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Wit AR ES A SBEMMBER.TUE A EB EHTE
A8 Ik B S — — X R ) . id A A~B.

B2 HABESEMEBENE. B N~{y: y=2n,2nEN}.

B3 NXN~N. i, fFE——BS 1.

fCGij)) =225 —1),s (i,j) € NXN.
X RNE— A RET -k R N
n=2"eq (pHAEREH.q NIEFXD,
MixfAE BB p, IE A8 ¢, XA ME—H) i,/ ENfER
p=i—1, ¢g=2j—1.
Bl4 (—1,D~R,HNHEE— MG

flx) =—%—, z€ (—1,).

1=

BRI FEXRA WM T B AR .

(1) A~A;

(i1) & A~B,ll| B~A;

(ii1) & A~B,B~C,ll] A~C.

AT EXEEFR. I THREFHNMERZEE ——X R LR
i1t T Lhiz v (el 4 A ook 38 00 07 35, oAb B8 0T LLUR F o & )5 55
B, JLHEE T iR Cantor-Bernstein E# . F 2 HATIEHE S X E W
HEFE.

SIE LAKEEMRFTHSBY HH [ X>Y.g: Y>X,
WA 7E 57 f

D A5G| HE Banach 37 #.
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X=AUA>; Y=BUB-;
He f(A)=B,g(B")=A",ANA"=Z LUKk BNB-=d.
ER X F X FEERTRE Y\f(E)F D) &2
ENg(\f(E)) = &,
WFRE R X hignsE 3 X P oEEmekichr. BER
IH4E
A= | JE.

Eer

BIMA A HELLE N FAEEMNEED. BT ADE MM
ENg(Y\f(E)) = &

A ENgY\f(AD=F. \TiA ANg(Y\f(A)=C. X A
EX hHaEEERD PRk

MAES f(A)=B.Y\B=B LUK g(B)=A". §iHHE

Y = BUB™.
HR HFANA =T .8 X 58/ AUA =X. FEL L, ERNRI
LG v €EX 8 0, CAUA . BEEE A =AU (=} . RATA
B = f(A) C f(Ay), B DY\f(A),
M A" Dg(Y\ f(A)). XBEBH.A 5 g Y\ (A AHAE. K
IR E
A, N g(Y\f(A)) = I.

X5 AR BHEKITHFE.

EIE 1. 5(Cantor-Bernstein EIF)?Y ZEAS X HY MHESE
FTEMNE.Y 5X MENSEFESE N X~Y.

Rl MERAMAFAELS [ XY 585 g. Y>X, R4 05
53 i o BRI

X=AUA~, Y=BUB~, f(A) =B, g(B~)=A".
FEIXEY f: A>BU K g ': A-—>B B — 5. B i Al 4
XHEY E#)——BGt F.

D WEIFXE.
@ ASERER Cantor $ 89 .10 1 %64 T 1E 5% Uk 9 (9 & Bernstein. 3X B #Y 3F 8 77 3
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Feo = [I% =€A
g '(x), xz€A".
X X~Y.
EHMRG . KES AB.CHETFTAXR:
CC ACB.

# B~C, | B~A.,

Bls [—1.1]~RZXEHNKIEHM(—1,D~R.HH
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MAREMNEEREE L[ —1,1]5 RZEKN——XWER, B HR
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RELRITERFRESHER(EBHME. X A.BEHNE
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EMFEM.CNA=B. WL, LEEHMEHESY B4 AR NE
BURA] o BRX—MRAINERIA A= iER A BTX—Xt
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XA UFR « AKFB.iEH
a << .
Hoe<BHaFRMFR a /DFREB KT ) il H
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AT L, BB S A REN BB S — 1 Bt —
It SF 4 B 0 B 2Lt CBCR TR 1)
BEE WMETHmE:
1. ®A CA,,B,CB,. # A\, ~B,,A, ~B,,iAlf]l: 2&®F
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2. #& (A\B)~(B\A),lll| A~ B, %} ?

O MTHEELAEWRITEFTASB.ES2RETREIE: ASBHE—TEAR
HEBEAWE-FEAMNE. ENHES R T EHELIMORA E, ol LUE X —
BIEEASREN. HEAMLE —FREMEIC(—). X THE G #Y 3L oy & 89 iE 9
SRR AN 2 ol A (DR B /AN
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3. #ACBHA~AUO) ,ifuEBH B~(BUO).
MEKMITUEAREHRGHEFEEL KA RE-1TEG. R
HEARE 2 8 A~{1.2,,n),FK A HARE, HHR —FF
S nic A FEEC BRI, X T ARERG, HERATUREES
FLERNEHE. E— 1T EAAEEME MR ERE. FEENTE
HEAALRED A TEEHE WAL
(1) BARBENGEK - THE
iC HAREE N R No GEFER 5 K (Aleph, % 10 % 30
T .EHESABNELRN No, W A MfERT IS XEHT N=1{1,
2yeeeamyeme o M A~NLGEATH A HROe R —— XN R DL A A BUK
R HES AL K L B LA T R 3R A
A — {al ,az’...’an’...}_
EIE 1.6 [T— KR E L& —/4 514,
ER fEBCE th—J0,i2 8 ai s M E\{a, P EB—JT, 18N a.,
e B R asas 00 0a,. B E RTTRE, T
E\{aisas+***sa,} # D.
FEXM EN{a;saz s sa, ) PRI FHE—ITC, 10K a,0. XHE, TATH
BE -1 S
(1 T, PRPR LU e SRRy )
XS4 H R E M4
XA ERGH  ERZHTRES, E/NRBUE No.
Ble ixARZAME.BEAFE. N AUB ZAFIE.
iER APk A={a,ass"sa,} s B={by by, }. & AN B=
7 i
AUB = {a1sazs*** +sa, sby 3Dy 5°**}
Al AUB 2a 3445 ANBZJ Wil T
AUB = (A\B)UB,
Sy AUB {5 A a] 51 4.
FE L7 & A =1,2,-) K] 54, N4

A= Ja,
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iEA A&/iie ANA =9 GEFHRFBE. X
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A, = {aqraip s + A5 ¥ " 1y

A HhE TR A HESI AT -
{an Az) sz +A31 2+ Ay 6113»'"-0,-"'}'.

HAWZE an HE—. Y i+5>2 B o, HEESE n .
n=—j+ Zk

Bl7 AL QEAINE. ,\ﬁﬁ“HﬂE?ﬁiﬁiﬁ% Q. ={p/q}
AR FIERNAT o pg FOVIERE. TR E Q. HHITRAE WA

R X (paq) B mT L FH 3k E B

EE. QR FI &, Zis A ME T DL 5 7 X HE
Sk, L. Hic Q= {r, ). EXIF AR UL, A BB L% B IR AT Bl
B ZEORIEEHESERK. Flan, QN Lo, 1 IHEA fE % HBUE B K /MK

FF AT HES. B B Bt A R b —Fp L -
Bl 8 fHH R e E A BB — DR )

limrl™ = 1.
MR )
1 ] 1 2 3 . 1 1
Lygs2e8sgragrrgigrdedrgates

CH v AR B AT 29 1 i B R 200 O ¥k 2
B, 5 m T BN EMART m. 5 m
51 B & BAA/NT 1/ m,
aorn MTEBRE TH N.B8H8
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l
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SN
b S
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PNIEIES!

1
n
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(L) <o <t
IFEYTSTS
FATVFNIE 7 AF AT PSS SEEZ (8] BRAF AE & A TR A, B A B8 58
¥oh L REFER. B L HEA B E R E, XHEAHEEEQ
TEVF 2 a e th iy T B A .
B9 & E (k=1.2,,n) ZA[F|E M E, XE, X+ XE, &7]

st | N AT,

iEBB AWM E, =N(k=1,2,,n), 0] E, XE, X+ XE, =
N.HBARBIZEE prpossp. W F N FHITTOm, ymy oo om,)  H
FREL pl o prt s s pi HEXTRL, BI AT 1R4EE.

EE.HINEARES I ESFR AT RERZEZ A5 £, Fi
A] 51| 4 1 nTHR O w] B IR AE.

Bl 10 R A B AR AH AC 9 T X 8] M5 2 AT $8E.

Bl 11 R EBE KB A E L A N T BUE. LIRA T R A
fCO AP 2o A f () IR EELE S WA

f(xo —0) = lim f(x) < lim f(x) = f(x, +0).

T*r .'r-b.ru-i-

o BT E — D IF X B Cf(xy—0) s f(xo+0)). BER T H
AR AEER 20 K o, KB (f(xy —0), f(x, +00 FH
(fCx,—0), f(x, +0)) REAMEZH, A FTHE LM EEAHZH
T IX [6] 1%, Ja 5 2 AT B4E.
Bl12 (D '’ f()2E XAE R FHISC(E RS W A%
E = {zER.; lyi{rzlf(y) = oo}
EHE,
(i) 5 f(x) BiE AE R RO SC{E ek 8 ) S 46
{z€R: f(x) fEM = B ARESE HERR (2 +0) FE)
R R
iERB () %4 g(ax)=arctanf(x)(zER), HIES &
E= {zER: !i{i}g(y) = n/2}.
M5 E 2] $4.
(i) 4 S={x€ER: f(++0OFFE) SENSBRE n.IE
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E,={x€R: FE > 0.4 2 .€(x— 8,2+ 8 B},
A U'(I’) = f(-r”)|< 1/n;.

S5 [ E £ (M ESSEMTTRFE M S\E, (n=1,2, ) R 54

B wT.
BUEEE 1 n.3F1% 2 €S\E, W7 60, (EE
fl) — fla+0) < 7?1?—2- L E(xrx+d),

ity 2" 2" € (oo +O BB | £ — FGD]<1/n X (2,2 +8) CE,. th
HEV.S\E, v E—1T iz BEANHRE . =(z, 2+ EmRS.H L 5
S\E, AMz. W, x,,2, €S\E, H z, Fz, B, V@2 LN, =F. T&
XE {1 : =€ S\E, } 2 AT 809 . B) S\E, 27 5 %.

bR X 5] B Gl A R A A B BORE & AT g 3T 4R B 5
R TR B .

Bl 13 & ECR Zr[ ¥4, NFFFE 2, €ERAER

EN(E+A{x}) = &.

R EEANIFE - F . UES ESE+{n  (IZEAREEN
M AERER k. 0F 2 ECE S 25 2" 2 B
—P R

2 =24z, | 22— =zx.

HEJH R PR — G # R E P EMAD A E? XEATEER.

Lhr b4 E={r,}  FH1ELE A.

A= {r,—r,: n 7% m}.
Bk A ZAT5 4, Bt LIFFFE R P =0 T 2
Lo FZTn—Tm (nFEmsyn,m=1,2,).

Bl r,r, +x, , BN48 BT L.

Bl ETES LES ERES LEHARERE) id(a.0) P HHEE

M%wﬂg{rn}'#{,ﬁ
DG <too, C>0 (n=1,2,).
n=1
flo) = DIC, (I} r, < x 84545 n KA.
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S f(o)i% . HA
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EE 1.8 WAERLREHHEH e &5 BEZLZ AL, N
AUB B A «.
iER AWk B={b,.b,,} , ANB=J,H
A=A UA;, A = {asass}.
RATEBS £ F .
fla;) = ass a € Ay [f(b) = asi1, b, EB;
f(x) =z, x€EA,.
BR.fEAUBEIA EH——BLG].
EE LY E5ARNERENATHVLERHRA SHEE
FHEX .
Bl A ARERA S HEFEXNEFW . BT LU e o =& or
). AR A P -1 GR 5% B, W il F— 5 37 B a]
A ~ (A\B).
Bl 15 & XAECayb) EWCH) M REAAEZZ B — 0T 5 E S 5 L EE AT
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WERA i (a.0) ECE)MERE f(2), BIEX (a. ) PHEEM L 21,22
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Iy — &1
T ok P ]

FlE) — Flxy ) < flaz) —f(.r).

L XLy €Xg — &
WA R 2y < RATH
qu—fu)gfua—fu{

b o7 T

Xy —x
XUl T
C flx) — f(2)

lim -

T+t .I‘z = X
AT AESH [ (O fFE, BA

—so < fL (2) < fr (x) <+ oo,

MMl B45iE: (a.0) FR () MEREZZRE— ] BUS ESEE R T A9,

— £ (2) <+oo.
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BEE HET I,

4, MTFEME FREL 3y —22=5 KH. EEA TRER: #
x€Q. M ye Q. ifln] . EAXFMMUFM ELA Tl a2

5. W] HEHAMAMNBAEZNR N ARBNFEZHINZ 2K
& LA S BUR T4

6. & ()T (a.b) LA, BERFTEUESN. A £ (2) =0,k ¥
f(x)=cC¥ED.

7. KM . EEFLEMRE

THE, « BRAE.
flzx) = .
AHE, rE2ILHE

AR EL € C(R)?

8. i EC(0,DEEMRE. F M E P {E 5 2 BA [E #9 £ 4 1l
() TG 55 1E I 808 R WS L iRAE B E 2 v BE.

(2) ReGAS - RT44

BAVHGE @t — S f(o=(z+D/20H,[—1,1]15
LOL T X5, B, R SC 808 R 8 5 R Eitie [0, 1]
KR Bp AT,

EFEL1L10 [0,1]={x: 0<a<<1} P27 HUEE.

ERR AF e 0,10 it R Z S A0fil /NEGR R i

£=2
- ==

n
n=1 2

Hpra, FT 00X 1LLAERARAPHEEFT L) 0, FT 1. BR,
(0,1 )5 4 & — 347 il AN E—— % i

HAE FRFERPH o, =0 BT L, NEE - = 22", . 3
LAY (o, ) 27 LT RSB T

B =n,; B=R—0gs 1= 2:3;%;
W (k)2 HARELF 5. B AR B BB kad ok A
(0,1]5 #£——%F ).
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(/e‘f} _/zjf-‘ ,k:f’ yeee ),

(k‘l” ,ké” S oo .k;” Jeee),

(B X B B, H R
(Y7 13k 10k 4 1,000)
BT A, TS 3 B A BHEF . X B R AT B, kR i
(0, 1] R AT H 4.
RATFRCO, 1 RIS N RS E 0 ¢ (3K R 5% R=c.
EE L1 RAEESTAL. HEBN AL BB R TS5,

WA | Ar B9 ORI
iERB AUifRE ANA=TG=),B A ~[kk+1) . FMTH

JA: ~ [1,+0) ~R.
k=1

MEREWANME: H— 7 R SESEER cZHEBFLEAHE
fh 3% BRWNAZME X . EAFE - TRARKERNES
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EEILI2ZEEXEHEE) HARETEG.MAEHEE
£ NA) (H A W—Y)F8FTH & 515 X 4.

iER BE A SHREE 2 AOME DFE——BE f. A>
A BAMEEG

B={zx€A: x€f(z)},
FEAH vEAHE f()=BEXA). RES—TFT vy 5BHXE:

(1) #& yEB. M BMEXAH y€E f(y)=DB;

(i) & yE€B, Ml B B9&E XA y€ f(y)=B.
XEFEHIH A 5 A ZEFAGFE——BLE Bl A 52(A) IR
e X SE .

SRS A WEBUNT HRE XA B HEL

BEBE  fHET I 0]E .
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9. iKll: BEXR LA FXEMESEERNESHERREMGFA?
(B 5 1 3 B XT R

10. & ECR® 24T $4E  iIE A 7E = € EER XN FAE—H
& xo MBRELRIER B(xy) . % ENB(x) AAT .

11. ¥ ECR,H E<c,iRIEMFHE L o §i18 E+{a)={z+

a: € E}CR\Q. (aéQ—Ei{I—y: x€Q,yeE})

12, if4Ed 0.1 BB S W2k E 5 2(N) Z [ i) —
— WS (FEBS f: P(N)—=E: f(A)={x .25y, ), FoH Y
n€EAWN,z,=1; % n€ABf,z,=0.)

13. ikM] . BRFEES E. MG AE)ZA 47

U REA L EBERE(MAREERE TR ax” +a, 2"
T tayrta, =0 AR B EEBUE o (PRFNE BB ET A7)

Y14 R gl 5RZ M « SEMRERA

ABFEELUR EREHERBCAIM RN E. Ak, & F i — 25
A R H g 1 B B R H A
B—UAERFEH x=(6.&, &)W EEI R, HP £ ER
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EX1.16 Hx=(§.+,6)ER L
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FRlx| AmaE « BRI E.

KT m s A RATA T 5T

(1) |z|=0,|x|=0 BHNY =(0,+,0);

(i) MEEH aERVEA lax| =|al |x];

(i) |z+y|<|z|+|y];

(D, GDMEIE B GiDE TR G BH#ER .

(V) B 2= (& s 28) s y=Cop v o) A

(it ) S+ +HE (g + o+ 0.
IERR H A R R R
fQ) = (& a2+ + (& +2p,)°

BAERBG— D HAW K IR FQOPAMNR DN TFRETFE
ANf5. (v) gt 2 & 2 1) Cauchy-Schwarz A2,

— . B X BR— 1T ES. HEN X P EEWRA TR Sy A
— NRER LS Z MR iIE R d(x.y) EWE TR = &M,

(D) d(x,y)=0,d(x,y)=0 B HY r=1y;

(i) d(x,y)=d(y,x);

(i) d(x,y)<d(x,z)td(z,y),
MEARE X hE X TEE . R (X, HEBSE. FHifR,4)
E—THEEEE P d(z.)=]z—y].

KATFR R" h n SRR = 8.

(—) REMER. B (BK) P EE

EX 1.17 i EZER h—GERNES. 2
diam(E) = sup{|z—y|: z,yEE},

A EEENER. & diam(E)<+oo,Iff E h B RE.

PRERAARAENETHVEZHR. FEM>0.4H1E -1
xEE #H R | x| <M,

EX 1.18 ¥ 2, ER".6>0,FR A%

{x€R": |z — x| << 8}

AR Lz, AP UL S A EREFEK BN 2 B (BK) 48,2
M B(x, »0) » T FR
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{(x€R": |z — x| < 6}
RAABK,IEH Cl(x,.0). R P Lhx, AHLL, L6 HFEAEkE E
{x€R": |x— x,| = &}.
EX1.19 #a b G=1,2,,n) % RNEH, B a.<b (=1,
2, yn)  FR A AR
(= (8,5, )i 0, E<b (1=1,2, n)}
AR AR FEER=2 B HEEIE .n=1 B R X6, B &5
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el it R v A BB AR L B R A A AR
[a;+6, ] X === X [a, b, ] (a; by | X *=+ X (a, +b, |,
PRbi—a, (i=1,2,,n) RN B, & KD KA, AR &
N T,
WAt E HAES I, ] FRn AR, [J[F£RR
2 I=C(a, ,b,) X=X (a,b,) N
diam(I) = [(b; —a )+ =+ (b, —a,)* |V*,

|I|= ﬁ(b,- —a;).
i=1

EX1.20 &, €ER (k=1,2,-). G/ zER" fHi {5

hml.zk—:r\— 0,

WFR 2 (k=1,2, mR ﬁﬂﬁﬁt&ﬂﬁ:xmmﬁu R« NERR
PR , Jf i ic M

limary, = =.
koo

%/v\' I&:{si“ aE;k) ’ ’Eik) } y = {EI v&29°°1 &, } ,mﬂﬁ?ﬁi%iﬁ
1&° — &<l — 2 |<I§” — & |+ +16° — &
Xt—Yl k5 i B, BT 2 (b=1,2, )T = L EE
PR A LB (8 L B URCET 6.l B AR B S B0 5 i S Y
Cauchy FEH AT 51, 2, (h=1,2, ) B WSI ) FE 47 b B 51
limlx; —z,|=0 (WF{z:} K Cauchy 5 s HKAF]).

oo

n—=oc

(Z) REMRREA

EX 1.21 ®ECR.2ER.HEFHEEFHEREI {x ]},
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’}_irr}|.rk—1‘|= 0,
WHR = AE BB S (EBE). EMHRBELEICHE . KN ER
=3

B AREREANFENIR S /.
B 1.13 # ECR M € E" M HMNUSEBM >0, 8
(B(z, O\ {z})NE # <.
ER # o €E JHFEEHFNESR S5 {2 15
|z, —x|—=>0 (k—c0),
M XAE R B 00,77 7E ko » 4 b=k, B, A |2, — [ <5, B
iy € B(x,8) (B=ky).
RZ,EMEER 60, (B(x,H\{z) NEZJ, W4 6 =1,
ﬂﬁlfleEvI17éIE|1_I1|<l-/f?\

8 = min(\r—rll,%).

A 2, €E x5 x H|z—x, | <6, X —F 2,853 EHdEH
FEI ) T |2 — x| <04, B]
}erj lz =z | = 0.
X x€E.
EX1.22 HECR.#EYHE s A2 E BB A, BIfFEAE
6>0,#15
(B(x,)\{z})NE = U,
MF = 9 E BIRLA Bl x€ E\E',
Bl1 FE={(1,1/2,,1/ky -}, W E'={0}, H—4] 1/k
(k=1,2,--)¥R E B IL 4.
B2 WE={(V/m—Jn: mn ZHKRE) . N E'=R.
HEL L SHEERN z€R, %L
z, = V[(x+ 7] —/n*
([YIERAKF vy QBB UG /T —1—n<z, <z, i 5

1in} |z, — x| = 0.

= 1.14 & E ,E,CR".JI(E UE,) =E, UE,.
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iEBl Bk E CE,UE..E.CE,UE..FrLA
E,c (E\UE.)', E, C(E,UE),
WA E, UE,C(E,UE)" . RZ,% 2€ (E,UE) , % E, U
E, P HIE R Gz, ). 15
31111_1‘,5 = .
BR (o P RA LSRRI (2, BT E SEF E,,H
llrfu'k = F.
fE{x, )CE, if . 2 €E, ., B € E,. X 311
(B, U B C B U E;.

EI2 1. 15 (Bolzano-Weierstrass ) R" P {F— A AR LR &
£EZVAHE-THRRA.

iERl BEMNEGYBREER S {x ). B8R (o EFREB,
M H Az SR iG=1,2, -, ) NBFR T M L E3 (6 ) A R
. HIR LGB HE R 1) Bolzano-Weierstrass SEF Al Hl, M {z, ) 7]
W FE {2, ) R () — AN AR AR TR R BB = U S s T
{2, P HIE AN AR T A B L R B AT A bk s (2 )
A AR I B B B 5 B R S SRB ik I R — Ak R AR ATS R i B
| & WSO B A — F 51 o W ST R — R BR ) 5 veeeee 2% n .,
TSR 2 9F 5 (2,7 s H— U1 AR bR B0F) & 8, AT R { =, )
WCSEF I HARR AN 2. T (" RER S8 = B E Bk
PR .

BEH LUErH 56 .

1. % ECR 2R 54 0 E'#~J.

2. RECR. & E' 27 H%E, N E 2 H4%E.

3. # EC(0,+o0) H i) S A BE LABE K/ LAHES . ] E'5~ .

4, Wla, = RPWAERLS.BA

la, —ami | =1 (m=1,2,),

W {a, Al gA LHE ZIRR A/ n+1/m 5 1/n+1/m+4).

5. & ECR* fMEEM AR AEEE Y KT 1,0 E & n] £ 4.
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8 1.5 R AR G4, ML - £ -
Borel £ « Cantor £

(—) AL

EX1.23 #HECR.#HEDE (M EMTE M—YIHRA),
WFRENAEENESENAE). I E=EUE KR E NE
HAaE HHERZEE=E.

Bl 1 R PP AEAOZ A S, R A B 2 P . A BEEUE Q /Y A
& R.

B2 B f(o)EXFER L feCR) BT Z R
SRR tER, m 5

E, ={x€R";: f(x) =1}, E, ={x€R": f(2) <t}
b A 2.

iR & LLE N HA {2 ) CE L H av—a (k>o0),
Wl f(x) =t LA R f (o) B 3% SE 4 7] Al

f(xy) = ELI'I})((I&) =>1t,
Bl z, € E,.
ot RHABRESE. BEFTE x €R A2 f (o) B ZEZE L
A eo>0 IR AN (20} : 2020 (k>00) (G F—1 kA
Flxe) < fla) —ee B flx) = fCx0) 6.
AWiAEXMN —Y] 20 o B ()< [f(x;) e LB t= f(xy) €0, H]
Mz €E,.BHx€E, . X5 E, ZHA%LFE.
B3 R" BBz, , )AL REABR Cla,.r):
B(z,,r) = {xER": |x— 2| < 7).

Rl id F={z€R": [z—x|<r}. A F ZA%E, Nk

B(z,,r)CF.RZ, & x€F, W4 2, =z, /k+(1—1/b)x, BF
g — x| = A —1/F) |zp — 2| < A—1/R)r<r,
lz—z | =g = 2| fTRZ 7/k.

K2} CB(xosr) s BA x>z NI AIH 2 € B(xo,7r) , B FC
B(xo 7).



V1. R P AKREE, AL - F4E - Borel £ - Cantor £ 31

i #AACBHA=B,WFAZ.EB$#%E . &K AZBKH
% 4.
Bld #a€CQ.E.={ptag: p.q€Z},Mf E,=R.
iERR XMEER RGO>S0 HUIERE m: 10 " <5, NI £ S & {na: n=
1.2, b nia 5 noa ENTEAET m AS/DEHE. 2 2 BB nia—na BIEE
5,
nja— mpa— k| << 10" < 4.
Bl —nda—k|H Lat (UL €L 0<L +La<s Wilk. 1 z€ Z,
75
r—8< 2(lh +La) < x+0.
BE. S p=Lz,q=L=z. 018 ptga€ (x—8. x+8). UEEE.
S5 & E={cosn}, M| E=[—1.,1].
iE 4 A={nt+2mr: n.m€EZL} , HHIMELH tER I 6>0.fFF a €
A" t—a| <o, AT A=R. BAER 2€ [ — 1.1 >0, MAFFE tERLE
Hocost=x, HFHE n.mEZFH t<nt+2mn<tte G
|xr — cosn| = |cost —cos(n+ 2mm) | < n+2ma—1t <e.
EE LLIGCHENEZEEMR) () & F.F, 2R FryH4%E, 0
HFE FUF, W2MAE. \NARZAAENIFERZALE;
(i) #{(F,: « €} 2 R" PRI— LK W HZE F = ()F,
atc |
pidZiE: 3
iER (D) WER
m: (F,UF,) U (Fquz)’
— (F,UF.,) U (F,UF,)
— (F,UF)) U (F.UF,)
= F,UF,
ﬁfﬂ]s% F,,F, yiAE . N F,UF,=F, UF,. ) F,UF, %I?H%
(i) AR —Y) a€ I, H FCF, ikt —¥Yl e€l, 5 FCF, =
F,, \iif
Fc ()F,=F.

a1

B FCF.,# F=F. Xi}{t# F 2H%.
FE . AFZITHENITEAS—EZHE. B, %
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F"—l:k%—l'kJCR (k= 1:2,),

A OF,E = (0,1]. e i BH

O F, # U F,.
BRI F IR RFL: & ECR (€ D Il
UJE.c | JE.» [)E.c [)E..
FREEE T R POAKEA TR
EIE 1.17(Cantor AEETEE) #(F) &2 R PRAES A FH

%ﬁﬂ-ﬂﬁﬁ_ F!DFZD"'DFkD"'9,UI\[| h -Fk = = @
EBE AL (F A TS S A A WA 2E A s
4 k>k, 0 F,=F, . Wi, (\F. = F, # &. BAERGEEN

k=1

_‘UJ k’Fk—i% Fk H‘JE%%!EH

Fk\Fk+l ;ﬁ/@’ (gtﬂ k),
FATER 2 € F\Foru (B=1,2,), lM{z} &R P E R LR
%], 2 #E Bolzano-Weierstrass & H A Al yﬁ'&{l‘h VLR rE€ R H 1S
lim|zy, —z[=0. B F A Fi AREAE SR 2€ F(k=1,2,) . [

5 if 6 ﬁF&.

BEBR W% TR

l. R ECREFZRE. FEPE-TEE NAL. LM E E
A RED?

2. WA,BERPEE,AM. FX — 5 ST NG ?

ANB=ANB
3. ¥ E.CR' (k=1,2,),%2 E=|JE.. % =, €E ,ik[.
k=1
RE—EFE B 18 2, €E, 7

4, % ECR",iRIFH E RS EM—VIAEF 232
E = ﬂF.

FOE
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5. W FCREARHAL, (ORENEF EBY L) KB &
WAL EH 2. €F B f(x)>+o(2€F Hxr—z,).XiF#A F &
gk, (F=J (2 f@<n))

n=1

6. & FECR)RIUEH F={(z,y): f(x)=y} & R* FHHE£.
7. iIR7E R U AT A4S B AH S B 78 25 7] 571 4.

(Z) #&

EX 1.24 & GCR'. & G =R'\G 2%, WF G HFE.

Mtk E XL BT AL R A G 55 £ TR FE ;R P HFEERZ
T4 s SR B RMME R FF 4.

Ble & fODENER N FECROMESDELMEE,
MAEER tER, HE

E, = {z€R": f(z) >t}, E, ={zx€R": f(z) <t}

#h & T 4E.

EE L IS(FENEEER) () H(G,: a €1} ER HH—

TR NHIHE G = |G, BIF%;

(D) # G (k=1,2, . m) & R P FE MHLEGC= (G,

B FF 4 PR FF4E 1 50 S TR :
(i) 2 G £ R PiaEss S I G BF RN BERR.
FGHE—E 2, 0,18 B(x,8) CG.

iERR (D HEXH G (EDRME, HA G = (\G.. REH
at I
EMMWERAH G ZHE, B G RIFE.

(i) B XA G (k=1,2,-,m) ML, BH G = UG i

WEAEMMERT A G BALE B G BITE.

(i) HGEBFAEH2€G.NMHTF G BRAEL K > €G A HIFF
£ 6>0,{#i18 B(x,8) CG.

RZ &5 G fE—& o fE57E 60,18 B(z.0) C G, i
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B(z,) NG = &,
M« A& G RSB G R RA S TG Xl G =&
%0 G BIT4.

EX1.25 ¥ ECR". ¥ x€ E, &AL 604418 B(x,)CE,

M#R z HE WHA.ERHNEXKICHE RN EMNAE & 2€E

[HxEEJUFR x HE R &, HR LT H oF.

B NRE I, EARERR GiD R TR E R E S A A
BRI SRS

Bl 7 EE f(2)E B(ay.8) FAENX. S

’

wy (zy) = lim sup( | (") — (2| : 2’2" €B(x,,8) }
HATIR w/ (2 H fHE xo AMIRIE. & G R R HE.H f(0OE LG I,
WX R tER, S 4
H = {2€G: w,(zx) < t}

=TT 5.

ERR AU HZS. T HHPWHE—8 20l o (x) <o, FLLTEAE
8 >0, {818 B(x,,8,)CG,HEA

sup{ | f(2") — ()| : 2/ 2" € B(xy,8)} < t.
BAERN T 2€ B(x,26,) . A LAEHL 6, >0, {815
B(x,8,) C B(ay,8,).
BRE
sup{ | f(z) — f(a)|: 2’2" € B(x,8))) < t,
M AT w, ()<<t B
B(x,.8,) C H.

XU H iy s #2E N, H BIFE.

TR EEE RN RO E RIS EA THE—8
A GA.

EE1.19 (D) R yHE2s FF 5 2 T 500 5 A A 22 1) FF X [E]
(X BWAIE(—o0,a), (b, +o0) A Jr (—oo,+o0)) HFHE;

(i) R" PRy HEZ 46 G 2 0] 314> 5 A 232 19 2 - F 5 K i
H-£.

R (D RGERPWAE. N T CAHIE—Sa - HT a2
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G BN AE BT 0>0.f8 (a—0.a+ O CG. BLFES

a' = inf{z: (z,a) C G}, da" = sup{z: (a,zx) C G}
(XH AR —co,ad” AILLR+o0), B o' <a<<d"H(d",d")CG.
XA X E] (@ d) PR — S 2 AP o <2<la, LFFTE x,
8 o' <x<zx B(x2,a)CG,B) 2 EG. HBATHR XM HF X8 (. d”)
K GOEET M oMK E L.

R I,=' d), I,= " 0" R G 89 5L X 6, 8 4[] LLiE B

BT E A R aUE B AR, i, AT a<lb
LN, # %,
WA <<d'. FEA min{a b} = c, max{d" 0"} =d, WEH(c.d)=
(a" v dH UW ). Wz I,NI, W I,=(cod)ZMRKX A, B
(c,d) = (a’,d") = (&' ,8").

e, FATHE R BN AR 22 1Y X 8] 5 2 AT £,

(i) H ek R & G (RS N REBO o A S K 1
IR, ekl ok 0. B8 I e TR & —ih =59,
WA TR Rl 43 8 20 AN KSR 172 890 ik, id I an itk
R R 2k R Iy gk b ik — 4 &, A H T &
AR M T R R R P (D, X B T P EA TR K2
2% H T2 T TP AR Y 2" A B AAAE B 5 IR B JF & AR
Gt oy B 7 A Z i 7T 4.

MAE D PLET G AT IRBCH Kk, i 48 H,. fRit
r¥v&aF

G\J QOJ

(J FmFIr A Z# O WEIT7 R BUH R G 2408 H, . Kk
#e,H, AT P&FT

A\U Y
N TR SE. B8R, —PIH H,(F=0,1,2, ) i 77 (K ¥ A0 £
AR BARNGEFTE FFUMEZEN €G, fF4E 60, 5
B(z,® CG. i I's PRTEBEERY koot E# TZR, N ifijAJ
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M x mARUIEAFEANT FRITE. X5
G=J UJ, JRREFH ST K.

k=UJ€Hk
R PR HELE - NTEEFEFL.HR PHEAEHTIANSFEH
W FFEE . [#118 R hiE—FE YR D P REFENIFE. FL
. ATECH

{B(I-%): B R PRk B R

B D AP, KR 3 F R R HFEG L — 8z, WIFLE 60,
#i18 B(x,0) CG. RERAES ' 18 d(x.2)<1/k, K k>
2/8, NTii A
x € B(z',1/k) C B(x,8) C G,
SR — s s B2 1/ I ERE G.
BEE MRE TR E.
1. #% ECR",iRiF# E=(E),0E=E\E.

2. B IE A pR AL
~ [xsin(1/y), ¥y # 0,
f(l-'sy)_ 0, y:O
A ES S EAERE.

3. IE GCR" BHEXHMNYE GNaG=T; FCR" Z2H &
M HXNY oFCF.
4, WGCR REFZSHE . >0 EMNEEN € G, fEAEK

B(z,r) JRIEH A= | JB(x,ry) BFFEE.

z€G

5. B FCREEMRAE. KIFHFEE FHP R FEE, @18
E=F.

6. & ECR" HHES# 2 E WIS, RIE E 2 EFFEM
P 4E B 3 4K

EX1.26 % ECR',.'E R HH—DIFEK. & XEEH
rCE, FEGED R z€G MK T NERH -/ FEE.RKTERE
W— P HEm. A CIERE W— M HESE. UKD ATCETF E)
H— 1 FHE.
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51 1.20 RRPEEENE-HERSTIHEAH Tl F
.
TIE AF DA S .

EIH 1.21(Heine-Borel R FEEEE) R TAHRAELENIE
—HEHEHEA - TARTFEE.

iERA R FER PHMARAL.TZ2F - 1HEE. Lk

13, 0wl LMEE T Al 54 FFE 4 AL
Tl B, 05 eyl o5,

k
%S H,=|JG:, Li=FNH, (k=1,2,").
=]

B H, BFE. L EBHEBA L, DLy (k=1,2,). FFFIH
Ol () fFFE ko 45 Lo 2B H, AT F RIS, NIR FC
H. . EHBRE; Gi) —Y) L, HAEE &, Wl Cantor ML EE H 1]
WM FES 20€Li(k=1,2,),Bl x, €F Hz, € H,(k=1,2,),.
XEWR F P EES 2o AEF—Y H, . 5ERETE 8 GD Fr i
AR FFEE.

FEE.ELAREHED,FRAOFMZAEEM. #lan, £ R J Xt
HABEEFBEZE ((i—(1/2),n+ (2D I BAGFEARTFE=.
R HEMZRM R REANRERA. B, & R Pt SE(1,1/2, -,
1/n, - VEFE TS

(x—zwtam)) =12,

n 2n n 2n
AR R 78 .
B8 RFER THAERAL.GER PHHE, H FOG. M 60,
HHRY |z <<om A

F-{-{I}—d—e—f{y—l-.r: yeF} CG.
iEBl X FHEEMN yeF .l F yEG . 8FHFTE 6,0, B(y,6,)CG. H K
{B(y,0,/2): yEF) M F — N HE 3, Fr AR & Heine-Borel A R+ & &
B FAE yioy2 0 yn € FL R

m a)‘
FC UB()’* '_.;_).
k=1 -
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TR . B—1yeFELRTEANB(:,6,/2),.H y 5G PHE—H = ZEIH
B B A

ly—=2[=lz— nl—|m— 3> 8, —6,/2=29,/2.
BLAE B

0= %min{a_yl 96_,-2 O gy ,é‘,m } ’

WY x| <<s i, y+z€G, Bl F+{x}CG.
EHE1.22 BECRO.EENE—-HEEZHROITAR G,
0 E & FHE.
iEBl & yCE MM T8 -1 x€ E /7 5.>0, 15
B(z,8,)NB(y:8,) = .
B8R {B(x,0,): x€EEIRERN—THEZE HERNFAEARFE
=N
B(zi+8., )y =y Bla,:d. ).
M7 BP AT E A R4 B A
8 = min{8, +*+8. }»
W B(y.0,) NE=2,0 yEE'. X#i¥l E'CE.H E RH%E. £ 7 M
2R,
FE-MREMNE-FAEEHEIARFESR, KINHMK E N
R&E AP EHEER.R P EEREAE AAE.
BEF METHNH.
7. @A R H{G,) & EM—IFES. MG, fEE% E g7
8. & I'={[a,,b,]: «a€[0,1]}, B I FEIEE B A X 8] 26 41
A2+ i UE PR
() [a..b.]+# &.

a€[0,1]

9. & FCR 2IEZ al B % , ik F & A 5L K.

10 ®{fo(o) R EMIAEAEHEEZSREI. GEAFAEF
E fo(x)=>0(n—>0) ,iKiEH f,(x)fE F E—BIRSTFZF.

FEASE PR RN A e B ZE AL b, IRAT 80 AT PAE “ B
SRR AR OGS A S DA B SUAE A X ) b Y 22 R B A
THAFLEM TR .
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EX1.27 & f() &% L ECR" ERSE{EKE .« € E. W

RAMEER 0,77 0>0. 815 xr€ EN B(x,0) 0 . A
| f(x) — flzo) | <e,

MR (O FE 2=z, AeELZE K x0 N f(OW—NEZESFE v, EE’
BIHETE , Bl z, 2 E (9IRS S, () HRTE x=x, Abi&ESE). & E th
AE— BN f(OMEZ S MFR [(DFEE EEZ. I E L&
SR Z KR C(E).

BAR T CE) H i R 8, IR A LY iz 5F P i, B
ANHETEBH B A8 55 GIE B MBS .

W F &R PERALE, f€CE), N

() f(RF EMARREA F(F)ZRPHIAHRE;

(i) F& 2, €F, y,EF ffifg

f(xy) = sup{f(x): z€F}, f(y,) = inf{f(x): xEF};

(i) f(DFEF FR—BOEZE/R B ML e >0, 1 60,
W deEFH | |<omt. A | f(z)— (&) <e.

b, % ECR" FRIEZER BT fo (2) ) — BT (), W
f(2) & E | #3% 22 R %K.

B9 FCREAFME.f: F>F. %A

|l f(x) — fFI<|lz—yl|, x=,y€EF,

W AFAE 20 € F @18 f(x0) =2, (RE1ED.

ER fERRE g0 =|x— f(2) | 5 g€ CF), M [a] £ 13 45 A 1) BH 77
ft 1, € F.ffif§ g(x,)=0.

FKHRIUEE:. BRE g(x) >0 (€ F) W7 € F, {15

0<g(&) =1= jg£{g(1)}.
HEAA
g(f(&®) =f& — ffen|<le— fB|= L,

H f(OEF. X—FFHYW f()1E F PFAEAB) AL

BEE UEW T 5658

11. & FCR 2%, H feCF), M SE{(x€F.: f(x)=0}

12. #% f: R=>R,E,,E,CR,H f€C(E)),f€C(E,).

(i) % E,,E, B2 HFHE W feCE,UE,);
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(i) & Ei,E, 2% . W f€CENE).

13. Z ECR.EE8N fECE)EEARBE.N E BAHFH
#5580 (ECEYAME E LikBIHRAMEN E A FHE.

14. WEXTE ECR FHERE F(oOWE: X EFHE—FR
HE K. A FECK) N fECIE). (F z,—>x, (n—>o0), | A4
{Zosxy 1 X2yt BREFRAE.)

15. % FECR), HY GCR' B &, (G REFFE, N
FC) TR B R B (f((a b)) BIFEE, f()TE[a.b] E B K &
JIME TR A E BB AT f(@)<[f(B) X a<<a<<lb, hF

Fla)<f(x)<f(b).)

(=) Borel £

TFHESHER R PEEARNESER YR . ER FEAE
ZHREHARAESOTE. 2L ATRBA N A, REEBEAE T E
54, AT E SR AR B X b AR SR B e B E W S sk s K
il ) s 4 XL R FATAE X B 24 41 A9 BT i Borel £ 5.

EX 1.28 (F,,G; &) # ECR" BEAIBAIHEKIFE . UK E
N F,(BDE % ECR" ZA AN ERE UF E NG, (BD LK.

HE 0] ELEE R F, RERIAMERG, G, ERAHERF, £.

B 10 32 R* P F G008 (), U A B R 4R

A

U {?’k}

k=1

A F, .

Gl 1II(RBEESNENR (R EXETEGTR B
SCEREL N (o) MiEsE G EE G, 2.

R 2o (@ (OFE x SHRE.ZH (T 2=z, &
EEN ATV EZNE o (2,)=0. KA A f(x) ) HELE G ER] £
NN
N {Ie G: w,(1)<%.

k=1

HAMEG: w ()<1/k} BIFE, U f()WELSEE G £.
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EX 129 BIrEHESX N -ETEFAHRMNESKARLETA
EauE

(i) FET;s

(i) #F AET.U A“€T;

i) # A, €D (n=1.2,-).0 | J A, €T,
n=1

XEFFR I E—1 o- K&
H R SCAz BRT R 38 25 5%

(i) # A,€ET(n=1.2,,m), 0 | J A, €I
=1

(i) & A, €ET(n=1,2,), 1
(\A.€r. TmA,er, lmA,€r;

(iii) # A,BET. N A\BET;

(iv) XET.

EX LI ERo-RE) BIERAGXM - ETEFTMWRMESE. %
EAE SH-RBr(HEAcS. LE ACD. XN T BFAER . AX). i
AESHBRN-REITC. BRER, ME—CF W REID, & AC
N, WMAE FR (3 M 2 ERHo-RE.

EX 1.31 @ R — Y] IF 4 5 f FF 5 5% B AR ) o -fR B PR A Borel
o {REIE R 2. B P ICFR A Borel ££.

B R FHHAE FEF, £5G; %4 Borel 4 ; {£— Borel £ i) b £
J= Borel £ ; Borel 5/ 3F .28, L CF)RER & Borel 4. 0. F,; % (7] A
F, M3 %) & Borel £.

Bl 12 & fL€CR) (k=1,2,-),HA
limfg.(x) :‘f(.r)q IER"!

|

MW fCx) BT SE S &

o

NUEG)
B G BE, H¥ E(0={(z€R"; |fi(z) — f(D)|<e).
R () B €ER B f(oOMEZEL. dBRA L MER 0,477 ko &
?%Wfko (z0) — flao) | <e/3, HFFFE 6>0,F75
| f(x)— () [ <e/3s | fi, (2)— fi, (x:) | <<e/3:. xEU(xq4+8)

M €U ,8) . A
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| fi, () — f(D)| < es Ulao1® C Ei (o).

XM € | B (o). Wi e MFE R M TS

ne UB(S)

(i) % =, € ﬂ U E&(;) 5t e>0. Bl m>3/e. HT 1 € U E&(%).

m==]1 &=1] k=1

HOELE ko 1578 20 € By () AT AT 18 U (o 00 CEs (- ) o

" P 1 e :
|fk“(.1") f(r)|§ - < 3 ) ‘I'EU(.Inaao).

EEE fi(FE =z fbESE, XA 6, >0,

|f:,0(1’) — f},o(.rﬂ)\< —;—,- v TEUC(x)4+81).

it 6=min{d +8; } s W4 2 €U (xo OB H | f(2) — fla) | <e. XM f()FE
r=x, RbEEE.

F L BRI T b 2 R B9 4% PR ek 8K f () B2 {4~ Baire 5 — o8 8
%,k feEB(D. RIMNAL%R: & f,€B, (R).H f, () R E—BURET
fCx), W f€ B, (R).

FE L, BMEERMMER RENFLE n, ENER

| fu (2) — f(D| << 1/2" (z€R).

X BEARGIIAE n, <<, <ooo<lm, <o, BH fo,,H(,r) -—f,,k(.r):l, HARMNA
k=1
| o (0 — [ (DI f,, () —f(x)l-i-lf,,k(r) — f(D]

1

2}: 1 2&
Tl g(ax) i EI[f,,‘m(.r)—f,,k(ur):IEBl (R). BRE glo)= f(x)— f,(2), B}
f(l')=g(.r)+f,,l(.1").ﬁEEF‘-.

2. RP#F#HEAE F, 8 4k F,,, FF%.

BEE IR Ty,

L & f,€Ca,bD(n=1,2,), HFEHKR lim f, (2) =
f(x)yx€Lab], MFEER tER, HE

{x € [a,b]: flx) <t}
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EF, £.

2. W{f.(x) ) BH%E FCR F&EZREI| N f.(o)FE F L
s S ER F 2.

3. &f: R‘*R!ﬂ“a@;%

r€R: limf () f74 |
= G, .
R 1. 23(Baire £#)" HECR £F, .M E= |JF..F,
k=1

(k=1,2, ) RHE. HEBAN F. B LAA, W EHBTHA.

iRl & EA/ WA R 20 WFFTE 60 >0,{# B(xy,8,)CE. A
HF, REN S FFUUMLGFLE v, € B(x,8,) . HA -, €F,. XA R
F, BA%E, LT LIEE 6, (0<o,<<1).ffif5

B(x,,60)NF, =,
A A B(x,+8,) CB(xy+60). M B(ay +0,) & LA BL i 4 28 4
F F, . WA 4§ B(x,.8.) NF.=, A B(x,,8,) C B(x;,81), X
BalLAER 0<o,<<1/2. kX —id B, il 18 &% {x ) 5 IE S
(ot RN ENHA A
B(x;+0:) C B(xy1+0:-1)s Blxs8)NFe = &,

He 0<o,<<1/k. BT Y >k A x,€B(x;,60) 1

|1'tgl'k|<6k<%-

X UEEH {2, ) & R H B A B (Cauchy 51, M 2 W 8% . Bl A7 7E
rER" M lim|x, — x| = 0.

k—>oc

A s WA K

lz — x4 |<lzx — x|z — [ <|lx— x|+ 8y I >R
SEBPA RIS [>o0) [ —a | <6 XL € B(ay400) » BIXF—] &,
z€F.. X5 z€E R4 FA.

Bl 13 AHEHE QARG £.

HELE, S Q={n: k=12, },BEQ= ()G R¥ G Gi=
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1,2,) BHE  NEHERXRRK
R=(R\Q) UQ= | QG:)U (H{”})’

XBEHNBIREE LS G F AL . MEMNG =R A[AE) G,
BN AR, XU R ZATFIA TN S Z AERMIFE. iR Baire
ERAHM RN A . X—FHEHH QAR G, £.

EX1.32 FECR.EZE=R.,UHKEHNR fFHRIFEE; &

E=2 . F E N R iy T A B4 5 T $0/ T 4b 78 % 42 10 9 48 7
HRERE—RNE. A LS - NERNE - RNE.

Bl 14 B (G R R FREBIFES N G = ()G 7E R 7Y
R AFHH R F{E—HER B=B(,0.¥4f G NB#J
BPAT. SR RERE: . BEFLEMER B,=B(x,.6,) . #18 G,NB, =7,
| % A1
R* = (G,NBs)* =G5 U B

B, = R'\B, = GiNB, = ( hlc,,)‘mBo = |J GiNBo.
k= k=1

EER G, 2N A B AL, S Baire ¥ A] F1, B, LW A,
X IE.
Bl 15 B £, € CR)k=1,2,). % limf, ()= f(2) (€ R f(2)

G AN 2 5 B o — 4R
il EEI fONEZGENRRT, AFRRE G W 12)

(6(3)) ()= UsG)
R —RE. X 0,4

F.(e) = ﬂ (zER": |fi(x) — fs (@< €} s

i=1

EﬂRE{JE&LEMCB&LMﬁﬁ
k=1

ﬁmacthGm,[Jhwccw.
k=1
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H B

[G(e)] = R"\G(e) C R"\ U Eite
k=1

= |JR@\|JE©c |JRe\E©]= | ]aF.o.
st heet s s
WA F.(e) &M%, Ll oF; (o) 2 XA T % &, XA (G BH —4E,
#l16 & feC0,1D.H%
FL(z) = f(2)s fo(x) = fLl@)y oy fola) = furlz), ==
LR —A € [0, 1], 807 7E H AR £ EAR £ () =000 f(x)=O0.
iRl HFEHES f(OEL PR — %S Lo o BN, 3 i, FATHE
L0, 1] R B —A 7 X [a] 1,998
Fo={z€1I: filtx) =0} (k=1,2,).

BB F B2 %, B 1= | Fo. 98 Baire 3T AL 4746 F, B —

XA (as ). A RTE (2 ) | f,..,;(x)=o,ﬁfru f(x)=0,z2€ (a: . EEF
(a s I, BI 15 FFE.
BEE IR T

4. (D) & XA, 1) L eRE Xo () A2 % 22 R B3 B BB

(i) [a,b] FHFRE [ () BESE S LELa, b %,

5. A RYPMHE F LU RIFEI(G ). H#XNE—1 £k.G.NF
:F,mu

GNF=F., G = [)G.
k=1
6. % (F,) CR BM%F.HR = JF. 0 |JE % R
.

(I9) Cantor(=43) &

X HEEIRAN A — B I IR S ——Cantor £, £
e Cantor £ f#f — M &) & I 0 SR 19 & B A& T E R,
R TR AT AL i R ) ) A

B[0,1]CR. ¥ [0,1 =% JFB EP R =73 X[H]
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= (5E).

i H B A A Fo B

F, = l:o’%}U[’g_’l}: Fi UF:;
BB F, FRXEL0,1/3]K%[2/3. 118 =%, B Eh Rk =4FF
X [&]

= (3E) B nem (33),

i F PR HR F, (LA 1.5) .8
r. (oA U[2-0[Z U3
=F;.UF;, UF;,3UF,,.

( )

)|

uJII\J A
\oloe f—

(
1
3

o ~
\o[r..J >

by &
9

B 1.5

— R, BT R F U F, R EAN (AR X
B =% . B EPR=IFFXE L ICHBFBIHN Fo0n M F
& NI EAVFBIEGFIF, ) Hh
F,=F,,UF,..UUF,» n=1,2,-),

tEEEC= ﬂ F,, 3&1{1%k C & Cantor(=4) £.

Cantor % CHPFPAEAMR

() CRIEE=HFRAALE.

RN F, BB2EEZ A RAAL,. MHA F, DF,.., T LR $#
Cantor IEEEHR . AIM CARTE LR LL,F,(n=1,2,) 5
MAXE G EEEHEBEZN.NHBE CHIE. BR.CE
1 5E.

(i) C=C'(E=E'#HhetE).

W xEC, M 2EF,(n=1,2,+) B E n,x JBFKEH1/3
B 2" MHAXEF B —. TR HE— 0>0,.F 7 n, 2 1/3"<4,
g F, P& > WAXES T (x—38x+8). W X [E A B4
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SOEMECHMEAHEAE - IMAE . XYW « 2 C MR E A,
s C'DC. | Cc=C.

(i) C TGN A.

% rE€C B ER—XE(x—8,x+8), B 2/3"<<8. N € F,,
UL F, Wb BEEANKER 1/3" BAXEF, . & TG@—0.2+8). 8K
M. EMECEMNFE+1 B0 BB E F, AR =4 F X E. X
H(x—68, 2+ AR ET C.

(iv) Cantor FEHHEEE .

HL L B0, 1 1 B SR = AL /NER FF , W] Cantor 7P 45
x 5 & =# 0 /NE R T
S
= 3
——XF . TR C A2 FE 50 (500, 1/ kA /N 8D

O TP RATEE TR R 3 X (6] K RS T E A
X 6] 4 BE A, F 200, 11\C B K B 19 S5 1%

»ariyre
EATAET L0 ] B KEN 0(0<6<] EEBELENBONRE
P& A B p=(1+20 /6, HFKRMAEL T Cantor EMHWELR: B4 .8
EKERN 1/ p WRLOHFXE:HE L EBFHANHXEHE 1P, LBE
KER1/p* WELIHFXE 5 =2 EBFM A XA HEEERKER 1/p°
f [l0 X ] kSR et R . T — BB R M T X)L, B IR GOTHE), W G
BB KB R

xg == - a,':092

gzr' (%) = ﬁ =&

R ATHR C, =[0,1]\G ¥ % Cantor £ (2% p=3 it,C, 3t & Cantor( =41 #). C,
HEEZZLE HREANA. ARESH: EELER BWEAHEL0,1]X
[0,1]X - X[0, 1] 15 AR MHERMES M HAFTB CXCX - XCC L
(0,1 % 492 Cantor ) B a]. 2§ Cantor £ #1 % & Harnack ££.

MAEF Cantor SR & — > K Cantor pREL. 75 0 K
114 F B E B 55 P B B9 — e i .

f5i 17 Cantor pR%X.

# C 20,119 #) Cantor 5, Hrp i SR ATH = #4615
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KRR,
(1) VFIEX?F—CJ_B’J@%MD(J) T x€C,E X

90(1)—95(2 )= Z" ;=0,1 (i=1,2,).

PR L0 1 1ek i s v] H — /NGRS L BT LA () =[0,11].
I 1A ik B go(l‘)%ciﬂ;lﬁi%@ﬁ T&ﬂlvan' ’BI sﬂgﬂ"%ESLO
a1 MEGTTEENTERK C A TRXE:

?Z < 22 B
%16 k=min{i. a;#ﬁi »J\U&ﬂ]ﬁ
,81_(11' :Bk_a’k ﬁiﬁ_ai
m:?: = 3k+2;—37—

- o
<BA— @ 2 _ B ar t+ '
- +; 3 3

(i) fEE XFEL0,1] B o). X F z€ [0, 1] E X
&(x) = sup{p(y): y € C,y < x}.
SR O(x)Z[0,1] EH B RE. FHh &([0,1D=[0,1],FTA &
() J&[0,1] E R %L k%L Mok, ZEM 1 Cantor EHI T FEH T %
BN R =4FFXE I, F.o(x) B 5. RITFRO(x) K Can-
tor 2R £,

ﬁHsECR%%%%%H&§E=(U&mmw:E¢M$J5m.
b;) (i) LI .
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iERl w2k HFERTELE WMERAE NME EAE.EREE A
PR DX [6] B I 46 . 3 e X ) AR B 2 (] B A A RS A0 B/ E h & I
SLAL T X RRTTRERY.

Aok B HERMERAE KR HEEMN 2€E. ME 2 €E .
LFEAE 60,18 (x— 0,2+ O NE={z). X = BB TF X 6 50 3% 45, 5
BiEFIE.

Bl 19 % ECR® B25%24% .0 E A H .

iERl FRIEE.BE E={2,€ER": n=1.2,},

() R vy, EE\{x, } & =, Bl y, WEEBE KT 0. FELL y, H LAY A
ENE Q.QNE REE.

(i) & E\{z, ). 8K 3, & E\{z, BRI A FT Q N(E\{x, D#F. X
By, €EQNE\{z, ) I y, HPLMHAENE Q: QCQ .2, EQ,.
L EQ . MAQ NE)YDQNE)REE. Mk SEMT £ .0 B A RALEES
{QNE}: (Q,_.NE)XDQ,NE)(nEN),TiH x, 2, 2, FEHEA. KA

o0

@ nbe=4a,

n=1

FEFAE.

F L E—EEZZLENERNIN . GEW W Harancon (H 7 #3) #
Teopus @ynxyuii Bewecmeennoti ITepemennoli ((SEZFREGE D W L. A B EHTE
HH AL M R AR 1955 4R )

2. # E={r€[0,1]: z= Zan/IO",a" =2 7}  BAiTA
n=1

(i) ERM%E; (D) E=c; (i) EZ[0.1]F FEHE.
WEBl () HH{x, ) CE;: z,,>x(m—>o0), M|

x= 2,b,/10" (b, =0,1,2,,9).
n=1

ﬁu%|rm—1|<107p1§[§’2.& IGEBﬂ',b,,IZ EE 7(7’1:1121"'1;)_1).13:'31% E
paziE

(i) 50 Al 1 4 RABFIAM,L E=c.

(i) FEEFH ENQ0.28,0. =, EAREHHE.

3. WMz Cantor EWEBARATUES . B —LBEE—FHAKE TS
= 4reh s TF X A R L 5 I 2 K B R, T R 8 S 7 I i R v A T — 4,
FIX 6] B9 = 405 B2 52 2 ML o 7T LA, BLAL R4 L Al o 5 AR ML R
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MR XEERTEAEGE ", Cantor ER AR T RO MAE LM 2. EE
AEATEFE. ATH - T ERIB WA, ERKXEEBH, BEO
Cantor %£.

41 IE 3818 (Fractal Theory) H 20 t42 70 AR LG BB A —1H®
HEFR B Z N A RB A SR E NS MR EREMFR T
AREN AEFEREPIEL M R (i i) 8 E E F B 1993 8 15 i iR
(IE )2 3. T BIE v ) — S P T B A BOE S o 2 i 40 T 4 %K. Cantor
4 1 HH (DL 4E B0 log2/1log3=0. 6309.

BEBM M TN,

1. % ECR 2554 %, RiFMMEER r€E 77 yEE,
{15 = —y AICHEL.

2. A UEBH IZ%,% J& T Cantor ££.

3. WAE—/ i TIREH LA 78 2% ] (V2.3 A BB
2N {r, ). BT Cantor LML : B, FXEFTAH rn B A
M JCERBCHY H R IX[8] 5 55 4 A AR B A X (6] BL DL [R] 19 20 BR 4%
Ve R UK (r, B &5+ V2 WBI\G BPEFTR.)

4, BIE—IML G Ef#73 E'R5E L& (Cantor £ HEN 2
#ilo A A DX TE] B P AR

1.6 SEEMBMEE

ENX 1.33 xxeR,EZR PHAES S 5% .
d(x,E) = inf{|x—y|: y € E}
Az B E NEEE ;& E L E, &R PRAES S%E 8K
d(E,,E;) = inf{|lz—y|: x € E,,y € E;}
N E 5 E, ZRIKEE. o] F6HE Xl
infld(z,E;,): x € E;} 8 inf{d(E,.y): vy € E,}.
Bl1 7R PESE
E, ={x=(p: —c0o << &<+ o0o,p= 0}
5 E,={y=&np:E-9=1},
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M d(E, .E,)=0.
HELLE YR z=(,0€E, H y=(¢,pEE, B, H

d(E\ ,E,) <d(z,y) =|y|= 1

€|
AR TR ) >0, AT [l B K. 8UH d(E, L E)<le. HILTR
d(E;,E;) = 0.
B8R, E 2€E, W d(2,E)=0.HRZ,% d(z,E)=0,1 = &
—EBTE. Ait#E xEE B, AF z€E'.
EE1.24 AFFCR 2EHE . Hx €RVUFEyEFA
|20 — o | = d(xy, F).
iEBA  fEMIBk B=B(x,,0) .18 BNF A 2% % B
d(zy,F) = d(x,,B N F).
BNF Z2ERME. M|z, —y|BEZXFE BNF L1y B REURE
8K .8 EE BNF LixBI&/AME . BFE vy €EBNF.#1%
lxo — 3o | = inf{|zo — 3y |: yEBNF},
MIA |z — vy, | =d(x0 s F).
125 HERR PAEEGE N d(x, EXYEN « B R BHE
R" & —BE%m.
iERR EER PR E 2.y BYE 4y, ED I E S XE 4 1
e0, LFHE z€EE MR | y—2|<<d(y,E)+e, NTIAH
Ao E)|z—z|L|la— 3|+ y—=]
<|lxz—y|+d(y,E) +e.
H e A94E = mT N
d(zx,E) —d(y,E) <|z— y].
FHEAE d(y,E) —d(z,E)<|xz—y/|. X}
|d(z,E) —d(y,E)|<|z— y]|.
¥it1.26 # F..F, 2R PN EEAEBESZEDH—
NEAFW,WEE x, €F 2, €F, {15
|21 — 22| = d(F; ,F3).
Bl2 #F,.F, 2R $PEHANEAHLHIESHE, WHELE R
R ELE R (o) 15
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() O f()<1I(xERY);
(i) Fi={x: f(x)=1}, F;={x: f(x)=0}.
ERR MIERE f(2):

flx) =

‘BB BT oK Y R AL
R L2ITGEZEERTEE) A FER PHHALE, () RE X
EF FEEZREGE| (o) | <M (z€F) ,FEHE R FH)ESE R
B g (WL
g |<M, glx)= f(x), x€F.
iERR L F Rl =1 4

A= {IGF: %’gﬂr)g;\/f},

d(I!Fg)
d(x,F,) +d(z,F,)’

IeRno

B — {IGR —M< Ffl) g‘TM}

C = {.reF= —M = ) <%4

L]

3

—_—

FEAE R L
_M.d(I,B)—d(I,A) n
g (x) = 3 d(x,B) +d(z,A)’ ZER

HAAE5BREEAHZHALE. LU g (it FHEXBER L
Kb ab % SE. A B A

|g1(r)|§

I}?’—ds IERn¢

1) — g (D)< %M, z€F.

WHMEF LXEFE f()—g (YT LERZ () FRHELM T
BAER FRIEC R g, (o). AT T f(2)—g (o) B FH & 2M/3,
B g. () LT R

oo

|g3(r)|§%-ﬂ, zER",

3
€ ) =g, Ca)) = gy | % s IM_ (%)M g F.
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X — BB R LR EL RIS (g (20) ) 115
2 k—1

(*) M, zER" (k=1,2,),

[ () | £ = = :

3

k

| 5
‘f(r)—Zg,(r)‘g(é)M. T€EF (k=1,2,-).

1=

LSRR S g (o BB, BT AR g
0 g(x) & R Lﬂﬁi;fzé;%@ﬁ. Y A SR

sl = 3 ged = Pla); #EE
R TR o€ R3]

M 2 2 \?
Jg(z>|<§ lg&(I)IQ?(l—’r?—k(?) +)
M 1
Qg 1_2—1\/1.
h:

1. FARERE (o) TARFH L (WS arctan f(2)).
2. R hEEM B E AWM BHEE. HPFEEFHANERE N
R

BEE METIRE.
l. BECR" 2— 1M EZE . ENEEN x€E, 7 yEE fff
8 d(x,y)=d(z,E) ik E 2.
2. GCR" ZHE.F 2 G ABHE GSUEHfFE >0, 115
{xy dlz, F) < ry CG.
3. W FEHFERE () : 2y <1 BERARNFNAFH
Ak 2 P & 2Z JF g 7

4, SRUE W SUFE K (0, 1] b 10 6K v = sin - 7 B AE 4
(—eoo,00) LMY AL,

] d 1

Lo &{f () ) 2E XTE R EHeRE A
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{z: f;(x) = 1/k}  Gok = 1,2,
R 14 Timf, (2)>0)).
2. Bifu () R X AELa 0] ) REF . ECa 0], BA
lggf}(r):Z Xesne(x)s xE[a,bl.

%’{?\ E,,Z{IE[a.b:I: fﬂ(l');%}’iﬁjkﬁé leE,,.
3. WAEGINA, (B, } i iEH .

(i) Tm (A, UB,) = (TmA, ) U (TmB, );

(ii) @(Anan)z(Li;r_gA")n(li_r?Bn).

4. W f: XY, ACX,BCY,ifm]: T 5552 g7

(1) fYY\B)=f"(Y\f "(B);

(1) f(X\A)=F(XDO\f(A).

5. MAEF BRI & ((xyy): 22+ << E5WRBI&{(x.y): 27+
y' <1} 2Z [8] f) —— X L.

6. X f(OTFEG@.O AR HF (OORRTHENY f(x2,)=0
i A 6,015 f(2)=0 (x,—0<<ax<<ax, +8))RIEH f(2)HY
AN i B 5 AR AT B .

7. W f(o)2E XFEL0, 1| EMSCERE. HFEHEH M. i1
XtFLO 1 R EBEA RN 21020500052, A

| f(x) + flxz) + 4+ f(z)|< M,
RIFAES E={(2€[0,1]: f(2)F#0} EATHE.

8. W f(x)Z&E XFE R FHISC{H pREL. W R X FAEER 2, ER,
W 00, Y [z—a [<oW . H () =f(x),IKIEHES
E={y: y=f(x2) } B H£.

9. W E =M= R R FHEE . H E PT{EEWAMER
#R A AL E E 2] BUE.

10. % E Z2Fm R PR E . LIERFEEAHZNER A
5 B.fliff E=AUBHE—FI7 T o I AL LA ZZEART
HAE—FIT T yHMMELXB 2Z2AR1TA.
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11, W fo () e XFE[a.b] LB SE(E R EUE. B M>
0, {15
| ()< M, zx€[asb], a€1,
RAEBA X [a, b1 PAE— AT 5USE E, B A REG L f, () A FEHR IR
lim{f, (x)}, z€E.

12- -& E: UAN‘ %‘ ﬁzf*ﬁtiﬁ%ﬁ& nO ’{ﬁfiﬁ: K”U :C.
=1

13. % f() & XA R FRE R e S 5%
E={x: MTHEEH >0, f(x+e)— f(x—e)>0}
&= R T 4.

14, R FCR" EARAAE.ERFH—1TERFE. KX IEH
ENF#Z.RzZ.% FCR, A5 F FHh{E— KR FEE. A E'N
F#J RIE F A R4,

15. & FCR" &A%, r>0,R3FH S 4

E={teR": FEx € F. {18 [t —z|=r)
= .
16. & A,B & R H1 i g4, 1K UE A
(AXB) = (AXB)U(A" X B).

17. % ECR*,#/R E,={x€R: (2, y)EE} N E# R F ¥
(48). % ECR* 2% UEH E, L EMH 4.

18. X fEC(R),{F; )42 R Y EES] , i UEBA

‘f(ﬂa): ﬂf(ﬂ).
19. # f()fER FEANEE. HITEEN reQ. {2 ER.
flo)=ridb AL KXIEH f€CMR).
20. #% E, E, & RpiydEs %, B E,#J iRIEY
E,+E,C(E,+E) .
21. #ECR. & E#J,H E#R",i{itH EWih REEES
(Bl BE# @).
22. & G, ,G, 2 R TP B A A B 4E ik BA



GiNG, = &.

23. # GCR". H#XM{EEM ECR,H GNECGNE,. KIEH G
I .

24. & asb,cod BEELH

P(zx,y) = ax®y* + bxy* + cxy +dy,

K A& {(xay): Pz, y) =01 H A HG?

25. ® f: R>R, %

G ={(zyy): y< f(D}s G, ={(zsy): y> f(2)},
IR FECRIZ[HMY G, 5 G, BITE.

26. M : i R ) — U] TF S0 A B 4 R 9 BE B R AT A7

27. w{F,} & R h i) —fEA R E SEREPHFERA: F, .
F, o F,, A

2

(F., # 2.
RIE . [\ F.#4D.

28. W{F,} =R A RHERK.GEIVE.HA
ﬂF, G,

IﬁﬁEEyq{Fa}qjﬁT;E;gEE/I\ Fa: ’Fa-z !"'vFam vﬁﬁﬁ‘
AF co

29. B KCR" RARALE, (B K WIFERE % i RIFHEE
0, B LU KPP E—ERPl.e HEBRHERLE T (B HFH
30. ¥ f()RELTER LA EE, BXT{EEN tER, H&
{xER: ()=t} RAE . RIEH ()£ R &% 2L k5.

31. & fECR). HHFLE a>0,81

| f(x)— f(y) | =a|lxz—y| (x,yER),
RIEBH R(f)=R.
32. iIAUEMA R h Al B EA R G, £.
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33. & f€Ca.b). B a,b]NH4E—F X [H] b & 3E 5 %L

2 (o) B S a b P HE% R EBH S 4
{z € [asb]: f(2) REFAERK () £ x I ARESE)

fELa b - HA%.

34, UEBAAELO, 1 ] EARERE XN T AR %L /(o) : fEA M L
A TR AN 22

35. IRIEBAARNFFFETE & T HI SRR R EL f(x,y)

(1) f(x,y)& R | %E 5 ek %1

(i) RSB a%f(.r,y)e%f(.r,y)?f{ R® | AbAbTFTE

(iiD) f(x,y)7E R* BfE— i _L#PA AT L.

36. W ECR EIEE . & E LI iiEW E\E & E
B 7%

37. WiE R HE—HAEE NG, £.FE—-TFEEANF, £.

38. ¥ f: [0,1]—[0,1]. HF %
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n=1

AR 0 B X b — oM.
H X DE—-THEEZE,HHE EMSANE " £ 2. Hd4d(E E,) >0
D <]
w (B UE:) = p*(Ey) + p"(Ey),
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MAFK o B X F9—BE 3 4M U BE CF A BB 5 A0 0 BE 44 8 BT LAGIE BH O 28 /9 o]
) .

BER M TH RS,
1. % ACR" Hm (A =0, iEAXEER BCR" . A
m* (AUB) = m"(B) = m"(B\A).
2. #® A,BCR".H m(A),.m " (B)<+ooo,iXiFBH
Im " (A) —m*"(B) | < m " (AAB);
3. Bt ECR. HEX{EEM € E, FHEHFH B(z,0.), i3
m (ENB(x,6,))=0,i kA m "(E)=0.

$2.2 WIS E

E—3535 R A EH Lebesgue Shl B2 B A AT Nt 50
b ATLAZE BB R* P FEE LA HWERSIE L E, -, E,, -
fii 15

m kUE)< S (Eo)

(il 4 A Ja 3C R B A AT 0 46 SR M 1 ) B AS 3 R AT B0RT 4. X RE L £
HERB m BARARRMAALEN R ESENNE. B2, EBEE
HES KBTI EERR? (B, XBRNEHREATEINS A
PRI RGO RBEN. XHER . ERINITBHEXT,
Lhr EATREA H —F7E R M —Y) 74 L&A & ORI BE. 3t
UL A EENFAENE SRR EATIA. T2, RINMNHESHLE
Z7E Lebesgue AP EE R ERE L E R PiERH - ESE 7
H Eom® B—Rh 8 A0 I B, (S BRIEBA L X X 2 B0 7 IR K
WEEEBHR TR, BE5| H &4 k1% S 0TI 4 2 A
RN T.

BAEERIMANR FRE—HEET NYETX T E45%K.
i, & 5% ECR" g F ol i 54 28, W AR 3 w] hn 44 52 A (L B
2.1)

m* (D) = m*(INE) +m"(INE°).
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f’// /4

A 2.1

X—FAARERN E ZATIERNE L Al FRILRE LB
Al SIER L X R R — ST WA
m* (T)=m* (TNE)+m* (TNE)?,
M T E Y L E Al ER, RRHEERGXE R PEA B S
EOERKBE”, MACZ DL — M s 5. XA AT & HET T
22 ) B
EX 2.2 WECR.EMEEHLE TCR A
m (T =m"(TNE)+m* (TNE)?, (2.2)
W Fx E A Lebesgue AI 4 (B m -l 4E) , AR AT MES, Hep T
RO &R (X — & AT 56 19 55 X #R A Carathéodory %&14). AJ
4 B AR ATl &2, /g ok A
AT Al E S, FRATTT BB SRR AT M AL MR S 45 .

2 L < m(T) +e,

k=1

M A
m (T)< m*(TNE) +m*(TNE)

oo

<m((Un)ne)em(Un)oe)

k=1

< D [m*(LNE) +m*(LNE)]
k=1

< D> om(L) = DL I<m (D) +e.
k=1 k=1

L e>0, B m (TD=m(TNE)+m*(TNE").
@ M4, Lebesgue Xf EC[a. b5 #H THMEHNME: m.(E)=(b—a) —
m*([a.b]\E) . LUK m (E)=m.(E)¥EXTHE ZIHYTF Q. 2OXPR T=[a,b].
@ —HBmMs.—1TESENMEARE B SATEA/, 25K T4l i E X
M. b RIS ERmBSINENRE EEERP -FMELTRATMK. €5 —
FE T REAE.
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EXZHL.EER TR LFLETEN: TR PR E,
A TIERER —-TE . KINAFTXE—HKE TCR"IEH
m* (T) =m" (TN E)+m" (TN E) (2.3)

BIAf. X BHE A m (T)<m'(TNE)+m ' (TNE) S EM L. B
XA, REX m(T)<+oofy T RILUE(2.3) X B AT, A K 7
m " (T)=ocolif (2. 3) 2, B Al 7.

Bl1 #FHm (E)=0,0]| E€E A FE5 b, it RATHE

m (TNE)+m (TNE)<m (E)+m (T) =m ().

M AT SERAENE. SRR Pl a4 S AR S
T M. I TARHE SN BE A9 T indE R0 E R A 3 SR Q
EFME. FMENTE—FERTUE. h L HEEZ Cantor £ 2
T EE X — 5L, A MEHERT A WREBRTHFT 2° (5 A B RE X
Aoewid 20, T2 MM FBELR L2 20

b R BN E A B A A 3E , A I BE A — AT
e BT LR E LB RENT. YW ESH £ 05T
i, HAMNU BB A v itk . %5 E.CS,E,CS,Se M, Wf

m*'(E,UE,) = m"(E,) +m"(E,;).
HE b, BUREE T=E, UE,, A S 2] il 5 8 & 1%
m"(E,UE.)=m"((E,\UE:)NS) +m " ((E,;UE,) N S
= m*(E,) +m*(E,).
HILATH, S E, 5 E, EBEAHZHTER Mt TH
m (TN(E,UE;)) = m*(TNE,)) +m*(TNE,).

EXE 2. 6 (AT E B MR

() FE M

(i) & E€ M, N E € M.

(iii) &% E. € M,E, € M,V E,UE,,E.NE; LU X% E.\E, & F
M CHEH, T EEMAERKRBL. 2B EREBHESE A
RN

(iv Z#E €M G=1,2,-), WWHHEMWR T A EFH —-FLH
ENE, =& Gi#j), 1
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m'(|JE )= >m ED,
BRI ™ 75 A L3 2 n] BOaT itk (BRFR A o- ml ).
WERR () BT
(i) FEE|(E)=E, & X[ 57 Bp45 H 4518,
(i) X THE—F TCR, RE\EE S B (SHE 2.2) 550 B
B AT, AT A
m (T)< m (TN(E,UE,)) +m (TN (E; UE»))
= m (TN(E,UE:)) +m"((TNE)NE
<m"((TNEDNE.,) +m"((TNE)NE;)
+m*"((TNEDNE,) +m"((TNEDNE)).
NH E\E;, ByaliitEa, XA v sk 2
m* (TNE,)) +m' (TNE}) = m*(T).
X it B
m'(T) = m"(TN(E,UE,)) + m" (TN (E,UE.)).
Wt E E, UE, 24,

E, E,
TNENE,
7
//nglmgg
%
7
/%TﬁEfﬁEz
{ TN E N ES
T
Ho2.2

NIEE,NE, 2%, AFER E.NE,=(E;UE;) BiA].
X H E\E,=E, ﬂEE Al H L EN\E, & A] il 4E.
(iv) %‘5’6 *1‘& El !Ez s 0 9Ei !"'%‘Exﬁﬁs#é’\

S = QE S, = U}E B= 1,2,
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75

M GiDFEA S, B nl 4 Wi XHE—4 T, 8&A01A
m (T)=m (TN Sy) +m " (TNS,)

— m O (TNED )+m"(TAS))
i=1

= ijm*(ma)ﬂtm*(ms;).
M T TﬂSZDTﬂS‘,EI;;
m'<T);imwmawm-(msm
& koo BEA
m*(T) = Zm (TNE) +m*(TNS.
SNLATEES
m*(T) = m*"(TNS) +m*(TNS).
XL Se A
i P ¢ /N
m*<T)>i]m* (TNED +m"(TNS)
HLPLTNS %&T,MS{%%%
m*'(TNS) = Zm (TNE).
(EVALRINE WSS =3 WA B @ﬁ’ﬁ;&l‘%iﬁ
m* (TNS) = Zm (TNED.
X BEFR T h4%sHE R E;iﬁ“fﬂli%_fﬁ—muﬁ

m*(S) = m" (UE) Zm (E).

HY X T — B aT S E, ), A2

S, = E,, sszk\(UE,), R>2,
i=1

(S, ) B R AR AT WA 3. T ) E. U

—
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CIRIUE: -

M BB 4538 (1) . G LA Gv) BT 41, R o] il 48 26 4 j— 4
o~ ARB. X TR 4E E, FL A BEFR O M BE . id R m (E). X208 %
T .8 R™ |- #) Lebesgue il .

BRI R X BREESES. VR XM T EMRE U8 2
S LAE o EH)— A RE. B R

(i) 0<p(E)<+o(EE )

(i) u(2)=0;

Gii) p #E & L REATEAT NG
WFR p o EEEETOME. s PR CER I T E . HFFA X, 4 0OFA
) BF 2 ). A< 45 BT 8 7 A0 ) B 2 (] 3K 2 (R™ Mum).

EE2.7 GREEAITNEINPNEZE) HAEHAINES E C
EZC"'CE&“HWJ

m( limE, )= limm(E,). (2. 4)

EB  A5TFAE koo 18 m(E, )= +oco, M 3 [ 4R AT BLFE R
EXT—Y by ff m(E)<A+oco. HIBRX Ex€ M (k=1,2,), 8 E,,
HENE, 2B AMAS K AT 4. i BE & ] it A

m(E, ) +m(E\E,,) = m(Ey).
A m(E, ) &4 R, BT LRI 15

m(E\E; ) = m(E,) —m(E, ;).
4 E=J,.01%

limE, = | JE = | (BAEw.
oo k=1 k=1
07 FH 000 2 6% AT 5RThn , AT A
m( imE )= m( |J (EAE D)

= > (m(E) —m(E. 1))
k=1

I3

= lim >, (m(E,) —m(E, 1))

|

i=1

== llmm(Ek ).
koo



82.2 TREL5ME i

#it 2.8 GRERATMEINNNEZE) FABBATNEY E D
E,D-+DE, D, H m(E,)<<+oo,

k=0

m( HimE, )= limm(E,). (2.5)
iERl B K, lLIPEk Enl i H !iﬁ}m(&)%ﬁ%)‘(ﬁ‘]. H A
EI\EA.CE]\E&JH; k :2939"'9
FRU{ENE, | Z$BIEESY. TEH LA EHE M
m(EI\lirpEk): m( lirq(El\Ek))
= limm(El\Ek).
BT m(E)<<+too, it EXFE K

mCE, ) — m( 3_@&): mCEy ) — ling meCES,
HZE m(E) &4

koo

m ( IimE, ) = limm(E,).

B2 EAAWESE),BHAE D mE) <+ oo, M

m( HEE,!):O.

b—eoc

lmZm(E) = 0,

k—co F

(e )= fimn ()<

it 2.9 {E, ) EZAES, N

m(li_mEk)é ]-i_mm(Ek).

b—»co h—co

T HH (\E,CE (k=1,2,), FF LA
=k

m|

& tmoo 18 ( (E, Bk KT )
i=k

ﬂ E,)\<\m(Ek) (b= 1,2,).
F=k

m(E._TEk): ELer( Q E,-)g E,%,PI(E&)'
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m(]i%ﬁ_f.‘,, )g limm(E,), m(}}.—n;lf:,)é Em(ﬂ'n)

i e A Fatou 5| BRSO E).
BEB % TR,
1. i EC[0,1]. % m(E)=1,iXiE8H E=[0,1];# m(E)=0,

RIEW E= .
Z. &{14,,}%E_;{:*Eﬁmﬁ]‘mu%§[lvB,,CAn (7?:].92a "')'iﬁ
HE

m'( UB,,): Zm’(B").

3. REMSEE E,,H E, BA[J%£. & m(E,AE;)=0,iXiEMH

E, 2[4, H
m(E,) = m(E,).

A, BEEBWE: W FREAH >0, BAEMMNE A, 5
m"(AAB)<e,iRiEH] B 2 n] il 4E.

5. W ECR, H 0<a<<m(E),iXIEMGF/E E FHE RHAEF . #
B m(F)=a.

6. % X=1{E,}) &M R PHEET R K IENEL KK EER, R
HERH X 2 Al 5.

7. A RPWAIMEFE, ), BHY b=k B ,E,.Cla,b]. 5F
£ limE,=E,i&XjEFFH

koo

m(E) = limm(E}).

k—=co

8. & 0<e, <1 (n=1,2,+),iIRIEM &,~0 (n>0) R VE
&R, FE E.C[0,1],m(E,) =¢,(n=1,2,+) ,f#18

DXe (@) <+o0, z€[0,1\Z, m(Z) = 0.
n=1

(E.=[0,e,]s m(TmE, ) =0. )

n—+=oo
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$2.3 Al Borel M KR

ELE—TTHEIS P, YLER R Py FE & (STFE) LA AT il
8. AT R L B S A0 BE 4 5 IE BH X — 5. AT 37 B AT Al AL Borel
EAR AT, AT R — AT S Borel £ R R. X —K
Fima o MG A B T2 20 1% ol 04 6914 R
5|32 2. 10 (Carathéodory 5|3) % G#R" 24, ECG.%
E,={z€ E: d(x,G) = 1/k} (k=1,2,),
1l limm*(E,) = m"(E).

k—»cc

B (D) HHE, ) Z2i#EEs . H E.IEE*CE' Y x€E. T x

R G B A B E SO, 24T 2 € ool EC | Eu. W
T

— hmE; = U E,.

k—o0

(i) BRE }im_m (E.))<m"(E). ﬁgﬁﬁﬂ?ﬁ%i‘tﬁiyﬂﬁ%
limm*(E)<<+4o0.4 A, = E,,\E.(k = 1,2,+), B d(A;;,A,;,,)>0

oo

k—1
(j=1,2,---). ﬁﬁi%:iﬂ Ezkj UA}-EI?'T'EJ:
=1

m*(E,) >m'(U A21)= kfjm'(Az,.).
i=1

X e (4 k—>o0) :
Em(&)<+m (b ) A, <+ o)
O i R AT .
E= £, U (UAu)U (U Asn)-
B DA XHE B 69 &, 50 o o

m* (E) < m" (E, )+2m (A,,)-FZm (A,0).
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MAE, % koo JFEFEE E XA w5 RIUE T, K 1 3L
m*(E) < limm*(Ey) ,
B 45 B iik.
EE2.11 AETHE F RZATH4E.
EBR  XE—iKE T.hF T\FCF =G 24 .8 H LiR5]
PR AEAE T\F "W 943 (F, )
d(Fe.F) > 1/k (k= 1,2, limm*(F) = m"(T\F).

M EATA GHE—RIEE T)
m (T) =m" [ (TNEUF,] =m"(TONF)+m"(F,).
A k—>oco, 1] 15
m (T) Z=m"(TNF)+m (TN F).

XYL F ] il £E.

L 2.12 Borel £ 2074,

IERR  fh DA B ] 0 R R O A R AT . PR R T AR 2K R
— A~ o~ ACEL BT AT — Borel 5 w] ],

EE2.13 FHEC AMNWIMELR >0, KANTH

(D) FEEE EMNFEG, 18 m(G\E)<le;

(i) FES T ERNMAEF .18 m(E\F)<e.

iERA (D) HAEE m(E)<tooWiEK. HE XA . HHE E W

L-BHL) 8 D | LI<mE)+e.4G6= L, MGRAKE
k=1 =1

TS, B m(G)<<m(E) +e. AN m(E)<-+oo, ff UBI )G H & I
& m(G\E) <.

HWitHE m(E) & +oo . 4
Ek:EﬂB(O-k)o E: UEk, k:lqz’...
k=1
B m(E)<<oo (k=1,2,+),IUAMEALR e >0. FHERE E

FFE G, 4% m(G\E) <e/2". BlEfE % G = | J G WIGDE H
R, BATA



§$2.3 TmHfE L Borel £09% % 81

G\E C | J (G\ED,
k=1
AT 75 m(G\E) < > ;m(G\E) < >, 57 = «.
k=71 k=1
(i) ZEE.HOH. ELAH 0. FHERT EMFEG,
i m(G\E)<e. MESL F=G . B8R F RHA%EHFCE. "X}
E\F=G\E', i U153 m(E\F) < e.
EIE2.14 2 EC AN
(1) E:H\Zl o0 )EE]-!-‘_‘GE %9"2(21):0;
(i) E=KUZ,.K & F, 8 ,m(Z,)=0.
iEA D) M TFEA BAREEAHER2. 130 H.FHERSE

WP G m(GAE) < BUEES M H = ()G, L H %G,
£ H ECH. HAx—Y) k. %A
1

m(H\E) < m(G\E) < 2

il m(H\E)=0.#% H\E=Z,,l|{& E=H\Z,.
(D) MFENSHRE A HEM 2. 3G EEST E M

£ F, (i m(E\F)<1/k. REMEASE K = U F,, | K& F, %
HKCE. ARxt—Y) k. #A
m(E\K) < m(E\F,) <—i—,

Ft L m(E\K)=0.#% E\K=2,.lli1% E=KU Z,.

Gs; 3. F, ££'% # Borel %, \\1fii_EiREH L T Lebesgue a] il
5 Borel £ BASE &R, BoAb I SR AU BE &) 1 BE KB A4 ik
EBEN: FERSENEH . m(H)=m(E);FEXTE®
K MEm(K)=mE). AWMLY HES K HE HEUN|ES
L. FaF—RAE E SN Ed R XN ERE
HEERPE SR RHEET.

EE2.15 GMUERMENYE) #F ECR VWFAELSE E®G,
£ H. B m(H=m" (E). (WHEAIHHK H A E ENA.)
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iR N TFENAAE L FELE EMTEG. ER

(G < (ED +%

BUfEfE % H = ()G, W H &G, % H HOE. [ %

m (E) < m(H) < m(G,) <m (E)+—

Frh m(H)=m (E).
HEE. & HZEE MENEHEm (E)<loo,lf
m(H) —m*(E) = 0,
B m " (H\E)A—E%T%. A Al LLUER] H\E B —nl il + 4 %
hZ .
#ig 2.16 & E.CR" (k=1,2,---), 1

m'(li_mEk) < limm *(E,).

b—o0 f—or

iERl X8 E HEFNE H, -
H, DE., m(H) =m"(E) (k=1,2,),
W a] 15
m*(imE, ) < m(limH, ) < limm(H,) = limm"(E,).
k—>oa k—>co k—>oc k—=oo
¥ 2.17 HI{E ) ZBHEEL N
limm*(E,) = m"(limE,). (2. 6)

k—>oC k—=o00

EIR2.18 HEEC M, ER,M(E+{z,}))EMA
iERl HEFE 2. 14 v] A0
EZH\Zs
Hi H= ﬂck, G BRFFE,m(ZD)=0.HH G+ {z ) BT

BT

ﬂ(Gﬁm
RIS RIESN B AR A AT ZH (o ) RF WA,
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FTRERMNEX
E+{z}= (H+{ze D\(Z + {z: })

(ﬂ(Gk (2 PNZ 4 {z D))

SEBPRTAN E+ {2 } € A P F 51U BE 9 °F 38 A 22 V45 2]
m(E + {zy}) = m(E).

i — U, E7E Borel oo R EE XTI E . BXFEHE K Au(K)<
+oo, MFR p A Borel Ml B (R SR, R" I ) Lebesgue {l] B & —F Borel ] F).

ATLGE (REIR) : & p 2 R ERFBAZEM Borel W B, W AFAEH 5L A,
{f 8%} R" 14—/ Borel 8 B.¥

u(B) = am(B).

XL PR T — % B T 4b, Lebesgue Ul B 2 R* |78 A48 i M — (1
Borel ji & .

Bl 1 fELO, 1] HsE —HFME E.

i 2{r,}=00,11NQ. I ., =(r,—2 " ,r,+2 " ")(n,kEN), B H

m( H 1k)<2 k+1 ( ﬂ U )ﬁD. M F &4 I\’L:Jl I, (kEN)YEI R IA

P A, T 1 E— ﬂ U I, R .

k=1 n=1
B2 &% ACR,HX 2€AHFEXFEZN A p.(p.qEZL.q=1) , fH 15
| x—p/q|<1/q" I m(A)=0.

iR () 4 B=[0,1]NA,EEBR x+n—(pt+ng)/g=x— p/q,. i A=

U (B+{n)) AT R 45 th m(B)=0.

n=—0oo

. 1 1
(i) 4 Iﬂ_q=[§—'q—3,§+q—3}smu z€ I, . SHT
L g rc i, 2.7
g q
At g=2 W q=1.EKEN 2/¢ HXEFELH - = A‘Eﬁ W r€ B

% HLY - RFEF LB, -
B, =[0.11n( | J1,.)-
WX R H D m(B,) <+ oo. p
i (2. RSB g b8 1, N[0, 1]~ B
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L pegban,
q q
7 ¢=2 Wt XA T 0<<p<<q. At KA1H
m(B,) < 2(g+1)/q°,

B 78 BT iE .

BEE M THNE.

1. I ECR",Hm" (E)<+o. 58

m"(E) = sup{m(F): FCERABRHALE,

RIER E 2 il 4E.

2. W A€u, BCR", iR IUEH

m*'(AJ B)+m* (AN B) =m"(A) +m"(B).

3. W f(x).g(x)Rla,b] b ™4k WY 2 R 8, B X EER)
tER,H

m({x € [a.b]: f(x) >1t) = m({x€la,b]: glx) >1t}),

RUERH f(x)=g(x), € (a,b).

V2.4 IEMEESEEKNKHR

FRATFNIE R A AW B2 T B S5 R R AR ROR
B, Hi, X F—1PMEEEMNENSERHNAREAEREAMS Al
DEREN - KRES —ER“BFEE -MEEN,MHIEEENE
A A Y RS 3 X, B2 s B 1Y 5K S Ao O I B 55 0k o A A AR R 22
A,
EE2.19 ®REZR PRATME, HmE)>0,0<a<1, MFF
K I, (875
Alll<m(IN E). (2.8)
iEB A& m(E)<<+oo, X{F 0<e<(A ' —Dm(E), ¥ E

) L-EE (L) 18 D LI <m(E)+e. WML ko HBAL | <

m(Il, NE). HEL b, 5NV kA
AlL I =m(I,NE),
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| A 75 m(E) < > m(I,NE) <A, | L
k=1 k=1

< Am(E) +¢e) < m(E).
X RE m(E)<<m(E), ;=4 FJF.
bR E A RRAT AR — A A Kb B — R
(REAT PTE B R 25 /N T BSR40 8 B IE 4 e Y0R8, X — 0 B 2
A—ERETZ.
Bl1 [0, 1]hAFLEIEN & E, X0, 1 ] fE—TFIXE I,/
0<<m(ENI) < m(I).
B Ho.EL0. 1] Cantor £ H,: m(H,)=1/2. K.
EL0, 1] H, B4R X [E (1, ) A 1, N FEZ Cantor £ H; .

m(_HU):HU |/2?-T‘FT’E H,= U Hl_i- ﬁk}ﬁ,j{rj‘ H, UHz EJJQN%BJE—'J
i=1
L;} BB I, XYEZ Cantor £ H,;: m(H,;)=|1;|/2°. Big

UH AR A AT UG (H,, ). 4 E= UH .

EIEZ 20(Steinhaus ) % E & R’ FFE’JTUHIJ%,E m(E)
>0, fE(m &) S5

E—E lx—y: 2.,y € E},
WA AE 6, =>0,f#i1F E—EDB(0,8,).
ERl BAWE 1—2 "' <a<<1. @ 2. 15 "W H FEAEE A
LB/ AI<mdN E. BfEL I MEREAKN 6. FHFIEITHE

J= 2= (8188 |5,w<ﬁ € = 1,255 m) ).

def

M RFUE JCE—E Bpa] . il B R ZUEA X B4~ oo € T, S5
ENI 5 EEEND+{z X (MHA y.2€ENT, 7 y—=z=
x)EIE[HR T BURS PO Gh KR o BFER, L) T 88
AR T+ {x M &R T B O, T
m(I N T+ {x})) >2" |I].
I T 5
m(I | (I+ {x}))
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86 D Lebesgue ] &

=|I|+m(I4+{zx}) —mI N I+ {x}))
<2|I|l—2™|I],
B m(I U (I+{x:})) <21 |I].
BHTFTENISEND Hx  AEMERAEFBHRKT AL F
i AR E T TU (T+{xo D) Z 0, BB T 40 8 A 3C , 75 W) H: 5 48 I g8
BRT 221 N5 EFE.
Bl 2 A EXAER ERRE (), 02
flz+y) = f(x)+ f(y»), z,yER,
H#E ECR (m(E)>0) FA RN f(2)=cx (zx€R), HH c= f(1).
iR () EE.HEEm . reQ. A f(r)=rf(1).

(i) KiK.t m(E)>0 Al J, fFfEIX[H 1. ICE—E. A&
(D<M (z€E), XMIFEMW €1, £, €E, f#i1g
=z —x W

| f() | =|f(z)— fFE) <] f&ED 4] f&TD < 2M.
ieI=la.bl, HEZE[0,b—al. H x2€[0,b—al, ] x+a€E
La,b]l. NTT B f(x2) = f(x+a)— f(a) A H, |f ()| <4M,
x€E[0,b—al. it b—a=c,iX i
| f(x) | << 4AM, =z € [0,c].
S H | f(z) | <<4dM, xE€[—c,cl.

EHXNEEMN cceRUKARE . WHEEAFHE . HH

le—r|<<c/n.HILIEANTEF
() —zf D) |=|fx—7r)+rfQ) —zf1)]

=Uu~wr+uhxvmﬂg4M+;”“”.

B » EEEGCEEMS BE () =xf(1).
BEE MZE T RE.
1. % ECR, H m(E)>0,RiFHFELE a=>0,{#15
(E+{z})NE#QZ (|z|<a).
2. W ECR Bu[4E,a€R,0>0. HMHER | 2| <6 —V] =,
Y1 at+x€EE 8 a—x€E,iRIUFH m(E) =96,
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§2.5 A w] M| &

R" R S EFIEHR 2 7T I £E , ;X — &5 Lebesgue A% A B3 i UL
BT A — A A 0] I £ 5 #]F 2 B B KRB K Voltera fif
W, Hh E AR A, SR 7 — a8 LB 18 B A v il
LWL Z MR, Bl R B R B R e 1], LU IR 3 22 3R
R0 ) T8 E S L TR R AT X X e 0 R R AR B IR %L R iR A ]
i ££ /) f5] ¥ J& F Sierpinski.

BI(ARATME BQ AR FHAMOGE. XTR PR x
Hy.Hx—yeQ Wik z~y. REX —-FMXER“ ~". ¥ R
—YEALE NAENXZEYRE KXW Q AHFH HHH —
). RERBEEEAEC, AE—LBPERE — G B R — 5E RS
& IFEh WL Wk AR aT il 4.

FE b E W AT g, S —F g & m (W) >0, JATT AR 45
2.4 EH 2. 19 MEM 2. 20, T HEEW-—W FF
B(0,0) , HILFFHE

re(W—-W)NQ", x#0.
XA FEWHHE Yy H2.HE 2=y 2,72 X5 WH
RF JE. TR RA S _MEE L4 : m(W)=0. Bt E & /E 7 514>
ERB A
WHA{r®}, {7V 0® e r® e} = Q7

BRE R = | J W+ {r*}).
k=]

HFmW)=0,AlH m(W+{r®* =0,z H R* 2FWE. X
—FIERASE _MERERAGEERLE. TE W AZE Lebesgue Al 4E.
FEELLRE FAE—4 m (E)>0 {54 E fh ¥ &H A M4E.
F L ERARATREW R R i — 15542 b 2k ke T LY (B 3L BR
EHAHHRAEMMANERFEE - TR UHRREFN ST ELZHR, A

® RAFERREIEIL.
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W AT LA LT LS8, HRE—-FEEEMENRN W R ERE. Hid—
Yk A S X —4] « >0, FFE WE S HF m (W) =aGIE I 2 5
B HEBENEEMS ., WL Monthly, 1979, Aug. -Sept, No. 7).
2. KM RENASTREZ . B 2/ND HERTEAZH. HER
B—f A ERRE A U - HNENE _HE A
fe#RATME N KZH"BA ESMNE R GQEAHE AT Int .
Math. Educ. Sei. technol. , 1988, Vol. 19, No. 2, 315~318).
3. AW BAAME MEARBHEAT N T RumEEKE: F1FE>0.EH
ADW, BDOW
MAEEM TS AL B.AA
m(ANB) = e.
KXW S W S RIS — R, REEE. N —REER &
ie B =C, M CCW. IR %5 U6 B, A 0] I 48 J2& 0 i HImT 3 86 A b4 1
57 0] >k 8 T Y.
4, R" P HEEFMEE . f E+E 2R 4.
5. [0 1] FAEATHE E. 1S E—E LM A.

. O, VI AR AE B R AR A8 B A 7T 0 42 31 (W, ) U =10

. (0, +o2)=E,UE,,E,NE,=@. &84 E.(i=1,2) (HxR) Xk
EWRHE N E, L E, %7507 il 4.

BET BETH N E.

1. il 2R FFAETME ECL0,1], /4 TEEN xERIF
t yEE, B z2—y€Q?

2. WM B S ESNE: )18

m* (| JE:) < 2 m"(Eo.
3. WAELO P E—ARATHE W 18 W—W KA.
4. W EATMEE,E 2 a4 KL uE EAW Z A 0] il 4.
5. WA K& E. ZXEEMW L
FCECG
WA F MITEG.H
s%p{m(F)} < ircl;f{m(G)}_-
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i AEM E A al i,
6. BAIA) . — ik AT I 4 ) 5 5 b 2 ] U SR g 2

¥2.6 ELARE T4

HEMETHEX LR TER BN, ARATEIIHLEEETH X — &
HieHFEB. A, L% A MEAES P, SRS R a2 T 22
N 0= 3N ik ) B A 1 SO 15 I /A A I Rl B %8 O D A £
TH5E  m— B A X — SR A B, X B2 S g Fe
BEMEAFAEEROBEE 1A EHFLERT ATAFTEREFEAN N
fife o o AR AR L AR OO T

EX 2.3 WHZHT: R—R.EGIE—IFTE GCR" GG E

T(G) B} {z€R": T(2)EG)
E—THE MK TEMNR E R HEZETR.

B 2.21 B T: R"—>R" REZEHRE T 0 EFMAZ HE—H 2€

R LI RAEE W e >0 .77 6>0. @Y | y—x| <o,
I T(y) — T(x) | <e.

iER #2H WE—H R URFEEMWNS0.H B FHE

T (B(T(x),e)),

T FFHE 6=>0, i 14

B(x,8 < T ' (B(T(x)+e)).

XU Y| y—x|<<oBf f yeT "(B(T(x):e)),Hl
|1 T(y) — T(x)| <.

ok BGCGER PE—FHE.HT '(GOARERTSE, MME—E 2€
TG A T(EG WL JFEE >0, B(T(2) o) CG. R\ AR R
I e> 0,057 6>0, 8 Y | y—x|<oW.H

IT(y) —T(x)|<e, B T(y) € B(T(x).e).
XMED B(x,HCT (G B T '(G)EFTE£.

Bl1 FT: R—>R" BLRWZEHE N TERELETHE.

iERR 2 e G=1,2,~ mER" PR —4E WX R PEEH = (5.8,
) A

r= &e +&e + -+ Ee,.
BES T))=x.G=1,2,~,n) , LEF
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T(‘r) - El-r] +EZ-1‘2 +...+Enxn-

M= (Dlal)

I T@I[< & | |21 | +1& ] |22 [+ oo & | [2a]

< (3 1=1) (D 1el?) =Mzl
i=1 =1

F L AT
|IT(y) — T()|=|T(Gy—2)|< M|y—=z]|.
XA T 2 s Ar .
EHE2.22 ®T: RR>R" BEHEZER. # KER FHEE,NTEK E
R" ff) EE.
E X F TKOWE—-FBHEH )2 G=T "(H),W{G}ZEKH
FEER REARTEZEETHE(GHHFEG, .G, .G, 15

k
KC UG,}.
=1
IR T(K) C U T(G, ) C O H; .
i=1 =1

X TK) & R iy EE.
#i2.23 B T:R>R BEGTH.SZERF, £ NTE)EF, £.
#it2.24 & T: RR—>R" BELZTH. 55 R PWE-FNE Z,. T2
AT EE WX R R E—AT 4 E, T(E) 2% A 7] il 4.
iERl MEEH 2. 11,8 E=KUZ,HP KEF, £.ZEFWNE. HA
T(E) = T(K)UT(2),
M T(K) & F, . T(Z2) RFME, B TE)E 7]l 4.
FHEEER TRFAETNEHZER M FEREZH; RITEAR TR
it
EH2.25 A T: R—>R BETRLHELKR ,ECR". N
m* (T(E))=|detT| D « m*(E). (2.9)
iERR id
I ={x=(§.,&,:8): 0< & <], 1 <i<n},
I=f{x= (Bs&8r8): 0L E 2", 1K i< n).
BRI, R2ATHEBET+H ) (G=1,2,-,2" ) WHE, T()L 2" 4

@ |detT|RAERE T 897751 #4834 {H.
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T+ {xz;})s j=1,2,-,2"
MFE.MHAEE T ' 2ESTHR)
m(T(I+{z;})) = m(T(D), j=1,2,%,2",
BAEBE (2. DX F I, LS.
m(T(I,)) =|detT |, (2.10)
1] | detT | = 2"*m (T(D).
KR m(D =2, fr A5 3
m(T(D) = 2 |detT | =|detT | m(I).

XU (2. 9K XA T LA K T i F#8 5E &B Sz, AT AT 1 (2. 9) X%t T 4~ B
AL T 3 (A0 I 4 R R it 3K B A XHE — P4 GCR (2. H R
BT SR R S A ) e i S BT R ke — (2. 9) T

FHEIEMC AIOXR . KERME TEL AT LUEXRANTILA LA
Fe .

(1) MFR & o8 yeer & Z BB

(1) & >R .66 (=2,3,,n);

(ii) &8 +&, £>&G=2,3,,n).

HEOMEE, BRA |detT| =1, T,) = I,. Wi Al (2. 10) K B 57

EGD RS B T o]t {5550 AR — AT LA p M5 3, et A

T) = {x =(&:&,:8): 0<<E <1 (= 2,3,.n),s
0LE<BBE>0,8<8 <0 B0,

M AT 5 m (T (L)) = | Bl B2, 10) 2T

fEGiD I EIE , )i detT=1,1/ HA

T(I) ={z=(§+&§,:&): 0K &< (i£ 1),
o< aE—& <1}

ic
A={x=(§.:8&,,5) e T): § <1},
ey = (1,0,--,0), B = TU)\A.
EN1A
A={z=(&:&» &) E L: & <&},
B—e = {zx=1(&,&,:8) € L: & <&).
A 15 £

m(T(I,))= m(A) +m(B) = m(A) +m(B—e,)
= m([,) =1 = detT.
XU (2. 100K R I, BRAE.
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BEAYE T=T, T, - T,, XBMES T, RO ~GDEEZ
— W1 F U 43 T
m (T(E))= m(T, (T, (+=<(T;(E))=*)))
= | detT; | | detT; | ==~ | detT; | m"(E)
= |detT | m*(E).
F AE(detT|[ =0}, T ¥ R* &R —MMEAELME T2, BARAHMEER
T RANA
m(T(E)) =|detT | m(E) =0, ECR",
Wi£2.26 & T: R—R ZEFHFFLKUETH. HEEC AN T(E)E 4 HA
m(T(E)) =|detT | m(E).
Bl 2 % ECR® Z0ill 5, ¥ E 1E iE §s 2 e )5 B i 8 ok T il 48, B B
AR,
B3 R =AW ST e R R
ER BAAR PE— =ML T 4. b+ 00 B A T B AR L R
WifRsE =AM — DTSRG IE =AM T, KERIE R | T|. RAm(T) =
m(— D) JFLULFBEAE 2m(M =m(T) +m(—T)=m(P), ¢ P BEFE17
Wihie. # P o) FEMBERESCFR, AT PREEAERE Q. HA
m(P)=m(Q)=|P|=2|T| . \iitd m(T)=|T)|.
Bl4 FED={(x.y): 2 +y<rA}ER Falill%E. H m(D)=mn".
iRl iIdP. 5Q. ADMAESHYIIE hIE.th P, 5Q, Wil 5
WD EnigE. EFES P,CDCQ,. U K&

» sin(xt/n) T 2
m(P,) = nr —/cos— — qr- (n—>o2),
n/n n

D!(Q,,) :ﬂ:rz M—)—nrz (n—>oc2),
n/n

Al Hl m(D) =nr.

VR AT B S5 2R B 28— A oROF- T B T Y B2 0 £

Bl5 WEC(—n.n], 0<a<b<+oco,%d

Sg = Sg(a,b) = {(rcosfyrsin@®): a < r << b, €EE}.
REHE & E=(a.p) W Se BL2EEFTiRaBEE . KmEA
(0* —a*)(B—a)/2.
(1) M F—M ik E.RNA
m*'(S) < (W* —a*)ym"(E)/2.

(EEXB m (SR 45NN EE .m " (E) R —4E4MMEE. )
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ERR () B o<t oo, it HES >0 T K a5 (1, ) - UI,,DE.
n—1

DLl <m (B +e B, | S, DSc MTiA
n=1 n=1

m* (Sp)<m”’ ( U St )g inz' (S; )

n=|

= . |
= (bz—ag)z | I, | "’ZQ(J 2“ (m* (E)+eg)s
n=1

e B AE B 1 RP 48 B E.
(i) & b= +tco,m " (E)=0. ILHf .3 n=>=1, H ) H
m*" (Se(a.n)) < (0 —a®)m" (E)/2 = 0.
PNIEE £
m” (Sg(a, +o0)) = jl*mm (Sg(n)) = 0.
(i) B b= +oo,m" (E)>0. %5t B
(2) & EC(—n,n /20, W S ZaT 4.
B HF Sela,b) =80, +o0) N S—.x(a.b). B HFH 3 H
Sg (0, +oc)a] il Rpay.
B IC(—n,n ] RIFXE I T=S5,(a,60) (FHBE) . E=(—n,x]\E LK
Se=8p(0,+c0) , RMTA
m (TSg) +m " (T Sg )
= (Sl B)) F " S L))

b —
2

. ;“2 11| = m(T) (FHRBEERD.

WRRE—NHER.SAMETHEAMENANNHABIE T, A0, 2£
Z—FMEGHR). HGFE IR B T 145 3
m " (RNSg) +m"(RNSg)

2
= 2 {m*(INE) +m"(INE))

< D m(T.NSe) + D ,m"(T,NSx)
n=1 n=1

<mTy =m( T )= m®.
n=1 n=1
XM E—®IE RA
m(R) = m"(RNSe) +m*(RNSe).
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M Sk BE8E S BORME RIFASD) LRV Se R ATH%.
2] @ 2

1. % ECR,HEFT q: 0<q<1,.fiEBMF—X[E(a.b) . #H FF
X[E 3L, -

ENa,p) C | L, D m() < (b—a)q,
RAEB m(E) =0, B B
2. RA ACR,A CA, A BA[E,H m(A)=m" (A<
+oo iR UEM A, 2l 4L,
3. & A,BCR" #8 2 nl il 4 , i UF BH
m' (AUB) +m*(ANB) = m"(A) +m"(B)
(H A,AUB k5 4).
4. W R BAEEWE F.FCla,b]H F#[a,b], i
m(F) = b6—a?
5. W7 R PE LT BB A 4 F.#18 m(F)>0.
6. & I=[0,1]X%[0,1],%&

E = [(x,y)EI: sinx<%. cos(x + y) %%Eﬁﬁ},
Rk m(E). & . n/6)
7. BB R TR E m( | E) <t oo, HIED
m(TmE,) = Tmm(E,).

8. W{EELO, 1] HaIES ,m(E)=1 (k=1,2,++),i&k
iiE B

el (1B} =1.
g, & El 9E2 S ’E& %[O,Hq:‘ﬂ’ilﬁfiﬂ']%,ﬂﬁ

k
> m(E) >k—1,
i=1



R _ﬁE,)>o.

10. % A,B,C & R" a4, &F
m(AAB) =0, m(BAC) =0,
RIEB m(AAC)=0. (AA\C=ANCNBUB)Y=[AN(B\C)]1U
[C°"N(A\B) D
11. #(B,},c, & R HH—EF Bk, i G= LEJ,B“' A 0<A<

m(G) A A AT R AZE M IFER B, B, B, , {73

Sm(B, ) > 2,
k=1 . 3

(# KCG %4 m(K>>a, 746 | B, DK R HBRAH 5 4h

HN S RIE A S HAMA =)
12, & {B:} & R il AT M £ 5] ,m (A)<<Fo0. L E, =A[)

Bk(k:]-!Z!...),E: ﬂ Ek 'iﬁﬁf—%
k=1

limm*(E,) = m (E).

k—wco

13. % ECR',HDE H H Ev 4. % H\E Wt —al il 4
oRFMLE KM, HEE WSENang?
14, KIEASE ETUAN RS L EFMNRE: LS >0, 1
F4£ G,.G,: Gy DE,G, DE, #1858 m(G,NG;)<e.
15. & EC[0,1|2ri%,BHA
m(E) >e>0, x;€[0,1],7i=1,2,,m,

st o> RIES E AR A SR S T (o, R

A S Z E R .
16. & W 20,1 AT 4 . LIEHFEAE e 0<e<<l,ffifd
Xt F[0, 1] fFE—i 2 m(E)=e WAl 4£ E . W E &/ 7] 4.
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il

(—) Lebesgue 44 9] B 28 ¢ 2 F o4 A0 BE (9 00 4 22 57 i 1.

B ECla. bl AN EE m (E) WY 5E U5 A F B FH s SO TR] O {36 24 X (8]
1 P B SE SR

mJAE) = (b—a) —m ([a,b]\E).
A m (E)=m.(E) . W# E Jrl i, B2 CH R
m(E) = m*(E) (= m.,(E)).

S X—RETANRHNARSEMAN, A XEET B - ROHMEHT
Sl AN BRI EE A R RR L H AT it MR R, A
HORHRBE. T LAGE B 24 A BE B A w] AR e 9 Bt B A T B R Z

(Z) fE 8 2.3 . 3AT4EH R P Borel £ A &Y, B AE— 7T 4 & —
4~ Borel 285 —PF ML w4, IR 4 & WA AR Borel 1 al il £ WE? [n]
RN ER. BAETRATLL R R4 4 UL WA A J& Borel 46 i 0 4 2 AFTE (1. Ik,
Fe A — - — ey 5| .

513 & f(o)RE XA ECR EHSCH R D& R — 27 84 1l 1Y
o-fCE.H EEn. &4

d={ACR: f'(A) €T},
W o7 B o 1B

iEB () HEA fF'(R=EET, Ll RE A

(i) FHFAC A NME fF '(A)Y=E\f '"(A),q[ 5 f '(A) ET, N 1§
A‘e

(i) #F (AR S —EFFE £ (AD e M H

£ UA) - Uf L(AD

g DA;:) € I i 18 DA,,G..J.

FR=FHEREA &2 —14 o fREL.

I W f(OEREMEZSRR. & ACR 2 Borel £,0] f ' (AHE
Borel ££.

ER 4 T2 R H Borel o fR¥.G 2 RPFFE. RIE f BOELEH,
fHOWRITE. At 54
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d={A; f'(A) €T},
W f (G er. hifi GE o, LiR5|BigH o+ B—1 o UL B 1L H — 1] Borel
EERRET 4 XHHAE AR Borel £, f '(A)ET, B £ ' (A)JZ Borel .
%1 (3E Borel SERYATME) FE R F W0, 1K [H, @) Z[0,1] [ Can-
tor pR 4. 1F R B

v(z) = %(J'+@(I)). xr e [0,1].

SR R0 ] M ESERH. H (O =0. (D) =1.ic H R EE N
v VERELSE(H —— X5 5 R AL

AR ]hE Cantor £ C.HAAEMEL BRI EBER LN PR =0
XEIA L (n=1,2,3k=1,2, 2" ") HKEHL,| .M v, ) EKEH
Lo | /2 B9FF X (E] GEE O FE L, EREFO. I L%

- ot 1

f(UUr)

n=1 k=1

MR 1/2. 54 (O =H, "M m(H)=1/2.
AW REH HhHATMAE,Hic v ' (W)=S. AR SCC,Frll S Eri4E,
{8 S K2 Borel £, & WARHE A HE L . W dL & Borel 4, I 4 AT i 4E.
WAk, % F Borel il i 5 Lebesgue M, KA1A FiRE®: B p 2R LW
Borel M B, H px([0,1]D)<+oo, HXIMEEM X [E[a,b), A & R hE & D o
F— K x0,3F
pllasb) +{x}) = p(la,b)),
M x(E)=2am(E) (E /& Borel W] iil] %).
FE L, MMEBRHA cERAME D P {d): di—>c (k—>00), Al
la+disb+0) Dla+diisb+ o),
[(6+disb+¢) Db+ diisb+0)
lim(a+disb+c¢) =[atc.b+c);

k=00
lim[b+d.s0+¢) = .
k=00

(k  u 1,129"');

M 24 k—>cofif , A
wlla.0))= p(la+di b+di))
= p([a+dib+0)) —p([b+di b+ )
— p(la+tcb+0)),
Hp plla,0))=pu(la,b)+1{c}).
(i) MEEW BRE m,n, EED



98 % —F Lebesgue ® &

wcommr = [524))
= ([0 L)+ (L)) = me([0:2)).

w000 = ([0, 2) )= me([0. 1))

#([o,g))zgﬂ([o.l)).

Miixt . €Q .3t A
plr' "N = p({r' Y+ 0,7 —=7))
= (' —rNu(f0,1)) = am ([ ,7)),

Heip A=p([0,1)). k5 A a.bERMAH p([a.0))=am([a.b)). H L, 3}
FHE G.#F p(G)=im(G). Xt — Mt Borel £ B, 7] & B 1918 1 JT 5 51
i ¥ , BN S AT E.

Gt : (O X F Borel £ B, ,B, , £ % B, —B, A —E{} 2 Borel £;

(i) B FHFLEIE Borel £#Y Lebesgue A[ | £ E, X4 Borel 8 H: HDOE,
m(H) =0, £k Borel % % LA K3 2 Borel Ml B p # i 899 B =5 [8] (R,
Bop) RATER

(iil) FEAEM BE 25 (8] (R, oAy p) « ADB MG H PRI E RGER N

E=BUZ, Be%, ulZ) =0;

(iv) R* i &R — € J& Borel &£ ;

(v) R F1) Borel £ 4 Ky EE .

(=) ®ECR EZAME. H#XHEEN . €EREA

m(EA(E+ {x,})) = 0,

il m(E‘AE +{x})) =0, m(E) « m(E°) =0,

(M) X ECR.EHFE O, EMERNKXE ICR,HEH m" (END=
8+ m(D . U2 E Ralfi 6t , H m(R\E)=0.

(R) EELAE AWl

FEESRHFELGEMIEAT RINEFFEE-HESPERTE.H
BREBERHNES L. B  XFHEERERFR? XTE-FAE, IR
HEFRABE. EXRLTHERE. EBAEBH. “F I 2HEAHH — &3
SEAMERHNESE NEFEES X.ERZENE—TEAPHRER—1 T
RMERE. "EXE HTFTRAABRBEERESTH PR BEANTX
A XWHEEEEESRE. 205k 50, RA F 20, N85 WE P % B A H
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FHWEER 1T858 BAXBHFHE HMENFER—-RERER—-1TES,
MARKANZIT RGBS EN, LA REANNAE . BIAAEFREAE
RE. T, B S — A B R i 250 THE.

BEAKAEFEABAIAREGSENRFE? AALEHAEELN Z.F. AE
FERRET EFELHEMHFTN. HK.EEAETHHMARSH? AR A
MNEWEFEAEE Z.F. ABESIE R0 H M A 5 A5 57 1.

X R TERFMFEN  AMNERGFZ5ERABEFNMNEMIER
W FEFZHF S XA HE ML H. B T a0l E b pri 2 6 R
] £ 0 AFAE S, SO 7 S B R ) Hamel 3 37 86 40 #7 7 69 Hahn-Banach
Pk E B b= p BRI A ] B A Tuxonos & 5.

AT EEREAAE R AT PR AR P & F LM AT E 0 HZ B ANTEH
e R0 BYE Y. Bl 40, AE 1924 4, Banach fl Tarski 4§ . B FH e £ 24
B — R E R AIERAN S 2 EHRHE G R AFAN 5 REBRKE R K
INIERE. X—Z R E5AMNMERZELSHR . AT BRI X228 O FIE.
(YR XARNHBBrEEATTRE.D

KTARMEE ERTARE SCP S e, RIOTHB T8N, 2R
—RNE . GNMEZF. ABEGRASZ (A EEFEAH) F,1964 4 Solovy
T —MESGIDEA, 44 S AEE 2 Lebesgue iU 9 (Ann. of Math. , 92
(19700). FE X —FHIR ARG WREFAEAX A H A EMTH T,
MV R TR AT, B A T BB, SEFR I, th Cohen JT fif 14 485 8
B EEAAETM AR MERFIE. H T AT & 0 778k x5
NEAEL, LA AESNEN D K EFEAEEEN MENES BT,

WSRFATIN 55 — ff BEF [a] 0, B 7R A 26 R 2 38 S 22 08 e ol B v ) £,
AR 2 55 O3 U B Y ] B80RT X — M B (B A m([0,1]") =1 KA K-8 A28
RS EAE), —Fh Ik 2SR aT e, Gl in b E. BEXHFEREREE
KAAL ; 55— Fb 7 v B ok A BR AT A, 20 42 20 4E 4 Banach fHiZ s 4 &
Higd T ROHIE  BEXERSERL LFEVHRPAHEEELZNXTRS S
R BIKF S TRIFERT.

KTATMESEHM R R, Sp\Iovay BHEE WRRINMAFERNT
¢ WA AT B ERAFAE AR 4 F 38 45 T8 2 0 RE IE I SO e X S T 0l 48 1) A7 AR 4
AT INREBNT c AT AT EFE L2 ELEFME. F5 L, ik
ERNAERAE F.Hm(FP)>0,MAEAKXE Jo.J: JoNT =D fF

m(FNJ,) >0, m(FNJ) > 0.
gkzxt FNJ, 5 FNJ, #f7 LB EH—ET X758 THE:
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N AN

Joi Jio Iy

ANVANEIVAN

100 110

AAAAAAA

XHETH LI MAHFERBEINZ2EK . ERNERE . X—F/FURH
m(F)=0.

i S O 71 I g

(1) FEHE BT

(D) ME—EFEE X HFE——B T: X>XXX;

(7%) WARX T R PR IEME EAFERPHIENE A 5B, f#1§

m(E) = m(A X B),

MEE ERNEMER. THIEL R PAESIEMERAQE A ENEE.

B ic[0,1]%12 Cantor £ C. : m(C.)>0,HAEVFf S 5.

={(z,y): x—y€e C,}C[0,1]X[0,1], m(E) > 0.

RAEBREFELVFMEMSE AL B, #if5 AXBCE, 2% A—BC
C..HHK m(AY>0,m(BY>0,ffll A—BAESHAE.FIE.

(4£) 3E Jordan 7] U £

i2[0,1]1NQ={r,},0<e<<1. X nENEFXMHE I,. I,C[0,1],r,€1,,

m(I,)=e/2". XM G= Uf K=[0,1\G, |

(D) Gﬂ‘]l*ﬂﬂﬂﬁ’]‘:l:e

(i) GHFME=1, G=[0,1].

(iii) G &%, HIE Jordan AT £ ; K B'E % . H EAF Jordan 7] U ££.
JV) 28R

EX & ECR M x€E K

limm‘ (EN (x—hyx+h)
A 2h

WS > HREE RS2SR GE ERMTTME, WK+ ME H2%H.)
il & ECR, E ffJLF4b AL B S &R RS 2% 5.

=19
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R AGEREERAFRE B¢ 0<t<1.MAFTHEAE

A e {IEE: li_mm (EN (z—h,z+h))
h a0 Zh

REMERT. ML ATHR L 3HELH 0,88 m"(A)<e(1+3¢ ') BFA].
() EHEE G: GDA.m(G)<m™ (A)+e. BEIX G HIE—-TTWM FEB.HE
m (A< m"(A N B) +m"(G\B)
<m'(AN B)+m(G) —m(B).
18 m" (AN B)=m(B) —e.
(D) MEEM €A EUABE I mAHWIFXE 1. € ICG, H
m (EN D <—8tm(D.
Ak SRR 5 AT IF X E BT, ) . (H

"L_JII,,DA, nufﬂc:G,

<1—t}

HA
m(ENL)<A—0m(,) (n=1,2,).



F=ZF f 0l & H

Riemann R ) R SC, AL i , S X 22 A 227 1 22 1Y oR 43T A
(B Il — 5 X AELa,b] EHIA e B2 Riemann A] FUAY 5T
OB R R ESE S 4K Lebesgue Ml R, WL F &) . 5048 bR
Borh T E 2 ) Lebesgue B orie , R EL MR Y LB E XK —
FpR R —nl il pREE b .

5 % 22 R BOR ], AT of 0P B PRAZ 36 2 5 B9 X B o B
SLE R FE BRSO AR R ENER]. AT T AL REF 2 AT
BRI B0 5 3% 2 oK R AT I oK BB Y R S OB S — BOlcsoe HAE VTR ER
A XEARAMKBEMMETHNEER BRI RERR
fEH.

§3.1 Al R E Y E R M R

AT R R EMGE —, 55 AT R °] M o8 B 727 K2
BME” 2oo. (R RU{+oot U{—oo} A7 LEHEOBMAELKA X
ToofIEHMMAEMT (EBE . XBEHN ToRARIELFT RER):

(i) —col+o0, 2ER, | —colx<+o0;

(i) # € R, N

x4+ (o) =(+)4+x= (o) 4+ (o) =4 0,
x— (Fea) = (L o) — (Foo) =+ oo,
+ (£ 00) =400, =+ (Foo)=—00,
|4+ oo | =+ oo;
(iii) zER B 270 S RE N
) 41y >0,
SIENT — _1, ,:c<0,
x * (£ o0) == (signx)oo,
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(£ 0)(£ o) =+o0, (Foo)(Foo)=—0co,
HR(Foo)—(Foe),(Foo)+(Foo)ERLHE XH;

(iv) $EHI45%E 0+ (£oo)=0.

FERE, TR % RIEH oo,

EX 3.1 % f(o)REEXFENE ECR E#T SCE{E R %L
X TAEERN LR, 5

{x€E; f(x) >1t) (&EE N {x: f(2) >1t})
AR ()R E LRSS, %R /(o7 E LRI,

X—EXPERIEORNER (e R ET —EHFEH, KN H
X R P — P RABEEPHIT r BHES (2: () >r) Z0TH4E
SATLLT.

EE31 & f(ORANEE FRRE.D 2R FPH— %
£.EMEBEN reD, SE{x: f()>riARRATI4E, M AHEER
tER, B (x: f(x)>t) 2],

ERR XHE—SCH ¢, B D ) i () 1R

re =t (k=1,2,-+); limr, = t.

b0

HATH

(z: f0) >} = | J{z: f@) >ni). (3. 1)

WA SE{x: (O >r  BEFTE, rll{z: f(2)>t} 2]
i 4k

Bl 1 & f()RE XAEXE a,b] b BB HEEL N f(2)
La,b] I B A] i pg %5

HEL LW TEEMeER, EHE{(2€[a\b]: f(O>ERTTF
A= FEOLZ— . X[A] B A Bl as 5. AT AT A

{x € [a,b]: f(x) >t}

SR, XM £ () Rla,b] k- #AT I pE E.

EE 3.2 # ()2 E LAl o& %, W T 5 55 X A b 89 S
Qo mr ) .

(1) {z: f()<t}=E\{x: f(x)>t} (t€ER);
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GO (s f(l-);;}:g {I= f(x)>t—% (tER);

(iii) {x: f()<t}=E\{z: f(x)=t} (tER);
(iv) {x: fl)=t}={zx: f(D) =t} N{x: ()<t} GER);

(V) {z: fla)<too}=|J{z: fl2)<k};

=]

(vi) {x: f(x)="Fo0}=E\{x: f(x)<<+too};

(i) {z: fl@)>—oo}=|J{z: f2)>—R};

k=1

(viii) {z: f(z)=—o0}=E\{z: f(x)>—o0}.

UERR bR SR Al Ay 2 B B . 2 T A0 v A A AT P AT
BHANF .

AT I B X5 #E (D), (i) 55 (vi). M Gi) AT #E H GiD. (D 5
i) A 4 Giv) . B GiD AT #E H (v) . A (v) AT HE H (vi). DA Cviid) 7] 3 1
(viii).

F BTXEENEREA

{ds flad == [] {r:,f@r):>t-+-%-}

= E\{z: f(x) <t} = \ﬂ {1: f(:r)<t+—ij},
8 B e (), G 5 G B9 22 o 2 88 09 A 00 38 ] 54 £ (o) Al il 4 B9 2 .
EE33 DK f(OEENEEUECR LM XE{E K
ﬁ’%’ f(I)]SE E, ’Ez J:ﬁ.lﬁhﬂﬂ s)'ﬂ'J f-(I)‘&E Ea UEz J:ﬁhﬁlll,
(i) & f()FE E LA, A 2 E ]l g, W f(x)F B E L
fEA FRREE A 2R Y.
iER (D) HRFEEEFRX
{z€E,UE;: f(x) >t}
= {zx€E,: f(z) >t}Ulxz€E;: f(x) >1t}, tER.
(i) RFFEESFK
{r€A: f(x) >t} = AN{x€E: f(x) >1t}, tER.

B2 # E€ M Xe ()2 R (AT R 8
EEIA(ATNEHNEEERD = [(0,g(0) R E L%
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{EL AT {000 ok 250, I T %1 o 5K
() cflx)(c€R); (D) flx)+glx); (i) f(x) » glx)
#hAE E | #YA] I ek 2K
ERA (D XFTF€R.EH =0,
{x: c¢f(x) >t} = {x: f(2) >t}
A Hcf (o) E LRI ;4 <0, W i
lxs efCx) >t} = {=xz flx) <t}
Al e f()FE E EAJI ;5 ¢=0. 0] ¢ £Cx) =0 B a2 B B 5.
(i) X tERHT f()+g() >t R f () >t—g(2) . ik
{x:f(x) + g(x) >t}

= |J Ua: fG@) > rNixs g@) >t —r)),
i=1

Hop{r ) 22 WABE WA (o) +g(x) 2 E &Y a] il ok %L
(i) B, fA(OFEE L. XEE I F teR L EBNH
{x: fP(x) >t}
B Ey <0,
—J[{r: flx) >thU{x: fla) <—At}, t=0.
NE f()gle)={{f)F+ gl —[f(x)—g(x)]*}/4 h,
fo)+g(x) U K f(x)+(—g(x) & E ] i & %, BT LA
f(x) « g(x)7E E L n[ i,
W 3.5 bR BT Y s B M RN T ER)TT SCEEAE A T i pR
B 2 RS Y.

HELEAFTEETFINSE:
{z: f(z) =+ o0}, {x: f(x) =—0o0},
{z: g(x) =+00}, {z:g(zx) =— o0}
A 2 A 4 Bp AT

EE3AMNEHNEEMER 2 #H{fi(o))EE LT
K&, T 5] R 2K
(1) s’ng{fk(:c)}; (ii) igf{fk(r)};

(iii) }i_mfk(.w; (iv) limf, (x)

koo
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#h2 E Y] i p& %
iERE () EARITA

Filr LA igg{fk(r)}%ELH@ﬁTiﬂU@ﬁ.
(i) HF igf{fﬁ(x)} =— ig?{—fk(x)}» B AT ig{{fk(x)kﬁ
E Ewafiij.

(i) R E#E Tim /. (2) = inf(supl £ ()]) BT,

{x: sup{ fi(x)} >t} = U{.r: filx) >ttty tER,
k=1

(iv) R lim £, (2) I—E(—ﬁ(a‘)) A, limfy ()2 E
A AT R .

#®i£ 3.7 H{fi(»IREE LMW %S . BA
limf,(x) = f(x) (x€E),

h—>o0

W f(x) 7 E & /Y a] i g 5.
B3 & f(OREXEE FH) X LERE.S
f(zx) = max{ f(z),0}, [ (x) = max{— f(x),0},
FHaAmeElh fF(ONERS R 2R, & NAE
f(z) = fix) — (D). (3.2)
H f(OFEE ERAME, N £ (). f ()R E b & A o& %L
RZINR. LA A EATA
| f(x) | = fx)+ f(x), (3.3)
BTl = f(o)fE E ERIAY, | /(o) [{7E E BRI {8 R Z AR,
KT B E Gz EHEFRKAE S 3.3 () it
Bl 4 # f(x.y)REXAE R FHSLEAE. BXEZER rER,
flz,y) & yER LW EZRBG X EER yER, f(x,y) 2 2€ER |
A AT pR R, T f (s y) A2 R B AT I oK 45
iER XS EA n=1,2, fEREL
filzag) = f(xf) k‘n’l o gl f Gk = Oy 2= 1, 2= 2 5e),
HAMEEN (ER,H
{(xyy) € R*: f,(x,y) <t}
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= O frem k)< (B514],

s n n
FrLA f, (s y) 2 R® b B AT ok 5. 1 i 5
}in;lfn(r,y) = f(x,y), (x,y)ER?,

RP4% BT IiE.

Bl5 # ECR" E0[ill&. & f€CE) U f(x)& E E#& ]l
bR £K.

ERR Z%—E 8 1.5 ] 9.

BEE RAIUEW T 6.

1. #% f(O)EXEANE ECR . & A (oOFEE LA, B
{x€E: f(x)>0t2&n[ 4 N f(o)FE E L AT,

2. 12 7 M (0,1) b By —A 1% 22 ok B0 , T oK %K

glx) = .?rtelg{f(x)}, hix) = }_I.Elf;{f(r)}

52 (0,1) kB Al ek 4.

3. H{fi(x) & ECR" Ly a] il R %3, W f: () fE E i
) e B 2 AT €.

4. & f()fE ECR EA[ll,G #1 F %8 R g FFE M A 4, N
=% S

& A i) 2K
5. W{E,)CR BEAHKXWAIMES. & f(FE E(k=1,

2,) ERATWE, W ()7 | JE Bt RArag.

EX3.2 BRE-NTEHESECR FHHEc ARBaEP ().
HT EFRH—ITFMELS,P(OBENMEWF P(x)#E E EJL
Fabhb BB, FFEICH P(2), a.e. P2 EE.

® f(2),g(x)BEXFE ECR LR k%k. =8

m({z€E;: f(x) # glx);) =0,

O a.e. B3 L almost everywhere BB E. B H 5 M p. p. (3 3 presque par-
tout IEE) BHAILFELA" - AEEhHERFFRG.
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WM#H f()5 g(o)fF E ENLFAREE. LKLY (05 g(a) &3
Z8.108 f(x)=g(x),a.e. rEE.
W (o) RENTE ECR" LR pegE. =5 F
m({x€E: |f(x)|=+o0}) =0,
M#FR f(OFE E FE2LFRLFRE,IFiEH
| f(x)| < oo, a.e.x € E.

FE.| f(»)|<tco, a.e.z€E. 5| f(zx)| <M, a.e. z€EE £
AR, FEEETHE BRZAR.

EE 3.8 W f(x).g(o)RE XA ECR EHJ CEAEREL
f(O)RE ERailpi%. & f(o)=g(x), a.e.2€E, N g()FE E
AT,

ER 2 A={z: f(0)Fg()}, M m(A)=0 H E\A Zna] il
.5 F teR, BATA

{r€E: g(x) >t}
= {z€E\A: g(x) > t}U{z€A: g(x) >t}
= {z€E\A: f(x) >t} U{x€A: g(x) > t}.
RiE f(OFE E LR RTIHEAT &0, b= v 28— A s S 2 mT I A T
B RERTIAE , I AT 0 A S 5 5 2 AT Y.

P JH T R, X — S R e BOR 1, S AR BT AE A (E A
23 IUAE R B0 R AT )

Ble (BEBMBERL EO<m(A)<+oo,f(x)E ACR" L
Al el E . BA 0<f(2)<+oo, a.e. €A MIEL K 6: 0<<6<
m(A) -7 BCA UK HRE ko, 115
1
kg

M LA ={z€A: 1/k<f()<k}) (k=1,2,),Z, =
{z€A: f(x)=0}, Z,={zxz€A: f(x)=+}, BHI m(Z )=
m(Z,)=0,Hf

m(A\B) < ¢, < f(x) < ks x € B.

A= (kulA” )Uz,uzg,A,,cAm (== 52 e

AT m(AD—>m(A) (k—>c0) , NTTFETE ko o (543 m(A\A, )<<o.
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B B=A, . B3 FTiE.

BEI METI[N)E.

6. & fE€ECULab ). HHENXTELa . b] FHIBRE g(x): gla)=
f(x), a.e.x€[a.b].ikIn] . g()FE a.b] LR JLFAb b L2 HNG 9

7. W f(o)ZE R EJLF A ESEMRKE, XM EBGFE g€
C(R) .fdi{5

glxr) = f(x)y, a.e. 2ER?

BIF 98 — A~ VR, M B (6] 2R FRAE R T AT, sl A B AL )
SFE LT UG PN B B — Rl R R B X T AT R Bk i, HE
A S Tl E FRFRIE R B X - (o), B e REUME. A
AT LA R AR R RN E A R M T sk B AR E A T 1%
.

TN 3I(HEFEH) W f(2)E ECR S {EEE. &

{y: y= f(x), xz€E}
EABREMFR ()R E R SE.

W f(o)EE FRRPRE. BA

E= OE ENE, = &,

igj — 192,"'9}5.
f(.r):(','v IEE,'Q

SR AR £ 3C A

p
f@®= Dy, (), z€E. (3. 4)

AT T B R B A PR R AE R BRI R M & R il , 1 E 2
HiA G B A VP IOIC PR R RO B, B f (o) 2 B B R L

BR.E [(),g(x)Z E FRHERE. N () Egla),
f(x) « g(o)WE E b /Y 5 R %K.

#(ORE FREHARE. HG. OXPrEA E AR il
 S1F 7 A DF = DN o S I U =R S ) U U N A

i
D BHEE f() @AERR EORED oy, (o) & E LR
=1 }
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Al RO R S R T A — bR B I R R TREB B RN E S —
figt AT 0 BRCKR [ B SR AR R L IR R R At Y. B b, TR E R
R IERFATS R 2GR MIT 2 & 24 R0 EE.

EE3I(HBERYEEEE) ) #F f(0EE EMIERT
) oF %5, W0 A7 AR SR SR AT ) A ] B ek 20T T

er (1) < pp1 () Bk =1,2,°,
{ifi 15
hmgok(:r)—f(x)o A = (3.5)

k—>oc

(i) & f(x) & E b B a] il of £, W) 7 76 o] U & 2 ok 350
(s (D)} R o (D) S| (D |, BH
limg,(x) = f(x), x€E.

b—»oc

# fOBRREA T W R KEOR — 2.
R (D) XHERE H R L, 4%[0 k]ﬁ%\% k2* %4y, 3R

B, = {er F=1 = ftpy

vJ

¢ ok ?
E;, = {x€E: f(x) =k},
j:1!21"';]€2k, P = 1,2,

YR &

AED) Z{J 2"1’ z €k
k x€E,,
3 =125 B2y k= 1;2s%%
HE K

kz -
pu(@) = s, () + 3 Lo e (). z€E.

O XHERRFEENZEI (ol UETHMET (A EG f(OAREKX

f(vr)zzlﬂx,\km, TE€E.
XAFEL @ ()=0.3%
j(r)=2 [or(z)—gu-1 ()], z€E
KA _EHIGHEDA]. o
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BIR A @ () AR S AR AT I 13 R B, HA
o (1) < g () < )y i) < ks
z€E, k=1,2,--.
BEHEER € E 4 f(o)<<M, WY :>M i}, f
0 flx) —gu() < 2*, zCE.
# f()=+oc0 0| g (x)=k(k=1,2,), AT 1R
2£T¢*(I) = f(x), x€E.

GD 2 f(o)=f" (2)— f (). 1 Q) HIAELE 7T Il {5 28 o5 %51
{op ()} Ble” ()}, R
1in"_1goi,“(1) = f(x), }itpgpiz)(x) = f(zx), x€E.

b—=oo

BR.p, () —¢,” ()R FEREE, HA
}_i_m‘:ﬁoi“ (I)—goiz) (D)]=f " ()—f (x)=f(x), z€E.

1 E FFE| (o) | <M, WY :r>ME,H

sup | f7(x) —gof,“(x)|;<\ élg,
r€EE.

sup | f(2) — ¢, ()| < %,

M ¢, () — @ () R—BRE T f() 1.
EX 3.4 XNTENEECR FHERE f(o) FREE
{es fCa) 520}
AN f()BXE,ICH supp(H). & (O WL ERA R B
ERZHEON. MK (O EEEREZEN R
IS 3.10  EH 3.9 T BT UL Y AT I B R S R e — A3
Al BB A R SR 1 R AL

EB HEA£.2 g.(2) = 0 (D) Apio.n (D) (@EE), N g, ()
52 o] W Ty L oK 20 H R A E S
# € E,WHFTE ko #1182 b=k, BI A € B0, k). I B AT 15
girr_igk(:c) = gir;}gok(x) = f(x), x€E.

E OB f(o) 2 R A SEAE AT 3 of B0, A7 15 ek BOE 5 2 A 2 AR oR BT
{fulo) (7 fL(OER EF—BRSMHBRT (2.
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iEB fEE.,={x€ER: f()E[R2",(kT1)2 ") kEZ,nEN},HS

fol@) = D k27X (2,

k—=—cc

M 0 f()— fL, (<2 "R f,(2) 7 f(x) (n—>o0) BI85 L.
8 3.2 Al pRELH B WS

BE—TREF % EE WSRO M A —
B aEAARXTRS? & . &Ml zmadaxz z? X ali
PR BB 1B AT BT 28 ) Eropos & BE45 H T JLF b b i85 — 3
WS RN O &R i T R S — Bl S v 1 B S AT AR —
EHEKAE T Z AR BeAh T SCR 25| 2 i 4RI B i S 8 2
] ) pR H 5] i B AR ) — FP S, EAEE RIS T A E BRI & L

(=) JLFA S5 — Bl

EX 3.5 B f(), frlx)s fol@) ey fila) s i XAE RS
ECR" LW LEEEH. HEHFEEPHNEEZ A (D=0 K
}Lrgfk(r) = f(zx), x € E\Z,
MFR{ fo () HE E EJL W8T £ (), FFic R
filx) = f(x), a.e.x€EE.
BREH{ (o 2E E EWAT g &5, W (oW E Eaga]
| e %
IR 3.11 &% f(2), f1(x), f2(x) sy fulx) & E LJLFAL
Ab A PR TT I R %, B m(E)<+oo.  fi(2)—>f(2), a.e.zE€E,
W3 {F 25 e>0,%
E.(e) = {x€E:| fi(x) — f(x)| =€},
A

lim m OEkto)z 0. (3.6)
joeee k=j

ER B, R () | E. (ot — 5 R R S T

J=1 k=j
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AR i T R
m N UE,&(E)): 0.

=1 k=j

AR 32 U9 4R 5 %) I B e L, W] R (3. 6) 2T

EI 3. 12(EroposP ) & f(2), f1(x) s folx) e, fila),
2 E FILFAAFRATI RE, H m(E)<t+co, & fi(x)—>
f(x)y ace. € EXHELEH) 60,777 E B al il F4E E, . m(E,)
<815 { f. (o) } fE E\E; b —3UK8 T (o).
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lim m({x€E: skuga{ | felx) |} =¢€}) = 0.

j—=oo

7. W fCx)s f1(x)soees () s SRl a b ] F LA AN A BR A A
ek % . HA ’}szlfk(.r) = f(x)(a.e. x€[a b)), RIEMFFLE E,C
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8. W{fi() E E AR EWST (o), {g: ()} #E E LA
WS TF g (o) iiEBH { f, () + g ()} FE E L4 B iig 8¢ F
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JLFAbAb A BR Y w0 ok %5, X GE B (L (o0 b FE E BRI B2 i 8 T
[OWFE LB R
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10. #% f,(2)(n=1,2,-)R[0,1] LB RE . H{ f, ()} TF
L0, 1] A BEW 88 F f () RIEMAE f(oOBELES v BB

fulxo)=>f(xy) (n—>o00).

11. & f: R"—>R, HXHEEH >0, fFE T GCR" ,m(G)<le,
7% f€ CR\G) RIEW f() 2 R™ L # Al il e& £
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{fr(x) » g ()} fE E AR B WS F%.

13. {fi () {ELa.b] FARIEFEWEST F(2),g(x)E R EH
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14, WAHEXETNE ECR FHRE [ (o), BXESH B
0=>0, 1 E P E F.m(E\F)<6. {18 f(o)fE F F#%,RiF
B f(x) 2 E L #n] J pF %K.

15, & { f,(2) ) f&La.b] LRI K55, f(2) fE[a,b] L HIS{E
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SAL25 e >0, 008
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— B sk i b # Eropos & # #4518
(Z) Jlysun EEMERABER D : m(E\F)=0M f(2)#&E F LiESE
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G\Z.H f(z)>t, WHEEELRE Ul(x,),{EH
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XEMRSMFS TH de B R* |- Lebesgue Jll B Fn k. (FEE KA
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(i) # f(2) & E EaydEfmnT il i 8. A 2 E pal il 4, )
J.qf(r)dr = JFf(I)XA(I)dI.

= FLRATA
J f(x)dxr = sup {J h(r)dr}
A wo<ro U A
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€ E
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EE43 HFf[(OZFE LMAERTHEEE. N (O E L2
JLFAb A PR A
iEBl 4 E.={x€E. f(x)>k) . Mf
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£ 4.4 (Beppo Levi ERHHATNROEE) RAENLEE L
(9 A £ AT W0 o K5 7137
filzx) € fo(x) < o fi(T) < o
HA }E?ﬂ(r) = f(x),x€E, N

limJ Foladide = J Fladz, (4.1)
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EB 5 f(:r)%ELE‘JHEﬁﬁIiﬂU@ﬁ,ﬂﬁLﬂz)dxﬁ%
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J fk(-r)d-r}fJ' fk(.r)d:r},-[. ch(x)dx = c.[ h(x)dx
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E,
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E
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o LA 2.
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Iimj {F ) = filadde — 1imj g (z)dz
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B3 & f().g(x) R E EWIERTMRE. & f(2)=g(2)
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El EE
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E k—»ca

T HEEFF U Fatou 5| 38 A B9 A 55 & AT G 57 1.
s 7EL0,1] & fEHE & nT il ek 5
0, =0,

n. O<I<ls
n

o lz)= (=1, 255},

J limf,(x)dr =0<1=lim| f,(x)dx.

[0.,1] n—=oo n—+ooy [0,1]
VE R AT 45 3, AT 45t — A 3E T I ok Ben] B 55 — S5
%A
EE4.9 X f[(FE FHJLTL LA R EE 7 0] I &%,
m(E)<<-+oo. fE[0,+oo) FYEITF Rl 4% .
D=y <n K< < Jpta < *** — 0O,
Hd oy —30<<8 (k=0,1,). &%
Ei = {x€E: < f(x) <y} (k=0,1,),
W f(o)fE E 20 #UA2Y4 USSR E

Zymz (E,) <+ oo,
k=0
i)

limZykm(Ek) :JEf(I)d:r. (4.5)

0 320

R oA A

ykm(Ek) g JF f(I)d.T g yk+1m(Ek)v
~k
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Jir LA 45 2

Zykln(Ek)QJ f(l‘)d.r g Eyk+.1ﬂ1(Ek)

k=0 E k=0

= Z(yku — yoom(E,) + Zykm(Ek)
k=0 k=0

< om(E) + > ym(Ey).
k=10

FH Ut 7 B AT R0 25 18 BT
M EAREHEH . m(E)<+eoclh & E | #3E 71 52 (E 0] 5 R
POk BB A AR EEFM T
ka(Ek) <+ oo,

K
Ei = {z€E: k< f(x) <k+1} (k=1,2,")..

HEEE, el {x€E.: f(x)=k} MABH TR .
Bl6 % ECR: m(E)<+oo, f(x)& E F/IE SE/E AT R
BN F()FE[0, +oo) ER M T L ERZG

Zm({IGE: flx) = n}) <+ oo,
R el DB R R,

> m{z€E: f(z)=n})

= 3 S e E B Fla) < k415

n=0 k=n
= Z(kH)m({reE: E< f(x) <k+1})) <+ oo,
o HEFER FAEA.

JEf(.r)d.r: ZJ f(x)dx

=0 Y (TEE: k< flz)<ht1)

< D k+DmUz€E: k< f(2) <k+1})



142 #mw % Lebesgue 24

Zm( z€E: f(x) = n}) <+ oo.

=0

Bl17 & f(o)Rla.b]8 EAERTETMREL N £ (OFELa.b] EATH Y
HALS

an({IE[a s0]: f(x) =n)) <+ oo,

n=1

iERR (D) HE. & FA@ELab] LA S A f(2) fE[a.b] AT F.

E, = {z€[a,b]: n< f(x) <n+1}, nEN,

lj!“ U Enzb—a?ﬂﬁ
n=10
inm(ﬂ,) =
n=0

< 2(n+1)m(E,,) = anw,,) +(b—a),

_[ f(x)dx = J f(x)dx
E La.b]

s 1M)s
<

oo

Zn m(E,) < ZJ f@dr < 35t D m(ED

= Zn m(E, )+22nm(E )+ (b—a).
EFEYL, [ () fELa, b]J:‘IﬁéﬁE{Sléi

(=]

anm(ﬁ'n) <+ oo, an(E,) <+ oo,
n=0 n=0
(i) FEEPFK

%inmwnw%inzm(m
- Z"("“) (E,) = Zka(E )

n=1 k=

= SUSHE) = Sk Crelabl: Fi2) =B
k=1 n==#% k=1

B 45 FIT ik .
F R A(ORE FHMIERESETHMEE. ENEENEEE .4
({z€E: f(x)>n})>0, M7 gELE) f#i18 fg€L(E).

iR 4 E,={(2€E: n<f()<n+1}, 1 D m(E,) > 0 0 Hl.fF 7
=1

in, }: m(E, )=>0(kEN). Y R B
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(1/k) » m(Enk ) .rGE,,k (REN),
g(x) <{

0, IG( OE,,& )‘,
SR gelL(E),HAE

J g(@ fl)dz = D) :—; =+oo (EHEn =5,
E k=1

BEIR KIEH T8
7. ® () Em(E)<<+eoo) FRAE R AT BLRE. W £ (o) 7
E bl
8. W f()fELa,b] LAETA AT, W /7 (x)fE[a.b] EATFL Y4 H AL
=
Zn m({x€[a,b]: f(x) = n}) <+ oo,

9. &{fk(x)}%Ei:BﬁflEﬁT&!ﬂﬁﬁﬂ A
Iimf,(x) = f(x), filzx) < f(x) (z€E;k=1,2,:),

bewca

Wt E®E—vTilr&Ee, A
hmJ’ fi(x)dx = Jf(x)dx.

koo

10. B{E,)CL0, 1 TR M%EF]. # m(TmE, ) =0, WXHE 4
e>0,FFE[0, LM F4 A, 8 m([0,1\NAD<e, HA

> m(ANE,) <+ co.
n=1

((EE D Xe (@) <to0, ae. z€[0,1]2. )
n=1

S 4.2 —f&nl i oK B o)

(—) BOHNEXSENR
ENX 4.3 % f(x) ECR" L #a] il egg 8. &5
L‘f"(z‘)dx, JEf_(:()d.r
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&= — AR A R AR
Jrf(r)dx -- JFf"(I)dI—JEf' (x)dx

A O E ERRRS: 4 BG5S B EE A R, R
f(OEE PR F(ORE FRHATEEE. £ E Fal#Hw
PRE 2K IE R L(E).

HTER

JEJf(I)|dI = JEfF(I)dI—}—JEf_(I)dI

JRAL S BCHFE f (o AT B 28 0F T (O BT BES | f (o) | B a] R
=5, BA

Hgfu)dx(g L 1) | de. (4. 6)
Bl1 % fF(ORE FRA R EE, H m(E)<+oo, M|
fe L.

HE L AGR| ()| <M (zEE) . BT ()| BE FHIER
Al pE %, A

L_ f(D)dz < Lde = Mm (E) <+ o=,

B & X7 Bl A 1R R ey B e S
() & fELE), N f(x)¥ E E R IJLFAb A A BR .
(i) FE€e M, B f(x)=0, a.e. z€E,N|

jEf(:r)d:r = (.
FEEHAHF| f(2)]|=0, a.e. . fFLL

U Flayde
E

(i) & ()R E LAk, g€ L(E),H| (o) | <g(x),
2€E (g()FA fF()WEH RED W fE€LE).
52 F, i AE G AT I eR B FR 48 R AT 40

J |f(1‘)|d_r§J g (x)dxr <4 oo,
E E
T H & FEL(E), eCE RAT4E, M| fFEL(e).

QJ |f(zx)|dxz = 0.
E
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(iv) & fELR"), N

limJ | f(z)|dx = 0,
{x€R": |z|>=N)

N-»ox

XA 25 e >0, 4 N, f#if5
J - W|f(1)|dr<e.
HL L2 Ev={z€R": 2| =N}, (| £ | X, (20} RIS
Al R B RS . HA
lim |f(1')|XEN(1) =0, x€ER".

N—=20

H I AT

nmL [ [ = }Jimjnnlf(x)lXEN(I)dr

— | lim £ lte, (2)dz = 0.

N-—-oc

* # f€L(E),HA Ex={z€E: |z|=N},l

limJ f(x)dx = 0.
ENEy

XEEN f X € LR,
EE4.10 (Ao EHEMR) & f.g€L(E).CER,N

(M JECf(,r)dx _ chfmdx;

(i) JE(f(x) +g(@)dx = | fa)da —|—JEg(.7:)d.r.

iEBl AWiEE ()5 g(a) BEE KA

() HARK

ff(x) = (f()|+ f(x))/2, fF (x) = (|f(x)|— f(x))/2
SEBIATHL: Y C=0BF, (CHT=Cf ,(Cf) =Cf . BIEBRLEX
DL B 4 47 AT i) ok RN 4 B0 R 1 R, AT AR

LCf(:r)d.rz LCfﬂ.r)dx _ LCf"(;r)dx

= ([ rr@dz—| fdz)=f fde
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:é_—_i(,1:-__].BTJ—5(—]F)ﬂ :f 9(_f)7:f*-|§1$§ﬁ‘rig‘
J (— f(2))dx = J f‘*u)dx—j FHdx :—j F(2)dz.
E E E E
W C<0 M, Cf(a)=—|C| f(x). B L REE 715
LCf(.r)dx: L &) Fedn =—L|C|f(x>d.r

=—|[C| J f(x)dx = CJ f(x)dx.
E E

Cf (o) iy a] #9428 B 19,
() HE.BHTEH| (o) +g@) || (o) |+ gl |, #&ATH
ftgelL(E). HR .G E3
(f+e)'—(f+g) =f+tg=f"—f+tg—g,
(f+g)™+fFeg =+ +Ff g
AT B S B AT 0 R B A 9 R 1 R AR

J.E(f—#g)*(.r)dx—l—J‘ f (x)dx —}—[Eg_(.r)dx

- L<f+ g)_(:r)d:c+JEf+(I)dI+JEg+(I)dI.
A A= A IR E &R A PR A, B LA o] #2151 H 15 3]
L(f(x) o s = Lf(.r)d1+Lg(r)dx.

XTFRBFER,.RA: & feL(E).g(x)RE LA RA
MWEEL N e g€ L(E). XERNMEARAELER
|f(x) » gl < | f(x)] - sup lg(x)|, z€E.

M ERMEFRAEL % fELE) B f(z)=g(z), a.e. z€EE,N|
J f(x)dx = J g(x)dx.
E E

PRt 50 R 8CHE 2 1 4 ML AN 2 2 e e Y AT AR S AR AL
Bl2 & f(a)Z[0, 1] LR R pa %, HA

J () [In(1 +|f ()] )dx <+ oo,
0.11

W FeLo0,17).
WERE A THEE FeL0,1]), B RAE T Z: T3k nl FLAY 3 R
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BOEERCEREN (o [ In(1+| f(2) ) ZL0, 1] & & ] B2 ek 5, 3
HERES | () [g7 B8R XREE In(1+| f() D=1 5| f(2) |
Ze— 1 AT BEES| (o) | <e—1 B .HFXEL0,1]H W E
A FRE) BOE B e— 1 A S BRI H R 8. BLE UL, AT AR R ) E
SCIX 358 35K AS (] #9465 il R ER

A E S5

E, = {z€[0,1]: |f(®[<Le}, E, =[0,1]\E,
W FATA
If(x)|<e, x€E;;
(DL |f@|In(1 +|f(2)]), z€EE,.
XELRUL fELE)H fE€LE,), A\
f € L(E,UE,) = L([0,1]).
B3 ¥ fELE),f,€EL(EYnEN). HH
'!iﬂf,,(r) = f(x) (z€E), f, ()< f,,(x) (neN,z€E),

| limJ f.(x)dx :j f(x)dx.
nrod E E

iEBl 4 F ()=f(x)— f (2)(nEN,z€E),|{F, ()} & E FiEHn#
REWL ST O ] BLeR 405, T Fir 8 4.1 6] 2 7] %0

0= limJ F,(2)dx = lim(J f'(x)dxﬁ'l- fo(dz)
neosl) E n-ese \J E E

:J f(.r)dx—limj 7 Cohidas
E n-eco) E

Bl 45 BT iiE.
B4 FgeELE),f,€eL(EY(mEN). % f,(x)=g(x),a.e. xEE, N
J lim f,(x)dx < h_mj fa(x)dx.
E peoe noo J E

iERl #R¥E Faou 5 H ,KN1H

[ tim [f,2) = g@Jdz < lim ([ (£, — g(@)]dz).
E peco R E
is‘si)wﬁj lim [ £, (x) Jdzx < li_mJ f.(x)dz. IEEE.
E npeoo n—+oc ¥ E
Bl S (Jensen AEX) & wlx)Z ECR ERIE(E AT K%L, H
j w()de = 15 o) RK A I=[a,b] L#CF) M &S f(FE E
E
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Eari, BESM R(HCIL % fweLE) M
o(| fDw@dr)< | oC(f@)w(a)da.
ER FEER o< f(o)<b. KATH
yU::jEf<x)um10d1-e I.

() ¥ yo € (a,b) i () Z CF) Ml JA
e(y) = o(yo) T+ h(y—3)y y € la.b].
L f(R v
e(f(x)) = ¢o(y,) +k(f(x) —y,)s a.e. xEE.
1 FAA ML) w(x) JF-E E FAEFMSS N

JEgo(f(:r))w(I)dI = J-Ego(yo)'w(.r)dx%- kJE(f(;r) — yo)w(x)dx
:=¢%)+kQanwumh—yJ

:¢%)=ﬂLﬂﬂwumﬂ.
(i) # yo=b(H @) . 5 KA
J;b%fU9thMx:O,
ML 1S f(2)=b, a.e. € E, i
Jgﬂf&ﬂhﬂxwx=ih¢thxMx

= ¢8| w(@)dr = g(b)

=:¢(Jsf(1)umlodx).

Uk e,
T Jensen RAEXFER Ethilisr, AEHEXKE THMERE TRE—1
B .

&Ecmamﬁn:LﬂnEELmﬁﬂmﬁﬁA=jJumLm

v'1+ A? QJE v1+ fA(o)de << 1+ A
LR L EFE o) =01+2)" 5 H o) B CF) M ek E. B HE Jensen &
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FR =04 (4 <[ ri@i)
1/2

VIFATK (1+J;fitﬂdr)lz*-(JEU-+fth)dx)

\<“J£ «/1+_F(17)dIéJ‘F(l+f(r))d:r = 1+ A.

BEE {UEH T 56y .
1. & fELR"),geL(R"), M| pR%EL
m(x) = min{ f(x),g(x)}, M(x) = max{f(x),g(x)}

zeR" TER"

£ R" A,
2. WAHEXTEL0,1]X[0,1]H ok #.
1, xy HEHEE,

( ’ ) =g
fI £ {Zv Xy ﬂ‘jﬁﬂﬁs

| ﬂ f(x,y)dxdy = 1.

[0.1]2

3. & fELE), N

m({z € E: |f(x)|> k}) = o(%) (k — o).

4. B FELW0,+00)), % f.(2)=f(2) X4 (x) (n=1,2,
) W £, (2 FEC0, +oo) EARMEWSTF f(2.

5. % fEL0,1]). # o’ =J /7 dx, U f(x) = CCH
fo,1]

B, a.e. € [0,1]. (e"(x—a)+e =e BHMNYx =a.)
6. & fELMRY,BHXEERNXIE I,id

Fr= ﬁjlf(x)dr, B = €Ty Fla)™ fils

il Jl|f(x)—f1|dI:2JF (f(x) — fidx.
EE 411 (AoNEXEHOATHEAIME &HEcAd k=1,

2,),E.NE,=@ (i#j).# f(x)f E=|JE. L,
k=1

JEf(I)dI — EJ‘EEf(I)d.r. (4.7)

k=1
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ERR R fe L(E) LR AE 7 n] il o B0F 4 19 7T £0a] fn 4 e
w4 D RINA

=3

ZJ fi(.r)dxzf ftu)d;cgj Ftz) |de < o0,
X E E

p=1v E

PNIEIFS!

ZJ f(odr= > (Lf (r)dx—J.Ebf(r)dI)

k=1 Ek =1
- [ f—(.r)dx—J Fikaida = J Flordz.
E E E

Blo (AIRAHMILFALAFTHN—MAINZE BRY f(0E
L([a:bD. EXMAEER c€Lasb] A

J( f(x)dx =0,
La.c]

M f(x)=0, a.e. rE[a.b].

R HEWARS, WA EClab].m(E)>0 H ()7 E
FREA% TR AGREEE L f(o)>0. % F,FCE, B
m(F)>0,34 G=(a.0\F, A 1H

jaf(.r)d.r—FJ’Ff(I)dI - ij‘(z)dx —p
S JFf(I)dI > 0, LA

Zj fla)dxr = J f(x)dx £ 0,
Hd {(a,.b,) ﬁ}F%GE’J’VJﬁEIZIﬁ] M AFTE no s (15
| r@dzo.
T o
j fde#0 5 L_b S@rdz # 0.

XS5 HEETE.

Bl7 gl E LM R EXMERER f€LE) &% fg€ L(E).
Br—EWE Z 5. g(2) B E\Z LA RRE.

FL R R4 —EFE BRI k) A



¥4.2 —H TR RZHHRS 151

m({z€E: kb, <|g(D)|<kiu})=m(E) >0 (G=1,2,),
BL7E1E R 2L

signg (x)
S14+(1 ) . - 6 E'Q _
f(.z->:{z1 “m(E;) (i = 1,2,),

0, x € E;

L]

L |f(z) |dx= ,:ZJ'E,lf(I)ldI

B 1 -‘
o Z '1*(]‘2),H(EJ_)m(EI) <+:x‘/“

j=] *

Ll fe L' (E) . B®1A
. "
Lf(.r)g(x)d.r; ;W
XU fe€ELE) . FIE. (LS4 167 53
EE4L 12 (BoexdEESE) &F feLE),NX{ESHEB

e>0,fF7E 0>0, i3 Y EhF5 e MMEE m(e)<o B, A
J.f(.:r)d:clgj | f(z) |dx <e. (4. 8)

B AWRE f(2)=0. B4 H# 3.9 LI #F51 fF 4 &
B 4. 4 T 6 AR 60 €0, A4 AT 6 B 3 B (), 0 () <
f(x) (z€E) f§ify

t - _ £

JE(f(I) o(x))dx JEf(.r)d_r JE¢(I)dI< 5

BER o(2)<M, B 6=¢/C2M) W24 eCE, H m(e)<loBf,5LA
Jf(x‘)d,r: Jf(;r)dx—J-go(x)d.r +J¢(I)dl‘

m(E,) :_l_ (==

QJ (f(x) —go(x))dx-l-f @ (x)dx
E e

— s

3 €
<?—|—Mm(e) Q?

B8 & fEL(E)(ECR),H

&
Ty

0< A= Lfmd.r <+ oo,
W AAE E tha] ] 14 e, fdi 15
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A

Lf(.r)d.r =3

ifBB % E.=EN(—20,t),tER,IFiC

i) = Lfmdx,

) e AR o o o 3 SR W] R SHME R B e >0, FF7E 6>0, RE [ Ar| <o,
A

|g(t+At)—g(r)|§J | f(x)|dx

ENLet,t+an

<| lr@ldr<e
[t t+AL)

XUt g€ C(R). H R g(x) 2@ RE, BHA
limg(¢) =0, limg() =A,

—=—o —=troo

M 0<<A/3<<A,Fr AR ELL R EE B AT H AR TE t: — oo
f0<+001@1% g(te):A/B:

g(5) = J Hayds = 2=

EN (—o041y) 3

4 e=E[)(—o0o,t), B4 FTiE.
EE 413 (RHoTENTFRTHREE) 7 f€ LR, NXH{E
%"% yoeR",f(r'Fyo)EL(R"),ﬁ
Lﬂf(:r—i-yo)dx:Jnf(:r)dx. (4.9
R

iE R&EER f()=0 WEE. BER f(o) Ak 5l f&
B R BRI -
f(@) = X aXs (2 zER',
BRH

f(x+y,) = Ec,-XE,—u-D.\ (x),
BAT 2R 5 a] i a7 B ek 55, AT

k

Jknf(.r_i_yu)d.r: ZC,’"?(E, === {yg})

=1



$4.2 —fZ TR 2HKHES> 153

= Zc‘,m(E,) = Jnnf(:r)d.r.
HWK % B — MR 7 n] 0 pR 2L £ (). i A7 7E E T2 AT W & 52 pR
B 5 { o (2) } . il 45 }_i’ri}@k(-r) = f(x),z€R". B {g(x+30)}

k3. HA
}imgpk(r+yn) = f(x+y)>» xER",

M T AT A
Lnf(z 4+ yo )dx= gin}_[ o (x+ yo)dx

—lim|_gi(@)dz = |_f(2)da.
" .

b-woo

B9 &% fEL(0,+co2)), M
limf(:r+n)=0, a.e. r€R.

iFBE AR f(x+n)—f(x+1+(n"1)) FTLA AT EE[0,1]

o 5 B AT. SR IER , X R4S g 2 | f(a+n) |#E[0,1] EJLF
Ak b e SRR AT . R AR A F B T

J._ “ilf(x-l—n)ld:r = EJ |f(xz+n)|dx

—1 v [0,1]
)

:ZJ |f(1')|dl‘zj | f(x) |dx <+ oo,
[momt1] [1.52)

—mz flx+n) |fER = R BRTEL0, 1] AT ALE , B i 2 JLF

Lﬂtgﬁﬁﬁ{l B2 502 JLF 4 Ab Wi S Y

Mo —BEEERAKXE - DBE RS, AT W&
FENG. FEX B gt 5 — MR IEE.

Fl10 I ICREXE, fEL(),a#0,id J={x/a: x€ I},
gx)=flax)(z€ ) M geL(]),BHE

Jf(,r)dr = |a | J g (x)dx.
I J

iEB () & f()=X().EREITHHaELE . lNa« 'ECJ.H
aCxE((ll'):xa'ig(I)aﬁﬁ
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J Ty P S LJ FCH iz
g |a| I

la |
AT R Y f () 2 T B0 ] 300 ol 5, 2510 th L.

(i) Xf f€ LI, ¥ faj B n] W ek 3 { g, () ) AR @, (2) —
flx)(n—~>e,z€ D, H|g, () || f(2)| (n=1,2,+,z€ D), N%
g () =g, (ax)(x€ Jsn=1,2,), ¢ (x)—>g(x) (n—>o0,z€ ]),FK
(E=]

2| Lg(r)d.rz 2| limjjq;,,(x)d;r

= limj . (x)dx = J f(x)dx.
I I

F 4 FELRY).aER\{0),M
J f(a.r)dI:LJ Fe)dz,
R" la|™)r
BEE K{iLH T 4.
7. & fELR),g€L(R),HA
j f(t)dzzj. g()dt, zER,
[a,x] [a,x]
N f(x)=g(x), a.e. xER.
8. W fELR).ZEX R LAEEMA F Tl sk o(2) . #HAH
J.Rf(,r)go(:r)dr = 0,

M f(x)=0, a.e. ER.

(2) EHB S EE

RS E B AR SRR PR REN T R TG E
JTIZHMIRL . B Lebesgue A BB REBEMLGERZ —.
EE 414 EHEHER) & fLeELE) k=1.2,-),.HHA
klir}}fk(_r) = f(zx), a.e. rEE.
A E ERRT KRB F (o), [#i15
i (D)< F(x), a.e. xEE (k=1,2,++),
11|
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limj fk(.r)dx=J‘ f(x)dx. (4.10)
E E

k-0

GEEFR F(o) AREI f (o) RS R E. )
iEBR BAR.f(ORE LHAIMEE. Ah | fi (o) [ <F(x)
(a.e. x€EE)TH| f(x) |<F(x), a.e. x€E.Alt, ()2 E |k
() ] B ek 8. E R 55
#ile) =\f,z)— flx)] k= 1y2,%),
M g, €L(E), B 0< g, (x)<2F(2), a.e. xEE (k=1,2,++).
RYE Fatou 5|2, KA TH

j lim(ZF(x)—gk(x))d.rélimJ (2F(x) — g (x))dx.
E

E k—sc= koo

oA F() LA BB g () ABSE AT LAY L BT LAAS 31
J 2F(r)dr—J 1imgk<x>dxgj ZF(I)dI—mJ g (x)dx.
E E E

E k==

ko

fﬁzj 2F(2)dx, HUEHE limg,(2)=0, a.c. zE€E,T{
E e

HJ g:(x)dx = 0.
ko) E
%EsMK%iﬁ(kzl,Z-')
H fk(:r)d.r—J f(.r)d.r\
E E

= U (fk(r)_f'(.r))dr‘QLgk(I)dI
. ;

A7 BIRT R, 5 PR A9 S5 18 AL
EFE ) EERERMER P LR LR T ERAISE

nmj £ 2) — e [de =1, (%)
E

k—+o0

Sl BRI OR fiu(OFfE E EK L BEXESET (). —
g 15, 2K (4. 10) REEHE H GO oz (FEAE TR B TR A BilSh).
AN KOO AR WA —E R
lirpf;,(:c) = f(zx), a.e. T€EE.

Aga B H £ (o E BRI ERS T (o W5e. Lk B A
FXEER >0,
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Ei(s) = {z€E;:|fi(x) — f(x)|> o},
A

am(Ek(a)):J adIQJ | felx) — f(x) |dx

E, (g EkfaJ

QJEIfk(x)—f'(r)ldx+O (k = ),

L m(E,(6))—>0 (k—>c0),

1 06— 45 SURT 0, BEAE T (£ () ) o 548
liq}_f‘k’(x) = f(x), a.e. x€E.

(i) bR SO B — R0 EA Rl sve # .
w{fi(x) )2 E LR RS om(E)<Aoo, HXf € E A
llmf},(l'):f(.r)a |fk(l')|-.<\M (k::lszg"')s

h—»ox

nm reL(E),H

k—wox

HEHX -8, AREEFERE M 3R E LAl K%L
Bl 11 % f,€C?(a\b) (n=1,2,-),HH
limf, (2) = f(x), liﬂf,,’ () = F(z2), z€(a,b).
= f'(r),F(.r;E(a,b)_ti’:Eﬁ,mﬂ }(I)ZF(I)- x€ (a,b).
iEl ATHEEGHH—ITREFELE (O=F M. i, {F

B (a,0) P FXE[c.d]. Hid
E, = {z€[crd]: |l (2) —F(2)|< 1,k = n),

1mjﬂum1:jfum1
E

EW&TE%WEJﬂmﬂ—LﬁEMﬁﬁﬁBwﬁﬁW%ﬁlszﬂ

FTE ny I RIXE[\d' ], ff*r%E D[c .d' 1. F
Ifs () —F(D|<1 ;=n), z€ [Hd],

B k=0, BEL(f) (O VELS Wd' ] E—BOH R Xk SR
J fidt= fim) — fi(H, <z<d
T A 2 )
J F()dt = fx)— feH, d<ax<d.
TSR WA« 3K 57T 79
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F(x) = f(z), <z<d,
H 18 BT EE.

EE4 15 RN ERHBREFKRHERE) & L€LR) (k=
1.2, H fi(o)fE R LRI EWRST f(2). HHFFE FELRY),
{15

(D)< F(z) (k=1,2,;a.e. zER"),
m FELRY) . HA

limJ Sfr(x)dx = J’ f(x)daz.
R R

k‘b'..‘"_‘

R (FTRIEERE (BIZHALLEL. )i e RIEESE R
B2 W A48 WA fE KL (73 A>K i, A

Jnlf'k(x)—f(x)ldx<e.
R

ﬁf’ﬁsﬂﬂ@&fﬂsﬁﬁ{ﬂ(r)},ﬁ%
limf, () = f(z), a.e. x€R",

MTIAE | fi () | <KF(2)H 4 i—»co, I fELR),H| f(2)|<
F(x),a.e. xER".

HWK R M@ .

(i) h FE LR A FLFFTE N, {15

J F(x)dr < £,
{x: || =N} 6
E%I’E]BTJ‘Xd‘_'w k:]929"'9m€
J | filzx) — f(zx)|dx
(z: |zI=N)

< zj F(x)dr < <.
{z: | x| <N} 3

(i) H F(o) R4 Xt E S al J G700, #1524 m(e) <<
oA

JF(I)dI<%.
ﬁ%-lﬁleﬁ_‘w k:]-!Zy"'!‘dlﬁ

J |fk(:f)—f(1)|dx§2]F(x)dx<%.
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(iii) &/ B=B(,N), it m(B) =1L H f: (x) & E W8k T
f(OH, X e/GBDUK 6 UGB Ex={x€B: | fi(x)— f(x)|>
e/ BD DI K.Y k=K i, F m(E,) <.

(iv) Xt k=K V41 i

J‘nlfk(l')'kf(l')ldf
R
:J |fk(.r)**f(.r)|d.r—l—jf|fk(x)—f(.r)|dr
{x: |x| =N} 1

<—§—+J’ | fi () —f(r)ldx-%—j |fi(x) — f(x)|dx
E, B\E,

€ € € 2e 13 _
= 3 + 3 _'_JB\E,, ?)[dxg 3 +3[J3dr =

F OXMTFE FKMEWRST re LCEWIERTTREES (o)) &4

limj frlx)dz = Jgf(.r)d.r.

ksoc) E
il lim_[ | L — e i = 0,
keoo] E
ic mk(r)=mi’n{fk(1) s f(x)} ,M&(‘r)=magt{fk(r).f(.r) bR 6 >0,
.rE': rEE

F{z€E: f(2)—m(2)>6)C{x€E: | filz)— f(2) | >0} . #H m. () FE E
TR BERS T f(o). BEES 0<m, ()< f(x) (z€E),n[ 1§

limj my(r)dr = _[ f(x)dax.

ksoo) E g

NHAAM M ()= f(2)T filx)—m(z) (zE€EE) . JFULA
jEMk(I)dr= J-E.)"(_r)dr'FL_f;g(Jr)d_r—L_m;E (x)dx

+Jsf'<1)df (k— c0).,
BE BE| () — (@) =M.(2)—m:(2) . TRAE

lim E|f§(.r) — f()|dxr = lim| M;(2)dx— limj m;(x)dxr = 0.
E k-eoo) E

k=0 koo

g 1 _
12 J XA g2 = o = ) (5 == oo, 1),
Bl 0,13 14 (o )® . 0(") " Sehe >

. i nxsinx
——— = dr -0 (n—>oce). &
AR &ﬁj;o.glﬂm)“f S

glx) =14+ (nx)* —nz®® (g0) =1,g(1) =1+n"—n),
SR AE 1<a<<3/2 H n 7 Kt g(OELO I IR A MBS NME n 4K
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i A EAS
nxsinr 1
AR 48 4 il i 84 3 B A5 BT HE.

Jreﬁ"z"2 1
&l 13 J.:H‘HC] T dr = O(F)(n — co,q > 0),

2

R AEHE = hmj wze o BT, 4 w—nz,
[a.o=) 1+I'

2

L = ue
J‘ oa) ].+u /n du—.]':[ll-,r)x:"uﬁf"-"(u) 1+u2/n2du'
HFEEF
L0 % 10y €D €1 + /0 ) g™ = 0,

0L Xrnupon L+ 0 /) Yue™ Sue™ (0wt 00),

BA K we  FELO.+oo) b AT, iR 4 45 o i 4 8 D 45 T .

BEB AT k.

1. % f€Casb,p€CLasb]),FEL(la,b]), AX z€
La,b]. K

limg, (z) = ¢(x), @, € CP([a,b]) (n=1,2,).

n—e o0

%gp,,(x) — f(@De(D)s | f(@D ()< Fa),

i UEM ¢ () = f(2)p(x), x € [a,b].
2. I UEH KB {cosnx } TE[ — n, ) A RBMKI BE W ST 0 1.
3. & fEL0,+0o0)), ik iF B ph %K

_ [ f(t)
g(x) .[0 B x—l—tdt

FE(0,+oo) bFikEsE.
lirr}J“ | f(z)|dx = 0.

5. % frgE€EL(E), fi @i ELE) | fi(2) | <M (k=1,2,++),

JE|fk(I)_f(I)|dI—"Oy (b — c0),
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jg|gk(1)—g(:c)|d1—>0 (b — c0),
kB
JE|fk(I)g§(.r) — f()g(x) |dx — 0 (k - o),

6. & fLEL(E) (k=1,2,*),H fL(x)fE E F —B W& F
f(x). # m(E)<<+oo,iiF B
limJEf,,(.r)d:r = J.Ef(x).

koo

it 4. 16 GZHMHLEE) & fLEL(E) (k=1,2,~). 58

oo

ZL|1;<I>|dx <+ oo,

WD fi(x) 7 E FILFA A8 #HiC HAMEEH (), 0 f€
L(E),HA

oC

ZJ fr(p)dz = J f(2)dx. (4.1D
E E

EB MR P = S 1f o |, Bk £ AT il o 5 69 3 TR
43 s T

| Fayaz = iLlf,,(r)ldx <+ oo,
B} FE L(E) , ATl F()7E E _F2JLFAMEE R, XBEBEE > £ ()
16 E FJLTFAMM S B R R EH f(o). T

F@DIK D i) = F(z), a.e. z€E,
k=1
i fELE).

AL g, ()= D fi(x) mn=1,2,),
k=1

gn ()| < i}u‘k(:ng F(z) (m=1,2,).
T2 % i WSO B ] 1%
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jf(.r)d.r=J Bing.{aide
E

E m—=soco

oo

— lim| g.(2)dz = D3| fi(dz.

e k=1

TR 4.17 (BLETRKS) & (2. ) BENTE EX(a,b) I
KR ELEERN c RBEE LR EDN vy WREFE (a.0)
M. HHFE FEL(E) .15

} f(:r,y)} F(zx), (x,y) € EX (a,b),

il Jf(x.y)dx~J L (4.12)
dy E dy

R EEBUE yE (a0 U R hk—'O (k—=>o0) , FATH

f(:r,y—}'h&)—f(-r y) f( ,y), IEE»
= s IR

i H 2 ke RE, TR (AT A R EEEEE) .
}f(x,y—l—hk) = Fil &y

y)lgF(.z), z € E.

hs
AT H 32 ) S FE AT 45
ddyf = E‘EJE f(*"”’-"’“;lz — eyl g,

=J A rts,wde.
E dy

Bl1a & f(2), f, (D (eENFE R ELEAH. B R FE— 705
E. A

lim f (x)d.z:—J f Ge)dx,

o0,

il li_mf,,(.r)éf(r)gmf,,(;c) sa.e. rER. (KT &1, & 775 F 5 <f"k (x)}:

llmf (r)=g(x),a.e. zER M f(x)=g(z),a.e.zER.)

koo

ik AR Yﬁgn(r)—s&gp{f,,(x) JH%
p(x) = limg,(z) = m F.(z)s

MAFIHKHEE Em(E)<+) k., B f(x)<p(x),a.e. xEE BiT].
() /e P={zx€E;: p(x)=—o0},P,={z€E: g, (x)<0}(nEN),H
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g, (D BBBHT po) .k P= | P,. UMM FCP, 9%

Jf(:r)d.r: lirnj fi(x)dx < lim gk(.r)d.r=J p(x)dz,
F F F F

koo koo

MMaTE f(o)<p(zx),a.e.x€EP,,HRA f()<p(x),a.e. 7EP. FEF|
p(x)=—co(x€ P) i m(P)=0.

(i) & p(a)=+co, MEGHM f()<p(2).

(iii) F—co<p(2)<<+oo, M4 Q,={zER: —m<p()<m}. KA

R=JQ. . BHABEEQ, L[5 p(OBK/A,

(eSS, =(Q.: g () —p(<1). 0 Q.= | JS,. it L AR5
n=1

fO<p()(zE€S). HHEE p(x)g, () g, (1) B —BH R, FrLh
X

lim| g,(2)dx = J p(x)dxr (FCS,).

n=oa) F F

EEE

Jf(,r)df= 1imj £ (dr < limJ g, (2)dz
F ko) F k>0 F

&= Jpp (x)dx (FeS,).

Wi f(o)<p(x),a.e. x€S,. YR, WML 7# R L E.
(iv) X FRI—AEX . AR/EFEE
lim f,(z) =— lim (— f,(2)).

oo

F O f,()=e ™ —2e ™ EN) W f,E€L0,+))(nEN),{HEIH

520 - W N =
j;m_, falz)dz # ZJ:O'MJL,(I)dz.

BEE {UEH T3 6.
7. & f()FE[0,+oo) LIEMMATH,HA EC(0,+0),

E

oS

| Jf(r)cosxdx;ﬁ 1.
E
8. & fELR),f,€EL(R) (n=1,2,),HEH
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J'fn(l')—f(rﬂd.rg;lf (n=1,2,),
R

| fo(x) — f(x), a.e. xER.
9. WHI {a, R |a, | <<Inn (n=2,3,), 0|

J. Ean dx_zlnn

[2.4==) =2

10. BE XTI EXR BRE f (2, )2

(D) XE—4 yER", f(x,y) & E L 7] il ok %

(i) ME— 2€E, f(z,y) & R FHELEREL
A g€ L(E) 18| f(x,y) [ <g(x), a.e. x€E,N K%

Fiy) = Lf(x,y)dx
= R" | 1Y% 22 R 2T

S 4.3 Al PR pR S 2 PR B K R

MR KB S S R B B UIER R b, Al DL Y A] BLpR B0 5 3%
SLRBN —E R R BN A B T 3 — 20 W93 AT B ek B0 M

EHE4.18 & fELE) ,XMIELH >0, FER FEFE L%
() EZE R g () L5

J | f(x) — g(x) |dx < e. (4.13)
E

iEB HTF fELE) . BMAMELM 0, 5MFER FEFE
S7 A ) AT I R B R B o () L (i A5
L |f(2) — o(x) |dx < %

AW | o(x) | <M, ARG Jlysun A HEL  FAE R FHAFE L E
FIEZERE g (o) flifg | g() | <M(z€R) . HA

m({z€ E:lp(2) — g(2)|> 0} < 154
M AT A
J lp(x) — g(x) |dx
E
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:J lp(z) — g(z) |dx
{x€E: |glx)—g(x) | >0)

< 2ZMm ({x: |lp(x) — g(x) | > 0}) < —%
S ERE A DKz

JE'f(I) — g(x) |dx
QJ | f(x) —cp(.r)ld;r—l-J. lp(x) — g(x) |dx
E E

£ e
<7+7-e.

FRFEILERWFE FELE) RS >0, /F1E [ 31
f() =gx)+[fx) —gla)] = filx) + f.(x), zE€E,
H filo) 2 R FEFEXENELERY. | f. (o) |7 E ERR S

NFe.
it 4.19 & fEL(E),WFER FEABCEMNELSRE
il {g,(x)}, 15

(1) lim f:_If(;r) — gi(x) |dx = 0;

h—soc

(i) limg,(x)=f(x), a.e. xEE.

]

WL 4.20 % feL (a6, WHEEHTELE a,.b) N EE
BREH (g () ), [ 15

(i) limJ | f(x)—gi(x) | dxe=0;
[a.b]

b

(ii) limg, ()= f(z), a.e. xE[a,b].

b

Bl & fELR).EXMN—VI R L BAEETENELRE
o(x), F

J f(x)ep(x)dx = 0,
-

Wj f(x)=0, a.e. xER".

R RARIERE. AifRE f(OEAFIEMEE A 0<
Qo) Al fE B A R SR B & ZE R B3 { o () ) R
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k= oc

limJ (X (x) — @ () ldx = @5
R

Ing(I)|§1 (B = 1,2,),
limg,(z) = Xg(x), a.e.xz€FE.

ko

BT f(@Dea(|<| ()], x€E, A
mijftwdr=J;fﬂwXAxkh
E

— lim|_f(@@u()dz =0,
.

h—>oo

gy
B2 & feLa,b]). FXHKEA (. 0) W EH T HIE— BB o),
A

L f(x)e' (x)dx = 0,
_d'bI

MW f()=c(HEH, a.e. xE [a.b].
ERE XHMEER XEE (e, H N IELZRE g(2) ME h(2): XHELE (a.b)

AEESES HARE]  h(ode=1.4

Las

h(t)dtoj_ g(dt, z€la,b],
[a.b]

[avx]

plx) = J _g(t)dt—J
[a.x]
S oW ZXEE(a.DON, BH
o (z) = g(2) —h(r)J g()dt, =z € [a,bl,
5]

W T 4 T 7 _

0= | Af(.r)go’(r)d:a::[_ f(x)(g(.r)—h(.r)f g(t)dt)d:r
o [a.b] [a.b] b1

= f(x)g(r)d.r—J f(x)h(r)dx-J gl ds
J [a.b] [a.b] la.b]

= (f —J FORW ) g (2)dx.
J [a,t] [as¥]
i ®A1A
f(x)—J FORMAE =0, a.e x€[a b,

Tawb]

Hi 75 BT 3E.
EE 4.21 (EHEEMH) & fSLRHEAE

limJ | f(x+h) — f(z)|dx = 0. (4. 14)
R"l

h—=0



166 %% Lebesgue 8%

iEBR R4S S04SR f(o)=Ff () + fo(2) , Hp fi() &
R" ' BA B TEMEZERE [ (O 2

J lfz(I)ldI<£.
R" 4

HT A(OBFEXEHR -BUELRE. HAGFE >0,/ Y
|h|<<oB.H

[ 1fi@+m—fi@le< £,
M EATA

Jnlf(x—l—h)—f(r)ld:r
R

éjnﬂ|f1(x+h)—'fl(r)ldx—f—JRsz(:r—i—h)—fz(a:)ld:c
& —;—+J‘R"|fg(.r-l—h)|dr+jnnlfz(x)|d1

=§+2J2|f2(1)|dx<e.

R

Bi 3 # ECR A R, 0
{i{nom(Eﬂ(E+{h})):m(E), hER".

ERl AR R X (0. M F hERKRAIA

xE-Hh) (z) = xE(.I"_‘h)v xEﬂ(E—HhH (x) = XE(I—h) . XE(I) ’
M T AT £

mENCE+ (A1) = | 1,000 + 4 (x— W,
B A

m(E) :J Xe(2)dx =J X (x)dx,
R" R”
Bt LA
im(EN(E+ {(h})) — m(E)|

<[ 1@ et — ) — 2 () lda
\<\JR" |X;.,(.z—h) _xE(IHdI.

AT BRSO F ST, A% A0 Bt T, 8145 FFiE.
#i4.22 # feL(E),WGFHEBEA R ZER BB R ES



$4.3 TR EIHEHERHAHX R 167

gok(l”) ﬁ’fg
(1) llrpgok(x):f(x), a;e. xEE,

(i) limJ |f(x) — ¢ (x) |dz = 0.

koo E

iER REEH 4. 18 A, NEHM >0, FER LEHFEK
TENELZRE g (o) fHEH

j | f(z) — g(z) |dx < <.
E 2

AWt g(o) M XESTHEAH T IE
I:{I:(CH’”;Q): —koﬁg.-ﬁko(i=1,-"m)sko %Q%ﬁ}
WM g —BUELHAMEIEN  FAEXES T I N BB R 5L

p(x) = ZC X (x), J lg(x) — ¢p(2) [dx < %,
HeBA LA LLERET I A Z# K. NmERNA
JE|f(.I)—g0(I)|dI

\<‘J5|f(1) —g(I)ldx+JE|g(I) —o(2) |dx

€ _ = B r & _
§7+Jl|g(1) o(x) [dx 2+2 €.

FTEMNe=1/k (k=1,2,), 5 Al BB B A B X5 BB o8 251
{SDk(I)}’ﬁﬁ

lim| 1£(2) — () |dz = 0,
Xﬂ”‘f% O’>01/’% Ek(d):{IEE: lf(f)_¢k(I)I>G}!m“m:J:
om(E,(5)) gj |f(x) — g () |dx,

Al H m(E,(6))—=>0 (k—>o0), Bl {g(2) } fE E _EMKM BT f (o).
WS Riesz EH 3. 17,774 (o () ) P F AN LA b WL 8 F £ () s
51 2 (D 5 G,

%l 4 (Riemann-Lebesgue 5| R &g, () Ela.b] K
AJ i ok B . 5o R
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(D) g ()| <M (€ [a,b]) (n=1,2,+);

(D) XMEEM c€la.b]. A
limJ. g,(x)dx =0,
La.c]

n—e o

WXHEER f€L(a.b]) . A
UERR  XTHEZR A >0, ATYERT BR sR B (o) , (#1157
€
J[a‘b]|f(1) — o(x) |[dxr < M
Ak o(x)fELa b)) A RRA

limJ Flrdg Code = b,
[a.b]

P
p(z) = Zyl‘x[zi_l ,I'_,(x). z€[a,b),
He o=z, <z, <-<zx,=b. BN
»
J'" _Igo(;r)g,,(x)dxlg Z y"J- g, (x)dx |,
La.b] =1 Lz, y.x;]
E_M@&ﬂﬂﬁﬁ My s % ??;no N!Lﬁgﬁ&/‘l\:ﬁ 5/2 ’Fj[“u
U go(:t)g,,(x)dx)gi, n = ng.
[a.b] 2
%Es% n,>/no H‘T&i%@‘l
H f(x)g,,(.r)d:c‘
La.b]

<

Jr ](f(:r) —go(x))g,,(x)dx‘-!- U e(x) g, (x)dx
La.b [a.5]

QMJ[ ]lf(x)—go(x)ldx+%<e.
a,b

Bl 5 WAL, H A, —>+oo (n—>o0), M| L
def

A {xER: limsinA,x fF7E
=M.

iEB 4 f(o)= l_i_IEXA(.r)sinA,.I-IG R, EFRE,EER m(B)<
+oogA] 4 B, A (A RWSGER)

JBf(.r)d.r = limJ’Bx_,‘(I)sinA,,xd.r = 0.

=0
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X f(2)=0, a.e. rER.
n—hm.E0NAE

J e Cx)dz = IimJ’ sin“A,xdx
B BN A

n—eoc

= i lj (1 — cos2A,z)dr
weo= 2 JBAA

= Lm(BN A — lim —

5 N .[Bn.a cos2A,xrdx

= %m(B n A.

M AT m(BNA)=0. F &3 B WiEEM, 448 m(A)=0.
F FHEH. FEESE LW -BARTHEERESN ([, (). BEREA

lim| f,(0)dz = 0 JAHAE—FIUS,, () KT R
Iimf,,* (z) =0, a.e.x€E.

Ble & (ORI EMHARTIRE. EA
I,,*J’ f(x)de =0 (n=1,2,-),
[o,1]

W f(z)=0,a.e.z€[0,1].
R 4 F(o)=zf(x)(z€[0,1]),N15

J[ -\I"F(I)dI:O (n=0!1y25"')-
0.1]
A S E— 20K P(2) A
J P(x)F(x)dz = 0.
[0,1]

B MEEN ge€CU0, 1 DU K >0, AELT L P(o), 18 | g(x) —
P(z) | <e(z€[0,1D. Bl . &RA

J g(x)F(x)dx
fo,1]

J’[ (g —P(x))F(:c)dx‘

0,1

QJ. lg-,'(.r)—P(:rH|F(.:r)|C|-I~-~<\~SJ’E | F(x)|dzx.
{0,1] 0.1]

AR € e@&ﬁﬁ,ﬁrﬁsj g()F(x)dr = 0. XARE g(o) M EBH . RITA

fo,1]

F(x) =0, a.e.z€[0,1], f(x) =0, a.e.z€[0,1].
#l7 & ()2 R _LEAHESR o] 55 ek E,

() freER A RBI(F, ) . m(R\U F,,) =0,f#4% fFEC(F,)(nEN);
(i) FEEXER LK EEEERBI (. (2)):
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< fild) < fula) <+ < fx) (zER),
f#15 }iﬁ}fn(x)*f(r) ,a. e, 7ER.
iiEﬂH (i) £ ¢, € C(R)(nEN) {15
Llf(,r) — g, (D) |dx < 4", }iﬂ%u) = f(x), a.e. zER.
HIAEAE ZCR: m(2)=0,limg, (x)= f(2) (xER\Z),

|

WIFESG,): G,DG,., G, DZNEN) ,m(G,)<<2 ", LI REAEY .

= [ (z€R: lgo @ — @ @I 2*I\G,  (EN),
k=n

BRA F,CF,.,(n€EN),H ¢ (O F, I —Bults® f(2). Btk f€CF,).

rasa((|JF))=o.

n=1

EPR L3 AEN,IE W, ={2ER: g (2)—g ()| >27F), M W, BFF
%’B XWk (I)gzk I@k-,l (-T)_QE(I) | (x€ R)sl’y\&

J'Rxwk (r)dxr < Z*JRW}__I (z) — g (z2)|dx
gz*“ |f(1')-go,,ﬂ(,r)|dr+J- If(I)'—gok(r)ld;r} gt
R

B R\F,CG, U ( Dwk),ﬂm

\U — m ﬂ(R\F))

(i) & F, [, f,(x)=f(z) - Xp () (nEN).

4.4 Lebesgue 14+ 5 Riemann A4+ K &

2. RIELRA FH# 7 T Lebesgue R4 # &, E#H— A
X — HE A oA N 2 LLAT, AT ek #E R B 5 Riemann 43 %
2. X—XKRZATUAH-NAHAKREE, EARLULH Lebesgue FR 432
Riemann B0 09 —Fp#E), M H o — A F K EH Riemann 7] 4%
PEAE T a7 BH A H A HE . AT Oe — B IE. X B E R B
Riemann F15r BHE ) FiAHE 5L,

W () B XA T=a,b] EHH F R ¥, (A X [a,b]FF
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$4.4

TS 7 %l 31

A("):a*—'IL (n:1!2!"')!

) (
» & I]’” < e & I;:) =3

‘A("}| = max{l‘:n} _‘Tt—")l . 1 -...<_‘_~ l g kn } L] llm ‘A(")| = O‘

SN U n ES
M = sup{f() s 2% K s Lz}
m® = inf{f(z): 22 <Lz <Lz},

W& TF f(x)# Darboux I \Tﬁ]\ﬁ“sTﬂi%iﬁﬁE_L :
” f(r)d.r. == l}.n}j:Mf") (i —2),

o

(n) -
_ “rl'*] )'

f(.:r)dx = hran‘ " (™

3|12 4. 23 % f(ﬂ%%){f I=[a,b] FHIA FRELIC ()

&= (O FELa,b] EHHRIRERED . WA
Lw(r)d.:r = be(r)dxﬁjbf(x)dx,

Ho w2 w(x)fE I Y Lebesgue 147,
iEBl EHX (O FLa,b] FRAFN. L o(2)Zla.b] LK

AREE. RS5O 7 Al A, w(x)E[a,b] | & 7] I o8 %

HI w€ L([a,b]).
XF TR BT U B A R 8 (A ) L A eR RS
{ME"’ =ail> s 2CEC2T 3 )y
m (x) =
0, A" W5
(I = 1,2, skps 1= 1,2,°),
E = {IEEG;b]: I%A(M(Ti = 1925"') B{]%fj\}-

B m(E)=0,B4
limw,» () = w(x)y xE€[a,b]\E.

BAEIT A, B &% [ (O [a,b] L8 & F# R, d T3t —b] n, &
o (o)< A— B BOR 34 0 e s T s o o 2 2 0 00 T 1

1imJ wa (2)dr = J w(2)dz.
I 1

71— o

73— Ji T . BH A

(4.15)
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k
( (m) ' (m)
Jw;\‘"’ (z)dx = E (M"” —m" ) (" —x"))
I
=1

k
n

k
n
— E (n) (n) (n) 2 (n) (n) (n)
== Mlﬂ (-I-I;n _IJ'TJ) _ m," (I'" —Ir?l)’
i=1

1=1

Bt LA 45 E|

Th b
Lcu(.r)dr = limf wyw (x)dx = J' f(;r)d;r—J f(x)dx.

n—- 1

B 424 # f[(OREXELab] EAEFRELN f(2) 1
La,b] - Riemann A] B 72 43 b BE S 1 2 f(a)HELa b b HIAS 15 &5
HAE T AE.

WERR %&H & f(2)F[a,b] E& Riemann o] BIH, W £ (2)

i Darboux |- . F U4 HIZE WA T iy (4. 15) 20 A % Lw(r)dx —0. A

H () =0, LA w(x)=0, a.e. z€[a,b]. X () fE[a,b]
s JLF Ak 4k i £ .

ot & f(OFElab] ERARES SERFTME N (OB
A 08 PR 0 () JLF b Kb 55 %, AT H (4. 15) 7] 40

o ,,
Jf(:r)dx—j f@dz = [ w(@dz =0,
a a I

Bl f(x)#) Darboux |, FH3HM%E, f()fE[a,b] | & Riemann A
L.

LR EMIEN A Fla.0] EAA FEKEN 5, H Riemann A {1
P I 1F Hh 32 oR BUHE AS 3 2 A A0 A M 285 P 38, TR O T B I S HE A
AEE A B

B 4.25 # f(o)fE I=[a,b] I & Riemann 7] 1, W] f(2)
fE[a,b] | /& Lebesgue Al FLRY . H HF - E A [H.

iERl ‘e . MEBRLD LK ERER, (o) FEla,b] R ILF 4
AhEZER). Bt ()R la,b] ERA R ATMEE, fELD.

HW X La b WA — 43X

A:a=xo < 1 < < x, = b,

R4 Lebesgue F43Xf 8143 X 35 B9 ] 44 . A1 1H
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n

J fx)dx = ZJ .

=1 ""r 1'

i M om; 3518 f(OFELx, 1,2, JJ_E’JJ: A 4G
m(x; —x) QJ fl)dr < Mi(x; — )
(i=1,2,+,n) , Tl 7] 1 |

Zm(r—r 1) £ [f(r)dr zM(I — &g s
:J:EvTL_QE A 19 i Xof — ﬁ]ﬁi‘]A%EIJ_ T A S BRAE F
Lf(r)d.r = J f(zx)dx = J f(x)dx.

X f(x)fELa.b] I #) Lebesgue Elﬁ'li_ Riemann F 43 2 1 25 1.
TE SRHR,ABESER,X f(»)#F[a.b] EH Lebesgue 2 47,
#Hid A
rf(;r)dx.

E O ORATATAR e 0 A ERE T R
w(OZER EHARTEY . EAEIF. EA
flx+y) = f(zx)+ f(y) (x,yER),
M f(x)=e"(xER)".
R HEERH (O)=F(2) (O, fF(O=1FEF f(x)Z0(xER),

4 F(z) = Jffmdz (z€R) . Hif a€ R & Fla)70, A
H1+m-Fur3rUnmﬁ:rﬂx+nm

==Jfft:)sz)dz::f(:)Fwa).

_ F(x+a)—F{zx)
f(x) = Fa)

X f(o) REgRB.Hlk FECY (R, AT A8 £ (x+y)=f(2) f (3.
B y=0,08118 f(2)=f(2) f(0).i2 a=f (O, A[F(f(x)e ) '=0,ifi f(0)=1,
WXAH f(e “=1,B115FTik.

BEE KUEH T 6.

1. % FC[0,1 1 2H%E,H m(F)=0. X, €R(0,1].

2. % f: [0,1]—>la,b]/E& Riemann a] A K E.g€ C([a.bl), N
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g(f(x))FE[0,1] | Riemann AJ 1,
3. W f(x)yg(x) R a.b] FH Riemann ] f1 pK 8, EC
[a.b], B E=[a.b]. &4H
f(x) = g(x), x€E,

b b
| Jf(r)dIng(.r)dx.

LB a.b] B A BB AY Riemann f143, X F JC 5 ok 5K
IR DA R e 55 X 8] ER R E RS BB AR T . EEARE—F
fE Cauchy PR & SCF B4 FEAH .

A b
J f(x)dx = 111’1’1J f(x)dx, Jf(r)d:r'z lin}J f(x)dx.

»—‘45 OO =0

il Al & B L A Lebesgue F143 45 B 2 46 X WS B 47
EHE4.26 R{E EEHEANES, HIFERE, X
fELE) (F=1,2,).

mmﬁhmj f() |dx 7E M FELE), LA

“k

J f(x)dx = lim| f(x)dx.
E ks E,

E £ |2 R AT L FLAT
£Lm|f(1) |xf;§ (z) =|f(x)|, =x€E,
B BA B Beppo Levi 4 #0374 51 814 5 H ]
[ 1@ 1de= tim| |7¢o) I, G2 de

= limJ_|f(I)|d.r <+ oo,

k—>oo E

Bl fEL(E). X THE LA (k=1,2.),
limf() A, (2) = flx)s  |f(@DXe (D) L[]

bk—>oco

AU AR B £ ] ST S5 B AT A
J f(x)dx = lir?J f(x)dzx.

lz

EEARAEEP REHYE BEEKL RSP E.=[0,4]
(k=1,2,+),E=[0,4+2)),H f(x)TEEN I, L # & Riemann 1]
FRRE B, A M &1
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b—>cx

limJ |f(x) |dx <4 oo
‘lc

RSB S AT L AT BAGE 3 155 Riemann 14> j f(a)dr TS 8] Le-
besgue f43
Jff(r)dxzz!hyjff(r)dr

I {E.

RS R, T B RS (L A, R ERIEE
WEIFE E.

TEMAE - R LA RE (B Cauchy EXFHDO BT
Lebesgue F243 TG H H2 i) 22 1R X 2.

Bl 1 % f(x)=sinz/x,WEFEL0,+oo) FWREBTHN

sinx, 0w
J‘U b & dI o 2 ’
BRATA [ 7522 dr =+oo
0

XL fFEL0,+0)).
B2 & f()==z2sin(1/x)(x€[0,1]),
(i) & o«=0,0] fFER0,1]);
(D) # e=—2,0 f(FE[0,1] I B FFAE 5
(iid) & o«>—1,1 Fe L([0,1D].

1
B3 kI1=| 1% 4.

ol_I

R T Yo<a<l H-T,Fﬁ——ll—ﬁr; = Z—x"lm. H

1 Sty
J x" lnIdI:—J te i dy

0 0

2

1 l o= 1 = 1
L (_ 1 .Ilrl.)df = ZJ — 2"lnzdxr = Zm - %

Ehll:tﬁ.].ﬂ] I=_T{'2/6-

£ 1. & feELE),HE=|JE ENE=08G#) . b8 E, #%
n=1
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OEE W

J‘Hf(.r)dhr EL f(x)dax.

n=1 “n

L2 1B R IR B R — 5 20 B xico e ) L kgt i g0 1

n

(=1)*

n

Fo a7 —n2 5 D 5 e S 8T S RO R o IS

E,=[n—1,n, flz)= )

n—1<< << n,neEN),

1A

—In2 = J f@dz# 3| e =
g n=1"E,

X UE A —F AR B0 b 0 SR SR RR A A 1Y oR B T RN L IR A4tk
FRAR A B LA B XT X B ) v BceT k. Bk AT A BB A XHE—F
Sy EIE B R R RE BT Hl Lebesgue B3 A HE ™. 4 5 5k 35 % B 43 X 46 T %%
AL EOR IR 4 X R R S B R E .

2. MWFEXLELab] FEI BB F( .g(x)./:‘}F(I)=r_rr}igi{f(.r)-g(x)}. =
fig€LLa,b) .M FEL([a.b]); % fngR([a.b]),EUJ-F-ER([a,bj). (B
flx) gl fELa o] ERRETL N F()fELa,b] LA —E BUE WL

3. W fER(LabD . g()fEla bl LER.BAE

m({x € [a.b]: f(z) &£ g(2)}) =0,
A g(x)fELa,b] LA —5E Riemann w] B, i {0
1, z€Q,
flr)=1, glx)= [0, 5 (x€[0,1]).

5 &

4. & fEL0,1IDHAR A —EFE g€ R(0,1D, {8 g(2) = f(2),
a.e.x€[0,1]. Blan L0 ] — A EAWHENERNE E,HS (1) =X (2)
(O<z<<D .

Ef(r)dx = m(E) > 0.
Bt R AFAE g€ RA0,1DHA gla)=f(x) a. e. € [0,1], BF 4 i %

(z€[0.1]: gm:om[o,l]qaﬁ@.ﬁﬁﬁfg(.ndr —o.
5. [a bl EME E X FEBMN FERa.6]).E hibk f(a) 5%

iEM  idla,0]NQ={r,}, HAEAE
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Em = U (f‘” *2 el 9r"+27{“‘m=v) (I"?GN)! E: n Em'
e m=1

i m(E,,,)QZ“‘""’ H m(E)=0.F83 f(o)MEZEEE cont( ) EH & G,
£.H m(La.b]\cont( £)) =0, {24 Baire HEH, 7] Hl cont( f) B —WE.

[a b I\E, (m€ Ny REMBER.E £ G, %.[a.b\E= | ] ([ b]\E, ) £5—

NE. NG E] cont( HTINE, B cont( /) NE#*J.
4. BB f(x)=sinz® FE[0, T o) LAR . 78 : HE

= 1™ |sing] 1
\f(1)|dI:—J ——dt =
(n—1)xw

2 Vt Vnr

Jm

Y4.5 FERHRRBRTH KR

MREFRSSBERBEOMLRREES TP REENIREZ
—. ¥£ Riemann 893t h, R f(x, W7 I=[a,b] X [c,d] I
EeE AP A%ER

b d
J’f(x,y)dxdy = J (j f'(_r,y)dy)d,r

a (3

WAL AT H KR ETE Lebesgue I B E TR EH—
Fubini 2 3. BREMIFH LGB B AR Bl FEMAH LK
i, X—% hEAMER.

(—) Fubini E&

AR —BE . BAS n=p+q. K p.q RIEEE
R?, x = (EI'EZ""'EP);
R 3= (&1s&p2s98) s
R" = R? X R?, (x,3) = (& +2*3& 5615006,
FFicE XFE R FHI R f BN

J. f(r,y)dxdy:J f(x,y)dxdy.
R” xR? R"
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HATE R FER . F5X

J Sflxyy)dxdy = J, PdIJ qf(.r.y)dy
fa] i B S7 2
AL —F EREFEAME L. Liwme fE R ERH
g3 HRER f(x,y)FE R b2 a] i 5 4 s ik A 2B IR 41, B
fCx )Xt y 78 RY Ry, FEX

J f(x,y)dy
R‘I

B fE R” FRUBLAr. BR VXL ERIE (. ERN v B REFE R?
AT I Y A B AR A

J f(x,y)dy
Rq

YR « BIREAE R” LRI Y. A R 7E L AL Rk R 3 B B I
HAFMRE SHEE 0T % -8 82T REBE R
JE. A1 TR e .

EHE 4.27 (Tonelli EE,FHFAMBHMIEL) X f(x.y) 2
R*=R’ XR? | [#E 7 a i ok 25, W A

(A) X FILFAE z€R?, (. IER y BIREZE R L
Ik £ AT ] oK %4 5

(B) 2 F, () = | fCroyddys W F, ()R R L HAE 55T 6%
g

(C)J Ff(x>dI=J dIJ f(x.y)dyzj Flzs)ldy,
R” R? R? R"

PR A A £ AT ] ok 802 R £ ml i a7 B2 ok B0 I 51 B AR BR , BT DL 3R
AT 9 SR 8031 SR P DT B0 ok B0 th & PR K B SR AT 0 pR RO Y IE
B 7 . B A B 5 | B AT DU S 2R R B BUA 15 R B — 2. AT
&M (A (B) B (O AR aT i R $ ) 268 7 (BARIES).

5| 4.28 () & f€EF,H a=0,l af€F;

(D) & fi.f-€F M fi+ f.€F;

(iil) & f.g€ %, f(x,y) —glx,y)=0,H g€ L(R"), |
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f—ge%;
(1V) %fke7(k:1q2a"')-fk(.rgy)\<\fk7l(on) (k:lq
2!"')!,5_;%‘ ’Elmfk(.ra_}’) — f(I,y),(I;y)ERP X RY, mu fef?;'.

WERR RIER SR (D5 GD 2 88 B H).
(i) WK ge7 BRI LB (O R[H F, (o) 2 LT 4k 4t A R
0. B ERE @G A LA 8 . g(x, ) B v B R
R? LA AHRE. FRMMNER
(flx,y) —glx,y)) +glx,y) = f(x,y), a.e. (x,y)ER"
N BPHETR f— g Bl RS (A (B 5O M.
(iv) (A) B8R AL

(B)J Flasgidy = EimJ Fubzaaids.

Rq oo ) RY

() J Sf(x,y)dady = limj Sz, y)dxdy
R a0 R

= lim de. fk(:rpy)dyZJ [limJ fk(rgy)dy}dr
R” RY R’ R’

| koo

:J d:rj limfk(x,y)dyZJ de f(x.y)dy.
R’ R” rY

Rq b

EFE 4.27 B9IERR HE.EH 427 W ETRAR R L
Ak AT R B R T 7 R GCARE 53 4. 28CGiv) , FRATT R 7 45 Ak
Al R R R EUE F 7 B el Xl 51 8 4. 28GD , LR E R 7R uEH
E—nlM4E E FRFRFIERE X (2. ER T 7:

WD) E=LXL,HP L 5L &AR 5R FHEEK BR.A

J.R,,XE(I,y)drdy = m(E) =|I,| X|I,].

b A 2 €R X (2, y) BARZE R ERAETA AT I K 20, H A
I,|, €I,
0, o O
TR F, Co 2 RP L (045 50 T 0 o 8 LA

| F e =1L IXILI.
RP

F(z) = {

ii 15\6.. Bﬁ XE 6 7’
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Gi) # E £ R P FF4E B E = U L, Hot I, R A
T 2 € 7. *

B 14 B = | Lo oD BURSIH 4. 28G) T 1, € 7. X
RYE5 3 4. 28(iv)—ﬂT%II]-;CEE-"?.

(i) % E Z2AFAL. N E qf RRABWNE RIE (G DG,)
24 N (2) DL 5| #] 4, 28D I HI X € 7.

(iv) B {E ) B T 4451, H m(E)<co,it E = [ E..

% XI-_"_ Ej-(kzlsz,'--).[jlu XEGUIT.

FLEE X, B S Xe BR LB ARMUT T2 4. 28Gv) B
TIE A J7 32 o FH 4 1l Wi S5 24 B AT A5 I
(v) %% ERFTWE M x. €7
FX N FERBITES (G ) .G DE (k=1.2,) . ffi{5
lim m(G,) = 0.

i
4 H= th,ﬂ'JB'SI GD ARGy AIH Xy € 7. X ECH, IFEEE
mCHD =0, RAH
j.de,quxH(Igy)dy =}
PL K
| tee yrdady = 0 = | de| xpeimdy.
B e 5 A e (O). LR RE g th X LT A 2 ER? A
F (2) = prfu,y)dy =,
AT 57 B HE X LA b x €ER? L X (2, y) =0, a.e. (FRY).
XL X RN HB) X €7

(vi) & E€ M0 X € 7.
FLEHN ERLIRAR AP EAHLHES K.
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E=(UH)UZ
H A Fo SR RHE m(2=0.4 K = | JF.. i Gid) LUK

RBRITF GO B FEAMEIE 1k € 7. g RIEFK
Xelxsy) = X2 9) +Xz(x5y)
L BN E X € 7
EFE O EEH 42T MIEMHT . RE 2€R” 5 yER K
P 4518 R RE LS. Rt . 2P B R AT mT 48

Jf(x,y)dxdy:J d.rj f(.r.y)dy=J dyj Pyl
R" R? R? RY R”

(i) # f(x,y)ZE I #YHE fon] i p& 8, W] A F(x, y) X () AR
BEH42THH (o). KITH

JEf(_r.y)d.rdy=J d.z-J F(zop)Xe(zsy)dy.
R” RY

EHE 4.29 (Fubini T8, ATRBEHMOER) & f€ LR,
(x,y) € R"=R* XR?, il

(A) XFILFAALE 2€R?, f(x.y) & R B A TR R EL

(B) B4

J faady
Rd‘

2 R’ R R EG
(C) ®NA

J f(r,y)d.rdy=J de f(.r,y)dy——‘J dyj f(x,y)dx.
R" R? R R’ R’

iEBE 4 f(x.y)=f" (x,y)—f (x.y), WARHEAE 7 0] I K %X
i) Tonelli EFAH, f (x5 f (2. KL EREZMEA) (B 5
O.FEIHRANBR T EMZA R, AN el IER LSS, I
Bp 45 i 2 BRI 4.

E L EHBRCES BN AR S T B, R I 58 4 X A AT
iwis.

2. BME f(2, FPBRBESFEALMEE, (2, E R EHTREEEAR
Al FR .
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3. Tonelli £ 4 Riemann B4 A E. @i E Z[0.1 X[ 0.1 %

E . HE—FIT TN EXRELZZLE T—1 48 XIERE
. (1 (z,y)EE,
gl = {0, (z,)EE,

5% fER0,1]X[0,1]), {814 (Riemann B4
Jl J flxsy)dz =0 = J’l Jlf(.r-y)dy.
4, B f(2)=f(& &, & )ETFER B(0O,VCR" LA FiEKX

f(e) = E Z an. e TR

W=k4 f(x)=0(x€ B0, r)) jcE m(f~ ' (0) N B(0,r)=0.

iR () HFa=1 AT fCORNEEFEP (2 (=] <<r} L 0IHHT R
F()fe(—r,r) ERRRE. B, HE fF0. A F ‘(0)%—4\@5?:751]%

Gi) Xf— iy n R IR . BE n=1.2,- N—1 W4t WE . Hid E=
f PO NBO,HLLK

Ey = {(& & 181 (§+& 181286 EE),
M 42 i Fubini i 3 7] I
s CE = j ny s CEpy Yl +

Hrpom, (A)#FER R itk A i) Lebesgue iU i,

BAE X eve(—rir) B (&8 08y 1 & AER & .86, 6y IR
BAERY " EEE, LR 0,0 my  (Ey)=0. *ﬁ%ﬂiﬂ?ﬁeﬁﬂf%ﬁﬁiﬂi.

i BERWILVEA N o Xn BT ERESA n A R B FFAEHE. X B

“JLEFFA" R RT PITH nXn B HETE R 2 0 m,2 2 L.
Bl1 & fELL0,+00)),a>>0, 4%

100 tec e .
J sina.rd_rj f(y)ePdy =a —f-f-L)—d—?
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() X teER AKX (a.b), FFHE 1, LI cER: 7, €EQN(a\b) . (r, )T
(Foge 1) fi 72
f(x) >t, x€(r, o).
KPR — TR R () AT REAR CE R, (a . D IERD)
m((a,b)N{x: zER, f(x) >1t}) > 0.
(i) pR %

f£ R FHYAE— X [8] ¥R TT L
(7)) XTERSERARS

LR ERER N TRESER S M _—EHS,BE (2,3 =0,
HER»

Em :if(:c.y)drdy
e b A B4
Lﬁdy * Flaoyde
S E T oo,
J':mﬂmf(x,y)dxdy = F E ffcx,y)d:.

(B4R 6358, BB 5 0] LA #E H AR 5§ F + oo, Lebesgue U4 FE I
N—W 7 e

Fl(EERBMNRS) & (L0, o) FHNEHETHEE.IZ| X =
(" 3", m

J,f(IXI)dX-_-zn 'f(r)rdr. (%)
R 0
W ) & (@) =X () (0<a<<lb<+o0), M|

f(X)dX = m({(xz, ) ER?; a* < 2+ 3y < b*})) = n(b* —d*),
o

ZnJH f(r)rdr = 2x limJ Xiws, (D rdr = x(b* —a*).
0 b [

(i) B(E, R0, +oo) M E R RBHH AW S %5, E= | JE. &

(DX f() =% () RL M (DRI f(2) =X (DML R4 S, =
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U E e =2 () (n€ N, M { g, ()} 224 £ AT 30 o 2045 7 510 1Atk T
i
szmxl)dx— hmjz%(lXde. (2)

0

YHE,  REAMZESIN ()X ZH 45K

lim (Zxk (lXI))dX— llmZJ Xs, (IX])dX

—= oo noeoc

= 2x lim XE (r)rdr = 2x lim - ( ZX,;& (r) ) rdr
k=1

n-woo 0 n—oa) 0

= 2x lim cp,,(r) rdr = an X (r)rdr,

WTE) | 1, (1X1)dx = 2 2, (Prd.
H{E, ) ZRBRHERIIN,.S,=E,(eEN). Kl , (2)X M4 A

lim| , @, (IX1)dX = lim | %, (IX]>dX
neool R .

= 2= 11m XE (r)rdr = Z-rr xE(r)rdr.

K (DRI () =X (2) BT
(i) & GCL0, +eo) BFE W G 7] 5 h B A A 5 X [ Z . 8 (D
X F(2)=X; () L.

(iv) ® ZC[0,+0): m(2)=0,A% Z,=zN[0.w. W z= | ] z,. Hit,

A fa th (DX () =X, () WAL BRI AL b, X m(Z,) =0, Bid w8 T 5 51
{Gy )

z cﬂ Gi»  limm(G,) = 0.
R G, C(0um REN) AT
Lgxzclxndxgj Xe(IX1)dX
- R
= z-uj Xe(rrdr < 2mmm (G,).
A hvoo, 178

sz X, (IX1DdX = 0, 2x| Xy(Prdr=o.
n D n
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(v) ® EC[0,+eoo) BTTHI4E .4 E,=EN0,n) (xEN),H-EBIFES] G, C
(0,+20)(kEN): G,DE, ,m(G,)<+o0, H m(G,)>m(E) (k=) ., Lig G=

) G Z.=G\E, (€ M) W m(Z,)=0. H G=E, U Z,. 4 & 5 3.
T

JRZ X(,(|X|)dx — lu:n ZX(,&(|X|)dX

k=) R

= lirnZ:rrJN= 'X(;L_(r)rdr = ZKJ qu(r)rdr.
0 0

ERE E,NZ, =2, 8 DA X, () B X (DR Xe (o) AL 3
X ()t 7.

(vi) & (O RAEFR AT KB 5 H 25 (DR X £ (), f, () Bl Sz Bt
X af; (2)+3f, (o)t S, AT (1) 28 AT 0 a2 oR BORl Sr. B8 ot L 3% A7 4 T 3
fa] R F ) { g, (2) ) - li*quo,.(.r):f(.r),ﬁﬂﬂﬁﬂ(l)iﬁ?f S(x) lLST.

F L & f(FE0,+oo) EIERAH,0<Sa<<bS+oo, X XER",
| X|=(+xi++22)"  Ri1E

]
fUXHdX = nm(B(O,l))j f(r)r dr,

J.(IER":aSI.r]éM

Hp B(0,1) /& R" i {7 BR.
2. ®EC(0,+too)BA[{M&E, 4 A, =(XER": | X|€E},

m(Ag) = nm(B(O,l))J. r* tdr.
E

3. 12[0,1]" 4 R" g B4 1E J5 4k, AT A

R | 1
(M 1 —J IX|dX=-L,
n—lfg n ]:o'i]" J3_

(i) fim f("’1 +Izj'"+"")

n—e 00, [O.ljﬂ

ax=f (=) (FECC01D).

L &f(:):;ouen),j Fdz=1,i8 X[, = (2 425+ +22)"
R

o

(1) limJ- flx) flzy) - f(x,)dx,dx;*--dx, = 03
X1, <M

(i1) lim 0f(1';)f(rg)"'f(r,,)d.ridrg-"d.rn = 0 (e (0,1/p)).

L=

(£ ) Radon-Nikodym 7E I & /¢
FEEXH . BIEEFERNMESHosx -0 H. fla. ik ECR Z0#
£,
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m(E) =j Xp(2)dx;
R

m(Ge(f)) = -[ f(x)dx.
E

X R[] — U 3 2 ] (1 FE
MWrH—mEEE—T: MAEENERTHEE (O 5F. B4 E LR
o+ H E ME—Hfi %E & i

p(E) = J f(x)dx,
E

| 5E LAE Lebesgue AT R o- 0B LR G el % BA LI PR
() u(E)=0,H E=Zat u(E)=0;
(i) # E/CE;, | u(ED<pu(E;);
(i) F{E RE A&, A

o0

w( | JE) = 2,;(5,,).

k=1

XS —F82.2 FH 2.6 FHE), (Rym, ) W B— W =
B, FUORH A B 4 {E S Lebesgue | FER[H 2 1.

PAEHR H — AR . 40 7E Lebesgue Al £ ) o U E & XA —FdEf
i BE s AR A B BAFAE—AE T Lebesgue 7] pR 30, G XHME— 7T E, &

p(E) = Lf(a:)dx.

st AT E REED Y ERFERX ML m(E)=0, W p(E)=0. X —
HLFR M BE 0 LT Lebesgue M M4 XF L. MR, — MWW E o A —&
H & —tE . W, 2 E N b AiE p 2 (T Lebesgue U BE) 48 X % 2%
(4. T T BT A 4R B 3 4 45 R R 2 B B O A e o IR X R — MR TR ).

£ (Radon-Nikodym EI) # p 2% T Lebesgue il BF 9 4 X 3% 22 Ml
FE , W A7 AE3E AT ) pR B0 f () , 45

p(E) = _Lf(:c)dz
(i B — BT 3R X7 45 5 00 B2 45t ).



FHE MOSAERS

BT RBENE TR . BRI ER S EE R
KA BMA TP EMNFERA T T EMA A EHE
Z .

() # (o) REXTE a,b] R Riemann A fL K2, HIFE x=x,

F(x) = J fde, zx€[la,b]

£ x=x, A RHK,BAE F,(l'o):f(ro)-
(i) Hf(DREXTEab] FEI TR, f(2) T [a,b] R
Riemann A] FLe ¥, W] £ () & H T R B A 2 FL oy

fo'(:c)d,r = f(x) — f(a), xE[a,bl].

F OGO PR EE B, 8K Newton-Leibniz 20 X i 57, 2 41 2 3K
ffeERa,b). TEAEREWMETICHHE,BME (AR, BT LUARE Rie
mann A] F1 .

AT H B EFE Lebesgue BT BIS Pl OB 0 2 A € B
I 45 it Newton-Leibniz 73 3 i B 38 70 0 58 4. o faj 8 00, 3
MEE 4 R BHEIE (R MR L.

FEX I ATT & Jo il B 49 2 ek BCH) AT GloPE (n) . el T R B oK B
FCOBIAERD AT LIS LT B

Fz) — ffcz)dt _ rfwndz—ff—(:)dz,

B F () S Fr b J2 P91~ 128 58 o 2060 22 DA TG 4+ 18 20 980 o 250054 7T ol )
BT LAMEDS (D B e . HOR AT F AR 2 R B BB &, B 5L
brEst 2 BB ZE, N Al A ER 2R R2A A EE
RERPH— TR MEER-TETFE . XHERE 5.4 FEIA
Y 248 X 1% 22 PRECR DA TTT 3 1 (i) 2 B A i B
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e M ERE AR L RMNTUE L SMEANESES
EH L, EATHRADIE R o] R AL TR M k. AN A
7E Vitali B X TR B G EH, - B M IER] Lebesgue M E A 4518 B
i oR B JL - Ab &b AT 3R

(—) Vitali BEEE

EX 5.1 % ECR,={L}E—1XHEE ZXEEN 2€E
AR e>0 427 [,ED g € 1,, | I, | <e, MFR ' & E £ Vitali B
MR — 18, WA E R Vitali B,

Bl 1 & E=[lab],%{r.,} Hla, b1 LKA HEME

In.m — [rn__l_! rn+l:l!
n

m
MEXEErr={I,,: nnm=1,2,- & E # Vitali 78 3.
EE S 1 (Vitali BEEE) R ECRH.m (E)<+teoo.EFT
B E W Vitnli &, MIEEHN SO0 FHEARIMEAMEWN [ED
(G=1,2,n), i 1§

m” (E\OI,)< €. (5. 1)

iERl Ak —t, RFENe D 2K A EEE. B4 G,

{18 GDE,H m(G)<+co. AT EE B Vitali =, AT B
ETPHENTI HETG.

BN PEE—XEHCHE T JRGHEZE AN ZEZE L ik )E

4K X 6]« BEE B H AR X ] 1y Ly L B EC L WG

PR JCZ0 Bk, A0, 4

o =supl|I|: Iel, INI; =3 (G =1,2,,k)},
B0 <m(G)<+oo. it , AT —E AT AN I H ik — A~ X 8] i
o PR
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| > %a L NL =@ G =1,2,,k.
Yo — B2 AT A% AR S B0 K B 1) . L

YLK m(G) <+ oo.
1=1

el S AT 0 AR TR >0, 77 ., (145 j|11|<%, &

j=ntl
S = E\U I,.
MAEKIEH m* () <e. & z€S, W R I, BIA%E. i L&A

z€l, INL =G (G =1,2,+,n).
BIRI|T|<6,<2| L1 |. AFY j>ocolt , 4 [ I,| 0,8 I %5(I,}
S X [5G U R ] TG K R B T 5 3 B 2 2 7 F
). A0 no {1 5 T A X ] 9 f5 /N T A 0 mo >, ELAT

1< 8,1 < 2L, ).
Ml AIEXE I, 25 1, FoBKER L, 6 5 5t 1
& o MR —Y) j>n i 1, FAEARE 1, IR 4735
sc |Jr.

j=ntl

oo

BEE m (9 < D ILI=5 Y ILI<e.

j=ntl j=ntl

F WECR.ZER F—FKA K HEEEN 2€E L ke>0,4f
£ QEZ, 14 r€ Q. HA diamQ<e MFR 7 & E ) —4 Vitali . HA1H L
T4

to il (Vitali) & ECR" Ef A 4,7 2 E B —4 Vitali 8 5% , W AF1E

AR AR T (@) et m(E\ | Q) =o.

k=1

(Z) B8 @B A TR
KEHBE MR —DEXIE R R AR — 52T #a, 38



20 FAEF WMHaERERS

AETEZR—EEEEN B RZAR. ALk, RATE AR 1&
— PR ETE (a b)) WA AL ESE B AE (0 ) I — AT B L AFF
TEFEL. 19 a2 973, i 22 8028 580 LA A 3 22 oR 807 HoE SUsih i
TURTE S L B I HEA AR E RS SR X —
(HEEA Y. — D BEECFE AR ]2 S E B K Welerstrass
(1815—1897) F 1872 4E45 M (IR KK T 1875 ). XAl 45
H oAb Kb 7 2 ) pR AT DA AR b AN AT .

SR, L R B LA R 7. BRI L L & L AELa.b ]
e P — i BRI o BT A E IR 2 s b R T B (B AT R ) S A
A FATHFE A Lebesgue & H . HLH o EU JLF A0 Ab 7T 1319

A FATT S T A T B R Rl Y i LA DA T4 b PR
ST REANEAERITEIE.

EX 5.2 & f(2) e XFE R P& x B9 — LB H SEH o
5,4

D' f(x,) = E f(x, +h1)1_f(%)~
D flxs) = ;,l_i.rori f(xo +hz_f(1n)’
D™ () = hl_i_?} f(xq +h})l—f(xf,)’
D f(x,) = ,,“jl f(z, +h;),_f(10)’

@ Weierstrass fEsRE T .
W(ix) = Zb"cos(a”x:)- TR,
n=0

Hoa ZAFH0<H<1. flifgh: W(TER LabkbiESE. HAE ab>1+3/2 Bf . W(2)fER
&b 4k AS AT R

FEIAR, AT LRI R 3 56T = A B0 — 145 8 R 4 12 1 A ] 1o oR Y 1) F

B, =00k = 1,2,m)0 )y <hooud
k=1

f(x) = D rcosnx,
=1

Hop(n, )i Rinfln,.  /n,: k>>1)>1 (B} Hadamard $31). & f(x) EE— dal 8. W) n,r,
>0 (k—>c0),
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SARENH (ODE 2 N ELEH, ATER, ELEH.ET
S 5FH Dni®(BH ¥ BRE

D' f(x,)=D, f(xy)y, D flxo)=D f(xo),

DY (—f)=—D.,(f)y, D (—f)=—D_(f).
WA, 2 e P94 Dini 808 % F R —ANA BRE, W (O xS 20
H3# D" f(z)=Dy f(x) NERME, N () xo SHAHSFBHF
;& D f(z)=D_ f(z ) WARE. W f(DFE 2. S ERK
1.

Bl 2 % a<b,a' <b NERE

a.rsinzi—l—bxcoszl, x>0,
x x
f(I) =‘<09 I:O;
’ « 2 1 ! 2 1
axsin® —+bxcos® —, x<0.
i x
1 1
3 L+ = =
T A Cntn ~F S onn

W ,cos(1/x2) K sin(1/2) AT ERE|—1 B +1 Z[E 8 —Y1E,
D" f(0) = s%p(asinzﬁ—l-bcoszc?) = b.

K{H, A D, f(0O)=a, D_f(0)=da", D f(0)=b".
B3 & feCa,b]),MFFHE x € (a,0) AR HEE £, EH
D_f(xy) =2 k=D f(zx,) B D fx) < k<D, f(z).
ERR iR k=(f(D)—f(a))/(b—a) 3 %% F(x)=f(x)—kx. 53 FEC
([asb ) BE

— e =fta), 1 ey afEy,

F(a) = f(a) =l T

F(b) = 21— (bf (@) —af () = F(a).

H WHFFLE x0 € (asb) o F(xo)ZLa,b] | F(x) B B R B B /ME - AT 75 2
D F(x,) >0, D"F(x) <0 (x, KM,
D. f(z,) =0, D flz) <0 (xo HE/AMELD

(R H ¢ () FEH g(a) =¢(x) +¢(2), M D g(x0) = D* o(xy) +

@O Dini(FERKFHFZFK,1845—-1918).
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¢ (o) s Dig(x)=Ds glao) +¢ (20)) , Bl
D_f(z,) = k=D f(z,) (o hBAMEL;
D. f(xy) = k=D f(xo) (o B/MEL.
E L& (o) Rla,b] EHE K%, WK Dini 8 (o8 BRI ;
2. &

Fla) = - IEQ.

—x, z€Q,
W D" f(0)=1,D" g(0)=1,D" (f+g)(0)=0, M Tfij 7] %1
D" (f+ g)(0) 3 D' £(0) + D" g(0).
EHE 5.2 (Lebesgue ) # f(o)RBREXTEa,b] LR
(LB R BN f(o) AT S EAFTME, BF

b
Jf’(x)dng(b)—f(a). (5, 2)

iRl RATECIEW X F (@, 0) FILFA LY =, B

D_f(x) = D f(zx) = D, f(x) = D" f(x).
A, RFEFIEHE TR S 4

E, = {x € [ab]: D'f(z) >D_f(x)},

E, ={zx € [a,b]: D f(x) > D, f(z)}
VI RAZFMERR. Xt F E\ 5 E,, RFUEH m(E,) =0 B[, A 48 i
BH—f HEBED (—H=—D.(HFMD (—fH=—D_(f),
m(E;) =0 g vl AT F HEH . iC Q. N IEA BELE , IF Xt E\ 10 40
T

g(x) =— f(x) (x€ER),

E, = U {x€la,b]: D" f(x) >r>s>D_f(x)}.
r.s€Q,

Fit A=A, . ={z€[a,b]: D" f(x)>r>s>D_ f(x)},M m(E,)=0
BUE BA 15 45 A E B m(A) =0.

YEFF & GDAEB m(G)<(U+e)m (A). M FfE—& €A,
BT D f(o)<s,WFHE R>0,f818

flar—h}— Fflx)

—h
He@g h Al IS RS/D, HAGBEx—h,2]CG, BRIMKZ X
B z—h,x |BILEBMEBE— AR Vitai BZ. BIE Vitai BEF

<Sy (5.3)
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HFALH, XAE 25 B €0, FFFE B A FHAE 1Y X (8] 21
I:.I] _"hl 9.171:]; I:_I‘g _‘hg 912]9 Sy [Ip_hp ;IPJ!
15

P
m-(Am U[Ij—h,,x,])>m*(A)—s» (5. 4)

Eh < (1+em" (A). (5.5)

HAB N x,—h;,x;) ﬁﬂﬁﬂ(S ARG ATA
f(x;)) — f(x; —h;) <sh;y, j=1,2,,p.
HEEF G 5K, EE

P
Z[f(x ) — flz; —h))] < s(1+e)m™ (A). (5. 8)

b
Yig B= AN U —h;sx;). HHAXAEEE yEB,D' f(y)>r,fF

PAFEFE £>0, {E? [yyy+k]&FEA(x,—h,,z,)H,BH

f(y+k;“f(y)>r. (5.7

Hrh b Al LIBAS TR 40/, N anit 2 X 8] [y, y+ A B 2K 544 % B
B Vitali B 5. BN Vitali B 5 € #4516, o] MEE B A/
IX [&] 22

[onays R ds [yeoye+Ras s [ygsve + ol

{15 Zk.->m'(B>—e. BTSN vy eI RG. DR A
Flyi kD) — F(y) > rk;,

MR HE (5. 4) X AT 48

E[f(y,-—l—k;)—f(y,-):|>r(m'(A)—Ze). (5.8)
fi%ﬁ@l f(x)%iii%‘@ﬁb‘lﬁfyuyi—ka]ﬁ:F%/I\(rj—h, ,IJ-)P';],
] 40

E(f(y +2)— fly)) < Z(fu ) — flx; —h)).

?%%I%(a 8)5(5.6)=, ﬁfm%ﬁu
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r(m” (A) —2¢) < s(1+e)m™ (A).
He R, ERXRT R rm (A)<sm* (A). X m* (A)=0,75&
m5 r>s rJg.

HRCERATEEHG. R, B FArR, f/ (o) Ela, 6] ERILF 40
AhA E X ABIE F(o) B3R, 7 H f(2)=0, a.e.x€[a,b].
WIES

folx) = n(f(x—l-%)—f(x)), #e[asbls
HfAEY 2>b B f(x)=f(b). 5
fXz) =4, lir}‘if,,(.r) = f'(x), a.e.x€E[a,b].
F 2 Hi Fatou 3| 4

b b

n—+ood a

gh_nl_nji(f(er%)— f@))dz

n—>oc

:“_m(n.[

n— o0 b

5 1

o :H—%
Fez)ds — nJ f(x)dz)

= lim ( (&) — nij%f(x)dI)

n—=oa a

< f(B) — f(a)y

M (5. 2) K BSE. S BIRT A () BILF a2 A BRI, B £ (o)
7= JLF- 4k Ab AT i .

T F B, B e O LA A T R X — S, — R R AR
REBCHE B,

Bl 4 ¥ EC(a.b),H m(E)=0,&{17 IME—17ELa,b] L i SE Hi M
R () fE] f(x)=+4c0,xEE.

HELE,ME—-TEHAE A RINTUR— T8 ENARFEG, 8
m(G,)<<1/2" , H-HE & H 3

folx) = m([a,x]NG,)sy x € [asb] (n=1,2,-),
BR. B fL(OWRIERKBEHEEHAE f.(0O<1/2". HTF
falz+h)— fo(x) <|h|  C(lhl TN,

B f. () RS R B BLAE FAE R B



$5.1 %ARKEHTHME 209

flx) = Zf,,(:c). r€[a.b].
n=1

ERIFMESZHEMMWRE. & € E MM FEEHRENBRE L T AR
g/ fE TR

[xex+h] TG,y n=1,2,,k,
HRIUE[ 2, 2+h]C(a,b). KA

Falt = R — Fakz)
h

:19 ?T=102y"'!kv

PNIOEE S

(z+h) = flx) f(1+h)—f(r)
f 5 f 2 = k.

XY, % € ERE, f(2)=00
EIE 5.3 (Fubini ZEI S EE) &{f, () Ela.b] FH#E

WMEHI, B S £ () fElab] s
di'r( ;f,,(x))z ; dilf,,(.r.), a.e.xE[a.b].

iEB B, D) fa(a) £la,b] k8 R %, e 2L b4t
Al . R, BT

Efuﬂ 2hwm+R(w,R¢@—-chw
(Ry (z)tﬂ%JL¥ULHﬁM<J) #wAA

_d_(Zf (_ﬂ)zi—d-f (I)‘i‘iR (z), a.e.x€[la,b]
d_;[‘ - n dl’ n dx N ’ . C. ’ .

n=1]
M R 7 48
limRy(z) =0, a.e.x € [a,b]

N—»oa

Bpal. FE 3 f,’,(a:)EO (n=1,2,*,a.e.2€ [a b)) ,\A
Ry(x) = fuus (2) + Ry (2) =Ry, (2)s  a.e. x€[arb].

X i B A TE

, ’ def
limRy(x) —R(xz) >0, a.e.x€[a,b].

N—=occ

BHEARG. 2), 8 Al
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j 11mR (x)dzx= hmJR_’V(.r)d:r

N-soca a

\ hm (R\r(b) _Rr\:(a)) = (.

N—=o0o

i I B8 \li_irn_R;-(,r)d.r = 0,a.e.xE€[a,b].

T EKRBGAR P 69 F W 2 B, B RR 4 b [ BR Lebesgue 1
SR, AR S X E B JLF AT Mg ie. X — A B RAY .,
BifdE 5~ £, () & 2 7] 13 0 38 18 ol 20, L A R B0t vl 6, R A BRIEXT — ¥ =,

%( if,,(.r))z 2 %f,.(:c).

Bl5 AL 1] W™ R (o) 3 f(2)=0, a. e
x€[0,1].
& 20, DNQ={r.}, FHIE R B
0, 0 29,

falx) = { (n=1,2,+).
12 rnE<zl

S f,()FEL0,1] ik, E.f (x)=0, a.e. z€[0,1]. HIERE
flz) = Zf(:r), 0L 1.

E?Xiaf(x)ﬁ[o,l]if‘z%ﬁi%’ v H 0 f(o)<<1, AR #& Fubini &
T 53 7€ B AT R

f(z) = Ef:,(x) =0, aex&[0,1].
n=1

Bl6 % fECH(—oo,+0)),HE
filx) = flz+0 — flz), —oo<z,t<+oco,
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FH I A 1 AT A
D= f(2) = fi () + D f(a)),
HAEZE f(OFE—STH. TR (O FTHT.
() RIEF 3, TMAFAE £ LK o JER ARG R E)
D f(z,) = k> D" f(x)).
MTIXEER 2=, +t (—oo<t<<+2),H
D_f(z) =f (x;)+ D_f(x))
> fl(x1) + D" f(x,) = D' f(2).
(i) ATGBEE (O AR DR CGE WA 7T 7)), W A7 7 X [
La,b], fF e 6] E (AL F R (a, f(a)) G E b, (O EEZHT . B
fEid

F) = fo) —la, 1= L8 =L8),

W 5 MFFE 2, € (a,b) fFH F(O)FE x=z A BUS B /NME. k18
D F(x,) <0, Bl D flx) <U;
D.F(zx;) >0, Bl D;f(x) =L
M X EER 2€ (—oo,+o2), XA
D f(z) << D; f(x).
(iv) &g LRSS ® . RIA
D _f(z) =D f(z) =Dy flx) = DF f(z)s —oo<z<F0o,
X (OB BEL AT (O RARHEET.
BER HE T 0.
1, T& f(x)%%)‘{ﬁ[asb]ilﬂ‘@ﬂf?ﬁ@ﬁ % f_éL([asb:l) sﬁi
[ : f()FEla,b] LA FREG?
2. X g()TElab] L EREEE G(2), F(x)fEa,b] L1, B
F' () =0(a<a<b) ,iRiEH h(x)=F(x)g(x)Ela,b] L R R HL.

(7% %# FG@ —| GOF de 3 G/ () =g,
z€[a,b].)
3. Vitali R EHMERATHN: FETENL ) ER7

m* (E\UI)=o.
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5.2 AREERE

EXS53 K (OREXTEab] L ZHEHBE ESR A,
a=x,<x, < <x,=b LKA R A FI
vy = Z | fx) — fFlz) ]| s
HZh (o) fE[ab] P E AE

v(f) = sup{wvs: A Hlasb] BE—52%},
HHERN f(OFELa b LRETE. &

V () <t oo,

FK £ Rlasb] BT BT 2 5 M 2 s 270 A R,
He&igh BV([a,b)).

Bl 1 & (o) RLa,b] b oYK W E—2% A #HEF
vy = | f(b)— f(a) |, T BT 1
V(P =B — fla)| <+ oo,

B FEBV([a,b]).
Bl2 % f(oORENTE O EHMHER.B| (o) [<M
(a<<zx<<O) | f(x)Ela.b] FHIA FAE 2 RE.
A XN FE—ARA: a=a <z <<z, =b, Hl 4+ HE
5E T A 1
vy = E 1f(z) — flze) | D Mz — 2i0) = M(b—a),

M 5 2
\V () < M(b—a) <+oo,
B3 HAEL0,1] L% L RE
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M fCo)ANRA R 2ZRE. FE L .IEN
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"’*’*“zn—fr(2n—1+2n—3)7L +(5 3)+3

~ 2k —1’
/]
M T AT 541 24 n—>ooflf, uy—o0, B \/ () =+oo.

1 € CFRATT S B AT A5 o a7 B g 5
() & f€BV[a,b D, W f(x)FELa,b] b ZHF KL
(i) BV([La.b]) ¥ p—~ k¥ %5 (8],
T OAFREERBSMEMTRE.
W () BE XAELa,b] FEIRE X [a, b 11E5 X
Aia=rn <o <<z, =0b
FAERRBREE S (xy f(2:)))G=0,1,2, ) FLXKICH

LPH =D /(@i —z) + (@) — flxa )2,
i=1

MEXHEREINEE((x,y): a<zr<b, y=f(D)IKERN

I = sgp{la(f)'} Ot — 97 43 S0 B L7 7).
E L<too,UFR f()FE[a.b] LKL IMBRE T RKH.

REMNEREEZNAEKRE. BN a0 JME—38] A: a=z0<<a) <o
<z, = b, KA1HE
1fCx:) — flaz)< V(@ — 22)2 + (f () — fzi1))?
<(x; —xiy) Hf(x) — flxi)] s

Ft i=1,2,,n K1, 7] 78

M Ifz) — fla DI L(H < b—a)+ Zlf(r)—f(r,_l)l

=1

Frlhla,b] b f(o) ZIRBEWRKE f(x)?ﬁE[a’b]Lﬁﬁ'}Iﬁ%%ﬁw‘J X A] LA
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WA FAE RN L E L.
Eﬂ 5.4 % f(I')}EZ[a !b]_tmiﬁﬁﬁ !a<f<bv|jlu
VO =VW+V . (5.9)

il AR\ (H5\V (HOEHEEARK. % Ela,b6]8—4
SR A. B c BB a=x, <oy <oz, =c<+<x,=b,

oy, = D | FCx) = s
i=1]

:2|f(.r,) —f(I,..1)|+ z": |f(l'f) — Flaq )]

=r+l
<V O +VW.

£ R A KIS ¢ UES BB AL R AL IFEE 4
B A BIRE v, <oy A A

VO <V O+ .

B, X TR >0, UFELa,c IR A : a=x, <
7 ol =, flifR

DUrE) — fGol> V(i — £
R, BETELC, bR A =z, <z, <<z, =b, [l 15
2|f(r'f>—f(xﬂ’,)l> \a/(f)—%.

RAEIL A UARA 5 AR5 SA TR La, 610438, B &R
H 2 S (x HEZ . EATH

2 fx) — fla)]
k=1
= Dfx) — fla D+ D) — flz, )
i=1 i=1

>\ O+ —e
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H e BAEEHET A

\/(f);\}(f)+\/(f>.

X BER T (5. 9.

EIE 5.5 (Jordan SR EE) feBV(a.bD)H¥HLY f(a)=
g(x)—h(x)  BEH g(o)5 h(x)Bla.b] By #EE (CE{E) K L.

i (D & f€BV([a.b]). %

g(x) = %V(f) —l—%f(:r). h(zx) = %V(f) —%f(,r),

M f()=g(x)—h(x). XY a<as<y<bif.H

2(h(y) —h(x)) = \[ () =\ () — £ + f(x)

P \‘/ (f) —|f(y) — f(x)| = 0.

XU A a0 ] ER)ER B 5 M g (W2 La,b] b1
PR %X

(i) & f(2)=g(x)—h(z) , Hp g(x) h(z)RELa,b] I 1)
SEAEREL. 5 g . h€ BV ([a,b]), \ifi f€BV([a,b]).

LERSRFAT — A HREE: \ (N).Y fBUER, B
La,b1MMiAESh. Ft. Y FE€BV([a, b Db, ARG T —1 51 B R 2K

V(f)s IE[a’b]-

S ERla, 0] ER RIS RE, HY () ELER, B L.
Bl 4 &= FEBV(La.b]). .M f()JLFALRH, H

i(\/(f))z]f’(.r)l , a.e.x€[a,bl.

iERR () RE\ELEZME TR IHES B =0, 74575
Ava=xz <z <<z = b,
15

b &
VO = D1 @) = flae) < e (5.10)
a i=1
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RATT LA [a 0] LAY R BT g(2) [T
S +cis flx:) = fQxr) s € [z i

—f(I)JrC:q flx) < flxer) (i=1,2."',k)
He e ,cf(z’=1,2,---,k)%’:¢fs‘ﬁc.

LR b HE A x€La.x [, 4
f(x)— flag), f(x1) = flag),
— flx) T+ flae)s JlB) < flaw)s

HK ABENE ZE a2 ]G FEEXT g, W € (z, 2041 s
i€ X

glxr) = {

g(x) = {

(@) + (glz;) — f(x))s flxeg) = f(xi)s

= flx) +Cglx:) + fx:)) s [l ) < fCx:).

X A Y g () B R A (2.2 ] g(0) — f() B glo) + f(ORHF
¥L.HEHIg @ =] ()], a.e. x€[a,b]. XH1(5. 100X 71§

glx) = {

V() —g) <e,

UK\ (H—gx)Rla,b] |- % R

(D) B X e=1/2" . FF1E[a.b] F B BEFH (g, ()}, {H18

\a/(f)—g,,(b)<%, D=1 D+ e =€labl,
X 15 B
Z(V(f) g.(0) ) <t+oo, z€[asb]
51 A Fubini % 70 f 43 %& # , 7] K1
E(i\/(f)—g;(;c))<—l—00, a.e.x€[a,b].

ﬂa:jzlg:(x)|=|f(.r)|, a.e. r€[asb],H % V (f)=0, a.e. z€[a,b]l,H&
ek

%V(f)-—-lf'(r)I, a.e.x€ [a,b].
B 5 # fEBV([a.b]),MIMK

(-]
i ;J V1+ (f (2))*dx.
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SRR b2 4 (o) BfE[a. 2] EHE y= f() B K (a<2z<b) , 5 FIX a<
.‘r<y§b,;ﬁ
Li(y) —1Li(2) = V(y— 2+ (f(y) — f(x))? >0,
Bi £, (o) fELa,b] FiE3E. BT

I (y)— 1 (x) 2\/1+ (f(y)—f(x))ﬂ,

y— X y—x

s ()= V1 (f (), aex€[asbl
U NE: 4 (BE:]

h : [ .
L > [ Gde> [ JTF T @ de,
#l 6 (Poisson 23X) & fECR)NL(R). # fEBV(R), N

Z f2nr) = 5 Z F,

n=—0a "471

Hp f(n)ZFE R Fourier & .

iERR fEE¥ ()= Z flzt2nm) (zE€R) B K Vi) = \/ (f). 54

n=—0ng

ffOER FILPFAEEXHTR, XFERRE Vo) >Viz—>+o0). &
E:]

2x +-oo
F (r)dx=J f(x)dx. (%)
0 -—00
Bz, EREE [ (a)FEE LM 2, <a<a, +2x, 0] Al

i 7, +2nn

|f(x+ 2nn) — flz, + 2nm0) | < V (f)— V (N

10+2(n+l)n z, +2nn

< VY = V(f).

—

_L
5= T, 2(m+1)n z +2nn

V ( V - \/(f))=v<+oo.

—D

EH%?& f.e C([IO s I +21T:|) v})kﬁﬁjﬁ- f GC(R).
WF 0=z, <<z, <<z,=2r,8

E—1
SUF () — £ (@)
i=0

Z flzoy + 2nm) — Z f(x, + 2nm)

n=—oa n=—00

D 1z + 2nm) — fla, + 200 | < V.
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MAARG)Fe ™fla),lH

]- o —inx . — L L —inr — L‘
Z—TJ e ™ f (x)dx = ZnJ.._.Ie f(x)dxr = an(n).

5 5 (JB#E Jordan-Dirichlet g #) , F 1 H
Zf(Zrm) = f* {oN= Z 2_Ju £ (@dx = E"‘Z&_f(m.

=03

E‘%@ il 25 R % )
1. it& V (x— ).

2. IRIEM \/ (H=0 HBHY f(2)=C (KHD.

3. % f€BV([a.b]).g€BV([a,b]) it iE
M(z)=max{ f(x),g(x)}
JELa.b] FBA F A2 R
4. & f€BV([a, b)) RIEMA | | €BV([a,b]) JBERZ AR,
5. & frg€BV([a,b]) ik iF A

V (fg) < sup { f(x)} V(f)-l—sug g(x)) \/(f)
6. &feBV([a b1 so(x)FE(—oo,+o0) k& F Lipl.ikiE A
o(f)EBV([a,b]).
7. ¥ fe€Lipl([a.b])RiE8 \/ (NHHE.

8. iIMIEM FEBV([a,b) ¥ HMNYHFFEa.b] I B 3 ok L
F(x),f#if3

| f(2')— (&) K< F&") —F(2') (a<<2' <" <b).

9. & f€BV([a,b . # f()FE[ab] LA FERE M f(x)
sEla.b] b 1% 22 R F NG 7

10. & f€BV([a,bD. ZH \ () = fb) — fla), KIEH
f(x)#E[a.b] ik,

11. & £,€BV([a,6]) (n € N). BE D £, (), D) V()
n=1 n=1 a
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Ca,b] USRS £ =) £, (2) feLarb] FRA RAE B,

85.3 ANERSHH

AE % feL(ab]) .4
F(z) — f}(z)d:,

FXF () =f() MW7 i T E 5 onT FH ek E
FARZ 0B R FME , BN — A 458t HRE A
F'(x) = f(x), a.e.x€[a,b].
T HEUE R 53X — 2518 42 IE A Y.
1

+h
R4 B fy = IJ F(Ddt,

AB 2 FRAT #Y n) B3k 15 45 A 3iE BH
limF;(x) = f(x), a.e.zE&[a,b].

h—0

ZEB Fo( ] UFERE fFElx,x+h] EBIGES)FEX, N5
ik Fi (o) 2 WSF (o) B(h—0) ,Bi A
5|3 5.6 & f€L([a,b)),%

1 z+h
Fi(x) = Z.[ f(e)de

(Y4 € [a,b]8t,4 f(x)=0), A
lim j]Fh(:c) — f(2)|dz = 0.
iER  AEi h>0. B F
Fy(x) — f(z) =

- =

rr+

h
fdt— f(x)

J

II

S e R

L

rh
flz+0)dt — f(x)
0

|

rh
(flx+1)— f(x))de,
0
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BUA

b = h
[[1F@ = r@lde< [ (3] Ia+0 = @) 1de)da

h N
:J %dfj fC 0 — f(2)]d.

0

Bk fEL(—oo,+oo)  HEM 4. 21 H WELH 0,17 60,
Y| <onf. A

J £z 8 — Flz) [ de < e,
FrlY4 h<<o it &
J' Ld J [l — fla)|de < fj dr = .

Q 0

XL RS €0, | h| <o B, FA115 5
Ji|F,,(.r) — f(2) |dz <.
EE 5.7 & fela,b].%
Flz) = J’:f(t)dz, NP

1l F'(x)=f(x), a.e.x€[a.b].
iEl 4

1 xth
A I ﬂ Fne

(H x€[a b, % f(2)=0). AN F(x) 2 JLF a4kl 58 Ch
200 BT LAAS 5 {8 8
limF,(z) = g(x), a.e.x€[a,b],

h—0

glx) & la. 0] LR AT pR %0, B3RS B8, F, (o) B FHWRSET
[ B (h—=>0) , AT ATTA

o] b
J | f(x) — g(x)|dx :J lim| f(z) — F,, () |dx

a h—0

b
\<\11_rnj | f(x) — F,(x)|dx = 0.

h—=0J a

X g(a)=Ff(x),a.e. v a,b].
XL RN EE THEARNT FHEATEREARE, BIXF F€
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Lla.b]) . f

irfmdt = Fl2)y &a 2C[aabl
dx).

it 5.8 & feL(la.b]) . MXf[a.b]H LA S . BB A
Yt ir [f(x+2) — f(2)|dt = 0.

h—=0 h 1]
(FATFRWE 2 B8l = 28 f(2) Y Lebesgue . )
ER X THEERERN ~€QNla.b] BAA

r+h
}im%f If(e) —r|dt =|f(x) —7r|, a e xE[a.bl.
h—=0 I

Ela b]h R R LR = 2K Z, E m(Z)=0. X%
z=( U 2)U tz€labl: If @) =+oo),

re QN la,b]

5 Hl m(Z) =0,
REER 2 Hla b P ABTF ZWE—8R U EL 0,448 r€QN
Cab] 18 | f(x) —r|<e/3, NTi A
| 1FC) — r|—|f () — flz) | | < e/3.
H It 0

1 x+h B —lJ’I*}l B i
TL |f(2) — r|dt n) lf(2) — f()|dt < 3

KA xEZ.FFUFHE 0, 0<|h|<oW . H
|%fﬂ £ — rlde—|f(z) — r|

gf LA, BATA (2 0<<|h| << )

x+h
%J If() — f(2)|dt < e

€
<3.

H 45 BT IEE.
Bl 1 % fELR). HEXMKXIE [ a.b], A

b
_[lf(x+h)—f(1)ld_r=o(lh|) (h—0),

il f()=C(EH), a.e. x€[a,b].
R % a1 (o <x)E () 1E(a,.b) P Lebesgue &, M
lim %—sz(f(r—kh) — feDdz| =10,
h—=0 T
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A A
‘%J'z(f(ijh) —f(x))dx'
1 ”rz+h 1 [z, d
= F”]%f(x)dx——h—urlf(x) x}
1 r‘12+h 1 l'_rl—Ha
= ?”2 f(x)dx——h-u} f(x)d.r\

—| f(x,) — f(x)|s h—>0,
Frh f(z)=f(z:). HFLa,b]FILFALEZ f(2) B Lebesgue
B () FELa o] EILRA LS TF— 1 E R
B2 & feLa.b],BA F<I>=rf(z)dz<xe Casb]), 1|
FEBV([a,0].H V (F)ér |f(x)|da.
iEBR Xkl A: a=x, <z, <<zx,=b,5H

ZHJIF(I,) — F(z,,)| = i
=1

i=1

E f(t)dt‘

< EJ F()|de = r F(o)de.
H i BN A5 V(F)gjb If(x) | dz.

BEE BETH R,

l. i EC[0,1]. #HFAE 1. 0<I<1,fFEB3 [0, 1] HFEEHFX
B [a,b], 8 m(EN[a.b]) = 1(b—a), KIEH m(E)=1.

2. % F[0,1] F# Dirichlet B&%k X (x) ,ik0d: [0,1]5# Leb-
esgue M A7

§5.4 HEXESE KBS MRS EAEH

B % f(O)REXTEa,b] FEL(ERE, R ZER
Py — Flay = ff’(z)dz, z€[a,b]
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JEB/MAL? BAER A KM T RGLY?

HARBNER WREFEFAXAL L IB4 f(o)—E-ARLEEEL
PREGHR A (o) La. 0] ERA F 2 2 /Y % 2 ok 8 1 B
[ €LLa\bD. 34

h(zx) = f(x) _J f(ode,

W A" (z)=0,a.e. € [a,b1H h(a)= f(a). I & 2§ 2 B SL 00 7 8
SRR () N %4 5 T — A% 8 X 8 AT B2 Cantor pF 5
O(x) (M $1.5,BER[0,1] LM ELERE.O (2)=0, a. e
x€[0,1].H o()HAREELH R ©(0)=0,0(1)=1. f A %I,
FEE XA AT TES (o L — & 8 & 4.

M EREBBGEHRINTELEFR, — LR AT E SE AF
IR A —EFET—IEE. A THRX A 7" E 0, BT —
A 41 B 3K 2 R B0 HRAIE.

5I38 5.9 & f()FEla.b] FIJL T AT, B £ (2)=0,
a.e. x€[a,b]. # f()TE[a.b] L AREEEE WALGFAE >0,
FXMEER 0>0,[a.b |NFEA R B A B X [8] -

(z1sy1)s Cxaaya)s o~y (Zp3¥a)s
HEKERN BN 0.2

Pf3) — flad|>e.
=1

iER HHXN f(OARAREE FTUAGRFE cE (a,0)EH
fla)FfO) EBREE ={z€ (a,o): f(x)=0}. MTFEEMN €
E. . F f(2)=0,B0ERK r>0, RE h FE4/N, Hlx, 2 +h]C
(a,c) LA

|f(x+h) — f()|<rh.
FRECEHB) M ZXE [z, 2 +h ] ESEBEH K E. B — Vitali
BE RIE Vata i BEER,ATANEE >0, FELAHZHKX
8] £ .
[zys21 +hi s [Zo9xs +hs]s ooy [2nsxa +hols

15
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m(EL\ U Lx; 02 —i—h,]): m([a,c) U [x;yx;: +h;) )< 0.
=1 i=1

AN 13X 2 X [E] f) v s, AT HE S A
a= Ty =yt Thyv S o<ty Thy<vool 2, Th, < &pr1 —C
2 he=0,3F%& >0, R 2e<| f(o)— fla) | . BATH
2e <| f(e)— f(a) |

< D) flau) = flzi+hr) | + D) | fFlait+h)— f () |
=0 i=1
< 2 | f(xii)— fCai+h) |+ rZh,-

Elf(x D— flzi+h) | +rb—a).
HAr %‘E%Eﬁ Al e fliE r(b—a)<<e, LI T

e << E |f(-33:'+1) _f(-rf+hf)|’
1 H

Zu @ — (z+h)) = m(E, —Z(I vz +h)) < 8.

ﬂ&ﬁxf%lﬂ*ﬁ%ﬁ%ﬁﬁ%ﬁ ﬁﬂ]ﬂéghﬁ—f:ﬁéﬁﬁﬁéﬁ
PR BRI BEE.

EX 5.4 X f(o)&lab] FHEERE. HXES >0, 77
>0, R/ Y [, b | FHEEERANEAMEBHIFXME () 3:)

(i=1329"'9n)ﬁ& E(y, '_.I',') <6BTJ‘9€

ZIf(y)—f(:c)I<s,

P f(x)%[asb]tﬁﬁﬁi#i&ﬁﬁﬂ,ﬁéﬂhﬁj@ AC([a,b]).
SR EKNAETARRAEL.
(1) %0 SR — E ZELL R B |
(i) FELa,b] 48X % Sk ok B0 0 2 (A A B — A 2R M 25 1)
Bl1 HeRE (o) fE[a,b] LR Lipschitz 514 .
flo) —fDIK<M |x—y|, z,y€la,b],
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W f(x)ELab] ERIYERT LSRR FL B H N

SUfE) — F <MY |y, — 2,1 < 8M,
=1 =]

Fir AXE FAEE R >0, AT 0<<e/M 7 BN T FI45 18 ALAL.
EES5.10 # feLla,b]), WHREFRLH

B(#) = rf(z)dz

sEla,b] I 146 Xt % 2k el 5L
iF BH xﬁﬂfﬁa’a e>0,HHN feELab]), UL 60,4
eCla,b]H m(e)<o i}, B

j f(x) | dz < e.

BAE X T la bR EBERRANE AR X[ -
(Ilyyl)s (Ig gyz)a "t (x,,,y,.),
HHREBM/NT o i, HATH

SYF(y) — Fx)| = Z
i=1 s

i=1

J’f(x)dx‘g Zj"wf(xﬂdx
..l" J’=1 Il

J.n | f(2) |dx <e.
U(If'yi)
i=1

EE 511 #F f(o)Rla,b] EHEXT ELZRE N f(2) 2
La,b] L BIH 578 2 R 5L

Rl ZERB AN EEZNEX P B e=1, 7 HFE>0,%4
[a, b | P HIEBEERNEAMEZHFHXE (2 y.) (i=1,2,,n)
i 2

Z(y,- —x;) < 0
i=1
Hj‘,fz‘jﬁ‘
D fG) = flzd < 1.
i=1

‘H’E%ﬁ‘JA a:Co<C1<"'<Cn=b'ﬁ‘?%
Cirt+1 — Cp < 0y k=01, ;n—1,



Mﬁlﬁﬁ V(f)élc k:Ogl,"',n_"I.

]
B V() <n

i 5.12 #F f(o) Fla.b] LI HESREL N () TE
La.b] ERIJLFAL A #A . B () ElLa.b] B AT FLpR 5K

T 5.13 % (o) Ela.b] FHAXTESERE.H f(2)=0,
a.e.x€[ab], M fFCTE[ab] FET 8 EL.

EHLEIST R 5.9 UUREN 5.4 HIEHES.

A T LA & 56T 4 % % 2 oR 5500 ARE A B HC M B 9 R L FR AT AT
LA [ 25 A< 55 FF 4 BF 7 42 8 4 ) B T

IR S 14 (MAROSERTEE) & f(o)Rla.b] b4 %Lt
bR %5 T

flx) — f(a) :JIf’(z)d{-, zE[a,b]. (5.11)
iER 4
g(.r) :Jrf’(t)dtv I€[a9b]9

W g(x)Elab] ER%XTELL RS, HA
g (x) = f(x), ae x€[arb], gla) = 0.
BA h(o)=f(x)—glx) | h(x) W 24X EL/ . BHAE
M(x) = fl(x) —g'(x) =0, a.e x€[a,b].
M AR A () ELa,b] ERE—AHEL 1 h(a) = fla), TSR
f(x)= h(x) + g(x)

= f(a)+rf’(t)dt, x€[a,b].

Za bk, a/NgEIT . — N ENELab] ERRE () BA
£

f(x) = f(a) —i—J-:g(t)dt, gweL([a.b])

WSV EZHER (o) Rla,b] E %X ELE KL LA, KA
g(I)Zf’(I) s a.e.x€[a,b].
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Bl 2 & g () (k=1,2,)R[a,b] W4T ELERE. &
) FE ¢0 a<<c<b, BB S g (O WS

o b
(ii) ZJ | gi (2)|dz <+ oo,
k=1 va

muzwzz_] g (D) fELa,b] F RIS, EEBBRERE N ¢(0), 1 g(2)E[a,b]
Rt R, B

g(x) = Zg;(r), a.e.z€[a,b].
k=1
iR A AMFGO A ULHES 4. 16) R EL

G(x) = i‘,g;(r), z€[a,b]
k=1

hmj SVl (e = Jjamd:.
w4 g&(r)ﬂ%%ﬁﬁﬁg;ﬁhﬂ?uﬁ
g (x) = Eg; (Odt+ g (0)s z€[a,b],
LNTIEIE:!

Zg;.(x) =J. Zg; ()dt + ng(c). n= 1,2,
=1 € p=1 k=1

BAEL n—>oo, HIfg

Egk(;w = J-IG(t)dz—l- Dlaeo)y z€la,bl.
k=1 ¢ =1
22 EXERmA g, WA

g(z) = JIG(t)dt+ S g (o).
BT R g(2) Zla,b] LT ELERE, HEA

g (x) = Zgz (), a.e. x€[a,b].
k=1

Bl 3 (RASEEANSNEERHE EL0,1]PELE EMEH/L0,1]HE—
X[ [#A§2.4 ] 1
m(INE) >0, m(INE®) >0,
FHAYELO, 1] I B 4 3 7 28 R 3

f(..r) — JIEXE(I) - xE‘ (z)]dt.
0
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E‘Iltt«xj[()'quqfi—'glﬁ] Iﬁﬁ:‘ IaGInE-IEGIﬂE‘ ﬁ?%
flz) = Xplxy) — Xpe Cxy) = 1 >0,
fla) = Xp(ay) — Xpe (7)) =— 1 < 0.
XU (o FEX A T A= 5 el 3. BN BT k.
Bl 4 & f(o)fEla.b] b4 xtiEsE, WK
b
I = J V1+ (f (x))*dz.
PR bl 8502 ) 5 m A, REFS H
&
zfgj V1+ (ff(x))*dx.
R TG E e >0 0ELa b 1B R A H 1S L(H =1, —e . XfE g€
C[a,b]),f#i18

b
j 1 (2) — () |dz < e.

BMAEA Glx) — fg(wdr B L () — 1, (G) | <e. v 3

W1+a — V1+B5 | <la—Bl,
b b
j J1+(f’(r))2dx—J JIF (g

b
QJ I (2) — g(x) |dx < .
i AT A
b
L) < 1,(G) +egj ST G et s

b b
= J Jl—f—(g(;r))zdx—l-e\{J‘ V1+(f(2))? + 2.
EER LO>L—eBESH
b
z,gjﬁ+(f(1))2+3e.

H 1 BP 45 BT k.
Bl 5 & fEL(cd]), c<a<b<d BHAH

b
J lf(x+h)— f(x)|dx = O(h]), h—0,

W f(x)=g(zx), a.e. x€[a.bl.HF geBV([a,b]).
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ERR  fE(a.b] b # R EF)
fike) = nﬂfhf(t)dt e == A asoneds
A
r | Flk B —fika) | d

-

1/n b
gj (J' flz+h+0 — flz+0|dx)de

1/n
j (f(.r-f-h-f-t)—f(.r-%-t))dt]dr

0

— OCh|)s h—>0 (it n—EO.
BT f.€La.b]),TIHEE M >0,f#18

] b a
Jlff.(x)ldxgp_@[ fulzth) = f(2)

h—0 h
WXt La b B AE— 53R

dIng

Ara=x, < x; << x, = b,
A Be—4Y] n, 0] 1%

Y iited— o= 3
i=1 i=1

< ZJ‘ If:,(r)ldr:J £, (2)]dr < M.
i=1Y %i- “

r' £tz }
Ti—1

F I AT A
b
VUFEIM (n=1,2,-).

HEBAAFETFIN  AGHIEH{ (D) BELa,b]\Z(m(Z)=0) FE SKHTF
(o) A EARBT Z #la,0]4% @

S fulz) — fulze)|I< M
=1

] 18 (4 n—>o0)

Z If(I,) _f(Ii—I)|<_M.
i=1

FH Ik B 45 BT k.
F1 AN ENEZRBMESERA —ERENMNESERN .
Ble AR (N=y".ye[-1,1],HK
{ISCOSS(‘J‘I/I) ¢y 031,

(x) =
£ .1‘=0_-
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SR fRL—1 1] B3 4% R 8 g () 2 [0, 1 THY 48 X 7% % pR 8. SR
®ITA

rcos =, 0< <1,
F(x) = f(g(x)) = o

0, =0,

1
\/ (F) =+ oo,

0
iE 2 BXNEZRBONVE-BWEER FAEA.
B 7 AEL0,1] b 1E 4% % % 22 o %0 5

0, ogxg%,

x LT) =
£ 1

.
rsin —, — << x< 1,
T n

A f. (DL E—BRSTF f(2):

0, I=O,
f(.r):{ o

xsin?, DL s,

M f(OFE[0IIEREAERTER.

3 B OE]EREXMELREH| () [2O0<p<DFE[0,1]
AT AR B 48 3 % 2k ok 3, Bl fn

xzsin—l-. 0<x<1,
flx) = z

0, x = 0.

B8 & f(ODERLAMHBA|fN(|<MG=ER.ZEHE{(zER:
f(@)>0}, {z€R: f[(x) <0} #& R FH &, W X F 8 H [a, b] TR,
fER([a,sb]).

iERl ARIEE. BE f €RWasbD W f(x)#E[a,b] L JLF4b b 5k,
H feAC([a,b]). RER 2=z, & f (D WHEZLE, W f(z)=0. XEH K
R f(@)>0, MAMBRBOFE (z,): 2,7, (n>x,), f(2,)<0,HH 0=
limf' (z,)=f (z,), FBEFE. NTIATE f(2)=0,a.e. 2E[a,b], XX FH

f()=H¥(z€[a,b]) . FJE. IELE.
B9 & feAC(La,b]) M3t a,b]hFME Z,5F m(f(2))=0.

UERR  fh 4 00 o 2 R R0 A XERE — B R R R B >0, 4E 6>0,

URHERE D)y, —x) < 8 | (2030 D2\ (a6} 8 E A% 8 FF X [8 51
=1 i=1
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(I, v},)(lEN)-ﬁi‘%

D) — flap| <.
i=1

BRGEANRE [z, y AU EREPEE: . 4. F8/ [[z.0D=
m( f(Z)) = m(f(Z\{a,b}))

m(f( D(r,,y,))) = Z\f(d,)—f(c,ﬂge.

gl 10 % feCa b)) NBV([a.b]). EXfLa,b]F HFE—ZF M
& 7.8 m(f(Z2)=0,0] f€ AC([a,b]).

ERR A RIEE. BE (EAC(La, b)), WHFTE ¢, >0, 13 XT 5
N nENEA La,b W FIX 6 2H

. 1
I, =1[a,,b,] (k=1,2,,i.), Z(b,,k— a.) L =

Z |f(bn.k) T f(aﬂ.k)| ,>/ €pe
k=1

fEs % E = U U I,GEN) . BITH

= dy 1 _L
m(E,) < Ez(bm—ak 22——2,_].
BT H m(E)—=0Gi—). WK feCLa,b) T F(E,) &% X 8] 19 FH 4.

X #i[a,6]DE DE,,, D18
m(E) = 0 (E— ﬂ ) m(f(E)) = 0,
MTiHRE f([a,bDDF(ENDf(E )DL A
l_xmm(f(E,)) = m(f(E)) = 0. (5.12)
B— Al () FELa.b] Li$HE, 5 H

fCL) = [fla, ) f(h, )]s m(f(E)) = Z'\f(b,_k) — fla, )| = e.
X 5(5.12) X FJE. IFEE.
B AiEH T8,
1. & f()fEla,b] EHXTELZ, HA
I (D)< M, a.e. x€E[a.b],
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Y fF(»—f@I<M|xz—y|, =z,yE[a,b].
2. W f(o)E XfElasb] L. EFA
f) —f@DI<Mly—=z|, z,y€la,b],
il | ()| <M, a.e. z€[a,b].
3. ® fu(x) (n=1,2,)2[a,b] 1404 XF E LR BT, &

S £ o) 2eLanb] M8 M SR R AE L b] b 4T 4.

4, & fFEBV0,1 ). HEXELL >0, f(x)TE e, 1] | 4 Xt %
%‘EQE f(l“)ﬁ xr=0 ﬁfﬁﬁ»m f(I)Lt_EOal:]J:?@.Rﬂtiigi.
5. FAAE[0,1] b ™A% 1 18 p 4a X ESE R B f() LA [0, 1] IE

WA E, 8 £ (2)=0z€ E). (#E%Cantor £ C,: m(C,)=1—a>0,

H% f(I)ZJOXEQ,lj\(*G(t)dI. )

§5.5 AWRAARGHHHELR

EES5.15 (BRSLAK) & f(),g(o)F Ha,b] LB
*ﬂ@ﬁ&d&ﬁél{’é}

F(o) =—a+ [ fd, G =p+ | g,
Il
b b
[6@ @z +[ s @F@dz = FB)G®) — F@G@.

(5.13)
iER ®A.B&HEHN|F()|,|G(2) | la,b] LB EBKMHE,
|F(y»)G(y) —F(x)G(x) |<A|G(y)—G(x) | +B|F(y)—F(x) | #&
H F(x)G(z)R&La,b] E 40 HELE R, N F(o)G(x) fELa,b] b
JUFEA AL AT, BA
(F(x)G(2)) = F(x)G'(x) + F(x)G(x), a.e.x€[a,b].
MiXt JLF b b =€ [a.b], H G (2)=g(x)5 F'(2)=f(2) ¥

b b
j G(2) f(z)dx +[ Fleyglz)de
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b b
= J G<I>F’<x>dx+j F(2)G (2)dz

b
= J (F(2)G(2)) dx = F(b)G(b) — F(a)G(a).

FEILXELERBSAERTH LR, EREBR TR T -
W f(x),g(x)Rla,b] b B4 %t 222 sk %0, W

Jifu)g’(x)dx+Ef’<x)g<x>dx — FUBYED) = Fla)gla).
B & feLa,b]),BH
be"f(:c)da: — 0, n=0,1,2,,
j a f(x)=0, a.e.x€[a,b].
B 4 Fx)= Ef(t)dt. B F(0)=0. B4

b

b
J 2" f(x)dx =x2"F (x)

b
— nJ " 'F(x)dx

b
:—nJ I"ilF(I)dI:O, n — 1)29"'!
it LA AT45 2
b
JI"F(x)dIZOy n=0,1,2,-

MEBEZWMA —-BGEITELZRBN EE, TN EEK e >0,7F
ELZMA P(2) 8 |F(z)—P(x) | <e(x€[a,b]). EEF

rP(:c)F(x)dx = By
BATA
Jipzcx)dx = me)mx) — P(2))dx,
M T AT
jiF? (Ddz < sr |F(2)|da.

HeWEEHNE F()=0,MzZ X5 f(x)=0, a.e. xE[a,b].
EE 5. 16 (ROFE—HELAK) F f(OEla,.b] EHHELEK
W.g(x)Zla,b] EHAER AT F R, WIAFHE €€ [a,b] (1%
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b b
J f(x)g(x)dx = f(é)J g (z)dx. (5.14)

WERR  id f([a,b]):[C,d],E%ﬂ
cg(x) < f(o)glx) <dg(x), a.e. x€[a,b].
B R, HATH

b b b
cj ity gj FCgtadde < dj o (e,
#1= | gode > 0, WAE K LRPIHTH

b
jﬂx)g(.r)dx
c L= I

B (B ESEMER R, HFE € La,b], 15
rf(x)g(:c)d.r

< d.

fB) ===
Jg(r)d:r

I BP (5. 14) 3.

#= I=0,1 g(x)=0, a.e. € [a,b], \Ti(5.14) X Fiss K
Z. MR & Al 4E B s B

EES.17T (Rog_dEAR) # feLab]D, glx)
[asbjiéﬂiﬁj@ﬁ,ﬂﬂﬁ&‘ Ee[a’b],ﬁﬁ

rf(x)g(x)d:r = g(a)rf(x)dx—l—g(b)ﬁf(r)dr. (5. 15)
EBl A g(o) BB (EMNEE —g(2). IEBH 2 H
# 1T .
(D) BE g(x)Ela.b] LR E N ELER S, HS
Flx) = Jrf(t)dt, z€[a,b].
i F A ]
J f(x)g(x)dx = F(b)g(b) — F(a)g(a) —J F(x)g'(x)dx.

Wl F(o)BRELSERE,H ¢’ (£)=0, a.e. x€[a\b], FrLLH (5. 14)
ﬁﬁ%ﬂ !ﬁ?‘f Ee [aaijﬁ‘f%
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b b
J F(x)g'(x)dx= F(E)J- g’ (x)dx = F(& (gb) — gla)).
% FXRATT—R .53
b
J.f(.r)g(a:)d.rz g(a)(F(&) —F(a)) + gb) (F(b) — F(&))

¢ b
= g(a)J f(x)d.r—{—g(b)[f(x)d.r.
a ¢

(i) X F g(z) ZE MM ER , RATAT LAE — 51 16 388 H 46 %% % &
IR (g, ()}, 18 g.(a)=g(a), g, () =gh) (n=1,2,+),
HE

limg,(x)=g(2)?P, a.e.x€[a,b].

n—=oc

X T g () BB, WFF#E &, € [a,b], 18
b g, b
jfu)g,,(x)dx _ g,,(a)J f(x>dx+g,,(b>j Fla)ds,
a a eﬂ

X BRI B EET (6, )L € [a, b HRIB(HEM AT B FH)), FES
n—>oco, N (5.15) K.
BEE H{IEH T A7,

1. % f€L([a,b]) % glx) = f(:r)rf(f)dt, il

b B 1 b 2
Lg(.‘c)dx— ?(Lf(:r)dx) :
2, W f(x),g(x)R[0,+oo) FRRI I E S, BE
f(D|<M, |lzgD|I<M, 1< xr<<+0o0,

1l lim lJ'If(t)g(.»:)d‘t = @

z=+teca I J 1
3. g€ L' (R), WA C, /X C” (RFWR f(2)=0
(Ig(a!b))%'{fﬁ f(x)!jg;ﬁ‘

_[ g(x)fﬂ(x)d.r!\'(\ CJ [FA(x) + (f(x))?]dx.
R R

O $Ela,b]l nZES .4 h,=b—a)/n UR r,p0=a+kh, ,0<k<n,VEREF .

(I)= {g(-r)’ IT=Znk» k=0v1;“',n (nGN),
2 BUBELE, rE€E[i-1r20i]s k=1,2,,n (REN).
VrRgNEZSRA

|g(x) —ga(D) || glxni—1) —8(xnt) |+ Tna— 1T T
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4. % fe€eL(la,b]),F(x) = fo(z)(.r —)"de(x € [a,b]), W

F(x) n Iﬁ’\ﬁfﬁ'ﬁ ’ﬂﬁ
F”e€AC([a,b]), F"P(z) =nlf(zx), a.e x€[a,bl.
(FBm: AR, 8B4 A.)

5.6 R EMASHITAR

B & g: La,b]>[c,d R JLFAbab AT i R 8, A K
r(ﬂ) fx)dx = Ff(g(mg’(r)dt, (8] C [a,b]

gla)

=15 ALY
BMEED.Y (=1 8,51k R

B
g(p) —gla) = J g’ (1)dt.

B O AT O A 2 BT 2B 5 S i A 9 25 . M\ Riemann 43 ()
B ARMFEI P RATAMEX KRGS E S B L. X
B ENmEN, RREE i —,

EHE S5.18 #F f()Rla,b] LRI ELRKELE Zla,b]
Ry ar e, I FCE) AT SE (L § 5.4 ] 9.

I 5.19 % () Ela,b] FHLEEE,ECa,b]. tHHE
f(OFEE LHER] (o) [<M, N

m* (f(E)) < Mm"(E). (5.16)
iER ¥ SE EFWNT 0. SHES 0,4

bl 1
E,=(x€E: ¥[a,b] PR A y ‘{Pﬁﬁly—xl<gﬁﬂ‘,

ﬁ|f<y>—f(x)|<<M+e)|x—y|}.
B, A E,CE,, ., f(E)C f(E.. ) MK
limm* (E,) = m"(E),  limm" (f(E,) = m" (f(E)).

Mﬁ'ﬁ*ﬁﬁ- HAE B, ?HIL\ﬁmEEﬁXTﬁI nf
m*(f(E,)) < (M—+4e)(m (E,) +¢).
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A HECa O EUE S E, X EIZIL,.,. ;. #15
MILil<m (ED) +es  |Lul< % b= 1.2,
k=1

ﬁﬁb& 9% S’teEn ﬂ In.k ,W\Uﬁ
1f(s) — D < (M+e) Ll
TEHH

m*(f(ED) =m" (f(E.N|JL+))<< D m* (fC(E,NLs))
k=1 k=1
< D diam(f(E, N L))
k=1

< (M+e) ), L.l < (M+¢) Gn(E,) +¢)
k=1

(X diam(AEREEAWNER. WEX 1.17).
it 5.20 & f()Rlab] FHATH R, EC[a,b]n] il

m" (f(E)) gj |/ (2) | dz. (5.17)
E

R 54 (o2 E LRR . SHEL K >0, /EE A5

E,={z€E: m—De<|f [ (@< ne}y, n=1,2,,
MG 5. 19, &(TA

m*(f(E,))) <nem(E,) < (n— Dem(E,) +em(E,)

gj L) | dz L,
H I AT A

m* (f(E)) < > m"(f(E,))
n=1

< ZJ If (2)|dx +¢ D> m(E,) =j |f (x)|dx +em (E).
n=1v E, a=1 E

i e BEEBHEENG m (FE) < | |/ (0)dx.

Bl 1 & f()FEla,b] ERELTTHE, B (o) &[a.b] EHY
RS- eyl
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b
Jf’(x)dx = f(b) — f(a).

EBE HR FELab]) UM TFEBER 0. F7E 60,4
eCla.b]H m(e)<oBt, A

J | (2)|dx <.

Miixt FHKELMNTFONEENEAEZXEH (2, 3),
(Ig ,yz),“',(l‘" 9yn)'ﬁ‘l'¥u

D) = fad 1< Dim(f L300
i=1 i=1

gzj

i=19 [z,

1F (@) |dz :JO F@ldr<e,

[I'.-_}"

XU £ () Bela,b] b B4 X 2 5% R 50 U5 AT

EHES5.21 % f(OR[a,b] FHEERE.Ela . bW TFEE
R AT A

() IE f(2)=0, a.e. z€E, 4 m(f(E))=0;

(i) WE m(f(E))=0,I4 f(x)=0, a.e. zEE.

iFBA () 4 E,={z€E: n—1<| f(2) |<n} (n€EN),

m' (f(E)) < D m"(f(E)) < D nam"(E,).
n=1 n=1

LA m*(E,)=0 f[ % m(f(E))=0.
(i) YEH %

B,=(x€E. i’l|y_x|<%ﬁ?f,|f(y)—"f(x)|>|—3%xl}.
BRA

B= {z€E: |f'(®)|>0} = | JB.
n=1

T R EB m(B,) =0(—4] ») BNAT. ik, X R 545 b 0 F4E —
NME/NTF 1/n X6 1,4 m(INB,)=0 Bi7A].

ic A=INB,,H A HBEH m(f(A) =0, AXEER >0,
FEXEF (L), 18
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oo

U D f(A), D] ILi<e.
RES A=ANSTUTD.BA

A= UAk, H A.CINB,,
XEFEE f(AOCL, Jﬁ)‘fuﬁaﬂ]?ﬁ

m (A)<Zm (A Zdlam(Ak)

oc

2 e diam( F(A)) < anu,z) < ne.

M e Bﬁ&%‘ﬁ%ﬂm(m—

EE S22 (EERBHNS) & g: Lab]>[c.d]EIJLTFA
AR B BB F (o) B e, d] ERJLF b ARl M i B B F' (2) =
f(x) a.e., F(g(e)FE[a,b] ERIJLFA A AT HE. &5 F[c.d]
WAL —FME Z, 5F m(F(2))=0,1|

(F(g))' = flgg' ), a.e.x€la,b]. (5.18)

W 4 Z={x€[c,d]: FEx &tAR )}, A=¢g '(Z)H B
=La,b]\NA. Xt F B Hfli g AT M 53 ¢, 1R¥E g 76 ¢ R EZEME LA K
F'(gt)=f(g)) , BAA

F(g(t+h))—F(g)=(f(g(t))+6h))(glt+h)—g(1)),
Hd Y% h—>0 B ,6(W)—>0G gt+h) =g, L s(h)=0.Hhr B L
KW, 34 >0, A1 H1(5. 18) XA B b JLF 4k kb 157
HA m(g(A)<m(Z)=0,fLAHBER m(F(g(A)))=0. I
ARG EH 5. 21, 7T 4
g =0=(F(g)))', aetEA.
e LR R .53
(F(g(t))) = flgg'(t), a.e.t€[a,b].

EE.ELAREHEP  FEHEFTUMEMRITUEX - FZHEEE
M. FL L, g BL0, 1] LM ™R EMNELEEEE ¢ (=0
a.e., M F=g ', 5" F(x)& B HJLF 4 4 0] 6 ek %,
(F(g()))'=1GE[a,b]) fBE(. 1) XA L.
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i 5.23 HagWOUK f(ge)FEla.b] LA 4 AT 3, B
B () FELc.d] P43 #ELE, g(La,b])Clc.d ], W
(flg)N = fgg @), a.e.tE[ab].
EE S5.24 (BuERFE) R g fEla,b] ERILFAL 4L ]
W, f() ELe.d] LT FEE B g([a 6 DCle,d ], i8

Fla) = rf(z)dx,

U] i P A i R S Y
(1) Fg())ZLa.b] I By4aXF % 2 eh 51
(i) flgn g (OR[a,b] LR MEE,BAE

g(p) B
J f(l‘)d:r:Jf'(g(t))g'(t)dt, (5.19)

gla)

;E;.—-LP a’sﬁe I:a 9b].
ER BUE GO RS W (5L 1) R HL X —) ol pE [a b] A

g(3 B
F(g(®) — F(g(a)) =J' f(x)d,r:J'f(g(t))g'(r)dt.
gla) a

XU F(g() B[ a,b] 45t % 52 R 5.

RZAREO B WER 5. 22 B&EEHR. A RAF@@)'
Bla,b] ERaT BB L, f(g()) g (D2 La,b] 1 H A LR 5L,
PNIEEE

g(p
J f(x)dz =F(g(®)) — F(g(a))

gla
B ]
=J. [F(g(t)) ] dt = J flg()) g (t)dr.

HEHEMERR,FERAER g B3 ELE R Lhr b . X
HEANLER. Flin, 4
1
F(x) = 22, g(t) = {zsmT. t#0,
0, =10,
M g(OBRAE t=0 LA E AT T BA R0, 1] E A4 Xt ZE 22 R L. R
Mm.F(x)5 F(g(e))EEL0. 1] F4XELZ(FHAER. AL KIA
TR
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it 5.25 & g: [ab]>[c.d|RAXIELRE, f€Lc.d],
MR R &z —#B 2 (5. 19) X 7 89 7520 5 1

(D) g(OFELa,b] 28R %

(i) f(O)FE[c.d] L BA FRE

(i) f(g(e)) g (O FE[a.b] b 27T F R HL.

iERR  (TEZHIE A M BE) 4

Flz) = Jlf(u)du.- z € [c,d],

W) e B8 U9 45 HEBH F(g (o)) TE[a,b] b 46 Xt & 2. % T Gi) , F Ff Gi)
LR 48 il W S e BB AT

Bl 2 &% f()R[0,+oo) FHAEREM L. BXHEER A>0, f(2)1E
[0,A] 43S, WX p=1,6

pf (f(x))Pz? dr < (J
0 0

ERR & fEL[0.00)), M EXX BRI, & FEL0,2)), HEEE f(2)
B F(2) >0 (z—>+co). Wi A] 15

oo e z -1
pJ (xf (2))* 7 flxr)dr < pJA (J-f(t)dt)P f(x)dx

_ J: ad;(J:f(z)dr)pdz = (J;:’fu)dx)”.

N f(r)d.r)P.

2] & 5

l. T ERRP—FEGF.HEEHFE) XEHIFE,.LUEH E 2
aJ il 4E.

2. Wiz, ) Cla,bl,ikELa,b] BB k%, AL GG N
{ &)

3. & f(x)E(a,b) FHBEMERE.EC (a,b). EXEL e>0,7F
TECa; b)) Cla b)) (i=1,2,) ,f[Hi15

U 6> DE, LGB — flad]<e,
1 Uk BH f(x)=0, a.e. zEE.
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4, ¥ f(OFE[0.a] ERH F A2 R B, i Uk B sR 5

Fee) = lr FOdt, FO) =0

T

B[0.a] LA R 2 EEL
5. Wifilo) ) Blab] LA RZLERKES| . HA

b
V(fk)\<\M (k=1,2,*"),

lirir}fk(:r) = f(x), = € [a,b],

SIES £EBV(Larb) . HME \/ (D<M,
6. & fEBV([a,b]), B A ;OEEa,b]% ) B 2L 5, 1k B
\/ CPFE & o b2,
7 WEH S [anb] > [eod] RESER BMERMN yE
Cevd ], S0E F YD BB 10 A RIEH
V() <100d—o.

8. ¥ fEL0,1]),g()RE XAEL0,1] b HyH18pk . 5 3T
BHila,0]Cl0,1].F

b
Jf(x)dx

RAERA £ () Z[0,1] F R aT Bk 5.

9. & f(x)Z&La,b] L HIAEA LT FELE KB IIERA 7 (o) (p>1)
FE[a.b] I B 48 5 % 22 pR 5K

10. % f()fEla.b] LK, BA

b
Jf'(x)dz = f(b) — f(a),

RIUEM f()FELa.b] b 4 Xt % 4E.
11. % f€BV([a.b]). &#H

2

< (gb) —gla))(b—a),

[1F @l = yp,
WUERH f(o)fELa.b] E4EXT % ZE.
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12. X f(o)R R EARAEMEEE . H F(OFF R EAlff.ic
lim f(z) = A, lim f(x) = B,

r——x xr—+oo

i 1iE B
J f (x)dr = B— A.
R

13, # f(o)RENER FMATMER, B (05 f (o) #E R
4 T AR R B R IE B

J f (x)dx = 0.
R

14, B f(z.)R5E XTELa.b] X [c.d] L0 =Tl %, BAFfE
¥ € (e, d), 18 f(z,y) TE[a,b] EEATHH, XX F&E—4
2€Larb]s fla, ) RETF y#Elcrd] L4 E SR . (2, 3) 7
[a,b]X[c,d] k2R RA, RE B &%

F(y) = rf(:r,y)dx
T XA cod ] A HERS FESE R B, B LA A y€E [evd] A
F'(y) = rf;(xgy)dx.

15, & f(oO)EE—KELa,6]CR - ARZE XT % 22 , i 1UF B %t &
/l\ yGR,ﬁ'

d[ F
d—j f(1+y)dx=J 4 ot iz
v « dy

16. %56 {51 35 B 446 %o 2 % B 5 JL T Ab Ab T 283X A B — 1
YN e300

17. B{ge(2) ) BTELa,b] I B4 %t i S8 R BT, LA | g1 (2) | <
F(z) a.e. (k=1,2,),HF€L([a,b]).%& limg,(x)=g(x) (a<

x<<b), Jimmg;(x)=f(x), a.e. x€[a,b],iRiFH
g(x) = f(x), a.e z€[a,bl.
18. & f(x)&[a,b] b A4 XF 7% SE ™ 4% 3 18 ok 30, g () 7
Lfa), f(b) ] 43t %ESE iR IEM g(f () FE[a,b]) b4 3%f i LE.
19. &% g(x)la,b] LM 4T E SR, f(2)FE R L & Lips-
chitz & BIEH f(g(2)) R [a,b] | #4855 ok 5K
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20. % f()fE[a,b] FATi. & f (x)=0,a.e. € [a,b],iXIE
B f(o)TE[La.b] b R—1 5B REK.

E 0 id

(—) %F Dini 5%

w feClasb]) sz E[a,b].

(1) & D" f()FE xo AbFESE W H A A Dini SE R, BHFLE [ (20).
(i) & lim D7 f(x) =1, D. f(x,)=L

Tz, +

(i) &/ Dini B JLF AL RN £ JLF4b 4k 7T 4.
(Z) BRHFBFHREARZE Riemann 7] 718 & £
#  FE[0,1 ]9 ¥E Harnack(3 Cantor) % C.

ACE) = i. o = U<a,.b>—UI,,

XA KA ], (n=1.2,), €5 I, I'JEFHL ffﬁkﬁ%lf MR SCL0 1] Y
PREL f(OMTF: 0 f(2)<1,

Eﬁv IE]H"

f<x)=<1' il YT
0, xJE T, B, '
0, Ief:.

5% fER(0,1]),.BE F ' (2)=f(z) , H+
F(x) = jrf(z)dz (z€[0,1]).

=) KT RH

{fcos(l/.ra), o<k,

flx) = (a:f>0),

=20

KAITA

(i) FEBV([0,1]) % HALY «>>3;

(i) fELipl([0,1D M HY o=p+1;

(iil) # «<<B+1.M fE Lips([0,1]),6=a/(3+1).

(M) XFHENEZRY

() ¥ f(o)=(x—Dsin(1/(xz—1)) (O<x<<1), f(1)=0, N {EEM o:
0<<6<1.8 fe AC[0.6]D.H FecCo0,1],f8 fEAC0,1D.
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(i) #& 0<a<<1,C,C[0,1]£3 Cantor £, m(C,) =a. %
f@ = | A=z @,

n fe ACCLo, 1D H ™, N H
m({x € [0,1]: f(z) =0}) > 0.

(H) BRISS5 B ELE
W ()8 XAE(ab) | oxo € (a b)), BHAEAERIR
i L= Fia'> 2o

'
X —~x

0
e -
b 4 ID

WFR f(OTE =2, BR[O KRN (O 2=, bR EE. RINAE
B: & (OFEC.d BTSN (o) FEla.b]C (c.d) b 4R HEELE.
B (D) MEEM 2€[a 0] FHE >0, Y 22" €(x—4, .2 +68.) .8
f(:r”l‘— ffl-’>
X

T —

f(x0)

<|f () |+1.

RAEAPRE S EEH . FEIT X B4
(.1'1 "'61 o A +31)9 (.1'2 _62 o T3 ‘|—32), R (.T,, _5,, » Ly +6,,).

= U (z:—& sz +8:)D[asb].

(i) ig M= max{| f'(z)|+1}.8,= min {3, }.

Lisn 1<i<n

BAE RS 60, B 0=min{e/(2M) .8, } =0, M X [a,b ] T A AHZE 1 X
[i8] £

{[.‘r,yy,-]} (i:lszs"'sp); Z(y,ﬂl‘.)<6‘,

i=1

HATH
|4 .
Mfyd — faD 1< D)2 fa) [+ Dy —
i=1 i=1
<MDy — x| <,
B 45 BiF ik

(7%) 431 &ELE iR ¥ 5 Lipschitz & 4 # F B iR

(D '’ f()E XFELa,b] b () FELa.b] b R4 % FESE 1 78 70 b B 5
SRR e >0, FE M>0, EHB X La, o] (EEAH RA B A AH K X 6
Leivd ] (G=1,2,+,0), F

Dlfed) — @I MY |di — el +e.
i=1 i=1
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i %W RFPBXMNESZRBHELATHHERH 0,74 6>

P
0. Y ERMEHKEAH 2,y ] G=1,2,,pKRE Zl yi—ax | <oBf. A

Zlf(y)—f(x)|<s
WA, HEK*EB‘CE‘JEIEJQH& d;] (i=1,2,
B (N—1Ds< Z(d,-—c,—) < No. R [od ] fE N %5

n)%iﬁeﬂ‘ﬁ&ﬁﬁﬁ N!

N

!:Cf ’di] == U [:af.J ‘al.J*'l]! Qi,1 = Cis Qi N+l — dr;

=1

—ai;) = (d;—¢,)/N (= 1,2,,n).

(ai.jm

S D ey —aiye | <8 (j=1,2,++,N), H&
=1

Z|f(a,_j+1)—f(a,,,-)\<s (_f —— 1!29'"9N).
i=1

Mk & ATA
Zlf(d ) — fle) | < ZZ Flain) — Flai)l

ji=1 1=1

<ng(z M_"+1) Z\d, alHes
i=1
M HL M=¢/8., B 15 B iE.
Ao DR,

(i) & f(2)E XAELa,b] W fELipl([a.b DTS LEFRMEZ: X{E
%E‘J E>0-ﬁﬂz Wo’ﬁ?%xd-[dvb]q:ﬁi%ﬁﬁa/i\lZﬁ] [flodl:]! [fzadzj' e
[cn’dn]' %ﬁﬁ

DU — F <MY d, — el +e.

B AoH KERE, N e=1/2,FE M>0,E8 o, b | FHEEKX

B [civd. ] (i=1,2,,n), H

Zlf(d,) —f(c,-)léM’ZId,- —cl+ .

H TR, R Zld —a|l< 1/CM), BA

Z[fccm — Fe < 1.

i=1

BE .z, v€[a bl (x<<y), F y—x=1/CM) , M HFEBRE N, #HE
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N/UM) < y—xz< N/2M"). Bx¥[z,yIfE N %4,
r=a <a <" <av = Y
ai—a- = (y—x)/N G=1,2,-,N).
1A A/ UM)H<(y—2)/N<1/(2M))
fla) — fla=—) <1 (GG=1,2,,N),

Z|f(a.)—f(a.ﬁ1)|<N§4M|y—xly
A it AT 15

lf(y) — )| K -Elf(a,)—f(a.—l)lﬁ 4M' |y — x|,

1 1
W\{‘N(y I)<W!

MIAE N|f(y)—f(o)|<1, Hg
| f(y) — (DK< I/NZ< M |y— =],

B 45 BT iEE.

B JERE.

i felipl(la.bDWFHNH f()fEla,b] LRI FEL.

(£) X£FHERE m(E)=0,0 m(f(E))=0"

Bl BH f(D)=X (DBRAEGEMNAFZEZRY.BFE m(E)=0,1
m( f(E))=0.

Bl & f(2)=z¢sin(1/x)(x#0), fCO)=0,0 f&€ C(0,1]D, HX{EE
fo: 0<o<1,F f€ACo, 1. NTi#& EC[0,1], H m(E)=0, l
m(f(E))=0.{H f€BV([0,1D].
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B o AT A R A ) L IR AT G - 3% 2 (UL T Ab Ak i 2R eR AR
F H AR Riemann B BLS M FIAE R . FE —E B L L2 8 7]
il p& 50 S H Lebesgue BUF S FAUE. HTR AR B AN KT
A B %F 42 i BT Y AT FR R AR ) 2R A 2t 5 RR R A [ A R H
AL BS54 50 7 TR AT L BB i B T AR, B
B Bl o 7 & BV 5 B8 W Fourier 4387 561 2 G

THETAAR L7 %35 8 38 5= 0 55 & R ol Bk B 19 B ik 45
MREHME XA, L?(1<p<<+oo)%S[H £ F. Riesz T 1910 4£ &
AW A EE T ERE $6.1 frR A Holder RFER L K
Minkowski R X (XA FA RV EHESHEX S H B, F
Riesz {8 E M 1#E B4 IE ). #E Lebesgue Mgl 5, L* %
] g B ZE 7 BB AT TR, X R E B HHEK R & Fourier
Rp A R LSRR 2 &L RS 2 ][R AR X —
FH5 RLHA Al T Y B3

A F IS AR B N & BE AT LAE AL Lebesgue 2 20 3 0 0 H , o4
2] JE SRR TR IZ R A BT B AR AL T O (E AL AL,

6.1 L* ZERHEXSAER

EX 6.1 ()& f(x) R ECR" _FH# A Jl 6%, i
LA, = (Llﬂx)l"dx)l'p, 0 < p <+ oo,

R LY (E)RRME |, <+l fE2E . RH ALY ZiE. (L'(E)E
SR UL L(E).)

(i) ¥ f(2) 2 ECR" EH A sR & . m(E) >0. &FFF1E M, {15
()| <M, a.e, 2EEMFR f(O)EE FEAEEFER MK R ()
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HAEEER. B —UIAE ERBCFH#A.ER . . HKER (O
ft E LAy ERME. Wit L™ (E)ER/RE E EAMAE A 1085
Z &k,
L 0<<m(E)<<-+oolif, a] DAEBA lg_rp £, = Ifll-. L LR
giid M= |f|.. . XHE—WE M <M @M, 54
A= {z€E: |[f(x)|>M}
AIEM . B AFER

Ifll, = (L F@7dz) | = M (m(A)) Ve
A Lim 1], >M'. & M'—=M. % lim| £ |, > M.
5 RAT A -
I£1, < (] Mrdz) " = MGncEY> 2,

T 45 },L_m IFl, <M.

TR E L LY (E) # p— > 2R 125 ().

EE 6.1 # f,g€EL(E),0<p<<+o0,a.QELE N

af +Pg € L*(E).

iEBR () Y 0<p<<colif. 1A

laf (z) +Bg()|* L 2°(al? « | f()|” +[B] «|g()|").

(i) Y4 p=+oolt}, HKf1H

laf () + Bg (O <lal|+ | fll- +IBl+llglles a.e. zEE,
MTTAT A [laf+Bg l-<lal* [Ifl-+ B3]+ llg [.-.

EE N LVE,, RN EZRMBE p=1 WEE, T XPhEXR
{H p=>0, M —HIA R Z p=>1.

%l 1 % E=(0,1),0

InLeL*(E), ln~EL”(E);
B i % 9
VPEL(E) (0<a< p)y xPEL(E);

Vs (In l)ngm(E) (a>0),
' x

«(In %) el (.
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BEE EH T 5.
1. & 0<m(E)<t+oo, HEEI {p:}:
1< py < po << < pp <+ —>00 (k—>00),
# fEL*(E) <k:1,2,---),ﬁ_§gP{ £, }<<too, U] fEL™(E).

2. | 0<p<q. & fEL (E)NL*(E),N fEL(E).
3. & m(E)<+oo, f(x)& E 0Tl pg &, 0<< p, <<+, N

limJ () |Pdx =j |£(z) % dx.
E E

p7 Py

4. ¥ fFEL(E)NL(E), M|

limJ 1f(2) |Pdz :J () |da.
E E

pN1J E

AR AW H B EF 2 AF

EL 6.2 R # pp>1H =1 W p 5 5
Sy HEEFHEAR (B0, 7 3 p’=pil,mu p=2 if p =2.%p=1,M
B ILHIEHT p/ = o0 p=oo, MM EILITI5H7 p =1.
EIE 6.2 (Holder A% ) & p 5 p ML, & €
LP(E) ,gEL”'(E);mUﬁ
Ifglh <A, « lgllys 1< p<<t oo, (6.1)

B

1/p

1/p ,
L_If(x)g(x)ldrg(JEIf(x)l“’dr) (L|g(1‘)|"d1‘) ;
1< p <+ oo,
DL R (p=+ccBll p'=1 BFEAD
j5|f<x>g<z>|dxg ||g|]ij|f(J:)|d1, 5es

iERR Y p aK p' Z— Kool (6. DR TR AL,
“fl,=08 lgll, =08t H f(x)g(x)=0,a.e. zEE,(6.1)
R ML 8B R AT

2 |£1,>0, llgll,>0,H p,p'<<Foobf, MAEAR
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b

Vg P LS+, a>0, 5>>00
a P P a
g
P g
a=-"r, b= -or
17113 g 117
Al il

f(Dg] 1 If@F 1 el
Ifll = llglly =2 lFI2 27 gl

¥ EXERS &g L<<IFll, lgly.
Holder AN % 5 i) — 4~ | 2 4% I 5t & Schwarz® K K, H]
p=p"=2 KIHIE .

1/2 1/2
| r@e@ 1z < ([ 17c12dx) (| lgoltdz) "
E E E

EE Holder AR (£, 858 llg ||, = +oobit B 8RBT
Bl2 HEmE)+too,H 0<p,<p,<+oo,ll]l L2 (E)C
L"(E),HA

£, < Gr(E)) Ve~ Ve2 || £, (6.2)
WA ALk p.<<too. B r=p,/p U r>1.38 ¥ K r 3L 5E
Febr, WXt FeL~(E), 6. 1)K

'-L|f(x>|mdxzj ()| 7 +1)dx
E
1/r , 1/7
< (], ronraz) ([ 17a)

= mEN (| 1f1" dz),
M T AT

O B flor=e, i1 f()>0 78 ()RR EHAEE. AT a.6>0;p,p >
18

1 1
;!m+Flnb) b

a 1 1
e <5+ ( e 1),
i bR N a/rpl/r
@ 1859 HF B EEF K oynnxoscxuit KA T X —~AFRX  BFHEAT /G Schwarz F
1884 XM B TX A %K.
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L/ py

(JEIf(JqlpidI)Lplsg(hn(ff)yleﬁ“ @J(JELf(JO‘pzdI)

XEt (6. 2)3,
B3 #F fEL(E)NL(E), A% 0<r<p<ls<tooll K

0<A<1, %zi-kl_",

S

U LAl < NI < A
FELE, S r<s<toolt,BNMNA

J |f(.r)|”d.r:J | FCD* o | )| 0 dx
i E

(1-)p/s

< ([ 1reorrae)” (] 17l dx)
W or<ls=tcolitt , AN p=r/A,TLLA
JE|f(I)|”dI§ 127 L|f(r)|'d~r= A2 AN

FREEREBI, Y r<p<s<+oofif,f
11, < max{ £, £}
Bl 4 F 0<r<p<ls<too,fEL'(E),MXMEEMN >0,
R (o) =g(x)+h(x) fHi15
lgll, < e ?llFIG. MRl el FIG.
R X >0,/ B3k
{09 flo < ¢,
glxr) =
fo, |f@|>t,
HATACGERE r—p<<O)

h(x) = f(x) —g(x).

lgll 7= JE|g(I)|’dI = J'E lg(x)|™? |g(x)|?dx

ét””[ Ig(:r)lpd:rét’_”J |FCx) | 2dxs
E E
R4S ffr ik

Kl IESE A EK.



$6.1 L*wE#ELERFX 253

Bl 5CK Holder FER) % o<p<1.q<o.%#%:1.mux¢ FELNE,

| @@z =Is, lgll,-

iEBl AWEE fe€L(E),B4 p=1/p>1,qg=1/(0—p)>1,0] 1/p+
1/g=1,HH

IFdl = (J; Lf(lzz—igl.j)[pdr)l P

1 5
< (J.ﬂf(x)g(vr)ld,r) (J 5 dr)

gl | T?
_J |f(1)g(1)ld
lgll,

H U B A5 BT iE.
BEBE ORME T A
5. i f(x),g(x)RE E EWynlill g%, HA
1

Lidlol 1€ periom,
b a4 T

KiEH gl <IN, = llg -
6. # FEL*((0,+oo)) H f(2)=0 (€ (0,+0o0)),4 F(a)=

rf(z)dz ASE

F(z) = o(Jz) (z—0)
7. W e L*(([0,1]), iERAAEL0. 1] A8 R 8L g (o) L fif
B FEEN L e,0]C[0,1], 8

J*b
8. ¥ fe€L*([0,1D,HIfN,70,%
F(ﬂszcz)dz, w8

RuER ([F I, << IF,.
EIE 6.3 (Minkowski RZRX) # f.g€ L/ (E) (1<p<co),

2
< (g(b) —gla))(b—a).

Il
IfF+gll, <A +lgll,. (6.3)
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ERR 4 p=1 ), (6. KB ;Y p=coliif , AR
f(O<[fll.y a.e.xz € E,  |g@|<]gll-» a.ex€EE,

It LA
F(x) + g@I<fl« + llgllss a.e.xz€E.
T (I f g ll-< I [+ llg [l s BF C6. 3) F AL
M 1<p<—toolf,THAA

| 11 + gl rd
-<\J‘E\f(r) + g()|P | f(x) + glx) |dx
QJElf(r) +g() |7 e | f(2) |dx
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E

% FCETF (g)) BT~ X Fourier BEL A > cigu (@) W f B9 LT
{ow ) B9 T~ X Fourier K&, & id
g == kagok-

EFREFEBEREERET (O ZHLFEINTERNMBRT] X
Fourier ¥ #) JLANE B FH L.

EE6.12 #i{p )& L(E)PHRHEERLRR., f€L(E),BUE
ki AE

falm) = Za,-cpi(x),

;E\:EP a,‘(izlgzs"'sk)%iﬁsmﬂﬁ Oy == (f!SD,‘)(izlaZs"'yk)
BF 145 || f— fe [, 5 B E/IMH.

EM () MARMEESHETTA (£ ]2= (firf = 2als WA
M 15

“f_fk | §= (f_ Zaisolsf" ZaiQ?:)

k k
= Hf” g‘_ Zzaici + Za?
i=1 i=1
k

k
= £ 12+ D e —a)t =D
i=1

i=1
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MY a,=c(=1.2, .| f— f EB&/NEH. H/NEH

k

£ 15 =236
i=1
k

lttﬁl\v%é"\ Sk(f) = z(,gﬂz(.r)! Iﬂ\“lﬁ

i=1
Lf = Sullz = ILFIP— 2.
EE 6.13(Bessel RERX) Hilg )& L (E)PHRHEIERR,
B feLl*(E), M f(x)B) X Fourier 28 {c: ) 2

SELIfIL (6. 7)

RS A EREB AL XEER & A (S FRD

LFI2 =D = llf—S:llZ =0,

=1

W i A1 Z <IFIE. 4 koo, B17
>Sa<IfIE
EE 6. 14(RiESZ-FiSCl:6l]' EE) Wie & L (E)PHPRfEIER
FE ) BRE D¢ <+ oo M{E— ¥, WATE g€ L2 (E),
fii 7%
(Brgp? = Cus k=1,2,.

iER fEERE Si () = D cpi(0), BRE

ktp 2 k+p

2 Z : 2

|| Skep——slcllf_’ R Ciqol - ZC'.
i=k+1 2 1=k+1

BRI RIS, )2 L* (E) iy A R L (E) 5% &1, F 7
g€ L (E), g
}i@llg—sklig = 0.
B XA (g ) =ci (B=1,2,).
FE.h EARPEREATA, L (E)PHIT £ B X Fourier %%
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BRAE L HBTRA g€ L2 fBR g R £ /. i,
ngZN/L_Sink‘r, E=1,2,-

7T
L ((—x,a) )P —IERLERJEXN T f(x)=cosz, [T c.=
Frpd =0 (k=1,2,) , [ 118

Steg— £ = Irllo.

X — 1T LT = 4 WK G 25 ) o RO A IE 32 ] B 4 AL IE A &R
(B AN 20 B LE 22 B — 4 45 A [F] ) ) & 0T R B A AH ) B9 AL bm. M HEBR
X—EE . HAN5IATREE R

EX 6.8 Wilg) & L (EYPHIERLRR. & L (E)P ABEE
EFTHE U o IEZ MR {p & L PHTELIERX R A5
.4 FELY(E) . H{(f @) =0 (k=1,2,-) W FK

f(zx) =0, a.e. x€E.

T 6.15 WipE L(E)FMRHETLEIERXR, f€L(E),

A a=(fr@)(k=1,2,), 1

lim
n

—» o0

k
lim ZC,-go,-—f“ = 0. (6. 8)
ke | 5= 2
iERE  fBE
k
i _ — 2

Mg, =c,(i=1,2,-), NI A I
(f—8spi? = o) —(gs@:) =0, 1 =1,2,°",
HA{p | BRERIERL R, LA HE XA
flzx) —glzx) =0, a.e. z€E,

X 156 BA (6. 8) AR 3.

Bl =RARABARREELERR) B E=[—n ], W =/H
L ES

1, cosx, sinx, **+, coskr, sinkxr, ***

= L"(E)FH5E2IERR.

R D) fORL—n.n] PR ELZEE. 7 H—1] Fourier
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RBEREET N f(2)=0.

BHE L, NR (OZ0,RAHE z €[ —non . 18| f(2) | A
BRRE. AR f(2)=M>0, N EAT T BB 7545 /MEX[E [=
(xo— 820 +8) . 15

Fla) %M, 2 & TTT—sessll.
ME MR ="FZLIA t(x) =1+ cos(x — x,) — cosd. A K
(ORI =AZHRX T UREBRERITA
J“ e leydy =0y W= TaZyon.

EXEAEMN. —FEH . WRIE €[ —n,na ]\ B, A" () [L1,
Fir LA

J.[ , f()t"(x)dx < M « 2.
=\

B—HE - EHHRE J=(x,—08/2,x,+8/2) 0t 4 r>1,{H15
tx) =r, x€JN[—mwsx]s
Pt LA
8

I f(:r)t"(.r)dx}J- f(x)t"(x)dx}iMr" —.
IN[—x.x] IN[—xx] 2 2

A& LA AELHF
lirnr Fle (D)de =1 oo,

n—oo,)

ERF EU LA f (2)=0.
() #& fEL*(E). ITMERE

stal = j Flode.

AR g R —n,n] ERIEXTEZERE L H g(—n) =g () =0,
i 1 s FR AR A AT 1R

x sinkx
J g(.r)( )d:r
—-x COSk.I
- )(—cosk.r)l x 1J £ )(—cosk.r)d
B sinkr / k| =« kJ- 8 sinkx i

=0, k=1



B — lr g()dr, G(z) = g(x) — B,
L) —

= coskx
J G(I)( )dl‘_Og k:O!].!Zl".t

sinkx
Bl G(x) B9 —1] Fourier Z2EHEREE. th (D H G(2)=0.8] g(x)=B.
AT AT
f(x) =g'(x) =0, a.e x€E.

FATT RN IE A DK G2 [] v A S M TG 56 ) & 4 A&, JF AT | AT
S 0 E A 1) B 2 T AR KR M TG K ) it 2 A B (] ) IS A Bt
e o [A] B 4E R, MO — A BE R FRATTBI A T iR E X

EX 6.9 ¢ (1) (), () RENTEE LR W
FM

adh (x) +ardp(x) ++ tawhp () =0, a.e. x€EE
AHEH @, =0 G=1,2,,B) B AFRRE ¢ (i=1,2,.k)(FE E
) REMERM: X THIEFT 2 R R R, R P
BEARD R ELET R B2 R B R RL T . (B
KA R R R DA LT b AL 35 T F ) R 2. )
Bl 7 L*(E)PHIER R @) — & BT,
FELEE o) PAEBCE RS IR 2
algok.;(l‘) _}_aggﬁkz(.r) S +afgok'(r) =0, a.e x€E,
e EXMR &R, o (o), BFE E EXF = #7840l (g U IE
AR H @y =0, [[ B ATE a, =a; =+ =a,=0.

LR N EELXKH B AR —~ERIELXR. AL, RATATLA
fE R B R AR EEVEIER R K. XHE T E A Gram-
Schmidt 1EAZ{L 1 .

Wit L(E)FRPRLHTLERER S

o (x) = g (x)y @ (x) :—i‘%‘ﬁ%}@(r) + ¢ ().
12
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— MRV TEBUE @1hn st T2
gﬁk(l') == ak,1§01(1) _}_ak.ggOg(I) y —Q—ak_kflgok 1(1') _l_(pk(l) .
Hrp

5 JXFEFT AR 0 { g} (R=1,2, ) EIEACHY.

HF LN(E)PEFEMBREE 055 D P& K 1 & ik
tH ok AT AR R A R L B AT 15 B — N IE AL R

B 6.16 Wi & L"(EDPHIRMELER R HMNEED
fEL*(EYLA K e>0,fF7E o PRI HH A

glx) = Za}go (x)
i1 I f—gll,<<eCHbht, R { ﬁﬁlﬂ%) W{p ) EELIERLR.
iE BB fﬁfé{go,%%%éﬂix%%.wﬁ{fﬂi—fim fEL*(E),ff
B frer=0 G=1.2,). HA [/ l,>0, Fr LIARIE B E A7 AR
alqag."-.a“ﬁ%

Hf Z Hf 'y
T 73
(725 = Zaw )| < 1+ 1= S |, < L2
H—HHEHT(fr0)=0(i=1,2,),#
“fsf—iajgoi. )| = ‘<f,f>—j§k1]a,-<fago,,>‘ — If1%.

X—FEHH g BELIERLR.
BEE ﬁEﬁEEﬁTiUﬁE%:
1. {sinnz} & L* ([0, z D P HZELIERX .
2. el ([—non Dl () B(—n, o] LM =R E.
#H
r F( @Dz =0 (n=1,2,),
| f(x)=0, a.ex€E[—m,xl.
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3. Ble ()} L (AP HELREER R, (¢ ()} & L*(B)
H ) SE AR EIE S 2 L
{firlxs )} = {@ (g ()}
B L (AXB)HHI%ELR.
4. Bl () L (EYHRMREIERR. & fEL(E)

hmJ (@) (x)dx = 0.

b

e CL ((a b REAHREER R, fE€ L [a b)),
f(I) ZCkSDk(I) ﬁ:tlj Ck_<f §0k> L'JXT[a,b]'-PE!@TWJ%E ﬁ

k=

o

Lf(l)dl‘ o= quggo;,(x)d:c.

k=1

$6.4 L* Z5 A piEEA K

=1 Holder AR
| r@g@dz|<rl, gl
g =100

[ re@adz|< sl

W2, REGFHE geL’ (E)Rg |, =148 EXFESLR? &
A T ARG

EE 6.17 # fELY(E) (1<p<+oo) ,MfFEE gEL (E)H
lg ll, =1,

£, :Jgf(x)g(x)dx. (6.9)

Bl Ak || f |, #0.
(1) p=1. }kht.% g(z)=signf(x) .M |gll.=1,BHF

~]’Ef(,r)g(:c)d;r :J’ | FCed | de = |IF lli.
E
(i) 1< p<+oo. HHt, 4
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gz = (lﬁ(ﬁli] )" signf ),
A
L |g(2)|* dx = |lf1||’;Js | f(2) |*dx = 1,
m A

L_f(.r)g(.r)dx - L | f(2)] (lljlcj(fﬁi )‘“dr —If 1.

XF p=-+co, HNETFTREHE:
EE 6.18 # feL=(E),llA

LFlle =  sup {\J.Ef(;r)g(x)dr‘ }

I| g1 =i

iEBB A f =M >0, RFIEMX LA/ >0, 7
gEL' (E)H g, =115

JEf(x)g(x_)dx>M—e

BIRl. AR | flle =M, M—e, 7 EFRFE A, HmA)
=a>0’ﬁ1%

| f(x)|>M—e, z€EA.

AL
sl v %XA(I)signf(I),
A Al l|g||1=J lg(x)|dx = lj X, (x)dz= 1,
E aJE

HE J'Ef(a:)g(x)dx= —}JEf(x)XA(x)signf(x)dx

= lj | f(x)|dxe > M —e.
ala

FE,.E52 E=[0,1],f(x)=z, | f|.=1. ltHt, 5 FEEH
geL'(E)H |gl,=1,F

1 id 1
J. f(x)g(x)dr‘gj z ]g(:r)|dx<J lg(x)|dx = 1.
XX T p=—+oo, fEL(E), A—ERFHE g€ L' (E)H g, =1,



Iflle= JEf(x)g(r)dr.

TREERAE —F B X & Holder A~ %52 1Y 150 A 1.
EI 6.19 i g(a)E ECR" FH A ek 3. & FEAE M>0, (i
Bx—YIE E LRl B R Bl o (o), # A

Lgummdf’g Miol,,
W g€ L (E)(p' £ p BILHEHEH) . Hg |, <M.

iERR (D p> 1 X Flg(o) |7 VEBA E &K IR 7 a] il f& 8
R BT (o () } . {75

g_i.rf}gok(r) =|g(x)|”, =z€E.
MAES ¢ ()= (¢ (2))"?signg () , M 15

Ll = (] gutordz) .

EEE
0 < @ (@)= (@ (@) (@ (@) < (@ (2))V?|g(2)]
= () g(2),
M T AR 4 1B 5 T 45

| pe@dr <[ pg@dz <Ml gll,.
e 4 I 6
[ gz <mr,
2 koo, FHATA
L|g(r)|"'d1\<\ M,

(i) p=1. AW g(2) =0. X HRIEE:. & g€ L™ (E) , WFETE
E a8 F] (A, }: 0<<m(A)<<+oo (k=1,2,),{#1%
g(l'),>/k! IeAks 'k:]_,Z-p'".

/T\?\ gok(l‘):x/,k(.r), kzlqzy"',

L—gﬁk (z)g(x)dx < km(A,)

|
WH Toli = mAD

:ks k=1,2,"'.
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X 5 B F I . RIS AriE (SR § 4. 2(—) Fh g 7).

EI 6.20(J" X Minkowski AZR) & f(x.y)E R XR' [
() ] il pR &R, B0 LA yERT, f(x,y) € L2 (R (1< p<<+o0),
HA

1

P
dy = M <+ oo,

JR" (JRW |f(x,y)|1>dl,)

)

(J,

R AWk p>1.p' 2 p BIEHEIE AR, IF2
Flo) = | 1f)ldy.
BLAE 4 TR B B AT B B R 4L o () LR A
[ Fogde|< [ IF@g@]de

1/
(Jn'f(rqy)]ﬁdr) dy.
R
(6.10)

p \ 1P
J "f(x,y)dy’ dz ) gj "
R

R

™~

= s (_j Rﬂlf(x,y)ldy) () |dx

N R ( R" Fezs ) |gp(r)|d1)dy

< (ar|f(x,y)|pd.r)]/P (JRHIQQ(I)V”dI)M'dy

— M” ® ”p’-
Rz EH 6. 19, ] F|F ||, <M, I\ ifii XA

([ [ r@dy| ae)” <[ (] 1r@»ira) a.
R R R R

F1 fERX[0,2] EEZTRE

o), 0 y<l,

glx), 1<y 2,

He fEL(R),g€ L*(R), X f(x,y) BT X Minkowski A% 2 1k h il &
Minkowski A% = .

flx,y) = {

l|f+g||p-<-\ ”f”p+ ”g”p-
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2 7E,+eoo) X[1,2] EE X TR E

(7 JI<I<H+1» 0<y<].1
f(.r,y)z{ - - (nEN),
by n<z<n+1l, 1y 2

;= 3 Minkowski A~ kK
20 1/ oa 1/ o 1/
(Sla+al?) <(Slal?)  +(Ssl?) .
B (Hardy AZR) & 1<p<Htoo,fELP((0,+o0)). Hid

Fifa) = érf(r)dt, 2 5 i

M FEL?((0,+<2)), H ||F||,,\ HfHP
R oA
F(z) = J;f(l‘t)dta
A LUAR$E ) X Minkowski R4, , 7] 15
IFIl,= (J J;f(rz)dz "ar)”’

<[ (| iraolrde) "a=[ (] T iroolnecay)

0 0

0

‘ p
= 11| erde= L5071,
(EE. 5 p=18,FeL'.)

§6.5 #%& 7554

EFNEPRNES E fLge L' (R, MHHA
f*geL" (R
BHE Il < fll«lgl. BIEHFEE L* RO FHHEE.
EHE 6.21(Young RA&X) &% fEL'(R),g€L (R (1< p<
+c0), M
Ifxgll, <IFllL«ligll,. (6. 11)
iR 4 p'hp MBI . EARSER

(fr@I< ] IfG@—»l-lgldy
R
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N Ln|f(:r~y)|“"- g+ 1f(x— )" dy

14 % A Holder A%, ] 15
|(f* g)(x)|

< (L,lf(r—y)l-Ig(y)l"dy)llp(L,,lf(r—y)ldy)
Xf BB p 7 JE FXT 2 VEFR 4y, Al
L"Kf*g)(xwdx

1/p

< 17127 ([ 15— 91 lg1*dy)de

= ||fl|f”‘L,,|g(y)|”(Ln|f(-r—y)|dr)dy
= A1« Ngla= IfFI2- lgl?,
M (6. 11) R 7.

FREH 6.21 £,Y FEL'(R),g€E L (R & (KD
(f*)(ORBT LP(ROB. THAKRINEEZEEHESHRBEEA S T
L* (RO FRELE. B T6HA S 09 5 8 15 A B kg g, 7T
DATRCRL B FE R b A 5 A R

EX 6.10 & K(x)Z&EXTER FHKRE,e>0,%
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E E € =
PR K. (2) 2 K(x) W R 48 R &L

Bl 1 & K(@)=2Xs0, (@ . WA

e s |xl<e,

K, (z) 2{
0, |I|,>/E.

EATH T oI AHL.
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0 | K.(@de = | K@)das
R" R"
i) X F B9 00,4

lirnj | K () |de = 0.
x| >4é

e—=0
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FHE 6.22 i KeEL'(R),H |K|,=1.% feL”(R") (1<
lim | K, x f— fIl,= 0. (6.12)

iR BT
(Kg*f)(x)—f(x)ZJ (flx—y)— f(x)) K. (y)dy

R

(flx—ey) — f(x))K(y)dy,

R

WOARYE ] X Minkowski A% = ] 15
(L,, (K. * f)(x) —f(x)\"dx)
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éLn (L"|f(1‘—ey) — f(x)|?dz)

L/p

1/p

J (flx—ey) —f(x))K(y)dy|Pd.r}
R

1

IRy | dy.

/%\

1/
F.(y) = (J n|f(1-—ey)—f(_r)|‘°dr) P.
R

BR,OSF. (DI KW I[I<2|fl,* | K|, HEe>0 B, FH
F.(y»)—0. I\ iR #& Lebesgue & Hl Y S 3B . FKATA
lim || K, * f— fll,= 0.

e=0

(L B R (K, ) 3 3 4 2 . )
BAE RATHEHS K@) =p(2) -

i
p(x):{cexp( 1—|I|2)' lz 1L 1,

0, |xl> 1,
Hp e Bffillol, =1 MHEE HIELRE (OZBEFEXEF HRE
FLO(ROBIEEN, (o, » NOWMEFETE. FLEEER

v @ = | fa—adpwdi = | fa—eprds

el <1

ZH. Y (ORNEZXEF 5HKB(xse) AR, BTt <1,k
flz—et)p(t) =0,B0 (o, x fH(x)=0. FFLL, (o, * AW ZER F
B e- 2P (FE{x: d(x . F)<e}). X B R EHAE £,
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EE6.23 HAZRZXHEHEXMKATMMEEE C ' (R)E
L7 (R HR%.
iERR % f(x)EL?(R") %
flxds |zl N,
0, |l |> N.
BR K TEEN >0, FFE NER | — full ,<p BT fr(x)
HEETE B * [O@ECT (R). NTiHRHTE EREH, i
e=>0. 7% o * fv— full, <y B BAEKX
HP; * [ _f“p < Hpe * fn _f;\.’”p + || fix _f”p < 277
A HI S5 18 & B /Y.
EI 6.24(Urysohn £I) % FCR" BEH£.GEFEHAE F.MGELE f
ECT (R, iR
f(zx) =1, x€F; supp(f) CG; 0< f(x) <1, xER".
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fnlx) =

| erde =1, B gy =0| 2| =a/3).

BLAE 1 R B
flx) = Qy * @ (x)y zER",
SR feCT (R,
BiL 6.25 B p>1,e>0.M>0,k ENJHFERE o€ C7 (R, ¥ 2
suppegCR"\B(0.k,) , HA

Jkn¢(1)dx= 1, ||ga||p <e, 0K () <M, zER".

A Lha=1 K. @ EEBAE,FE F€CT (R L suppfC
(ko ko +E+2](k>0),BE

0< f(x) < 1(xz€ER), f(z) = 1(xE[ky + 1,k +E+1]).
AR E Lf(x)dx = A% o) = f(2)/A N

k4

A= Lf(r)dx}v[:zq =k,
HILA 0<o(x)<1/k. &ATH

ol < ([ (£) ae) " = (B2) 7w,

0

M R g Bk FEA3 K AAE (el ) <le.
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B2 & 1<p<too,N
E= {fec™ @, | fx)de= 0]
£ L* (R*) HH .

iEBR Lhn=1 RF. SHEL 0, BEHBELE g€ CT (R, G
“f_g“p<€/2.

F 2 Lg(r)dr = 0, W% T,
> 2

J’Rg(.r)dr = A == 0, mum ko 9{%?&

suppgNlko» +0) = &.
MTIEL o€ C.77 (R) 3 & suppeC[ ko » +90),0(x) =0(z€ER), HE

JR¢(I)d1 =1, ||(p||,, < 2_|§A_]
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lf—¢ll.=lf—g+Apl,
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lim || fe — fll= =0,
MAFER FB—BUEZRE g(2)  fEH
f(x) = g(x), a.e.x€ER.

ef
R B g (g, (2) (1=1,2,-) R B BB
@ llgn * f=flle< sup [ fi = f [l

¥q

b b3 gl =1.RATA

Un(f* 7 G — f(x))qb(;r)d.r'
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< swlfi— £l 00 (]l ldr)a

= sup |fi — fll =.
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(i) # (i) A K 8 T
lim| @, * f— fll = 0.

n-—=o0

EEH o *x f(ODRREM—BHEZEZRE. U K{(g, * NI RGH z —F)
Cauchy 1], [H B AFE—BOEZE R B g () TS
limg, * f(x) = g(x).

n—=o0

HIKEIE f(x)=g(x), a.e. TER.
B 4 % ECREFEMNE,MNEESOFHAEEEE-ED(—8,.
ERl X — O 7ES A TR A B T B IR W B BR A E

HEH. B .AiERE ERAERAN.S g()=1(2),g€EL' L™ (E).
HXAE g(0)5 g(—o)ER.
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M f(x)E R FREZER.H
fQ0) = ng(y)dy = LXE(y)dy = m(E) >0,

XHEATH

f(x)= Lxg(y)xg(yﬁ-r)dr

Ik J’RxEﬂ(E{r}) (»dy >0, x&(—38,0),

FRUAFFHE tEE, sEE f#i1§ t—s=z2€ (—45.0).
Bl s BlelRL(DFRZELERER,N

Slgls = 2| lg@lde =+ oo, (6.13)
i=1 i=14T

R GO F el fIi= D3 1K) BT (="K

Dllgmw|? = 1.
i=1

AL X R D) e, =+ o0, e <+oo MRS (c,) HE g€ L2 (), 18

g(n)=c,(n€EN).
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n=1

n=1 i=1 i=1 a=1

= Z<g*§0ﬂ¢i> = E<g,ga, *q;,)
i=1 i=1
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EBX6.11 B 1<p,g<+oo,1/pt+1/g=1,fEL'(E), f,€L*(E)(n€E
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1imJ [ () glx)dx = _[ f()glx)de (g €L'(E)),
E E

no-os

WFRf,HE L (E)h Bs T f.
Bl {cosnx}fE L*([0.2x]) h 5548 F o.
EB X g(a) =X, () ([a-fICL0.22]) . 5 50
J'au sin(nB) — sin(na) _

lim| cosnx « X, 5 (x)dxr = lim
A oo n

n—=oo

0.

0

X g(x)= E:t'.x;ar.g,:(r)- H (e 117 2L0. 27 9 B A K F X 8]
1=1
21,
lier;:g(I)cosrudI = 0,

X g€ L ([0,2n])  FE R B 8] 30 sR BB AE L7 ([0, 2n]) 88 %5 . 57 B 7] 1§

Zn
Jg(r)cosnrdx—*() (n— o),

T 1L HHAIm({x€[0,2x]: |cosnx|=1/2})=4x/3, BT LA {cosnz} A B H
) B 81 0. X ek B
() = {n, z€[0,1/n], ERETD
! 0, z€(1/n,1]
FELOL ] b AR BE e S F 0 (HARLE L ([0, 11 55 4t 8. ek B3

_ Jn, x€[0.1/n],
f,(x) = {0. ze(1/m 1] (neN)
L0, 1] EJLF b b F 0, BAE L* ([0, 1 DA s F 0, HARR L ([0,1D
B OCF .
2. Hfu—fl,>0G—>20) , W{ £, 7E L hEHWEF f.
EE6.26 % ECRY: m(E)<+too. A
W) {f,HE L EYRFHEET £ (D limf, () =g(2) 2. e. 2€E,

M f(x)=g(zx),a.e. r€EE.
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iERR  #R¥E Eropos B H LS e >0, fFEME FCE: m(E\F)<e.
#18 f,(0FE F E—3BUSF g(2). X H Jlysun € HAIH . Y >0 F£40/NRE,

A f()FEMSE F EA R, AT
lim| f,(2)(glzx) — f(x))dx = J g(x)(glx) — f(x))dxr.
n—==cJ F F

By T . B GO ]

Iim'[ F tailatay — flaidn= limJ FADI ) — Pl T L
== F n “o E

.....

= '[ f(x)(glx) — f(x))dx.
F

B RATA | (g(o) — f) de = 0. Bl ¢ BFEREHE 53 L IR IR L.
EHE 6.27 W 1<p<too,f, £ L (E)PHESET f. N
ll_m Ifull, =11,
B 4 g(a)=(f(a))"signf(x),1/p+1/qg=1. g€ L*(E). HA1H
PELf,,mgmdx - Lfmg(x)d.r = £,

[ £@staz| < U, - lgl, = 140, « 1715,

T A Lim [ £, 0, = 1157 =1 115 e dim (£ 0, =071,

s

T O p=toolEIE BE m(E)<+oo ,UX{EL >0,/ E.={2€EE.
| fZNflle —ebsg(a) =Xg (2)signf(2)  KATH

limJ- f.(oglx)dr = J f(x)glxd)dr = (| fll.. —edIm(E,),
E E

n—e oG

[ £ @a@dr| <IflmE.
E

HEEF m(E)>0,Hith15 F|

lim |1 £, . =1 1l.. —e.

IR 6.28 % 1<p<<too,f,EL'(E)EN), HHE M0 1.1,
SMeEN) M T I £, (o) L" (E) 55,

EWE B 1<q<+o0: 1/p+1/g=1, i Z () :J £ () g()de. B8
E

LYCE)BY AT A4 AT HIAFE R B R 309 (g, (o) M FE LY(E)h # %, i Holder A%
A{| 7 (g) <M g, . B{Z, (g BRAERN N AKRHTFI{Z,,(g)}.
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M EZ,, (g) PREBHEFINIZ,, (g,) ). SREXHEMATR{Z,, (g)) FIE
lim#,,, (g (i=1,2,,m). A% A KEHWTI.HiCZ =7, . WHFE

"lli_{,ig;n,(g‘)(&ﬁ g). EEBUE g€EL(E) ,WM{EL e>0. 757 g, € (g, ). #1158
lg, —gl,<e. HHA{Z, (g;)} £ Cauchy 5, BT LAFEFE n,  fE18
7 (g) —Fy(g)|<e Gom' =n).
1 A
| 7, (g) — 7 ()|
<|Z.(g—g) |+ 7. (g—g) |+ Fi (g)) — Fi ()]
<2M|lg—g, |, +e< 2M+ De.
XU EEMN g€ L7 (E) . {%, (g)} & Cauchy 7| , 8t UL S . BLAES F(g) =

limZ, (g)(g€EL(E), M F(g) & L'(E) L A RLHEZR. FED 1<¢<

n—=oo

+oo, i Riesz RoR g (S BZ 587 WA AT AL AFFE f€ L7 (E) 17
F(g) =J g(o) f(x)dr (—Y] g € L'(E)),
Ep

n—w o0,

limj f.(o)g(x)dx =J‘ f(x) g(x)dx.
E E

EIE 6.29(Radon FHE) ¥ 1<p<too,{f, ()L (E)YFFHWNT f
(x). & lim| £, I, =, W £, — Fll,>0(n—>00),

-

iR (D p=2 B, 4 t=(f, () — f(@))/ f() (f()F#0) , AR ZER
N4t =1+ p+Cle|? (p=2)s (6.14)
BEL (|, 15
£ P Zf@D|?+p| @ f(DOLf. () — f(2)]
+C| f,(x) — f()|*
(WARFERXN (=0 FFE). X LXE E L4 HBOR R, 7T A

Clim | |f,(x) — f(x)|*dx
E

n-—eoC

< limd|| £, 115 = I£F13) — 2 umj | f(@ "7 fl)(f,(2) — f(x))dz.
p—>00 E

n—=oc

() 1<p<<2 WEE. tE5EF
E, ={(x€eE: |f(z)— f()|=|f(x)]} (nEN),
HRAARFQA<p<2)
1+p+Clel?, |t|=1,

1+z|? > { (tER). (6.15)
1+pm+Cle)®, 1K1
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Bt=(f, ()= | f) D/ (f(2)7#0) , FHILL| f(2)|?, 7] 15

(A) | £, (@ |?=]| f(@ P+ p| f@ P72 ff, (2)— f(2)]
+C| fula)—FCxd) |” (zEE.)»

(B) | fol) 2= fF(@) |2+ p| f(2) P72 f(O[ o (2)— f(2)]

+C| f, () — () |?| f(2)|** (€ E\E,).

5 (AE E ER 4, % (B)E E\E, L89S, B4 n>co . KA

CE“ [f,,(r)—f(:c)l"’dr—l—ja If,,(r)—f(;r)|2-|f(x)|"_2d.r}
E

n—+oc E
n

< Im{ll £ 07 =15}

n—w- o0

=P limJ- | ()| "% f()(f,(x) — f(x))dz = 0,
E

n=co

-0

lim| [f,(x)— f(x)|?dz = 0,
Eﬂ

lim | f.(x) — f()|? +| f(2)|?2dx = 0.

n—eco E\E"

RiE E, 9% XL K& Holder A%, 7740
EJ | f.(2) — F(2)|?dx
E

R0

=

< | |Fike) — el EJ |7 o] £, () — f()dx
n—+ooJ E E.'"

1/2

< 1imj£ . €2) — F(2)| Pz (L|f<:)apd.z)

n—=00

1/2

. lim(j | fCo) |22 -|f,,(.r)—f(:c)|2d.r) = @,
E\E,

n—=o0

E 1 EH 6.29 MG p=+o0,1 RHE.

' 0, o<zx1/nm, .

W £ = o UM L (01D EREHT =18
| full e =1(n—>o0) B f,— fll. =1(nEN);

(i) f,(x)=4+sinz(n€N,0<x<2z) .M {f, }7E L' (€0,2x)) FFH W F
=4, Bl f, L=l £l (n>c0) fB| f,— fll, =4(nEN).

2. A%ERK(6.15),(6. 16)RIEHA .

St t£0,z=1/t fERE

1417 —
|e|?

BITRFHEH o(2)=C>0(z€R)EPT].

fo) = =P bxl? =zl = plz | e = p().
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= 1<2<<0, H AL T8
olx) Z 0 —|zDF+(p—1) |z | = min{l,p—1}/2%.
% O<:r§] s%%)“‘_]ﬁ
1 1
(1_‘_1_);:_1_;::J- dis(s—ﬁ—.r)pds = pJ (s+ )7 ' ds
0 0

d

1
PR pl
== pL(s—FI) 1

(1— s)ds

1
= pr? " —)—p(p—l)J (1= (+ )" ds
> pr’' +min{p/2", p(p—1)/4}.
MR [ 2| <1, 0148 () =C, (p— 1) (FA C,>0).

£ p=2 Hlz[ =1 0, 7] {845

1 1

%s—i—.ﬂf’ds— pJ |s+ x|* 'sign(s + z)ds.

0

-+ & " —|=|” :J

L

X?J-J.I:tarf I;].QPEZ Hd-sﬁ((x+y)p21p+ypqqu>0)
1
11+ x|?—|x|? ,>,pj (" Hs"Dds = p x|+ 1.
0
E l'éilap;Z ETJ"%‘(‘I_y|P§“IP_yP|,I!y>0)

1
11+ = |* —|=|* =—pj (lxz|— )" 'ds
(8]

1

>—pJ (|x|r1—srl)ds=p|x|piz—|—1.

0

1E | 2| >1,1<p<<2 i, % €0, 1), FANTA A EBH

(H—r)”—l—J %[1+(t—s)]"ds

Q

1
= pj [1+G—s ] 'ds
0

1
— 254 plp= 1)[ 14 (r— )T Eds
0

= pt+ p(p— 1% /4.
NTIE

(1+£"—1—p ~ pp—1D
¢t - 4

Xtee (—1,00 8 K LIE58 . H T A AMHIE.
3. {fu () HE L (La b D5 s F f(2) 4 HALY

(te (0,1)).

| £l <+ o= (n€N), limj f.(dt = rf(r)dt (a < z << b).

P
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1. % fEL:’:‘(E),w(:r)>0,EJ w(x)dr = 1, ik
E

1/p
lim(J Jf(a:)\"w(f)d:r) = || fll-.
prex E

2. & g(2) /& ECR" L nl il G 8. HXHEEM feL°(E). A
lgf <M fIl, iKUEMA | g(2) | <M, a.e. z€EE.

3. W ()T, +oo) LIEEAIFR, 1<r<+oo, EC(0,+0o0),
H m(E)>0,iRF

1 : = 1 1 e
(m(E)Lf(I)dI) < (m(E)L- f’(.r)dx) '
4, % felL*(0,1]),%
1
g(,r):J' I . pcz< 1,

o Tz—2 ]

1/2

REW ([ g @) <242(] rad)

5. RUEM T 5B AN A S5 A BE [A] B Bl A7 1Y -
(i) E(f(:r) — sinz)*dr <
(i) ﬂ(fm — cosz)’dr < -
6. ® fEL(R) (p>1),1/p+1/p'=1,%

F(z) =rf(r)dr, 2R,

i e |F(z+h)—F(x)|=0o(|R|Y*), h—0.
7. W m(E,)>0k=1,2,++),H m(E,)—>0(k—>c0), X
ng (I) 1 1
gk(I)—ma ;"‘?—la p>1,
HIEM X fEL? (R A

limJ gi(x) f(x)dx = 0.
R

b0



290 Fx%F L"ZHN

8. &% f,g€L(E),BH

1F1ls = Nl =jEf2<I>g<I>dx —1,

ik Uk BH glx)=|f(zx)|, a.e. xEE.
9. iﬁf!(ySZ)’fz(IaZ)sfa(Isy)% R’ J:E‘Hlfﬁlﬁfﬂ'l@éﬁ,ia

I, = J 2ff(_y,z)dydz-, I, = J 2fﬁ(r,z)ch“dz,
R R

4 :J ?fg(,r,y)d.rdy.
o
2 F(x,y,2)=f1(y,2) f2(x,2) f3(x,y) IR UEH
| P,y 2 dadyde < (LT,
o

10. # FEL?(R) (A<p<+o0),4 fo(x)=f(zx+h). & r>0,
s>0,H r+s=p,iukBA

lim || f; [, = 0.

| h|—o0

11. ¥ £, EAC0,1 ), H £,(0)=0 (n=1,2,). &{f, } &
L'([0,1])# Cauchy 31|, iXIEHFEE f€ ACL0,1]D .18 f. ()T
[0, 1] E—BUl st F f(2).

12. ®REECR" EANfi—Fli—=0,lge—gli—=0 (k—>o0). %
FLELT(E), | full o <M (k=1,2,++) ik iiF B

| fige — fgli =0 (B—c0),

13. & fi €L ([a, 6D ALp<+0), B DIl fill, <+o0, RIE
BAfELE fEL? ([a,b]) ,ffi15

(i) Zf,,(:o = f(2), a.e. z€[a,b];

(ii) kam & L* ([a,6]) & XEHTF f(2).

14, & fEL(E),fL EL*(E) (k=1,2,). &l fi—Fl,<
47 (h=1,2,) JRIEBA XL LS 6>0, 7 E,CE,m(E;) <6, {#i15
fi()# E\E; I —BU&TF f (2.

15, B{a CLU(E)RE2RBEERLXR, RIEHX f.g€
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L*(E). B

f g>—2<f o) (gron).
16. & {¢.} & L* ([a, b])*ﬂ’]m‘:éﬁ”?ﬁﬂfi% A {gn} 2

L*([a,6 DHH R Zj (@, (x) — ¢ (x))dx <1 BIERZ &R, i IEMA

(gt & L*([a,0]) PHIELERE.
17. % (@} CL*(E) RWRMEEER R, HA 0€ L* (E), i 18

o (D || D) |5 a.e. xEE. E D api(x) BILF4b ab i S
k=1
IRIEH a,—>0 (k—>o0),

i S T

(=) FATOS L (E)W ELNEE p=1 MEE, KERZ —& p<<l B
SAARFER L. B0, Y p=1/2 &, % bR 3K
f(2) = X (x) sy glx) = 4Xpippn (2) s
MBI+l =40 l+lgl,.=2
(Z) |/ 1<p<+oo,HFEE fLEL(E),H L
}ingk(x) = f(x), z€E€E;
Ifill, <M (k=1,2,:).
HEAFEZER
lim|[fo — fll, = o.
Bl [ (@) =R (2) (x€[0,1],k=1,2,).
() B wl) R FHERTHEE. &

L,,If(.rww(x)dx <+ oo,
WXt 1<p<q,H
L,,|f(:r)|pw(.r)dz <+ oo,
iER BAER
Lﬁf(x)l”w(-r)dx = L,, | F() | # (w(x)) P (wlx)) P9 dx
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3%

< (L,,f‘(.r)|*u'<1>d~r)"”q (wiz)) (e :q:d.r)w .

-
= (J‘Rnlf(.z')lqw(;r)dr)ﬁw (Jnnw(r)dr) e <+ oo,

EEHEFUETTELEINA A FHOME B2 B wo) B
PR &L

p(E) = L_w(.r)dg:

SRR 5 SUAE MBI 0 dumroCa) e ) 1 R 6 B 48 7 W0 25 6] (RY + Al )
kA
L (R%) CLAR )y 1 p< q.

EEH (R <Foo  FFBKRBNE m(E)<Aoolif, b L' (EDCL(E) A L
RERHEARES —FRITHERME.

AN FF wla) & R EAEfR AT ek 8, HXF 1<<p,<<qo<<+oo. F

L% (R",wdx) C L% (R" ,wdx),

M LH we L' (RY).

M X — SR R SR AE T AR AE >0, 15

“f”LPO(d,u) S8 CHf”Hmd,,,.

() T L ([—r,a D REI g, ()} FEHRIEEMN >0 UK fEL

([—mon D) FHE @ (O PR EHE g(0) . 8

If—gll, <e
BEAEEZRI A, HT5

i |- Sy

n=—N

(F) &{%}CLZ([a.b])%w&EI%.%@ﬁﬁl

ful®) = z¢.(r)rgo.(t)dt (n=1,2,+)
i=] -

fEla,b] E—3A F HILF A A W8, W (¢, (2) ) B SE 2 ARUEIE ST R 19 ST 0 b B
ZFR2

limf, (x) = — a.e. x€[a,bl.

5
(7)) 'PHEER
B 1900 445, N B2 R R 5 & T X =1 sREUR \Bessel RER BT
PelR L IFT 1920 AR5 T BR. RF R0 RIZ R 2 2 SLEER) B B A L fE IR
TRBAX-RENFTEEMZ(RRZEDHREF R T RRER, HhxEeH
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ERETEMNHEIFAEZ (B —-1PMREXSEEH.
EX Wo={¢) CL ([a,bD(EF L*(R)). FH R T EMEHAG
L*(La,b D% MK © Z2HEAE.
VOREXRMN . X—EXFEMT: H(frg.)=0 n=1,2,-). 0 f &
MFREEERXRO KRR, HEaEZHP—1x, Mo REAREZLER. R
MAEER R @ E A AR. Sl .76 L (0.1 DH . EERER
@ = {lyz,x* "},
RYE Weierstrass BILEH . SR o WEHASAEL (0,1 D HE. BELAE
KA R,
@ = {1,2%,z" 5}
TR L0 DR RMEHER. XaThmE 25 2 ZEH K AR A n—

coMTRF 1 M. A L6 Mintz 41180, % > = oo, WEKR

{z™ , x"2, **}
7 L* ([0, 1)+ 2 5 A i,
() XFHERF &, R e BT .

EY MF L FHIERR 0= (g (o) B S el KA
n=1

> . ()

JLF- 4k b WSl M BR { g () } LSRR

1966 4E ,Carleson #EBH , %f F f€ L* ([ —=n.xn]) , H Fourier = fi R 82 JLF
b Ab Y. (SEBR B fe L (p>DHEA.)

1960 4F,Zahorski f§ ) .G fEL* ([ —n.n]), H Fourier =% % & HE
J& AT JLF b4 & HE. (1961 4F, XA A AHE— R ER E £ R BMER.)

CJ\) N A4 R ek B J7 35 7T LLIERA -

% f(OFE FCR" % FESE MXHEL K 0, F7E g€ C (R, 11§

| f(x) —glx)|<<es zx € F.

() BP, (D R—1TZHRAF, HEEHRBEBAEL n(ERE. &
P, () 7E[0, 1] E— Bk S F el 3 (), W () R EZTX OB R R IE
ZH).
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(DR EAERSHRIEEBERaBEIT AR

(—) AERSTHMs ERE

BN LA R FRENAER T ELSEL. BR. FTTFRAE
. FindE R R f IAER

Flxsy) = J:Jyf(s.c)dtds.

XHEEBREXAER S NARE. R ENESEDNXRHES BT Sk
E XA ERH S EIM YL,

— MK, & € LA, BRI

F(E) =L_f(y)dy

B FOAERS HPERA PHE—FTME£.
BE—%HIE AR
lr F)de = —J FIO = ol & sailasb]

lim —

reo h
HBIZE R LBRE 2, RIMNEXBAFERITE AP

JB( )f(y)dy = f(x), a.e. x&€B(x,r) (1)

EI—-T | B(zs7)|

J flydy = f(z), a.e. xE€B(x,r)
It

= iRy (r)|
ZERMRE KPP | EIRAAEENUNE.L.ODERU AP LEHBEKRN

r B .
THERIUL E=Bx. ) APRERAER TN E L ER. (E=L (DKTHE

FEZABL. ) N it S 48 A I 1 B o e .
EE I(TYESEER) WECR,.ITE—-1THEZE NRKREKE(B, ). .HXE

N 2EEFETPHERB(x,r(2)),i8 r(B)RFER B(a,r(x)) B2ER. #
Sup{r(B): BGF} <+OC!

BIIJ F“FﬁEFLZ;*EfEE‘{JIﬁ Bl 9B? v'"9ﬁ?‘§
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m*(E) <5 ) |Bil. (2)

k=1

iERR H%k.fE ek By =B(x; ,r(21)),# 2

r(By) > %sup{r(B): Be I).

HKBECLBERE B B, B & I FERGEES I b A ERAA B ER, 0
ﬁﬂﬂﬁ%i.@ﬂ“vﬁ& F‘:F‘EX'EH—':JB1 ’Bz v"'sB& K*ﬁ&‘:ﬂﬁfik Bk+1 ’Eﬁa

r(Biy) = —;—sup{r(B): BEMBNB =@ A<;i<b),

HEE FRSRE. N EA B, fEEk B, . E5 B, FHL.H
#(By ) = 5#(B;).

(BAIB |=5" B[O E,.r P L5 B, #EZHE B,1<j<k—DAK
MR T B, .

BLAE B AT AE BA

Ec | JB:.
AP BB A RS 2R, W) X8R GL.
HRBUIBRAREEA RE L 1L, WG B8RS (B, } 5(B/ }. 1£

DBl =+ oo W1ETE T . 51 BEE W AIE M B i A 5 18 52

Z | By | <<+ oo.
F=

MRS ] A By | =0 (k—c0) BTN FHEER BED £ £, #H r(B)<
r(B)/2. Eﬁ%ﬁésB M‘?ﬁ—hj B] sz !"'1Bk ':‘:E{J%{b:b*ﬁi';ﬁ%é\ B —t'j Bko *ﬁ
% (RN T D). it BOB; .

FREHEB R R EBHE . BE EC B, . AT HESE (O R
B AL
m*(E) < D) |B; |=5" D |Bil.
H THE#S (DA RS, RATS
o 1
Lof(z) = |B(I;r)|JB(z.r>f(y)dy.

EBF RAMBEIE, TLUIERY r—0 &, L, f (o) 2 FHWHT (8, B
5|2 #F feL(R),N

IimJ L f(x) — f(x)|dx = 0.
R

r—=0
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iERR EATAH

I

1

—iB(x.r)I,[B( )f(y)dy—f(.r) dr

1
\<\ lB(Iaf)lJRn (Jﬂ(tl,rjif(r y) f(.r)‘dv\.)d_‘r

l .
- I_Bf}_r)—le (L flz— ) — f(2)|dz ) dy.

M f ERES T A Y r s/ X2 AR e/ . B4 B EE.
M5 S BRI AE FH () e e 0(k—c0) 1]
JSimL,kf(I) = f(x), a.e.x€R",
XEECHIE L f ()= f(x) (r=>0), a.e. tER", AFEHH Y r—>0 B L, f ()
W BRJLF b ab FFAE R AT, 54
QfH)(x) = llri—{?L,f(.r) — li_rgL,f<.r)| ;
M X HFEH Q) (2) =0, a.e. € R" BT, Wt R EIEH HEEW A>0. 8
m({x: (2f)(x) >A}) =0
B m({x: (Qf)(x) >A}) <e,
Hob e AR H /. RERE W FELH 0, KA L f(O BN f(2)
=g(o)+h(o) K g() BEFECENEZRE A () 2

j T e < &
Rﬂ

% F g () ki, 5 Al
lriflgl,,g(r) = g(x), xeR",
B (Qg) (x) =0, I\ i 7] 15
(Qf) () < (Qg) (2) + (k) (2) = (Qh) (2).
FRAMWEBEAATIEH m(z: (QR)(2) >A)) <e R, FHEES| SR K E
QoK P
X1 # f(ORR EHA R4

(Mf)(zx) = sup W—.llwrﬂjm )Jf(y)idya (3)

FRE A f #) Hardy-Littlewood (BK) R KB .M F N H-LIBBRXEH. BAF
sgglL,f(.r) <M ) (2).
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A \A,={1},B;\B,={1,2}.

5. HELHEIN no W—UIAZERBARKNEE A RES| 21675 1.

6. 1,5 oK 50T LABL B — b+ [a] {H.

7. AEE. BT QREWIIE, B F(QEAMEE. ILi, LA (R\QCQ, M
A f(R)ZFTEE. AT () BEZRECHE ((RONEEXE. XEFE

R
8. {63 E,= (z€E, z>1/n), 5% E, RARK. #— %, E= |JE,
n=]

Bl E 2 ] 4R,
10. fIREE. BESRAE. WIHMEEMN € E. FEEDSE B(o) . #/7
£ ENBx) AT HE. REMN B B(x) HCER r. AAEBEEL W B, (2), Nifi

ME=|JB ()NE RT¥E, SERTE.
r,€Q

def

11.4 B=Q—E

{r—s: r€EQ,SEE} M B<c. AT o € B {fi 15
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E+{a}CR\Q. XBH N BN HA scE.HHB sta=rcQ,Bl a=r—s.FJF.
BAFE.HAERENTEEARE TIENTFENERE .
MH.FE: BRROTBORZEEANTHE, N BERE KN EEE .

§1.42(2)
2.() Z4ME S B R PRI, M S BT ECE. X B B % xHE B
2€ S A 8,0 18 I, —(2—8,2+8) N S={x}. BIKEMK(T, }.cs B

] B BT 5, B S 20T k.

(i) R E\E #9539 R I 5, BF AR 7T 808, Wil E=(E\E)H U
(ENEDWH E B 4.

§1.52(—)

L) FERXRAEEMERA—ERAMEAE. Hl E={1,2,,n,}.

(i FERAREENE LEAMREE. ﬁ%@ﬁ@muz{swal&ﬁ
ROz ) MX—QENTERLTEZFAE. AU BREERFENEREAEE
WA RE.

2. A—E. i, & A={1/a}),B={—1/n}, W] ANB=Z, \Tii ANB
DAREATE A=(0,1,1/2,+,1/n,} , B=(0,—1,—1/2,=+,—1/n,+} .k
ANB# &.

3.A—%E. fln,{(E ) 2RI 0 M—5 A RE.
4.() @R FDOE,# [|FDE. B% ﬂF R () FDE. DA F

FDOE FOE

ERH%. 8 ED ()| F. %t H8iE.

FOE

7.8 p. ) REHF, BFE E.=Q+{Vp. ) (mEN). 5 E,NE, =J (n#
m) (XREAABUMHEA '+ Vo =7+ V) E€EQ.r & ym7#n). LT
MG =)= po— D)’ B
Vbubm = [pn+pu— (' —7)?]1/2 €Q,
SEOFE. Wi, HEmEA E, YA HHEEE.
§1.52(2)
2.81 lim f(z,y)=0=f(0,0) A 1, K% f(x,TE0,0)abiELE. LT

Cxyy)—=(0,0)

(270, y=0OFRE f(x,yREZS(FEE: y>0 8 f(x,y) THER) .M &0,0)
JE X BU R % Sk SR B AR PR AHL. TIEEE.

3. F—40iEHM T LEH. F o €COF MMEEMN 6>0,F% (2,1 C
FHaz,€EB(x,®). LA x,—>x,(n—>c0). A F BAKE,FTLL 2, €F. 4
. o €F ,WHFE(z, ) CF Hx,>x,(n—>2). 5 H z, € F, &M z, € oF , ifif
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OFCF,fLA x, € F, FJ&. L 5.
4. 0 €A MEE 2 €G,#8 . €B . r) . HFEB GRIFE . MFE
&' >0.{#18 B(2",8")CG. B 2" €B(2".8") B 2’ # 2" U B | 2 — 20 | <ro. T
A 1, €BWQ r ) CA. 1L 5 A FEAE 6, >0,{818 B(a,,0,)CA, I A B4,
5.0 MEEM LENAETTBRE B.=(B(r,1/k): r€Q} (REN). XH{ B}

B BB 1/ W BN F= 2 M3k B BN F it —4 4, 312 2
A 581 Ay B F T8 T 8 E

UA @RF g $ 7. BN F RH

% . ff L ECF.

(i) MERER 2€F UK kENER » AL FIFERE B, FHEAHFERB A,
HBZEHEA FH A WL EFEFH—ITE NME FHRSEE S
INF 2/k. R BIEEHT M 2 € E, B} FCE.

6.iC E N F(HE), LB(E) I GOUTE). KERHAM ENE =& . i 7T18

FNG = EN(E)* = [EN(EHY] U [E'N(E’)*] = E.

T.A—E. flin E={(z,y) ER*: zER,y>0}, i F L ¥ F RN CH
D T B CBUAA B S bl IEA BBV ER) KGO E% E M (G ) AEeE
i E={(z2,y): z€R,y=0}. XEE I E G50z MELH LA,
def

8. BUE La,, +b, JED MAHEEM o€ I [0,1], %% [a,+b. 1N [a,, +b,, ]
FD 5 a,<b, (e€D). XULH I FFTA 78 (P X [8]) 1 22 3 23 218 i —

A LR EE. REL M=supla,: [a.,6,],e€ I}, FEEH Me ) [a..
el

b,): XE—HMXEl[a, b, ], bF a, <M MEFELa, b JET[EH b, <M, I
4% M—b;,=e>0, i MZ&E XA, FFLELas b JED 1] ar >M—e>0,
M Las b INLays s br 1= FJE. A ba=M(a € D). IEEE.

9. ABGER. BRE F={x) y25 4" 2, s+~ } B F TTIRSL AT, WX FA x, s EE

(R\(z,))F £ F s Aifi | () R\(z, ) F| £ F bt B (02 5

{ N <R\<ru>>} NF= 7 & , BN 3 BT iiE.

10, HEEA . HEEN 2EF U R0, FE 0, [F8 f(0)<e. A i
BT UAFEAE 6. >0, {818 £f,(D<e(tEB(x,8,)). B BRI (B(x,8,) | EFHFAE

%A RAITR B(x,,8, ) (i=1,2,-.m), {##8 FC | B(x..0.). 125
; ﬁm%gﬁﬁfﬁ‘ﬁij@ n,(l.:1929'"!ﬂ'l);m[,|/%\ szHX{ﬂl + M2 9"'9?1m}yﬂ.‘?%
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fol)<<en>N,z€ F). XiiR{ f. () #E F L —BOlSF 0.

13. (O fBE ENQO, +eo) BEFE B f(o)=e(z€E). HA fE€CE)
HER. H EAQ, T=o)NEARK. X F EN(—=,0ZTFNHFL, 7T HR
flo)=e "  WESFEFE. NTifRH EZARE.

(i) & x €EE. R 2 EE, 424 f()=1/|z— =z | 7 H fE€ECE),{H
fOTH, 5EEA G, AT E ZH%E.

§1.52(=)

L R {z€ab]: f@<t= U N {z€labl: fire—).
k=1 m=1 n=m

k
2. EHARE nom. .k AESE
EY, = {z€F: |falzx) — fu(2) [ 1/k},

=

Mg S M EX, ML Hig EY = () EL. W EX BH% 4 EY =

m=n+1

U E® U E® £ F, %. ¥ E— ﬂE‘“ FFLAE £ F..%.

m=1

3. B w(x)= sup {f(»}— inf {f(y}:limw;(x)=wlz), N

0l | y— x| <8 0| y— x| <8 &—=0

{z€R: limf(y) FHE) = ] {z€R: w(z) < 1/n).
e n=1

4. () BIAME: (DR LECRMBRBNESVDELGHRERF,
% 42 G, £(ECR).IFH I F .
BEWE ARERSER

E—UDIGR £,02) = 1 :hOIER 7,02 = —;—-

otk BEEH E= | F.= ) G.. 3t FLCF,Co M 51,6, DG, D

= IFES L UAE f,e CCROUTF .
1y ZEF,s
fn(r){ 0< F() <1 (n=1,2,),
0, x€R\G,,
Ezﬁ]’}ir?f.,(r)ZxE(r)(.rER).
FE.QALE G, £ULF 15).
(i1) % F,,(.r)In[f(.r—Fl/n)_f(x)](a<.r<b,n=l.2,---).ﬁlllrlriglF,, (x)=
F()(a<z<b). ZEBP F,€Cla.b))(n=1,2,-) B 1§ FTiE.
5. Bt€FHRB TG, , X3 6>0,% L=0G—8.+8 . AT G N FN
L=ZMA. WK G NF 1 F FH8%.FFUFE 1, €G NFN L. 1 X AMTFAE
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def

[11_3 r;+8;]CIaﬂG1.5(Hﬂ GzﬂFEFﬁPﬁﬁ%-ﬁfﬁﬁ?ﬁszE

def
szFﬂjl ﬁEE:ﬁ Jz = [-1'2_3291'2 +52:|-ch11 ﬂGz- ,?dé?ﬁlttﬂﬁ;ﬁfﬁ
{xo}: xo—=z0 (M—>00) ,2y EG, [ F. iEEE
6. i . €R", UXEFH 6>0,3KMNA
def

[zo — 8y + 8] = U(] NE.).

HREA TN F ¥ RH %, FLUGFE k:\eN-fii% Fi, NJ: AR EE.
§1.5(mM)

1. W E =c, JFUHEREM z €E, {xo—y: y€ EVRRTHE. t it
A yo EE S 2, — v, €EQ.

4. () ¥ 2, € (KE)) I FEER 6>0, 71 yo € K(E) N (xy — 820 +8).
HEHFE (v — sy TOBEEFERARTENE . MHA (v —ds3 +H8)C
(2, =82, +8) A € K(E). B) K(E) R4,

(i) B 20 EK(E) % E;=EN (xy — 8,20 +8) (>0) | E;, AT $4E. A
HENKE)RATHE, H E,CE, it LA E; BBER S 2 E B8R A Xk
W (2o =820 T N K(E) AT EE .2, € (K(E))'.

§1.6

1. % € ECR" WK F & MGELE yvEEfH18 d(x,y)=d(z,E). {H d(x,E)
=0.8 z=y€E,B) E EH 4.

2. HAG 2A%LE . H FNG=3,8F# 2, €F.x: €G. 18 d(x, s2) =
d(F,G)HG>0. AR r=d(x;,22) W24 d(x, F)<r B, A 2 €G. HHH N
U d(2. F) =d(G . F)=r, FF. X {x: d(x,F)<r}CG.

3. NEE. HRGEE. BES AL .M F=F, UF.(F.NF.=@),F,,F, #
EWE ,WFLE 2 €EF 2 €EF 18 d(a) v 2,) =d(F, ,F,))>0. E BB A «
58 o WK HELERRT F Y. FJE.

£ - =
§2.1
3. i Lindelof ¥ (R" FF— W 5 LFFEA T HE ).
§2 2
2. E%i?i#ﬂ:ﬁﬂ#ﬂﬂ—f EA

;m (B,)=m" (ZB )<m ("L;JIB")
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th 4 N—co, Bl A] f4iF.

3. BB KT RN m® (E.\E))=m" (E;\E,)=0.1j E;=[E\(E,\E;)]
U (E,\E)) , 4 iE.

4. KB RS e>0,F /2 (k=1.2,) SFEAT LS| (A, }, {15
m" (BAA)<e/2"(REN) LBl m* (B\A,)<<e/2*.m" (A, \B)<<e/2*(REN). %

A=J Ao A BT, i H
k=1
B\A = [ (B\Ay). A\B= [ J(A\B).
k=1 k=1
m"(B\A) < m"(B\A) (k € N). m"(A\B) < > m"(A,\B)
k=1

m*(B\A) <&/2°(k € N), m'(A\B) < > ¢/2" = .
k=1

e WAEEMATH m " (B\A)=0=m"(A\B). X% m (BAA)=0. R iE
@, B T,

5. Ak EC[—nn] 3fE E M E K. G m(K) >a. & f(2)=
m(KN[—n.a2 D). 58 f(0)ER FWELSERE.BHA f(—n)=0.f(n) >a, A
MAGFE €(—n,n),HH f(zn)=a. % F=KN[—n,x, .M FTE, H
m(F)=a.

6. & L=[—n,n](n=0,1,2,)E” =, \L)NE,(n=0,1,2,+++), X}

A n e X PR m(E)>0 ) EY JREA AT EAS, T X 2 AT 5.

7. m(llmEt)>hmm(E,¢)>llmm(E§)>m(hmEk

koo ks koo

8 VEMH. A E,=[0.e, |(nEN) M m(E,)=¢,(nEN). 5 H

DX (@) <+, aex€ [0,1].

n=1

FAE B D X (D <+oo,a e x€[0, 1] AL D) % (2)=+coff)

MERLJFETIE ) PEFLZIHAM « E‘J%{ZF.EUJ:BE%E& o =%
. B A

n— o0 -0 neoo

limm( U Ea): 0, lime, = limm(E,) = 0,
k=n

§2.3

1. SR >0, IF 5 G: GDE.H m(G)<m" (E)+e XNi&EW%E F. FC
E.Hm(F)>m' (E)—¢/2, M/ F. FCECG.H m(G\F)<e,.Bl E B[
£ .
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2. HA AT, FUAE CRUBE m (A)<<+oo)
m"(B) = m"(BNA) + m"'(BNA*),
m (BUA)= m"((BUA)NA) +m " ((BUA)YNA")
= m"(A) +m"'(BNA).
A m (BNAD)=m (BUA)—m (A) , N1 15
m (B) = m " (BNA) +m"(BUA) —m"(A).
# 19 J5 BN 45 BT k.

3. ARGIEE:. 58 x0 € (asb) G f(x0) > g(ao) JUFEFE 60§15 f(2)
Sp(x) (e <a<lxy +8) . NTAH

m({x: f(x) > g(xp) ) = a0 +6—a>m{x: glx) > glay) ).

§2.4

1. FHREE 0, FE E—ED(—a.@) T Y| x| <abt.H x1,2:EE,
il z=x—x Bl xy T, CE. WA (E+{2) NEFE D (| x| <a).

2. HEIEA(—0,)CHa)—E)UUa} TE), BERERFB ALY, nTH
m(E) =6.

§2.5

1. . HFEEL0. 1 ]d i & E Al il £ /p AT

2. RWCO,DEAATME. S {n)=QN(—1.DLUR E =W+ {r)
(k€ N)EI A K.

3. L0 W —UI A sr 2 %EMm%E: 4 x,ye[0,1]H 2—y€QH,
r 5y BTR—E REAEG - EPR—HEBOGEEW. B W 2R HE.

(D) X xEW,2—2x=0€W,0€Q\{0}

(i) X xreW,.yeW, H 27y, M x—yEQ. & x—yE Q\{0}

Zia W, 0D, W—WCQ\{0)  \iiT W—W REH M L.

4. Ak m(E)>0. F AR, B EAW ZErTl&E Wil EUW=(ENW)
UEAW) B 51 ENW RAF (A R &5 0 EUW ® i, Wi 5024 W\E== & i},
WAE=(EUW)\E Zr[ 4. HRHERE M E\W 2T £. f s faw=
(WAE)UWNE) A &. X583 E. XUl ENW A D . Wi EAW
AN AT,

5. ARGER:. (ORI m(E)<+co) i E /T, LJEREO—lnf {m(G)} —

sgp{m(F)}-ﬁ]‘f’E}Fﬁ GCHMHAEF. {18 GDODE,.FCE, H m(G\E)<e/2_-

m(E\F)<e/2, \T 15
m(G) —m(F) = m(G) —m(E) +m(E) —m(F) < e.
X5 B JE . f3E.



(D ¥k SXBAIJHEH AL BERR T 315

6. K.l e W R R AMARTRE Wi () ()= () =W 7]
aEWw 4EW
H(ATMAE (a) =R\ {a})) X a E W FEZ R AR AT I 4.
g = =

§3.1

1. i A={z€E,f(x)>0},B={x€E;: f()<0}, M f(x)=| f(x)]| »
(Xa(x)—Xp(a))(z€E).FE 1 A @Bl f(o | ATl(EF{z€EE;
| f(D | >t} 0O LA R{z€E: ff(2)>F)).

2. Xt g(2) Z tER. & 2, € (€ (0,1) g(x)>x}j~—dE,.mUﬁE fE Z.
fla)>t. WAl fOEEFFUFE G >LESR () >t(r— o <zx<z+
8o). HIE XH g(a) >t(ay — 8 <a<<ap+8). XUt xo A% E B9 &, H
E, BITE . g(x) 2 n] 0l s %L

3. BEAKSEENSHUL S L2 X TESBERERHHD.

4. R 6= (a,.5) Mg %R

n=1

{z€E: f(x)EG) = U({JCEE: f(zx) > a,i)N{x€E: f(2) <b,})
n=>1

A, EXE w2 E. EFXHAE F, AFEEAR
{z€E: f(x)EF) = E\{z€E: f(x)EF)
)
6. A.Hl,i% f()=000<xr<1).,g(x) & Dirichlet B, HH f(2)=
g(x),a.e.z€[0,1],{H g(x) TLAbELE.

7. A—ZE.flm f(o)=Xn.(0) EFER LIJLF A ESE BAFE g€
C(R),f#if8 f(x)=g(x),a.e. rERGEE A o =1 B ).
§3.22(2)
1 AR R RERA A (n ) R f,( % E EILFA ST
g(x)  NimA glx)=f(x),a.e. zrEE.
2. W . X RH MRS 0,60, 4 k>K B H
m({z€E;: |fi(x) — f(x)|=¢e}) <d.
4. FE: (fL(DHE[0,n] EEILF AT 0 /9.
5. A—E. fltn A0 1] EEX fite)=1/k(REN) . GH fi (x)FE[0,1]
i W BT 0 B ATA
m({x€[0,1]: |fi(x)|>0}) = 1.
6. R MBRMAFLE k) HEH limf, (£)=0,a e € E. MR
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[i (D)= fir (D) (REN), B E@Efk(r)zo.a. e. 7€ E.
§3.32(—)
1. R—EHAE. Bl hn, & ok ¥
fay = —1, =€ [0,1/2],
13 x € [1/2,1],
MHEER g€ C([0,1]),g(1/2) =2>0,FF7E 8, >0, B Y r€ (1/2—4,,
1/2+6,) B g () >2/2. ZERIHBITIE A<<0,A=0 KIEIE , B v] 45EE.

2. RE Jysus EB . MEEN nENFEAE F,Cla,b](meN), H18
F,CF,.ism(La,bJ\F)<1/n.H fEC(EIEN). NTIHHFFE g€ C
([a,b]) f#18 g(a)=f(2)(2EF,,nEN). HIL X MFELEZTR P, (2) 18
lg(x)—P, () |<1/n(nEN,z€ [a,b]), B | f(z)—P,(2) | <1/a(xEF,,
n€N). 4 F= | F, ., m([a,b]\F)=0. % 20 € F,#E4E no v20 € F, (n=>n0). A

n=1]
MAEL e >0, ny >n  H 1/ <<eo M | f(x0) — P, (x,) | <1/n<e(n>ny).
2k,
§3.32(D)

1. FE . H{x: Inf()>t)={x: f(x)>e ) AT M, Inf () 20T ok . 2
AR TR X f(O AT, RFEE g(o) Inf(x) B AT il .

g m =

§4.12(2)
L () EFEAEKX
F(@)< (nft (@)Y + Gnfi @)Vt + o + (mf (2))"?
< Vm(fi(2) + f2(2) + =+ fu ().
(i) G0 < D) (fi() + filz)/2.

1<i k<m

2. FEF F@Xe (< ()X, (2)(xER") » 3 {14 (Beppo Levi ;¥ H)

oo

lim| f(o)de=lim[ 7 A(@rde = [ £ lim Xe(dda
E, k-sco R R"

kw00

= j () X (x)dxr = JEf(.r)d.r.
R

4. EE FO X sek. josm (D= X iek. posnen (D (€ E).
5. @ filo)=0U0+z/n)"e > ¥ (@) (nEN),
Iimf,(x) =7, fo(z) < fo(2).

n—=o0
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H It BN

i n T n B . +oo L B
hrnJ’ (1+%) edr = hmJ f,.(x)d.r=J edr = 1L
0 n

R n—==c) 0 0

7. B8 . A={2€E, f(0)K1} | FA()H,ZE E\A A
P ().
8. 2 E,={z€[asb]: n<f()<nt+1}(nEN),N

o<

[= =] b
> iam(E,) < j fode < D nm(E,) + (b—a),
n=0 9

n=0

> ntm(E,) ngZu)dxg >+ 1Dm(E,)
n=10 “ n=0

= zngm(E,,)—FZan(E,,)—F (b—a),
Zn m(E,) < st(x)dx Z(n +3n% + 30+ Dm(E,)

= Zn m(E, )+3Zn m(E, )+3an(5 )+ (b—a),

n=1 n= n=1

M8 £ () ELa.b] £ Y B ALY Z nwm(E,)<+oo.

(i) BWH D) B =[n(nt+1)@2n+1)]/6=n'/3+n*/2+n/6,FF LA
k=1

. - L=
_é__;nsm(En) %Z m(E,,)+—6—;nm<E,,>

i(Z ¥ )m(E) = >3 (# 2m(E) )

k=1 k=1 n=k

= Dk« m({z€[a,b]: f(x) = k).
k=1
F Ut B A5 BT L.
9. m%&ﬂﬁjf,(x)dxgjf(z)dx,&ﬁ

l!mJ.f ()dx < Jf(.r)dr.

n—e oo,

73— J7 . XA
J-'f(l')dl' =J- lim f, (x)dx < llmj fa.(x)dx,

L n—eooY £

Rl A] 45 4iF.
10. RSB LE Z2C[0,1],m(2)=0.% z€[0,1\Z,.x AR F(E,}
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A BRAS A ngﬂ (z) <+ oo, a e.2€[0,1]. NTiIXHEL >0, AC
[0, 1]EL B M>0. (75

m([0,1NA) <&, DX () <M (2€A).
n=1

B, FATH
2?71(1405.,) = J;_legnmdx <M.
§4.22(—) "
1. FEEK
il = f(x) + g(x) —Z\f(r)—g(1)| ’
M) = £+ gx) +2|f(.r) — g(2)]

Xt a.e. x€R" 7.
2. 2 QN ]={r} HEBML 2 » y=r,.(n€ENIK y=2/r,(nEN) R

HTTH1% BOTA KR R iR 8 , ok i s H Flaosdadsy = 1.

ke m(E,) QJE | f(x)|dxr < JF|f(.1:)|d.r <+ oo,
1 .
4. LW 6>0.% E,={x€(0,+0); | fo, ()| =6} (nEN), N

m(E,) < L_ | fa() dz < J+ | f(@) X sem (2)d |
o 0

=J”:|f(:r)ldx—>0 (n—> o0).
5. BE (- O)t+e<e" , HES W LY HNY »=C. ARIEE:. BES
BRE.AC= J:f(r)d:, W77 2E ECL0,1],m(E)>0, {#15

1 1
@ =0+ <&V G@ED, [ (@) —Odet e < [ & dr.
1
EEF L(f(.r) — O)dx = 0, FX AT A

i
. 1
Jfix)dr
ej. = gt <J e/ dx.
0

X5 BT JE. U,
6. HEH E E L. RINA
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def
J.|f(.r)—f1|dI=J (f(r)—fy)dr-i-J (fi—f())de=—=], + J;.
I E; NE

I

Jo= fi(|I|—m(E;)) — fi |I|+JE f(x)dx
!

= j f(.r)d.r—J’ firdx = J (f(x) — fidaz.
E E Ey
Fh i B8 AT
8. IKEEH . AHE—F R ECR, A L,fum: — 0. M5 L
R

§4.2 2(3)
L BB ¢, (1) — g (@) = Jrf(r)qo,,(.r)d.r(néN,a <Lt b). & n>o

B A5 IE CHR 48 45 il Wi 8 ).
2. HRiEE. BESIEAE A lcos’ne fE — 7o m) b 0 4K T BE W 88 F
F.H | cos® (nx) | <1 (n€E N) A HI

n

limjit cos’ (nr)dx = J limcos® (nxr)dx = 0.

n—eoc —R neo9

m AL mEEN o F)E.
3. W 2, €0,+00),8 0<|Ax| <0 /2, 0| g+ AXx>x0/2,
HY xo/2<<a<<zotax /2 8. 8| (D) /(10 || fQ) | /(x0/2) (1 2=0)
it B 45 B E.
7. 2 E,={2€E; cose1—1/n}(n=1,2,+), 5 H
L flde =10, HA=0, oozt Eln=12),

8. AREEFK
LZIﬁ.(.r) — flx) |dx = ZLIf,.(I) — f(D|dz < D, nlz <+ oo,
n=1 7=} n=1

9. 2[4 la, |n*dx = i e 2 nlz <too. % f(z) = Z":“*’*I
24, — k=2

—/ Inn

n=2

o0

imfo(z) = D ak™, |l D lalk™ (= 2).
k=2

H—-0 b=2

% >, |k TR B ELA

oo S 4

ZJ a,n “dr = lim ﬁ;.f,.(.r)d.r = J : limf, (x)dx = J_ Za,,n" dz.
2 2 2 n-eoo 2 =D

n—2"Y % -
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§4.4

1. %t 20 €(0,1), B 2, EFFHE 60,88 1 () =00z —6<ax<mx +8.
XU x (o) A R EE SR W B A

2. i () MESERERNE & o €ENER g () 2% 22 ok H. BT LA
g(fGNE xo EE A EZE. XM g(f(a)) MIARELE GAE L HTME. jIFE.

3. BZ.Z, 80 () gD REEZSE . Mm(Z UZ)=0.% x, €
ZUZ, W EZMFEE 2, ) : v,z (n—=0) 8 f(x,)=g(x,)(nEN),H
ﬁf(rl,,)=’}i9f(x")=}i4n}g(1,,)=g(1‘0). X f(o)=g(x)(x€Z UZ).

§4.52(—)

1. Jl (J f(rsy)dy)dz - J; (J.;f(f’y)xm.v}:yg_,,; (I-y)dy)d,r

0 0
1 1
o J.1 (J f(I’y)xai.r.'\‘l:ySE-:.rf‘(I’y)d"r)dy

= J; (Jif(.r,y)dx)dy

2. HEm(A— (ZDNB) = | 1, (y+ 2 (de.

§5.1z2(2)
1. %A. HRGEE. Bi% (o fFEla b FHBERE F(2): F' (2)= f(2)

(a<x<b) AN F'(2)=0,F B F(o)fela b L@ H I i A rf(.r)dr _

rF'(x)d.r — F(b) — F(@) . XM f€L([ab]), SHEEFE.

3. A€ EC(a,b) X [EJE T 88— KEHEF(a.b).
(1) ‘EE@ 1161".%5@%?435@ Is -Iz ""vh-i{ P ':F'I-EEJ Il'Iz*""Ik i"—]

k

AR —PIK KB LR K o JFIR Lo €DR: LN (UL)=2.

i=1]

m(Lio ) >60/2. (FEE . EAFEWMMZ L., e A H.)
G fEXE I 0 F: B5 L Bao, /M m() =5m(L). 5HY x, €
(I x €L B A dao yx ) =2m( L) >80 NI A

(=]

D> m) = 5> ml) < 5(b—a).
k=1

k=1

BB S B0, 4 A=E\ (UL ). % mA) >0 WAL k.t 78
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)

D omL) < m(A) JATFELE 20 € Ay € (I (h=ko) s HAME 20 € (L)'

=k,

(B=1,2,ky). HXEWAETH FEIED . € LHINL=J k=
1,200 ko) AT 48 0. <2m (I, )—>0(k—>c0), R 6 B8 L FETE e /NE R
ki 11 INL, =3 om(D<6:, . NTTA kb >k fE1TH
€I N Ly 2 €INUTL S m(D = dxosz1) > 8 1.
X—F EULH m(A)=0.
§5.2
L AR o— 2 MFH—1,0.1 %1118 =D/DXE AR S =

/373, L ME — 2 V3/9 Bk 2V3/9 R EAE 5

y(.r—.ra)=8s/§/9.
2. matERR. FIELEY: RAMEERN € [«.0].3F | f(2)— f(a) |

é\? (H=0.UBEH f(x)=f(a)(a<x<b).

3. #E max{a,b}=C(atb+|a—b|)/2.

4. FEH | @ || <] @)= f(] .83 FEBV([a,b]), A
| fl€BV([a,b]). & Z %) Dirichlet HE D(x), EXARA R EERE.H
ID(2) [ =1 BH FEEH.

5. BB AR asar—b by =a,(a;— b))+ (a;— b)) bs.

6. HBEAMGFLE M>0,R| f(2)— (| <M|z—y|(—o<z, y<
+oo). NMIXf La b JBE—2R] A: a=x0<<ax,<ow<z,=b,H

By = §|qo(f(.r.-))—go(f(-rﬂ))|\<._ Z,:M | f(z) — flz)

n &
=MD | f(z) — flz )< M V(.
i=1 %

8. LEM. B F() =V (N 0N a<s'<2"<b. K

| f(2") — faH| < VH = F(2") — F(z").

eortE: BERASERBL WA (a0 E—R A: a=2<<a2, <<
z,=b, ] Al

n

vy = D1 f(z) — flxe)|< D |F(x) — F(xi) | = F(b) — F(a).
=1

=1

e S B fé BV([a.b]).
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9. B, ARAEE. FHEME 20 € (a.b) B | f(x +0)— f(a,—0) [ =8>
0?5!“3;1'1{%% E>0aﬁ lf(.l'o +€)—f.(.l“o—8) | >an/2-}>kﬁ'ﬁ f(I)%EWj’II\ﬁ

max{ f(zo — 00, f(x +03) + 2, min{ £z — ) fz +0)) — &
ZEBAE G EE. X5 ((OBARREOFE.

10. & F(o)=V (H—f()+ fla), Wl Fla)=F(b)=0. 5% F(x) i

1 08 B F () =0(a<<a<<h). XM f(o)=fla)+ V ().
§5.3
1. ¥ x€[0,1],HEEM ?1_¢1J1 Xe(dt =10 % z—=a JJ{1=1, a. e

z€[0,1]. XL XL Fababiy S22 EAR G B m(E)=1.
§5.4
1. %t r,y€la.bl . FH
If(y)—f(f)lHyf'(t)dr)g J'\'[f“(r)ld:‘gMU—ﬂ,
2. A F€ AC(La,b]) i fCx) JLF-Ab AL T . B A

| f(») — < M|y—=|, 'f(y;_f(f)

—

<M (x.yEla.b]),

AL y=>x, 08| f(2) | <M,a.e. 7€ [a.b].

L.l

3. 4 S)= D fula) (a<a<h) M| S(x) i@ 4% B %K. H1 Fubini 5 ¥ 7]

n=1

S (x) = Zf:,(.r),a. e.7€ [ab]. FEF fi(2)=0,a.e.xE[ab], TNTH

J"’s’(x)d: = er;(_r)dr = Z(f,,(b) — fu(a)) = S(b) — S(a).
5 n=1%v14 n=1
X Se AC([a.b])

4. MWW TZEHEES (e ) A K z€ (0,1 ], 7] Al

j’fmdf = tim|” Ftod= Emif(2) = fle,)) = F(x)— FCO).

=00 g =
n

X £ eLdo,1).
§5.5

1. 38 F(z) — f’f(:)dz,mu Fla) = 0 U &

b

] b
I = J f(OF()dt = F°(x) —J’ F () f(t)de.

a
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HIAE 21=F%(b) . 18iFF.
2, & Flz) = J:If(u)ldu.ﬂll(t >1

gi[fM—]f(u)ldu

1 u

‘ J; fCu) g(u)du

I

+MJ' )y

1 u

F(uw)

u

=M

1

s
p

gM(@—F(l))JerE fo)dr - (1—

QM(JTLM’"—F(I))

0

+M| "I flde(1- )

= MJ-W |£(z)|dz — MF(1) = o(t) (£ -+ o).
0

x

3.4 G(z) = j g(dt, RATA

—00

h
Lgu)ﬁ () dr—= J £2(2)dG(x)
b b
= G £ —zf Gla) () F () dz

b
— 2[ Glz) Flf iz,
BHH 2| f() f (D |<fFA@+ (@) K
x +oo def
iG(I)|gJ _|g<z)|dtgj g |de—C,

fir LL1g H
oo
ngu)ﬂmd.rgcj_ [ () + (f (20 da.
4. ¥ n=1,4 H(zx) = J"f(:)d:,c;(z) — (x—0, N
Fla) = J’H’(:)G(z)dr - f’cu)dmz)

= H()G(D) ) —rG’u)H(ndz = J’H(:)dz.

M H F(x)=H(z) F'(x)=f(x) ,a. e. € [a,b]. LA F R 15 955 B /T 183,
g XN =
§6.1
1. i2 M=sup{llf |, }<+eoo,E,={2€E: | f(2) | =n} (nEN) , REi B &

EEN
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m(E)>0neN) RATH

1/

. P
n(m(E)) V0 < (J f@|%dn) <Mk =1,2,-).
E

& koo (pp——+o0), /] n<M, FEOF G . HMAFLE no {15 m(E, )=0,E8]
| f(x) |<nys a.e xEE.

pp

3. Iﬁﬂﬂl\in:J f()]*dz < (m(EN* (55 (LIf(J:)I"Od:r) "y

Fir LA
T 171, < s,
(i) MRYE Levi 7| B & W s 4, 7l F
hm | Flls= llrn \f(r)[”dxﬁLhm

J J | f(2)|?dx
Abod (2€E: £ ]>1) 278y (2€E: | fad|<1)

| F ()| %o dx+J' L FC) | d

Jt;eh‘: [ fCx)[>1} {z€E: | f(2)|<1)

— £z
4. & E,={z€E: |f(2)|=1},E,=E\E;, WX 2>p,>p, >1,H
| f() |7 = f(x)|?2 (x € E))y | f(D)|%2 = |f()|" (x € E)).

limj | flx)|?dx = J | f(x) |da.
E, E,

Poal

limJ (| fC)|* —| f(x)|)dx =J 0dx = 0.
£

phal E;

H I B 45 BT ILE.

7. % g(x) :fo?(t)dt <z 1), W
Q0

2 b
< cb—a>J FiDde = (glb) — g(a)) (B—a).
8. 5| Schwarz A&, 1A

IF 2= f H:f(t)dt . f (J:Pdt) (j 017 de)de

<| alflide = TUrIE < IS
9. EEAFAX

(S = (
<tm([, | 25

10. 1E R %K

lim ’ ka(r) ‘ pd:r)l/p

E n—eoc

"az) hmZHﬁlb NTAR

n—e-oo b
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f(x), zx€Ee, e {D, r€e,
0, € E\e, o f(z), xEE\e,
W f(x)=g(x)+h(x)(x€ E), i & (Minkowski A=)

glx) = {

([ 1r@rdz)" = ([ g +ncolrdz)”

< (PE|g(.:c)|‘°d.r)w - (Llh(.r)de)w

e

1r@lraz) " + (] 17l dx)

§6.22(—)
2. BE| i@ —f@) "< il |+ | f() )22 | F() |*.

3. R—E. Bl fi(2) =vR(O<z<<1/k), fi (x)=0CHAME =), M
lim fi (2)=0 (0<z<D),  [Ifell,=1.

4. () BR.

(i) %f 6€ (0,1), 42 Cantor £ C,C[0,1],m(Cy) =0, M E X, (x)
HEME A, MRFAE FESNCUL0, 1D IAME f(2)=0,a e z€[0,1]\G,.
RWL0,1ING, L0, 11 %, BB f(2)=0. K 5X, (2)#0,a. e z€
[0, 1]F/&. |

5. WEAERGR p': 1/p' +q/p=D

[ 1@ = f@lde< ([ 1@ — f@17de)" GmE #o7,

6. FEAFR(p>1)
rlf,,(z)—f(zﬂd:g (rlf,m —f(t)ldt)

» /p
< (_[ | fu (D) —f(t)|"dt) « (b— )PV

7. RAFAEFKX
filx)gi(x) — f(D)glx) = (fiulx) — f(2)) (g (x) — g(x))
+ f() (g (x) — g(2)) + g (fi — f(2)),
iy LA 4% 3

JE|f*(.r)g,,(1) — f(x)g(x)| dx
QJ.E|f,,(.1:) — f(x)| o |ge(x) — g(x) |dx

*f“Llf(I)l o |ge(x) — g(:r)id.r—%—h|g(1)| o| filx) — f(x)|dx
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< lfi—flipelge—gllat U l,e llge —gllet gl | fi — £1I,.
4 k—>co BV AT 1§,

§6.22(2)

1. ARG E ()R B RE . WA

umLf,.(r)h(x)d.r . Lf(.r)h(x)dr.

n—=o0

AR g€ LYR AR >0 FEM B R B h () , 48
i/q
lg—hll,= (ng(r)kh(x)l"d.r) <ore
EHARER
‘Lf,.(.r)g(x)d.r—Lf(r)g(x)dr’éLlf,,(:)l-lg(.r)—h(r)ldr

+ Hn[fn(r)h(r) — f(o)h(x) Jdx ‘ —l—Llf(:)I- |h(x) — g(2) |dx

<|falloellg—Rl+ HR[f,.(J:)h(.r) —f(r>h(.r)]dx‘+llfllp- lg—rll,.
1 it 5 458 i ar.

§6.3 2(—)

1. %R

L(f(.r) + g(x))?dx +L_(f(x) — g(2))tdx

= 2(Lf2(x)d_r+Lg2<x)dx).
2. B llg.ll,~ lgll,(n>=) LR R%ER
[ furg) = o ={fa— fr8:) + g — &8s ]
<Ufo=Flloe llgall,+ llgn—gll= I £,
3. BEER (fte.f—o=Ifl;+ lgl;—<f.g)=0.

. HEER = li= 1A 11 —=2¢f, .
§6.32(2)
1. BR{sin(nx)} & L* ([0, DFHWIERRER. WH,.& Fe L0, x DL K

J:f(x)sin(m)dx =0, E F(OTE[—nn ] FIAFERH: £ (2)=f(2)(0<

<), f()=—f(—)(—a<2<0). BER -r f* (x)cos(nz)dxr = 0(n = 0,

1,2,), M BA

f’ o i M e _rf(z)sin(nr)dzzo (nEN).
0

-®
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X 1588 J‘ f(Dsinmzrdr = 0. A\l f* (2)=0,a.e. rE[ —xw.xn]. B HHIE.

2. HEEA,. M =ALIRX Q(),A(f Q=0T g€ C([—n.x]) . fF
E=AEMRIQ. () ELEL— . n] b —FKNE g(2). A
0 = limx<f’Qn> = { frg?.
YR — o n ) 4 — BB ELBAE g, € CCL—ron]) s HL| g (o) | <148
8 }iq:gn(r):xs(x).Mﬁﬁ*ﬁ%ﬁ%‘]lﬁﬁﬁﬁﬂ;ﬂfﬁ(fvxig):& FH it 57 B AT 4

ZE I LT
3. (i) Hf?.;(r;y)d.rdy = J\(pf(r) (L,,bz(y)dy)dx =1,
AxB .

(D) FE iy 71, (ky k) B R ATA
J]‘f:; .ki(Iv}') e f.g.*z(.r.y)d.rdy

AXB
= J-B(/;,,l(.r)(,b;,z(y) (J‘Ago,-l(r)gp,‘z(;r)dx)dy = 0,
(i) HA fEL*(AXB) JfH#18(f, fi.) =03, kEN) U4
F, (y) = -Lf(‘r,y) @ (I)dl’s
5 F. € L (B). Wi

J F,(y)go*(y)dy=J flxsy) fiu(xsy)dxdy = O.
B AXB

X F.(y)=0,a.e. yE B. i1 k5 J_\f(.r-y)go,(.r)d.r = 0,a.e. y€ B.

loi (o) M SE 2. i axt L4 48 ye B, A m({z€A: f(z,y)F0})=0. H
It .1 Fubini F#EH f(x,y)=0,a.e. (z,y) EAXB.

432G = | f@a@deee™ JhER > <If .
k=1
5. BESR
b
Lf(.r)dx— J () 1 (dx = (Frxp)

=]

— Z<f‘§0")<xk'¢*) — ZC*(XE’(P*>
k=1

k=1
= c (xr)dax.
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()] 4 ]
3 B 1

10. F ERE LB a8, v Fxfmfksm A,B# &,
13. ¥ R\E={zER: fFfE >0, f(z+e)— f(z—e)=0} PR & x, . F1E
e >0, 18
flas +e) = flom —e) < f(y) < flzgte)y |ly—x:|<s.
H %1 R\E BT 4.

27. FIRIEE. B [\ F.=2 .0l

UF:= (F.) =R
WoE F, JW{F,} & F, fF& &,
30. 2 E={z€ER: f()>t}.E,={xz€R: f()<t), M E,UE, BFF
E HSRHEMNENSME M E #2IFE.

3 & 2

12. A
m'(A) = m (ANB,) +m (AN B,

o CAY = m'(AﬂDlBk)+m‘(Aﬂ (ﬁBk)‘).

13. fE ERZ&NA G, m(H\G)=0. B 5 m" (E)=m(H).
16. AARIEE. BEXMN e, € (0, D H e, 1(n—>o0)  WFLAET M E E, . [#15

WNE, %, E= | E, . B m(E)=1 58 WNE BTN, &
SE W KR,
S Em 3

6. &

Ef: {IEE: Skllp|f§(.1")1> 1/}9}; D= {IGE: hmf,,(.r) = O}g
=)

koo

A k] D= |JNE!: limm(E}) < m(D).
p=1 3=1

Jun
S

.l‘a
e —1

11. () =
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(i) FE sinar/(eF—1)= E e " sinar LZRJ | | e ™ sinaxr | dx < a/n".
(4]

n=1

12. ZEHE[0,a] LHFS.
15. S5 H m({x€(0,1); f(x)>1)=0.

27. {z€E;: w(x)>0}=E\E.
30. Gii) 0% G gk B ek 30
31, HFEERL

JRJRXE(I)f(I—t)dt= Lf(r) (J X (2 — z‘)dr)dt
R

= m(E)J Fleidi.
R

3] & S5

1. Ak EC[—AALFEEW Vitali BB T : X € E.MKEBAT
0 MRINHXE{].): 2€J,CEn=1,2,).

6. Ll x=ZT b AELERNH. WELH 0,54 60, 0<z— <5}, H
| f@ — f() | <e/2. ¥E[a , ZTIW AR A: a=xo<a) <<z 1 <z,=7, || A
<5, 1%

n

V(D = Dlfa) — flad| < e/2,

i=1

=l

NITE:] \T/(f)*Z\f(If)’f(Il—l)|<e.

=1

B TTHE Y (O — () <e. Ptk B M1,

7. SlabJBE—FR A: a=x0 <z, <<<z,=0byic L=[x1,2,]
(i=1,2,,n). FE&H fFUHRE—-IXE,.FKRIAE

n n d’
DA = fa < D | Hyap 0y
f=1 i=1" £

d "
= J. ijr(jr)(_}’)dy-{_ 10¢d — ¢).

E =)

8. BEEM a6z atAx], WH

o+az 2 o
ij F(Odt gg(Jf—|- Ax) g(.r).
Ax), Ax

10, 2% F(x)— j’f’(ﬂdz—(fu) — fa)).



330 L

11. %% F(2)= rlf’(t)ldt— V (). B F()igw . H RFEHEH V (N

s %of 2 S B AT
12. 55 f (o) BT .
14, HEAE

flxsy) = Flxam) = r f:(r,t)dt (y € Lc,d]).
A G x fEla,b] LB
¥ 6,
F(y) — F(y,) =J dt_[ ¥, Cxat)di,

Yo

d b b 1 r+h
15. —J flx+ ydx = limJ _,J f(t+ y)dedz.
dy). he0da hJ:

S E 6
2. ﬂf(.r)zx,,(.r),A={.r€E: | g(x) | >Mj}.
8. & p=3/2,p/ =3,
1= ‘J fz(.r)g(.r)d.r}éj ()| glx)|dx
E E
<A, < llgl, = dlFlslgls =1,
WA sz(:c)lg(x)]dx= 1L lgl, = 1.

MR LE C>0, (878

Clfio|? =|g)|” BH Clf@|® =|ga)]3.
B C=1. ik XA

| f()|? =|g)|*y |f(D]|=|g(x)|, a.e. x € E,

[ f@ g - gads
= [ F@ e de— [ F@god
E

=J£|f(r)|3dr—1=0.
14. 4 E,={z€E: | f(x)— fi()[*>1/2"} (k=1,2,+), ] m(E,)<
1/2 k=12, % # fi (o1 E\ JE, Liobstt.

k=]

16. iﬁ feLz([a,b]).ﬂ(f,go.J:O (n=1,2,-"). mj‘](fs%>=<fv%_¢h>
(n=1,2,) BT [(fo@) |* <N F 13 « llgn — ¢ull5. R FNED AT FGIE.
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