6.4.4 Electric potential of a system of point charges

When there is more than one point charge or a more general charge distribution, we take
the infinity as the zero point of the electric potential. According to superposition principle of

electric field, it is not difficult to confirm that the total electric potential is the algebraic sum
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i
SR

of electric potential of individual point charge, that is
_ g 1
V= p— (6-29)
where r; is the radial distance from the source charge ¢; to the field point concerned. Because
potentials are scalar quantities in Eq. (6-29), it is much easier to evaluate the electric potential
at some point due to several point charges than to evaluate the electric field, which is a vector
quantity.
A continuous distribution of charge can be divided into small elements of charge, each of
which may be treated as a point charge. The zero point of potential is also taken to be at infin-

ity, and then the sum in Eq. (6-29) becomes an integral

v | e (6-30)
dregr

where dq is a charge element and r is the distance from the charge element to the field point

concerned. The integral in Eq. (6-30) must be taken over the entire charge distribution. No-

tice that the zero point of electric potential is at infinite distance for Eq. (6-28) ~Eq. (6-30).
In the following, some examples illustrate how to evaluate the electric potential.
Example 6-9 Take the zero point of potential to be at infinity. As shown in Fig. 6-22,

determine the potential at the center of a semicircle of radius R with a uniform charge per unit

length 2. dg = 2!

Solution Divide semicircle into small charge elements. No-

ting the distance r from the charge element to the field point O

concerned is constant of R, it is simple to apply Eq. (6-30).
The charge element has a charge of dg=Ad/, and we have Fig. 6-22 For Example 6-9

v :J' dg :J‘ Adl _ AxR _ A
R Are,r dney R 4meoR 4de

Example 6-10 As shown in Fig. 6-23(a), a solid conducting sphere of radius R has a to-

tal charge +Q distributed uniformly on its surface. Find the potential at any point inside and

outside the sphere. Take the infinity as the zero point of the electric potential.

U(r)

Oldng,R

(a) (b)

Fig. 6-23 For Example 6-10

Solution The electric field inside the conducting sphere is zero and is same as a point

charge outside the sphere. It is easier to calculate the integral of Eq. (6-25) from the known
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B

electric field by integrating along one of the field lines than Eq. (6-30). From Example 6-5,

the electric field distribution inside and outside the sphere is as follows

{E—O (r <R)

__Q
Eﬁ4‘n:€or2 (r >R)

The potential at any point inside the sphere is

V()= fE . dr = JRE . dr+L;E . dr = JRE . dr

=[G 9 <R

R Admeyr? 47eo R

And the electric potential outside the sphere is

vy =[Eear=[" Q40 Q@ (p)

r Amegr?  Ameor

Inside the sphere the electric field is zero and the electric potential is constant everywhere, and
no work is done on a test charge by electric force moved from any point to any other in this re-
gion. Thus the electric potential distribution is the same at all points inside the conducting
sphere, and equal to the value at the surface; the electric potential outside the sphere is the
same as a point charge since the electric field distribution is the same as that of a point charge.
The electric potential distributions are shown as in Fig. 6-23(b) .

Example 6-11 Two concentric spherical conducting shells are separated by vacuum. The
inner and outer shell has charge +Q and —Q respectively, and the radius of the inner and out-
er shell are R, and Ry, as shown in Fig. 6-24.

(1) Find the electric field everywhere inside the shells, between the shells and outside the
shells;

(2) determined the potential difference between the two shells.

Solution  Since the charge on the conducting shell distrib-
utes itself uniformly on the surface and has the spherical symme-
try, the electric field lines must be directed radially outward and
be constant in magnitude on a coaxial sphere surface. So con-
structing a spherical Gaussian surface S of radius r (Ry <<r<C

Rp), concentric with the sphere, as shown in Fig. 6-24, and no-

ticing that the charge enclosed inside this Gaussian surface is +

Fig. 6-21 For Example 6-11 @ Py Gauss’ law we have
b E-dS=E dS = anrE=

€o

Solve for E

E=—9_  (R,<r<Rw

dregr
The electric field inside the shells and outside the shells is zero.
The electric potential difference two shells can be calculated by integrating E along the ra-

dial direction
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3 3 Ry -
Va—Vy = ["E-dr=["Edr = [* L ar — & (KoK
RA A

R, Ameor? 4dmeo \ RaRp

Can you apply the superposition principle of electric potential to obtain the same result?

6.5 Equipotential Surface and Potential Gradient

6.5.1 Equipotential surface

The potential distribution in an electric field may be represented graphically by equipoten-
tial surface. An equipotential surface is a surface such that the potential has the same value at

all points on the surface. Two typical examples of equipotential surfaces are shown in Fig, 6-25.

(a) (b)

Fig. 6-25 Equipotential surfaces (solid lines) and electric fields (dashed lines) .

(a) two identical positive point charges and (b) two equal and oppositive point charges

It is easy to conclude that the equipotential surface has follow properties:

(1) The equipotential surface through any point must be at right angles to the electric
field lines since no work is done to move a charge over such surface, that is the lines of field
and the equipotential surface form a mutually perpendicular network. This implies that the
electric field at every point on an equipotential surface is perpendicular to the surface.

(2) Two equipotential surfaces never cross each other;if it were so, there would have two
values of potential at one point. In general, the field lines are curves and the equipotential sur-

faces are curved surfaces.
6.5.2 Potential gradient

There is an integral relation between the electric potential V' and electric field E , by
which we can calculate electric potential by integrating with field E. Conversely, there exists
a differential relation between these two quantities so that we can calculate electric field E
when the electric potential V is known.

As shown in Fig. 6-26, if points A and B are very close together, the potential difference
Va—V3g becomes simply —dV, and the line integral of E from A to B reduces to E = dl. That is

dV =—E « dl =— Edlcos

E can be expressed as
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E=E.i+E,j+Ek (6-31)
where E, ,E, and E. are components of electric field E in Car-

tesian coordinates. And element displacement dl is expressed

as
dl = dai + dyj + d=k (6-32)
So we have
dV =— (E,dxz+E,dy+ E.dz) (6-33)

Fig. 6-26 Potential difference

) Since the electric potential is function of (&, y, 2) in general.
between two points A and B

the differential dV can be given mathematically by

oV oV oV
_ oV, oV, oV 6-34)
dv afdf+ 8ydy+ 8zd (
From Eq. (6-33) and Eq. (6-34), we have
__(V __(oV __(9V
E. = (81‘)’ E.= (ay)’ E. (az)
Therefore, we obtain
o : [V, (VY. (VN T _ac
E=Ei+E,j+Ek= [(af)z + (ay)J + (ax)k]— A% (6-35)
This is the differential relation between the electric field and the electric potential. Here VV —
(g—‘j)t + (?3_‘;7)] + (g—‘;)k is called the potential gradient, which is a vector and directs in the

opposite direction with the electric field. Eq. (6-35) implies that E always points in the direc-
tion in which V decrease most rapidly.

Example 6-12  The electric potential V is

V=V(xyysz)=2*+3xzy—=zy (8D

Find the electric field at point (2,3,3).

Solution From Eq. (6-35), the electric field is given by

E=—VV="-Qx+3y)i— @Bx—=2)j+ 3k
Hence, the electric field at point (2,3,3) is
E(2,3,3) =—13i—3j + 3k (SD

6.6 The Electric Force Exerted on a Moving Charged Particle

If a charged particle enters into a region of electric field E , an electric force acts on the
particle and it will move in influence of electric field. Many applications are related with the
movements of charged particles such as charged dirt particles in air, charged oil-droplets in the
Millikan oil-drop experiment and electrons in the cathode-ray tube. In this section, we will

pay our attention to the electric forces on charged particles and their motions.
6.6.1 A dipole in an electric field

As shown in Fig. 6-27, an electric dipole is in a uniform electric field E with an electric di-

pole moment p , making an angle @ with the direction of the electric field. A pair of equal and
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opposite forces gE and —¢gE acts on the dipole so that the net electric force on it is zero. How-

ever, there is a net torque, given by

M= pXE (6-36)
Its magnitude is
M = gElsind = pEsind /g—qE—
This torque tends to orient the dipole in the direc- /
tion of electric field. 1A® E
Because only differences in potential energy /
have physical meaning, we are free to choose the -?,E——f{

zero potential energy. We take the potential ener-
gy of a dipole in the uniform electric field to be ze-  Fig. 6-27 A dipole in a uniform electric field
ro when the angle § is 90° so that its potential en-

ergy at any other orientation is

E, = (—qE . %cosﬁ)—f- (* gk « écosﬁ) =— pEcosf

or

E, =— pEcos§ =—p+ E (6-37)
Eq. (6-37) means that an electric dipole in a uniform electric field has its smallest potential en-
ergy when p points in the direction of the field (6 = 0°) , which is its equilibrium position, and

reaches its maximum when p point opposite to the direction of the field (9 = 180°).
6.6.2 A moving charge particle in a uniform electric field

When a charged particle of ¢ is in an electric field E , there is a force F =gE acting on this
particle. By Newton's second law, we have

gt = ma (6-38)

Here m is the mass of the particle. Given the distribution of the electric field, the orbit of the

motion of the particle in the electric field can be calculated from Eq. (6-38). In the following,

we deal specially with the situation on a charged particle moving in a uniform electric field.

& = % & & & & & = 5] Fig. 6-28 shows a positive charged particle in a
0 5 = uniform electric field set up by two parallel-plates car-
Y, rying equal but opposite charges. Assume the initial

E velocity of the particle just entering the electric field has

a magnitude of v, and an angle # with respect to the x-

§ axis. Because the direction of the electric field is along

the y-axis, the acceleration of the particle is

a, 0

Fig. 6-28 A charged particle
g ged p { 2. Q'E
. n

I

in a uniform electric field
Ignoring the influence of the gravity, it is easy to

find the motion equation of the particle as
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- '
e

T = vytcosd

(6-39)
= g1 Ty
vy = yytsind + th
Eliminating ¢ in Eq. (6-40), we obtain the equation of its path
= ptanf—I 6-40)
3 = mtanit 2muvl COSZHI :

which is the same as the projectile motion of an object in gravity field. When §=90° and v, =0,
the particle moves along the y-axis and its kinetic energy becomes greater with the increase of
the velocity of the particle. A practical example is a cathode ray tube used for a television pic-
ture tube in which the accelerated electrons are deflected by the electric field to reach different

points on the fluorescent screen,

4 Questions
\_&

6-1 A positively charged ball hangs from a long silk thread. We wish measure E at a point in the same
horizontal plane as that of the hanging charge. To do so, we put a positive test charge g, at the point and meas-
ure F /q,. Will F /qo be less than, equal to, or greater than E at the point in question?

6-2 For exploring electric field with a test charge. we have often assumed, for convenience, that the test
charge was positive. Does this really make any difference in determining the field? Illustrate in a simple case of
your own decision,

6-3 Electric field lines never cross, why?

6-4 A positive and a negative charge of the same magnitude lic on a long straight line. What is the direc-
tion of E for points on this line that lie (1) between the charges, (2) outside the charges in the direction of the
positive charge, (3) outside the charges in the direction of the negative charge, and (4) off the line but in the
median plane of the charges?

6-5 A clock face has negative point charges —¢q, —2q. —3¢. *»», —12q fixed at the positions of the cor-
responding numerals. The clock hands do not disturb the field. At what time does the hour hand point in the
same direction as the electric field at the center of the dial (hint: Consider diametrically opposite charges)?

6-6 A point charge ¢ is placed at one corner of a cube of edge a. What is the flux through each of the cube

faces (hint: Use Gauss' law and symmetry arguments)?

S 1 . n . ‘ : . .
6-7 In Gauss lawfﬁ E - dS = E , 1s E necessarily the electric field attributable to the charge ¢, ?
S €0

6-8 Suppose that a Gaussian surface encloses no net charge. Does Gauss’ law require that E equal zero for
all points on the surface? Is the converse of this statement true; that is, if E equals zero everywhere on the sur-
face, does Gauss’ law require that there be no net charge inside?

6-9 If you know the value of the net charge Q within some closed surface. is Gauss’ law sufficient to ena-
ble you to calculate the electric field? What additional information might you need?

6-10 Do electrons tend to go to regions of high potential or of low potential? what about a positive charge?

6-11 Suppose that the earth has a net charge that is not zero. Why is it still possible to adopt the earth as
a standard reference point of potential and to assign the potential V = 0 to it?

6-12  Distinguish between potential difference and difference of potential energy. Give examples of state-
ments in which each term is used properly.

6-13 (1) I V equals a constant throughout a given region of space, what can you say about E in that region?
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(2) How can you ensure that the electric potential in a given region of space will have a constant value?

6-14 * Devise an arrangement of three point charges, separated by finite distances, that has zero electric po-
tential energy.

6-15 The calculation of the potential V of a ring of charge is asserted to be easier than the calculation of
the electric field E. Explain.

6-16 Imagine two spheres of equal radius and equal total charge. One sphere is uniformly charged

throughout its volume. The second sphere has all of its charge distributed uniformly over its surface. How do

the potentials at the surface? Compare,

- Problems

6-1 Two similar tiny balls of mass m are hung from silk threads of length L and carry similar charges g as
in Fig. 6-29. Assume that # is so small that tand can be replaced by its approximate equals to sind. (1) To this

approximation show that. for equilibrium
. (2 ¢ L )l«
Te) Mg
where & is the separation between the balls.
(2) If L=120cm, m=10g, and x=5. Ocm, what is q"f
6-2  What is E in magnitude and direction at the center of the square of Fig. 6-30? Assume that g=1. 0 X

10* C and a=5. 0 em.

+qQ\ P Q -2q
. o
a 3
/I/ \\
[ | - C{r* 0 +2¢q
Fig. 6-29 For problem 6-1 Fig. 6-30 For problem 6-2

6-3  Fig. 6-31 shows an electric quadrupole. It consists of two dipoles whose effects at external points do not quite
cancel. Show that the value of E on the axis of the quadrupole for points a distance from its center (assume =>d) is given by

B = 3Q

" dne 2t
where Q (=2qd*) is called the quadrupole moment of the charge distribution.
6-4 At what distance along the axis of a charged ring of radius R is the axial electric field a maximum?
6-5 Fig. 6-32 shows a ring of radius R, with a narrow gap of d(d<<R). with linear charge density +A.

Find the clectric field at point P distance = from the center of ring along the axis.

——In
1
I
I
|
1

d

@] P
X
d | R

®+q

Fig. 6-31 For problem 6-3 Fig. 6-32 For problem 6-5
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6-6 Fig. 6-33 shows a ring of radius R, its linear charge density for one half is +A and another half is —A.
Find the electric field distribution along its axis.
6-7 A charged uniformly line of length a, with linear charge density A, lies on the y-axis in Fig. 6-34. Find

the electric field at point P distance x from one end of the line along the z-axis.

- P
L ] X
Fig. 6-33 For problem 6-6 Fig. 6-34 For problem 6-7

6-8 A charged uniformly thin rod of length L, with linear charge density
A+ is placed on the axis of a charged uniformly disk of radius R and its surface o

density being ¢, as shown in Fig. 6-35. Find the electric field at a point P at - | R\O P

axis in the figure. -

6-9 A thin glass rod is bent into a semicircle of radius . A charge +Q is
uniformly distributed along the upper half and a charge —Q is uniformly dis-
tributed along the lower half, as shown in Fig. 6-36. Find the electric field E at ~ Fig. 6-35 For problem 6-8
point (), the center of the semicircle.

6-10 A cylindrical tube of length /, radius R carries a charge Q uniformly distributed over its surface. Find
the field on the axis of the tube at one of its ends.

6-11 A point charge +¢ is a distance d/2 from a square surface of side d and is directly above the center of
the square as shown in Fig, 6-37. What is the electric flux through the square Chint; Think of the square as one

face of a cube with edge d)?

Fig. 6-36 For problem 6-9 Fig. 6-37 For problem 6-11

6-12 A very long cylinder of radius R has positive charge uniformly distributed over its volume. The

amount of charge is A coulombs per meter of length of the cylinder. Find the electric field as a function of dis-

tance from the axis of the cylinder,
6-13 A long plastic pipe has inner radius ¢ and outer radius 6. Electric charge is uniformly distributed over
the region a<Zr<ChH. The amount of charge is A coulombs per meter # [ )

of length of the pipe. Find the electric field in the regions »<Za, a

B
< r<<b, and r—=>b. S~ ~ ~

>~
# o E A A
- ) 1 2 les i > 7 F #
6-11 A large flat nonconducting surface carries a uniform 5l o
charge of density 5. A small circular hole of radius R has been cut = s #

el S S S

in the middle of the sheet, as shown in Fig. 6-38. Ignore fringing of

the field lines around all edges and calculate the electric field at Fig. 6-38  For problem 6-11
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point P, a distance z from the center of the hole along its axis (hint: use the principle of superposition).

6-15 A large plane slab of thickness d has a uniform volume charge density p. Find the magnitude of the
electric field at all points in space both (1) inside and (2) outside the slab, in terms of x, the distance measured
from the median plane of the slab.

6-16 A spherical shell has inner radius a and outer radius b. Electric charge is uniformly distributed over
the region a<(r<Cb, and the charge density is p. Use Gauss’ law to find the electric field at radial point » where
(1) r<<a, (2) a<<r<lb, and (3) r=>b.

6-17 A sold nonconducting sphere of radius R carries a nonuniform charge distribution, the charge density
being p=pr/R, where py is a constant and r is the distance from the center of the sphere. Show that (1) the to-
tal charge on the sphere is Q=np R* and (2) the electric field inside the sphere is given by

B "htEnR4

6-18 The charges and coordinates of two point charges located in the xy plane are: ¢, =-+3.0X10 %C,

r1=3.5cm, yy=+0.50 em; and ¢ = -4.0X10° C, ;= -2.0 ecm, y,= +1.5 cm.

(1) Find the electric potential at the origin.

(2) How much total work must be done to locate these charges at their given position, starting from infinite
separation?

6-19  An electric charge of —9. 0 nC uniformly distributed around a ring of radius 1. 5m that lies the yz
plane with its center at the origin. A point charge of —6. 0 pC is located on the x axis z=3. 0 m. Calculate the
work done in moving the point charge to the origin.

6-20 An infinite cylindrical surface of radius R carry a uniform charge of surface density o.

(1) Find the electric potential at one point inside and outside the cylindrical surface.

(2) Sketch the plot of U(#).

6-21  The electric field inside a nonconducting sphere of radius R, containing uniform charge density, is ra-

dially directed and has magnitude

E = _QL
4.-1(50 Rs

where ¢ is the total charge in the sphere and r is the distance from the sphere center. Find the potential U(7),
taking U=0 (1) at the center of the sphere and (2) at r=co,

6-22 A point charge ¢; =>0 is fixed at the origin of a rectangular coordinate system, and a second point
charge ¢, <70 is fixed at r=a, y=0. The locus of all points in the xy plane V=0 is a circle centered on the
r-axis, as shown in Fig. 6-39. Find (1) the location x. of the center of the center of the circle and (2) the radius
R of the circle.

6-23 Two semicircular rods and two short straight rods are joined in the configuration shown in Fig. 6-40. »

The rods carry a charge of A coulombs per meter. Calculate the potential at (), the center of this configuration.

b4

Fig. 6-39 For problem 6-22 Fig. 6-40 For problem 6-23
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6-24 In some region of space, the electrostatic potential is the following function of x and y
V =2+ 2xy

where the potential V is measured in volts and the distances in meters. Find the electric field at the point x=2
and y=2.

6-25 A charge per unit length A is distributed uniformly along a straight-line segment of length L.

(1) Find the potential (chosen to be zero at infinity) at a point P a distance = from one end of the charged
segment and in line with it (Fig. 6-41).

(2) Use the result of (1) to compute the component of the electric field at P in = direction (along the line).

6-26 On a thin rod of length L lying along the x-axis with one end at the origin (x=0), as in Fig. 6-42,
there is distributed a charge per unit lenght by A=#kx, where £ is constant.

(1) Taking the potential at infinity to be zero. Find V at P on the y-axis.

(2) Calculate the vertical component, E,, of the electric field at P from the result of part (1) and also by
direct calculation.

(3) Why cannot E, , the horizontal component of the electric field at P, be found using the result of part (1) ?

Vv

o/

(@]

| | 1 |

Fig. 6-41 For problem 6-25 Fig. 6-42 For problem 6-26
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Conductors and Dielectrics in
Electrostatic Field

In the last chapter, we have discussed the electric field in a vacuum, in most case, how-
ever, there are many materials around, for example, the charges are carried by conductors,
and the dielectrics are used as insulator between the plates of a capacitor. When materials such
as conductors and dielectrics are brought into an electric field, both the material and the elec-
tric field will have an influence on each other. We will deal with two kinds of materials, con-

ductors and dielectrics in this chapter.

7.1 Conductors and Electrostatic Induction

7.1.1 Electrostatic induction

As we know that, a good electric conduc-
tor contains large amount of electrons called
free electrons, they are not bound to any atom

and are free to move around within the materi-

al. When we bring an isolated conductor B near

a conductor A carrying a positive charge +Q,

Fig. 7-1 Electrostatic induction

as shown in Fig. 7-1, electrons on the un-
charged conductor B will be attracted by the positive charge on conductor A, leaving the near
side of conductor B with a negative charge and the far side with a positive charge. This phe-

nomenon is called electrostatic induction; the charges redistributed on conductor B in Fig. 7-1 are

called induced charges.
7.1.2 Electrostatic equilibrium condition

The induced charges separated on the conductor B set up an electric field E' which points in
opposite direction with the original field E, produced by the charge on A, the total field in conduc-
tor B is the vector sum E' + E,. Aslong as E'<Z E,, E' + E,70, the free electrons continue
to move toward left in Fig. 7-1, E' increases consequently until E' + E, =0, so that the conduc-
tor B attains at a state without net motion of electrons within it. Such state is called the electro-

static equilibrium state. From the analysis above, the condition that a conductor in electric field at-
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tains at electrostatic equilibrium state is that the total electric field equals zero within the conduc-
tor. We can see that some of field lines leaving the positive charged conductor A and ending on
the negative charge on the near side of conductor B, and an equal number of lines leaving the far
side of the conductor B, but no field lines inside conductor B.

A conductor in electrostatic equilibrium has the following properties:

(1) All points of the conductor are brought to the same potential, the surface of the con-
ductor is an equipotential surface.

(2) The electric field at a point just outside a charged conductor is perpendicular to the
surface of the conductor. To verify the first property, suppose a, b are two arbitrary points in

the conductor B in which E=0 everywhere under electrostatic equilibrium condition so that
b

the potential differenceV,—V, :J E « dl =0, otherwise, it would be contrary to above condi-
a

tion. To verify the second property, if the field vector E had a component parallel to the
conductor’s surface, free electrons would experience an electric force and move along the sur-
face, in such a case, the conductor would not be in electrostatic equilibrium. Therefore, the

field vector must be perpendicular to the surface,
7.1.3 The charge distribution on a conductor

(1) Any net charge on a conductor in electrostatic equilibrium state must reside on its
surface. To verify this, we draw a Gaussian surface S inside the conductor as shown in
Fig. 7-2,which can be very close to the conductor’s surface and also can be small enough.
Because the electric field everywhere inside the conductor is zero, and once it is in electrostatic
equilibrium, the electric field must be zero on Gaussian surface either so that the net electric
flux through this Gaussian surface is zero. From Gauss’ law, we conclude that there is zero
net charge inside the Gaussian surface, therefore, any net charge on the conductor must reside
on the surface of the conductor.

(2) The electric field at a point just outside a charged conductor has a magnitude E = ¢/,
where ¢ is the surface charge density at that point.

To determine the magnitude of the electric field just outside a charged conductor, we ap-
ply Gauss’ law again and draw a Gaussian surface in the shape of a small cylinder whose end
faces are parallel to the conductor’s surface as shown in Fig. 7-3. Part of the cylinder is just
outside the conductor, the rest part is inside. Since the field is perpendicular to the surface of
the conductor under electrostatic equilibrium, therefore,there is no flux through the cylindri-
cal part of the Gaussian surface, and there is no flux through the flat end AS of the cylinder in-
side the conductor either, because E=0 everywhere. Applying Gauss’ law to the whole sur-
face gives

E - ds = Eas = 4 = 985

€0 €0

where AS is the small flat end just outside the conductor, ¢ is the surface charge density, ¢ =
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4

oAS is the charge inside the Gaussian surface, solving for E, we have

E=2 (7-1)

€90

- ——

I
A
: E=0 ’
s i I'
i : 5
b e
S
Fig. 7-2 Draw a Gaussian surface Fig. 7-3 Determining the field just
inside the conductor outside the charged conductor

(3) If there is a cavity in the conductor, and no charge within it, then none of net charge
exists on the inner surface of the conductor. In Fig. 7-4, S is the inner surface of the conduc-
tor. S is a Gaussian surface over which the surface integral of E equals zero because E=0 at
all points on it. According to Gaussian law, the net charge within S, is zero. Considering the
condition that there is no charge within the cavity so that the cavity inner wall S is uncharged,
the net charges, if any, exist only on the outer surface of the conductor.

(4) If there is an insolated charge ¢ inside the cavity of the conductor, draw a Gaussian
surface S, applying Gaussian law and the property of conductor at electrostatic equilibrium as
well as conservation of charge, it can be proved that there is induced charge —¢q distributed on

the inner surface while induced charge +¢q on the outer surface of the conductor as shown in
Fig. 7-5.

Fig. 7-4 There is a cavity in the conductor Fig. 7-5 There is an insolated ¢ inside the cavity

(5) Tip discharge: on an irregularly shaped conductor, experiments indicate that the sur-
face charge density is greatest at locations where the radius of curvature of the surface is the
smallest, and conversely.

If an irregular shaped conductor has a sharp tip with
very small radius of curvature, the discharging will occur
first at the sharp tip caused by the very strong field. This
phenomenon is called sharp tip discharging. An evidence is

the demonstration so called “the electric wind blow out a

candle” as shown in Fig. 7-6. It occurs when the electric
field near the tip is strong enough (say, about 3 MV/m) to  Fi& 76 A sharp tip discharge
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ionize the air. In the beginning, a few ions are accelerated so that gain enough energy to col-
lide, knocking more electrons out of the air molecules —that is, more and more molecules are
ionized. The liberated ions will be accelerated by the field. the electrons move toward the tip
while the positive ions away from the tip, forming a gust of wind, which move toward and

blow out the flame of a candle just as the photo in Fig, 7-6 shows,
7.1.4 Electrostatic shielding

If we put a hollow conductor in an electric field, in electrostatic equilibrium, there is no
any field line within the cavity, the field inside the cavity is zero, and the region inside the
cavity is not affected by the external field, this is called the effect of electrostatic shielding as
shown in Fig. 7-7. An electric device is placed in a conductor shell to avoid the influence of
other charged object nearby, which is commonly applied in laboratories. If a charged object
with ¢ is brought into the cavity of a large conductor as shown on the left in Fig. 7-8, the elec-
tric field is zero within the shell, from Gauss’ law, the electric field lines that leave the posi-
tive charge ¢ must end on the inner surface of the cavity. And there must equal induced nega-
tive and positive charge on the inner and outside surface of the cavity. The charge on the out-
side surface will set up an electric field. If we connect the cavity to the ground, as shown on
the right in Fig. 7-8, the potentials of the cavity and the ground are equal. The positive charge
on the outside surface will flow to the ground (as the matter of fact, it is the electrons flow
from the ground to neutralize the positive charges on the outside of cavity). There is no electric field
in the region outside the cavity, the electric field set up by the charged object inside the cavity is then

be shielded by the cavity. Usually, the metal net is used for electrostatic shielding.

Fig. 7-7  Electrostatic shielding the outer field Fig. 7-8 Electrostatic shielding the inner field

O+q Example 7-1 Fig. 7-9 shows a metal sphere of radius R, and a

concentric metal spherical shell of inner and outer radii R, and R,
They carry the charges of ¢ and Q respectively. Find

(1) the charge and the field distribution;

(2) potential distribution in the space;

(3) the potential of the conductors when connected by a wire;

Fig. 7-0 For Example 7-1 (4) the potential of them when the shell connected to the ground.
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Solution (1) From the condition of electrostatic equilibrium and the conservation of the
electric charge, the inner and the outer surfaces of the metal shell are induced —q and +¢ re-
spectively, the total charge is Q¢ on the outer one. Because the spheres are concentric, the
charges ¢, — ¢ and Q-+ ¢ distributed uniformly over the three spheres. From superposition
principle, using Eq. (6-15) and Eq. (6-16), the field distribution is

E=Glr< R, Bcr<R); E=-—1_ (B <r<k) E=92T1 (%R

47t€u 47(5(:7'
(2) According to the superposition principle and result of Example 6-10, the potential
distribution in four regions is given by
1 (g9 q Qtgq
V] 4'1’(&1 (Rl R7+ R.% ) (réRl)

1 (g g ,Q+tg
V. = 47:&1)(f‘ Rz+ R; (R <r <Ry

(3) If connected by a wire, charge g and —q will neutralize, the metal sphere and shell
becomes a equal potential body with charge Q¢ on the outer surface of radius R;. From re-

sult of Example 6-10, its potential is

v._ Qtg
) 471'€()R3

(4) If the metal shell is connected to the ground, then only —g¢ is left on the inner surface,

Using potential superposition principle, the potential of the inside sphere can be written as

Vo= ;(1fi)

47t€() Rl RZ
While the metal shell becomes equal potential with the ground, that is
V,;g =0

In the region (R, <<r<_R,) the potential becomes

Vi= e (F R

7.2 Capacitors and Capacitance

Any charged conductor can be viewed as an energy reservoir or source, if a conducting
wire is connected to such a reservoir, electric charge will be transferred to perform useful
work. A device has the ability to store charge is called a capacitor. Capacitors are commonly
used in a variety of electric circuits, for instance, they are used to tune the frequency of radio
receiver, as filters in power supplies, to eliminate sparking in automobile ignition system, to
increase efficiency of alternating current power transmission. and as energy-storing devices in

electronic flash units.



7.2.1 Definition of capacitance

The most common type of capacitor consists of
Insulator two conducting plates parallel to each other and sepa-
rated by a distance filled with insulator layer which is

very thin compared with the size of the plates, as

shown in Fig. 7-10. There are three types of capaci-
tors, parallel-plate capacitor, cylindrical capacitor
Fig. 7-10  The capacitors . .
and spherical capacitor.

What determines the ability to store the electric charge? Experiments show that the quan-
tity of charge Q (the absolute valve of charge on one of the two plates) on a capacitor is linear-
ly proportional to the potential difference between the conductors, that is

Q=CV
In which the proportionality constant C depends on the shape and separation of the given con-

ductors, so we deline capacitance of the capacitor as

«_ Q A
(,—V (7-2)

The capacitance C is always a positive quantity;the absolute valve of charge Q and the poten-
tial difference V are always positive quantities too.

Form Eq. (7-2), we see that capacitance has SI units of coulomb per volt. Named in hon-
or of Michael Faraday, the SI unit of capacitance is farad (F); 1 F=1 C/V. The farad is a
very large unit of capacitance. In practice, typical devices have capacitances ranging from mi-
crofarad (uF, 1 uyF=10° F) to picofarad (pF, 1 pF=10"" F). The dimension of capacitance
is PL 2M T,

7.2.2 Types of capacitors and calculation of capacitance

There are three familiar geometries of the plates shape, namely, parallel plate, concentric
cylinders, and concentric spheres, the corresponding capacitors are called parallel-plate capaci-
tor, cylindrical capacitor and spherical capacitor. The capacitance of these three type capaci-
tors will be evaluated in the following.

Example 7-2 A parallel-plate capacitor.

A parallel-plate capacitor of area S and separation d is shown in Fig. 7-11. Suppose the
length of d is much smaller than the size of S. Find the capacitance of this capacitor.

Solution  Assume the plates are charged with +Q
and —Q, respectively. Because d is much smaller than the
size of S, we can neglect the fringe effect at the edges,

taking the electric field E between the two plates to be the

superposition of two infinite uniformly charged sheets with
the surface charge density of +¢ =+Q/S and -« =—Q/S, Fig.7-11 A parallel-plate capacitor
respectively. According to the results of Example 6-7, the fields produced by the two plates
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are equal magnitude and in same direction so that the resultant field is uniform pointing from

plate A to plate B. Using Eq. (6-17), we have
E=2%24+9 9

2¢0 280 €0
in other regions, the fields produced by the two charged sheets are equal but opposite direct-
ed, so the resultant filed is zero, and E inside the conductor plates is zero too.
The potential difference between two conductor plates can be calculated by integrating E

along the field line from plate A to plate B, thus the potential difference is
4 B do M
Vi =J4E-dr:JAEdr=Ed:—=——

€o €()S
The capacitance of the parallel-plate capacitor is then

~_Q _en .
C v =y (7-3)

Example 7-3 A cylindrical capacitor. A cylindrical capacitor of length /, inner radius
R, and outer radius Ry as shown in Fig. 7-12, calculate the capacitance of it.
Solution  Assuming the charge per unit length of the

cylindrical plates are +A on the inner, —2A on the outer one, e

. “< R
and the length of the capacitor / is much greater than the ra- S :{fji_ '_;j",.\’é )
dius and the distance between two plates. We can neglect the a : :; - ;: : 2
edge effects. From the cylindrical symmetry of the charge - i H \Rijj' g !
distribution, the field is of cylindrical symmetric. The elec- - : E: ' 5 ; -
tric field lines between two plates are directed radical out- - 'y";r;'_“."—‘—:ﬁ“j -
ward. Thus the electric field lines are perpendicular to the e

curved surfaces of any coaxial cylindrical shell, and the mag-
nitude of E at all points on the cylindrical surface of radius » Fig. 7-12 A cylindrical capacitor

is the same. So we can use Gauss’ law to find the electric field between two plates. Take a co-
axial cylindrical shell with radius » , Ry<r<URp as Gaussian surface S. Notice the electric flux
through the plat parts (the top and the bottom ends ) of the coaxial cylindrical Gaussian sur-

face is zero because the electric field lines are parallel to them. From Gauss’ law, we have

9@55 . dS— LE dS+LZE- as+| E- dS:LE- ds

— E|_ dS=2mE =2
S, €0
and
Gn _ A
€o €o
so that

E=-42_ (R, <r<Rp

27eor

Notice that E is parallel to dr along a radial line, so we apply Eq. (6-26) to calculate the
potential difference between two plates by integrating along a radial path, we have

B B R
Vas = [ Evdr=[Edr=[" A0 A R0 Q 1y R

R, 2meor  2mes  Ra  2meol | Ra
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The capacitance of the cylindrical capacitor is

c=L — ol (7-4)
Vas In Ry
R
Example 7-4 A spherical capacitor. As shown in Fig. 7-13, a
-0 spherical capacitor consists of an inner spherical conductor of ra-
A dius R4 and a concentric outer conductor sphere of radius Rp.

Find the capacitance of this capacitor.

Solution  Assuming the inner and the outer spheres are
charged +Q and —Q, respectively, and uniformly distributed
over the sphere. Form the result of Example 6-11, the electric

Fig. 7-13 A spherical capacitor potential difference between the two plates is

V — Q RB_RA
A5 41TE() RARB

The capacitance of the plate capacitor is then

_ Q :4K€0RARB
VAB RB"_RA

For an insulated conducted sphere of radius R that actually can be treated as a spherical

C

(7-3)

capacitor with the inner plate at » =R and outer plate at » =oo. Suppose the sphere carries

charge Q, from the result of Example 6-10, the potential difference is given by

. Q
47t€oR

Its capacitance 1s then

C: % :47T€()R (7‘6)

The results of above three examples indicate that the capacitance of a capacitor depends on the

shape, geometry size as well as medium between the plates about which we will discuss later.
7.2.3 Capacitors in series and parallel

Capacitors are manufactured with certain standard capacitances and working voltages.
However, in a practice application, the values of the capacitances or the maximum voltage ca-
pability over it may not satisfy what you actually require. You can obtain the values you need
by combining capacitors in a series or a parallel connection or mixture of them.

When the capacitors are used in series, the working voltage will be increased. When the
capacitors are used in parallel, more charge is stored for the same potential difference, and the
equivalent capacitance increases. The detail will be discussed in follows.

1. Capacitors in series

Fig. 7-14 shows that two capacitors are connected in series between points A and B and
connected to the terminals of a battery or two points in a circuit. There is a potential differ-
ence Va3 =V, —Vj across the two capacitors, and each capacitor carries the same charge Q,

but the potential difference across one capacitor usually is not the same as that across the oth-
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er. Suppose the capacitance are C, and C; ; the potential difference are V|, and V,, respectively,

referring the definition of capacitance, we have

Vlzg’ Vz_Q

1 CZ

The potential difference across the two capacitors in series is the €, c

o [
sum of these potential differences rs | g
.

Vi =Vi+V: = Q& +¢) )

The equivalent capacitance of two capacitors in series is that of a 4 B

single capacitor that could replace the two capacitors and give Fig 744 Capaditors T series

the potential difference V45 for the same charge Q. thus,

c_Q__Q _ 1
4 Vs Vi+V, 1 + 1
C G
That is B
1 _ 1,1 .
c-cte (7-7a)
For the case of more than two capacitors in series, the equivalent capacitance C is then given by
1 1 ;
= 2 c (7-7b)

2. Capacitors in parallel

Fig. 7-15 shows two capacitors in parallel. The positive plateé of the two capacitors are connect-
ed by a conducting wire to point A and the two negative plates are also connected together to point
B. The potential difference is the same across each capacitor and equals to V5. Suppose the
capacitances are C, and C,, the charges Q, and Q; stored on the plates are given by

Q =C/Va, Q =0GC,/Va
The total charge stored is ¢, 0
Q=Q+Q = (G +C)Va *

The equivalent capacitance of two capacitors in parallel is

the ratio of the total charge stored in the two capacitors to the

0,
potential difference which is the capacitance of a single capacitor (ZHM
that has the same amount of charge for a given potential differ- .
ence. Then the equivalent capacitance is o = '
C = Vci — letBQz =C +GC, (7-8) Fig. 7-15 Capacitors in parallel

Thus, the equivalent capacitance of two capacitors in parallel is the sum of the individual ca-
pacitances. In the same way, for any number of capacitors in parallel, the equivalent capaci-

tance C is then given by
£= >C: (7-9)

Example 7-5§ To repair a wash machine, a 100 uF capacitor capable of withstanding a
voltage difference of 600 V is needed. The immediately available supply is a box of several
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100 uF capacitors, each having a maximum voltage capability of 300 V. Give a combination
with the least capacitors.

Solution  If one available capacitor of C=100 pF having a maximum voltage capability of
300 V was connected over a voltage difference of 600 V in given circuit carelessly, it would be
breakdown immediately! In order to satisfy the working voltage of 600 V, two capacitors
100 uF/300 V is connected in series, V, = 2V|, = 600 V, but the equivalent capacitance

111
G G T C,
C, H CIH then
C2 — (g — 50 ‘uF
becomes half and can'’t satisfy the requirement, so two 50 pF capacitors
” Il o I should be combined in parallel, that is
| C=C,+C, = 100 uF
600 V

and the withstanding voltage V =V, = 600 V.
Fig. 7-16  For Example 7-4 The solution is that four 100 uF/300 V capacitors are con-
nected in such a way as shown in Fig. 7-16. The combination has equivalent capacitance

100 pF and maximum voltage capability of 600 V.

7.3 Dielectrics

7.3.1 Capacitor with a dielectric

A category of insulating or non-conducting material, such as glass, plastics, woods,
waxy paper, as well as mineral oil etc. , is called dielectric. The following experiment will il-
lustrate the effect of a dielectric on a capacitor. Consider a parallel-plane capacitor that with-
out a dielectric between the plates has a charge Q, and a capacitance C,. The potential differ-
ence across the capacitor is V,,. Fig. 7-17(a) illustrates this situation. The potential difference
is measured by a device of a static voltmeter. Notice that no charge can flow through an ideal
static voltmeter. If a dielectric is now inserted between the plates as in Fig. 7-17(b), experi-
ments show that the voltmeter indicates that the voltage between the plates decreases to

V=ﬁ (7-10)

€
where g, 1s a number greater than 1, and is determined by the characteristic of dielectric. It is
called relative dielectric constant or relative permittivity. Let the capacitance of the capacitor af-

ter filled with the dielectric or without it be C and C,, respectively, by using
=2, c=9

v, TV
we get
C=¢eGC (7-11)
Because V, = Eyd and V = Ed , substitute them into Eq. (7-10), we have
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E=Eo (7-12) )

Ny et
The reason for the increase of capacitance is that the elec-
tric field between the plates of a capacitor is weakened by the
dielectric. Thus for a given charge on the plates, the potential
difference is reduced and the ratio C= Q/V is increased.
From Eq. (7-11), the capacitances of the three capacitors
Eq. (7-3), Eq. (7-4) and Eq. (7-5) become

(1) The parallel-plate capacitor (a) (b)
6= §£Lg — eS (7-13) Fig. 7-17 The effect of a
d d

dielectric on a capacitor
(2) The cylindrical capacitor
C— 2neceol _ 2mel (7-14)
InZe  |pe
R, R,

(3) The spherical capacitor

dme,eoRARp  4meRARp
¢ = e . (7-15
Ry —Ra Ry —R, )

The insulate conducted sphere
C = 4ne,e0R = 4neR (7-16)
In above equations, we have a new constante = ¢,¢, called as permittivity of a dielectric. From
Eq. (7-11), the relative permittivitye, of a dielectric is a pure number with dimension [, | = 1 so that
the unit and dimension of € are the same as that of &,. In the vacuume, = 1, for all dielectrics except

the vacuum, ¢, > 1. In Table 7-1, the relative permittivities of several materials are listed.

Table 7-1 The relative permittivities of some dielectrics

Dielectric Relative permittivity Dielectric Relative permittivity
Air(1.013X10° Pa,0C) 1. 000585 Transformer Oil 2.2~4.5
Wax 2.0~2.3 PVC 3.1~3.5
Paper 35 Porcelain 6.5
Mica 3~6 Glass 5~10
Silicon 12 Germanium 16
Glycerol 56 Pure water(20C) 80. 4
Titania ceramic 130 Strontium titanate 310

7.3.2 Molecular model of polarization charge

A dielectric weakens the electric field between the plates of a capacitor because the mole-
cules in the dielectric produce an additional electric field in a direction opposite to that of the
original field. In the view of molecular theory, there are two kinds of polarization models.

(1) Polarization of the polar dielectrics. The materials whose molecules have permanent

electric dipole moments called polar dielectrics. These dipoles are randomly oriented if without
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external field. In the presence of the electric field between the capacitor plates, however,
these dipoles experience a torque that tends to align them in the direction of the field as dis-
cussed in section 6-6, shown in Fig. 7-18(a). The extent of alignment depends on the strength
of the field and the temperature. The random thermal motion of the molecules tends to coun-
teract their alignment, the alignment is not complete, but it becomes more complete as the
magnitude of the applied field increased. The alignment of the dipoles produces an additional

electric field in the opposite direction of the applied field and smaller in magnitude.

@ 0 E O E
0 D 0l o
) o ©

(a) (b)

Fig. 7-18 Molecular model of polarization charge

(2) Polarization of the non-polar dielectrics, If the centers of positive charge and negative
charge of a molecule are coincident in position so that it have no permanent dipole. These
kinds of materials are non-polar. When brought into the applied electric filed the positive
charge center and negative charge center will be stretched slightly to separate in the opposite
direction so that they will acquire dipole moments being in the opposite direction of the applied
field as shown in Fig. 7-18(b) .

In either case, the molecules produce an additional electric field that is in a direction op-
posite to that of the original field, thus weakening the original field, and the dielectric is said
to be polarized by the field. The resultant field inside the dielectric has the same direction as

the original but less in magnitude.
7.3.3 The electric field in dielectric

The net effect of the polarization of a homogenous dielectric is the creation of a surface
charge (is called polarization charge or bounded charge) on the dielectric faces near the plates
as shown in Fig. 7-19 It is this surface charges which is bound to the dielectric that produces
an electric field opposite the direction of that due to the free charge on the plates. Thus, the
electric field between the plates is weakened as illustrated in Fig. 7-20.

If the original electric field between the plates of a capacitor without a dielectric is E,, the
surface charge on the dielectric give rise to an additional electric field E" (is called polarization
electric field) in the direction opposite the original field E,, therefore the resultant electric
field in the dielectric is the vector sum

E=E,+E (7-17a)
its magnitude is
E=E —F (7-17h)
In the parallel-plate capacitor shown in Fig. 7-20 the original field E, is

oo
EU — ==

&o
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Fig. 7-19 The bounded charges Fig. 7-20 The additional field produced

presented in a dielectric when by bounded charge weaken the

inserted in the applied field electric field between the plates

The additional electric field in the dielectric is related to the polarization charge density ¢' by

equation
.y
€0
Because of C = ¢,C,, we have
U:M—UU *E()d
& €:
the resultant field in dielectric is
E = Eo (7-18)
Er

Substituting these relations into Eq. (7-17b) gives

Ooyw _ Oo O

€r&o €0 €0

so that the surface charge (or bounded charge) density is obtained as
a,:au(l—i) (7-19)
Er
Because e, =1, this expression shows that the polarization charge density ¢  is less than the
free charge density g, on the plates.
Note that Eq. (7-19) holds for the cases in which the whole space of field is full field with
uniform homogenous dielectric; or the surfaces of the dielectric are equipotential surfaces.

Since Eq. (7-19) is deduced from Eq. (7-18), it is holds in the same conditions.

7.4 Gauss’ Law in Dielectric

7.4.1 Gauss’ law in dielectric

In chapter 6 we discussed Gauss’ law in a vacuum, now we will extends Gauss’ law in the
case that the dielectric is present. As we have known that the dielectric will be polarized and
polarization charges (bounded charges) appear on the surface of the dielectric material, for

general situation, the Gauss’ law should be written as
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SESE-dS:€lE(q-m+q') (7-20)

where g;, and g  are {ree charges on conductors and dielectric inside the Gaussian surface, and
the surface charge ¢ is usually unknown and immeasurable, thus the above equation is not
convenient to be used to calculate E. We will substitute ¢" with ¢, and ¢,, and the above equa-
tion will be in a new form.

Fig. 7-21 shows a parallel-plate capacitor with a dielectric filled completely between the
plates, assume the charge density on the plates is g, and the bounded charge density on the di-
electric surface is 6'. We take a small cylinder as Gaussian surface. The up flat end embedded
in the positive charged conductor plate and the bottom end embedded in the dielectric and two ends
are parallel to the plate. Let the area of the end is A, The free charge g, enclosed in the Gaussian
surface equals to Ag,» and the bounded charge ¢' is —As’, From Eq. (7-19), we obtain

q :—Aaﬂ(l—glj):—qm(l—e—lr) (7-21)

Substituting it into Eq. (7-20), we can rewrite Gauss’ law as
3§E-dsz~1—2q£:& (7-22)

s €0 Er €:€0

Now we introduce a new quantity DD which is called the electric displacement as

D = ¢ie,E (7-23)
4 Then the Gauss’ Law in dielectric takes the simple form as
e
i —r 5{39 cds = g (7-24)
R . B 5
ol which states that the flux of electric displacement through any closed

[ |-, surface is equal to the net free charge inside the surface, This law is

Fig. 7-21 For Gauss’ € of the fundamental theorems of electrostatic fields.
law in dielectric Although Eq. (7-24) is derived from a special case, it is general-
ly valid even when dielectric is distributed arbitrarily in the field.

The SI unit of electric displacement is C/m?, and its dimension is IL *T.
7.4.2 The electric displacement lines and electric field lines in dielectric

According to Eq. (7-24) ,and the state of Gauss’ law in dielectric, we can say that the D
lines always originate on positive free charges and terminate on negative free charges while
Eq. (7-20) indicates that E lines originate on both positive [ree charges and polarization char-
ges, so that terminate on both negative free charges and polarization charges. Fig. 7-22 shows
the E lines and D lines in a parallel plate capacitor in which there is a dielectric slab. The num-
ber of both E lines and D lines starting from the positive free charges and ending on the nega-
tive free charges on the plates are equal, but some E lines terminate and originate on the polar-
ization charges on the surface of the dielectric. The resultant is then all D lines pass through
the dielectric in a way to ignore the polarization charges.

As a matter of fact, the E lines are rare within the dielectric because the additional elec-

tric field produced by the bounded surface charges in the opposite direction partially canceled
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Fig. 7-22  (a) All D lines pass through the dielectric
(b) Some E lines can not pass through the dielectric

the field of free charges. The rare E lines in dielectric slab are due to the weakened resultant
fieldE = E, —E'.

Example 7-6 A charged metal sphere of radius R carries a net charge ¢, and is placed in
the infinite dielectric as shown in the Fig. 7-23. The permittivity of dielectric is e. Find

(1) the electric field at any point P outside the sphere;

(2) the bounded charge on the dielectric surface contacted with metal sphere.

Solution (1) Draw a concentric Gaussian surface S of radius

r. Applying Gauss’ law in dielectric, we have
p-asa

From the spherical symmetry, we lead to 4xr*D = ¢, the electric

displacement is therefore

T = 4o
4oer? @
Using Eq. (7-23), the electric filed is Fig. 7-23 For Example 7-5
E = 2 I ¢ ] @

e Aner’
(2) Assume the bounded surface charge appearing on the dielectric surface is ¢’. Apply-

ing Gauss' law Eq. (7-20) to Gaussian surface S, we have
PE-ds =L g +q)
S €
Substitute Eq. 2) into above integration, the left side is obtained as

k- ds —¢ Eds — L ds — L @

wer J S €

Then we have

% — l(C]o "‘C],)
€ €0

The bounded surface charge is

(1’ - Q()(E_;_l):_ (1_%)(10

Because of e, <Z e, the sign of ¢’ is opposite to g,.
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Example 7-7 In Fig. 7-24, a parallel plate capacitor is filled with two dielectrics whose
surfaces are parallel to the plates;thickness is d; and d, ; permittivity is €, and e, respectively.
The area of the plates is S and the free charges density is F¢. Find

(1) the electric displacement and the electric field in the two dielectric;

(2) the capacitance of the capacitor;

(3) the bounded surface charge density on the dielectrics.

—0, to, -0 to} Solution (1) Suppose the electric field in the two dielectrics is

— e e .

E, and E, ; the electric displacement is D, and D;, respectively. Draw a

0+ +

1+
|

F flat cylindrical Gaussian surface S, with two ends parallel to the sur-
8 | faces of the dielectrics shown in Fig. 7-24. The free charge is zero in-
B side of S;. From Eq. (7-24), the Gauss’ law in dielectric, we have

agslp.dS:JcminD.'dS+de2D.dS+J D-.-dS=0

the side

Loood__ 1l
e
~
---

T
L
g

[
1

F ¥ + H F F +

Because dS_| D, on the side surface, so the third item equals ze-

ro, the above integral becomes

J d]D-cL«;Jrj D-dS——D;S' D5 =0

Fig. 7-24  For Example 7-6 ~ Where S’ is the area of the end of S;, so that we have

D, =D, @
Considering
D, =¢ E, D; =¢ E, ®
So that
E, _& _e&
E; €1 € @

The electric field is inversely proportional to the permittivity or relative permittivity.
Draw another flat cylindrical Gaussian surface S; in which the free charge equals to S’s in

the positive plate as shown in Fig 7-24, From the Gauss’' law in dielectric, we have

D-dS:J D.dS=D,S =S5

S, endl

From Eq. D, we have

From Eq. @), we have
El zlq Ez -:l

€] €9
(2) The potential difference between the plates is
V=Ed +Ed, = o2 +%)= 1(é+@)
€1 €2 S \eg €2

The capacitance of this capacitor is then

S
TS S - .
v di d
€] €2 ;
(3) Suppose the surface densities of bounded charges on the surfaces of the two dielectrics are

+4’, and + 6, , respectively as shown in Fig. 7-24, because the surfaces of the dielectrics are
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equipotential, using Eq. (7-19), we have
;o 1 ;L 1
01—(1 ETI)G’ az—(l —)a

whereerl — 81/8(” €2 — 52/5(1-

7.5 Energy Stored in an Electric Field

7.5.1 Energy stored in a charged capacitor

Fig. 7-25 shows a simple demonstration about the evidence that a energy is stored in a
charged capacitor. At first the switch K is on the left position, the capacitor is charged by the
battery which maintains a certain potential difference V and provides an energy source for
charging the capacitor. After the capacitor is fully charged, as soon as we turn the switch K
to the right position, the flash from the little lamp L can be observed. The energy of the
flashing comes from the charged capacitor when the discharge current through it. This demon-
stration indicates that a charged capacitor can store a certain amount of energy.

To calculate the energy stored in the capacitor, we shall assume a charging process that
an amount of the charges on the two opposite plates are gradually increase from zero to a final
amount +Q and —Q, respectively. In the beginning, no work is needed to do to transfer a
small amount of charge dg from one plate to the other, but once this charge has been trans-
ferred, a small potential difference exists between the plates. Therefore, work must be done
to move additional positive charge dg from low potential plate to high potential plate as shown
in Fig. 7-26. As more and more charge is transferred from one plate to the other, the potential
difference u increases and more work is required.

In Fig. 7-26 at some instant during the charging process, the charge on the capacitor is ¢, at the
same instant, the potential difference across the capacitor is u=q/C, the work necessary to transfer

an amount charge dg from the plate carrying —q to the plate carrying charge +q is

dW = udq = —gdq

u .

Fig. 7-25 A demonstration of the Fig. 7-26  Work done to move additional

energy stored in capacitor charge through potential difference u

The total work required to charge the capacitor from ¢=0 to some final charge ¢=Q is

Q QZ
W:J —g:dqz . (7-25)
0 s
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Using the relation C = Q/V, we can express the potential energy stored in a charged capacitor as

@ _ V2 .
W = oC = VQ (7-26)

7.5.2 Energy stored in an electric field

If we applied the capacitance of a parallel-plate capacitor to Eq. (7-26), we have then

_1lown _ 1&S : 1 .q 2 .
W = 2CV =% 4 (Ed)* = Z(Sd)eoE (7-27)

Because Sd is the volume occupied by the electric field, the energy per unit volume, known as

the energy density, is

W _1 p=1 .
&5 =5nb = $ED (7-28)

where D = ¢,E. Although Eq. (7-28) was derived form a parallel-plate capacitor, the expres-

We —

sion is generally valid regardless of the source of the electric field. That means there is electric
energy stored in any point in the electric field. Therefore, the electric energy stored in electric

field can be calculated by the following integral
w. =J LEpav (7-29)
v 2

In which dV is the element volume and V is the space region over it the integration carry out,
corresponding to the whole space where the field distributed.

Example 7-8 A spherical capacitor consists of a spherical conductor of radius R, with
charge +Q, concentric with a larger conductor sphere of radius Ry with charge —Q. Calculate

the electric field energy stored in the capacitor.

Vci = %Z”E/g B the electric

field energy stored in the capacitor can be calculated by Eq. (7-26), that is
e Q@ Ry —RHQ

-~ 2C 8meo RaR p
The result can also be obtained by applying Eq. (7-29). The electric

Solution the capacitance of this spherical capacitor is C =

field between the two conductor plate is E = 4—Q? (Ry <r<<Rp),
o

—0 for other space E=0. The electric energy density is then

v _ dpy. L _ EF
w. = 5 ED = 5 E' 32nleor

The energy density is not uniform;it varies with distance . Take
a very thin spherical shell within the inner and outer conducting
Fig. 7-27 For Example 7-6  gpheres as volume element with radius r, surface area 47 and

thickness dr, as shown in Fig. 7-27, its volume is dV = 4xr*dr in which the energy stored is
give by

dw — S — Qdr
w.dV e X Anrtdr = -

the total electric energy stored in the field is calculated by integrating from r=R, to r=Rj,
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that is

W, = [wav = [+ @dr _ @ [ dr QG Ro—Re)

= =
R, 87(603’2 8men Ry, T~ SKE()RARB

The same result is obtained, but the previous method is simpler.

,f Questions
@

7-1 A positive charge is brought very near to an uncharged insulated conductor. The conductor is connect-
ed to the ground while the charge is kept near. Is the conductor charge positively or negatively or not at all if (1)
the charge is taken away and then the ground connected is removed and (2) the ground connection is removed
and then the charge is taken away?

7-2  Does the potential of a positively charged insulated conductor have to be positive? Give an example to
prove your point,

7-3  Sketch the electric field lines between two concentric conducting spherical shells, charge +¢; distribu-
ted on the inner sphere and —g; on the outer. Consider the cases ¢; ~>¢:, ¢ =¢; and ¢1<{g.

7-4 A positive point charge g is located at the center of a hollow metal sphere. What charge appear on
(1) the inner surface and (2) the outer surface of the sphere? (3) If you bring an uncharged metal object near
the sphere, will it change?

7-5 1f the surface of a charged conductor is an equipotential, does it mean that charged is distributed uni-
formly over that surface? If the electric field is constant in magnitude over the surface of a charged conductor,
does it mean that the charge is distributed uniformly?

7-6 An isolated conducting spherical shell carries a negative charge. What will happen if a positively
charged metal object is placed in contact with the shell interior? Discuss the three cases in which the positive
charge is (1) less than, (2) equal to, and (3) greater than the negative charge in magnitude.

7-7 Can there is a potential difference between two adjacent conductors that carry the same amount of pos-
itive charge?

7-8 A isolated metal cube is given an electrostatic charge Q. Qualitatively, how will this charge distribute
itself over the cube? Consider the plane faces, the edges, and the corners.

7-9  If you put more charge on one plate of a parallel plate capacitor than on the other, how will the char-
ges distribute?

7-10 (1) A positive charged glass rod attracts a suspended object. Can we conclude that the object is neg-
atively charged?

(2) A positively charged glass rod repels a suspended object. Can we conclude that the object is positively
charged?

7-11 Discuss the similarities and differences, when (1) a dielectric slab or (2) a conducting slab are in-
serted between the plates of a parallel plate capacitor.

7-12  What are the similarities and differences between the free charge and the polarization charge?

7-13  'When some mineral oil is full filled in the separation of a charged parallel plate capacitor.

(1) The charging battery disconnected first;

(2) Keep the charging battery connected. Analyze the changes, if any, about the charge, the potential
difference, the electric field, the capacitance and the energy stored in the capacitor.

7-14  Speculate on the disposition or change of the energy of a charged capacitor when

(1) A wire is connected across the plates of the capacitor;
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(2) pull the separation of a parallel plate capacitor doubled.

7-15 Why does the energy of an isolated charged capacitor decrease when a material of dielectric slab is in-
serted between the plates?

. Problems

7-1 A large plane conductor of thickness d has been placed in the uniform electric field, and E is perpen-
dicular to the surface of the conductor. Find the surface charge density on the conductor.

7-2 A sphere of Ry = 10 cm radius is connected to a
sphere of R, =2. 5 cm radius as in Fig. 7-28. The electric field at
the surface of the large sphere is 103(V/m). Find the net charge

on the two sphere. Neglect any possible charge present on the

mm———
v
\
\
\
1
\
v

connecting wire . Assume the distance between the two spheres

is much larger then the radii of the spheres and too far to affect

the fields produced by each other. Fig. 7-28 For problem 7-2

7-3 A very large conducting sphere carries a charge of 1C. The potential at the surface of the sphere is 1 V.
(1) Calculate the radius of the sphere. How does this compare with the radius of the earth?

(2) Calculate the surface charge density.

7-4  Fig. 7-29 shows a charge +¢ arranged as a uniform conducting sphere of radius a, and placed within

the spherical conducting shell of inner radius # and outer radius concentrically. The outer shell carries a charge of

—q. Find E(r)

(1) Within the sphere (r<Za).

(2) Between the sphere and the shell (a<r<b);

(3) Inside the shell (b<lr<l¢);

(4) Outside the shell (r > ¢);

(5) What charges appear on the inner and outer surfaces of the shell?

7-5 A concentric spherical conducting shell A with radii R, and R, carry charges of Q; and Q. as shown in
Fig. 7-30. A long fine wire passes through a little hole to connect with the inner shell and a far away conducting
sphere B with radius of ». This conducting sphere is uncharged before it is connected by the wire. Find the

charge on the conducting sphere B after it is connected by the wire. Suppose the distance between A and B is too
far to influent the fields of each other.

0

Fig. 7-29 For problem 7-4 Fig. 7-30 For problem 7-5

7-6  Two large metal plates of area S face to each other. They are d apart and carry charges of g, and ¢ ,
respectively as shown in Fig. 7-31. Find

(1) the surface charge density on each surface;

(2) the electric field and potential difference between two metal plates.
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7-7 A metal sphere of radius R is very far from the ground, but it is connected with the ground by a thin
wire. A point charge +¢ is fixed at the point which is distance 3R form the center of the metal sphere. Find the
induced charges on the metal sphere.

7-8 A multiplate parallel capacitor, such as that used in radios. consists of four parallel plates arranged in
such away as shown in Fig. 7-32. The area of each plate is S, and the distance between adjacent plates is d.

What is the capacitance of this arrangement?

o
a ®
L J——
d
— 1
L ———
; — |
[
|| = o
Fig. 7-31 For problem 7-6 Fig. 7-32 For Problem 7-8

7-9  Find the capacitance of two parallel wires of length L. and radius ¢ whose axes are separated by a dis-
tance d and d>>a.

7-10 In Fig. 7-33, C, =10 uF, C,;=5.0 uF, €, =5.0 uF.

(1) Find the equivalent capacitance of the combination;

(2) If V=100 V, find the charge and potential difference across each capacitor;

(3) Suppose that capacitor C, breaks down electrically, becoming equivalent to a conducting path. What
changes in the charge and the potential difference occur for capacitor C;?

7-11 A capacitor of 100 pF is charged to a potential difference of 50 V, the charging battery then being
disconnected. The capacitor is then connected in parallel with a second (initially uncharged) capacitor, and the
potential difference drops to 35 V. What is the capacitance of this second capacitor?

7-12 A air-filled parallel plate capacitor has a capacitance of 1. 3 pF. The separation of the plates is doub-
led and wax inserted between them. The new capacitance is 2. 6 pF. Find the relative permittivity of the wax.

7-13  Two parallel plate capacitors have the same plate arga S and separation , but the permittivity of the
material between them are e+ Ae and e — Ae, respectively.

(1) Find the equivalent capacitance when they are connected on parallel;

(2) II the total charge on the parallel combination is Q, what is the charge on the capacitor with the larger
capacitance?

7-14 A parallel plate capacitor is filled with two dielectrics as in Fig. 7-34. Show that the capacitance is

iven by C = S(ei +e2)
: Y 2d
° |
I L
7
d £,
ol
! T T
Fig. 7-33 For problems 7-10 and 7-20 Fig. 7-34  For problem 7-14

7-15 A parallel plate capacitor is filled with two dielectrics as in Fig. 7-35. Show that the capacitance is

given by C = _2Seie s
d(e) +e2)
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7-16 A parallel plate capacitor has a capacitance of 100 pF, a plate area of 100cm’, and a mica dielectric
(e,=5.4), at 50 V potential difference. Calculate

(1) D and E in the mica;

(2) The magnitude of the free charge on the plates;

(3) The magnitude of the polarization surface charge.

7-17 A charged metal sphere of radius R, has a net charge of Q, which is surrounded by a concentric die-
lectric shell of inner radius R, . outer radius R, as in Fig. 7-36. The relative permittivity of the shell is ¢,. Find

the electric field and potential at radial point » where (1) »<ZR;; (2) R, <(r<{R,; (3) r=>R,.

)

Fig. 7-35 For problem 7-15 Fig. 7-36 For problem 7-17

7-18 A spherical capacitor is filled with two dielectric as in Fig. 7-37.

(1) Find the capacitance.

(2) If the capacitor is charged to a potential difference of V, find the bound surface charge density on the
dielectric spherical surface at the radii of R;, R, and r, respectively.

7-19 A long cylindrical copper wire of radius 0. 20cm is surrounded by a cylindrical sheath of rubber of in-
ner radius 0. 20cm and outer radius 0. 30cm. The rubber has e, =2. 8. Suppose that the surface of the copper has
a free charge density of 4. 0X10°5(C/m?).

(1) What will be the bounded charge density?

(a) On the inside surface of the rubber sheath.

(b) On the outside surface.

(2) What will be the electric field in the rubber?

(a) Near its inner surface.

(b) Near its outer surface.

(3) What will be the electric field and electric displacement just outside the rubber sheath?

7-20  Three capacitors are connected as shown in Fig, 7-33. Their capacitances are C, =6. 0 puF, C,=8. 0 uF and
C;=2.0 pF. If V=200V. What will be the charge on each capacitor? What will be the energy stored in each?

7-21 Two capacitors of 6. 0 uF and 9. 0 uF are connected in two cases
of parallel and series across a 1500 V potential difference, respectively. Find
the charges, potential difference and energy distributing to each capacitor.

7-22 A capacitor is charged until its stored energy is 4. 0 J. A second
uncharged capacitor is then connected to it in parallel.

(1) If the charge distributes equally, what is now the total energy
stored in the electric field?

(2) Where did the excess energy go?

7-23 A spherical shell of inner radius a and outer radius & carries

Fig. 7-37 For problem 7-18 charge Q uniformly distributed over its volume. What is the electric energy
of this charge distribution?
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Magnetic Field of a Steady Current

We have known that there are electric field forces between the still charges. However,
there are also non-electric property forces caused by the relative motion between the charges.
That is, charges in motion relative to an observer set up a magnetic field, and this magnetic
field exerts a force on second charge in motion relative to the observer. Our plan in this chap-
ter is to discuss the property of the magnetic field, the production of the magnetic field (for
steady electric currents and moving charges) and the magnetic {orce acted on a moving charge
or steady electric current. The main contents involve the magnetic field B vector and Gauss’
law in magnetic field, Boit-Savart law, Ampere’s LLaw, Lorentz force and Ampere force and

magnetic torque. We will study the properties of matters in magnetic field as well.

8.1 The Magnetic Phenomena and Ampere’s Hypothesis

8. 1.1 The magnetic phenomena

The first magnetic phenomena were observed by ancient Chinese people, and it was
known to the Chinese as early as 121 AD that an iron rod, after being brought near a nature
magnet, would acquire and retain this property of natural magnet, and such rod, when freely
suspended about a vertical axis, would set itself approximately in the north-south direction.
And in Han Dynasty, Si Nan, a kind of compass was invented and compass was used as aids
navigation in Song Dynasty in eleventh century.

If a bar-shaped permanent magnet is free to rotate, one end always points north. This
end is called a north-pole or N-pole; the other end is south pole or S-pole. The experiments
show that like poles repel each other, and unlike poles attract each other. An object that con-
tains iron, nickel and cobalt, but is not itself magnetized, is attracted by either pole of a per-
manent magnet. By analogy to electric field, we say that a bar magnet sets up a magnetic field
in the space around it and a second body responds to that field.

The fact that a compass needle tends to align with the magnetic field at the demonstration
indicates that the earth itself is a magnet. Fig. 8-1 is a sketch of Earth’s magnetic field. in
which the lines called magnetic field lines, shows the direction that a compass would point at
each location. From Fig. 81, its north geographical pole is close to a magnetic south pole,

which is why the north pole of a compass points north. Earth’s magnetic axis is not quite par-
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allel to its geographic axis (the axis of self-rotation), and the angle between them is about
11. 2°. Scientists consider it more likely that Earth’s magnetic field is due to the convection
currents in the liquid part of its core. An interesting sidelight concerning Earth’s magnetic
field is that the field direction reverses every few million years.

notlh Although the force between two magnetic poles is
geographical
pole

south
magnetic

similar to that between two electric charges, there is an
pole

important difference between electric and magnetic phe-
nomena. Namely, Electric charges can be isolated, but
magnetic poles always occur in pairs, If a magnet is bro-
ken into two parts, there will be equal and opposite poles
at either part of the break point;that is, there will be two
magnets, each with a north and south poles. In fact, no
matter how many times a permanent magnet is cut, each
piece always has a north pole and a south pole. So far,

Fig. 8-1 Magnetic field of the earth  there seems to be no conclusive evidence that an isolated
magnetic pole or magnetic monopole exists.

It was not until 1819 that any connection between electrical and magnetic phenomena
were discovered. In that year, Denmark scientist Hans Christina Oersted observed that an
electric current in a wire reflected a nearby compass needle. Shortly afterward following this
discovery. French physicist A. M. Ampere also found a force acting on the wire carrying a
current as it came near to a magnet, and further, showed that parallel wires having currents in
the same direction attract one another. In the early 1830s, Michael Faraday and Joseph Henry
independently demonstrated that an electric current can be produced in a circuit either by mov-
ing a magnetic near the circuit or by changing the current in a nearby circuit. These observa-
tions demonstrate that a changing magnetic field creates an electric field. Between 1861 and
1865, James Clerk Maxwell developed a complete theory of electricity and magnetism, which
explained and united all of classical electricity and magnetism, and showed that the reverse is

also true: magnetic field can be created by a changing electric field.
8.1.2 Ampere’s hypothesis

The explanation of the magnetic properties of matter was first suggested by Ampere in
1820. If current is passed through a solenoid, the solenoid behaves like a magnet of the same
shape, and it has a north “pole” and a south “pole”. This fact led Ampere to speculate that
the force between iron magnets arise from electric currents(molecular currents) in the iron,
which is called the Ampere’s hypothesis. He further proposed that the magnetism of a perma-
nent magnet is due to the alignment of molecular current loops within the material. According
to modern physics theory (refer to section 8-8), we know that these molecular current result

partly from the motion of electrons within the atom and partly from the electron spin.
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8.2 The Magnetic Field, Magnetic Field Lines, and Magnetic Flux

8.2.1 Magnetic field

In our discussion of electric field, we describe the interaction between charged objects in
terms of electric field. In a similar way, magnetic field, being a vector field and denoted by the
symbol B, is produced by a current, a moving charge or a permanent magnet in the space sur-
rounding them. The magnetic field can be defined in many equivalent ways based on the
effects it has on its environment, and is most commonly defined in terms of the magnetic force
(called the Lorentz force) that it exerts on moving electric charges.

As shown in Fig. 8-2, when moving through a magnetic field, a charged particle moving with a
velocity v experiences a magnetic force, Lorentz force, which we call it the test object. Experiments
on various charged particles moving in a magnetic field give the following results:

(1) The magnitude F of magnetic force exerted on the charged particle is proportional to
the charge g and the speed v of the particle.

(2) When a charged particle moves parallel to the magnetic field vector, the magnetic
force acting on the particle is zero.

(3) When the particle’s velocity vector make any angle with the magnetic field, the mag-
nitude of F is proportional to sinf, F is perpendicular to the plane formed by v and B.

(4) The magnetic force exerted on a negative charge is in the direction opposite the direc-
tion of the magnetic force acted on a positive charge moving in the same direction,

We can summarize these observations by writing the magnetic force in a form of vector
cross product

F=qv X B (8-1)
The direction of F can be determined by right-hand rule. Point your four F
fingers of your right hand along the direction of v with the palm facing B
and curl them toward B. Your extended thumb, which is at right angle
to your fingers, points in the direction of v X B, as shown in Fig. 8-2. 0
Because F=qu X B, F is in the direction of your thumb if ¢ is positive
and is opposite the direction of your thumb if g is negative,
Fig. 8-2 Magnetic force

According to Eq. (8-1), the maximum value of F is .
exerts on a moving charge

Fmax - Q'UB
This expression is used to define the magnitude of the magnetic field as
F..
B =-—== (8-2)
qu

The direction of the magnetic field B at any location is taken to the direction in which the
north pole of a small compass needle points at that point. The SI unit of magnetic field is the
tesla ('T), also called the weber (Wb) per square meter. In practice, the cgs unit for magnetic
field, the gauss (G), is often used, which is related to the tesla through the conversion

1T = 10'G
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8.2.2 Magnetic field lines

We can represent any magnetic field by magnetic field lines. being the same as for the
electric field lines we introduced in section 6-4. We draw the lines so that the direction of the
magnetic field at any point is tangent to the lines. The magnetic field lines have an arrowhead,
and the tangent of the lines at each point indicates the direction of the magnetic field B , as shown in
Fig. 8-3. And the number of lines per unit area through a surface perpendicular to the lines is propor-
tional to the magnitude of the magnetic field in that region, that is B=dN/dS.

Magnetic field lines make it much easier to visualize and un-

derstand the complex mathematical relationships underlying mag-

i netic field. Magnetic field lines produced by several common
sources of magnetic field are shown in Fig. 8-4, in which a higher
density of nearby field lines indicates a stronger magnetic field.
Various phenomena have the effect of “displaying” magnetic field
lines as though the field lines are physical phenomena. For exam-
Fig, 88 Magnetic fleld lines ple, iron filings placed in a magnetic field line up to form lines that
correspond to “field lines”. However, field lines are a visual and conceptual aid only and they

do not exist in the actual field. Unlike electric field lines, magnetic field lines are continuous

and form closed loops. In other words, magnetic filed lines do not begin or end at any point.

Fig. 8-4 The magnetic fields of some currents

8.2.3 Magnetic flux

The magnetic {lux is the number of magnetic field lines through a surface. If the magnetic
field is not uniform and the surface is in any shape as show in Fig. 85, it is not difficulty to
see that the magnetic {lux through a surface of any shape can be calculated by the integral

D, = J B - dS :J BcosfdS (8-3)
S S
And the flux through a closed surface is an integral over a closed surface, that is

D, :\CﬁsB - dS :SE BeosgdS (8-1)
S S

If we draw a closed surface anywhere in a magnetic field, as we have mentioned that the
magnetic field lines do not start and end at any point, the every field line that enters the sur-

face also exits from it. Therefore, the net flux through a closed surface is always zero, mathe-
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matically it is equivalent to
@meﬁB-dS:O (8-5)
S

which is called Gauss’ Law for magnetism. For the case of a closed surface, dS points outward
so that dot product in the integral is positive for B pointing out and negative for B pointing in.
Sometimes, if a surface is open with a boundary, another simple surface is added to form a
closed surface so Gauss’ law Eq. (8-5) can be used to solve the question.
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