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& c 8945
W Woela, 1<i<n, WBAGFEn DR ¢, 1<i<n iB

a;=¢q;-c, 1<i<n.

i,
51a1+"'+3nan:51(‘h'C)+"'+5n(Q11'C):(slq1+"'+ann)'c

A s1q1 + -+ sngn EEBEL FTUL s1a) + -+ + span BERE ¢ R, UFEe.
Bl 117 BA 7|14, 7|21, 7|35, vk

7| (5-21+4-14 — 3-35) = 56.

EIE 1.1.5 Ka, bAARIFEEL Falb bla, N a=+b
iE Walb b|a WMAFENDELY q, g PHER

a:ql'bv b=q2.a"

M,
a=q b=q - (g2-a)=(q1-¢2)a B (q1-g2—1)a=0.

A a # 0, MIEIHORIEHITES, H ¢1 -2 = 1. 1H q1, g TREEE, Tl g1 = g2 = +1.
B, a = +b. UEEE.

AT % B8 T $EBR AP, BUAE S5 FE X T vk 1A Joe /N HEH, B30 2 A i 4K 488 40 i 1K) 38 5
(£1 BgAF), BI R 25

ENX 1.1.2 ZEH n£0, +1. wRRTEAELK +1 = +n 9, n A LB 4, AR
4, n M EY (RRBAAFTHE), T, n B EH

LM n£0, +1 B, n T —n FAZRBEEE Hitk, HFERARNSY, ZHRARRE
B EE SR p.

B 1.1.8 4k 2, 3, 5, 7 ARESH ML 4, 6, 10, 15, 21 AASH



4 B B TERYE

THEEHEAN G B RER T

EFE1.1.6 AnA—ANESH pAn)—AKT 1R ERS N p —ZAFHK,
Hp<yn.

EORUE. WR p AREE, WAFERE g, 1 <q<p, 813 g | p. H p| n, I
ikt (GEFE 1.1.1), 5 q | n. X5 p & n WE/NERBOPE. FTLA, p 225

PR n AR, BT CAAE SR ny 13

n=n;-p, 1l<p<n <n

I OEH 116 KW, REOYFEN RN RIT, I BT LIRS R BRI (E
#1.6.1).

1.1.2 Eratoshenes §f%

FRYEEH 1.1.6, BE n B/ p AFEEL B p < oot A SLEAG 5]/ ) Wi 4
HORA A FZHREN (U R RVEIZ ).

EE 1.1.7 B n REEYK WwRAHAAGER p< Vo, #A p fn, M n —FRFH

N E R 1.1.7, AT 8] — AN FHERE R E YTk, 8 H A T RBRE ot JBRIFEE D
(Eratosthenes) .

g H AR A

WAL EMIERE N | ERE A AT N ER 21 N D NP RHERA K
F VN WITEEE p1, p2, -, pr BFIREEC BREE pr, po -, pr Fb). HARHUR KBS,

; N

o BB 2op 3epy, e, [p— -
1]
N

P2 E‘J{%ﬁ 2'1’27 3'1727 T, l:_ * P2;
P2 |
.

o RS 2opes Bopes o [; e

A TR (AR 1) URFTERNAEDT N MER (759 [ PR NE X 1.1.4).

1 1.1.9 KREFFARARE N =100 6954

B KR N =100, FiIUAKT VN = 10 i EECA 2, 3, 5, 7, B AR ER
2, 3, 5, 7 5%,

2.2, 3.2, 4-2, .-, 49-2  50-2
2.3, 3.3, 4.3, ..., 32.3  33.3
2.5 3.5 4.5 ..., 19.5, 20-5
2.7, 3.7, 4-7, -, 13-7, 14.7.

R T (A 1) SRTESRIAEE N = 100 FZRE



1.1 RIS BRL BB 5

¥ ERRETIRWT:
NFEH p, =2, XFEH p, = 3,
1| 23| Als5| 7] 8|9 10 1|2 3 5 7 P)
213 1415|1617 | 28] 19| 20 || 11 13 A5 17 19
21| g2 |23 | 24| 25| 26 | 27| 28 |29 | 3o || 21 23 25 27 29
31| 82 (33| 84|35 86 |37| 88 (39| A0 || 31 A3 35 37 39
41 | A2 (43 | A4 | 45| A6 | 4T | AB | 49| AO 41 43 AD 47 49
51| p2 | 53| pal|s5| g6 |57 g8 |59 go || p1 53 55 BT 59
61| 62|63 | p4|65| p6| 67| p8[69]| 70 || 61 63 65 67 59
i\ 2|73 a5 | 6| 77| a8 |79 ] B0 || T2 73 75 77 79
81 | B2 |83 | B4 | 85| R6 | 87 | 88| 89 | A0 Rl 83 85 87 89
91 | p2 |93 | p4| 95| p6 | o7 | p8 |99 | 00 || 91 93 95 97 929
T ZEE ps =5, XNTRB py =1,
1 2] 3 5 7 1 2| 3 5 7
11 13 17 19 11 13 17 19
23 25 29 23 29
31 B85 37 31 37
41 43 47 49 41 43 47 A9
53 b5 59 53 59
61 65 67 61 67
71 73 77 79 71 73 Vs 79
83 A5 89 83 89
91 H5 97 Al 97

R TR (AR 1) UEFTERNAEE N =100 HFEK

Al2]3 5 7
11 13 17 19
23 29

31 37

41 43 47
53 59

61 67
71 73 79
83 89

97

B 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97.



6 F1E BRI R

THUEHEEAS LITLA.
EIE 1.1.8 FHALT $/
W RUEEE. SR AHERAEE. WEATh p, pe, -, pr. HHEEH

n=p-p2---pp+ 1

WHhHn>p, i=1,---,k Fithn —ER&EE BIFEEH 1.1.6, n BIKT 1 ME/DMERE p
EEH. W, p 2 pi, p2, oo, pe THRIEA, BIFELE 5, 1 < j <k, 18 p = p;. WIEE
113, F

pln—(1 - pj-1-pjt1---Pr)-pj = L.

KRATTRER). SMAFAETT 2 HEL UEHE.

1.1.3 BERJLEBERZE mMEREE
KA RAT B PN [0 AE #EER CR I, FrLLX B 5| JERR LB (Euclid) BRiEEAHT
EIE 1.1.9 (BRJLEZFRE ) K a, b ZABAES LF b>0 NAEE—GEI g r
1£4%
a=q-b+r, 0<r<hb (1.2)
EIE 1.1.9 BYIERR: (fF7EM) FHIE—EEF

o, —3-b, —2-b, —b, 0, b, 2:b, 3-b, ---

CATE SR Y A E A b XA, T a 2658 V& AEH A — AR . AR — 25 g
1§43

g-b<a<(g+1)-b
S r=a—q-b WA

a=q-b+r, 0<r<b.

(ME—1E) 2R A HEE g, v B g, ry WL (1.2), W)

a = q-b + r, 0<r<hb,

a = q-b + r, 0<r <b.

(@—q1) - b=—(r—mr).
Mg #q B, ZEAMEIHE > b, TADKAIE < b, XEAAEER, Mg=q, r=r1.
IEEE.
EX 1.1.3 X (1.2) ¥4 ¢ ™MK a & b RATFAOTRTER, r " o 3 b BRFTIFH
#it EEE L1 MERMLT, b a MARESRME o B b BRITRKRE r = 0.
H T iR A AR A RE, B SRS a8, R s | S



1.1 BRI BOLEBERE 7

EX 1.1.4 &z AFEH Az GEEISADTRFT o hRREH, TR [z &
M, A
) <z < [z]+ 1
EOEHE 1LY PIARTERR ¢ TN g = [T KRB ABhr—a—gb=a-[7] 0.
W b, RS HATEAR ¢ = [7], RS r—a—q-b=a-[F] 010,
ffl 1.1.10 [3.14] =3, [-3.14] = —4, [3] =3, [-3] = —-3.
Bl 1.1.11 &K b=15

M a = 255 I,
255
a=17-b+0, gq= T =17, r=255—-17-15=0 < 15;
M a =417 B,
417
a=27-b+12, q:[¥}=27,0<7‘:417—27-15:12<15;
M a = —81 i,

—81
a=—6-b+9, q:[1r]=—6,0<r:—81—(—6)‘15=9<15.
5

1.1.4 FHEBFERLAZ

N e B 1.1.7 FIBRJ LB A BRYE, nT CLE A W — AN RO 5 0 2550 (JH 30350 e
AnZas ).

FROT AR, X T4 EEE N, ®RAKT VN WG ESBCH pi, pay -, ps. W
BN BIH pi BRROIREBIANE, W p, fn, 1<i<s, W N ZFEE

) 1.1.12 4EEA N =137 A F 3

R WM N =137, AKT VN < 12 T ZESCH 2, 3, 5, 7, 11, FrLk i
2, 3,5, 7, 11 £iRE.

137 =68-2+1, 137 = 45-3+ 2, 137 =27-5+ 2,
137 =19 -7 + 4, 137 =12-11 + 5.

WRyEE M 1.1.9 MHER, 5 2 1137, 3 /137, 5 f137, 7 J137, 11 J137. MRHEEH 1.1.7, N = 137
hEH UEEE.
1.1.5 BRJLEHBRZE — —RBEH

SERRIE FH R L B A3 BRIERT, AT LLARYE 7 24 R BRI K.
EIR 1.1.10 (BRJLEBRE) Ka, b LAANEE HP b>0 NHMEZBWEI ¢, H
FEE—09 %3 q, r 1247

- a=q-b+r, c<r<b+ec (1.3)
EIE 1.1.10 BYIERR: (FFFEME) H & EEHUFS

ooy =3.b+c, —2-b+c, —b+c, ¢, b+e, 2:b+ec, 3-btc, -



8 B BT

EATHRE LB 7 A b XA, T o e AER R — AN XA . BRI — N ¢
15

g-b+ec<a<(g+1)-b+ec
Zr=a—q-b WfH

a=q-b+r, c<r<b+ec

(ME—1E) R AL q, r F g, m WK (1.3), W

a = qb + r, c<r<b+e,

a = q¢-b + r, ec<r<b+ec

A, A
(@—q) b=—(r—m1).
Mg #q B, ZAAR4EE > b, MARRENE < b, XREATTEER, Meg=q, r=r1.
UEEE.
i SEBRIE R LEABRERNARE (c<r<b+c—1) B, FXHUFERPREL
(1) Be=00, fFb+e=bK0<r<b—1<b X r YigmNEGRE
(2) Be=10,FHb+ec=b+1K1<r<b Xi r YHRNERE.
3) Me=-b+10, FHb+tec=1K -b<—b+1<r<0, XN r YERKXIFEREL
4) He=-bl, Hob+te=0Kk -b<r<—-1<0, X r YEXHBRE

s 3 b b b b—2 b
(5)®élb7’91%ﬁ,02—§Hﬂ-yﬁbﬁ-CZE&—EngT 5?
3 p — 2 b b—2 b
@4 b B, c= 2w o=t 2R L P2t
i g & b—1 b+1 b -1 b—1 b
= - A —_ — —r— ———< <— —.
C:;)ibg]ﬁﬁ,c 7 B, H b+ 5 o 5 < 5 STS 5 <3
B b b b b
= & — a s < —.
5 ST<3 19 5 <T<5

X, r e E RN REL

) 1.1.13 &K b=7, 1

A r=0,1,2 3, 4,5 6 A% NEALH
A¥r=1,2 3,4, 5 6 7AHRDERK

fdr=0, -1, -2, -3, -4, -5, —6 AR KIEELHK
¥ or=—1, -2, -3, -4, =5, —6, -7 ARK A4
¥r=-3 -2 -1,0, 1, 2, 3 A3z A%

5 1.1.14 X b=28, N

A¥r=0,1,2 3, 4,5 6 7AHFANETELK
A¥r=1,2 34,5 6, 7, 8 Ak PELRS

¥ r=0, -1, -2, -3, —4, -5, —6, —7 AR KIEELE.
¥r=-1, -2, -3, -4, -5, —6, -7, —8 AJZ KR 4.
¥ r=-4 -3, -2, -1,0 -1, —2, -3

Hr=-3 -2 —1,0, 1, 2, 3, 4 HsHER 4%



1.2 #BHPIRR 9

1.2 EBHHFTR
1.2.1 b il
T Bt 268 ) PR RO A LA bR ER AR IT). B 51328 IR
5-101+1-10® +3-102+2-10' + 8- 10°.
rp Rt S b R A R 5K, R A ) B SO S T 11 B R A T - A
i, WAPhFELR)Y . BEENF, 51328 B @k, JEHIEH SRR, A, %
FE— A o BE, B8 ERER A 2k, BRI S B B R L R BRI, AR

e
EI 1.2.1 % b R KT 1 B NFEAEEY n THR—HER TR

n=ag_1 bk‘l+ak-2bk_2+-'-+a1b+a0, (1.4)

HEd oo, M 0<a;<b—1,i=1,--- ,k—1, BAREHK ar_, #0.
W SEUER] n HRIEK. B R E RS FHRK LR R, LA 3BT )RR
H5E, b 2B n 53

n = qob + ao, 0<ag<b-—1.
R b 2RISR g0 #HE)
go=qb+a, 0<a <b—1.

BEEXRFIE, KK F

Q= g@2b + ao, 0<ax <b-—1,
G2 = gsb + a3, 0<az<b—-1,
Gk-3 = Qqr—2b + a2, O0<ar_2<b-—1,

q—1b + ar-1, 0<ar<b-—1

qk—2
ESp)
0Sqr-1 <2< <@<qp<gp<n,
B AL EH k AE R AT gr1 = 0.
XA, KRR F
n = qob+a0a
n = (@b+a)b+ag=qb®>+ab+ag,

n = qe3b""2+ar3b* 3+ +ar1b+ ao,
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n = (]]c;2bk_1 + ak_zbk72 + - 4+ arb+ ag,
= (qr—1b+ ar—1)b* "1+ ar_2bF "2 + -+ a1b + ao,

= ap_1bF 1+ ap_obF 2+ .-+ a1b+ ao.
FREHXANRRA (1.4) 2. W RAPFARRRRA:

n=ar_1b*! +ak_2bk_2+~-~+a1b+ao, 0<a; <b—-1,i=1,---  k—1.

n=cr1bF P +epobF 24 tebte, 0<c<b—1,i=1,---,k—1.
(XHEATLIH a1 = 0 B ek = 0.) PAHIRIS 2

(ak—1 — k)b '+ (ak—2 — ck—2)b* 2+ -+ (a1 — c1)b + (ag — co) = 0.
ik j Zd/ M IEREAETS a; # c;, W
((ak—1 — k-1 17 + (g2 — che2)b* 277 + -+ (aj41 — ¢j41)b + (a; — ¢;)) ¥ = 0.
e
(ap—1 — ck_l)b’“‘“j + (ak—2 — ck_g)bk_z_j + -+ (aj41 — ¢jy1)b+ (a; — ¢;) = 0.

PRl

a;j —c¢; = — ((ak—1 — ck—1)b* 772 + (ar—2 — ck—2)b* T2 + - + (aj41 — ¢j41)) b
[i1'
bl (aj—cj), laj—cj|=>b.
L[5
0<a;<b-1, 0<c;<b—1,

NA |aj —c;| < b, XATEE, WHLR B n FRRAEME—1. kY.

AT UK T b EEEER R, 5IHELL RS

EX 1.2.1 A

n = (ak-lak-g---alao)b, (15)

RTREIFN (14) 1%

n=ar_1 ¥ +ar_ob¥ 2+ +a;b+a,
HF0<a;<b—1,i=1,--- k-1, ap_1 #0, FFARL AL n 6§ b HFIRFT. X, nthb
W HME AR k= log,n] +1. FE L,
l<n<bd & k—1<logyn <k

Bt k — 1 = [log, n).
MMb=2 F¥ a; h 0B 1, FHHER:
L B EREEE T AR EA R 2 SRR .



1.2 #HIMRR 11

Bl 1.2.1 &R TEEL 642 A =3t 4],
2 Ewas LB ERE,

642 = 321-2 + O, 20 = 10-2 + 0,
321 = 160-2 + 1, 10 = 5.2 + 0,
160 = 80-2 + 0, 5 = 22 4 1,
80 = 40-2 + O, 2 = 1-2 4+ 0,
40 = 20-2 + 0, 1 = 0-2 + 1
A, 642 = (1010000010), , BE#
642 = 1-2940-22+1-2740-26+0-2°

+0-2440-2240-22+1-2'+0.29.
WEALE T\, oS, oS DU BEIAE. A Nkl
0,1,2, 3,4,5 6,7,8 9, A, B,C, D, E,F

I3 MR IR
0,1,2 34,5 6,7, 8,9, 10, 11, 12, 13, 14, 15
316 AN Hd A A% 10, B AR 11, C /8% 12, D A& 13, E A& 14, F /8% 15.
Bl 1.2.2 453+ cdtH] (ABCS) g A+t 4l.
(ABC8)16 = 10-16% +11-16% +12- 16 + 8 = (43796) .

AT IR R Z R e, JF P mFaseR, MR HIE — MR, TR RS R
YEFEH. Pt B, BEHIA-H Nz 1 R RS R

e e v v 1 e i | s 1 i A1 e
0 0 0000 8 8 1000
1 1 0001 9 9 1001
2 2 0010 10 A 1010
3 1 0011 11 B 1011
4 1 0100 12 C 1100
5 1 0101 13 D 1101
6 1 0110 14 E 1110
7 1 0111 15 F 1111

5 1.2.3 4548+ S g4 (ABCS8)16 A=t
i FiR S RT3 3] A = (1010)2, B = (1011),, C = (1100),, 8 = (1000),. MM
(ABC8)16 = (10101011 1100 1000)5.

R e e e
A B C 8
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B 1.2.4 44 —8H4) (1011101111111101001)9 H+ 55t
R 55 AT 15 2|

(1001); =9, (1110), = E, (1111), = F,
(1101); =D, (101); = (0101)5 = 5.

NI[]

(101 1101111111101001)5 = (5DFE9) 6.

R A HE I R B b S BERIEE A Sy ) Bt LAn] LSS R B E — B HIZRoR, ARG, sl
b 151 R B A ol T R S v 25 /9 A v i
Bl 1.2.5 R TEE 642 A+ Sub4.
R ORPEE 120 F
642 = (1010000010)s.

N A KA F
(0010); =2, (1000); =8, (10); = (0010); = 2.

L
642 = 2-16% + 8- 16 + 2 = (282)16.

b HHLEE
HITZS H T 850K b BE6 R~ , BIAE TS o BERIBIE R, UME TR The Bk A 8ok,
b HFIIEZE. % n = (ak_1ax_2---a1a0)p, m = (b_1bg_2---bibo)s, N

n+m = (cxCk—1---€1¢0)p

R ARIE I (WA B L)
(1) W ag + bo < b, WL co = ag + bo, do = 0. NI, B

co=ag+byg—0b, dy = 1.
(2) W ay + by +do < b, WHL ¢; = ay + by +do, d1 = 0. KW, HY

cp=a,+by+do—0b, dp =1.

(k) W ag 1 +bp1 +dr—2 < b, MEL k1 = ak—1 + br—1 + dik—2, dr—1 = 0. N, B
Ck—1 =Qg—1 +bp_1 +dr2—0b, dp 1 =1

(k+1) ®&Ja, B cx = dr—1.
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B 1.2.6 % n = (51328)10, m = (49138)19. N n+ m = (100466)1,.

5 1 3 2 8
+ 4 9 1 3 8

1 0 0 4 6 6
b HFIBCEEHE. B n = (ak—1ax2---a1a0)p,m = (bk_1bx—2 -+ - bibo )y, NI n > m, M

a—b=c=(ck1-crcols

FRAEEISRREN T (MARIL):
(1) WR ag > b, WEL ¢y = ag — by, do = 0. 7N, HL

c0=b+a0—b0, d0=1
(2) W ay —do = by, WHL ¢; = ay —do — by, dy =0. FW), B

(6] :b+a1—dg—b1, d1:1

(k—1) WK ap_2 — dr—3 > br—2, WHL k2 =ar_2 —dr_3 — b2, dx_o =0. TN, HL
Ch—2=b+ a9 —dy_3—br_o, dp_o=1.

(k) B, B c—1 = ak—1 —dk—2 — br_1.
5l 1.2.7 & n = (51328)10, m = (49138)10, ] n — m = (2190),.

5 1 3 2 8
-4 91 3 8

21 90

b BEHIRIEIEE. Won = (ak—1ax2---a1ao)s, m = (b_1b—2---bibo)s, N
n-m=— (Ck+l_10k+l—2 T clcﬂ)b

FIRAEHE SR~ (AAEIL):

k-1 -1 -1 fk—1
em= zaibizbibj = Z (Z aibjbi> Y = (Chy1-1Ck41-2 - C1C0)b
i=0  j=0 =0 \i=0

(1) %f j =0,

n - by = (co,xCok—1"""€0,1€0,0)b-
(2) X} j=1, it&

1 -byb + (cokCok—1""€0,1€0,0)b = (C1 k+1C1k - €1,1€1,0)b-
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OXFji=1-1,HE
n-b1 b 4 (G2 ke -2C—2 k41-3 ** Cl—2,1C1-2,0)b
= (Cl—1k+1-1CI—1,k+1-2 """ C1—1,1C1—1,0)b-

I+ 1) BJa, B (chpi—16hri—2 - €1¢0)b = (€11, k+1-1C1—1 k+1-2 " " * C1—1,1C1—1,0 )b-
51 1.2.8 & n = (51328)19, m = (128)19, A n-m = (6570 184);0.

5 1 3 2 8
1 2 8
4 1 0 6 2 4
1 0 2 6 5 6
5 1 3 2 8
6 5 7 0 1 8 4

b i&*‘“‘%iﬁig &gﬁ n= (akklak_g /% . alag)b, m = (bl_1b1_2 e blbO)b, ij& k 2 l,
ak—1 #0, b1 # 0, WKR g = (qr—1- - q1q0)s FARE 7= (r¢---r170)s, TG

n=q-m+r, 0<r<m

R AEHE SR (WAEL):
(1) &

n—m-bFt, MR >m- bt

ny :(al,kl—lal,k1~2"'al,lal,O)b: A -
n—m- bt WH 0 < m- bl

(2) WR ny < m, WiEF L E B, H5

ny —m- bkt WME ny >m- o

ngy = (az,krlazkz—z e 'az,laz,o)b =
ng—m-bF—t=1 R < m bRl

(s —1) WK ny_p <m, WIHL L FN, HH

Ns—1 = (03—1,k,,,—1 s as—1,1as—1,o)b

ng_g —m - bke—271 WR ns_y >m-br27l)

Ns_g —m-br—21=1 WP n o < m.bFe2—L
(s) WfG, ne_1<m. Hr=n,, X qf

n=q-m+r, 0<r<m.



1.2 BHIRR

5l 1.2.9 & n = (51328)10, m = (428)10. W n-m = (119)10 - (428)10 + (396) 0.
i HmfE¥ k=5, 1=3.
(i) WH n>m-1051 Frelitss

ny =n—m-10*"! = (8528)0.
(ii) ky = 4. BN ny > m- 1054 FrLAH5
ng =mny —m- 108071 = (4248),,.

(i) ky = 4. BIA ny < m- 10k2=1) FrRAUHE.

ng = ng —m - 10F2 7171 = (3820),,.
(iv) ks = 4. BIA ng < m- 1054 Brebits

ng = nz —m - 10%7171 = (3392),,.
(V) ks =4. A ng <m - 1051 B

ns = ng —m - 107771 = (2964) .
(Vi) ks = 4. Bk ng < m - 1054 FTLLTH5

ng = ng — m - 10¥ 7171 = (2536) 1.
(Vil) kg = 4. BN ng < m - 10k~ FrEATHE.

ny = ng —m - 10%71"1 = (2108).
(Vi) k7 = 4. A ny < m- 108770 BRRAVHE

ng = ny —m - 10¥ 7171 = (1680) 0.
(ix) kg = 4. KN ng < m - 10k~ FrLAH5E

ng =ng —m-10%"1 = (1252)10.
(X) kg = 4. BIA ng < m - 10k—1) FrLATHE

nio = ng —m - 10F 11 = (824)10.
(xi) ko =3. A nyo>m- 10k~ FrLHHE

n1 = ni — m- 10507 = (396) .
(xil) fJaE, niy <m. Hr=mny = (396)19 , ¢ = (119)10 15

n=q-m+r, 0<r<m.
1.2.2 HEEZM

LEVHE R T R e, ®ag HI LR A5
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X O FHFSHh o F5.

X O HS. & f(n) M g(n) R IEHE n KIEERE. WRAAEMEFH C, 53T
FERH) IE3EH n #A

f(n) < Cg(n),

AR g(n) B f(n) BIFR, iHE f(n) = O(g(n)), WK f = O(g).

it f1(n) = 2logyn = O(logy 1), f2(n) = 2(logy n)* + (log, n)* + 1 = O((log; n)?).

o FB. W f(n) Ml g(n) MRZIEHE n FIEERE. WRXEEADNIESR e, fF4E—
MNEEE N, HEAMERAIEREE n > Ny #A

f(n) < eg(n),

B g(n) BLL f(n) BMBIEFE, iLE f(n) = o(g(n)), BN f = o(g).
B, fi(n) = 2log,n = o(n), fa(n)=2n?+3n+1=o(e"),
UK EG ER P e >0, 5

f3(n) =logyn = o(n®)
AMXHMERSEMREH N >0, f
fa(n) =n& = o(e™).

bR R T AR R s AT LAHE B B AR R
B f(ny, - ne) B og(ny, - i) 2 k BIEES ny, - ne MIEERE. WRAFE—
MEFH O, FRAMERM & EIEEE (ny, - i) #A

f(nlv"' ,nk) < Cg(nlﬂ ,le),

WK g(na, - k) R f(n, -, ne) M5, BAE f(ny,- - mk) = O(g(na, -+ i), FidA
f=0(9).

B, f(n,m) = 2log, nlog, m = O(log, nlog, m).

W f(ny, -, n) B oglng,--- ,ny) #2 k EIEEE ny, - e MIEERE WERMMER
INAIER e, AAAE— D IEEEB N, AFRXHMERM ERES n, > N, 1<i <k #f

f(nl,"' 7nk) < eg('n'l"" ,TLk),

AR g(na, - ne) BE flny, - ne) EBTIESTR, W2AE f(na, - ne) = o(g(na, -+ ,ni)),
WA f = o(g).

B0, f1(n,m) = 2log, n(logy m)? = O(nm), fao(n,m) = (2n? + 3n + 1)m® = o(e™™).

BEAREH AR EE T

FEF AR R, HE TR HIEH R R T, X AME T 2 R T S, T AN O]
FiaB TR, it 88, WEVE. B ENET R RS, T EHER AR IS
) bRy is SR

hRs%.

I 18] (@ + b) = O(max(log, a,log, b)). (1.6)
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W a = (ak—10k—2 - 0100)2, b= (bk—1bk—2 - b1bo)2, M

a+b=c=(cxCr—1---C1C0)2

SNpe=
Ag—1 Gg—2 -+ @1 Qo
+ b1 b2 - b1 by
Ck Ck—1 Cg—2 - C1 C

FRiEE R AR (WA A):
(1) 2R ag +bo < 1, ML ¢o = ag + bo, do = 0. N, B

co=ag+byg—2, dyg=1.
(2) PUES a;+by+dy <1, T HY c1 =a; + by +dy, di =0. EJH\U,EX

co=a1+b+dy—2, dy =1.

(k) W ag—1 +br—1 +di—2 <1, WHL ¢y = ag—1 + br—1 + di—2, dr—1 = 0. N, B
Ch—1=0ak-1+bp 1 +dro—2, dp1=1.

(k+1) BeJa, B cp = di—1.

R nEIE R IE IR 2 A k+ 1 < max(log, a,logy b) +2 .
KRk, 451830 (1.6) BOL.

f5l 1.2.10 1% a = 11100110, b = 10101010, A a + b = 110010000.

11100110
+ 1 01 01 010

1 1.0 01 0 0 0O
.
18] (a — b) = O(max(log, a,log, b)). (1.7)
W a = (ak—1ap—2- - a100)2, b= (bp—1bx—2---bibg)2, AGIW a > b, N

a—b=c=(ck—1---c1c0)2

M5
akg—1 Q-2 ~--° a1 Qo
— b1 bp2 - b1 b
Ck—1 Ck-2 - C1 Cg

ERieH R AEEN T (WA EE):
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(1) a2k ag = bo, WHL co = ag — bo, do = 0. 75, HX
co =2+ ag— by, do = 1.
(2) ﬁﬂ% al—d0>b1,mUEX Clzal—do—bl, d1:0. EU‘JJ,EY

cp=2+a; —dy—0by, dy = 1.

(k—1) W ar o — dr—3 > br—o, W cx—2 = ar_2 — dy—3 — by_2, d—o = 0. TN, Y
Ck—2=2+ap_g—dp_3—br_2, dp_2=1.

(k) BeJa, W ey = ag—1 — d—2 — b1

R F I LR R R £ N k < max(logy a,logy b) + 1 .
Rtk 458X (1.7) AL

5 1.2.11 3% a = 11100110, b = 10101010, | a — b = 111100.

111001 10
-1 01 01010

0 0111100
ek,
i) (a - b) = O((logy a)(logy b)). (1.8)
W a = (ak_1ak—2--a1a0)2, b= (by_1by_2---b1bg)2, AP a > b, N

a-b=c=(Ckti1-1Ck+i1-2" " C1C0)2

SN =4y F
ak—1 ar—1 ay ao
b1 e bo
ag—1bo -+ aj—1bg -+ arby  aobo
ak—1b; s aj—1b s arby  apb;
+ ak—1b—1 o o arthi-r agb—y
Cktl—1 Ck4l1-2 s Ck—1 et Cl—1 Rlae C1 Co

kTS I BT R T (A B
(HXFjo0<i<i-1,f

(00- - -00)s,

e
I
S

(ak_lb_,- ak,zbj s albj aobj)g = {

S &
Il
p—

(ak—1aK—2---a1a0)2,
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(2) WEB L ATZESE L ATHREHATROINEIE S (R 4 > 2, AT @ — 1 ATRIRIS SRS @ AT 4E
%), 22T

(k+1)+(k+2)+-+(k+1—1) =kl + (1 —1)I/2 < 2kl

WK HLEFIZ S
B, 458X (1.8) L.
5 1.2.12 3% @ = 11100110, b= 10101, M @ -b = 1001011011110.

—
= = =]
—
o
—

BRIE.
1] (a = gq-b+r) = O((logy a)(log, b)). (1.9)
W a= (ak—1ak-2---a1a0)2, b= (bi_1bi—2---bibo)2, AWK k > 1, ar—1 #0, by # 0, W
K qg=(qo—1-- q1q0)2 MR r = (r,---1170)2, 18

a=q-b+r, 0<r<b

I RRERE SR (A& ENEAL):
(1) 5

a—b-2F1 a>b. 2kt
ny = (@1 k,—101,k—2 - 01,101,0)2 = X
a—b-26-1-1 g < p. okt

(2) W ny < b, WizF L b FW, 1HH

nl—b-2’°1‘l, n12b-2k‘*l

Ny = (a2,k2—la2.kz—2 e '02,102.0)2 =
ny—b-2k-1-1 " pn <p.2k-t
(s — 1) TR ny_p < b, MEBHL L. FW, 5

Ng—2 — b- 2’%_2_[1 ﬁu% Ng—2 2 b- 2k3727!7

Ng—1 = (as—l,ks_l—l : "as—1,1as—1,0)2 =
Ng_2 —b-2’°-’~2‘l‘1, s Ng_9 < b 2ks—2—1

(s) ®WJa, ns_1 <b. Hr=n,, K qfd

a=q-b+r, 0<r<b.
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BAE>k >ke> - >ke 1 21 Kk >1 Fills—1<k—1. XHABKBEHELM
TR IBE. XFE, RIBHRBEEZ N (k- 1)L

R, g5 (1.9) BT

5] 1.2.13 X a = 111010110, b= 10101, M a =q-b+r.

B ok k=9 1=5

(i) A a>b-28 FrLAitE

ny = a—b-2"1 =10000110.
(ii) ky =8. KA ny < b- 2870 BrLATHSE
ng =n; —b- 207171 = 110010.
(i) ko = 6. A no > b- 2k~ BTLATHE
nz = ng — b - 10%27! = 1000.
(iv) BJa, n3 < b. £ r = ns = 1000 , ¢ = 10110 f§45
a=q-b+r, 0<r<b.
1.3 BAX2EHE XERJLEHFRE
1.3.1 mALEHE

EVH IR SR T B, ANOUEL I AN SR RIS, T L 1 o A SR A S IR B,
Sl EATT IR R K A DR A Bt K A R o B

EX 131 Kay, -, ap n(n>2) MEK ZEHKJRENTEAHKGE K,
W d kMK ar, -, a, I—NLEEL

d & ay, -, ap —ANERGHKFREXS

d|ay, ..., d| a,.

o REH a1, ..., an FEAR, A ay, ..., a, GFHL2BHF RXG—AAE
ot R K 2B, 2F (a1,...,a0).

A, B (ay,..., an)=18,%ay, ..., e, BEXRER.

E1 d>002 ay, -, a, KERKAPEECARIEAX T ROE KN

(1)dl|ay, -, d| an.

(ii)# el|ay, -, e|an, We|d

VEWEHE 1.3.9 F .

E2 ab MRKAKE d=(a,0) RES

{s-a+t-b|s, teZ}

PR ERERL Fe b, e 1 (1) AR 113 WU BRSSP T A T E L 4 11
58, SRR R 1.3.7 KU d RZESPRITE, NI d 2D IEEEH
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E 3 ar, -, an MEKAKE d RES
{Sl‘a1+"'+sn'an|517"' ,S,LEZ}

o R /S IE R

5 1.3.1 AAEI 14 A0 21 9B HH {1, £7), EMNHRRABEE (14,21) = 7.

i 1.3.2 AANES 15 F 21 ¢92AHH {£1, £3}, ENHRKARHK (—15,21) = 3.

fil 1.3.3 =/NE414, —15 Ao 21 B90B R {£1}, EMNEIR KBS (14, -15,21) =
1 RAVL, =314, —15 2 21 REEH.

il 1.3.4 &K a, b AAAEL, N (b, a) = (a, b).

51 1.3.5 & a, b RAANEEE. R b|a, W (a, b)=0.

B 1.3.6 KpR—ANEHK o HFEHK wRXp fa,Ma5p BE.

E W (a,p)=d W d|pLd|a. KApZ2FEE FTUHd|p, Ad=180d=p

MNfd=p Hd|a fip|la XEHREp faFE, B, d=1, B (a,p) = 1. &&
AL uEEe.

T 1.3.1 Kay, -, an & n DD HRGEL N

(i)ay, -, an 5 lay|, -, |an| 92> BEEA0F;

(ii) (a1, ,an) = (laal, ..., lan])-

E (1) Bd|a;, 1<i<n, BHP 112, fd||a], 1<i<n, Way, -, a, MWAKK
A |ay], -+, |an| A

RZ, ¥ d||ail, L<i<n, WA d|a, 1<i<n, W |a], -, |a.| BRI E
ay, -+, Qn Bgé}[ilﬁ
(i) B (1) 3248 (ii). UEHE.

Bl 1.3.7 K a, b EAANEE WA (a, b) = (a, —b) = (—a, b) = (|a|, |b]).
5l 1.3.8 &

(1) (—14,21) = (14, -21) = (—14,-21) = (14,21) = 7.

(2) (—15,21) = (15, —21) = (—15, —21) = (15,21) = 3.

ETE 1.3.2 X b AME—EES N (0,b) = b.

M BRUOAATATAE TR 0 IMPREL i IE 2% b (B KRECh b, BrLL

(0,b) = b

51 1.3.9 #& UE.
(1) (0,21) =21.  (2) (—15,0)=15.  (3) (0,b) = |b|.
FEA S a, b, ¢ MBKRANBKRR (a,) = (b,0), MREMHL

a=q-b+c|,

2T b ok R A DA KRR LB AR, Wi E K A EL (a,b) (EHE 1.3.4).

EH 1.3.3 K a, b c RBEANATEARGEY R

a=q-b+c (1.10)

HF g ZEH N (a,b) = (b,c).
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W W d=(a,b), d = (byc), M d|a, d|b HEMHI113 8
dla+(—q)-b=c,

T, d /2 b, ¢ AKE. i, d < d.
[FH, B d | b, d|c 135
d'|q~b+c:a,

LK d & a, b IAREL, & < d
Kk, d =d'. T, &8 1.3.3 o7 UEEE.
5 1.3.10 B4 1859 = 1- 1573 + 286, FTvA (1859,1573) = (1573, 286).
5 1.3.11 B4 1573 = 5- 286 + 143, FT¥A (1573,286) = (286, 143) = 143.

1.3.2 " XHILBEREIRITESEXAEK

BFEA RREARTH R P AN o, b KA RS HEENHBRKA R E X, M
FLRE BRI R 70, IXTE a, b SRR IEER 2T (e 1.6.4). B a, b
SR K (SR, HEH ) il A B e 1R PR X ) 5.

SEIE A RKL B ARG e B 1.3.3, B

WR a=q-b+ec, 0<c<d; M (a,b) = (b,c).

XERE T LU IR a, b KR BRI TSR D RN BN R b, ¢ IBCR 2 BRI
HIT5

Pk, Aroeds i —Fhgk 7 OO LIS BR ik B H AR, RIGIZEK o, b I
P N/NPSE-8

I~ XERJLEJRRE

W oa, b RAEEWNEREL W r o =a, roy =b RESHKILEERE F

r_g = q-r—1 + T0, 0<rg<r_y,
r—1 = q-ro + 71, 0<T1<’I‘(),
ro = qo-T1 + T2, 0<’I‘2<’f'1,
(1.11)
Tm—3 = (Qn—1'Tpn-2 T Tp-1, 0< Tn—1 < Tp—2,
Tn—2 = n - Tn—1 + T, 0<ry <rp_i,
Tn—1 = n+1 " Tn + Tn+1, Tn4+l = 0.

LA RPER, BIRLEAE n 17 rppy =0, XZERH
O=rpp1 <rp<rp1 < ---<rp<rg<r_p=A»,

H b 2 R IEREL
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MR 1.3.1 % a, b RAEEMAELE MAHT /7~ XHIUEAFRER, (L11) & 1y £0, K

n+1 n+1
b> % ((1+2\/5> - <1 _2‘/5) ) : (1.12)
#d, n < 5logh.

iE s AL, WTUE

T‘n—jZFj:%<<#g> —(1_2\/5) )> 0<jsn+l (1.13)

¥ =04 r>1>0=F, £ (1.13) L.
T j=1,FHrmnai>rm+1>1=F, 4 (1.13) BT
Bk j <k <n+1 B, gL (1.13) &AL
MNFj=k+1,f

Tn—(k+1) 2 Tn—k + Tn_(k—1) 2 Fx + Fr—1 = Frt1.

HECEIRMNEEFE X T 0<j<n+1, 8518 (1.13) BT, #drSRor, UEgE.

EM 1.3.4 K a, b RAEZHNEELY U (a,b) =7, £ F r, 2T LBRILEFHRZHEX
(1.11) FRE—ANERLH, HH, 4 a> b8, i H (a,b) 898 E % O(logalog?b).

M ARYES SRR LB AR (111). EH 1.3.3 LR ERE 1.3.2,

T2 = qo - T-1 + To, (avb) = (T—27T—1) = (7'—1,"'0)7
rT_1 = q-ro + 1, (r—1,70) = (r0,71),
ro = q2-T1 + ro, (ro,m1) = (r1,72),
Th—3 = Qqn-1-Tpn-2 + Tpn—1, (TTI.—37 Tn—2) = (7'11.~277‘n—1)1
Tn—2 = n *Tn-1 + Tn, (Tn‘Zv Tnfl) = (T'n—l’r'n.)y
Tnel =  Gni1Tn + Tayl,  (Tn-1,7n) = (Tn,Tny1) = (10, 0) = 7y,

B, SR 1.3.1 , W5 (a,b) HIRFIE]Y

O(logr_slogr_i + --- 4 logr, 1 logr,) = O(nlog alogb) = O(log alog? b)

EF 1.3.4 BT, ==
BRI A s A B K B R IRV BUEE A B 2 e s B b iR 5 BB RE T, BT LA SR A 33
R B K 2 B R vk o

5, RYEEE 1.3.1, KK P BEHUR) R 2 PIECRAL A SR PR SR B e K A P L

HOR, 12 WL BAR R, MR € B 1.3.3, n] LUK SR AN IESEH0) e K  X B Ak
SKEANBUNE SRR B K A G R RS RO L AR ERIE, BRI CEKJL B RERIE, KM
AN ESEB R 2 AL K 0 R — AN IE R dse K8 PR

BeJa, AR E BT 1.3.2, KPS B K A BRI
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1R KRB ATERYE

5 1.3.12 &K a = —1859, b= 1573, it} (a,b).
f# BT 1.3.1, (—1859,1573) = (1859, 1573).
e KL BR AR ERE,

1859
1573
286

|

= 1-1573 + 286,

= 5-286 + 143,

2-143 +

A e 1.3.4, 18 (—1859,1573) = 143.
5] 1.3.13 X a =169, b =121, i+ F (a,b).

i A SO LRAGRRE, A

169 = 1-121
121 = 2-48
48 = 1-25

FirLk, (169,121) = 1.

+ 48, 25 =
+ 25, 23 =
+ 23, 2 =

5 1.3.14 X a = 46480, b = 39423, it F (a,b).
g R XRKJLRRRRE, IiE— R IERREL

46 480
39423
7057
4138
2919
1219
481

= 1-39423
= 5-7057
= 1-4138
= 1-2919
= 2:1219
2-481

Il

1-257

JIvE = HERHERNREL

46480 =
39423 =
7057 =
2919

1219

1-39423
6 - 7057
2-2919
21219

+ o+ o+ o+ o+

3-481

BT LA, (46 480, 39423) = 1.

1.3.3 Bézout ER,

+ 7057, 257
+ 4138, 224
+ 2919, 33
+ 1219, 26
+ 481, 7
+ 257, 5
+ 224, 2

7057, 481
(—2919), 224

1219, 33

481, 7
(—224), 2

M SCBRL AR BRVEI R R, AT g E

1-23 +

11-2 +

2-1 +

1-224
6-33

3.7
1-5
2-2
2-1

2224

5.7
3-2
2-1

+ o+ 4+ o+ o+ o+t

+ o+ o+ o+t

33,
26,

N o ~

—

33,
(_7)’
(_2)7
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Tn = (_qn) “Th—1 + Tn-2,
Th—-1 = (—Qn—l) *Th—2 + Tn_3,
Th—2 = (_Qn—2) *Th—-3 + Tn-4,
Ty = (—q2)-m + 7o,
o= (=q1) 70 + 71,
Ty = (—q()) r—1 + T_o
52#, %?k‘]ﬁi% Tn—1y Tn—2, " ,T2, T1, T0, ﬂ*ﬁ?u%ﬁ S, t {E‘/f%'
s-a+t-b=(a,b).
EIE 1.3.5 K a, b RIEEAAEES N ALEK s, t 1213
s-a+t-b=(a,b). (1.14)

A (1.14) 4§ Bézout (VIfH) 25X,
f5l 1.3.15 % a = —1859, b= 1573, K&k s, ¢, 124%

s-a+t-b=(a,b).

& 1312, F
143 = (—5) - 286
= (=5)-((—1) 1573 + 1859)
— 61573
_ 5. (—1859)

Rt #E% s =5, t =6 L s-a+t-b=(a,b).
f5l 1.3.16 X a =169, b= 121, K&¥E¥K s, t , 1843

& il 1313, F

1 =

s-a+t-b=(a,b).

= (=11)-((~1)-23 +25)

12

(—11) -2

S((~1) - 25 + 48)

(—23) - ((—2) - 48 + 121)
58 ((—1) - 121 + 169)
58 - 169

PRl, #5 s =58, t =81 L s-a+t-b=(a,b).

+ o+ o+ o+ o+t

+ 1573
+ 1573
+ (—5)-1859
+  6-1573.

23
23
(—11)-25
12-48
(—23) - 121
(—81)-121.
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5 1.3.17 X a = 46480, b= 39423, K¥EH s, t , 1247
s-a+t-b=(a,b).

## il 1.3.04, A RADFERRE

1 = (-2)-2 + 5
- (-2)-((-1)-5+7) + 5
= 3-((-3)-7+26) + (-2)-7
= (=11)- ((—1)-26+33) + 326
= 14-((—6) - 33+ 224) + (—11)- 33
- (—95) - ((—1) - 224 +257) + 14-224
= 109 - ((—1) - 257 +481) + (—95) - 257
= (—204) - ((—2) - 481 + 1219) + 109 - 481
= 517 - ((—2) - 1219 + 2919) + (—204) - 1219
= (—1238)-((—1)-2919 + 4138) + 517 - 2919
= 1755 - ((—1) - 4138 + 7057) + (—1238) - 4138
= (—2993) - ((—5) - 7057 +39423) + 1755 - 7057
= 16720 ((—1)-39423 + 46480) + (—2993) - 39423
= 16720 - 46480 + (—19713) - 39423
= (16720 — 39423) - 46480 + (46480 — 19713) - 39423
= (—22703) - 46480 + 26 767 - 39 423.

Tih e A AR DR

1 = (-3)-2 + 7
= (=3)-(5-7+(-33)) + 7
= (—14) - (7-33+(—224)) + 3-33
= (—95) - ((—2) - 224 + 481) + 14-224
= 204 - (3-481 + (—1219)) + (—95) - 481
= 517 - ((—2) - 1219 +2919) + (—204) - 1219
= (—1238)-((—2)-2919 + 7057) + 517 -2919
= 2993 - (6 - 7057 + (—39423)) + (—1238) - 7057
= 16720-((—1)-39423 + 46480) + (—2993) - 39423
= 16720 - 46480 + (—19713) - 39423
= (16720 — 39423) - 46480 + (46480 — 19713) - 39423
= (—22703) - 46480 + 26 767 - 39423.
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RIk, 38 s = —22703, t = 26767 /L s-a+t-b=(a,b).

1.3.4 Bézout Z HYIERR

KT HEZN BT R LB AR LS 1 Bézout ZF X UER, R nseitie) ™ XRJLE
VAR A RS
I"XERJLEBRE. Wa, b RAEEWNEREE, Wr o=a, 7 1=bF

T2 q 1 (]
r—2 = qo - T-1 + To, = )

T_1 1 0 )

T qa 1 o
r-p = q1-T0o + Ti1, = )

To 1 0 T1

0 g2 1 T
ro = Q-1 + T2 = )
1 i 0 T2

Tn—3 qn—1 1 Tn—2
Th—3 = (Qn-1°Tpn-2 + Tn-1, - )
T'n—2 1 0 Tn—1
T'n—2 Adn 1 Tn—1
Th—2 = qn - Tn—1 + Tn, = )
Tn—1 1 0 Tn
Tn—1 dn+1 1 Tn
Tn—1 = n+1 " Tn + Tn+1, — .
Tn 1 0 Tn+1

(1.15)
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VAR

Sj tj . 0 1 Sj_l t]’_l B 'u.j_1 ’Uj,l
uj vj 1 —gjt1 ) \%-1 v (=gj+)ui—1+ 51 (=gi+1)vi1 +tj

#45
{ =1 o { uj = (—gj+1)u-1 + 851
tj = V-1 vj = (—qj41)vj—1 + 1
B,

8 = (—qj)Sjﬁl + Sj—2 *[] u; = (—qj+l)’u]';1 -+ Uj—2
tj = (—qj)tj—1 +tj—2 vj = (—gj+1)vj—1 +vj—2

FH i B R A= B A B K UEEE.
j=mn B, W R E . .
EH 1.3.7 K a, b REZEHANEEL N

sna+ t,b = (a,b), (1.16)

ﬁ{_]:()v 11 21 ""n-l, n, 32’.1 Sj, tj Ja%*&lfiiﬁj

s o=1,8_1=0, s;i =(—q;)sij-1+ Sj_2, )
' i = ()81t i=0,1,2,...,n—1,n. (1.17)
t2=0,t,=1, ti = (—gqj)tj—1 +tj—2,

sob g, — [”‘2} RX (L11) ¥ REAT.

Tj—1
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W A EBEEUEM: M Fj=-2, -1,0,1, --- ,n—1, n,

sja+tjb=r;, (1.18)
He rj = (—gj)rjo1 +rj—o X (L11) PRRE B (a,b) =y, FTEL
Spa + t,b = (a,b).

Xt § VEBCFIAGNERAUE K (1.18).
j=—20 s 2=11t,=0 UK

s oa+t ob=a=r_s.

LRI T = —2 WL
]2_1 Bq—7ﬁs—1:07 t—l:]-» l’j‘&

s_1a+t_b=b=r_,.

LR T j = —1 WAL,
LR AT —2<j<k—1 oL, B

s;a =+ tjb =Tj.
XY j=kH
Tk = (—qr)Th—1 + Tk—2-

AR B, WRE

e = (—qk)(sk—1a+1tk-1b) + (sk_2a + tx_2b)
= ((—qk)sk—1+ sk—2)a + ((—aqr)te—1 + tr—2)b
= sga + tib .

K, g58xtT j = k oL ARIEHCEE AR, L (1.18) XA j BOL, S T
UEBH. HFEE.

R a, b BRASNZRIEFEEE. R EE 1.3.7 KIUEH, #&CUF 7 Uk Rk
MK s, ¢ 1S

sa + tb = (a, b).

B, 2

(1) R roy =0, W2
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=,

T_
Jo = [.—r 2] , To=(—qo)r—1 +7_2.
=1

(2) Wk ro =0, W4
s§=8_1, t=t_;.
U -
S0 = (—qo)s—1+5_2, to=(—qo)t_1+1t_2,
AR

(3) Wik ry =0, W4

=, o E
s1=(—q)so +s5-1, t1=(—qi)to+1t_1,
AR
g2 = [T—O] ;T2 =(—g2)r1 + 0.
T1

G+2Fr;=0(G>2), WL

§=85-1, t=tj_1.
B, HH
8; =(—¢;)8j—1+8j-2, tj = (—q;)tj—1+1tj—2,
PL R

T;—

j—1 _

o ] y o Ti+1 = (—=gj+1)rj + 71
J

BJa, —EA raa =0 XN, £
8§=28p, lt=1,.
B2, TUREEH s, ¢, [E15
sa+tb=r, = (a,b).

ERdEmE 1.1 Fios.
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£ 1.1 T¥E 1.3.7 AR
J Sj ti | @i+ Tj+1
-3 a
—2 1 0 b
-1 0 1 Qo0 To
0 S0 to Q1 1
1 S1 131 q2 T2
n—i2 Sp—2 tn—2 dn—1 Tn—1
n— 1 Sn—1 tn~l dn Tn
n Sn tn dn+1 | Tn+1 = 0
ﬁq]y x‘j-%:J:()y 1, 23 e, N,
4
sj = (—¢j)sj-1+8j-2,
t; = (—gj)tj—1+tj_2,
(1.19)
wn =[5
i+1 = |,
J Tj
[ T = (g T

RV

$j — i T Qj+1 — Tj+1

%Tn-{»—l:OHTj"s:Sna t:tn

sa+th=sp,a+t,b=1r,

&E

= (a,b).

5 1.3.18 % a = 1859, b= 1573. ++ H &k s, t 1£1F

sa+tb = (a,b).
" OWEE 1l &KX 319, 6\
J | 8|t |G+ | Tin
~3 1859
—2]l11]o0 1573
1|0 |1 1 | 286
0|1 |-1] 5 | 143
1 |[-5| 6 2 0
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B BB RTERYE

Hs=-5t=61%

(—5) - 1859 + 6 - 1573 = 143.

5 1.3.19 % a =737, b=635. it H I s, t 1247

sa + tb = (a,b).
i MWL 11 &R (119), B
J ||t |G| || T S ti | @i+ | Ti1
-3 737 [|1]| —6 7 4 10
—2111]0 635 || 2| 25 | —29 | 2 3
1|01 1 | 102 (3]|-56]| 65 3 1
0|1|-1| 6 23 ||4] 193 | —224 | 3 0
Rltk, s =193, t = —224 {75
193 - 737 + (—224) - 635 = 1.
f5l 1.3.20 % a = 46480, b = 39423, it H ¥ ¥ s, t 124F
sa+tb = (a,b).
B MR 11 AKX (19, F
J| s | ti |G+r| Ti+r || J 8; tj Qj+1 | Tjt1
3 46480 || 5 | —67 79 1 | 224
-2 1 0 39423 || 6 95 —112 1 33
-1| o0 1 1 7057 || 7 | —162 191 6 26
0 1 | -1 | 5 | 4138 || 8 | 1067 | —1258 1 7
1| -5| 6 1 | 2919 || 9 | —1229 | 1449 3 5
21 6 | 7] 1 1219 || 10| 4754 | —5605 1 2
3 | —-11] 13 2 481 || 11 | —5983 | 7054 2 1
4 | 28 | -33| 2 257 || 12| 16720 | —19713 | 2 0

Hs=16720, t = —19713 1§

FEEL 1.3.7 M A BASROL. (BA7 LR B

16720 - 46 480 + (—19713) - 39423 = 1.

EIE 1.3.8 M a, b EEW AN LB RAEEZEYK s, t 1247

sa+th=1.
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ME OHRAE e 1.3.7 AT S7 BN 3y S 0 B
i, ¥ d = (a,b), WA d | a, d|b. RIEMBE, FAERE s, ¢ 15

sa+th=1.

JUES)
d|sa+th=1

Kk, d =1, BP3E4 o, b HE. UEEE.
5 1.3.21 X 4 NEHa, b, ¢, d HEXEXN

ad — bec = 1.
n (a,b) =1, (a,c) =1, (d,b) =1, (d,c) = 1.

1.3.5 EBmALEFMH—PHR

BN AR = SNk G &5

FIE 1.3.9 Ka, b REEANTL ARG, d R EESH, N d ¥4 o, b IRK
AR IEE I = St

(i)d|a, d|b

(ii) & e|a, e|b M eld

WE OB A d R e, b RO AEL, WRRE (1) AL

P R LR ARRYE GEFE 1.3.7) 40, fAAE550 s, ¢ 1619

sa+th=d.

i, K ela e|bhif,H
e| sa+th=d.
M (i) BROL.
Sk, Bk (1) # (i) oz, B4
(i) il d RZEH a, b KL
(i) BBI d ARHEH 0, b HOARIBCREBAH, B4 e | d I, 4 Je] < d.
Rtk d K o, b FERA KIS UEEE.
S OEB 1.3.9(11) AU A R A RIEUR BT 2 BRI £
K, i T R BRI (—“— L) 1
(a,b)’ (a,b)
EH 1.3.10 % a, b RIEEANS R ARG L,
(i) #F m RAE—EEH N (m-a,m-b)=m-(a,b).

(ii) ZFAEREH d#HZ d|a, d|b N (Sg) = (‘llc’lf’). R LN
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E W d=(a,b), d = (m-a,m-b). H XEKJLEBRZE (BB 1.3.7), FEEH s, ¢

143
sa+th =d.
P43 [F] e LA m, 15 2
s(m-a)+t(m-b)=m-d.

Hk d | m-d.

XERE m-d|m-a, m-d|m-b. RBIEEH 1.39 (i), FHm-d|d.

Wd=m-d Bl (1)KL

PR (1), 8d|a, d| b, f

Il

a b
(a, b) (|d| STt m)

= (i )
- (3)

PAl B, (a b) _ (@b) K5I, B d = (a, b), B

d d |d|

# (i) oL uEEe.
f 1.3.22 X a = 11-200306, b = 23 - 200306, it F (a, b).
® A
(11, 23) = (11, 23 —11-2) = (11,1) =1,
v A
(a, b) = (11-200306, 23 -200306) = 200 306.
4 B K 2 BRI B S R
EI 1.3.11 Koa, b, c RENESH BHb#0, c#0. %X (a,¢) =1, W
(ab,c) = (b;c).
WE 4 d=(ab,c), d = (bc), FH d | b, d|c B d|ab, d|c FRFEEH 1.3.9, B
Fld|d
Bk, BA (a,c) = 1, 48 XERJLEARE (WeH 1.3.8), fFERH s, t #173
s-a+t-c=1.
Py [F) 3 LA b, 15 3]
s-(ab)+ (tb)-c=0b.
PRI EPE 113, H d | ab, d|c, ATHEI d | s-(ab)+ (tb)-c, B d | b. FFEARIEEHE 1.3.9,
CIESE AN
Wd=d, €L UEEE.
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EFE 1.3.12 K ay, -, an, ¢ HEH WX (ai,0)=1,1<i<n, N
(a1-+-an, ¢)=1.

iE X n AEBCE AN
n=2 0, e 1.3.11, el f e 1.3.8 HEEIEH. ¥ (a1,¢) =1, (ag,¢) =1,
M AFLEHERL s, 1 A 5o, to fH1R

s1-a1 +t-e=1, Sg-ap+ty-c=1.
HET,
(5132)'((11(12):(1—t1'C)(1—t2'C)=1—(t1+t2—t1t26)‘c,
51
(s182) (@ara2)+ (t1 +ta —t1t2c)-c=1

@ﬂ:tv (al - az, C) =1
R n— 1 B, fE AL, B

(a1 an-1, c)=1.
XF n, WIEEANER, H (a1 an_1, ¢) = 1. FIRE (an,c) =1 FEH 1.3.11, 53]

(al c e Qp—1 Qp, C) = ((al .o .an_l)an, C) =1.

BEl i, A BUx BT B e RO UEEE.
BJa, 4 R~ IEHE AT AR 3T (AN AR

() C0) v

E 1.3.13 Koa, bAu, v HMERLARGEH R
a=q-u+r-v, b=s-u+t-v,

Hb g r s, tEHK Hg-t—r-5s=1, 2 (a,b) = (u,v).
iE ¥ d=(a,b), d = (u,v), Wd|u d|v. HEH1.13, A[EFF

d|qgu+tr-v=a, d|s-u+t-v=»

g, d | d .
NHBEA S u=t-a+(-s)-bv=(-r)-a+q-b. FAIFEAEEHd|d.
Kk, d = d'. EFRL. R,
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1.3.6 ZIMEBEMNRALCEHRRITE
AT T W] BRI B K AR X n NEE ay, -, a, FIERKAH
., AT AR 7, BRI BRI A — R AR A BEUN B K A B, B
PRt R R
EI 1.3.14 K ay, az, -+, ap, 2 n NEE Ha #£0 4
(a1,a2) =dp, (dg,a3)=dz, -, (dn-1,an)=dn.

F\h] (al,a‘Za"' 3an):dn 7ﬂ-’ﬁ'&§§k 81, 82, * ', Sn 4i'f‘?
S1-a1+S2 Ay + -+ Sy an =dy

iE X AEECE AN

n=2MW, M (a1,a2) = dy , HAFFEEERL 51, so {ETF s1- a1 + s2 - ap = do, BHRHAL.

% n—1 B, G5 Rar. By (a1,a2) =da, (d2,a3) =ds3, -+, (dn—2,an-1) =dn_1 B,
i (ar,az, ,an-1) =dn_1 , BAFEER 51, 50, -+, sn1 EF9

51'a1+52'a2+"'+5n—1'an—1=dn~1-

T n,®e=(a,a2,-,a,), Hela, ela, -, e|an_1, €| an. RIFFAGEWK:
(a1, a2, ,an—1) = dn—1 DI ER 1.14, 5 e | dpn_1. e B L 19 bR (EH 1.3.7),
FAERH s, t 15
s-dp_1+t-a, =d,.

B3 e|d, Mle<d, K
(s-s1)-a1+(s-s2)-ag+ -+ (s 8n—1) an_1+t-a, =dy.

%—47‘5@7 EE (dn—laan) = dn7 ?%EU dn | dn—l U\& dn l Qnp . lﬁﬁ'ﬁ,

dn | ay, dy | a2, -+, dn | an_1, dy | an.
E, d, <e. ¥ e=d,, G, ke,
5 1.3.23 i HRKAEE (120,150,210, 35).
B HA
(120,150) = (120,30) = 30,
(30,210) = 30,
(30,35) = (30,5) = 5,

T LA K 23 IR 3 (120, 150, 210, 35) = 5.

BLEHE EH 1.39 4

EIE 1.3.15 K ay, -, ap, REF 0 ATLARGES, d REEH N d 2EK
ay, *++, Qn éﬁﬁk/ @&ME%A‘H";{
(i)d|ay, -+, d|an;

(i) #elay, -, elan, Meld
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E BN d REH a, o, g, MEKARE, MERE (1) KoL
FRHER 1.3.14, fFEEH 5., -, s, 115

S1-a;+8z-az+ -+ 58, a, =d.
ﬂ:tai_/le|a17 T, e|aﬂﬁ

e|lsi-ar+sy-ax+--+ s, -a, =d

# (i) oL
Bk, ke (1) A (i) g, ARA
(i) B d 28E ay, -, an FIAKE
(ii) i) d R ar, -, an KIAPIECP BB, A e | d I, le] < d.
I, d 285 ay, -, an MIEROK AL HEEE.

1.3.7 A 20 -1 NEHRESAAEE

NI HTER 20 — 1 EE, DL E R R ARSI (20 — 1,20 — 1).

B3 1.3.1 K a, b RAAERE M 20 — 1420 — 1 BRMZDERARL or -1, &
P or & otk b RERAE R A

E Ma<bil,r=a GRERBTL. 2 a>b X a, b JARKJUESGRE, FEAES
B g KB/ NESRE r 51

GIQ'b+T, O<T<b,

2¢ —1=2"((2 - 1)+2" —1=q (2" —1) +2" — 1,
Hrpgp =2m((2%)9 1 + -+ 20 + 1) AEH, S50 ROL. UEHE.
51# 1.3.2 Ra, b ARAMNERES, N 20 -1 = 2° — 1 $9R KRB 200 — 1.
iE AT SCRRL B ARBRVE 5 1 B 1.3.1 SRR RIS UEHE.

EH 1.3.16 X a, b ARANERY NEHEK 20 1420 -1 ZEHGAZENR o Fo
b L&
(2% — 1,26 —1) =20 _q

M 2@b) — 1 =1 MARBERMZ (a,b) = 1. Bk, BT IEHE.
1.4 EROHE—SHRERNAER

1.4.1 ERAH—TMHR

TS BEBR 1) 1 R
EE 141 Ka b, c REANAEH Hc#0. wwX clab, (a,¢)=1, M ¢|b.
WE— RS FERE 1.3.11 f

c| (ab,c) = (b,c).
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MIM ¢ | b.
WEZ (H#RUEM) A (a,¢) = 1. RAGEH 1.3.8 , FAIEHHL s, ¢ 1575

s-a+t-c=1.

P [R) e LA b, 1533
s-(ab)+ (tb)-c=0b.

Wi e 1.1.3, H c | ab, c| c \J1F
c|s-(ab)+ (tb)-c=b,

Bl c | . UEEE.
Bl 1.41 BAH15|2-75, X (2,15) =1, FfvA 15| 75.
R e U R
EHE 142 XpAEH Fplab,Wplakp|b
WE— #Hp fa, W 1.3.6, 17 (a,p) = 1. FIRHEEEE 141, i p| b,
MEZ (HBAEW) 5 p fa, WARSER 1.3.6, 5 (a,p) = 1. FHARHEEH 1.3.8, fFIERE
s, t 143

s-a+t-p=1.
P9 (] e LA b, 43 5
s-(ab)+ (tb)-p=0b.
W EHE 1.1.3, Hp|ab, p|p AITR

pls-(ab)+(th)-p="b,

Bl p | b UEHE.
Bl 1.42 BAH5(3-25 X5 f3K&5 HFH Pl 5|25
EIR 1.43 Kay, -, an RaMNEH pREHK Fplar---a, W p —FHERE—
Nag, 1<k<n.

iE # oar, oo, a, BRANHERE p HEER, WIARHEGI 1.3.6, /7
(ai,p) =1, 1<i<n
T B 1.3.12,
(ar--an,p) =1,
X5 playan . —

1.4.2 wNAER

T R N A SR

ENX 1.4.1 Kay, -, ap 2 n ANEE F D RX n ANAEE N D HELS n 4306
—/~ DMEBL ay, -, a, BIFTAMEECT R EEHB RANAERL, T (a1, a0
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F1 D>02 ay, o, a, PEBAEEITECERIE X TRUE A
(1) a; | D, 1<i<m

(ii)# a; | D', 1<i<n M D|D.

PEREFE 1.4.5 B0,

2 a,b WEANAEE D = [a,b] ZES

{c|c€Z,alc b]|c}

P B/ IE#E L
X3 ay, -, an MBUNAEE D S

{c|c€eZ,a;le, 1<i<n}

) R/ IE R

Bl 1.4.3 #4 14 Ao 21 $9MEEH {142, £84, -}, A MEEH [14,21) = 42

EIE 1.4.4 K a, b RANEFEEEY, N

(i)#a|D, b|D, Ma-b| D;

(ii) [a,b] =a-D.

(i) ®b| D, WFEEE ¢ FH D=q-b. Xa|D, Blal|qg-b LAK (a,b) =1, R
P 1.3.11 HER, 158 a | g HIAFERER ¢, 15 g=¢q o, M, D=¢  (a-b). &
a-b| D. (1) L.

(i) B a-b 2 a, b AEE. XH (1) %, a-b & a, b AREEPHIHR/MERE,
& [a,b] =a-b.

(1) WEHSER o | D, b| D, BAFHE q, ¢ 18 D =q1-a, D= qo-b. MM,
b-D=gq -(a-b), a-D=gqy (a-b). KA (a,b) =1, Freh) XRKJLE R, T4 54
Bost 1 s-a+t-b=(a,b)=1 #HMD=(s-a+t-b)D=s-(a-D)+t-(b-D)=
s-qa-(a-b)+t-qu-(a-b)=(s-ga+t-q)(a-b), ®a-b| D. k.

5l 1.4.4 &K p, ¢ RANSTREIGFE, U [pq=p-q

1.4.3 BIMAERSSXR2EH

TR 1.4.5 K a, b AAANEEE N
(i)#F a|D,b| D, R [ab] | D;
.. a-b
(i1) [a,b] = (@.b)
iE 4 d=(a,b). WIFEEH 1.3.10, F

a b
(3’2)—1-

@bl _ab
d] - da

SMARYE e B 1.4.4,

HETT [a, b] =“T'b, B (i) AT



40 F1E BB

i

Ul
&g
Q| o
alg

321

ISHES]
ISHIES
SIS

wrﬁaT'l” | D, B (i) B .

1.4.4 ZBAEBEHS/NLAER

N n NER ay, -, an FERADAEE, FTUTEARITNE, FREN KB/ A
A — R B SR BRI /D A58, R R an T

EIE 1.4.6 Kay, -, a, £ n NEK A
[a17a2] :D27 [0270‘3] = D3J T, [Dn—lyan] - Dn7

M [ar,- -+ ,an] = Dy.

WE X n AEBCEREAMEE. n=2 B, F [a1,a2) = Dy , GHLHKOL.

R n— 1 B, AL B [ay1,a2) = Do, [D2,a3] = D3, -+, [Dn_2,an_1] = Dp_1
B, A [a1,a2, ,an_1] = Dn_y .

NFn,% D=[a,a2,-,an), H a1 | D, ax| D, -, an_1 | D, a, | D. RIFEHMK
W: [a1,a2, -+ yan—1] = D1 LARGERE 145, F D,,_1 | D LK D, = [Dy,—1,0a,] | D . 31,
D, < D.

F—Jitfl, 8 [Dn_1,as] = Dn, 85| D,y | Dp LK an | D,. #E1M,

ay I Dna az l DTH oy Ap—1 | Dn: an I D‘n.'
Bl D, & a1, -+, an MAREE. AT, D < D,. 8 D, = D, 85RO UEEE.
B 1.4.5 HHF M55 (120,150,210, 35).
& oA
120-150 120 -150
[120,150] = (20.150) — 30 = 600,
600-210 600 - 210
[600,210] = 600.210) — 30 = 4200,
4200-35 4200 - 35
(4200, 35] = 20035 ~ 3 = 4200.
Fit UA s K 24 LB (120, 150, 210, 35] = 4200.
EIE 1.4.7 Kay, ag, -, ap REFEHK R a, |D, a| D, -, a,| D, R

[alaa21"' 7an] |D



1.5 #H R 41

iE A n AEBCE RGN
n=2 MA@ 2 e 145 (1).
B n—1 (n>3) B, AL, B

D,_1 = [a1,a2,--- ,an—1] | D.

KT n, MIBEANBEMER 1.45, 4 D,y | D LUK [Dp_1,a,] | D . FEARIEEHE 1.4.6,
[Dn—laan] — [alaa21' ot aan] ?5?“

[al’a21"' 7an] | D
PR, im0 BT AT ) me AL UEYE.

1.5 BESHE
AT RER—Fh o) 1%
EIE 1.5.1 (BHOMER)LZESM n> 1. WwRAELELEHK o, b 127

nla®—b, n fa—-b, n fa+b, (1.20)

M (n,a—b) F= (n,a+b) #AE n ¢) A B
W A (n,a—b) A n MEKE, W (n,a—b) A 18 n
XF (nya—b)=1,Hn|a? b =(a—b)(a+b), HH n|a+b GBREFE.
T (n,a—b)=n, #ih n|a—b, SEEFE.
B (n,a —b) & n MERFEE FHE, (n,a+b) & n BEREH UEEE.
Bl 1.5.1 2T n=167-227=237909, A a =16355, b=111&4F

nla?—-b, n fa—b, n fa+bd

VAR (n,a—b) #2 (n,a+b).
IE M a® — b% = 267485904 = 7056 - 37909 LK

a—b=16344=0-37909 + 16344, a+b= 16366 =0-37909 + 16 366

A
(n,a —b) =227, (n,a+b)=167.

EES oS- S NISE G Sw

37909 = 2-16344 + 5221, 37909 = 2-16366 + 5177,
16344 =  3-5221 + 681, 16366 =  3-5177 + 835,
5221 = 7-681 + 454, 5177 = 6-835 + 167,
681 = 1-454 + 227, 835 = 5-167 + 0,
454 = 2227 + 0.
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B 1.5.2 FF n=167-227=37909, A a =5344184, b= 150 1£4%F
nla*>—b, n fa—-b, n fa+b

VAR (n,a —b) #2 (n,a +b).
IE 1 a? — b?% = 28560302603 356 = 753391084 - 37909 LA A

a—b=>5344034 = 140- 37909 + 36774, a+ b= 15344334 = 140 - 37909 + 37074

A
(n,a—0b) =227, (n,a+b)=16T7.
XS K 2 VB S
5344034 = 140-37909 + 36774, 5344334 = 140-37909 + 37074,
37909 = 1-36774 + 1135, 37909 = 1-37074 + 835,
36774 = 32-1135 + 454, 37074 = 44-835 + 334,
1135 = 2-454 + 227, 835 = 2-334 + 167,
454 = 2.227 + 0, 334 = 2-167 + 0.

1.6 EBMBEREAREE

1.6.1 HAEKEE

RIS 24, JFUEM T AN BEEE — N R FHEEIEH SR T L%
ANREE B TR, 10 HZRE R R ME— ) (FEARH EIRBUBF I T).

EE 1.6.1 (BAREXER) £ n> 1 FTRRFTRERG IR, LERE ER
BRI HEAT, AR XRE—, B

n=p1---Ps, P1 < - < Ps, (1.21)
L op REHK FEFE

n=4q---qs, Q<< q,

Hb g REM W s=t p=q, 1<i<s.

W ESEHBCEFANEIEN: AT 85 n > 1 AT LLRAAREFHFE, B (1.21)
oA

n =2, 1 (1.21) BRI

T < n MIESEEL, 5L (1.21) BaL.

X IEEH n, #7 n 2 FE, WK (1.21) XF n AL

#on AR WA IEEE ny, ny H18

n=mnp - ng, l1<ni<n, 1<ng<n.

AR R, 7

/ / ! /
Ny =Py Py N2~ Pyt1 " Ps-
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T,
=Py Py Pyuyr P
A p FEIE R (1.21), #aR (1.21) X F o oL
R H 2 gL IR EE, X (1.21) X n > 1 R8T
FEHRIE A EME—1. BRdf
n=4qy---q, Q<< g,
Hrp g, EFEH W
P1- " Ps = Q1" G- (1.22)
Z5)id pilaiq- FRYE & B 1.4.3, {F1E q; 13 P1 | qj - (5} P1, Gj ﬂ%%ﬁ, [iVd P1 = @q;-
[RIEE AF4E pr 18 q = pr. XFF,
1< Pk=q < g =p1,

Pa Dy =g g
[ FERTHES po = qo. LABRIEHE, AI15 2

pP3 =43, -+, s = Pt-
LA s =t. =y
Bl 1.6.1 B # K 45, 49, 100, 128 &9 B 0 X.
R R¥EEH 161,

45 = 3-3-5, 49 = 7-7,
100 = 2-2-5-5, 128 = 2.2.2.2.2.2-2.

AT S M ek R K DA B K, nT RS AR IR () AR S il B R K, B

p. § ang .p:pa’
N —

[e3

ER 1.6.1 AfRABI T
EI 1.6.2 3 n> 1 TAE—HE TR

n=pi" Py, 0 >0,i=1,-,s, (1.23)

HF pi <p; (i<7) AEH
3 (1.23) A n MERAES BER.
5l 1.6.2 5 hEH 45, 49, 100, 128, 1024, 4096 #3475 F X,
R ORAEEM 161 M 1.6.1, 7

45 = 32.5, 49 = 72, 100 = 2%2.52,

128 = 27, 1024 210 4096 = 2'2.
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1.6.2 HAEKFEHRHINA
ARG F SRS A 5 B S B B v 5
FERN TR, S 1 3R 7 S L, #EH1 DR o 2 5
n=pf--p¥, @ >0,i=1---,s. (1.24)
B S RO P
EIE 1.6.3 & n AXT 1 69— %M, BFFENBX
n=pf-.p%, a;>0,i=1-,s,
W dR&ntERMKYSBRY dHRESBX
d=p" - pl, i>p20i=1, s (1.25)
iE ®d|n, H d AR "
d=p»...pP, B:;>0,i=1,---,s.
n—Efy
a; = Bi, i=1,---,s.

TN, F7E 1 <i < s, 188 a; < Bi. ARG oy < By B d | n K pP | d, 7T
P opps e
Py R pt, 1931

P | psR el
FRARYE B 1.3.12 HER, fF7E j, 2 <j < k f§18

P ij-

XA g X (1.25) L.
Rtk #5730 (1.25) Bor, W)

AR, BAES

XL, d | . UEEE.
5 1.6.3 X EEH n A BESHX

X (2% e
n=pi---ps*, o >0,1=1,---,s.

R 6 B S
d(n) = (1+a)--- (1 +a,).
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B d REH 0 MIERS RIEEH 163 f
d=P1l“'Pf”, a; =2B;=0,i=1,---,s.

B4 By ZRMTERE 0~ ay £ 1+ 0y NME, -, B, MBATERIZ 0~ ay 3 1+, A

A, Bk n BIRIEAN KA
dn) =1 +a1) - - (1+a).

UEYE.

T B2 R BRI /N A 3 B M R
EIE 1.6.4 X a, b AW LR AHAEBRHK>BX

— aq X g T
a = P, ”'psqv 011120»1—1,"',3,

b=p...pf B;>0,i=1,---,s.
W a Fo b 645 KB AR MGG A A B X
(a,b) =p{*---pl, Yi = min(a, B;), i=1,-",s,
[, =pi* - opd, G =max(a,f), i=1, s
IE ARYEE I 1.6.3, JNIEEEL
d=p)---p},
WAL B R RBOR 87 5 X 1.3.1, BTLA

(a,b) =p{*---pJ.

IR, 5
D=p}---p,

L N A SRR € X 1.4.1, PTLA
[a,b] = pi* - - plr.
I W oa, b EHIEEE,
(a,b)[a, b] = ab.
E XHMEE¥H o, 8, F
min(e, 8) + max(a, f) = a + S.

R4 e # 1.6.3, HEWR KL, EEE.
B, MBI RB X (1.24), 7URRZ A G BR A BB DA

{558
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EFI 1.6.5 & ay, -, ap 2 k NEESE A EFRHLLSMX
aj=pi" - p¥i, @; 20, 1<i<s, 1<j<k

M ay, -, ax HRRDEHFRADMEHS AR B MK

(a1, -+, ag) =pi*---pJ°, v = min(a;y, -+, k), 1<i<s,
] «
[alv ...’ak]:pll...pgs’ 6i:max(ai1,---,aik), ISZSS.

E ARYEEFE 1.6.3, AT
d=p{" - pJ,
W AL B Ko LB B e S 1.3.1, FBITBA
(ah ceey ak) :p’ln ...pZS_

Js

S- ?

D=pip
WAL BN A B B E R X, P

[al’ ceey ak] :p{lp‘zs

UEEE.
FIHERE 1.6.5, W] HESR AT 4 NS 5K 2 BB BN A58 (HLB) 1.3.23
B 1.4.5).
] 1.6.4 HH %3k 120, 150, 210, 35 # 5 KA B HAe ik 23
R MRyEeH 161,

120 = 23.3.5, 150 2.3.52,

5-7.

210 = 2-3-5-7, 35

AR e 1.6.5,
(120, 150, 210, 35) = omin(3,1,1,0)  gmin(1,1,1,0)  gmin(1,2,1,1)  7min(0,0,1,1) _ g
AR
(120, 150, 210, 35] = gmax(3,1,1,0) | gmax(1,1,1,0) , gmax(1,2,1,1) , 7max(0,0,1,1) _ 490,

BJa, RIS ME— RBOMRR, ATERHH DL R 455, 45 3ok T AR A i
EE 1.6.6 K a, b EAANEEK NEEEM o |a, V| bR

a b =[a,b], (a',b)=1.
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IE KPR o, b BEAT R B

3
a=pi---pg,  b=p--pl,

Hb o, 2620 (i=1,--,t); i>;20G=t+1,---,s).
HY
o = pfteepft,. B =plitghh,
MK o b BIK BTk JF e
5l 1.6.5 X a = 79720245000 = 23.54-116.32.79 b = 9318751596 = 22.5°.113.36.74,
B
a=2°.5.11% ¥=3%7, (d,¥)=1,
JUES)
a b =2%.5.115.3%. 7" = [a,}].

5l 1.6.6 & n AaH, p R n e9FBEL & p* || n (B p* [ n, 42 p*t! [n), M p* f (Z)

e (Z) _ n(n—l)--{:,!(n—p—kl)‘

W p In, Bn=n"p* (W,p) =1, MHNTF1<k<p-1L,fF (n-kp) =11
W, pln— (n—k) =k, FJE. MIEEH 1312, F (n—1)---(n—p+1),p) = 1. M\ifij,

(n) _n(@-1--@-p+l) _, (n-1)---(n—p+l) .
P

p (p—1)! (p—1)!
112)
, m=1)---(n—p+1) _
(n (p—1)! ’p)—l’
(83 n e L
Hop™ f (p) UFEe.
B 1.6.6 ¥ H T AKS FRIUER.
1.7 EHE’

W n(r) RNl = FEEBAH, B

RRTEEANBIRE. WP e 1.1.8, FELITEZANEL, X2 B, n(x) b z BT
LR 2 () 7EXTE] [2, 1000] _ERIEIE, LK —or ZHIA B,

z [2]10|50]| 100|500 | 1000 | 10* | 10° 108 107 108

n(z) |1 4 | 15| 25 | 95 168 | 1229 | 9592 | 78498 | 664579 | 5761455




48 B1E RO

Prime’s number

I60i—
|40i—
120;
lOOi—
s0f
602—

40

L

L 2 S S S S S S S S
200 400 600 800

B 11 «(z) MEE
BAIFEEE n(z) FRAAR. BT I EEA 15, R g RyEX B A5
TEVEA0UE Bk 2 3 nT DA B A O .
EIE 1.7.1 (REEEEXRER) &K z>2, WA

I J
1000

In2 =z z
Tm < TI'((E) < 61112@

Fa

1 8
mnlnn < P < mnlnn, n > 2.

£ p, F n NEH
EIR 1.7.2 (EVEE)
m(z)
T

Inx

lim =1."

1.8 3@
(1) iEW: #F 2| n, 5|n, 7| n, W 70| n.
(2) UEH: WIR o REHHL W o® — o B 3 HERR.
(3) WEH: HAFEEE I AT 8k + 1.
(4) UEW: TR =AML BB TRA AR 6 HEBR.
(5) UEB: X FALL A IESE k, AT k NESEIE BEEH A%
(6) UERH: 191, 547 #PEEEL, i 737, 747 H G
(7) UEWH: # 5 | n, 11 | n, W 55 | n.
(8) M REAFAEXFENER a, b, ¢, EfF a|b-c, Ha fb,a fc?
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(9) B p RIFEH n ME/NEREL W 5 p>ns, W g REH

(10) ¥ py < p2 < p3 EEB, n RIEEEL 37 pipops | n, W py < ns, py < (n/2)5.

(11) FIH] Eratosthenes JiivZ3K i 500 LA ()4 2

(12) UEM: AT—TB 3k — 1, 4k — 1, 6k — 1 JER A IE8EAT RIFEE R Z K%

(13) UEBH: JE 4k + 3 MEBA LI 24

(14) UEM: JEW 6k + 5 MEBH LI 24

(15) € —MEEHOE T — 4 E BHCERR I H.

(16) &5 tH—ANBRJL HLAFBR RS 5 Sk i AR EO0 5%

(17) # 3EH (111100011110101)2, (10111101001110), F e K+ /<.

(18) #5173t (ABCDEFA),,, (DEFACEDA),;, (9A0AB),, ¥4l ikl

(19) BUREFER: b FEHIFEHRD o BERIRUEFR o SEHIEBO b 3EH), XH 6> 1 JFH n
ST IEHHL

(20) iEM: M n=0,1, 2, ---, 39 B, #H n? +n+ 41 ARFEH.

(21) W Hin > 1M 1L 4o+ RN

(22) W m >n RIEEH. EH: 2 —1|2m -1 PRELXHEn | m. UAE—IE¥H a > 2
R 2, G5 ?

(23) WATH a > 2. WAF a | 29— 1 Fs/NEREE d = do. UEW]: 29 B BRJG, Pl AR
HIA R B N AE SR BT do A

(24) UEM: WRFEE a, b L (a, b) =1, B4 (a+b,a—b) =1 BH 2.

(25) # a, b HE, HARINAZE, K (a® + b a +b).

(26) WER: (1) WRIEEE o, b WL (a,b) = 1, AKX TAERIEES n, #A (o, 0") = 1.
(ii) W a, b R¥EH, n EIEEE, HWAL o | b, B4 a | b

(27) UEBH: WR a, b, c £ HFZBEFHEL, BA (ab,c) = (a,b)(a,c).

(28) R LA 00 (1) 5K A R
@ (55, 85). @ (202, 282). ® (666, 1414). @ (20785, 44 350).

(29) 3K LA BEHOH 15k A R
@ (2n +1,2n — 1); @ (2n,2(n +1)); ® (kn, k(n +2));
@ (n—1,n%+n+1); ® (21n +4,14n + 3).

(30) FHREFEAPM KK 3 MEEL

(31) FIEFEHEAHMHEEN 4 NEEL

(32) M) XERJLBRAGBRIERKIER s, t 13 s-a+t-b=(a,b).
@ (1613, 3589). @ (2947, 3772) . ® (20041, 37516) . @ (1107, 822916).

(33) 5 T A& KA BRI D R &
® 7, 10, 15. @ 70, 98, 105. ® 180, 330, 405, 590.

(34) Wm, n NIEEEE, o > 1 BEH. EW: (o™ - 1,a" — 1) = al™™ — 1,
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(35) W a, b EIEHE. UE: 2 [a,b] = (a,b), W a =b.
(36) UEWH: 27 (a,4) =2, (b,4) =2, W (a + b,4) = 4.
(37) W a, b P NAFEEEE. UEH: WREE n > 1L n|a®-b* Fin fatb, n fa—b,
M n A
(38) FIJH (37) MUER]: 737 R 747 #piE A
(39) W a, b RATEPIN AL A THEEL,
(i) 4 m AL 1EE#E W (m-a,m- b =ma,b). (ii) [a,0] = |al.
(40) WEM: V2, V7, V1T #ARATFEL
(41) UEHH: log, 10, logs 7, log,; 21 #l & TCHEL
(42) WH#H a>b>0,n> 1. WEM: a™ — b fa™ +b".
(43) UEW: g | ¢ MIFTREFMARERER p* || g (p WEREE) BAT p* | ¢, KB p~ || g TR
»* | g, p** Jg.
(44) W k L E M ERE. WEV: AT — EHE n BAME KRN n=a- bk, HHP e, b HIE
BE UURAFALE d > 1 813 d | a
(45) B n A, K n Ron A PEECY I7 2 ENRIET Z DT
(46) KT FUASK) FE K B
@ 36. @ 69. ® 200. @ 289.
(47) KT HIA B FE K Bk
@ 625. @ 2154. @) 2838. @ 3288.
(48) UEWA: n [ 28 DRIEM R 2 OBCRR 2 B HC B n RE4 I8
(49) UEM: WISk a,b FBZIEHEEL, IFH o® | 0%, B4 a | b
(50) Kt T 51 &R EK B AR
@® [8, 60] . @ (14, 18]. ® [49, 77 @ (132, 253].
(51) R T H& XTI B R A L (a,b) K/ N AR [a,b).
Qa=2%2-3.5°-7, b=27-3%.53.72,
@®a=2-3-5-7-11-13, b=17-19-23-29.
®a=2%-5-11"% b=2-3-5-7-11-13.
@ a =47 - 79111 . 1011001, p = 4111 . 83111 . 1011000,
(52) UEH: WIS a,b EEEE, A (a,b) | [a,b). W A ARES (a,b) = [a,b]?
(53) UERH: (i) Wi a,b,c #REERE, T4

max(a,b,c) = a+ b+ ¢ — min(a, b) — min(a, ¢) — min(b, ¢) + min(a, b, ¢).

(ii) (a,b,¢)[a,b,¢] = ﬁc—)

(54) W a Ml n #ZIEEE. WEW: om — 1 BRBEHN S a =2 M n =p B BN
M, =27 — 1 FEH Mersenne ZEH. 157 5 1~ Mersenne FAL.
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(55) BEm B WR 2™ +1 BREH, Hm=2" ¥
F,=2"+1
MU n 4> Fermat ¥ B4 22" + 1 MEBOUML Fermat EE. iEW: F, F, F3, Fy
(56) UEMH: 641 | F5, ANITT Fs &&
(57) W pr=2<py < <pn<--- NEBWMEKF. IEW: p, <227 .
(58) ¥ = > 1. iEBH: n(x) > log, log, .
(59) ¥ a, b, c FEEEH, H o, b #IEE, WA E T2

a-z+b-y=c

AR B EEAMIE (a,b) | c. WRAM 2 =20, y = yo, WITRER—VIE AT RN

b a
@)’ yzyo+t-m, He =0, +1, £2, ---.

(60) 3K 7z + 4y = 100 FIHEE .
(61) & ay, az, -+, Qn, N IE]l:%%L n > 27 D]-IJZ:ET"E

r=xg—t-

a1z + asxs + -+ apty, = N

BRI VELZMNE (a1,a2, - ,a,) | N.
(62) 3K 9z + 24y — 5z = 1000 I — V1K fi%.
(63) 3K 27z + 72y — 152 4+ 7s = 10 [KI— VKR,
(64) B w EIEEE W wv=vw? M—YVIEZIEEHRE u, v ATLLG K

u=a% v=>b% w=a-b, a>0,b>0, (a,b) = 1.

(65) AETTHE 22 +92 =22 WIEBEHE T RN
z=2ab, y=a’>—b, z=a’+b B z=a®>—-b>, y=2ab z=ad®+0b>.

(66) NETTHE ot +y' =22 BAHIEREME.
(67) KT 2Lt Z 3 KRR AL K B AT S 0.

z+y+z+w=100

z+y+2z=100

® . &) T+ 2y + 3z + 4w = 300
z + 8y + 50z = 156

T + 4y + 9z + 16w = 1000

BER
(1) BEES Z PRBY, X TREIEH, HA/NEE (ANRED A A /N B e )
KA A7 RIS /N RO ME— 2 e 27 w] B B AT A 2
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(2) el 0B — AN IEHEBOD FH. G S IR E R G ZE I IR 1 5%, TR 10000 LA I
TR EREL

(3) S SEBRRK LSRR (B 1.1.9), JF ] HINT 8 o 2 AT 88 b 55

(4) & SEBLN FHF FLBR 0T — B8 (e 1.1.7) A2 35 0 B0k, wl Il 100 000

(5) dunfa] SR B AN B EO A B R B KA BRIBL G B SE SR B AN BB e K AL E (o
P 1.3.4) A, ATHEEEH 100000 LA P PP 45850 11 B8 K TR

(6) XFE 2 IEHEE m, GCEILHIWEE o BB m HENFIE

(7) G SEBLH Bézout (JIAH) UM EE (e 1.3.7), BIX TN IESEEL o, b, AIHE
HEEHL s, ¢ 7350 (1.16) BOZ,

s-a+t-b=(a,b).
(8) G SEINAER M /i (ERE 1.5.1) MEE, BN T IESE n > 1, iJHREHEHL o, b, 1175
nla®—b*, n fa—-b n fa+b.

B, (n,a — b) M (n,a+ b) #BJE n FIFLHEL
(9) GBS IR BE B 22 B (GE BT 1.6.4) HISVE.
(10) S sEt A E T
ar+by=c

PR3 i AR f.
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2.1 FFRBERERMR

AU WHE T8I REERYE R, R i i s E0R R A, CAX BB T 4 I 025, [A)
KRBT — N EENMS, R ISR i EAFELYE T EEIEY fE
PRI .

2.1.1 RFE&BEE

AP HEREARAREAE? EAAR? BWKRE 2 F ZREE L.
2R RCE TS RGUEXS 26 DT, fF PRI (A8 3 4):

Y |la|b|c|d|e|f|lg|h|i|j|k|[]l|m|n
!

w45 |ale|elg|n]i[i|k[i[m|n]o]p|a]r]s]t]u]v]w]x]y

WA 26 TATECTAL,

0|p|q|r s|t|u vlwlx y|z

Ffflalb|c|d|e|f|lg|h|i|j|k|]l |m|n]|o
!

Hr|o]1 2|3 4|5‘6‘7|8 911011 l2‘13|14 1516 |17 {18 |19 | 20 21|22l23,24 25

U AH L PRI RS AV A 48 Ay

pqrstulvwxyz‘

Br-(0]1]|2(3[4]|5|6| 7|8 910111213141516171819202122232425J
!

B |3(4|5|6(7[8]9|10|11(12(13[14[15[16|17 18'19'20‘21\22|23|24 25101 2|

BRAE, e — N ECF R EOR R R FiR B H#? (a «— (a+ 3) mod 26)
I AT DA 15 3R #

Ber|lo|1| 234|567 (8]9|10|11[12]13|14|15[16|17|18|19|20|21 2223|2425
{

v 0J7j14 21|; 9116|123 |4|11(18(25|6 [13]|20] 1 | 8 |15|22| 3 |10 17[24 5 12|19

BAE, o) BeAS I — DB BRBOR KR IR H? (@ «— Ta mod 26)
FAeith, mT AR 3 — B AR

¥erlol1| 2345670 8|9/10(11]12(13]14[15]16(17]|18[19]|20]21|22|23[24]|25
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BLAE, T BEA ] — D EeA RO R R BB (@ «—— 4% mod 53)
IR, #iE — A

Herlol 12130456789 (10[11(12]13]14(15|16/17|18|19(20

21

22

24|25

!

B |712816|24(43[13[52(49(37(42| 9 |36|38[46|25(47(29(|10(|40| 1 | 4

16

44

BAE, W) e — DN AR Bk RN FIRBH? (0 «— 7 4% mod 53)

ENX 2.1.1 75— ANEEH m. N o, bR AEm BEER, R a—-b#H m %

&, & m | a—b, it a =b (mod m). FN, HMAE m REFK, it a #Z b (mod m).

) 2.1.1 B4 29=1 (mod 7), W 7|29 —1.
[F]#f, 27 = 6 (mod 7) A 23 = —5 (mod 7).
FRFEBESEFE BN THEERS. fl, BE 28 12 8 24 /.

IrEE AR B AR

60, WA 7. BA ARG BB W, 24 1R, BURER. KN ZIRA CHUATPER 2]

RAE.

2.1.2 E&KHIH BT
G Aa] A T PSS BEEL o, b AR RS0

BRI K E S, ML AEROILERERE, BT o — b 08 m BRIGREC (HIXRE
—BUCKK TAE. Bk, 5138 — 2554 AE, DU EAREEHA WP 85 o, b B m 2

[A] 4.
B, I o, b MRIETEACRAIWEEL o, b BEm BT FRR.
EE 2.1.1 &K m 2 —NEEE, K a, b 2R, D

a=b (mod m)
W B RAE N g 197
a=b+q-m.
HE W (2.1) BOL, MR R4 ) A
m|a—b.

SURRHEHERR A2 SC, AFAE— DR g 673 0 — b = g - m, #X (2.2) BT
Beadsk, iR (2.2) ML, BIAFAE DR ¢ iR a=b+q-m, WA

a—b=gq-m.

AR FE R 1) 52 XA

m|a—b.
FHRAE R R E X, ATgnak (2.1) BRAL.

LRAGI AR AMBE L = H5HAHZREKFEEHM.

(2.1)

(2.2)
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Bl 2.1.2 B#A 39=5-7+4, A1k 39 =4 (mod 7).

R, BRI R HA —FEM R (B R SRR AFbE) rPER, i e Tt
H I BT P HEEL o, b B m EFRIR.

EIE 2.1.2 &m A —AEEH, NEm RREAFNXE, B

(1) (ARM ) SHE—%4 a, A a=a (mod m).

(2) (*T#RHtE ) & a =b (mod m), M| b= a (mod m).

(3) (#i# M ) & a=b (mod m), b=c (mod m), M a=c (mod m).

ME PSR 2.1.1 R4S HUER.

(1) (ARY) XHE—%% a,a=a+0-m, T

a=a (mod m).
(2) CHHFREE) 2 a = b (mod m), MIAFZEMERK k 473
a=b+q-m,
NIIEE]
b=a+(—q) -m.
b=a (mod m).
(3) (f#tt) 35 a = b (mod m), b= ¢ (mod m), W HIFAERERL q1, g0 75
a=btq -m, b=c+g-m,
Mifa

a=c+(q +q) m.
KA g + g0 FE2H BTLL

a = ¢ (mod m).

k.
f 2.1.3 B A 39 =32 (mod 7), 32 =25 (mod 7), FT¥A
39 = 25 (mod 7). i M
R B A
39 = 39 (mod 7), 25 = 25 (mod 7), b Rt
VAR

32 = 39 (mod 7), 25 = 32 (mod 7). xF AR

e, IEHEE a, b B m BRIORE, WTLLHINTEE o, b BE m BEFRIR.
EI 2.1.3 Em 2 —ANAEEK NEHKq bEm AR AN LELHR o, bHE m
R R AR R
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WE MRYEEKILRAGERIE, DAAFEREE g, r A ¢, o fEFT

a = qg-m+r, 0<r<m

b = ¢ m+7, 0<r'<m
P ARk, 15 3

a—b=(q—¢) m+(r—1),
ey

(r—r)=a-b—(¢g—q) m
Kk, m | a—b RS DEZMLE m | r—r. BRI O |r -7 <m, Hm |r—+ RS
LM r — 1 =0, Tl m | a — b MR DEERME r — ' =0, BT iFEE.
5l 2.1.4 A 39=25 (mod 7), B#

39=5-T+4, 26=3-7+4

AR R 4 RS Ok 2R, HLBEBT Invdaas SR Sfeydas AR AT AC Wkl BT AT 45 50458 a, b
Bom ki AL E H R, HEnl HRAIWT a, b B m EEFA.
T 2.1.4 B m R —ANEEEH X ay, az, by, by £ 4 ANEE wFE

a1 = by (mod m), az = by (mod m),
|
(1) a1+ az =by + by (mod m). (2.3)
(ii) ay-ag = by - by (mod m). (2.4)
IE BB, AR 2,01, S AEEREEL 1, g0 A
ar=bi+q-m, ax=ba+gz-m,
NI}
ait+az = bi+ba+(q1+g2) -m,
ar-az = by-ba+(q-m)-ba+b1-(g2-m)+ (q1-m)(g2-m)
= bi-bat(@n+a+q- g -m) m (A #ett)
KA g1+ q2, @1 + g2+ qu - qo-m HEEEE FrUURHE R 2.1.1, aJA1aK (2.3) A1 (2.4) B
S, BV BERRAT. UEYE.
5l 2.1.5 €4 39=4 (mod 7), 22 =1 (mod 7), FfvA
61 = 39+22 = 4+1 = 5 (mod7),
17 = 39-22 = 4—-1 = 3 (modT7),
858 = 39.22 = 4.1 = 4 (mod7),
1521 = 392 = 4? = 2 (mod?7),
484 = 222 = 12 = 1 (mod?7).
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Bl 2.1.6 2003 F5 A 9 BREHA, FF 2200 AR EHIL?
fE KA
2! =2 (mod 7), 2°=4(mod7), 2°=8=1 (mod7),
X 2003 = 667 - 3+ 2, LA
22003 _ (931667 . 92 = 1.4 =4 (mod 7).
WO 22003 ORI
EIE 2.1.5 & rz=y (mod m), a; =b; (mod m), 0 <i<k, R
ag+arz+---+apzF =bg+by+ -+ bry* (mod m). (2.5)
ME Wz =y (mod m), HEH 2.14, 7
=yt (mod m), 0<i<k.
N a; = b; (mod m), 0<i<k. HENXNIATE, 3
a;z' = by’ (mod m), 0<i<k.
B e, KX s E R A0 AR, /332150 (2.5). UERE.
SEHL 2.1.5 AT LA Bh DG st i — Lo RBOR B 3 B9 BERR.
EH 2.1.6 M 0 A HHA AT
n:ak10k+ak‘110k_l+--~+a110+a0, 0<a; <10.
W (1) 3| ntgAnbEBHFML
3| ar+--+ ao. (2.6)
(i) 9| n Y AS,BHMHR
9|ak+---+a0. (2.7)
iE KA 10=1(mod 3), X 1" =1, 0<i<k Frbh, RIFEEH 2.1.5, F
apl0F +ap_ 110 '+ 4+ 0110 +ag=ar + - - +ao (mod 3).
BRI,
arl0F +ar_110F 1 + ... +a;10+ag =0 (mod 3)
AT =S S
ar + -+ ap =0 (mod 3).
25 (1) BROL.
[FE, g5ie (ii) AL UERE.

5 21.7 & n=>5874192, 1 3 | n, 9| n.
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A
ak—|—+00=5+8+7+4+1+9+2:361

X 3136, 9|36, IRIEEEL 2.1.6, 1 3| n, 9| n.
f5l 2.1.8 & n=637653, W n L 3 FEHR, 2R 9 ER.
B A

ar+---+a=6+3+74+6+5+3=30=10-3,

X 3|10-3,9 f10-3, ARFEEH 216, 73 |n, 9 fn.
EH 2.1.7 M A —Tatsl T

n = ax1000% + - - 4 ;1000 + ag, 0 < a; < 1000.
W) 7(R 11, K 13) R n 6 AL BHHFR T (11, K 13) AR

(a0 +az+---) (a1 +az+---).

iE KR
1000=7-11-13 -1 = —1 (mod 7),
Fr LA
1000 = 1000® = 1000° = - -- = —1 (mod 7),
LR
1000? = 1000* = 1000° = - -- = 1 (mod 7).

g EH# 2.1.5, a] LR85

a,1000%F + ax 1100051 + ... 4+ ;1000 + agy
= ak(—l)k+ak_1(—1)k_1+-~-+a1(—1)+a0
= (ap+az+---)—(a1+az+---) (mod 7).

It 7 | n BFE > B
7| (ap+as+---)—(ar+az+---).

BIE5RX% T m = 7 AL

[RIFE, Z58%) T m = 11 8% 13 H K0T JEEE.
5l 2.1.9 % n = 637693, M n 4k 7 Bk {2 R4 11, 13 k.
.S

n = 637 - 1000 + 693,
X
(ag+ag+---)— (a1 +as+---) =693 —637 =56 =8 - 7.
FrLA n 8% 7 #EBR, (HABE 11, 13 #ERR.
5 2.1.10 &% n = 75312289, | n #& 13 R, (2R 7, 11 FEK.
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i A
n =75 - 1000% + 312 - 1000 + 289,

X
(ap+az+---)— (a1 +az+---)=(289+75) —312=52=4-13.

FTCA n # 13 #EER, (BAHE 7, 11 EFR.

2.1.3 FRBIMER

T, g e R L
T 2.1.8 B m A —NEEH, Kd-a=d-b(mod m). 2@X (d,m) =1, 1

a = b (mod m).
W #Hd-a=d-b(modm), Wl m|d-a—d-b, H
m|d-(a—b).

BA (d,m) =1, ARPEE R 1.3.11 ZHEW, AlfH m | a — b, FTLALE R AT, UFEE.
5l 2.1.11 B4 95 =25 (mod 7), (5,7) = 1, Ff¥A 19 =5 (mod 7).
EH 2.1.9 KX m A —/NEEE, K a=b (mod m), d>0, 1

d-a=d-b(mod d-m).
WE % a=b (mod m), HERE 2.1.1, fAEHERL g, 15
a=b+q-m.

B,
d-a=d-b+q-(d-m),

(A,
d-a=d-b(mod d-m).

fil 2.1.12 B4 19=5 (mod 7), d =4 > 0, FT¥A

76 = 20 (mod 28).

EH 2.1.10 & m A —ANEEHK, X a=b (mod m). WwRE¥EHK d| (a,b,m),
a b m
i=q (mod )

WE B4 d | (a,b,m), FTUGIERR o, V', m/, E17]

a=a-d, b=b-d, m=m'-d.
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BAE a = b (mod m), AT LAFLEREEL ¢ 1115

a=b+q-m,

B
a-d=b-d+q-m'-d.

A,

a=b+q-m,
R

a’ = b (modm’)
LIy

g = g (mod %)

5l 2.1.13 B % 190 = 50 (mod 70), FTVABR d = 10, #F2]

19 =5 (mod 7).
E 2.1.11 K m R—NEEE K a=b (mod m). R d | m, M)
a =b (mod d).

WE A d | m, FTUAFFEREE g 118 m = q - d. XA a = b (mod m), FrAFAESE
g 115
a=b+qy-m.
%A N A5 A
a=b+ (g q)-d

i
a =b (mod d).

Bl 2.1.14 B % 190 = 50 (mod 70), ATVARR d =7, 432
190 = 50 (mod 7).
EM 2.1.12 K my, - ,mp 2 kK ANEES KR a=b(mod m;), i=1,--- ,k, N
a=b (mod [y, - ,mk]). (2.8)
WE #®a=b(modm;), i=1,---,k W
mi |la—b, i=1,--- k.

Wi e 147, 1

[my, - ,mg] | a—0.

XA (2.8). UERE.
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f5l 2.1.15 B 190 =50 (mod 7), 190 = 50 (mod 10) ¥AK (7,10) = 1, Ff¥A
190 = 50 (mod 70).
5 2.1.16 K p, ¢ EREMFE. REM a, biHL

a=b (mod p), a=0b(mod q),

nA

a=b(mod p-q).
iE % a=b(modp), a=b (modp), N
pla—b, qla—b.
KA p, ¢ RANFEIRIZEE, FrUARE € 21 1.4.4, 17

p-qla—b.
B
a=b (modp-q).
UFEE.
EIE 2.1.13 X a=b (mod m), N
(a,m) = (b,m).
HE W a=b (mod m), MAFIERE ¢ 1E13
a=b+q-m.
WA e 1.3.3, 7
(a,m) = (b,m).
uEHE.
Bl 2.1.17 & m, n, o AAEEH WwR
n® # 0,1 (mod m), (2.9)
W A A n #—A % B 4 p 12453
p* # 0,1 (mod m). (2.10)

W RUEE. WRAFAE n F—DNEEE p, 13 p® = 0 (mod m), M m | p*. {0 p* | n2,
W om | ne, Bl n® =0 (mod m). EX5HE KA (2.9) TJE.
WRXS n MR ZRE p, WA

p® =1 (mod m).
R¥EEr 214 (i), f1

n® =1 (mod m).

Xt H5ERE (2.9) FJE. Hik, 88X (2.10) KoL, EEE.
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2.2 FHREERZEEFEHR

2.2.1 FEESFE

DA A ) 2 e — RSN X R, BT CART A5 BY T R R0 AR BT 40 2K, IR R — 4
¥R B Fr, B9 BB — e e B X et R RS B A TR A8 3k S
Wom N IEEEL SRR o, 2
Co={c|c€Z, c=a(mod m)}. (2.11)

C, ZETHEE, WA acC,.
EIE 2.2.1 X m A—AEEK, D)
(i)fE—%Htaeshk—4AC F, 0<r<m-1
(i) C, = Cp AN X EBFMHR

a = b (mod m). (2.12)
(iii) C, & C, R EAZRO AN LEFTHR
a # b (mod m). (2.13)

IE (1) W oa AMAT R RIEROLEARE (WER 1.1.9 ), fFEME 8 q, r
13

a=q-m+r, 0<r<m.

K, 5 a =7 (mod m), a FLE C, .
(ii) A a € C, = Cy, FrLAL B AT
FHE 7R, WEE o, b ALK AR (2.12), B

a=b (mod m).
HHEAEW €, = G Bl XHTEMEE ce Co, A

¢ = a (mod m).
ik (2.12) FoEH 2.1.2 (iil) (Fesdk), nI193)

¢ = b (mod m).

Xt ce C, UL C, C G
[ RE, SHMERHIES ce Cy, 1

¢ =b (mod m).
i (2.12) FoE e 2.1.2 (ii) (6FRME), AT 31

b= a (mod m).



2.2 BEREXLTZEFRR 63

FReHe B 2.1.2 (iil) (fEitt), 93
¢ =a (mod m).

X ce C, LK Cy, C C,.
W C, = Cy.
(iii) | (1) SZEPFF B BEPE. Rk i 78 70 .
MuE:. B C, 5 ¢y MAZHEARSS, BIFAEREHL ¢ Wit ce C, S c e Gy, WHT

c=a(modm) K c=b (modm).
XA AR AR, BB 2.0.2 (30) O RREE) |, Algn
a = c (mod m).
PN E B 2.1.2 (i) (fetE), 145
a=b (mod m).

XEBREFE, 8 C. 5 C, MAEANTE. E Y.
ENX 2.2.1 C, MMM m 6 a RIEFE —ANMREEPHE—HKBEZEATIR X
RET. £ ro, 11, -y Tmo1 2 m N, FHEFEAANRBETERN —NFRAEXL,
M 7o, -y T R M A TEEFRRER
B m FREA m A, B

Cos Chs =+ 5 Copt- (2.14)
AT B G R AL — A, T8 S R
Z/mZ = {Cy, C1, -+, Cu_1} ={Ca | 0< a<m—1}. (2.15)
RS, 4 m = p N FEEON, WK
F,=Z/pZ ={Cy, C1, ---, Cp1} ={Ca |0<a<p—1}. (2.16)

1 BIARLLES B AN EN R R EN K, AN TR BRR (W
B 2.1.2).

E 2 Z/mZ ot E A AR A T A R 8 R AR TR AT Y XN R )
KIS AT 38 42 AR JT R IR HL.

£ 3 Z/mZ honEMM ke e A

Ca ® Cp := Caysp (2.17)

PR SR A ERI, S A TR AR s T OB (BEFITAEHE 2,14 ().
4 Z/mZ TR S XN

Ca (2] Cb = Ca-b- (218)
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I SO EF), S AT F R B R ITHEE (N 2 2.1.4 (ii)).
EF5
(Z/mZ)* ={C, | C, € Z/mZ, (a,m) = 1}. (2.19)
XtF Ca,Cy € (Z/mZ)*, 7 Cup € (Z/mZ)* (N ERE 1.3.12).
Bl 2.2.1 KEEE m =10 HEEEK o0, £

Co={a+k- 10| keZ}

RAEm =10 R X
0,1,2 3, 4,5, 6,7, 8 9~ 10 —NE2FRER.
1,2, 3 4,5 6,7, 8 9, 10 48 10 [—NELFERER.
0, -1, -2, =3, —4, =5, —6, —7, —8, —9 A 10 HI— P ELEFIRA.
0, 3, 6,9, 12, 15, 18, 21, 24, 27 AKL 10 —PEEFR A,
10, 11, 22, 33, 44, 55, 66, 77, 88, 99 A 10 — DR AR,

2.2.2 EEFKE

T4 H m ANEER A SRR R R R

TR 2.2.2 KA m A —ANAEEE, W m A rg, vy, -, Ty AEm H—ATE
4 Rt Ay e B 5 R CNAE m BFARE 4.

WE Wro, 1, o, Tmo1 2 m AR R R 2.2 (i), B m B
LENEES '

itk ¥ ro, T, -, Tmo1 BRom BBAES. R EEE 2.2.1 (iii), X m DNEHFH
ATAT] R AN SERIEANLE [A] — DA, Bk, EATRONEE m (— PN aFR AR UuEEe.

B 2.2.2 & m A —/EEHK, N

(i)0,1, ---, m—1REm §—ATLHFEZ, "B n IRNEAELFIRE;

(ii)1, -, m—1, m REm §— AN ZTLHRZ, HHEm HRNDETEFIRER;

(il)) ~(m—1), -, —1, 0 RAE m §—AZLHER, “HE m HERAFERLF
x&K;
(iv) —m, —(m —1), -+, -1 R m —AZTeHREZ, HEn HERXATEF
RE;
(V) H m a5 ABEeE,
_ﬂ7 _m_—2, RPN ) | N ST m—2
2 2 2
£ ) ,
m— m— m
-3 , e, =1, 0,1, oo, 53
AEm G- N TEHERE,;
EROP PR L
m—1 m—1
——5 o Lo L, =5

R m A ANTEFEE, LAANZTLEHRZGEARAR m 9 — N B ESRNTEF
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EH 2.2.3 B m ZEFEE, a ZHEL (a,m) =1 8983, b RIEZTEH. £ k&M
m g —ANTAeF K E, N
a-k+b (2.20)
LB AR m N TRIR R,
iE REEH 222, HFEIEH: 4
k01 klv Ty km—l
B m — BB R R, m PNEEEL
a-ko+b, a-ki+b, -+, akn_1+0b
BEom PIIANEIAR. S5 b, 07 LE b Al Ky (i # 5) 19

a-ki+b=a-kj+b (mod m),

W om | a-(ki—kj). BHR (a,m) =1, WP 1.3.10 AL, 1 m | ki — k. X & 5k,
BEom [F 4, SEEFE. W, a-k+ b R m — PN Ee®R R IF 5.
F OER 223 W Cakgsvr » Cakny 46 & Z/mZ PEHITE Cry, -, Ck,,, M—
NEH.
B 2.2.3 Em=10,a=7,b=5, MNFHh a-k+bh) 10 NNk

5, 12, 19, 26, 33, 40, 47, 54, 61, 68
MBRAE 10 99— AT AeF AR .

2.2.3 BTEHTEFKER
EIR 2.2.4 K my, mg EANELFHEEI Bk, ky 2R BAE my, my B 74 F|
®E, N
mao - kl +my - k?z (221)
WAL my -me IR EFEE.
W KA ki, ke 22508 my, mo NEUN, mo - ky +my - ke 8T my - mg DNEEEL BT
HFTAEIX my - mo NMEEEL my - mo BRIARIR. F5E E, FEH Ky, ko B K, K, WAL
my - k1 +my - ke = mo - ki +my -k (mod my - my), (2.22)
MR 4 e BE 2,111, 45
ma - k1 +my - ks = mg - k] +my - ky (mod my), (2.23)
EEa
my - k1 = my - k] (mod my), (2.24)
RET, my | ma(ky — k7). IR (my,ma) =1, BTEL my | by — K. 80Ky 5 Ky BEmy TR

FH ky 5 k) B omy 4R
PR, 5 B RO N



66 2@ [ £

ﬁll 2.24 ‘i’i‘; myp = 14, mo = 15, Q'JZ—E kl, k'z 4]\5']@}5*% my, Mo éﬁié%‘]%% Hﬂ',

ks =mo -k +my - ko B 4E my-my HITEFER.

ki \ ka\ k2 0 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14
0 0 14 | 28 | 42 | 56 | 70 | 84 | 98 | 112 | 126 | 140 | 154 | 168 | 182 | 196
1 15129 | 43 | 57 | 71 | 85 | 99 | 113 | 127 | 141 | 155 | 169 | 183 | 197 | 1
2 30 | 44 | 58 | 72 | 8 | 100 | 114 | 128 | 142 | 156 | 170 | 184 | 198 | 2 16
3 45 | 59 | 73 | 87 | 101 | 115 | 129 | 143 | 157 | 171 | 185 | 199 | 3 17 | 31
4 60 | 74 | 88 | 102 | 116 | 130 | 144 | 158 | 172 | 186 | 200 | 4 18 | 32 | 46
5 75 | 89 [ 103 | 117 | 131 | 145 | 159 | 173 | 187 | 201 | 5 19 | 33 | 47 | 61
6 90 | 104 | 118 | 132 | 146 | 160 | 174 | 188 | 202 | 6 20 | 34 | 48 | 62 | T6
7 105 | 119 | 133 | 147 | 161 | 175 | 189 | 203 | 7 21 | 35 | 49 | 63 | 77 | 91
8 120 | 134 | 148 | 162 | 176 | 190 | 204 | 8 22 | 36 | 50 | 64 | 78 | 92 | 106
9 135|149 | 163 | 177 | 191 | 205 | 9 23 | 37 | 51 | 65 | 79 | 93 | 107 | 121
10 150 | 164 | 178 | 192 | 206 | 10 | 24 | 38 | 52 | 66 | 80 | 94 | 108 | 122 | 136
11 165 | 179|193 | 207 | 11 | 25 | 39 | 53 | 67 | 81 | 95 | 109 | 123 | 137 | 151
12 180 | 194 | 208 | 12 | 26 | 40 | 54 | 68 | 82 | 96 | 110 | 124 | 138 | 152 | 166
13 195 (209 | 13 | 27 | 41 | 55 | 69 | 83 | 97 | 111 | 125 | 139 | 153 | 167 | 181

5] 2.2.5 & p, ¢ EAANARRER, n REMNGRR, NAHEZT I o, HLER—

—F Az, y A

qg-z+p-y=c(modn), 0<z<p 0<y<q.

WE KK p, g RAAFRIPRERE, L p, ¢ 2EFEM. BIE e 2.24 LHUEH, 501
z, y AT p, g KR EFREREN, g 2 +p-y WHEE n=p ¢ NEERRR. KNI, /7

FEME— ()X HEHL 2, y WAL

q-z+p-y=c(modn), 0<z<p 0<y<q.

5l 2.2.6 & my =2, ma =5, MFA 5k + 2k, #9 10 Mk
0,2 4, 6,8, 5 7,9, 11, 13
H AR 10 4 — AN FR A
224 BNMEHTEREER

EE 2.2.5 K my, mg, - mp £ kANEFAEEYK F 2y, 19, -

my, M2, -+, Mg %ié%’l%g‘» ﬁ]’]

m2"'mk'$1+m1'm:}"‘mk'$2+"'+m1"'mkA1

- Tk

, Tk ﬁ\ﬁ']@.fﬁ*i

(2.25)
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iE_' (E%Lﬂi%) j‘J Ty, To, -+, Tk ﬁ%ﬂﬁ}ﬁ my, Mg, -+ , Mk /I\ﬁﬁ,

mz...mk.zl+m1.m3...mk.x2+...+m1...mk_1.:Ek

W mymg - - -my DNEEEL BT AR FTFUEHIX mymy - my, AN mymy - - my, FIEANIEIA.
b, R 2, 0, o, Wy, g, s WAL

m2"'mk'$l+ml'ml}"'mk'-’E2+”'+ml"'mk——l'-’I:k

= Mo Mg Y +My Mg Mg Yo+ - +my--mg_1-yp (mod mymy---my),
WP my, MRHEEH 2.1.11, 5

mz...mk.ml_+_ml.m3...mk.m2+...+ml...mk_1.:I:k
= mo--MEg-Yr+my oMz Mg Y2+ My Mg - Yk (mod my),
W
My - Mg - T1 =My -m -y (mod my),
i&iﬁ, mi Im2"'mk(x1_yl)- e3Py (m1,mg) =1,--- ,(my,my) =1, Fr LA

(m11m2~”mk) = 17

M my | 21—y x5 oy B omy FR

IR, 25 5 yo B may AR, - ok 5 ye R my [FR.

DR, B AL ).

EZ (HGNUERA) Xt k B FECEIRGNE. k=2 B, dr 82 e B 2.2.4, fr %L,

¥ k>3, dr8xt k—1 oL, Bl 2y, 2o, -+, ok BT my, mao, oo mp_y B
Hot,

Yyp=mg---Mi_1 Ty +My M3 M1 Ty + -+ My M2 Tk_1

W myma---me FIEERIRR.

NT kA

Mo Mg Ty + -+ My Mg Mg~ Tp—1 + My Mg—1 " Tk = Mg Y1 + My Mk_1 " Tk

EEP Yp=mg---Mk_1 - T1 + - +ml Mg —2 * Tk—1- E%H%ﬁﬁv Ty, T2, ~*, Tk—1 %%lj

W ma, ma, - me_1 DB, gy WA my --ome o FISERTIR R, B, RSB 2.2.4,

Mk Y1 +my - mp—y -z BB my - ompymy FEERIR R I, ARk RGL
UEEE.

2.3 fEHRIKRRSEREEL

2.3.1 BREIFEE

LEVHR TR AL R R A2 1T, Sesn HHRREL pR B 52 L. BRBLpR BORAT B 5 1R P, Y
{7 A T A% AR A R K.
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EX 2.3.1 EAmA—ANAEEE, NmAEKL -, m—1, m¥PEm ZEHEHY
AN, etk p(m), B F KRR (Euler) &L

51 2.3.1 K m=10 M 10 /M4 1, 2, 3,4, 5,6,7 8 9 10 F5 10 ZEeh%HKAH
1, 3, 7, 9, Frvh ¢(10) = 4.

232 Em=pHhEHK Wp MK 2 ...,p-1,pFE p EEHEHSN
1,2, ...,p—1, Fivh p(p) =p—1.

TR 2.3.1 A TFEEFEm=p A

p(m)=p* —p* ' =m H (1 - %) (2.26)

plm

W XTEREE m=p, A1 B m ) m DNEEEIIEAN

1, S p_l’ ]_p
2:p+1, -, 2:p+p-1, 3-p (2.27)
Pt =1-p+1, -, @ '-1)-ptp-1, p*lop
Hh 5 m AHEREKEECY
l'pv 21’7 R (pa_l - l)p) pﬂ-‘l Py (228)

FAT pot ANER B, m ANEEH S m BRI po —po !, B (2.26),

UEHE.
5] 2.3.3 & m="7% 0 (7%) = 72(1 B ,1/) = 42.

2.3.2 BURKEXSEHURKR

BIHHE TEERI 4, AR m BIRBMELFRR. fE0HE R, HHEBREN DN EE o, m
HEREZ&MH, Bl (a,m) = 1.

TSR RS m BRERFRERINE.

ENX 2.3.2 —MEm GF ALY BURIRE, wREZEFAEE-ANE m LEHY
F A, XA, RALEREFOR R FURIR.

p

(1) fRifLT R AN E SRR LUK,

(2) PRI AT 4% 1 RT3 2 T A F8 AR

EIE 2.3.2 K71y, o AR m FHEEGANFE, N r 5 m ZEHASLELEMN
Rro5mEk.

E KT, AR g, 17T

Ty =T2+q-m.
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A E L 1.3.3, (r1,m) = (r2,m). & (r1,m) = 1 FIRPVBELZMIE (re,m) = 1. UFLE.
B om TR R AR BT R AR A 8 S R (L X 2.2.1 ¥ 5)

(Z/mZ)* ={C, |0<a<m—1, (a,m)=1}. (2.29)
R, 2 m = p B, 5K
F; = (Z/p2)" = {C1, -+, Cpr} = F,\ {Co}. (2.30)

EX 233 K m R—ALEE LB m 05 RRRACHA LT, AEA EAER—
AR R G A, M MAE m 9 — B RIR AR,

KUAEE m /N ESE SRR R {1, 2, -+, m—1, m} T, 5 m B EFEHE RN R
m IEACTIR R, PrEAE m TR R R TTRENECN o(m). K,

|(Z/m2)*| = p(m).

R 2.3.1 K m > 1 ZFH a, b R m AR R, W EMN 6 RARLE R
F A

WE HEHER 1.3.12 155, EEE.
Bl 2.3.4 & m 2A—AEEHK, N
(1)mAN¥E0, 1, -, m—1 FEH m ZFHEGEHAAKREBE m 49—/ RLREE,

AL m o BRNERABHRIR R,
(i) m ANEHK L -, m—1, m ¥5 m ZEGEHSKRERE m 6)— A RILHE 4
, AR m o) BNEBRURIRFR;

(iii) m MEHK —(m—1), -+, -1, 0 ¥ 5 m ZEGEHSIRARE m 69— A FRALH
BF, MR m o) EREEFURRFR;

(iv) m A —m, —(m—1), -+, -1 Y5 m EXGEHEIKRARE m 6)—A R4k
F&FZ, HEm o ERXOELRIEKR;

(V) mAEEKL -, m—1, m¥PE m EEGERLSKRERE m 69— AN RILFE L
%, A m o) RANERKRIK R,
(vi) % m A A @A, m AN

-2, _mT—% 21,01, mT—2
K om AN ) :
m — m—2 m
1.0 1. e i
2 2 b b} ki b bl 2 b 2

b5 m BEEIBARERAE m 69—/ TR A E.
L m 2R A FEE, m K

m— 1 m— 1
ey ®51 5 -1,0, 1, -, —
P m EEEBARERAE m 9 — AR AR, EEAAN LR R REARAE m &)
—/ @IMER/MEEIRER.
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B 2.3.5 1,3, 7, 924 10 hFFRZ, ©(10) =4.

f5l 2.3.6 1, 7, 11, 13, 17, 19, 23, 29 Z4% 30 49 EILF| 4 Z, ©(30) = 8.

Bl 2.3.7 1,2, 3, 4,5, 6 A7 RMAFRE, p(7)=6.

1238 Hm=phEHM, 1,2 -, p-1 R p RHEZ, A o(p) =p— 1.

I 233 & m A AEEE Ery, o ryem £ o(m) A m ZEGEK, FH
AAAEm RRAE, Wy, o rogn RAEm @g—ANEHAZ.

W ARG E F AR A S 2.2.1, B o(m) NEEB vy, o Tom) 2 m T
AR TR R KRR, B, vy, - rom) 2 m DRI R E Y.

EIE 234 & m A —ANEEK, o ZHL (a,m) =1 G R kiBHEm 68—
AL AR, W -k €& m —HAREZ.

E KA (a,m) =1, (k,m) =1, RIEEF 1.3.12, 77

(a-k,m)=1.

XU a-k ZFEARRKAFIR. X a ki =a-ky (mod m) I, f1 ki = ky (mod m). K,
k 8 PIEE m (AN RIEFEIR R, a -k WP o(m) MG BEATHEBEEL m AN 4. AR e
2.3.3, a -k W m —MEAE LR il K.
EOEH 234 B, Cokyr s Cakypny & (Z/mZ)* PAFITE Ck,, -, Crpy M
ANE .
5l 2.3.9 ©40 1, 7, 11, 13, 17, 19, 23, 29 £4£ 30 ¢4 fELFI L& %, (7,30) = 1. F¥A

7. 1=7, 7-7=49=19, T7-11=77=17,
7-13=91=1, 7-17=119=29, 7-19=133=13,
7-23=161=11, 7-29=203=23 (mod 30).

B, 7-1, 7.7, 7-11, 7-13, 7-17, 7-19, 7-23, 7-29 ZA4% 30 ¢4 1L 4 % .

f5] 2.310 Em=7 KaXRTHEFNK HE5 m BEGLTH Kk AFTHEAT
$, A m AR AR K o FTEAS kE TEFNRILEERT a- kB m R HER
F 4, MTHFEDAT L.

a\k| 1| 2| 3| 4| 5| 6
1 112 3| 4| 5| 6
2 2141611 3|5
3 31612 5| 1| 4
4 4111 5| 2| 6|3
5 51311 6] 4| 2
6 6| 5| 4| 3] 2|1

b o FEATHEET o -k kB A m Rk 4%,
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52311 Em=15 KaRTHEI A5 m EEHLEHK Rk ATH—AT
, MAAEm AR FRE R o TETS K TEFIORIAZELRT a- kB m RADIER
Fl A, MTHEATF A

a\kl| 1| 2| 4| 7| 8] 11] 13| 14

1 1 2 4 7 8 11] 13| 14
2 2 4 8 14 1 7 11| 13
4 4 8 1 13 2 14 7 11
7 7 14 | 13 4 11 2 1
8 8 1 2 11 4 13| 14

11 11 7 14 2 13 1 8

N | &~ | | 0

13 13| 11 7 1 14 8 4

14 14 | 13| 11 8 7 4 2 1

A a0 FTEATOHRET o k B k@A m 6 HALR & Z.
EIR 2.3.5 Km A —AEEK, o BHL (a,m) = 1 983, DAEE G o, 1<
a’ < m 1E5F
a-a’ =1 (mod m). (2.31)

ME— (FFAETEUER) A (a,m) = 1, ARAE € BE 2.3.4, k KL m I — /MR H R
A, ok WIBHEE m —AEBIRR. K, FAEES k=d, 1<d <m i a-o &
T 1 A%, B (2.31) BOL.

(ME—MEUER) HHEH o, o’ 1<d, ' <m 5

a-a =1, a-a’"=1 (modm),

M) a(a’ — a”) =0 (mod m), MIfi, a’ — a” =0 (mod m). ¥ o’ = a”. UEEE.
B 7E S Brag b, 5 H R 2 Bk b Sk R, P Las T SRR L B AR R vk 4t o B
2.3.5 KA EPEUER].
WEZ (MEHER)  BA (a,m) = 1, M EE 1.3.7, B XEJLEAGERE, nJHEHE
s, t 115

s-a+t-m=(a,m)=1.

Kk, #H o’ = s (mod m) W2 (2.31). =
5] 2.3.12 B m="7, a RTE5 m LHEGEIHL RIFELF 235, TIFE|48 569 F 4 .

1-1=1, 2-4=1, 3-5=1 (mod T7);
4.2=1, 5-3=1, 6:-6=1 (mod 7).
5 2.3.13 & m = 737, a = 635. ARIEH] 1.3.19, &) XBIVEFRRiE, TIRB| 4

s=—224, t =193 147
(—224) - 635+ 193 - 737 = 1.
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H b, o’ = —224 = 513 (mod 737) 1£4F
635 - 513 = 1 (mod 737).

2.3.3 BWMEMEURKR

EIE 2.3.6 K my, my REFKGANEEI. WX k), ky 558 A m; FoE my 8
iR A%, 0
mo - ki +mq - ko (232)

ﬁﬁ#ﬁ my-ma éllﬁfﬂt?ﬂé%‘%.
WE ERUER (ki,my) =1, (kg,mg) =1 B,

(g - Ky +my - kg, my ~mg) = L.
s b, KA (ma,me) = 1, R4 ERE 1.3.3 AEH 1.3.11, 7
(my - ki +my - kg, my) = (mg - ky,ma) = (ky,ma) =1,
(m2 - k1 4+ my - k2, m2) = (my - k2, ma) = (k2,ma) =1,
P, FEARYEEFE 1.3.12, AT15 5
(ma - ky +my - ka,my - mg) = 1.

O, UL my -y BT — LRI R TR R A (2.32), P (ky,my) = 1, (ko,ma) = 1.
5 b ARYEE R 2.2.4, B my - mg AT —FIRTLARR A (2.21), B

ma -k +my - ko.
[ﬁﬂ—t, i—’l (mz . kl +my - kz,ml -mz) =1 Hi’-, 'FEE%EE 1.3.11 *ﬂiﬂ 1.3.3, ﬁ
(kl,ml) = (m2 . kl,ml) = (m2 . kl +m1 . k2,m1) = 1.

[, (ko,m2) = 1. B5IRFKAL. UFEE.
5 2.3.14 & mq = 14, mo = 15, W H ky, ko 5B HAE my, me &) A4LH A % BT,
ks =mo-ky +my - ko B my - my = 210 B9 ILE R R

ki\ks\ko || 1 | 2 | 4 | 7 | 8 | 11|13 ] 14

1 20 | 43 | 71 | 113 | 127 | 169 | 197 | 1

3 59 | 73 | 101 | 143 | 157 | 199 | 17 | 31
5 89 | 103 | 131 | 173 | 187 | 19 | 47 | 61
9 149 | 163 | 191 | 23 | 37 | 79 | 107 | 121

11 179 | 193 | 11 | 53 | 67 | 109 | 137 | 151

13 209 | 13 | 41 | 83 | 97 | 139 | 167 | 181
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2.3.4 BRHLERERIMER

MEBE 2.3.6 7] LHE KPR EL o IITEBT (BR o S BTl i3t ek 50).
EIE 2.3.7 K m, n REEHHANELEL, 0

p(m-n) = @(m) - p(n). (2.33)
E MRYEEEL 2.3.6, 2 ky WHE m MTECERR, 3 o(m) MEEL LK Ky W n
T IR R, 3L o(n) MEBIS, n-ky +m - ke BB m - n BTCRIR R, HLBEHANECY

@(m) - p(n). 1BHE m-n FIFRTHRIR RETCEDNEON o(m-n), K (2.33) BOL. fiEEE

Bl 2.3.15 ©(77) = p(7)p(11) = 6 - 10 = 60.

B 2.3.16 »(30) = p(2)e(3)p((5) =1-2-4=38.
PR HRRBL R L o(m) HIVHEL

EIR 2.3.8 XREEH m OFFERHS BN

m = Hp _p 97
plm
(p(m):mn(l—l) :m(l——l—) (1—i) (2.34)
sim p P Pk

ME HERB R B T etE (e 2.3.7 X (2.33)), BARGEHE! 2.3.1 95N (2.26), 1
em) = [[e™ = [[@*-»*")

plm plm

Il
3
//
[
!
|-
N——"
/"\
|
=~
S—

Kb, 24 m RARZER p, ¢ PR, 7
Wit W, ¢ RARIIZSE, W
e(p-q)=p-q—p—q+1. (2.35)
JERR HiEFE 238, 7
ep-q9) =vepl@g)=@P-1)(g-1)=p-g—p—q+1

i M m AEE, HARIE m MR B EE, 8RR m FIERB R EBIE o(m).
] 2.3.17 FEEH m RANTEEHKYER. wRioil m FRIEHEAL o(m),

TR m e EE X

W FHREARME p, ¢ BTTFHE4

p+gq n+1—(m)
p-qg = m
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A 22 AR S RECZ AR R, AT DA kT2
2Z2—(m+1—pm))z+m=0

Kt m IEE p,q. TEXE.
T EE— 2 2 RERK AL R BRI R, M R T R AR R A 3
EIF 2.3.9 & m ;a—-/\iéééi. )

Z @(d) = m. (2.36)

d|m
HE X m N C = {1, ,m} RS m WEKRARBEET K.
KT IE#E d | m, il

Ci={n|1<n<m, (n,m)=d}.

K% (nym) = d FFRBERAER (5,72) =1, BBk Cy 6% n (TR

Cd—{n—k d| 1<k % (k,%):l}.

Mk, Ca HHITCEAR A (C) J o (%) - BIONREHC L, m PR HHUR T FLAUS T —
MK Cy, FTLA
#O) =Y #(C) B om=30(2).
d|m d|m
XA d EPTREC m 0T TE DI ROR, = bR m (05T IE R,
m
m=3 (%)= ¢
d|,m d|m
iF e,
5 2.3.18 EEE m =50, ] m HYERBKA d=1, 2, 5, 10, 25, 50. X&, FH 2.3.9
Wk
Cr= {1, 3, 7,9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39,
41, 43, 47, 49};

Cy={2, 4, 6, 8, 12, 14, 16, 18, 22, 24, 26, 28, 32, 34, 36, 38,

42, 44, 46, 48};
Cs = {5, 15, 35, 45}; Cho = {10, 20, 30, 40};
Cas = {25}; Cso = {50}.
X6 EAEGNHS A A

#(1) =(2) = 0(50) =20, #(C2) = () = 9(25) =20,
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#C) =0(2) =e10) =1, #(C0) =9(2) =) =14,
#Cm) =9(53) =D =1, #(Cw)=¢(3) =0 =1

50 = p(50) + ¢(25) + ¢(10) + ¢(5) + ¢(2) + (1) = D ¢(d).
d |50

5 2.3.19 XEHK m =30, M m HEERHKA d=1, 2, 3, 5, 6, 10, 15, 30. XA, T3
2.3.9 ¢k A

Cy={1, 7, 11, 13, 17, 19, 23, 29}; C, = {2, 4, 8, 14, 16, 22, 26, 28}

Cs = {37 9, 21, 27}7 Cs = {5, 25},
Cs = {61 12, 18, 24}; Cio = {10, 20};
015 = {15}, Cg(] = {30}

X 8 EAFE NS A

#C0) = o(2) =030 =8, #(C) = p(3) = p15) =8,
#(Cs) = o(3) =010) =4, #(G5) =¢(F) =) =2
#Co)=o(Z) =ee) =1, #(Cu0)=9(3) =p® =2
#C) = p(3) =0 =1, #(Cx) =¢(55) =p(1) =1

B, A

30 = p(30) + ¢(15) + ¢(10) + ¢(6) + ¢(5) + ¢ (3) + ¢(2) + (1) = > (d).
d|30

5] 2.3.20 XEH m =40, M m HEBEHKA d=1, 2, 4, 8, 5, 10, 20, 40. X, T H
239 kA

¢, =1{1, 3,7, 9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39};

Cy, =1{2, 6, 14, 18, 22, 26, 34, 38};

Cuo={4, 12, 28, 36}; Cs= {8, 16, 24, 32}; Cs = {5, 15, 25, 35);
Cio = {10, 30}; Ca0 = {20}; Cyo = {40}.

& 8 RAA A H
#(C) =0(T) = ¢la0) =16, #(C2) =w(5) = wl20) =3,

#C)=p(F) =000=1, #Cs)=p(F) =) =4
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#C=o(F) =@ =1, #Cw)=p(3) =) =2

#Cw) = 0(55) =#@ =1, #(Ci0)=p(30) =) =1

BR. A

40 = ©(40) + ¢(20) + (10) + ¢(5) + ©(8) + P(4) + #(2) + (1) = > @(d).
d |40

2.4 BRHLEE. BD/NEREF Wilson EIR

2.4.1 KPIER
LESEBR N, W BTN oF (mod m), FAlEER o (mod m) = 1 HEH k. 8& L,
Z T Y| {a* (mod m) | k € N} S f A AR M.
Bl241 Em=7a=2 F (2,7) =1, ¢(7) =6.
FEETHRDEARMMFEE L 2 3,4, 5 6 F
2:-1=2, 2.2=4, 2-3=6,
2-4=1, 2-5=3, 2-6=5 (mod 7).
LRE AKX AL EAAK, 53]

(2-1)(2-2)(2-3)(2-4)(2-5)(2-6)=2-4-6-1-3-5 (mod 7)

20.1.2.3-4-5-6=1-2-3-4-5-6 (mod 7).

1-2-3-4-5-6=(1-6)(2-4)(3-5)=(—1)-1-1= —1 (mod 7),
# 26 =1 (mod 7).
f5l 2.4.2 Em=30,a=7. A (7,30) =1, »(30) = 8.
F B 30 e N E A AR A A 1, 7, 11, 13, 17, 19, 23, 29, A
7-1=17, 7-7=49=19, 7-11=77=17,
7-13=91=1, 7-17=119=29, 7-19=133= 13,
7-23=161=11, 7-29=203=23 (mod 30).

LR R A& X AL EARE, 53
(7-1)(7-7)(7-11)(7 - 13)(7 - 17)(7 - 19)(7 - 23)(7 - 29)

= 7.19-17-1-29-13-11-23 (mod 30)

7%.1-7-11-13-17-19-23-29=1-7-11-13-17-19-23-29 (mod 30).
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AT m AR RN ERE m B, B
(1-7-11-13-17-19-23-29, 30) =1,

# 7% =1 (mod 30).
Bl 2.4.1 Ml 2.4.2 RIHES D — B0 4R, BIRKRE EL.
EH 2.4.1 (Buler) & m AKT 1 4%% R o ZHZ (a,m) =1 69584, N

a®™ =1 (mod m). (2.37)

WE BT, o, e Ty AR m AN RN IERERIR R, WY o 2L (a,m) =1
IR, AR E PE 2.3.4,

@ T1, @ Ty, G Tgm)
WA m K DMRARRER, EHEU, a -1, a-ra, -+, @ Tyem) B m KB/ IERRZ

1 T2, oy Toem) BB HORER (a-ri)(a-r2) - (a - ryem)) BE m /N ERI R
ﬁ]\ Ty T2 Tp(m) *ﬁ m H‘]%’J‘E%ﬂ%*ﬂ% *E%igﬂ 213, ﬁ

(@a-r)(a-re) - (a-Ty@m)) =T1-T2° Ty(m) (mod m).

Sl

TIT2 " Tp(m) (@™ —1) = 0 (mod m).

MM (ri,m) =1, (re,m) =1, -+, (Tpmy,m) =1 KERE 1.3.12, ATHEHHE m MFELRER R
IR riry - “Tp(m) Hom HZE,

(r1 T2+ Tpm), m) =1.

M, MR ERE 2.1.8, 531K (2.37). WEYE.
1243 Em=11,a=2 F (2,11) =1, ¢(11) = 10, # 2° =1 (mod 11).
fl 2.4.4 & m=23,23 fa. A (a,23) =1, p(23) =22, ¥ a??> =1 (mod 23).
Bl 245 Kp ¢ RANTRENGFTEH. n=p-¢-a RE n BEHEH wR¥EH e
ih
1 <e<ep(n), (e,p(n) =1, (2.38)
MABEEI A 1<d< pn), 1E5F

e-d=1 (mod p(n)). (2.39)
d B, & F 4k
a®=c (modn), 1<c<mn, (2.40)
A
¢ = a (mod n). (2.41)

iE B (e,p(n)) = 1, RIEEEE 2.3.5, fFEEE d, 1 <d < p(n), FHR (2.39) ML
R, G NEBEB ki e - d=14k-p(n). 7, BIEEH 241, 1535
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a¥?) =1 (mod p).

Fivate k- 20 em gL o 85

¢(p)
a'tF (") = g (mod p),
B
a®?® = a (mod p).
[ 2,

a®? = a (mod q).

Bh p Fil g AR RS, MR e 2.1.12

a®? = a (mod n),

c? = (a°)% = a (mod n).
EHE.
242 BENEH
BLAE N P RK R B (GE B 2.4.1) SRBFFIRE m = p A RBON, BEH oF (mod p) MITEST.
EH 2.4.2 (Fermat) X p 2—/NFH, WAHEEEH o, A
a? = a (mod p). (2.42)
iE rERME RS E.
(1) 4 o # p BE, WEA
a=0 (mod p) F a” =0 (mod p).
PR (2.42) Wor.
(i) # a A8 p BE W (a,p) =1 (AH] 1.3.4). RIEEH 2.4.1 K (2.37),
a’ ' =1 (mod p).
Wi [R)3fe a, 31K (2.42). iF Y.

BN e GER 2.4.2) fERE— SO
L Wop R AEE WXHMT RS o, UM R ¢k,

attkP=1 = gt (mod p). (2.43)

iE PRSI R
(1) # a #¢ p #E, WFRIA
at =0 (mod p) Hl a*®~1 =0 (mod p).

A, K (2.43) BROL.
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(i) # a A8 p BH, W (a,p) = 1 (B 1.3.4). R EHE 2.4.1,
a? ! =1 (mod p).
BmAE k X7, 11
a*®=1 =1 (mod p).
Py o3 at, 135150 (2.43). FEe.
5l 2.4.6 K p=7 MEFZEEK L, H
a'**6 = g (mod p).
2.4.3 Wilson EE

EIE 2.4.3 (Wilson) 3% p 2—ANF 4. N

(p—1)!=—1 (mod p). (2.44)

iE A p=2, R BRMOL

B p >3 WER 235 X TN o, 1<a<p—1, fAEME ¥R , 1<
a <p-1, f#

a-a =1 (mod p).
M a = a MFREFMZ o WL
a’ =1 (mod p).

Xif,a=18a=p—1.

¥2,p-29M a5 o BX, 135

1-2- -+ - (p=2)(p—1) = 1~(p—1)Ha-a'

= 1-(p—1)
= -1 (mod p).
Kk, e B 2.4.3 BOL. I,
5 2.4.7 & p=17, NA
2.9=18=1, 3-6=18=1, 4-13=52=1,
5.7=35=1, 8-15=120=1, 10-12=120=1,
11-14=154=1, 1-16= —1, (mod 17).

B st
1-2-3-4-5-6-7-8-9-10-11-12-13-14-15-16
= (1-16)(2-9)(3-6)(4-13)(5-7)(8 - 15)(10 - 12)(11 - 14)
(-1)-1-1-1-1-1-1-1
—1 (mod 17).

If

I1f
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2.5 HWEETHIHEZX
TERRBEAR TS, o8 B REEBRE m AR EEE n,

b" (mod m). (2.45)
R, AL A v
b" = (b" ! (mod m))-b (mod m). (2.46)
{HIXFh SO SR, ZU4E n — 1 XTI,
HEEBICLU TR
2 2
2\ 2 2\ 2\’
¥e= (((bz)Z) ) (mod m), b= ((((((b2)2) ) ) ) ) (mod m).
WA AR m iz 5.
BAE, $ n B B, B
n=n0+n12+---+nk_12k“1, nie{O,l}, 220,1,,]6—1 (247)
M=K (2.45) MIVHERTIaG8 4
b= e (B - (b;“’k:)”k—z(b\"’k;)""*‘ (mod m). (2.48)
ap by b2 br—1
———
9
ag="b", bp=>b, b;=b>,, a;=a;_-b, i=1,---,k—1. (2.49)

A 2llogy n] K. XM HITEMUM “MEEFAWEZE” , RAESEWT:
2 a=1, 3K n G HEH

n=ng+m2+---+ nk_12k_1,

Hrp niG{O,l}, i=0,1,--- ,k— 1.
(1) W3R ng =1, W ao = a- b (mod m), HWHL ag = a, BITHE

ag =a-b" (mod m).

S by = b (mod m).
(2) WH ny =1, W a; = ag - by (mod m), HWHL a; = ag, BITHH

a1 = ag - b7 (mod m).
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S by = b? (mod m).

(k—2) WH ng_o =1, MR ar_2 = ar_3 - by—2 (mod m), TWWHL ax_o = ak_3, BIVHE
Q2 = Qp—3 - b:’i’zz (mod m).

S by =b2_, (mod m).
(k—1) WR np_y =1, W ap_1 = ag—2 -bx—1 (mod m), FWH ax_1 = ap_o, BITHE

ak—1 = ag—2 - by*7' (mod m).

G, a1 B

b" (mod m).
B RIS FEY R A A
7 ni ai bi
0 no ao bo
1 ni ay b1
i—1 | i1 | ai—1 | bica
) n; a; b;
k—2|ng_2 | ak—2 | bx_2
k—1|nkg_1 | ar_1 | br_1
4
bo = b = b, a = by
b1 = b2 = bg, a = ag- b;“
Hrp ¢ .
b, = b2 = B, a; = a;—1-b;" (mod m) ;i L
k—1
bk—l — b2 = bi_27 Qj—1 = Qakp-92° b:iil (Il’lOd m)

¥ ERREAH, b K E AT LSRR, H a; FTHE KL n.
$l 2.5.1 i HF 12996227 (mod 37909).
fi2 3% m=37909, b=12996. 4 a = 1. 4% 227 B R —#t %,

227 =1+2+4+2%4+26427,
EREEEFFE KRR E 4T

12996227 = 12996 - (129962) - (129962") - (129962") - (129962").
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(0) no = 1. #H
ag=a-b=12996, b; =b*= 11421 (mod 37909).
(1) ny = 1. #HF
a; =ag-b =13581, by =b? = 32281 (mod 37909).
(2) Ng = 0 ‘l‘f]’.ﬁ
a; =ay; = 13581, bz = bg = 20369 (mod 37909).
(3) ng = 0. 'H’ﬁ‘
az = az = 13581, by = b3 = 20065 (mod 37909).
(4) ng =0. #+FE
as = a3 = 13581, bs = b2 = 10645 (mod 37909).
(5) ns = 1. &
as = a4 -bs = 22728, bg = b2 = 6024 (mod 37 909).
ag = as - bg = 24073, by = bg = 9663 (mod 37909).
(7) ny = 1. ‘H’ﬁ
a7 = Qg b7 = 7775 (mod 37 909)
wJE, A
12996227 = 7775 (mod 37 909).
CHRE S
i|ni | a b; i|lni| a b;
0| 1 12996 | 12996 || 4| O | 13581 | 20065
1] 1 | 13581 | 11421 (5| 1 |22728 | 10645
210 | 1358132281 |6 | 1 |24073 | 6024
3| 0 | 13581 20369 (| 7| 1 | 7775 9663

AR N ARFER (EFETRIFF 4 ARE).
5] 2.5.2 3 3123 (mod 667).
B XA m =667, b=2312. 2 a=1. ¥ 13 5 it

13=1+22+2%
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BRARE R & ARR F T

(0)ng = 1. #HF

ap=a-b=312, b =b*>=629 (mod 667).
(1) ny, =0. it H

a; = ag =312, by =b? =110 (mod 667).

(2) ng =1. HH

az =ay -by =303, by3= bg = 94 (mod 667).
B)nz=1. it H

az = ay - by = 468 (mod 667).
wa, it H
3121% = 468 (mod 667).

B AREAEH

1 T, a; bi i n a; bi
01 |312|312| 2| 1 |303]110
1|0 (312|629 | 3| 1 | 468 | 94

5 2.5.3 #+H 501'% (mod 667).
2 X m=667, b=312. % a=1. 4% 13 Ex—it4,

13=1+22+2%

ERRELFH &, ARKT T

(0) ng = 1. HH

ap=a-b=501, by =b%=209 (mod 667).
(1) my =0. #F

ay = ag = 501, by = b? =326 (mod 667).

(2) ng =1. it H

as = ay -by =578, bz = b2 = 223 (mod 667).
3)nz=1. i+ H

az = az - b3 = 163 (mod 667).

®E, HH

501'% = 163 (mod 667).
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BRI A

il ni | a; b; il ni | a; b;

0| 1 |501 501 (2|1 |578]| 326
1] 0 (501|209 ]| 3| 1 |163| 223

5 2.5.4 3 46827 (mod 667).
B X m =667, b=1468. & a=1. ¥ 237 HrR—it#4|,

237 =1+224+234+25 426 497,

& RRE LTk, Rk e T
(0) ng=1. #HH

ag=a-b=468, b; =b*> =248 (mod 667).
(1) ny =0. HH
a1 = ag = 468, by = b? = 140 (mod 667).
(2) np = 1. i F
as = ay -by =154, bz = b2 = 257 (mod 667).

(3) ng = 1. 'ﬁ':ﬂk‘

as = ag - by = 225, by = b3 =16 (mod 667).
(4) ng = 0. HH

ay = az = 225, bs = b3 = 256 (mod 667).
(5) ns = 1. HH

a5 = a4 - b5 = 238, bﬁ = bg =170 (mod 667)

(6) ng = 1. #H
ag = as - bg = 440, by = b2 = 219 (mod 667).
(7)) ny =1. tF
a7 = ag - by = 312 (mod 667).
®E, iHEE

468237 = 312 (mod 667).
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1 2.5.5 #H 163%%7 (mod 667).
iR 1% m =667, b=1468. 4 a = 1. 4§ 237 Fm—it#,

237 =1+22+23 425426497,

ERAREEFF ik, RAE T
(0) no = 1. ¥

ap=a-b=163, b =b* =556 (mod 667).
(1) ny =0. #HHF
a; = ag = 163, by = b} = 315 (mod 667).
(2)ny =1 #+H
az = ay - by =653, bz = b3 =509 (mod 667).
(3) ng =1. it HF

az = ag - b3 =211, by = b2 = 285 (mod 667).

as = az = 211, bs = b2 =518 (mod 667).
(5)ns = 1. #HHE

as = a4 -bs = 577, bg = b2 = 190 (mod 667).
(6) ng = 1. i H
ag = as - bg =242, by = bZ = 82 (mod 667).
(N nr=1. #HH
a7 = ag - by = 501 (mod 667).

wE, HHEE
163%7 = 501 (mod 667).

BIA e ) 2B n] 5

n = no+ng-2+---+ng3-253 4ng_p-2524n, - 2k1
= ng+(n+-+ (k-3 + (Mk—2+ (Mg—1-2)-2)-2)- ---)-2
——

—~
~

B LA
B b (B (O (G ()R - )
N |

~

~

-~
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¥ 227 Bk
227 = 1+113-2
= 1+(1+7-29-2
= 1+(1+(1+3-2)-2%).2
= 1+(14+(1+(1+2)-2)-2%) -2

b2 = b (b- (b (b B2

| S A—
| S ——

A 11 KFEZH B 7 KO 4 XTI EE CERTisEA

BoRiFIEs EANEO SEES IR E AR, B TREEE N — A Rk T b 2
[ 52 . XA b AR/, Ffevzias S () 5t n] 2 AN v, i1 A5 30 ) S0E 5 ) A% 7)1
[log, n] AN J7 38 5/ i)

B AL AT

n = nk_l~2"_1+nk,2-2k‘2+nk_3-2""3+~-~+n1~2+n0

= 2-(--2-(2-(2-(2 - ngk—1) +Ng—2) +Ng—3) +---+n1) +ng
——

~ >
~~
~ >
-~

nP=2-(---2-(2-(2:-(2-ng1P)+ng—oP)+ng_3P)+---+n1P) +noP
———

~ /

-~
~ J

227 =274260425424+1=2-(2-(2-2+1)+1)+1)+1

227P = 2(2*(2(2P+ P)+ P)+ P)+ P

5l 2.5.6 +H 12996227 (mod 37909).
R % m =37909, b=12996. & a = 1. ¥ 227 G i3k,

227 =1+4+2+2° 426427,

AR IS0
(1) ny = 1. M8

a7 = b"" = 12996, by = a% = 11421 (mod 37909).
(2) ng = 1. 5
ag = b" -by = 13581, b = ag = 16276 (mod 37909).
(3)ns =1. it

as = b" - bg = 28585, bs = a? = 11639 (mod 37909).
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(4) ng = 0. I8

ag = b™
(5) ng = 0. 5

az = b™

(6) ny = 0. 5

as = b2 . b3 = 13391,

a; = b™
(8) ng = 1. H’%
BJa, vEH

Al AR G R
(1) ny;=1. HH

-bs = 11639,

by = 17464,

by = 228,

bs

b3

= af = 17464 (mod 37909).

= a2 = 13391 (mod 37909).

by = a% = 9311 (mod 37909).

by = a? = 14075 (mod 37 909).

ag =b" - by = 7775 (mod 37909).

12996%27 = 7775 (mod 37 909).

WRAIM ai, b; 1 FARRMNKENNE, 0T LK T AR BB
B 2.5.7 3 12996%*7 (mod 37909).
8 % m=237909, b=12996. & a =1, ¥ 227 Gk ik,

227 =1+2+2°4264+27,

ag = b" = 12996,

(2) ng = 1. 5

a; = b
(3) ns = 1. W5

ag = b™

(4) ng =0. 5

az = bn4
(5) n3 =0. 5
a4 = b3

by = 13581,
by = 28585,
by = 11639,
b3 = 17464,

by

b2

b3

by

bo = aj = 11421 (mod 37909).

= a? = 16276 (mod 37909).

= a3 = 11639 (mod 37909).

= a} = 17464 (mod 37909).

= a? = 13391 (mod 37909).
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(6) ny = 0. W5

as = b" -by = 13391, bs = a2 = 9311 (mod 37909).
() ny = 1. IHH

ag = b™ - bs = 228, bg = a2 = 14075 (mod 37909).

a7 = b" - bg = 7775 (mod 37909).

e, v
12996227 = 7775 (mod 37 909).

2.6 @R
(1) @ B 9 M— D ERRR, CRHENEORTE
@ G 9 M— P EEFRR, EREMNEUREEL
@ OE@H E R 10 (952 2T & RAELBL?
(2) UEB: M m > 20,02, 12, .-, (m—1)2 —EARE m NESRRER.
(3) HA m DR, EAIHA R TRARZE 0 (mod m). M4, Hrh AT A EUE T 7 —H)
(4) TEAEREBGENOXTEE m BRI AR [ 2] +1 AMeh, 24P 2208 TR 1 (mod m),
WHRTHE) A ?
(5) (1) #EFRIE 1 (mod 5) 5 15 FIRAZ R,
(ii) PR 6 (mod 10) H AR 120 FIFIRAEZ AL,
(iii) PR 6 (mod 10) 5 HAR 80 T RAZ A,
(6) 2003 %E 5 H 9 HIZEH L, a5 220080509 2 B JL?
(7) UEB: @i a; = b; (mod m), 1<i<k, N
(1)ay+--+axr=by + -+ b (mod m);
(ii) ay---ax =by - by (mod m).
(8) W p 2HRE. EH: WH a?>=0% (modp), M p|la—bp|a+bd.
(9) % n=pq, HF p,g 2FEH. EWH: R o> =4% (modn), n fa—b, n fa+b N
(nya—b)>1, (n,a+b) > 1.
(10) WH¥H a, b, ¢ (¢ > 0), AL a=b (mod c), KiE: (a,c) = (b,c).
(11) 3 Z/6Z HHIMER SRR,
(12) #h Z/7Z S RIniER S ek,
(13) F Z/11Z P RIINER S kK.
(14) UEBH: W oF = b* (mod m), aF*! = pr+l (med m) 5XH o b k,m Z¥EH, k> 0,m >0,
HH (a,m) =1, A a=b (mod m). WREHE (a,m) =1 XM, 45 RAIRALG?
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(15) UER: W n EIEEE, B4
(a) 1+2+3+4+--+(n—1)=0 (mod n)
(b) ¥ +23+3*+..- 4+ (n—1)3 =0 (mod n)
(16) WE: @ 232 (mod 47). @ 27 (mod 47). @) 229° (mod 47).
(17) FHIBRLeRAFeby 3 $RR, b LATWRLERERE 9 #FR?
(1) 1843581.  (2) 184234081. (3) 8937752744 (4) 4153768912 246.
(18) Bt —AHEERMEMIA: b MEHIREEYYE n BEBR (X HE n & 02 +1 IR TR XD b
BEHIREHSY BB R, A T UREAT )
(19) FIH (18) MIMIANHIWT (364701 244)s EAEHEM 5 Fl 13 B[S
(20) FIFIEE 9 R4 Rk H 2 b ok S e+

89878 - 58965 = 5299 7 56 270.

(21) AT LLERE FHE TR AW R ¢ = o b REMOL: M TEEE m REHE ¢ =
a-b (mod m) FAL? GIRIERFE]—A m H18 c # a-b (mod m), BABE ¢ #a-b. 24H
m =9, RT3t HIH S AT 2 AR R T8 9 i3 SEoR AT T 51 8 R RO
@ 875961 - 2753 = 2410520 633. @ 14789 - 23 567 = 348 532 367.
@) 24789 - 43717 = 1092700 713. @ P X Fo 1 B it A5 ] B BH 12

(22) iz Wilson E R, 3K 8-9-10-11-12- 13 (mod 7).

(23) vHE 220040118 (104 7)

(24) THE 31000000 (164 7).

(25) UERH: R p RAEE, B4

1232 - (p—4)?- (p—2)? = (-1)"F (mod p).

(26) UEM: R p £FH, I H p=3 (mod 4), B4
(252)1= 41 o .
(27) &1 Wilson BISUER: W p BEH, JFH p=1 (mod 4), AR KK
z? = —1 (mod p)
AAWAFRRME: 2=+ (;%1)! (mod p).

(28) UEHH: W p REH, HFH o<k <p, A (p—k)! (k—1)! = (-1)* (mod p).
(29) WERH: WS p RFEE, o BEEH, A p | (@ + (p—1)! a).

(30) TEW: B p REM, A (if) )
(31) UERH: MR 1 co,- -, Cp(m) M m HIFHTIR R, 4

c1+ca+ -+ Cyimy =0 (mod m).
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(32) UEMH: W m ZIEEE, o 25 m HEREE, H (a—1,m) =1, B4
l+a+a*+ - +a?™~1 =0 (mod m).

(33) UEHH: Wik o ZHEE, B (a,3) =1. B4 a” = a (mod 63).
(34) WEBH: Wi o &5 32760 HEMEE, 4 a'? =1 (mod 32760).
(35) UEBH: Wik p A1 g RANFEIEE, W

p? P 4¢P =1 (mod p-q).
(36) UERH: Wi m Ml n 2 H RIS, N

m#™ 4 n?™) =1 (mod m - n).

RBER

(1) G BCSEELA| WA RO m 215 [R) RS

(2) GiESEBE m [R)4R N sfeisis S 3.

(3) HESEBE m RIRHIBTREE Z/mZ FINAFeEs 51 .
(4) G pCSEBLVE SRR BB (2 X 2.3.1) IS

(5) gmACSEBR E R P T ikE.



F35 B & R

3.1 EAXBER—XERR
3.1.1 RFRELREE

TR 2 T5|BE T RIS, AEH B m 50T, 20K (BIFRIA& ) 1
FEAR .
EX 3.1.1 K m A—NEEH, fz) HEAKX

f@)=anx™ + -+ a1z + ao,

HF a; ZEEH N
f(z) =0 (mod m) (3.1)
AR m BRR. & a, Z0 (mod m), A n B f(z) 69REL, iTH degf. sbBF, X (3.1) X
AR m #n REIRR.
W = = o 15K (3.1) Bz, BP

f(a) =0 (mod m)

W o MRS (3.1) 1) B HE b AL © = a (mod m) T #EER 4 (3.1)
FAL, B o BTAERR R K
Co={c|c€Z, c=a (modm)}

IR FRIAER R R (3.1) Sz, Bk, FR (3.1) Mf# o BH Sk
z = a (mod m).

R m MEERR RS, #ERER (3.1) BOLRRESNBME SRR (3.1) RREL
B 3.1.1 2°+2+1=0(mod7) REREZHA 1 9K 7TRAKX. M 2=2 (mod 7) £
ERAXMM. FE L,
24+24+1=35=5-7=0 (mod 7).
EHM =4 (mod 7), FE L,
4% +4+41=1029 = 147 -7 =0 (mod 7).

F&AKBRER B

(1) KfFIHL (f(z) (mod m) <= f(z) (mod p*) <= f(z) (mod p)).
(2) HAFLENE (WERE 3.1.1).

(3) FRMIANE (nsEH 3.1.3, FFE 344, EH 3.4.5).

(4) HAASKE (e 3.2.1, € 3.4.1).
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3.1.2 —XE&ER
—REIFN KB ERBE

(a,m)=1, axz =1 (modm)
U

(a,m) =1, ax=>b (mod m)
U

ax = b (mod m)

PRAE 567 R BN A 11— KR R U SR A#.
EHE 3.1.1 A m A —ANEEH o RHFHL m [a 95 N—KERX

az =1 (mod m) (3.2)

IR T s B4R (a,m) =1. B, HRAKX (3.2) AMEN, LM2E—0.
iE FE. (FFAETE) BN (a,m) = 1, ARIE CERJLR BRI (G 1.3.7), Ak F|%
Hs, ¢ 57
s-a+t-m=(a,m)=1.
Ht, z = s (mod m) ZFRIRK (3.2) M.
(ME—H) HEEME 2, Bl az’ =1 (mod m), W

a(z —z') =0 (mod m).

KA (a,m) =1, FTLh z = 2’ (mod m), fif&ME—FH.
FHELZEM. FHRIKRK (3.2) if# 2 = zo (mod m), WAFEEH ¢, 13 a-20 = 1+q-m.
R EFE 1.38, F (a,m) = 1, EFEKOL. EEE.
EX 3.1.2 EmR2—ANAEEH o BN RELEEHK o 27

a-a’'=da-a=1 (mod m)

AL, B a AR m ATETT.
AR E B 3.1.1, 7EME m IR SCE, of RME—AFZER). X o/ WA o I m T, id4E
a’ =a ' (mod m).

B, fEEER 3.1.1 MM T, R (3.2) B
az =1 (mod m)
(0 7T 5 A

z=a"' (mod m).

HIK, 4 R E & — S ik
EIE 3.1.2 & m A —ANEEH NEH o 2B m RSO AZ AR M o 22
m T,
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WE L EYE WAV o AR m ARIR, W (a,m) = 1. ARIEEE 3.1.1, AR of
fitg

a-a’ =d -a=1 (mod m).
PRk, e X 3.1.2, a &4 m WiT.
M TR o BB m WioT, WAFAEHEE o 119
a-a’' =1 (mod m).
B ) 425K
az =1 (mod m)

ff# v =a’ (mod m). IRIEERE 3.1.1, 7 (a,m) = 1. Kk, BH o 28 m RLEISL. EHE.
B Ja, 7 S I — KR R 2R KA.
EHE 3.1.3 A m A—ANEEL o RIFBL m fa §FHK N—KEHRAX

az =b (mod m) (3.3)

HB T B5MHR (a,m) | b W, BREAX (3.3) AN, @A

"= (((a?m))q (‘“"d %)) - oy o,

t=0,1,---, (a,m)— 1.
E BB RESKNX (3.3) F# 2 = zo (mod m), BIFELERERL v, 1413

axg—myg=>b.
KA (a,m) | a, (a,m) | m, FTCAMRYE B 1.1.3,
(a,m) | axzg — myo = b.
PRI, 00 A T ,
ot W (a,m) | b, W —— AEEHL
(a,m)
B, ZERRK

a

z=1 (mod (af”m)). (3.4)

A ( - — ) =1, MR EH 3.1.1, FFAEME—M# o, BT KL B A RRESK

(@m)’ (am)
= ((a,am))_l (m"d (ﬂn)) !

(a,m)

A )

3 [ R (3.4) BRAL.
HR, 5HFERK

PEiee (a,bm) (m"d (alm)) (3.5)



94 FI3E R &£ K

) i — )
L m
emm= iy a (mod ).
mA, z=z, = (a,bm) -zo (mod m) [ & (3.3), B
az = b (mod m)
B — MR

&jE, BHFEARK (3.3), @)

ar =b (mod m)

4= E AR

z=x;+t-

m

(a,m)

192 F, IAFARAFAR
az=b(modm) A az, =b (modm)

AL, T AR RS 3

a(z —z;) =0 (mod m).

W e 2.1.10 AEH 2.1.8, XEHT

=1 (mod ﬁ)

itk AR (3.3) MIAERME TS (3.7).
$l 3.1.2 KB—KREKX
33z = 22 (mod 77).

(mod m), t=0,1,---, (a,m) — 1.

(3.6)

(3.7)

UEHE.

B OEk, EBAARS (33,77) = 11, HHA (33,77) = 11 | 22, AR R A& A .

Hk, il CEOLBR AR, KRR
3z =1 (mod 7)
H—MF# zf = 5 (mod 7).

X, iR
3z =2 (mod 7)
H— MR zo=2-25,=2-5=3 (mod 7).
BjE, BHRFERAK2SHKE

r=3+t- =3+t-7 (mod 77), t=0,1,---,

(33,77)

z =3, 10, 17, 24, 31, 38, 45, 52, 59, 66, 73 (mod 77).
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3.2 HERREE

3.2.1 FERMREE: “PILAY SHELE

PR, RPN TR R, A CEME RS AT ERE” LSRR CRIE
) . CRABFET CREA®E . “BE” CREAE) . “BER” CREME) . “BERLE” .
“YIAREE” 2 4.

KT R AR B ol ph 7 e B, BRI T (I THAL) 1 “DAIE” & (5 T8 28
), JESCn

AYAMBE, = =F2H ., TR H=, bz . myLf

B “AATARRIE, = B, HER A=, L, i 20

BE =

AN S M M T, B SHNETA TS, b A
RN S, EK AR S, PR ], B

YRR BT R AR AR R

z=2 (mod 3),
z=3 (mod5),
z=2 (mod7).
T i R A A
2:2.5.7 = 2-70 = 140, 3:1-3.-7 = 3-21 = 63
2:-1-3-5 = 2-15 = 30, (-=2)-3-5-7 = (-2)-106 = =210,
140 + 63 +30 = 233, 233 — 210 = 23.
12 “PIAHE )8, W R
o 2,3, 2 AELE by, ba, bs;
e 3,5 7B mi, ma, ma;
e 5.7,3-7, 35 HFENE My, My, Ms;
o 2,1, 1 MAIEE M|, M}, Mj;
o 233 fENPFTHIERI RS by - M| - My + by - M} - My + b3 - M}y - M3;
o 105 YENKE m = my - my - ma, —210 1EH 105 ) ¢ 15%.
HIEEPOPVALS]
2 - 2 - 5 - 7T = 140 3 - 1 - 3 - 7T = 63
! ! ! ! ) ! ) !
by M| mo m3 by Mé my ms
2 1 3 5 = 30 (—2) 3 5 7 = —210
! ! ) ! ! ] ! i
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e AR FR A
T = blM{M1+b2M£M2+b3M3M3+qm,
M!-M; = 1(modm;), i=1, 2, 3.

NN R aAE A — W —— “ 5 e . #{ET 1500 4 5 4T4L, SRAEN L

N, i3 A—HE, ZH 2 A ulhis A—HE B4 N 57 A—HE 2 6 A 85D Ll
ANHC 1049.

bk i) R R LR R s
z=2 (mod 3),
z=4 (mod 5),

z=7 (mod 7).
HREIRESAN (ANENT 1000 ~ 1100 Z [a])
2-2-5-7 = 2-70 = 140, 4-1-3-7 = 4-21 = 84,
6-1-3-5 = 6-15 = 90, 7-3-5-7 = 7-106 = 1735,
140+ 84 +90 = 314, 314+ 735 = 1049.
AH I X0 Y. B A
2 2 5 7 = 140 4 1 3 7T = &4
1 1 ! ) ) I} ! !
by M ma ms bo M;} my ms
6 1 3 5 = 90 7 3 5 7 = 1735
) 1 1 ! ! 1 ! 1
by - M - mp - my qg - my - Mg - M3
AL X R

b1'M{'Ml+b2'Mé'M2+b3'M§'M3+Q"m1
1 (mod m;), i=1, 2, 3.

T
M- M;

15 “DAET REBELRE, mi, me, ms, LK

m m m
m=m;-mg-m3, M =— =mo-m3, Mo =— =m;-m3, Mg= — =my-my
my ma m3

Al
M| = (My)™! (modm,), Mj=(Mz)~' (modmy), Mj=(M;)""' (modms)
HRAARKL, T by, by, by F g JEATARHL

:r=b1-M{-M1+b2-M£~M2+b3-Mé-M3+q-m
S—_—— N — ~~
A5 g 2§ A%
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iE 2 WIPIEERRERAA (AT KD -

= NFEAT-E+A, Itigfett 8, B TRIRIERH, BRa T e

MR BUF
o —AFEBEm, =3; AW my =5, LT ms =17,

o LHHIR M ma-mg =70; H—HHR Mj-my-ms =21; EFAHE Mj-mi-my =13.

o HAELIE my-my-mg = 105.
5, KA FBIIA T
il 3.2.1 (MFEE) R4 X4

# H A AE A

€ =by-70+by-21+by-15+q- 105, g=0, +1, £2, ---

BAEE B8 A FE” ) RIS T X, B ) o [ 8 4R e P T B

EHE 3.2.1 (PEFKEHE) Kmy, -, mp £ EANAAALE HEELY, NHEEH

EH by, -, by, FIRKA

z=b; (mod m,)

z =br (mod my)

— A, g E—0. FEL,
(i) &4

m = my---Mk, m:mi'Mia izl""akv
W B4 X248 (3.8) 69MT R TH
T=by-M]-M; +by- My My+ -+ b - Mj,- My (mod m),

o
M!-M; =1 (mod m;), i =1,2,--- k.
(i) &4
Ni=my---my, i=1,---,k-1,

W F 4 X (3.8) M TRTH

z =z (mod my -+ -my),

(3.8)

(3.9)
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‘ﬁ"_\:t-? NL,NZ =1 (mOd mi+1)7 1= 1a27"' 7k—17 'FJ Ty %ﬂﬂ%;&éﬂ

z=b (modm,)

z=b; (modm;)
9k, i =1,k FHLEEXEZX
z; =xi 1+ ((bi — zi—1)N;_; (mod m;)) - N;—1 (mod my---m;), i=2,---,k. (3.10)

3.2.2 AIMAEMNPERKEE

BN J7RE ) v [ 38 4 2 B &% Rabin M.
EIR 3.2.2 K my, mo REEMHAANELE, NHEZ L by, by, FlAXA

{ z=by (mod m,),

(3.11)
z =by (mod my).
—XH M, BRAE—. FEL, F4H
m=my-my, m=m; M;, i=12,
N F 4 XA (3.11) TR TH
x=by - M| - M, +by - M} - My (mod m), (3.12)

H
M- M; =1 (mod m;), i =1,2.

iERR X (3.11) M —ANERRXAEM 2 = by (mod my), W LUK I RAXALIERZR KA
(y1 FFESH)
Izbl + Yy -my =b1 +y1 'Mz.

¥« RARSR4 3.11) B - AREK, 5
b1 + y1 - My = by (mod my),

1%
Y1 - My = by — by (mod my). (3.13)
B SRR LR AR RRE, XS BEE My B my, AR s, t 1675

s-My+t-mog=1.
M, S AR BEER My = s, M =t, {13 (FI] My =mi, ma = M)

M} - My =1 (mod my), M- -M; =t-my=1 (mod m,),
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$lF 4R (3.13) B um[EIRLL My, 15

y1 = (by — by) M), (mod my)

y1 = (by — b1) My + q - ma.

wEARA (3.12) RN

x = b+ ((ba —b1)Mj+ q-ma)M,
= by(1— MiMp)+by- Mh-Ma+q-my- M,
= by M| M +by My My+q-my-my
= by - M| M +by- M- M, (mod m).
UEHE.
KB LN AP TR E R e B 3.2.2, AT R 3.2.2 MEWTRE, AHer

3.2.2 W FRE:
EIR 3.2.3 X my, my REFHH/NELL, NHEZHEK by, by, FIAXA (3.11)

PP
z=b; (mod m,)
z=by (mod my)
R 9
T=by-s-mg+by-t-my+q-my-ma, (3.14)
HP s tiBE
s-mo+t-mp = 1.
i 3.2.2 & p, q RARFH KBRAX4A
z=b; (mod p),
z =by; (mod q).
B ORI EE 323, IHEHEY s, ¢ E15
s-g+t-p=1.
e 43 3] 7 R XA WA

T=by-s-q+by-t-p(modp-q).

3.2.3 HEFKTERZHEIER
AT M IE B 7 ke v R 4 e F IR .
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WE ESG, UEMIRROME— Tt
B ox, o #AEWALRIRK (3.8) KM, W

z=b;=2' (mod m;), i=1,---,k.

A may, -, my PP E A IESE, ARYEE B 2.1.12, 15
z =z’ (mod m).
FHIE W A7 AETE.
H R R R AL %

MRAE BB R AT, AMERAEM i, 1<i<k, A

XARYEE A 1.3.12, f
(m,-,Mi) = 1.

FARYE B 3.1.1, SREHKIEH]) (KL R AREREE, W2 Rk M/, i =1,2,- -

M- M; =1 (mod m;),

IXFE, SRIEH TN (3.9) EEEL, B

1=1,2,--- k.

x=>by M| My +by - My -My+ -+ by - My, - My (mod m).
BA m=m; M; fem; | Mj, 1<j <k, j#i, FTUAXMEE o WL AR
z=0+-+0+b- M/ -M;+0+---+0=b; (mod m;),

a2, A (3.9) MEBUZEFRRK (3.8) K.

i=1,- k.

Bl 3.2.3 KR &K
z=b (mod 5),
z=by (mod 6),
z=bs (mod7),
z=bsy (mod 11).

i S m=5-6-7-11=2310,

M, =6-7-11 = 462,
Mz =5-6-11 = 330,

3 SR A [ 43 5

M!-M; =1 (mod m;),

33

M; =5-7-11 = 385,
My=5-6-7=210.

1=1,2,3,4.

K, 18
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R A AL b

T = b1-3-462+4+0b2-1-385+4+b3-1-330+4b4-1-210

3.2.4 HEFKEEZIBYIIERA

A7 Y 388 V51 0 75 4t v R s B Ik .
WERR AR A AR AL
k=1, AR

T = by (mod my)

ik

=1z = b (mod my);

k=2 i, JRFERXAEN T

{ z=b (mod Ny), (3.15)

z=by (mod moy).

R (3.15) M ANRIEAREM® 2 = 21 = by (mod Ny), AT LUK RIZ XA MMERR A
(01 ﬁﬁ’?i&)
r=1x;+y - N

¥ o RARILRR (3.15) MBE _ARKK, A
Z1 4 y1 - N1 = by (mod my)

%

1 - Ny = by — 1 (mod ms). (3.16)
TG SCRRJUAFBR:, A HEE Ny B my, ATSK 450 V] {75

Ni{-N; =1 (mod my),

¥l 438 (3.16) MIPIuR AL N, 13

y1 = (by — 1) - N| (mod my).
MRl (3.15) HIfE A

z = x5 = 21 + [(by — 1) N} (mod my)] - Ny (mod myms).

R i—1, (i >2) W, av8kaL, Bp

T = b1 (mod ml),

= bi—l (mod mi_l).
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111

T =z;— (mod my ---m;_1).

¥ i, M4l

z=b; (modm,),

z=0b; (mod m;).
ST R R4l

{ z=xz;_, (mod N; 1), (3.17)

T=b; (mod m;).

ﬁ{ua: k=2 H‘J'f%%, Hﬂ@%ﬁéﬂ. (317) H‘J%—/I\Fﬁlﬁ%itﬁﬁg T=Ti—1 (IIlOd N‘i—l)v ﬂu%
FIRXAMBERTRA (yi FESH)

T=ai 1 +Yi-1 Nio1.

¥ o RARARA (3.17) B A FEER, 7

Zi 1 +Yio1 - Nio1 = b; (mod m;),
i,

Yi—1 - Ni—1 = bi — i1 (mod m;). (3.18)
BT SCRR LA BRI, X80 N,y KA m, SRHHEEH N, 575

N!_,-N;_, =1 (mod m;),

¥R (3.18) MM Rl N/_,

i1 = (bi — zi—1)N/_; (mod m;).
A 423041 (3.16) HIfE A

z=1z; =z, 1+ ((bi — z;_1)N,_, (mod m;)) - N;_; (mod m ---m;).

HR Y8 02 A g v R B A A RS . Y.
5l 3.2.4 B EEZ = HE—TIN, 7R 5 THA, BRAT 1 A; KR 6 TN, TR
75 A5 B TATHRIA, W RAT 4 A A& 11 ATRBA, ) RAT 10 A RE4L
iR o B ARk R 4L
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B— X by=1, by=5, by =4, by =10 NJHHI 3.2.3, 153

T

1l

1-1386+5-385+4-330+ 10-210
= 6731
= 2111 (mod 2310).
= g ER R AR
4 N, = 5. FARRANE—AARRAEM 2 = 2, = 1 (mod 5), K IR MEF b
(y FrEZH)
z=14y-5.

¥z RARIKRKXARE - ANERK, B
l+y-5=5(mod 6) 5{ y-5=4 (mod 6).

BRI KL RAGRRE, W Ny =5 K my = 6, AKHEEH N) = N[' =5 (mod 6),
@

y=4-5=2 (mod 6).

Rl R A A
r=xz9=1+2-5=11 (mod 30).

BERTA (y HESE

T =x9 =114y - 30.
# 2 AARKRKAR B =R, 7

11+y-30=4(mod7) = y-30=4-11=0 (mod 7).
BRI XKL ARRRIE, X Ny = 30 B#R mg = 7, AR BEH N) = N, ' =4 (mod 7),
&
y=0-4 (mod 7).
R A A R A
z=x3=1140-30 =11 (mod 210).

BERTA (v FESH)

Tz =1x3=11+1y-210.
¥z RARKRAARBENUNFRK, 7

11+y-210=10 (mod 11) #{ y-210=10— 11 =10 (mod 11).

BT XKL B SRR, X8 Ny = 210 FAE my = 11, 73R B35 Nj = N;l =1 (mod 11),
&)

y=10-1 (mod 11).
Rl R A fE A

z=u1x3=11+10-210 = 2111 (mod 2310).
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3.2.5 HPEMEREEBZNA — ik

I FH [ 3 B, BT DA — 253 AR K is S AL R BT SR IR E B

5 3.2.5 3t 21000000 (od 77).

f@— FIHEH 2.4.1(Euler &H) EKBES Vit HEEETHE.

KA 77 =711, 0(77) = ¢(7)p(11) = 60, FrLAHiE R 2.4.1 ( Euler &), 15

260 = 1 (mod 77).
1000000 = 16 666 - 60 + 40, FTLA
21 000000 _ (260)16666 _24() - 240 (mod 77).
Wm=17 b=2 % a=1,¥ 40 5l dkHl,
40 = 23 4 25,

& IR R 7k, ot SR
(1) ng = 0. ﬁ“ﬁ
ap=a=1, b =b*>=4 (mod 77).

(2)ny =0. HH

ai=ag=1, by =0b}=16 (mod 77).
(3) ng = 0. IH

a=a; =1, by =>b2=25(mod 77).

as =ag-b3 =25 by =0b3=9 (mod 77).

(5) ng =0. ¥HH

ag = a3z =25, bs=0b2=4 (mod 77).
(6) N = 1. i*%

as = aq - bs = 23 (mod 77).
wa, i
21000000 = 93 (mod 77).

R A g =21000000 (X% 77 = 7- 11, FiLAWHE 2 (mod 77) S Tk [F R XA

¥

B4 Euler L H 29 = 26 = 1 (mod 7), BLA& 1000000 = 166666 - 6 + 4, FrLL b
21000000 = (26)166666 .94 = 2 (mod 7).

Hfoi, Py 270D = 210 =1 (mod 11), 1000000 = 100000 - 10, H7EL by = 21000090 =
(210)100000 = 1 (mod 11).

by (mod 7)
bs (mod 11) .

Il
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A my =7, me=11, m=mq-mq = 77,

]\4127’1’1,2=1].7 M2=m1:7,

igilEN ACESY
11M{ =1 (mod 7), 7Mj; =1 (mod 11).
(EE
M{=2 M;=38
1§

z=2-11-2+8-7-1=100 = 23 (mod 77).

[Al i, 21000000 = 93 (mod 77).
5] 3.2.6 it}
312! (mod 667).

R s E R R e R E ST
4 x = 31213, Ak 667 = 23 - 29, FTLAVHE 2 (mod 667) EMh T Kg R &4

x = by (mod 23)
z = by (mod 29)

I ER T, 18

Il

by
HE b n=23 b=312. % a=1. % 13 Fpg_idkHl

312'% = 8 (mod 23).

13=1+22+2%

BB E R 7k, KR E:
) no=1. ¥
ag=a-b=13, b =b*=8 (mod 23).
(2) ny =0. ItH
ay =ap =13, by =b? =18 (mod 23).
B)ny=1. it&
ag=ay-by =4, bz=0b2=2 (mod 23).
(4) n3 =1. itH
az = ag - b3 =8 (mod 23).
Rl
by = 312" = 4 (mod 29).
Hi b, n=29, b=312. % a=1. % 13 G #kH,

13=1+22+23.
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B E R P J7 %, K EwE:

539

33

PAK

i1

PRt

() no=1. IHH
ap=a-b=22, by =b>=20 (mod 29).

(2)n; =0. HH
a; =ag =22, by =0b?=23 (mod 29).
(3) Ny = 1. i+ﬁ
azg=a; -by =13, by =b2 =7 (mod 29).
(4) n3 =1. 15
az = az - b3 =4 (mod 29).
A

T my = 23, mg = 29, m = my - mg = 667,
M1=m2=29, M2=m1=23,

KR AR X
29M;] =1 (mod 23), 23Mj =1 (mod 29).

M, =4, M},=-5.

Fc b, T LR BRRE, f

29 = 1-23 + 6
23 = 46 — 1
1 = -23 + 4-6

Il

(-1)-23 + 4-(29—1-23)

4.29 + (-5)-23.

z=4-29-8+ (—5)-23-4 =468 (mod 667).

, 31213 = 468 (mod 667).
5l 3.2.7 F RSA(MAEHZ %) *F math %,

BRAAFEMRGEMH N =26 FRHEN. HIXERZENR b = 2-FRAMARNES

M =Nk EFERENR | = 3-FRHRAARMES ¢ =N

EHEHXT p=23,¢=29.
(a) 1 n=pg =667 Fl o= (p—1)(g— 1) = 616.
(b) BEHLIEEIER e = 13, 1 < e < ¢, {17 ged (e,¢) = 1.
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(c) BRI XBRJL R B HE R AR SE— 3% d = 237,1 < d < o, 1E18

e-d=1 (modyp)

616 = 47-13+5, 1 = 3-1-(5—1-3)

13 = 2-5+3, = (-1)-5+2-(13—2-5)

5 = 1-3+2, = 2.13+(—5)- (616 —47-13)
3 = 1-2+1. — (—5)-616+237-13.

(d) LB AR K. = (n,e) = (667,13), FAEE K, = d = 237.
(e) APRERFH—4A45 B SCIBCTE B, I I 05 B SCF 7.
ma= 12-26+0=2312 +—— 468 =18-26+0 = sa,
th=19-26+7=501 +— 163 =6-26+7 =gh.
MEIE. AINEE R ma, B ma FHHEFE R ma= 1226 + 0 = 312; AN
5B th, ¥ th A FER: th =19-26 + 7 = 501.
Kik#H B iHH
c=m* (mod n) = 312! (mod 667) = 468,
BB BB 468 = 18- 26 4 0 = sa, Bl P4 A sa.
H
¢ =m* (mod n) = 501'* (mod 667) = 163,
BB TS BB 163 =626+ 7 = gh, Bl 75N gh.
(F) W B G ¥k 5235 SC A BH S
sa=18-264+0=468 +— 312=12-26+ 0= ma,
gh=6-264+7=163 +—— 501 =19-26+ 7= th.
RETIE. NRE ¢, A B sa FrI BT B sa= 18- 26 + 0 = 468, K% L gh ¥
BB A5 R gh=6-26+7 = 163.
PR d=237 5

¢? (mod n) = 468237 (mod 667) = 312.

HR B A5 BB A SCF. 312 = 1226 + 0 = ma, I SCH ma.
s
¢ (mod n) = 163%7 (mod 667) = 501.
HW B A5 BEEWASCF. 501 = 1926 + 7 =th, BIH]SCH th.
BAEHE BB 2.24.
EHE 3.2.4 AEE 321 GFMT, 5 by, by, -, by DHNBAKE my, my, -, my 8
AR EFZ, N

:EEbl'M{-M1+b2-Mé-M2+-"+bk~M;c-Mk (modm)

WA M =my -mg--my ATEREZ.
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@o=by - M} - M +by- M- My +---+bg - Mj, - My (mod m),

W by, by, -+, by 3B my, mg, -, mp KIEEFRERN, 2o W my ma---my,
ANEC WERBEAUERTENTBE m PP ARIR, WE BRRAL. sk b 4

by- M} -My+by-My-My+- - -+by- Mf,- My, = by - M| - My +by- Mly- My+- - -+b, - M- My, (mod m),
AR HE € B 2.1.11,
bi- M!-M; =b.- M- M; (mod m;), i=1,---,k.
BA M!-M; =1 (mod m;), i=1,---,k, FrLA,
b; = b, (mod m;), i=1,---,k.
2 b;, b RF—NTEERRRPEEDNE, &
bi=b), i=1,---,k.

5 H BT UEEE.
W 3.2.1 Emy, o, mp RAEANEEFAEEK A m=my--mp WAEZ A
0<b<m, HABFE—E—EELE b, 0<b; <m;, 1<i<k, 147

by - M{ - My + -+ b - M, - M =b (mod m)

P m;- My =m, M-M; =1 (mod m;), 1 <i< k. #H—F (bym)=10AZFHL
(b,‘,mi):]., 1<’I.<k

iE 4 b R b BEm MBCNETUREL 1< i <k, WZAEUEHE—1), IHER
by - M| - My + -+ by - My, - My =b (mod m).

Hye b T 1<i<k B

bl-M{-M1+"'+bi_1'Mi,_l'Mi_l+b1;'M1-"Mi+bi+1'M£+1'Mi+1+"'+bk'M,:'Mk
Eb,M:MlEbIEb(mOdmt)

Xomy, oo, my &k ANEERMIERE, Frik
by - M{ M +---+bg - My - M, =b (mod m).
M, 4 bm)=18, 7 (bm) =1, 1<i<k, XHNH
b; =b (mod m;), 1 <i <k,

BT e

(biymi) = (b,m;) =1, 1<i<k.
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JAEK, # (bi,mi) =1, 1<i<k B, A
(b,m;) = (biym;) =1, 1 <i<k.
M (b, my - -my) =1, Bl (b,m) = 1.
Wik Womy, oo, my ik DERENIEES 4
m=my---mg, m;- M; =m, M- M; =1 (mod m;), 1<i<k.

WAL R R by, -, by,

(by - M| My + - +by- M- M,m)=1
(IFY2 SED
(biymi) =1, 1 <i< k.
3.3 BRERAMBYREEL
3.3.1 BRERXBIBY
MAEH B @R IF R AR M. RBE m ATLASMER & AN HL 3 1) IE B0 e

m=my---mg.
B, FIBWMAPEEE m RRFRBHEAIEE m, KK, LERENMBRECCR.
EH 3.3.1 Emy, -, mpg T EANFARLEAEREI, m=my - -mi, NEAEX

f(z) =0 (mod m) (3.19)
5 R 4& X
f(z)=0 (mod my)
: (3.20)
f(z)=0 (mod my)

FMH. wRA T, RFREX
f(z) =0 (mod m;)

B i=1, -k, T RTREAX (3.19) 493, 0
T=T, - Tk
MWz ZFRK (3.19) HIfE, W
f(z0) =0 (mod m).

R R 2.1.11, F
f(zo) =0 (mod m;), i=1,--- k.

B 2o RFISRRAL (3.20) HOMR.
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Bk, B
f(zo) =0 (mod m;), i=1,---,k,
WiEeH 2112, F
f(zg) =0 (mod m).

B[R] 42304 (3.20) HOfR zo RS (3.19) .
WA f(x) =0 (mod m;) IR by, i =1,--- k. W@ HEE 3.2.1, B R e H,
R 18 R4l

z=b (mod m,)

z =br (mod my)

HIff 2
z=by- M| M +---+ by M - M (mod m).
ZSp]
f(z) = f(b;)) =0 (mod m;), i=1,---,k,
BTl =z 22

f(z) =0 (mod m)

HIf#. 8 = BE b; G f(x) =0 (mod m;) WA (i=1,--- k) M f(z) =0 (mod m)
HIFT AR, BRI C4 (3.20) HIRECH

T=T - Tk.

E5E.
] 3.3.1 MREAX

f(z) = z* +22% + 8z + 9 =0 (mod 35).
e 3.3.1 MRREKAFEN TR &4l
f(z)=0 (mod 5),
f()=0 (mod 7).

HERH,
f(z) =0 (mod 5) AN z =1, 4 (mod 5),
f(z) =0 (mod 7) KN =3, 5, 6 (mod 7).
R 3.2.1, B E R4 2, vk RERAL

z=by (mod 5)
z =by (mod 7)
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111

IR A
T=b-3-T+by-3-5=by-21+by-15 (mod 35).
WUR A g A
=31, 26, 6, 24,19, 34, (mod 35),
3t2.3=61. FHEL,

1-21+3-15 =66
1-214+5-15=96

31, 4-21+3-15=129

24,

26, 4-21+5-15=159 19,
6, 4-21+6-15=174 = 34.

1-214+6-15 =111

If
|

3.3.2 SXERAREFH
K, % R ZECRF IR & K.

f(z) =0 (mod p%).
X BT — IEREE m A RAES E X

m= Hp".
P

e # 3.3.1, Bk R4
f(z) =0 (mod m),
Rk 2 (3.21), B
f(z) =0 (mod p%).
W f(2) = anz™ + an_12" '+ + a22? + a1z + ag HBRFE WA, id

f(z) =n-apz" ! +(n— 1) an_ 12" 24+ +2- a2z +ay,

B fl(z) M fz) BT
EH 3.3.2 X z =1 (mod p) ZRHFRX
f(z) =0 (mod p)
éh_./l\ﬁg‘v H
(f'(z1),p) =1,
R4 X (3.21) A ##

T = x4 (mod p%),
Az, TR XZXE)FE].
T, =Ty +tioy-p' ' (mod p*), 1=2,-,q,

XE
—f(zi-1)

tior= =00 (f@)7" (modp)) (modp),  i=2-

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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E W f(z) = ans" + an_13™ L+ +agx? + a1z + ao. Kt a > 2 1EECERAGNEE.
(1)a=2 HIEBBEEME, ARKX (3.22) G

x=m1+t1-p, t1=0, :tl, :t2,

BTk, ZRBRT t, BIERN
f(z1 +t1-p) =0 (mod p?)

sk g, A
f(z1+1t1-p)
= an(@1+t1-p)" +an_1(z1+t1-p)" T+ +ag(x +t1 - p)® +ai(m +t-p) +ao
= an(z¥ +nz? Mt p) + C2x7 23ty -p)2 + -+ (t1 - D))
+ap1 (2] (0= D)t 2 (b p) + Ca2t (0 p)? o+ (- p)" )
+ o+ ag(x? 4 221 (t - p) + (41 - p)?) +ai(z1 + (41 -p)) + a0

= f(z1)+ f'(z1)(t1-p) + A- (t1-p)?,
Hrp A H8Y, A
f(z1) + f'(z1)(t1 - p) = 0 (mod p?).
KA f(z1) =0 (mod p), ATLL_EIR[F] 40T 5 Bk

fe) -t = % (mod p).

XA (f(z1),p) =1, WIFEEH 3.1.3, XAMEKGHE p 5 B —#

b= iz‘f—l)u'(zl)-‘ (mod p)) (mod p).

Bp
T =y =z, +1t -p (mod p?)
AKX (3.21) (a=2), B
f(z) =0 (mod p?)
It
(i) ® 3<i<a BEEREN i —1 oL, IRSER 3.21) (a=i-1),
f(z) =0 (mod p* )
1 fi#
T=xi 1+t -pl, ti1 =0, £1, £2, ..

EBRT tio MFERK
f(@i—1+tioy - p'™") =0 (mod p')
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k. Bk
f@ia+tiza -9 1Y)
= an(Tic1 +tic1 P Hanoy (Tio1 + i -pi‘l)"-l -
+ag (Ti—1 +tioy P 1) +ay (o1 +tio1 - ptY) +ag
= an (2] +nal [ (tioy - p )+ CR Pt P )2+ (b )Y
+an_1( o +(n—1)1: (tl 1 p )+ C2_ 1T 13(t, 1o p )2 4+ -+(ti_1-pi_l)n_l)
+eodag (22 + 201 (b PN + (bic o2 Y)?) Har (mic + (fim - PY) +ag
= fl@ic) + f@ic) (i p )+ A (tior P,
Heb A HEH. X p?t-D > pi
f@io1) + f'(@io1)(tio1 - p") = 0 (mod p).
A f(zi—1) =0 (mod pi~t), BT IR [R5 30 nT 5 &

Fin) -ty = 222 (moa ).
NHEH f(@ir) = f'(zim2) = - = f'(z1) (mod p), BET
(f'(@i1),p) = - = (f'(z1),p) = 1,
HRSE SR 3.1.3, A AR ARHHE p # BALH
t = LB (1) (mod p)
= @) (@)t (modp)  (mod p),

Bp
T=x; =T 1+t -p ! (mod pi)
EA&KRX 3.21) (a=1)
f(z) =0 (mod p")

Ikt

B LR B, @B 2 <i < o AL FEH, EHEXT i = o BOL. UFEE.
3.3.3 SRERAMREA — BEHHA

B 3.3.2 KMmR AKX

f(x)=2*+ 72+ 4 =0 (mod 27).
B— (M 3.3.2 MIEHIEFRE)
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T f(z) =2+ 7z +4 (mod 27), &
f'(z) = 42® + 7 (mod 27).

HERSH, fFERK

f(z) =0 (mod 3)
%

z7 =1 (mod 3).
Blz=1+t -3 RAFKRKX f(z) =0 (mnod 9), AIFF 3|

f()+ f'(1)-t;-3=0 (mod 9).

B
f(1)=3 (mod 9), f'(1) =2 (mod 9),
Jir LA bk [R) 4% 5X0RT 5
342:t,-3=0(mod9) #H 2-t; =-1 (mod 3).
fi#1e

t; =1 (mod 3),
Bt AR f(2) = 0 (mod 9) HIFEN

o =141t -3 =4 (mod 9).
B z=4+1t-9 RARKRK f(z) =0 (mod 27), AIFFF|

f(4)+ f'(4) - t2 -9 =0 (mod 27).

Bh
f(4) =18 (mod 27), f'(4) = 20 (mod 27),
Frel Bk A &R K
184 20-t-9=0 (mod 27) 8 2-ty = —2 (mod 3).
i1

to = 2 (mod 3),
Hil, F&R f(z) =0 (mod 27) HIf#H

3 =4+ ty -9 =22 (mod 27).

B= (NMAEH 3.3.2 LR
F f(z) =2+ 72+ 4 (mod 27), H

f'(z) = 42® + 7 (mod 27).
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BHERH, FERK
f(z) =0 (mod 3)

ik
z; =1 (mod 3).
B,
fl(x1)=4-1*+7=—1 (mod 3),
f'(@1)™t = ~1 (mod 3);
Hwx, 5

MEL%QW@JJ@MQPH (mod 3),
To=x1+t;-3=4 (mod 9);

wfa, vHE
ty = _f3$2) (f'(z1)"! (mod 3)) =2 (mod 3),
T3 =xTg+1y-3%2=22 (mod 27).
Kk, F4& f(z) =0 (mod 27) HIfEH
z3 = 22 (mod 27).

3.4 EHEHERK
BRAEE IR AN SRR R EL p A R
f(z) =anz” + -+ a1z + ap =0 (mod p), (3.26)
Hr a, #0 (mod p).

3.4.1 FEHEMZIAKR/LEF/MRZE

BHEH B2 AR LR

513 3.4.1 (BWMKBJLEERE) K f(z) =anz™+ - +aiz+ag A n REZHEZ R
Ko gl@)=a™+ - +biz+bg Am>1RE—FZBHZAX, WALEEZHKZAX q(z) Fo
r(z) 4%

f(z) =q(z) - g(z) + r(z), degr(z) < deg g(z). (3.27)

iE 4y LA B BT

(i)n<m W g(x) =0, r(z) = f(z), LR

(i) n>m. X f(z) FIIXE n FEECEF AN,

T n=m,f

f(x) —an-g(z) = (an-1 —an- bm—l)xn_1 + - (al —an - bo)zx + ag.
E]J‘H:‘v q(:II) = Qn, T(IL‘) = f(l‘) — Qp - g(l) ?‘Jﬁjfjk
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R n—1>m B, G5iRkoT.
T n>m,

f(fl}) - a‘nxn_m : g(m) = (a'n—l — Qp - bm—l)l‘n_1 xR o (an—m — Qp - b())mn_m

+ anfmfll'n‘qn*l + -+ agp-

X f(z) — anz™ ™ - g(z) BB <n—1 HEIE MHEHRPEREENEE (1), /74
BARBE I ¢ (z) A ori(2) (675

f(@) — anz™ ™™ - g(z) = qu(z) - g(x) + ri(2), deg ri(z) < deg g(z).

B, g(z) = anz™ ™ + qi(z), r(z) = r1(z) AFTK.
FRYE B vk R B, G500 L. UEEE.
£ SIEEF g(z) HHE 2T, HAXNT f(z) = 22, g(z) = 220+ 1 € Z[z], AF
q(z),r(z) € Z[z] WiLK (3.27).
3.4.2 FEHEMERAMEKL

HWK, T LK 22 — 2 (mod p) AATATHEHIAE N F (Fermat /Mg ), BLA 2 TRk
JUBLARRIE, AT LUK IR 2 T R SRR A o RBOR R p — 1 i Z ISR A, BRI

FE 3.4.1 RAX (3.26) H—AMAMAARE p—1 694 p FlAXFMN.

iE HEIRKL AR, AR RBE I (o), r(o) 13

f(z) = q(z)(z” — z) + r(z),
Heb r(z) MR <p—1. HEH 242 (/N EH), ST =, #H
zP — =0 (mod p).
iR R
f(z) =0 (mod p)

Fhr TR

r(z) =0 (mod p).
i 3.4.1 RERAKX
flz) =32 + 42 +22™ +2° + 2% + 2° + 122° + 2 = 0 (mod 5)

FMeaRH <5 IRE KN r(z) ALHE.
B 2 gx)=a°— o, EZTAMIKILEERE

3z +4283 422 4+ 2% 4+ 26 + 23 + 1222+ 2
= (B2 +42%+22°+32°+52*+222 +42+5)(z° —z) + 323+ 162 + 6.
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45k |,
ro(z) = f(z) —32% - g(z) = 42V +22" +320 + 2% + 2% + 2% +1222% + 2,
ri(z) =ro(z) —428-g(z) = 221 +320+52% + 25+ 2% +1222 + 2,
ro(z) =7r1(x) —22% - g(z) = 3290+52°+227 + 26423 +1222 4z,
r3(z) =ro(x) —32% - g(z) = 529 4+22"+425+ 23 +1222 + x,
rq(z) =r3(x) — 52 - g(z) = 227 +42%+525 4+ 2% +1222 4z,
rs(z) =ra(x) —22%-g(z) = 425+525+32% 41222 + 1,
re(z) =rs(r) —4z-g(x) = 52°+32%+1622 + 2z,
r7(z) =r6(z) —5-g9(z) = 323+ 162°+ 62,
B LA (] 4 50554 T
r(z) = r7(z) = 323 + 1622 + 6z = 0 (mod 5).
HEERH
r(0) = 3-03+16-02+6-0 = 0 = 0
r(l) = 3-1°+16-12+6-1 = 25 = 0
r2) = 3.2%4+16-2246-2 = 100 = 0,
r3) = 3:33+16-32+6-3 = 243 = 3
r4) = 3-43+16-42+6-4 = 472 = 2 (mod 5)

WE & EN 2 =0, 1, 2 (mod 5).

3.4.3 EHBRMERAMEANX SR

PR, HIRFIRR f(2) 08 o = a1 5—KFARRA « - ar WXRR K0S FRL
IR EBCAN K TR (e B 3.4.4).
EE 3.4.2 K 1<k<n WXk

z =a; (mod p), i=1,---,k,

RE&#X (3.26) #9 k N RFE, WAHEFTEY o, A
f(@) = fi(@) (z—a1) -+ - (z —ax) (mod p), (3.28)
Hb fi(z) An—k REAX, AREZHZ a,.
i 2O LRGRE, FEZIA fi(z) A r(z) 15
f(z) = fi(z) - (xz — a1) + r(x), deg r(z) < deg (z — ay).

S50, fi(z) WIREUE n— 1, BIRBGE an, r(z) =r HEE. KA f(a)) =0 (mod p), ATLA
r =0 (mod p), BIfy

f(z) = fi(z) - (z — a1) (mod p).
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i f(a;) =0 (mod p) & a; # ay (mod p), i=2,--- ,k, 135
fl(ai)EO(mOdp)a Z:2aak

K, X F I f1(2) THRBZIX fo(a) 67

fi(x) = fo(z) - (z —az2) (mod p),
fala;)) =0 (mod p), i=3,---,k.

fr—1(2) = fi(2) - (x — ax) (mod p).

[ivd
f(z) = fi(z) - (x —a1)- - (z—ax) (mod p).

5l 3.4.2 ARAX

3xM + 4z 4+ 22 + 2% 428 + 23 + 1222 + 2
= z(z—1)(z —2)(3z'" + 320 + 32% + 427 + 326 + 2° + 22* + 2% + 3z + 3) (mod 5).

i fRar =0, a;=1, a3 =2 o] HHI 3.4.1 FI r(z) = 323 + 1622 + 62 133 (H 3.4.5)
r(z) = 3z(z% — 3z + 2) = 3z(z — 1)(z — 2) (mod 5).

RYEEF 3.4.2 FoEH 2.4.2 (B /g B, AfSL N3
EI 3.4.3 &K p 2A—AEH, N
(1) SHEATES ©, H

P ' —1=(z—1)---[z— (p—1)] (mnod p).

(ii) (Wilson £ ) (p—1)!+ 1 =0 (mod p).
1 Wilson & #, A5 2 BHOE 75 4 B A 5 AF.
B 0 NEB B EFMRE (n—1)!+1=0 (mod n).

3.4.4 FEEMRRNABEL T

&, VR p [RIR AR

Segh A R A Bl

EIE 3.4.4 R4 X (3.26) M4 AT E o R4

WE RAEVE. Won IKFEIRE (3.26) MMEGEIL n 4N, WX (3.26) 20F n+ 1 MR, &
EATA

z=a; (modp), i=1,---,n,n+1
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WyEEH 342, X T n M ar, -, a,, THE
f(z) = fa(z)(z —a1) - (z — a,) (mod p).

A f(ant1) =0 (mod p), BTLA
fn(an+1)(an+l - al) T (an+1 - an) =0 (mod p).

KA a; # a1 (mod p), i =2,--- ,n, H p ZFEE, FrLL fu(ani1) =0 (mod p). H fo(z) BH
WARBH an, KB n—n=0RZHRX, #p|a, FE. iFEE.

#it KE < p MERBZ OO T A BEHUER p IFNARELMF L LREW »
R,

iE AR FHELEE. HAR, 2 f(o) 7 REA p #ER, XU p
Z I f(z) (mod p) IXHL < p. MIEEHE 3.4.4, BIXPIAE < p, SEKRFHTE, BHER
F%3L. UEEE.

T H ) 42 A B3

EIR 345 KpRA—AFH n R—AEEH n<p. FAREKX

flz)y=2"+ -+ a1z + ap =0 (mod p) (3.29)

H n MRS LEBFMNR 2P — 2 K f(x) RITIFR XA TA 2B p 691340
iE HA fz) BE 2K, HEZHARRKILEGERE, MAEERKEL I g(2) M
r(z) #13
P —x = q(x) - f(z) +r(z) (3.30)

He r(z) BIIREL < n, q(z) BFIIREUE p—n.
BAE, #FRIRK (3.29) F n M#, WHER 2.4.2 (R L/NEH), X n MEAZ

2P — 2 =0 (mod p)
FIfE. XA (3.30) HX n MEHERZ
r(z) =0 (mod p)

MR, {5 r(z) FIKE < n, BHEHE 3.4.4 ZHERHN, r(z) MR p MREEL
[k, EHZIK r(z) FRBEH p BER, WdEH 3.4.4 ZHERH, r(z) IATEE 2
BUEEE p AF. IRYEEE 2.4.2 (R D/DNERL), XHMEATHELL 2, XA

P —z =0 (mod p).

B, MALATEEE 2, 15
q(z) - f(z) = (mod p). (3.31)
XY, X (3.31) 71 p DAFRIME,

z=0,1, -+, p—1 (mod p).
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HILAT# f(z) =0 (mod p) MIFEL k =n. BN, k < n. HIREA p—n FHZ I q(z) HIHE

R q(z) = (mod p) MEEL h < p—n, FTILLSK (3.31) MR <k +h <p FJE. iEEe.
L Wp & ANFEY dEp-1 HERE. BAZIK 24— 1 8 p 5 d DAFKIAR.
E BN d | p—1, FrUMFERE g 15 p— 1 = ¢ d. ZFEFA R

P71 = (2P — 1= (24P V 424D ... 4 20 4 1) (2 - 1).

Wi EH 345 LI 22 — 1 ¥ p B d PRI, UELE.
5l 3.4.3 FIETEI AKX

223 + 52% + 6z +1 =0 (mod 7)

REH ZAM.
B AN ER 3.4.5, M Z IR E 1. EER4-2=1 (mod 7), f§
422 + 522 + 6z + 1) = 2° — 22 + 32z — 3 (mod 7).
PERIR RS R R RSN, 2B KILRERE, 73
7

g —z=x(*+2%2-22—-2) (23— 22+ 3z — 3) + Tz(z? - 1).

MRYEE P 3.4.5, [ R HIEECH 3.
Bl 3.4.4 RMREI&RX

2128 + 22'° — 20 + 42 — 3 =0 (mod 7).
ML, EEAECH T BT, 53
22" — 2% + 42 — 3= (mod 7).
ok, V2 NI L G RRE, 15
2z'% — 210 + 42 — 3 = (22% — 2® + 22?) (2" — z) + (—z* + 223 + 42 - 3).

JR A AR S T R AR
z* —22% — 42+ 3 =0 (mod 7).

HERE « =0,+1,+2, +3, Z1FSXRTCH.
5l 3.4.5 KER &KX

3z + 4z 4+ 221 + 2% + 2% + 2% + 1222 + 2 = 0 (mod 5).
fE— 2 UGB LR, 15

3xM + 4218 4221 4 2% 428 + 23 + 1222 4+ 2
= (329 + 428 + 22% + 32° + 52 + 222 + 42 + 5)(2° — z) + 323 + 1622 + 6.
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N ERE 3.4.1 , JRIFIRREM T
323 4+ 1622 + 6z = 32° + 22 + = (mod 5).
HERH, #H
z=0, 1, 2 (mod 5).
= NHIEH 2.4.2 ZHEWR, M TR EREE Lk,
R = 2t (mod p).
ﬁ (p = 5)7
2 B =2%=2%=1,

! =27 =23 (mod 5).

ik, RFERAFN T
323 + 1622 + 62 = 0 (mod 5).

BETI SN T
2(32% + 1622 + 6z) = 2® — 32 + 2z = 2(z — 1)(z — 2) = 0 (mod 5).

HERHE, FRAKWHH
z=0, 1, 2 (mod 5).

3.5 &
(1) KTk F R TT R BTA#E.
@ 3z =2 (mod 7). @ 6z = 3 (mod 9).

® 17z = 14 (mod 21). @ 15z =9 (mod 25).
(2) K FI—RFEIR TR T A .

@ 127z = 833 (mod 1012) . @ 987z = 610 (mod 2668).
z=b (mod 5)
(3) KMFE AL z=by (mod 6) '
z=bs (mod7)
z=by (mod 11)

(4) & a,b,m ZIEHEH, (a,m) = 1. T 70T LARKME— KRR T2
az = b (mod m).
(1) UEB: WREH z BRFRIKKX az = b (mod m) KI—M#, B4 z hEFRIKRR
@z =—b [%] (mod m)

. XH a) £ m H o BB/MNERIR. FEE: XPMFEKKXSTFHEBANZF KK, 2
&z MRBOZEL o DNEEL
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(i) R (1) Pdk, B8R0 —REARK, Kbz MR a=a>a1 >a2> -
UER: A — DN IEEE n, 615 a, = 1. BIFESE n &, 5 £ = B (mod m).
(i) A (i) PRTTERBE—KFERK 62 =7 (mod 23).

(5) B p REH k RIEHH. WY FARK 22 = 1 (mod p¥) IEHFAHNAIRE R
x = +1 (mod pF).

(6) UEW]: k> 2 i}, MR 22 =1 (mod 2%) RIFA 4 DPAFRIRMIM, BN © = +1 8HF
+(1+2%71) (mod 2%),k > 2; k = 1 I, ZFERAHT M 2 k=2 i, ZRAKKXEH
AR R K.

(7) &1l Euler &H KM FF— kA &I FE:
®5z=3 (mod 14). @4z =7 (mod 15). @ 3z =5 (mod 16).
(8) K 11 MIFFEL, A% 2,3,5,7 BRIIRECH 1.
(9) UEWH: TR a,b,c R, (a,b) = 1, BAIFEEE n 15 (a-n+b,c)=1

(10) iEBH: R4 { z=a; (modmy)

z=as (mod my)
HIEHENY (ma,me) | (a1 — ap). FHUEBEFR, ZEEE (Imy, me]) ZME—H].
(11) WEW: ARl

4
z =b; (mod m,)

z = by (mod my)

z = b, (mod my)

it 12

zzbl-Mf(m’)+b2~M§p(m2)—|—»-~+bk~M,f(m") (mod m).

XHE m; WHEZE, m=m; my---m,, szﬂ, j=1,2,-- k.

m;
(12) & my =9, mg =10, m3z =11, m = my - my - m3.
z=b; (modm)
KFFERAL ¢ z=b, (mod my) -
L z =bz (mod m3)
(13) W my =7, my=9, mg=10, m=my - mg - ma.
z=b (modm;)

SR it ] 42 Al j z=by (mod msy) -

z=bs (mod ms3)

\
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(14) W my =7, mag =9, mg =10, mg =11, m =my - my - m3.
z=by (mod my)

kAt | © T medm)

z =bz (mod ms)

[ =bs (mod my)

(15) ¥ my =99, ma = 100, mz = 101 , m = my - ma - m3.

(2= by (mod my)

KEFRIRAA ¢ z=0, (mod my) -

z =bs (mod mg3)

(16) K FFI—RIFERITFELH KA.
®{z+2y51 (mod 7) . ®{ z+3y=1 (mod 7) -
2c+y=1 (mod?7) 3z+4y=2 (mod7)
(17) W5 31213 (mod 667).
(18) PH4% 21000000 (164 1309).
(19) #5[F R ATTREA A R AR AURR A
(i)23z =1 (mod 140);  (ii) 17z =229 (mod 1540).
(20) W k RIEHE, ay, -, ax RPIPITERENIERE UEV]: £74E & MHABHEEL, 135 5
MR a; B (1<7<k).
(21) WHEH my, -, mp W EE, WERTTHEA

a; x = b; (mod m;), 1<ji<k

RO RERMET —NRIRTE ajxz = b; (mod m;) Yyn] g, R (aj,mj) | b; (1<
J<k). Bmy, o my ANBHE R, IXEE R AL ?

(22) BEEH my, - ,me BREE, (a5, m;) = 1. W 24 2O HR0EEHHEE m; K564 (7
th) ®4 R (1<j<k) B,
T = (MyayzO+ Mo+ -+ M) (M +Maasz® +Ms+- - +My) - - - (My+ - - My_14+Mgara™)

SEPTHE m = my - my K54 (FIAL) BIRR, K mM; =m, (1< <k).
(23) KRR

3z + 4213 + 221! + 2% + 28 + 2® + 1222 + 2 = 0 (mod 7).
(24) KfEFEI&RA

flx)=2" + 7z +4 =0 (mod 243).

BER
(1) LR UHHEFERRK az =1 (mod m) [FIfE.
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(2) GFESEIVFE R R az = b (mod m) .

z=by (mod m,)

(3) SIS AR { e,

z=by (mod my)
(4) G ScBLvH S ch ) 4 e B

(5) ZmAESKBLVH AR m 1) 2 KR L A BRVE.
(6) gmFESEILUEHEAL m 1A R

(7) GRS AR m )R] RSk A



F4E ZRERASFEARER

AT 8 7 — IR FER AR BRI L —BRF RS AR REIRARE
A AR R, AR A R T SR A
4.1 —RRERR
KA R
az® + bz +c=0 (mod m), (4.1)

HHA a # 0 (mod m).
PG IERE m ARHEBEX m =pf - pps, FILZKARRK (4.1) FM T RIKRA

az? +bz+c=0 (mod p),

az? +bz+c=0 (mod pi™*).
Pk, e ZEOR p> IR
az® + bz +c=0 (mod p*), p fa. (4.2)
KRR (4.2) MBIRIFIFELL 4a, 4351
4a*z?* + 4abz + 4ac = 0 (mod p®)

29
(2az + b)? = b*® — 4ac (mod p®).

L y=2ar+bH
y* = b? — 4ac (mod p%).

M, 2 p AR, (20,p) = 1. ERAKREN TRIAZR (4.2).
ENX 4.1.1 & m 2EEHK ZRAX

2:

z° = a (mod m), (a,m) =1 (4.3)

HE, N a A m GEARREIRRER); TR, a HAHE m GFFIERK SR RIE
FH).

i@ (1) IER o B m VI RIRELEP IR a FHAXH?

(2) T H R R X (4.3) F#?

(3) tnfarsk A 2K (4.3) M2

Bl 411 1 RAE 4 FFHRAE, -1 RAEL 4 FFERE

Blar2 1,2 4 RBETFHFHE, -1, 3, 5 RE 7 FHERE
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Fam —RKAKRKETFIEEK

BAh12=1,22=4,32=2,42=2,52=4, 62=1 (mod 7).
5l 4.1.3 —1, 1, 2, 4, 8, 9, 13, 15 Z4& 17 F 7 F4&;
3, 5,6, 7, 10, 11, 12, 14 &8 17 “FIiEFIR. KK

12=162=1, 22=152=4, 32=142=9, 42=132=16= —1,
52=122=8, 62=112=2, 72=102=15, 8% =9?=13 (mod 17).

Bl 4.1.4 RBRFFAEE: 2 =2+ +1 (mod 7) 89FTH & (z,y).
g Xxz=0 1,2 3 4,5, 6 55Ky
z=0,y2=1(mod 7), y=1, 6 (mod 7),
z=1,4*=3(mod 7), ¥,

z=2, ¥y =4 (mod 7), y=2, 5 (mod 7),

z=3, y¥> =3 (mod 7), Lf#,

=4, y>=6 (mod 7), JTf#,

z=>5, y>?=>5 (mod 7), Tofi#,

z=6, y>=6 (mod 7), Jofif.

HH 4R

Bl 4.1.5 RK#RFAEE =2+ +2 (mod 7) $9FTH &
B Xzx=0,1,2 3 4,5 6, 35KH .
z=0,y*=2(mod 7), y=3, 4 (mod 7),
z=1,4y*=4(mod 7), y=2,5 (mod7),

r=2 y>=5(mod 7), L&,

z=3, y>=4(mod 7), y=2, 5 (mod 7),

z=4, y* =0 (mod 7), y =0 (mod 7),

z=>5, y> =6 (mod 7), JTf#,

z=6, y¥>?=0 (mod 7), y =0 (mod 7).

I 8 M.

5l 4.1.6 KBRFAZ FE:y? =2+ 22— 1 (mod 7) &9FTH &.
B Mz=01,2 3 4,5 6, 73%KH y.

z=0, y¥>=6 (mod 7), Tof#,

z=1,9y*=2(mod 7), y=3, 4 (mod7),

z=2 y*=4(mod 7), y=2,5 (mod7),
z=3,y*=4(mod 7), y=2, 5 (mod 7),
z=4,y°=1(mod 7), y=1, 6 (mod 7),
z=5y>=1(mod 7), y=1, 6 (mod 7),

z==6, y¥>=3 (mod 7), TG,

A 10 A

Bl 4.1.7 RKBRFARE E: 9> =2 -z +1 (mod 7) 49 F7TH %
B Xr=0,1,2 3 4,5 6,0%5KHy.
z=0,y*=1(mod 7), y=1, 6 (mod 7),
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z=1, 92 =1(mod 7), y=1, 6 (mod 7),

z=2, y* =0 (mod 7), y =0 (mod 7),
z=3,y¥*=4(mod 7), y=2, 5 (mod 7),

z=4, y¥* =5 (mod 7), TCf#,

z=5 ¥y =2 (mod 7), y=3, 4 (mod 7),
z=6,y>=1(mod 7), y=1, 6 (mod 7).

A 11 AN

Bl 4.1.8 Ki#HRFAE E:y?> =23 +3z—1 (mod 7) 9FTH L.
B Xz=0,1,2 34,5 6,5kt y
z=0, y> =6 (mod 7), TCf#,

z=1, y* =3 (mod 7), JCf#,

z=2, y¥* =6 (mod 7), TCf#,

z=3, y¥* =0 (mod 7), y =0 (mod 7),

z=4, y¥* =5 (mod 7), Jof#,

z=5 y> =6 (mod 7), Jofi#,

z=6, y¥?=2 (mod 7), y=3, 4 (mod 7),

HEH 3R

Bl 4.1.9 KRME AKX 22 =46 (mod 105) .

@ PBh105 =357, REAKRKXEN T FRAA

22 = 46 = 1 (mod 3)
2 = 46 = 1 (mod5) ,
72 = 46 = 4 (mod7)

73 33K = AN F R XA
z=2z; =41 (mod 3), z=1z3==1(mod5), z=z3==22 (mod 7),
YA G 3.2.1 Fp [ER R 3.2.1 BIFRMEN

T =by - 704 bg - 21 + b3 - 15 (mod 105),

z=1-70+1-214+2-15=121 = 16 (mod 105),
=1-70+1-21+ (~2)-15 =61 = 61 (mod 105),
z=1-70+(—1)-21+2-15 =79 = 79 (mod 105),
2=1-70+(—1) 21+ (—2) - 15 = 19 = 19 (mod 105),
z=(-1)-70+1-21+2-15= —19 = 86 (mod 105),
z=(=1)-70+1-21+(~2)-15= —79 = 26 (mod 105),
z=(-1)-70+(-1)-21+2-15 = —62 = 44 (mod 105),
x=(-1)-70+(-1)-21+(—2)-15 = —121 = 89 (mod 105),
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il 4.1.10 KEEAX 22 = 1219 (mod 2310) .

B A 2310=5-6-7-11, FREALREN T4

z?2 = 1219 = 4 (mod 5)
z2 = 1219 = 1 (mod 6)
z2 = 1219 = 1 (mod 7)
z2 = 1219 = 9 (mod 11)

IR = A AR R A

r =1z, =12 (mod 5), z=uz3==1 (mod 6),

z =3 ==l (mod 7), z=uz4 =3 (mod 7),

(S Rl 3.2.3 Fih EF R e 3.2.1 BN

x = by - 1386 + by - 385 + b3 - 330 + by - 210 (mod 2310),

€ =2-1386+1-385+1-330+3-210 = 4117 = 1807 (mod 2310),

€ =2-1386+1-385+1-330+ (—3) - 210 = 2857 = 547 (mod 2310),
x=2-1386+1-385+ (—1)- 330+ 3 - 210 = 3457 = 1147 (mod 2310),
z=2-1386+1-385+ (—1)- 330+ (—3) - 210 = 2197 = 2197 (mod 2310),
x=2-1386+ (—1)-385+1-330+ 3 - 210 = 3347 = 1037 (mod 2310),

T =2:1386+ (—1)- 385+ 1- 330 + (—3) - 210 = 2087 = 2087 (mod 2310),

€ =2-1386+ (—1)- 385+ (—1) - 330 + 3 - 210 = 2687 = 377 (mod 2310),

@ =2-1386+ (—1)- 385 + (—1) - 330 + (—3) - 210 = 1427 = 1427 (mod 2310),

z=(-2)-
z=(-2)-
z=(-2)-
z=(-2)-
z=(-2)-
z=(-2)-
z=(-2)-
z=(-2)-

1386 + 1 - 385+ 1-330 + 3 - 210 = —1427 = 883 (mod 2310),

1386 + 1 - 385 + 1 - 330 + (—3) - 210 = —2687 = 1933 (mod 2310),

1386 + 1 - 385 + (—1) - 330 + 3 - 210 = —2087 = 223 (mod 2310),

1386 + 1 - 385 + (—1) - 330 + (—3) - 210 = —3347 = 1273 (mod 2310),
1386 + (—1) - 385 + 1- 330 + 3 - 210 = —2197 = 113 (mod 2310),

1386 + (—1) - 385 + 1 - 330 + (—3) - 210 = —3457 = 1163 (mod 2310),
1386 + (—1) - 385 + (—1) - 330 + 3 - 210 = —2857 = 1763 (mod 2310),
1386 + (—1) - 385 + (—1) - 330 + (—3) - 210 = —4117 = 503 (mod 2310).

4.2 BAFRUNFARKEFHIERR
PR R HL p 1 KR

2?2 = a (mod p), (a,p) = 1. (4.4)

HAEH B p ) IRIRI R AT MR A5
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EH 4.2.1 BREFIFEH) X p R EE, (a,p)=1,
(i) a BB p KIF I RIRMIFI DB

T =1 (mod p); (4.5)
(i) a FEHE p IF 7 AR A 1 78 40 A5 4 1 2
a"r =1 (mod p). (4.6)

HH2 a 24 p B RIRE, FR (4.4) 1B MR
W (1) By p REFEE rUlfaRIER
-z = =z ((31:2)%1 — apg_l) -+ (aP;_l — 1)z
= 2q(2) (@ —a) + (@"F — 1)z,
Hrh g(z) & = WERHZ A,
A oa BB p M4, B

z? = a (mod p)
AW z, I E P 3.4.5, RN REA p 86, 1)
D | a"T — 1.

FrLAk (4.5) L.
Bk, #30 (4.5) O, W RIFAARYE & 2 3.4.5, A H 4250

z? = a (mod p)

AE, B o B p FITRIAR.
(i) B4 p REARE, (a,p) = 1, IRIEEEEE (EHE 2.4.1), ARER

(a%l + 1) (a‘v;—1 - 1) =a’ ' -1 =0 (mod p).

FHRIEEH 142, B
P|a%l-1 [ p|ap§_1+1.
Bk, 4538 (1) HFEAT: o B p FFITIERIR 78 0 B
a"T =1 (mod p).

IEHE.
Bl 4.2.1 FlBr 137 BT A4 227 F 5 A
MR R ER 421, EyHE
137

B EE T % om =227, b=137. % a=1, % 113 S 3H,

227

—1
2

= 137" (mod 227).

113 =1+ 2% 4+ 25 4+ 26,
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RV G7 - A/
(1) ng = 1. #W5

ap=a-b"™ =137, b, =b? =155 (mod m).
(2) ny = 0. 5 |
ay = ag - b} =137, by = b} =190 (mod m).
(3) np = 0. IH
ag = ap -by? =137, bz =b% =7 (mod m).
(4) n3 =0. 5
az =az-by* =137, by = b§ = 49 (mod m).
(5) ng=1. ¥
ag =ag-by* =130, bs= b2 = 131 (mod m).
(6) ns = 1. 5
as =aq-bg® =5, bg=bZ =136 (mod m).

(M neg=1. ¥

ag = as - bg® = 226 = —1 (mod m).

Kl 137 A#E 227 “F 7 JERI 4.

it & p RAEHE (a1,p) =1, (az,p) =1, 1

(1) W a), ap #EE p KIFIHTEIR, W ar - ax B p FIFTTRIAR.

(ii) Wk a1, ap #EE p FETTIERIR, W a) - ax BB p K T7RIR.

(iii) R a; BB p P ITRIAR, ay BB p BPETTIERIR, W a) - ap 24 p KFITIAE
P&

iE A

(a1 -ag)l’%l :af;_1 -a?,
Frel i E R 4.2.1 B8 458, UEEE.

ETE 4.2.2 K p RHEH W p YR FAZ P FFTHEL FH7FREONHES

1%1, A ’%1 I R4 A5

2 92 p—1 ?
1727”'a T (4'7)

¥ 6 — R &, BAE — /MR A
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A R 4.2.1, VTR A EEE TR 4K

Lzt o=1 (mod p)

L. 2
ac}%l—1|xp“1—l.
HIEE 3.4.5, WA R MR L %, HOT T3 R A2 A o p%l, (IR ZE = 1P i &
b1 Pl p-1
2 2

FHE B E B B4
#HR @7 PEBEME p AR, BIFFE b # ky, 15

k% = kg (mod p),

oy
(k1 + k2) (k1 — k2) = 0 (mod p).

Xl 1,
plki+ks B p|ki— ko

B 1<k, ka<(p—1)/2, &
2<ki+ka<p—1<p, |k1—ke<p-—-1<p.
MM, ky = ke, AJE. JEEE.
4.3 ¥iLBFHS
4.3.1 PUBFSZEEMR

SERE 4.2.1 25 H T8 o RS R p IRFIR I HFIBIEN, 875 EERE s
S5, T ol S AT L) A R AR V.
ENX 4.3.1 &K p AFHK ZXHiLE (Legendre) S 4o F:

1, & aRARp o497 F&;

(%) —{ 1, B o R ETEMA, (4.8)
0, & p|a.

<_):1 <= z?=a (mod p) Af#
(9) =-1 <= z?=a (mod p) Lf# "
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()= (8- ()= (2)-(2)-(2) - (2)- ()
(2)-(2)-(5)-(2)- ()~ (1) - (2)- (1)

FIHLBRS, TL e 4.2.1 RURN:
EIR 4.3.1 (BRIZHHEN) X p RFFH, WEZEL o,
a

(5> =a"7 (mod p). (4.10)

W MR E AR 4.2, fF

a

(_>:1 s o BMp FHESE < o™ =1 (modp)

p
F
(g) — 1 <> a BHp PHIEEE < o =1 (modp)
AR
(%) =0 < pla a"T =0 (mod p)
Jit LA 5 BT nac=}
Bl 4.3.2 E8 2 RAL 17 FHEAE; 3 R 17 FHEH A
By ot =% B
2=4 2%=42=-1, 2=(-1)2=1 (mod 17)
32=9, 3*=92=-4, 3¥=(-4)?%?=-1 (mod17)
HRYERCR ) HIEN) GERE 4.3.1), ATLLCAIET 1 F1 —1 294 p P Fl 4, B
EIP 4.3.2 X p AFEHK N
1
(1) (;) =1 (4.11)
—1 p1
@ () =0 (412)
IE ARIERRBAIBIEN GEFE 4.3.1), W T a=1 0, 5 o™= =1, FrRAR (4.11) BT 1
SHF a=—10, 7 a7 = (-1)"7, XHK p £AH, UK (4.12) KO F L.

B, WS p RE
Hit Bp BARE WA

(_—1):{ 1, # p=1 (mod 4); (4.13)
p —1, # p=3 (mod 4).
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ME RRIEEKRAIBEN (2B 4.3.1), 1

(3)-cr

47 p=1 (mod 4), WAFAEIEFEE k /18 p =4k + 1, NIy

(3) - o= = cv* =1

47 p =3 (mod 4), WAFAEEREEL k 675 p = 4k + 3, ATy

(3) = o= = omn-n

Bl 4.3.3 FEr R & X
—1 (mod 365)
RER M, AR, Kb LA
& 365=5-73 ARERH, RFERAEFNT
22 = -1 (mod 5),
z?2 = -1 (mod 73).
P -1 —1
(3)-cv==1 (F)-¢
R R, R FERXAM, BECH 4.
TS LA SRR B (R e 2] SR,
EIE 4.3.3 K p AFEH, N
(i) (A%m) (a+p> = (%) (4.14)
(i) (RATEM) (a—b) (%) (—) (4.15)
a
(iii) % (a,p) =1, M (;) =1 (4.16)
iE (1) FAERK
=a+ p (mod p)
FHr T RIRK
z? = a (mod p),
B LA

(5%)=G)
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(il ) ARIERRPLAEN (EHE 4.3.1), 1

(5 i, (2) =6 i
LK
(%) = (a.b)%l (mod p).

(52) -t 7« () () i

PR #hib AR S HUE £1, H p REFEL, rLlf

a-b a b
(5)-G)G)
(iii) fy (ii) SZBEP/E). UFEE.
it W p RAFELE WREH o, b WL a=b (mod p), M

(5)-G)
4.3.2 SH5IE

HF—15 p HZKEE o, Gauss 5 T 5H—HHEN, LLAHKT o PRl ] p —IK
FIR.
313 4.3.1 (Gauss) K p AFHEH. a ZHFHK, (a,p) =1. WwREHK

)l

a.lja.Q,...7a.p;1
*ﬁpﬁﬁ+£ﬂ%k%g%¢ﬁimwﬂ
(%) = (-1)™. (4.17)

iE ﬁm,m,mﬁﬁﬁadwpz~wam;1ﬁpm¢$gmﬁ¢mﬂ%

m-~wm%E%¥ﬁﬁpmi?§%%¢Eﬂ%ﬂU

-1 (p— 1Y,
o (250!

I

[ &
k=1

[Ta: 1T
=1

J=1

If

t m

(D)™ [a: [I—2;) (mod p).

i=1  j=1

11
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Eﬂ,a’l’ cr, Qg p_b17 Ty p_bm %ﬁpﬁﬁx[a%m Em\u,ﬁ

a-ki=p—a-k; B a-ki+a-k;j=0 (modp).

. . —1 —1
lilfrﬁki+kj50(modp),1z$ﬂﬁ‘é,[ﬂﬁ1<ki+kj<PT+P?<p

; -1 0y P—1 .,
[ﬁjg(a'k’p)zl’kzl""’pT’FﬁU"pTAﬁﬁah""aup—bl,---,p—bm

R, ”—;—1 t—AHEB,

o (2= (—1)"'iljlai Ii(p—bj) o (B31)! (mod ).

PHL i,
p1

a? =(—1)" (mod p).
AR EH 4.3.1 K p RARY, A

§)-con
UERE.

THELH 2 BE M p ORI HHIN, CLEKHINT o N p FITRIRFEAHE
BB (T(a,p) = 22: [u])

k=1L P
I 4.3.4 K p AFEHK,
: 2 p2-1
(i) (;) = (-1)"F". (4.18)
(i) # (a,2p) =1, 1 (%) — (_I)T(a,P), HF T(a,p) = 22: li%:l . (4.19)
k=1
iE A
a-k= [%] pHrE, O0<rp<p, k=1, -, p%l’

—1

A=t Bk, ke T = 3 [2F]

k=1

2_1 t m
e 22l - Tap) p+ et Y
=1 1=1

t m m
T(a,p) p+» ai+» (p—bj)+2) bj—m-p
i=1 j=1 j=1

P’ -1 ;-
T(a,p) -p+ 3 —m-p—f—Qij,

i=1
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5,

(a — 1)-‘1)28_1 = T(a,p) + m (mod 2).

i&a:zmuﬁﬂlosksl%l,ﬁog [%] < [’%] =0, Mifi T(a,p) = 0, B

m=

—1 (mod 2);
A a NTTHG W
m = T(a,p) (mod 2).

S 4.3.1 05E L RROL. JEEE.
5l 4.3.4 FlBF 2, 3 T A 17 F 5 F &
() IREEE 434 (1),

(%) = (1) = (c2

Rk, 2 24 17 P B4R
(2) RHEEH 4.4.1(11),

17—-1

2. [3-k 3-6 3-7 3-8
T(3,17)_k§::1 [1—7] = [7]+[7}+[T] =1+1+1=3,

FrLL 3 24 17 05 dEF 4. UFe.
Bl 4.3.5 fRX p=8k+5 AHFEE, N 2 A p FH7EH 4.
iE HEEERS
(2)=<—U4#=4—nﬁﬂ%ﬁﬁl=04ﬂ“”“%“>=~h
P
2 WAL p FITAERIR. UFHE.
Bl 4.3.6 FIETE A& X
z? = 2 (mod 3599)
REH M, AR R b LA
i 3599 =59-61 ARFELH FREKLEMT

z2 =2 (mod 59),
2?2 =2 (mod 61).

ESp]

2 592 1
(5)=04)s 1,
HMEISRA LM 7RSI
#H— ATUAH p MRIEAR.
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it Bp RAREY M4
(g) B 1, Hp=+1 (mod 8);
p —1, 45 p= 43 (mod 8).

WE MRHEEEE 434 (1),
()=

47 p = *1 (mod 8), MIAFLEIEHEEL k {75 p = 8k + 1, Mif

p

47 p= +3 (mod 8), MIAFLEIEREE k #73 p =8k £+ 3, Aifi

(%) = (=1)5F = (=1)2@k* 3R+ —
44 “XER®E
® p, ¢ RARMAETRL. BRK kFIRK
z? = ¢ (mod p) (4.20)
5 KA R
z* = p (mod q) (4.21)

ZIMECR, B g 8 p FHEIRY p 8 ¢ FHRBKRZMMBCR. FHEMEHE (R E R
T HEEIE. R, T ARSI R B . IR R DL RR LA BRI, AT L
AR K PR TR 4 A 5o i) L2 Mg S /N F) R A o e B e S DRI 5 R e ) )L
AL, AT E o PRas o IR o RTE N p PRI,

EIR 4.4.1 (ZKRERME) B p, q REFHEH N

(5)-cr )

E BRBLAED LA 25 ol R E AR, EER AR I UE BT i R A
1796 SEAHH ), Bl A SORBL T 550 7 ASARRIRUER. 7E (BB —HBAMSRICh, &
Wl ARG “HR” . BT RRTHE XK ERBEFARARERT T A, 2PN HEEER

T S HERT EE L RTPE . XU4E/R . sE B N T 3R UL e S AR AR AR AT TORTHOUER]. 2
A, “XERBEABEEHN AN AFRUE.

ME EUEW o
()

KA (2,pq) =1, RIEEH 434, f1

(@)= (5)-cree
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p-1 q-1

st Tap) = Y- [22], 70 = Y- (5], mrotnasien
h=1 k=1
T(q,p) + T(p,q) = % : %-

R L, 900 1 KON R AR, I 41 TR,

o e
P
S| ([q;].k)M
/ (n[74])
v
e
S A
(@] (h,0) (EZ]_O)

4.1 EM 441 UEW

EEREEL ST -, 54800 [% - h], Bt T = f7% I RS A0 T(g, p);

(KPS NM b, AN [g . k], Bk, =4 A 8 S ANECh T(p, q).
UKL OP FICKE A, FT DK 7 T 1 O A BN

p—1g—1
2 2

XRSERK T R B FIE . IEEE.
5 4.4.1 FEFEI A K 22 = 137 (mod 227) T H #.
& Rh 227 REE R E R 4.3.3,

() - () - (&) (o) -~ (a0) (30):

mEH 434 (1), F

T(q,p) +T(p,q) =

2 22721 226:228

(337) = 0™ = ()™ -1
NhEr 441 REf 434 (1), F
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137
(ﬁ) -t
Al 4x3X 22 = 137 (mod 227) Lfi#.
5] 4.4.2 & F %L p = 2000000000000 000000 000000029967 ~ 2100 ~ 1030, ¢ =41. )
¥Rl & X 22 = q (mod p) T H #.
& KA p, ¢ REH WEEH 441 FEB 433 (i), f1

(§) - )= (G) -
(@) @) @)

B LA (%) =1, FAI&R 22 = ¢ (mod p) HF#.

1 4.4.3 &EZ p = 2000000000000 000000000000029967, ¢q = 71. F|EFEl & X
z? = q (mod p) REA .
fE A p, ¢ BRERE MIEEHE 441 KEHE 433 (ii), f7

()= (2) -0 ) - R)
(8)-come = (3)- ()

oL (g) — _1, A4 22 = ¢ (mod p) TR,

Bl 4.4.4 &F 4 p = 20000000000 000000 000000000037 023 =~ 2193 ~ 103, ¢ = 41.
FI¥F R & X 22 = q (mod p) T H .
M A p, ¢ REK, REER 441 FEP 433 (ii), f1

(§)- 0= (2)- ()~ ()

it LA (%) =1, FAI&K 22 = q (mod p) H#.

5l 4.4.5 EEHK p = 20000000000 000 000000000000037023, ¢ = T71. F B B 4 X
z? = q (mod p) T H #.
B KN p ¢ REE W 441 LwEH 433 (ii), H

(@) ()0 ()0 () 3

SY




140 Ham —REEKXSTFHES

(2) =™ =y,
(%) = (1) B (%) — (-1) (%1) = (-D(-17 =1,

AT LA (%) = 1, [AARK 22 = ¢ (nod p) Tfif.

fil 4.4.6 HFEFH p=2192 -2 1, ¢=79. FI¥FAX 22 =q (mod p) REH M.
R A p g RER WIEEH 441 LEH 433 (i), &

(-0 ()0 ()

B (%) — 1, A4 2% = ¢ (mod p) B,

Bl 4.4.7 ZEHK p=292-201 _ 1, ¢g=231. FIERAKX 22 =q (mod p) REH M.
B Khp, q REL RIERE 441 JER 433 (ii), fi

()t () - ) - (3) -t

B (g) — 1, F&R 22 = ¢ (mod p) T,

Pl 4.4.8 EFHMp=292-201_1 ¢=31. b ar =k +k+1, WxtF k=0,1,---,99,
ap B p 89-FF F & HR A

X

JIGIRIGIRIGINGIEIG
p P p P p
0 1 10 -1 20 1 30 -1 40 1
1 1 11 1 21 -1 31 1 41 1
2 -1 12 1 22 1 32 -1 42 1
3 -1 13 1 23 1 33 1 43 =1
4 -1 14 -1 24 -1 34 1 44 1
5 -1 15 1 25 1 35 1 45 -1
6 -1 16 1 26 1 36 1 46 —1
7 1 17 1 27 -1 37 | 47 —1
8 1 18 -1 28 -1 38 1 48 1
9 -1 19 -1 29 1 39 1 49 1

347 30 MR p FITRIG, 20 MR p FITERIAR.
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Bl 4.4.9 EFEHp=2192-201_1 ¢=31. 4 ar=k*+2k+3, MxtFk=01,---,99,

ar B p 89 F F RIRFIA A

dIGIEIGIRIGIRIGIRIG

P p p p V4
0 1 10 -1 20 1 30 -1 40 1
1 1 11 -1 21 -1 31 -1 41 -1
2 1 12 -1 22 -1 32 1 42 1
3 1 13 1 23 -1 33 -1 43 -1
4 -1 14 1 24 1 34 1 44 1
5 1 15 -1 25 -1 35 1 45 -1
6 1 16 1 26 —~1 36 1 46 ]
7 -1 17 -1 27 1 37 1 47 —1
8 1 18 -1 28 1 38 1 48 |
9 —1 19 1 29 1 39 1 49 -1

AT 27 DM p FITRIR, 23 M p FITAERIR.

Bl 4.4.10 KFEH p=2192 264 125120 1 ¢="79. FIBRAX 22 =q (mod p) &

TH .
R OKAp, ¢ RER WIEEH 441 LwEH 433 (i), F

(5) - == (1) -0 (5) -0 (%) ()
(%) -0™ -1

(3)-c e (3)-n()

B LA <g) =1, FIRK 2% = q (mod p) H#.

B 4.4.11 EKFH p=12'92 2641925121 1 ¢=31 FEEELKX 22 =g (mod p) £

TH .
B KA p, ¢ 2FE B EH 441 FEH 433 (ii),

()=o) o) -

Fir A (g—) = —1, AR 22 = ¢ (nod p) L.
B 4.4.12 EPR: A 4k +1 HEBEA LT A

WE RIUEE. WERIEA 4k + 1 MERBAGHAREA, BXLEREON py, -

A
P=(2p--ps)* +1.

y Ps- %fg
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WA PIEA Ak +1, P>p;,i=1,---,s FTLL P AHEH, HERE p WEE. KA —1 I

p FIi R4, B )
(3)-(59)-(2520)-,

FTLL —1 A8 p FOi4x, MIBEH 432 Z2HEW, p BIEN 4k +1 MEH. BERA
p?épia izl,"’,s- %E ﬁEEE:
Bl 4.4.13 RKATHFELK p, €vh 3 HHEZKF AL
B REKRETEER p, £18
3
(;) -

SR, p it > 3 AR R AR,

B)-co )

(_1)%, _ { I, fp=1 (mod4)
—1, Hp=-1 (mod 4)
LK
(%) =1, M p=1 (mod 6);

ity (‘?1) 1 A T

p=1 (mod 4) o5 p=-1 (mod 4)
p=1 (mod 6) .

XIS T
p=1(mod 12) B{ p= -1 (mod 12).

K, 3 2 p IRFIR TR b B A

p = +1 (mod 12).

Bl 4414 % p REEHK d AEK W (g) -1, 0 p —RREATH 22 — dy?
6% X.
SEOWUE p AR p = 22 — dy?, W p REH, THEF (.p) = (u,p) = 1. FIL,
4 (z,p) #1,
plz, p|z*—p=dy*



4.5 FEATLLFFS 143

B (d,p) =1, FTld p |y, ¥l p | y. IXFE

P2, Pl

NI

XA RE. R,
2 2 2
(©-O)-()-6)-
S E P EE.

4.5 MRS

ESLER S E D, BoRE p ARE A, £ REREANHS, thEK a=¢
RHER XL RIR SR &, Bk, A X AT LSSk, RS m AW R, o HAT
<8 218

EX 4.5.1 Em=p ---p ZHFHK p; R AEEES o, TXHATEL (Jacobi)

S A
-G

T R S R ERSEER ST HRERNEXCEAR. 550 (4.10) 1EHEL,
¥ (a,m)=1,F

(%):1 < z?=a (mod m) Hff
(4.24)

(ﬂ) =—-1 = 2?=a (mod p) Lf#

m

FEATELRF S0 —1, ATHINT o 2 m PO AERIR; ERETHATSH 1, AN o 2
B om SE RIS B, 3 28 119 FIrERIR, H

() G) () -coen-s

EH 4.5.1 & m ZEFH, N

0 ()= ()

) (2)-(2) (L)

(iii) & (@,m) =1, M (%2) =1,

iE Wm=pi-p,, Hbop AEFEH RIEHET LRS00 XA ERL 433,

U @)-E9-0)-0-0)-0
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) = G- ()
- GGE)-G)E)
- GGG -G

(iii)

()-E)-©)-

UEEE.
3T 4.5.1 K m=p, ---pr AT D
m—1 p—1 pr—1
—E.—.—— PR —_— 2:
5 5 + -+ 2 (mod 2);
2 _ 2 _ 2 _
m8 1——_—p18 l-i—---+pr—1(mod2).

i R ERIEK
<1+2-p‘;1)---(1+2-prT—1)

2 2 2_1 2__1
m25(1+8-p18 1)---(1+8~1’TT1)EI+8-<Z)18 +---+pTT) (mod 16).

B LA | B Rl ST UF .
EH 4.5.2 & m AL N

mo
(i) () = 0™

(i) (2) = ()"

WE A mo=py--ope RATE B p RARE RIEHERT RS 10 CREEE 4.3.2

ZHER A KRGIEE 4.5.1, 18
3 - GG

(1)
(3)- () () e -

m

-1 r— 1
1+2‘(P12 +"'+pT) (m0d4),

(i1)




45 HENJHLFFS 145

FEARYEHE T LT 5 1) 5 SCRUE PR 4.3.4 LUK S| 3E 4.5.1, 18

(iii)
2 2 2 ﬁ;l Ezil m2—1
Z)=(EZ). . ()= ()T = (o)
)-G) ()= -1
EIP 4.5.3 % m,n LT, N

(3)-c0s7 ()

E Wm=p-p, n=q g WR (m,n) > 1, WARGEHERT HERF S (1)@ CME LS
fFamEX, 13
n m
(2)-(2)-s

SHRROL. I, AT (m,n) = 1 MRIEHERT LEAF S0 E XAE R 4.4.1, 1§

(2) () -T1(E) () -TTT1 (2) (2) - com B

=1

e,

FHRHES |2 45.1, 18

T s

~pi—1 g -1 _ pi—lgag -1
Zzz '92 :;2;]2

i=1 j=1

m—1 n=-1

2 2

ES): =S 1 A IEEE.
Bl 4.5.1 FIEFR A X

(mod 2).

z? = 286 (mod 563)

REAMK.
& AHLE 563 RENFL, EEIHSREAT TS, KoY

286 2 143 56321 563—1 1431 [ H63 -9 -1
(58) - () (8) - o wre (B - (55) = (58) =
Bl 4.5.2 FIEE AKX 22 =17 (mod m) REAH M. X E,

m = p - g = 40000 000 000 000 000 000 000 000 673 386 000 000 000 000 000 000 001 109 468 241,

p = 2000 000 000 000 000 000 000 000 029 967, g = 20 000 000 000 000 000 000 000 000 037 023.
B AHFE m RENFRY BEIFHRETHRS. WA

(£)- ()= () ()3
(3)-come-
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(7)o (3)-(3) - o

17 _
i LA (a) — 1, FRAARTM.
Bl 4.5.3 FIETRE AKX 22 =59 (mod m) LA M. X2,
m = p - q = 40000000000 000000 000 000000 673 386 000 000 000 000 000 000 001 109 468 241,

p = 2000 000 000 000 000 000 000 000 029 967, g = 20 000 000 000 000 000 000 000 000 037 023.
B ANEBE m RERFELY BERAHERTHRS. By

(%) = ()T (B) = (%) = ()" =,

FrLl (%’) 1, BRI
Bl 4.5.4 KEREX

y?* =2+ 2+ 1 (mod 17)
84 B A R AR 3K
B A fa)=a+z+1 WEE 413 6

fO)=1, y=1,y=16 f(1)=3, T
f2) =11,  E## f(3) =14, T,
f(4) =1, y=1,y=16; f(5)=12, Jofi#;
f6)=2, y=6,y=11; f(1)=11, T

f8)=11, K f9) =8, y=5 y=12;
f0)=8, y=5y=12 f(11)=0, y=0;

fa2y=1, L f(13)=1, y=1, y=16;
f(4) =5,  EfE f(15) =8, y=5, y=12;

f(16)=—1, y=4,y=13 (mod 17).
Rl SRR KR % R
(0,1), (0,16), (4,1), (4,16), (6,6), (6,11), (9,5), (9,12), (10,5),
(10,12), (11,0), (13,1), (13,16), (15,5), (15,12), (16,4), (16,13).

4.6 BIHR

4.6.1 1 p FHIR

W p BIEN 4k + 3 FER. THEHAE R p SE TR,
EIE 4.6.1 X p RMA 4k +3 hFEL REAELX

z? = a (mod p)
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HE, N~
z=4a" T (mod p). (4.25)

& Php RIBN 4k + 3 MERE, PTULFERTR g 78 p— 1 = 2¢. BAERRK
z? = a (mod p)

A, g
"7 =1 (mod p)
GE )
a? =1 (mod p).
Py (R i 3 LL a, 153 ,
(a%"l) =a’"! = a (mod p).
i, R A (4.25). JEEE.

Bl 4.6.1 EE4 p = 2000000000 000000000000000029967, a = 41. KMERE 4 X

z? = a (mod p).

B KA p RIEN 4k + 3 MEE W EH 461 KB 4.4.2, mRFEKAXEGHE, BN
T =+a"" = +1539250749819 107 362 858 845 139474 (mod p).

f5 4.6.2 &K F £ p = 20000 000000000 000 000000 000 037 023 =~ 2103 ~ 231 ¢ =41. ¥
¥Rl A& X 22 = g (mod p) AT A #.
B A p RIBA 4k + 3 MFEE, WP 4.6.1 &Pl 4.4.4, IRFEREGHE, HEA

2= +a"" = +£3406794 145708 458 557 038 951 337 364 (mod p).

5l 4.6.3 K EHp=2192_-201_1 ¢=79. FIEREIAX 22 =q (mod p) RTH M.
B KA p RN 4k + 3 IFREL, WY EH 4.6.1 & 4.4.6, MIRFRRXEGMHE, BEA

z = +a"T = £3441509 450 523 406 068 648 946 248 998 374 727 265 234 715 111 696 917 117 (mod p).

) 4.6.4 X EH p=12192 200125424 1 ¢=79. FIHRAALX 22 =q (mod p) &
TH .
B hp RN 4k + 3 MEE MR EH 4.6.1 &6 4.4.10, MRFRARG M, BEN

z=+a"F = £714966 419491 317 688 312 388 325 572 327 012 170 027 743 594 638 939 954 (mod p).

gaEH 3.2.3, 157
EIP 4.6.2 K p AT H Ak +3 AR T WwREH o HA

5)- ()

z? =a (mod p- q) (4.26)

0 B 4 X
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H #
T = i:(a%1 (mod p))-s-q+ (a'q:—1 (mod q))-t-p (mod p-q), (4.27)
He s, t i s-q+t-p=1.
B A ERK (4.26) FM TR R4l

{ 72 =a (mod p)

z2=a (mod q)

MAKRK 22 = a (mod p) KIEN

ptl
4

r=0b = +a : (mod p),
[FI& 22 = a (mod q) FIfFH

T=0b = +a'F (mod gq),

AR e B 3.2.3(h R e B, Ja AR (4.28). UEEE.
5] 4.6.5 KEE AKX 22 =41 (mod m), X Z,

m = p - q = 40000 000 000 000 000 000 000 000 673 386 000 000 000 000 000 000 001 109 468 241,

p = 2000000 000 000 000 000 000 000 029 967, g = 20000 000 000 000 000 000 000 000 037 023.
& O RRASE TR R A4

{ 22=41 (mod p)
z2 =41 (mod q)
B 4.6.1, AR 22 = 41 (mod p) KA

z=b = +41"%F (mod p),
Bl 4.6.2, A4 22 = 41 (mod q) MIEHR

z=by = +41"F (mod q),
MR 2B 4.6.2, [ AR WA

z4 +=32193618624 495683 510 658 350 350 358 623 910 880 892 989 312 244 092077 738 (mod m).
z4,—=10411925813 362 000 893 524 776 944 370 629 675 259 359 495491 351 853 561 501 (mod m).
r_ +=29588074186 637999 106 475 223 729 015 370 324 740 640 504 508 649 255 906 740 (mod m).
z_ =T7806381375504316489 341 650 323 027 376 089 119 107010 687 757017 390 503 (mod m).

Bl 4.6.6 KER A X 22 =79 (mod m), X Z,

m=p-q = 39402006196394479212279040100 143613804 848155091 990814277389 \ \
898 114 056 133270927 457 237917 458 720 409 323 647616 188 447457 233

p=2192_264_17 q:2192_264+25+24_1‘
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@ PN FESRASEN T RR A4

22 =79 (mod p)
22 =79 (mod q)

il 4.6.1, F&X 22 = 79 (mod p) HIfE A

z=b, =+79"% (mod p),
it 4.6.2, A48 22 = 79 (mod q) IfEA

T =by =£79"% (mod q),

HE e B 4.6.2, J IR R XM H

35654 188 634 097 095 597 557 360 591 060 212 519 607 315 532 939 677 663 455 455 \ '\
391 814 330450309 366 771 353 307 780 624 206 492 557 200 223 624 044 (mod m)

Tt

Il

39124685690 152 141 858 578 435 772213 652 342 275 697 555 521 452 616 532 360 \ \
937951191 083476 382054 741 614 245077 810604 204 779704913862 (mod m)

Ty —

r_ 4+ = 27732050624 233 735370060432 792996 146 257 245 753 646 936 166 085 753 717 \ \
6104942 187451075183 175844475331 513043411408 742543371 (mod m)
) 37478175622973 836 147 216 795 090 834 012 852 408 395 590 511 366 139 344 427 \ \
22241802 820618 090 466 564 150 939 785117 155058 988 223833189  (mod m)

i
+
I

4.6.2 1 p FHR
W op HAFEL SMERLE R o, NS KB R (ERE 4.4.1) 7] EUPRE H A
Wi o RATHAEL p PO RIA, B kA AR

z? = a (mod p)

REATAR, Wl U A ETE.
DIAEEA RGO, B o WAL

T = (%) =1 (mod p)

BT, %58 R A R B Aok .
I 463 RpAFEH, p-1=205,t>1, ¥ s REEH &K n A p FH53F
F4, b:=n® (mod p), wRE LXK

z? = a (mod p) (4.28)

HAE, N o ta? , | HAREX

2!.7k—1

y =1 (mod p), k=0,1,---,t—1, (4.29)
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XL, 7, 1 :=a% (modp),

0, %% (a'22,)* " =1 (mod p);
1, %% (a'z2,)* " '=-1 (mod p).
(4.30)

. k—1 .
Ty ko1 =T b F ) HEFg = {

45, zg ARAXN (4.28) 6977
iE Xk AEBCEANE
k=0, atz2 | WL (4.29). FLE,

t—1 st1\ 2 2t t—1 _
(a_l:vf_l)2 = (a_1 (a%> ) =(a*)® = T =1 (mod p).

BB T k- L SRpor, Bl ataf )y =a el AR (4.29), B

ot—(k—1)—1 _ yzt—k -1 (mod p).

Tk, LA F RS R

(i) (@22 ,)? """ =1 (mod p). KW, jx_y =0, z_k_1 = 2 AR (4.29). F
SE b,

=1 t—k—1
(a 'z?_, 1)2 = (a 'z} k)z =1 (mod p).
(ii) (a=ta2_ ,C)T R | (mod p). X, jx_1 =1, 241 = :1:,‘__;cb2'h1 WA (4.29).
Fis |k,
ot —k—1 k—1\ 2 2tk gt—k—1 -1
(a 'z} ) = (al (zt_ka ) ) = (a '2}_y) 6> =1 (mod p).
WAEHCFIAGNE, G5RX T k, 0 <k <t—1 BOL. EEMAL. =

R4 (4.28) I EMAKET W -
NTHEHp , ¥p— 1B p—1=2t.5 t>1, Hth s ZAK FEER—

p A AR A . BV n (5 (g) — 1% bi=n® (mod p),

t

' =1, b =-1 (mod p),

B b A p 19 28 IXEAIAR, (HAREE p 119 2071 IKERALAR.
(i) 5
Ty =a'T (mod p).
fa'2? | WARIAKRRX (4.29), B
le_l =1 (mod p),

B a~taf , R p i 20 YRR dRSkE

(a'22 )2 =a2 s =alV2 = (%) =1 (mod p).



46 P AW 151

(iYmBt=1,Mz=2,,=x0= a't (mod p) 2 [F 4
2?2 = a (mod p).

WR t> 2, MEFHRER ,_, 7 o127 , WLFRRNA (4.29), B

¥ " =1 (mod p),

B a~ta? , AR p [ 272 IRFLAR.

(a) WIHR
(a_lacf_l)zt_2 =1 (mod p),

é jo = 0, T2 =1 = .’Ift_lbjo (mod p), Dl'J Tt—2 Epy‘]%*

(b) TR
2 1= (b'z)zt—2 (mod p),

é jo = 1, Ty = zt_lb = .’L'g_lbjo (mod p), Ij]JJ T2 Eu%ﬁﬁ*

e F %,
PRI BNEEH z, FH o 22, WARKK (4.29), BF

yzt—k =1 (mod p),

Bl a=ta? , R p H 207F AR,

_ t—k
(@ 'z?_,)* =1 (mod p).

(k+1) R t =k, W z =z, (mod p) WL RAEX
z? = a (mod p).
MR > k+ 1, REFRES v, 63 a a2, WEFRSKR (4.20), B
v* " =1 (mod p),

B o122, | REEE p (1) 20k IRERRIAR.
(a) WR

t—k—1
(@22 ,)* =1 (mod p),
/% Jk—1:=0, Ty_r_1 =Ty = It—kbjk_ﬂkﬁl (mod P)a m Tt—k—1 El]jJFﬁik

(b) w2k
- )224‘_1 =] = (b_zk)zt_k—1 (mod p),

B ko1 =1, Ty = T kb® = Ty b2 (mod p), W) z,_,_, BRAPTK.
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R, X T k=t-1,f

T = Xp

= mlbj‘_22t72

xy_blotii 2+ tie 22t

Il

SHL oL iion LS ot—2
a z blotii2+-tii22 (mod P)-

i AL R AR K

z? = a (mod p).

Bl a.6.7 KEE AKX
z? = 186 (mod 401).

R Kk a=186=2-3 31, iItE#LE/FS

i 186 2 3 31
<4—01) - (m) (m) (4—01) =D (D=1
MR [R) 42 AT .

ST AER p =401, ¥ p—1 EHER p—1=1400=12%.25 Hrh ¢t =4, s =25 RAH
(1) fERGEIC—AEE 401 P AERIR n = 3, HIEH n = 3 49 (2;) = -1 %
b := 3% = 268 (mod 401).
(ii) #5
73 := 1862 = 103 (mod 401)
A a=' = 235 (mod 401)
(iii) BK )
(a"lz§)2 =98% = —1 (mod 401),
% jo =1, g := xz3b% = 103 - 268 = 336 (mod 401).
(iv) B2
(a“lxg)2 = (-1)?>=1 (mod 401),
2 j1:=0, z1 := z2b"% = 336 (mod 401).
(v) KA
a'z? = —1 (mod 401),
& Gy =1, 2 1= 21622° = 336 - 268* = 304 (mod 401), W] z = z = 304 (mod p) W 2[RI

z? = 186 (mod 401).
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aka:

()7 (2)=09(F) -0 () () -

T A

WU

i 4.6.8 KERE &KX
r? = 103 (mod 1601).

B XNT a=103, HEHILBFFS X EAEE 1601 = 15- 103 + 56).

103 . (_ )103 1 1601 1 1601 . ﬁ . 23.7 . i L
1601 103/ \103) \ 103 ) \103 103 /)’

EHEERRFS (XEERES 103 =157+ (-2)),

2 10321
Gﬁ)ZPUB =1

(s1) - (ia) (35) -
FARRAR.

MNTAEH p=1601 , B p—-1 EXRERX p-—1=1600=2¢-25 Ht t =4, s =25 &

A

(1) fERIER—AME 1601 FHIERR n =3, BBH n =3 8 () = -1 B2

b := 3% = 828 (mod p).

PA K

(i) o+
z5:=a"% =595 (mod p)
a~! = 886 (mod p).
(iii) KA
(a_lx;‘;) =98% = —1 (mod 401),

% jo:=1, T := z3b’° = 103 - 268 = 336 (mod 401).

(iv) A
(a‘lzg) = (-1)?2=1 (mod 401),

A jy =0, T, == 2252 = 336 (mod 401).

(v) B
a'z? = —1 (mod 401),

A Gy =1, zo 1= 7,622 = 336 - 268% = 304 (mod 401), W] z = z¢ = 304 (mod p) LA

z? = 186 (mod 401).

5l 4.6.9 KAERE &KX
z? =41 (mod 401).
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R EHEHEERTS.

41 41 1 401 1 (401 32 2
(aor) =0 () - () - (&) -
R A R XA R
HIR B AR
X p=401,5 p—1=400=2%.25 Hd t =4, s =25 BAH.
(i) fEik— Aﬁ«n?ﬁ%ﬂ%n_3wn—3ﬁﬁ(wg 1

Fi4 b:= 3% = 268 (mod 401).
(ii) W5 24 = 41”“ = 338 (mod 401) A& a~! = 313 (mod 401).
(iii) FH (a‘lxg) = (—1)* =1 (mod 401),
A jo := 0, x9 := z3b" = 338 (mod 401),
(iv) A (a~122)* = (-1)2 =1 (mod 401),
A j1:=0, x; = xob"% = 338 (mod 401).
(v) WA a=t2? = —1 (mod 401),
& gy =1, zo = 21b22° = 338 - 268% = 344 (mod 401),
W z = +xo = 344 (mod p) i A& [A R

= 41 (mod 401).
5l 4.6.10 KMRARX

= 43 (mod 401).
& EAUHHSEENS

43 1 401 1 401 14
401 43 43

(3)-coor (8)--(3) -

%u(wJ=04yhU=LﬁEE%ﬁﬁM
FR HARSK A
X p=401,5 p—1=400=2%.25 Hd t =4, s =25 ZAH.
U)Eﬁ—Aﬁ«n¥ﬁ%ﬂﬂn_3Wn_3ﬁﬁ(mJ 1
4 b:= 3% = 268 (mod 401).
(ii) W 25 = 43%F" = 263 (mod 401) LLK a~! = 28 (mod 401).
(iii) A (a=122)? = 303* = —1 (mod 401),
% jo:=1, xg := x3b’ = 263 - 268 = 309 (mod 401).

() (&),

ESPA)
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(iv) KK (a‘1z§)2 =12 =1 (mod 401),
A §1:=0, z; := 2202 = 309 (mod 401).
(v) WA a 22 =1 (mod 401),
& jy =0, zo = 1622 = 309 (mod 401),
N z = +x5 = 309 (mod p) WAL [F]R

z? =43 (mod 401).
5] 4.6.11 BiX p=8k+5 AFEHK. Wk o A p FFEHEL, NEAX
z? = —1 (mod p)
WA z = +a"s (modp).
iE EA#IERRS
(‘—1) — (1) = (c) o,

By LA [) 4 XA 1
MK o I p RS, BIF o"2 = —1 (mod p), Ml

(a'p;_l)2 =g"F = =1 (mod p),

[ e A EHE.
4.6.3 #Em FHIIR
AR m A A B kIR R
z? = a (mod m), (a,m)= 1. (4.31)

R ) S B S H
2 om=20pf - ppr B, FRAFEN T RARAA

z2=a (mod 2%),

z? =a (mod p{"),

(4.32)
] z?=a (mod pp*).
B, Seihie o a ZECR po 0 IKFE R
z? = a (mod p%*), (a,p)=1, a>0 (4.33)

AR5 BRI HL
I 4.6.4 K p AaEH NRAAKX (4.33) AMH A LEZLMR o A4 p FF5F
&, BA e, X (4.33) 69 EE 2.
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iE WA (4.33) AR, MIAAERE 2 = 2, (mod p*) 15
z? = a (mod p%),

JUES)

z? = a (mod p).

XYL, o WHE p I RIA. DA B AL
Ik, % o A p FHEIR, MALFEEE « = 2, (mod p) 117

z? = a (mod p).

% f(z) =22 —a, W
f'(z) =2z, (f'(z1),p)=(2x1,p) =1
RHEEH 3.3.2, MAI&K

z? = a (mod p)

HIf# = =z, (mod p), AJ %I HEHE HME— )
T = 24 (mod p%),

15

z2 = a (mod p*).

KA 22 = a (mod p) RAFME, BTLA
z? = a (mod p%)

IR 2 . iEYe.
HIt W op RARL, WX TAERMEE o, FRK (4.33) KL

a
7-1+(3).
i ﬁzﬁ%%h‘%-%(%):oﬁ’ 22 =a=0 (mod p) FHME—f# z =0 (mod p), BT
B g ()
DURE T = 1 ”(,,)
%(%)=1Bff,gﬁza(modp)ﬁ:’.ﬁ%ﬁfuﬁgﬁTZQ:l*_(%>.

L <§)=—1 i, 2% = a (mod p) %%,%Uﬁﬁi”:‘):”(%)'

WA R L. e,
At RFEIR
z? =a (mod 2%), (a,2)=1, >0 (4.34)

1 B 1) 5 A B AR OB
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EE 4.6.5 K a>1, NEAX (4.34) HEeL 2542

(i) 3 a=28,a=1 (mod 4);

(i) % >3 8,a=1 (mod 8).

F LR R, MK (4.34) A #t—F, 4% a =28, B2 2 % a>30,#H
A 4.

iE #FRKRRK (4.34) A, WAFEREK o, H13

z? = a (mod 2%),
W (0,2)=1, 0 (1,2) =18z =1+¢t-2, ERXATERK
a=1+t(t+1)-22 (mod 2%).

EREE] 2 | (e 4+ 1),
(i) M a=2 a=1 (mod 4);
(ii) ¥ a>3, a=1 (mod 8).
BUAE, A5 5 BEARAFAL, U
(i) M a=2H,a=1 (mod 4), X

z =1, 3 (mod 2%)

&R (4.34) VR MR
(ii) B a>3M0, a=1 (mod 8). iXhf,
Xt o =3, HKAE
= +1, +5 (mod 23)

RRIRAK (4.34) (VAW 4 &, ENTRRHA

+(14+1t3-2%), t3=0,%1,---

e

+(z3 +t3-2%), t3=0,%1,--

X a =4, H
(z3 +t3 - 2%)2 = a (mod 2%),

HEREF

2 z3(t3 - 2%) = t3 - 2% (mod 2%),
fi

z2 +t3-2° =a (mod 2%)
1%
a— z3
ts = (mod 2).

23
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A 2 2K
z? = a (mod 2)
I ] R~ A
z=i<l+4-a;3m§ +t4~23>, ty=0,+1,- -
i

I=:t($4+t4-23), ty =0,4+1,---
Hfolb, X F o > 4, WRHL R KK

72 = a (mod 2°71)

9} ]
T = :t(za—l + ta—l) ) 20_2, ta—l == 07 j:la
I e
(Ta1 +ta_1-2*2)? =a (mod 2%),
HERE
2 Za-1(ta1-2°7%) =te_1 - 27 (mod 2%),
i
2 +ta 121 =a (mod 2%)
5%
a—z3
to1 = o (mod 2).
AR
z? = a (mod 2%)
I AT R7n
_ .2
=+ (za_l - 2:_0‘—1 2% 4t 2"—1> y ta=0,£1,:--
B

t=%(a+1a-2%"), ta=0,%1, -
EATGHE 22 4 4 AM#E, B

Tay Ta+2°7 Y, —Z4, —(Ta +2°71).

Bl 4.6.12 REREAX
z? =57 (mod 64), 64 = 2°.

M % 57=1 (mod 8), FrLARIRXA 4 M
a =31, N
+(1+t3-22), t3=0,41,---

UERe.
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a=4 K, HT
(1 +t3 - 2%)% = 57 (mod 2%)
7
2
3= 57;1 =1 (mod 2).
[ {CIF:N
z? = a (mod 2%)
I A
+(14+1-22414-2%)=4(5+14-2%), t4 =0,+£1,---
a=5K, HT
(5+t4-2%)% = 57 (mod 2°)
1
k2
ty = 57165 =0 (mod 2).
AR
z? = a (mod 2°)
I A
+(54+-0-28+t5-2Y) = £(5+t5-2%), t5 =0,£1,---
a=6F, HT
(5+ t5 - 2*)? = 57 (mod 2°)
1
_ K2
5 = 57325 =1 (mod 2).
AR
z? = a (mod 2°)
A% A

r=1(5+1-2"+1t5-2°) = £(21 +t5-2°), tg =0,%1,---
B, Rl AR 64 = 25 (2

21, 53, —21 =43, —53 = 11 (mod 64).

4.7 xz*+y* =p
EIR 4.7.1 K p AEH 4
2 +y=p

AR ES L EFMKR p=2 R -1 AW p PHTHE, Fp=2Kp=4k+1
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WE W (w0, y0) RTTHE 22 + 92 = p IR, HP
zo +ys =p,
n—Ef
0 < |zol, |vol <P, (w0,p) = (yo,p) = 1.
BRIk, 774 yo ' #18
Yo -y =1 (mod p).
Hp>2H,
(oo )2 =(@-¥) W ") =—(v0o -y ')’ = -1 (mod p),
Bp
z? = —1 (mod p)
1%, NI p = 4k + 1. BEM KT
FUER . p=2 1, p=12+ 12, TG
p>2 0, p=4k+1. HA
-1
)=+

22 = -1 (mod p), 0< |zo| < Z.

2
HSEHE S, X THEE 20, yo = 1, FFEREE mo EFH

P UAFAE R o (45

af+ys =mo-p, 0<mo<p.
W m AL
Z24+y*=m-p, 0<m<p.
FSOL Y e/ IE 3. BEAE m = 1.
Fom>1 WA u, v Rz, y B m BLEHERDREL, B

u=z, v=y (modm), |ul, [v|]<

0[ 3

g}
m? 5 3
0<u?+v?2<—, u?+vi=22+9y?=0 (modm).

2
H, H w2 +v2=m'-m, LR
(W +v?) (22 +y?)=m' -m?-p, 0<m <m.
¥ LR
(uz + vy)? + (uy —vz)? =m’ -m? - p.

ESPA]

wr+vy=224+9y*=0, uy—vz=0 (modm),
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161
ﬁ}fuﬁﬁ z,:uz—kvy’ y,zuy—vx Al o/ ﬁ;@
m m
2?4 yf? = (UI;U9)2+(U'H—U¢5)2 — m'p.
X5 m P YEFE, om=1. =

Bl 4.7.1 &K p=17197 AFEL KREEHK z, y 1247
2 +y?=p.
& A p & 8k + 5 M FEE, MR 4.3.5 Ff 4.6.11, 41
z =19 =2"" =215 (mod p)
EFEAER 22 = —1 (mod p) IR
BAEL yo=1, 8 z2 +y2 = mo - p, HH my = 58.

B4 uy =z9 = —17 (mod my), vo = yo = 1 (mod mg) VAR

U - To + Vo - Yo Uo - Yo — Vo - To
rH=—=-63 y=——""-—=-4
mg mgo

f ai+yt=my-p, Hm =5
G2 u =z, =2 (mod my), vy =y =1 (mod my) LAK

uy - Ty + v Uy Yy — V1T
932:1 1m 1 y1:_26, gy = 1y1m1 ' 1
1 1

f :I:% + yg =p.
WMOIEHE z =26, vy =11 {15 22 + 9% = p.
Bl 4.7.2 & p=100069 A F L, KEEL o, y 1T

z? + y2 =p.
& DA p i 8k + 5 A RS, MRIEHI 4.3.5 A 4.6.11, K0
T =1 =2"T =—39705 (mod p)

ZF&K 22 = —1 (mod p) IfF.
B 2 yw=10823+y3 =mo p, HH my=15754.
B, A ug = 0 = 7557 (mod my), vo = yo = 1 (mod myg) LAK
Ug - o + Vo - Yo

gy BOTHUW . jomge, gy = BB B0,p
mo mo

i 23 +y? = my - p, HH my = 3625.
F=, % u =2, =-921 (mod m;), v =y =3 (mod m;) ALK

. . u . —_— v - .’E
g = Uy 5617: 2 4839, yy — 1 ylm 1°T 15,
1 1

H 23 +y2 =mg-p, Ht my =234,
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FW, 2 uy = 29 = 75 (mod my), v = yo = 15 (mod my) LAK

=W TN Y 16D, yy= BYTVETER_ gy

ma mo

T3

A 23+ y3 = ms - p, HH mg = 25.
B, % uz =23 =0 (mod m3), v3 = y3 = 10 (mod m3) LAK
Uz - T3 + U3 - Y3 U3 - Yz — U3 - T3

pg= 2 8T I HS o jo9p gy =2 92T BT g0l
mg ms

Ha22+yl=my -p, P my=4
HIN, 2 ug =24 =2 (mod my), vg = ys =0 (mod my) LK

Bs = Ugq '1347;;’04 "Ya 63, ys— Uy -y47;4v4~m4 _ 310,

Ha2+y2=ms-p, P msz=1.
HIERH 2 = —63, y = 310 {43 22 + 42 = p.
B 4.7.3 3% p = 100000037 4 &%, KELH 1, y 247

2+ =p.
B N p 2 8k+5 B ZHH, M6 4.3.5 161 4.6.11, %1
T =10 =2"" = 55387563 (mod p)

AR 22 = -1 (mod p) HI.
B, 2 y=10 z%+y& =mo p, HF my=30677810.
B4 ug =z = —5968057 (mod myg), vo = yo = 1 (mod mg) LAK

T, = Yo Totv Yo _ 07T 080, = B0 00 .5
mo mo

H 22 +y?2=m -p, HH my =1161025.
%Ev é\ U = = —325 864 (mod ml), V=Y = = (mod ml) u&

I ) S ) ) 3024236, yp— LT UT__4q
my my

T2

H 23 +y3 = ma - p, JH my = 91460.
FEW, £ uy = 22 = 6056 (mod my), v2 = Yo = —18 (mod my) LAK

r3 = %ﬁw = 200249, Yz = U2 Y2 " V2 T2 = 594,
2 ma

f 23 +y3 =ms - p, HH my =401
B, % uz = z3 = 150 (mod m3), v3 = y3 = 193 (mod m3) LK

Ty = _—Ua-I3+’U3-y3 =75192, y4= Us Y3~ V3" T3 = —96 157,

mg ms

f 22 +y2 =my-p, HP my = 149.
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BN, 2 ug = x4 = 6812 (mod my), v4 = ys = —52 (mod my) PAK

g = Uy '-’247;;114 "Ya _ 63, ys= Uy 'y4n—L4U4 T4 _ 60 445,

1 22 +y2 = ms - p, Ht ms = 37.
%k, 4 us =25 =4 (mod ms), vs = ys = —13 (mod ms) LAK

T = %M = 20501, yg= %ﬁ = 8928,
5

H af +y§ = me - p, HH mg = 5.
FI\, & ug =26 = —1 (mod mg), v6 = y¢ = —2 (mod mg) LA K

5 + . . — Vg T
T7 = %ﬁﬂﬂ =529, y;= uﬁyﬁqu = —9986,

H22+y2=mq-p, HP m; = 1.
Wz = 529, y = —9986 {615 22 +y2 =p.

4.8 3@
(1) R#E p =13, 23, 31, 37,47 [F) _RKFRF _IKIEFAK.
(2) KT E:y? =2® — 32+ 1 (mod 7) MIFTH A
(3) KWL E:y?> =2° + 32+ 2 (mod 7) HIFTH K.
(4) KWL E: y? = 2% — 22+ 3 (mod 7) KIFTH A
(5) RWLTFE E:y? =2° + 2+ 1 (mod 17) MIFTH .
(6) KL HTFE B:y? =2°+ 3z +1 (mod 17) MIFTH A.
(7) KWL TTFE E:y? =2 +2+2 (mod 7) HIFTH K.
(8) RiEALTTFE E - y? = 2% + 52 + 1 (mod 7) MIFTFA A
(9) Kkf#FEAK 22 =39 (mod 105) .

(10) KRR 22 = 79 (mod 105) .

(11) Kf# 4 22 = 379 (mod 1155) .

(12) kf#FI &R 22 = 511 (mod 1155) .

(13) KRR 22 = 289 (mod 2310) .

(14) KAAEFIRA 22 = 301 (mod 2310) .

(15) kf#F &R 22 = 631 (mod 2310) .

(16) kf#R & 22 = 771 (mod 2310) .

(17) Kf#FI4 R 22 = 841 (mod 2310) .

(18) Kf# R 45X 22 = 1369 (mod 2310) .

(19) W m = 999900. Kf# [ R 22 = 181 (mod m).

@ 0(2): o) 8(2): 0(2): ©(ak): ®(ashm)

<

ST ST S <
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(21) & p RAFRL. EH: FIRK 22 = -3 (mod p) AWM AR p=1 (mod p).

(22) K TFAIE R TT IR AL
® 22 = -2 (mod 67); ® 22 =2 (mod 67);
® 2% = -2 (mod 37); @ 2?2 =2 (mod 37).

(23) W p RAEE, p fa WEWH: FHEEER u,v, (v,v) =1, 13 v + av? = 0 (mod p) M
FRERME —a BB p M IRFER.

(24) & p RARH. UEW:
(1) 8 p BT IKFIR IO TBINEL p MFIRE (—1)@P+HD/2,
(i) 82 p BIFTA KRR R R BUNEL p TR E (—1)P~ /2,
(iii) #E p FIFTA IRBIRZ XL p FIFIRE: 1, 4 p=3 80, % p>3 .
(iv) BT RS & 2 RO p (B4 % /b7

(25) & p A EE, H p=1 (mod 4). iEMH:
()12, -, Dod dop i BRI B D
(ii)1,2, -+, (p—1) HFH p—;—l MEBCHEE p I8 IXFIR, p; ! MNEHCIEL p 10
e P
(i) 1, 2, -, (p—1) 4 P AMEECHEE p 10Ul D MO p 1
TIRAEFEIR.
(V) 1,2, -, (p— 1) FRAEBEp YRR AT 22D

(V)L 2 o, (- 1) HAEHp 1) AR AT 2D,
(26) AW T3 [ESR RS A
@ z? =7 (mod 227); @ z? =11 (mod 511);
® 1122 = —6 (mod 91); @ 522 = —14 (mod 6193).
(27) UEW: FHIRAMBEHHI A LITZA, 8k — 1, 8k + 3, 8k — 3.
(28) WHEB p=4m +1,a | m. uFH: (g) =1
(29) WEH p> 2. UEH: 2! = —4 (mod p) AWM AR ELMZE p=1 (mod 4).
(30) WHEH p>2 WEMH: 27 — 1 FMFEKE = +1 (mod 8).
(31) iEBA: 23 | 211 — 1, 47 | 223 — 1, 503 | 2251 — 1.
(32) ¥ p REH, p=3 (mod 4). iFMW: 2p +1 REHM T ELM R

27 =1 (mod 2p + 1).
(33) iFBH: YL FEL p, V¥ a, b, c, d 1E1T
zt + 1= (2% + az + b)(z? + cx + d) (mod p).
(34) WEBH: TR EE p, FIRA
(2% — 2)(2? — 17)(z* — 34) = 0 (mod p)
.
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(35) KETH B p 15 5 A p KR
(36) KITHFE p 13 —5 A p “UHIR.
(37) & p = 401. K F AR

(i) 2? =2 (mod p). (ii) z? = 3 (mod p). (iii) 22 = 5 (mod p).
(iv) 22 = 7 (mod p). (v) 22 =11 (mod p).

(38) Bt ¢ = 281. K FH R4
(i) 2% =2 (mod q). (ii) 22 = 3 (mod q). (iii) 22 = 5 (mod q).
(iv) 22 = 7 (mod q). (v) 2% =11 (mod q).

(39) % p =401, g = 281, Kf# FFIFEIRA:
(i) 2% =2 (mod pq). (ii) 22 = 3 (mod pq). (iii) 22 = 5 (mod pq).
(iv) 22 = 7 (mod pq). (v) 2?2 =11 (mod pq).

(40) W p = 1069, KA ITTHE 22 + y* = p.
(41) ¥ p=1117, KIEITFE 22 + ¢ = p.
(42) ¥ p = 201101, KAEITHE 2% + 42 = p.

(1) dnfar b — kRl XA Ad 2

(2) RFESCHIRL p — AR R RRR A 32 0.

(3) mfESEBLH H LR S

(4) GuAe SEELHSORERT LEAT 5.

(5) W p RETEA 4k + 3 MIFEL. FfeSEOUEE p P TR,
(6) B p RFH, HAELIEL p PR,

(7) W p WA REL, WSS 2* + 4% = p K.
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AFRERE— B FRAR

T

2™ = a (mod m). (5.1)
Hik, FTHEEE m FREREAR, LU SRFR.

5.1 BHEREERMR
5.1.1 153
Wom>1 RBH, o BY m HRNEES. RYEEH 2.4.1 (RBEH), 7
a*™ =1 (mod m).

MR, B o(m) A RER T R S5/ 1E HE R DL KX AN B/ I $EHEL A Wk
EX 5.1.1 Em>1 28 o2 m LEGERS NIEF

a® =1 (mod m) (5.2)

PR IR N IE S e K o ATAE mo 69 B8, T4F ord, (a).
4o R a A m AR o(m), N a MBAE m & JRIR.
E 1 R E X 511, HEEEAN M

a* (mod m), k=1,2,---,e (5.3)

KHE o BEm L e = ord,,(a).
i 2 /B ord(a) ZFY) u={ur = a® modm | k> 1} MM p(u) (WEX B.0.1).
Bl 5.1.1 REH m =7, X p(7)=6. K
1'=1, 2 =8=1, 383 =27= -1,
2 =(-32=1, 5=(-23=-1, 62=(-1)2=1 (mod 7).

5 A A

a 112 3| 4| 5| 6

ordm(a) | 1| 3] 6| 3| 6| 2

Kk, 3, 5 A 7 HIJRAR. 1B 2, 4, 6 AS24E 7 15K,
5l 5.1.2 EEH m=14=2.7, X8} ©(14)=6. A

H=q, 3P =27= -1, 53 =125 = —1,

P =(-52=1 11°=(-3)>=1, 132=(-1)?=1 (mod 14).
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5 A A

a 1)1 315 9| 11| 13

ordm(a) | 1| 6| 6] 3] 3| 2

BRI, 3, 5 &4 14 MR, 12 9, 11, 13 A2 14 5.
Bl 5.1.3 EEH m=15=3-5 X8 (15)=8. A

=1, 21=16=1, 42 =16 =1,
72 =49 =4, "=16=1, 8= (-7)t=1,
112=(-4)?=1, 13*=(-2)'=1, 142=(-1)2=1 (mod 15).

5 A A

a |1} 24| 7] 8| 11| 13| 14

ordp(a) | 1| 4| 2| 4| 4| 2 4 2

ik, BAH 15 B,
Bl 5.1.4 EEH m=9=23% X8 p09) =6 F

1l =1, 28 =8=-1, £#=64=1,
58=(-40=-1, =(-2°%=1, 8=(-1)2=1 (mod?9).

5 A A

ordn(a) | 1| 6| 3| 6] 3] 2

B, 2, 5 2 9 AR
B 5.1.5 FEH m=8=2% Kb p8) =4 A

1'=1,32=9=1,52=25=1, 72=(-1)2=1 (mod 8).

5 RE A

a | 1| 3| 5|7

ordp,(a) | 1| 2| 2| 2

R, WA 8 AR,
Bl 5.1.6 E9: 5 AL 3 B4R 6 49 RAR, €248 32, 232 9 RAR.
B p3)=2 H
5= -1, 52 =1 (mod 3);
AA, B A o(6) =2, B
5= -1, 52 =1 (mod 3%);
K, B A ¢(32) =6, B

5=552=7 5=8=-1,5"=4, 5°=2, 5% =1 (mod 32);
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stFA2.32 BH (5,2) =1, FrdH
5=5,52=17 5°=8=-1,5*=4, 5°=2, 5%=1 (mod 2 3?).
Bl b, 25 R L.

5.1.2 IBRMEXMR
BAETHE TR B . R T ARIFS) w 8 NEH p(u) (W X B.0.1), 7
EH 5.1.1 & m>1 2% o RE m ZEGEE N 127

a? =1 (mod m) (5.4)

BB AE = S
ord,,(a) | d. (5.5)
iE - FesrtE. Wk (5.5) WOL, B ord,(a) | d, IALFAERERL g 843 d = ¢ - ord,n(a). A
i, fH

at = [aord’"(a)]q =1 (mod m).

VB RiEZ ER (5.5) ANKOL, B ord,,(a) fd, WEEKJLEERE GEFE 1.1.9),
fFERH q, r 1E17

d=q-ordp,(a)+T, 0 <r <ordpy(a).

M,

q
iF = [aordm(a)] -a" =a% =1 (mod m).

X5 ord,,(a) ME/MEFE. X (5.5) BOL. UFEE.
Hit1 Wm>1 285 o 2S5 m EENEH N

ord,,(a) | p(m). (5.6)
iE WRAERKR e (e 24.1), F
a?™ =1 (mod m).

HEH 5.1.1, X (5.6). Y.

FOAREHER 1 1K (5.6) , B o B m IFEEL ord . (a) 2 @(m) HIKIEL, BT BART LAYE
o(m) FIREHK ord,, (a). HARYEE X 5.1.1 KIGHL ord,, (a) X (5.3) ML, BHBERES T
.

B 5.1.7 KE4K 548 17 #9484K ord,(5).

i@ A o(17) =16, FTLLATX 16 MFEE d =1, 2, 4, 8, 16, i1 ad (mod m). 4

5'=5,52=25=8, 5"=64=13= 4,5 =(-4)’=16 = -1, 5% = (-1) =1 (mod 17),

FITLL ord7(5) = 16. IXBEAH 5 24 17 (SR,
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Wit 2 Wop RAEK A ’%1 WRZER. W o B p RN 0, 1,1 fri
¥, )

ordy(a) = p;l ;p-1
iE MRAERKBE R (EH 2.4.), 7
a¥*®? =1 (mod p).

AR 1, B8 o B p ISR ord, () B p(p) —=p—1—2- p%l (BB, 1 ord,(a) £ 2,
BB

ord,,(a)=p;1 #p-1.

UFEE.
MR 5.1.1 Em>1R¥EH a RE5 m BFEEK
(i) # b=a (mod m), R ord,,(b) = ord,,(a).
(ii)K a1 #4F a ! -a=1 (mod m), A ord,,(a" ') = ord,,(a).
ME (1) % b=a (mod m), N

perdm(a) = gordm(a) = (mod m),

RIEEH 5.1.1 X (5.5), B ordm(b) | ord,,(a).

[FIFE, 5 ord(a) | ord,,(b). # ord,,(b) = ord,,(a).

(ii) BIK

(a_l)‘"‘j"‘(“) = [a‘”d"‘(“)] - =1 (mod m),

BRI EH 5.1.1 R (5.5), H ordm(a?) | ordm(a).

[FAI¥E, F ordm(a) | ordm(a™?t). # ord,,(a™?!) = ord,,(a). {FEE.

Bl 5.1.8 &% 39 42 17 6948404 ord,7(39) = ordy7(5) = 16. 4k 7 4 17 #9454 A4 16.
B4 51 =7 (mod m).

EI 5.1.2 Am>12%FH o A5 m EEGEK D

1=4d% a, ---, @®dm(@-1 (5.7)

BEm AARER. 45538, 3 a R4 m §BAR, PP ord,,(a) = ¢(m) B, X p(m) MK
1=a° a, ---, a?™—1 (5.8)

A RAE m e RALE A &
M iR WER (5.7) PHEANEAE m FR, WAAEEE 0 <k, | < ordn,(a) 13
a* = a' (mod m).
A5 k> 1. WH (a,m) =1 MEH 2.1.8, 15

a*~' =1 (mod m).

fH0 < k—1<ordn(a). X5 ord,,(a) Mk/MMEFE. Bk, 58 KAL.
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PR a 2 m BER, B ord;m(a) = p(m) , WIF o(m) MEIR (5.8), HEP

1:a0 a, --- aﬂa(m)_l
) ] )

B m BRI, AT 2.3.3, X o(m) MEALRAS m O FLRES 5. HELE.

OB m B g B, MAEIR o RN ¢f TR FORE a = ¢f, ATLARIAL
BT, W KRR (B 5.34) 2" = b (mod m). ME—25, i I
% a o g%, WATLLS T 0 77 AR RS B, WikSE (S 041 5.3.1)

a-b (Il’lOd m) — gindga . gindyb (IIlOd m) — gindga+indgb (IIlOd m)

Bl 5.1.9 #4 {5" | k = 0, .-, 15} EAM 17 hRLHAR #—F, BRI
7-13 (mod 17).

B EtEwm T
50 =1, 51 =5, 52 = 25 = 8,
5 =5.8=6, 54 = 82 = 13, 55 =5-13 = 14,
58 =62=2, 57 =5-2=10, 5=5.-10=50=16= —1
5=5-(-1)=12, 59=(-1)-8=9, 5l=(-1)-6=11,
512=(-1)-13=4, 58 =(-1)-14=3, 5 =(-1)-2=15,

51=(-1)-10=7 (mod 17).

IRA

50 51 52 53 54 55 56 57 58 59 510 511 512 513 514 515

1|15 |86 [13[14] 2 [10]|16|12| 9 11 4 3 15 7

% f

7-13=5'%.5* =5 =53 = 6 (mod 17).
EE5.1.3 EAm>1 A% a5 m ZE6G¥EK N

a? = a* (mod m)

o o, B A
d =k (mod ord,,(a)).

W ORAERKLRERE (B 1.1.9) , FEBE ¢, r M ¢, v 515

d= q-ord,,(a)+7r, 0<r<ordn,(a).

k=¢q -ordpn(a)+7', 0<r' <ord,(a).
X a°"m(@) =1 (mod m), #

a? = (a9 . q" =qa", oF = a” (mod m).
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DHEYE. #F o = ok, W

r

a" =a” (mod m).

HEH 5.1.2, 83 r =+ % d =k (mnod ord,,(a)).
7. # d = k (mod ord,,(a)), M

r=r", a%=ad" (mod m).

PRIt 5 B RO iE e,
5l 5.1.10 21000000 = 210 = 100 (mod 231).
B h %4 2 42 231 4948404 ordas: (2) = 30, 1000000 = 10 (mod 30).
5] 5.1.11 22902 = 21 =2 (mod 7).
B 4 g 2 48 7 693840H ord,(2) = 3, 2002 = 1 (mod 3).
EIE 5.1.4 KA m>1 28K o RS m BEGEI K dAHIFREL N

ord,,(a)

ord,, (a?) = @ ord (@)’ (5.9)

iE KA .
ad ordm(ad) — (ad)ordm(a ) =1 (IIIOd m)1

FRYEEHE 5.1.1, ord,n(a) | d ord,, (a?) . MM

ord,,(a)
(d,ord,,(a))

d

| ordm(a®) - Gy

S ord,,(a) d B . s
K% ((d,ordm(a))’ (d,ordm(a))) =1, RAFEH 1.3.11 4R,
ord,,(a)

—(d, ordy(a) | ordm(ad).

7 Jit, A

ordm (a)

S R
(at) @ordmian = (aord'"(a)) T = 1 (mod m),

R4E e H 5.1.1,
| ord,,(a)
(d,ord,(a))’
Bk, X (5.9). nacy
= 44540 52y — _ordir(®)
Bl 5.1.12 #4% 52 =8 (mod 17) #£ 17 694844 ord7 (5%) = @ordr(5) ~
WL 1 Bom>1 BB ¢ 8 m PR % d>0 WEEL W g BT R HAL
M (d,p(m)) = 1.
iE BiEEH 514 K (5.9), FH

ord,, (a%)

ord,, (gd) _ ordm(g)  — ¢(m)

(d,ordim(g))  (d,p(m))’
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Bk, g RAMIEM, B ord,, (97) = @(m) 4 HALY (d, p(m)) = 1.

UEHE.

HIL 2 BWom > 1 REH o RS m HRNER. B k| ord,(a) AIEEE, NEE

ord,,(a?) =k, 1<d < ord,(a)

R d °rd';(“) | d, FLSFE d ANEOh o(k).

HE ARYEEE 514, F

k = ord, (a?) = JTT%'
BTLA (d, 0rdm (a)) = ord:(a)'
m &,’:(a) | d. T4

d=0‘%'(a)’ sask
B ord,(a) Sl

ord,, (a?) = =

k

(d, ord,,(a)) ( ordo, (a) ) ~ (@ k)
q- ———,ordn,(a)

33 ord,(a?) = k MIARERMIE (¢, k) = 1. B, d FIANECH o(k).

UEEE.

EIE 5.1.5 B m>1 2% wRBEm FE-NRR g, W m A o(e(m)) NIE

o AR

W g 2 m — N ER. R EE 5.1.2 X (5.8), o(m) MNEEX

q0 = 17 g, -, g‘p("L)—l

HIREm— AR R, SR H 5,142 i, g RBim MEUR S ELOUY (d, (m)) = 1.

BN d 356 o(e(m)) A, BIEME m £ o(e(m)) DMAIE AR

#ie Wom > 1 BEH HE m FEDEKR &
p(m) =pf* - pd, @ >0,i=1,---,s,
NI a, (a,m) =1 B m RBABEZ
ele(m)) vr(, 1
p(m) I:Il (1 pi) '
iE RAEER 5.1.5, BE a, (a,m) =1 8 m FARKERZ

w(p(m))
p(m) -

SRR BB B o(m) TOPER LK o(m) B BESOMR R,
plem)  Tr(, 1
o (m) ‘E(l pi)‘
BRUL, %5 T

HE Y

(5.10)
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il 5.1.13 K B4R 17 69 FTA RAR.
f# BB 5.1.7 AIAN, 5 AL 17 MJEAR. PR E B 5.1.5, 153 o(p(17)) = ¢(16) = 8 M
$ 5 5°=6, 5°=14, 5" =10, 5° =12, 5'' =11, 5% =3, 55 = 7 (mod 17) & 17 4

5.1.3 KigHaotyiE

AT IR A R T KR
EIE 5.1.6 K m>1 2% a bAAE m ZEGEH. R (ordn(a),ord, (b)) =1,
)
ord,,(a - b) = ord,,(a) - ord,(b). (5.11)
iE KA (a,m) =1, (b,m) =1, Fibh (a-b,m) =1, HAFLE ord,n(a - b).
ESPA)

gordm (b)-ordm(ab) = (aordm(b))ordm(a'b) ) (bo,dm(b))ordm(a-b)

= ((ab)ordm(a-b))ordm(b)

il

1 (mod m),

K, ord,y,(a) | ord,(b) - ord,y,(a - b). {2 (ord,,(a),ord, (b)) = 1, RIFEH 1.3.11 ZHER,
ord,,(a) | ord,,(a - b).

[ B, ordmm, (b) | ordm(a - b). FFH (ordm(a),ordy, (b)) =1 KEH 1.4.4, 133
ord, (a) - ordy, (b) | ordm,(a - b).
H—Jrm, B
(ab)erdm (@)-ordm(b) — (a‘”dm(“))ordm(b) : (b"rdm(”))mdmw) =1 (mod m),
M ord,, (ab) | ord,(a) - ord,,(b). &
ord,, (ab) = ordy, (@) - ordyy, (b).

ik, W ord,,(a - b) = ord,,(a) - ord,, (b), A4 H

(ab)[ordm(a),ordm(b)] _ a[ordm(a),ordm(b)] i b[ordm(a),ordm(b)] =1 (mod m)’

HEAS
ord,,(a-b) | [ord,(a),ord,,(b)],
R
ord,,(a) - ord, (b) | [ordm,(a),ord,(b)].
SN

(ordsm,(a),ord,, (b)) = 1.
S5 RAL. UERE.
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FONTFEE m, A—ER
ord,,(a - b) = [ord,(a), ord,, (b)]
BOL. B, il 5.1.2,

ordyp(3 - 3) = 2 # [ordy(3),ord0(3)] = 4,

01'd10(3 & 7) =1 7é [ordm(3),ordw(7)] =4,

HE
ord;o(7-9) =4 = [ord;¢(7),0rd;10(9)] = 4.

Bl 5.1.14 KAZ 71 69 RAR.

R VSR 2 BE 71 IR ECR ordy (2) = 35; Rk, B —2 9 71 JRAR, BDh —2
KL 71 (IFE BN ordyy(—2) = ordyi(—1) - ord71(2) = 70.

EH 5.1.7 & m, n ARKT 1 0984, o R m T 9L N

(i) # n|m, W ord,(a) | ordm(a).

(ii) & (m,n) =1, M

ordmn,(a) = [ord,,(a),ord,(a)] . (5.12)

WE (1) MR ord,(a) BIEN,

a®"4m(@) =1 (mod m).

ik, 24 n | m B, ATHEH
a®"9m(@) =1 (mod n).
WiEEH 5.1.1, 153
ord,(a) | ord,,(a).
(i) i (1) H
ord,,(a) | ordmn(a), ord,(a) | ordm,n(a),

MR = H 1.4.5, 7 [ord,,(a), ord,(a)] | ordmn(a).

X

a[Ordm(a),Ordﬂ(a)] =1 (mod m)’ a[ordm(a’)1()rdn(”)] =1 (lnod n),

JeE R 2.1.12 AIHEH

alordm(a),ordn(a)] = (mod mn).

MM, ordyn(a) | [ord,,(a),ord,(a)] . #X (5.12) BAL. UEEE.
#it 1 W, ¢ EEDMARIMETRE, o 25 p-q LRIEE, N

ord,.q(a) = [ordp(a),ordg(a)] | [p— 1,9 — 1]. (5.13)

IE fEH 5.1.7 (ii) F ordy(a) | p— 1, ordg(a) | ¢ — 1 RIS,
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it 2 Wp g=2p—1 B MAENTELY, o 5 p-q BRREEEL, W
ordy.q(a) = [ord,(a),ordg(a)] | g — 1. (5.14)

WE AR LM [p-1,9- 1] =¢— 1 BI{5.
Bl 5.1.15 X p g RARRFEM n=p-q,a 25 n ZEHEHR wwREH e iHL

1 <e<p(n), (e,o(n)) =1, (5.15)

MABEEI d=d,, 1<d<ordy,(a), T

e-d =1 (mod ordp,(a)). (5.16)
wa B, xFF 4
a®=c (mod n), 1< e<mn, (5.17)
Z:)
¢! = a (mod n). (5.18)

iE A (e,0(n)) = 1, SURHEEF 5.1.1 ZHEWR 1, ordye(a) | ¢(n), FTEL (e,0rdye(a)) = 1. 4R
Wi 2.35, FFAERE d=d,, 1<d<ordy,(a), 13X (5.16) oL, B

e-d =1 (mod ordy,(a)).

BRI, FFE— N IESEE k 115 e d =1+ k ordyg(a).
BLAE, IREFREUE X, FE

a®"9%(?) =1 (mod p). (5.19)
HesEE 5.6 2 1, e e e (5.19) fomiE kS0 pom JERLL o
ord,(a) ordp(a)
(CE
al** ordea(@) = 4 (mod p),

Bp

a® = a (mod p).
[ B,

a®® = a (mod q).

KA p A1 g BAFERIZER, Wi eH 2.1.12

a®® = a (mod n),

ESl:o

¢t = (a°)? = a (mod n).

BRI (5.18) BROL. UFEE.



176 B 5 H RS

Hit 3 Wm KT 1 HEE o Y m RERMBE WY m HIbsAEN 0

(23]

m:2"’.p1 pzk
A
ord,(a) = [ordzn (a),ord,e(a), -+, ord o« (a)] ; (5.20)

EHE 5.1.8 K m, n FRKTF 1 69%%, B (m,n) = 1. NatE mn ZEHEFT LK
ay, ag, HFAEEI o 1217
ord,n (a) = [ordm,(ay),ord, (az)] - (5.21)

iE FERLA4A
{wzal (mod m),

z=ay (mod n).
R ER SR EF GEFE 3.2.1), XANFELRA G R
z = a (mod mn).
MRAEHT 5.1.1 (1), F
ordy(a) = ordm(a1), ordn(a) = ord,(asz).
ek, AEBE 5.1.7 135,
ord s (a) = [ordm(a), ord, (a)] = [ordm,(a1), ord, (az)] .

==y
EIE 5.1.9 Em>1 %N NthE m ZEFGEZTZEL o, b, HEEIK c 12473

ord,, (¢) = [ord,,(a), ord,, (b)] - (5.22)
iE RAEER 1.6.6, 3T THE ord,,(a) A ord,, (b), FEEE u, v WHL

u | ord,,(a), v |ordg,(b), (u,v)=1,

fEfg
[ord,,(a), ord,,(b)] =u-v.
WAL
. ordm(a), .o ordm(b)’
u v
Wi 514, F
ord,,(a)

ord,,(a*) u, ord,(b") =v.

~ (ordn(a),s)
FHARYE e B 5.1.6, 135
ord,, (a® - b') = ord,, (a*) ords, (b") = u - v = [ordm(a), ordm,(b)].

Kk, B ¢ = a® - bt (mod m). B APk, UuFEE.
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fl 5.1.16 XM m =3631, m £EHK, F ©(3631) =3630 =2-3-5-112, AR

ordzes; (2) = 605 = 5- 112, ordzez; (3) = 1210 = 2 - 5- 112,
ordaes; (5) = 363 = 3- 112, ordsgs; (6) = 1210 = 2-5- 112,
ordses1(7) = 33 =3 - 11, ordses1(10) = 1815 =3 -5 - 112,
ordzez;(11) =330 =2-3-5- 11, ordsez; (12) = 1210 = 2 - 5- 112,
ordses; (13) = 1815 =3 -5 - 112, ordsez; (14) = 1815 =3 - 5- 112,
ordsez; (15) = 3630 =2-3-5-11%2,  ordses (17) = 1210 =2-5 - 112,

WYEEH 5.1.9, BUEH o =3, b=>5 LAf u=1210, v=3, X s =1, t = 112, £53¥
c=a® b =352 =2623 (mod 3631) FI¥5E AN

ord3631(2623) = ord3631 (31) k ord3531 (5121) = 3630 = [ord3631(3),ord3631(5)] ;

K, ¢ = 2623 24 3631 1) JRAR.
EHE 5.1.10 K m>1 %M, ar,a0,  ,apm) AR m RRRZ. e 2T

a§ =1 (mod m), 1<k < p(m) (5.23)
AR R ERR, M BRI o 1247
e = ordy,(a) = [ordm(a1), 0rdm(az), -+ ,0rdm (apm))] - (5.24)
iE NHEEE 5.1.9, ATAMNE R fFERE o 118
ordm(a) = [ordm(a1), 0rdm(az), -, 0rdm (ag(m))]
BAEW e = ord,,(a). FHSE E, WA ay, B
a§ =1 (mod m)
R EH 5.1.1, F ordm(ar) | e, 1 <k < p(m). FTLA
[ordm(a1), 0rdm(az), - - ,0rdm (ap(m)] | e.

5 —J7H, XA ar, B

al[cordm (@1), ordm (ap(m))] _ ((ak)ord’" (ak)) [ordm (a1), - ,ord,,,,(aw(m))]/ordm(ak)

=1 (mod m).
A e HIB/AME, A e < [ordm(ar), -+, 0rdm (apm)]. B (5.24) BT UFEE.

EX 5.1.2 FH 51.10 ¥R EEL e MBAE m G RILR 4 R I54L, 0k
e = ord ((Z/mZ)*)
Y m=p REHN, A

e =ord ((Z/pZ2)”) = ord ((Fp)") = ¢(p)-
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5.2 [RiR

5.2.1 & p [RiR
SEitie m WA EL p WITEE.
Seen A p AR A7 7E P U B A JE AR AN 5L
EI 5.2.1 K p AFFd NEp YBRBRAEE, BH op—1) MR, £ o ARk
ME— (WiEtE) R p PRIRIRAR 1, -, p— 1, d

er =ordy(r), 1<r<p-1,

e=ler,  ,ep_1].
FRAE B 5.1.8, FAAEREH g, 15
g° =1 (mod p).

Kk, e | op) =p—1. XHNH

Mt #E H [R) 42 X
z¢ =1 (mod p)
1 p—1 M
z=1, -+, p—1 (mod p).
W e 344, Fp—1<e W g FIRE N p— 1, B g 28 p MIEH.
WG, WYEER 5.1.4 ZHER 1, 2 g HEWRE, ¢4, (dp-1) = 1 HEKEKR, HEfH
plp—1)
WEZ (fFLEME) Wd | p— 1. ] F(d) Rt p MIFRIALRIR R PIRECY d TR
M E B 5.1.1 MIHER, B p FIALRIR R PR TTRMIEECE p — 1 KL BreiAT
Y Fd)=p-1. (5.25)

dlp—1
KO p F8ECH d B0 2 AR X
z? —1=0 (mod p), (5.26)
HRYE 2 H 3.4.5 KHER, FRK (5.26) 7 d ME p AN[E I
BAE, # o &4 p $8ECH 4 ML E, WIRIRIK (5.26) HIF AT LAR IS

IECLO, a, -, a®1,

FRYEEHL 5.1.4, XEEPA o(d) MEEC d IGE. Bk, F(d) = o(d), TG p 1835
HhodWotE, W Fd)=0. B2, fF
F(d) < ¢(d).
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{HHER 2.3.9, Xf

D ed)=p-1. (5.27)
dlp—1
XFE, X (5.25) FxX (5.27) #EH
> (p(d) - F(d)) =0. (5.28)
dlp—1
Rk, ST E¥E d | p—1, 1
F(d) = ¢(d). (5.29)
FERHh, A
F(p—1)=¢(p—1).
X UEIAAFLERR p $650Ch p— 1 UG, B p M JRARLFLE. A=y
Wit Bp REEH 4 p—1 MERE W p 58 d MTEFAE.
iE MEH 5.2.1 WEAKR R (5.29), EIaTHEH 4518, UEEE.
PSR AR H A 3 7 v

EH 5.2.2 XpATEH p- 1 A RRERER q, -, g, U g Z4E p RARY
AEEMHZ

g% #£1(modm), d=1,---,s. (5.30)
WE Wog 2 p B NEAR, W) g X p ¥R EUE p— 1. H

p—1

(2

0< <p-1, i=1,--,s.

HR4EEFE 5.1.2, A (5.30), B
g}%_m—l%l(modp), i=1,---,s.
Ritk, # g AR (5.30), HXEL p MIFEE e = ord,y(g9) < p— 1. WARMEEHE 5.1.1, F
e |p— 1 BTifFAE— N HH g 6 g | 2, B
Pol_ g om 22l

€
53101

g7 = (¢°)" =1 (mod p).

HE#K (5.30) FJ&. R
SEF 5.2.2 4t T —MRIEMRKTTE.
Bl 5.2.1 KA p =41 $9F7TH RAR.
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B NAhp-—1=40=2%5 HENEHN ¢ =2, ¢ = =20, pq—l_&
2

WHEEH 5.2.2, RFERIFR (5.30), B ¢2°, ¢8 Bim RERIKT 1. sn‘ g=2 3,5 6% &
MNGH.

22=4, 2¢=16, 28=10, 2'9=18, 2% =1,

32=9, 3=-1 3=1, 36=1 30=_1,

52=125 5*=10, 583=18, 516=37 520=1,

62=236, 61=25 65=10, 66=18, 6X=—1 (mod 4l),
g =6 28 p =41 R

B, 2 (dp—1) =18, dBHK p— 1 =40 MFHLRIRR:
1,3, 7,9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39

3 o(p— 1) = 16 M, ¢ WP 41 KPTH AR,

g ¢=11, ¢"=29, ¢°=19, g''=28 g¢'¥=24,
g'"=26, ¢9=34, ¢*' =35 ¢*¥=30, ¢ =12, ¢* =22,
g g3 =17, ¢ =15 ¢* =7 (mod 41).

5l 5.2.2 KAE p =43 69 FAR.

B HHp-1=42=2-3.7, 1 =2, o =3, q3=7,[’fi|lﬂ.’.,p;1:21, p;1:14,
”q‘alze. AHERIER (5.30), B g2, ¢, o8 M m RERKT 1. W g=2, 3, 5%, B
K.

22=4, 2*=16, 26 =64 = 21, 21"=21.2= -1,
2 =1, 32=09, 3*=81=-5, 36=9.(-5)=-2,

37=—6, 3"4=(-6)2=36, 32'=(—6)-36=—1 (mod 43).
I, g = 3 A p = 43 IR,
2, Y (d,p—1)=1HK,d#EHHE p—1 =42 MFELER R
1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41
3t pp—1) = 12 N, g I 43 IFTH JRAR.

g =3, ¢°=28, g¢g''=30, ¢¥ =12 ¢g'"=26, ¢9=19, ¢* =34,
g® =5 ¢g¥=18, ¢ =33, ¢ =20, ¢'"'=29 (mod 43).

Bl 5.2.3 KAL p =191 69 RAR.
1 p—1

R KA p-1=190=2.519, q1:2,q2=5,q3=19,1£11tt,p; =95, F— =3,
1 2

pq_ LTS ARRIEL (5.30), B g5, o', g'a Him RERSKT 1. % g=2, 3, 5 %%,
3
BAKH.
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g g q1 g a2 g a3 g g q1 g q2 q q3 g g q1 g q2 g q3
2] 1 9 | 69 |[10] 1 49 | 180 || 15| 1 39 | 153
3] 1 39 | 30 ||11]| 190 1 107 || 17] 1 109 | 32
50 1 1 177 || 12| 1 49 | 153 || 18] 1 39 25
6| 1 1 160 || 13| 1 184 | 121 || 19| 190 | 39 52
71 190 | 39 1 14 | 190 1 69
ik, g = 19 B p = 191 IR,
5.2.2 1% p> [RiR
AHREL po JEAR IR AFAEYE.
VinagdY SN LB
313 5.2.1 & p A—AFFEH REH g R p BIR WA
g ' #1(mod p?) K (9+p)P ' #1 (mod p?).
e KK
—1 1 .
(g+p) ' = g+ (p ) ) g+ (;;2 ) g gt
= ¢ '+p-1)-¢" % pt+ AP,
o A 8, FrblAT
(g+p)P 't =1=(" ' —1)+(p—1)-¢"? p (mod p?).
R, 458 BT FHE
511 5.2.2 K p R—ANFEHK WwREH giHR
gpil =1 + ug - p, (uﬂ’p) =1 (531)
M AHAEZ AL k> 2, BRI vy, 17
TP = 1wy PP (up—2,p) = 1. (5.32)

IE X k> 2 BRI, KIE R (5.32), B
g,,k—2(,,~1) =1+ ug_9 'Pkgl, (uk—2,p) = 1.

k=20, KERK (5.32) &KX RK (5.31), ML
B k — 1 I, awisor, BIAFAE3ERL wy s 13

k—3 _ S
g PV =1 4w 3-pF2 (ug_3,p) =1
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WA p X7, £1
k—2¢ k—2\P
g "V = (1+us-pF?)
= 14 () s 2+ (0) (s ) ok (s D) (5:39)
= 1+ (up—3+ Ap_3-p)-p"!

Ho Ay BB W oup—2 = uk—s + Ak—3-p, H (uk—2,p) = (uk—s3,p) = 1. TTRBRLIL.
R ECE gy 7 ) R (5.32) XTAT A A & > 2 oL UFEE.
S| 5.23 X pRA—ANFEHK KEk>2 wREp BRIk g HE

gpkiz(pgl) =1 + Up_o - pk*l’ (uk_27p) =1. (534)

n g 2 RAR pF RAR.
E L oep= ord,(g), s
g°* =1 (mod pk).

HEM, g% =1 (mod p). KKy g &8 p JFAR, FTLL p— 1 | ex. # ex HAEKX er = p'(p — 1).
AT t =k — 1.
— 7T, MRS 5.2.2 ZUEM R (5.33), B REMR (5.34), W[ E]

k—1
q” (-1 — 1 4 (up—2 + Ax—2 - D) .p’g

o Ao WL T e | pPF1(p—1), t<k—1
7, iR & (5.34), %1

g "7V £1 (mod p*),

BEl e, fpF2p—1), t>k—2.
Mt=k—1,e=p""'(p—1) =) g " L8 pF JFAR. UEEE.
LR, FIERE p? AR
EIR 5.2.3 X g RAE p 9—/RAK, N g XH g+ p ZHE p? BRIk
iE AR¥ESIEE 5.2.1, 1R (5.31),

g t=1+ug-p, (uo,p)=1

(g+p)P t=14uo-p, (ug,p)=1

FREGIHE 5.2.3, ATEHEN g 28 p? B, TS &HEE g+ p 2R p? AR UEEE.

PR, IR p™ ) JSAR.

T 5.2.4 ik p A—AFF K, MWAHMER B4 o, B p* YRIRAL. A, 4o
R g RAE p? 49— BAR, MAEZREHEL o, g RAE p> H9RAR.
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W RYEEE 5.2.1, %u’rﬁ p FARAEAE, FidiE B 5.2.3 RILUEWIANIERE p? MR ¢ to
1A4E, B (5.31), B

¢ =14u-p
WAET B 5.2.2, MEREE o > 2, HFEEH v, F5K (5.32) BoL, B

o—2 ! —
gP (p—1) _ 1+ Uq—2 -pa 1, (ua—27p) = 1.

K, 3ES|1H 5.2.3, g B po G iEEE.
T 5.25 Raxl, g R p* 69— AR, N g 5 g+p* T8 2p> 6§—A
JRAR.
iE (1) WAH o 2RISR

a? =1 (mod p%),

X BRA .
a’=1 (mod 2),
WyEE R 2.1.12,
a? =1 (mod 2p®).
S Z TR,

(i) # g ZFE 2 d= @), W
©(2p%) = ¢(p®) = d.

X#

g? =1 (mod p®), ¢" #1 (mod p%), 0<r<d

w7
g? =1 (mod 2p%), g¢" #1 (mod 2p*), 0<r<d.
W g AR 2p™ AN RAR.
(iii) #F g AR, W g+ p> A, KWL (ii) W14 UFEe.
Bl 5.2.4 % m =412 = 1681, KAE m #9 Rk,
M Bl 5.2.1, f1 g =6 B p=41 HER. FiHH

1 =6"=143=1+3-41, (9+p)’ ' =47"=1518 =1+37-41 (mod 417).

K, g =6 Fl g +p =47 #EB m = p? KIER.

RYE e 5.2.5 FIEEE 5.2.6, (d, p(m)) = 1 B, ord,, (9%) = ordm(g), Bk, 4 d W
¢ (41%) = 1640 IR LT R R, 67 WHEE 412 FIFTA JRAR.

Bl 5.2.5 & m=2-41%2 = 3362, KA m ¢RI

R XBENHER 5.2.4 KB 5.2.4, BIn[{33] 6 + 412 = 1687 1 47 &8 2 - 412 = 3362
I JEAR .

$ 5.2.6 X m = 432 = 1849, KA m 4RIk
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i il 5.2.2, 5 g =3 & p =41 MRR. /EIHE
g 1=3"=143=1+3-41, (g+p)P ' =47""=1518 =1+ 3741 (mod 41?).

Kk, g =6 Fl g+ p = 47 FRE m = p? FIEMR, AR m = p> FER.

5l 5.2.7 X m = 432 = 1849, K4E m #9BAR.

@ oA Esn 3 2 p =43 MEAR, BTLURYE B 5.2.3, AIAN 3 5l 3+ 43 = 46 2%
43% = 1849 M JsAR. $isc b A1

g" ' =312 =87=1+43-2 (mod 43%), (g+p)* ' =46" =689 =1+ 4316 (mod 43?).
K, g =3 Fl g+ p = 46 #EHE m = p? MR, HEZE m = p> FIER.

5.2.3 1% 2« I5H

e AT | HE:
3|HE 5.2.4 % a A—AHFE Wi

a?=1+4u -2, (u,2)=1, t>3, (5.35)
W SHAEZ R k> t, AR w1257
a2 = 14wy 2670, (uk_y,2) = L. (5.36)
iE X k>t ERCEAGNE, SRIE X R (5.36), Bl
@ = 1wy 26, (ur, 2) = 1.

E=t+1 i, XKRK (5.36) HiEKRK (5.35), A poL.
ik k— 1>t B, fsor, BIAFAEREE w187

@t =1 +up_1_¢ - 2872, (ug-1-+,2) = 1.

Py KT, A

2k—t

a®> =14 (uk—roetup 267 2Rl =1 b, 2K (5.37)

H wpy =up—e +ud 283 TR (uk—t,2) = (up—1-1,2) = 1. ATEEOL.
SIFE 5.2.5 EEH >3 A TFEHEE>t, wRTEH o BAXEKX (5.36), BF

a‘zk_t =1 +uk—t : 2k71a (uk—l72) = 15

N o AR 2k H94RHH 2kt
HE 4 ex = ordyk(a). NI
a® =1 (mod 2%).
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MRAERR R (E B 2.4.1), 7 ex | p(2F) = 251 BTLL e BATER e = 2°. TR

s=k—t+1.
—J51H, MRS I1H 5.2.4 WEWIER (5.38), R &R (5.36), A4 %)

k—t+1
a2

=1 —+ (Uk_t + Ui_t . 2k72) . 2k =1 + Uk —t+1 " 2k,

(5.38)

EEF] Uk —t+1 = Ukﬁt+ui*t'2k42 %/EE (Uk4t+1, 2) = (’U,k._t,Q) = ]., }‘)\ﬁﬁ (S | 2k#t+1, s < k—t+1

FH— 77, ik &l (5.36), %0
a® " #1 (mod 2¥),

B3 e 2+t s>kt
WM s=k—t+1,e, =2t = p(pk)/2t-2
e A B R0 B

UEEE.

EH 5.2.6 X o 2—NHEH MNHEZEM o > 3, A o 2> HIEHIKT

p(27)/2 = 272, B

a?@)/2 = ¢2°* = | (mod 2%).
WE BB o Ela=1+b-2, KR 2| bb+1), FTLLE
a?=1+bb+1)-22=1+4u; -2 (u1,2)=1, t>3.
NTHEH >3, Ja<t i, H
a’? =1 (mod 2%),

Bk a #5 2> FRHECH 2 < p(22)/2 = 2272
MY o>t i, HE1H 524, FH KRR

a? " =1 + Ug—1t - 20“1, (Ua—t,2) =1,

RROL. R, MRYESIHE 5.2.5, o B 2o IFRECH 20t < p(2%)/2 = 2972,

EIE 5.2.7 &K a>3 A4 N
ordaa (5) = p(2%)/2 = 2>72.
iE BN e=5BAER
a?=143-28=14u4,-2, uw, =3, t=3,
XK o >3, HT1EE 5.2.4 A KRK
a® " =14 uay 2% (ug_t,2) =1,

JRIL. I, ARHESIHE 5.2.5, a =5 2o INFRECH 2071 = p(29)/2.

(5.39)

UEEE.
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i 5.2.8 &K a>3 ALK, W TEHK a=8k+3,
ordaa(a) = ¢(2%)/2.
iE KN a=8k+3 HAHER
a?=1+[1+23k+4k%)] - 2° =1+u; 2", u =1+23k+4k?), t=3,
T HB o > 3, B51EE 5.2.4 A RARX
a® = 14ua 2%, (et 2) =1,

RO, Rk, MR3ESIFE 5.2.5, a =8k + 3 15 2 [AFRECH 2011 = p(2%)/2.
51 5.2.9 K a>3 M Nt FEHa=2"-1, 3<s<a, A

ordae (a) = 2%7°%.

WE KK a=2"—1HEHERX

IESE.

a?=2% 2t 1142 -1)- 22 =144 -2, w=2"1-1t=5+1,

$FF#E o > 3, 5B 5.2.4 5 X R
@ = 14w 2%, (ua-r2) =1,
Bor. i, FRIES I 525, a=2% — 1 A 22 [FRECH 20 tHl = 205,

5.2.4 & m EiR
AT AL m BRI R B

EH 5.2.8 #m BRRELEMAEZEHFRZ m=2, 4, p*, 2p*, {F p RHFH

iE - LEME B om RIRRAES R
m = 2°pSt ... 2pPk.
# (a,m) =1,
(@,2%)=1, (a,p®)=1, i=1,---,k
W e 2.4 1(RKPEH) KeEH 5.2.6, F

(

a” = 1 (mod 29),
a?®™) = 1 (mod p™),
\
| a?®i*) = 1 (mod pf*),
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é?
h=I[r, ("), ---, p(Pg*)].
WY EH 5.1.6 Z MW, WHIEER o, (a,m) =1, f
a" =1 (mod m).
R, # h < @(m), W m FEAR AL
BRAE 1HS AT it

h = p(m) = o(2*)e(pT") - - p(Pr*)-
(1) %a>3ﬁ~f,r=@. PRl i,

h < @ < p(m).

(2) A k=20, 2] o), 2] e@y?). i,

(67 (6% g ay, (g

le@T), e(P2*)] < %‘P(M )e(P5?) < @(pT'p3?).

I, h < o(m).
B) M a=2, k=1H,
e(2*) =2, 2| e()
Bl b,
h=@(Pi") < p(2")p(py") = (m).
HMRELE (o, k) 2
(1,0), (2,0), (0,1), (1,1)
4 SR —, BNRAHLE m £
27 4’ p(!7 2p(!
4 M —W, A ATHEAE h = o(m). R BT
T B m =20, p2) =1, B 1 &8 2 [1ER;
M m =4, p4) =2, BH 3 B 4 AR,
M om=p* I, WIEEH 5.2.4, W m R
2 om = 2p> I, ARIEEFE 5.2.5, B m [ JRARAAAE.

BRI, 2544 R 78 0 P A IO .
Bl 5.2.10 & m = 41, KA m $9 PR AR

Y.
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iR BEm =41 PIREERN
a | order a | order a | order a | order
1 1 11 40 || 21 20 || 31 10
2 20 || 12 40 || 22 40 || 32 4
3 8| 13 40 || 23 10 || 33 20
4 10 || 14 8 || 24 40 || 34 40
5 20 || 15 40 || 25 10 || 35 40
6 40 || 16 5 || 26 40 || 36 20
7 40 || 17 40 || 27 8 || 37 5
8 20 || 18 51| 28 40 || 38
9 19 40 || 29 40 || 39 20
10 20 20 || 30 40 || 40 2
Bl 5.2.11 & m =43, RAE m 69 PTH G FEHR.
R BLom =43 MIREEER N
a | order a | order a | order a | order a | order
1 1| 11 7 21 7| 31 21 || 41 7
2 14 || 12 42 || 22 14 || 32 14 || 42 2
3 42 1| 13 21 || 23 21 || 33 42
4 71 14 21 || 24 21 || 34 42
5 42 || 15 21 || 25 21 || 35
6 16 71 26 42 || 36
7 17 21 || 27 14 || 37
8 14 || 18 42 || 28 42 || 38 21
9 21 || 19 42 || 29 42 || 39 14
10 21 || 20 42 || 30 42 || 40 21
Bl 5.2.12 & m = 167, KAk m 9P H A TR
B Hm = 167 MHHE
a | order a | order a | order a | order a | order a | order
1 14 11 83 || 21 83 || 31 83 || 41 166 || 51 166
2 83 || 12 83 || 22 83 || 32 83 || 42 83 || 52 166
3 83 || 13 166 || 23 166 || 33 83 || 43 166 || 53 166
4 83 || 14 83 || 24 83 || 34 166 || 44 83 || 54 83
5 166 || 15 166 || 25 83 || 35 166 || 45 166 || 55 166
6 83 || 16 83 || 26 166 || 36 83 || 46 166 || 56 83
7 83 || 17 166 || 27 83 || 37 166 || 47 83 || 57 83
8 83 || 18 83 || 28 83 || 38 83 || 48 83 || 58 83
9 83 (| 19 83 || 29 83 || 39 166 || 49 83 || 59 166
10 166 || 20 166 || 30 166 || 40 166 || 50 83 || 60 166




Bl 5.2.13 KAE m = 53 64 RAR.
& W om =53

A,

e(m)/q1 = 26,

KR, ARRAE: ¢%, o' B m BRERKT 1. X 2, 3 FEIRHA.

22 =4,
213 =30,

2t =

16,

p(m) = ¢(53) = 2 - 13,

aqi 22, q2 = 13.

p(m)/qz = 44.

226 =52= 1]

K, g =2 &4 m = 53 ) JEAR.

5] 5.2.14

B % m =109, I

@(m) = (109) = 108 = 22 - 3%,

KAE m = 109 & BRAR.

28 =44,

(mod 53).

212 = 15,

q =2, q2:3

52 & W 189
a | order a | order a | order a | order a | order a | order
61 83 || 71 166 || 81 83 91 166 || 101 166 || 111 166
62 83 || 72 83 || 82 166 92 166 || 102 166 || 112 83
63 83 || 73 166 || 83 166 93 83 || 103 166 || 113 166
64 83 || 74 166 || 84 83 94 83 || 104 166 || 114 83
65 83 || 75 83 || 85 83 95 166 || 105 166 || 115 83
66 83 || 76 83 || 86 166 96 83 || 106 166 || 116 83
67 166 || 77 83 || 87 83 97 83 || 107 83 || 117 166
68 166 || 78 166 || 88 83 98 83 || 108 83 || 118 166
69 166 || 79 166 || 89 83 99 83 || 109 166 || 119 166
70 166 || 80 166 || 90 166 || 100 83 || 110 166 || 120 166
a | order a | order a | order a | order a | order
121 83 || 131 166 || 141 83 || 151 166 || 161 166
122 83 || 132 83 || 142 166 || 152 83 || 162 83
123 166 || 133 83 || 143 166 || 153 166 || 163 166
124 83 || 134 166 || 144 83 || 154 83 || 164 166
125 166 || 135 166 || 145 166 || 155 166 || 165 166
126 83 || 136 166 || 146 166 || 156 166 || 166 2
127 83 || 137 83 || 147 83 || 157 83
128 83 || 138 166 || 148 166 || 158 166
129 166 || 139 166 || 149 166 || 159 166
130 83 || 140 166 || 150 83 || 160 166
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AL,
w(m)/q1 =54, ¢(m)/q2 = 36.
XFE, URRAE: ¢, ¢* B m BERSKT 1. X 2, 3, 5, 6 EFENKRH.
254 =108, 2%=1, 3*=1, 336 = 63,
5% =1, 53 =63, 654 =108, 63° =63 (mod 109).
K, g = 6 &4 m = 109 i J5AR.

f5 5.2.15 KAE m =113 89 BAR.
2 Wom =113 1

o(m) =p(113) =112=2*.7, ¢ =2, g2 =T.
p(m)/q1 =56, (m)/q2 = 16.
XFE, HFERIE: ¢%°, ¢ M m BRERSKT 1. xF 2, 3, 5, 6 EFENRH.
2% =1, 219=109, 3°¢ =112, 336 =49 (mod 113).

Kk, g =3 2 m = 113 KEAR.
5l 5.2.16 KAE m =59 &) B4R,
R % om=>59 N

Al ik,
e(m)/q1 =29, @(m)/q2 =2.
XFE, AWRRAE: ¢%°, ¢> B m BERIAKT 1. X} 2, 3 HEANKRH.
22=4, 22 =58=-1 (mod 59).

K, g = 2 B m = 59 IR,

il 5.2.17 K% m =61 9 B4R

B Hm= 61, ny
PR,

p(m)/q1 =30, ¢(m)/q2 =20, ¢(m)/qs=12.
X, AHRRAE: ¢%°, ¢%°, g2 B m BRERKT 1. X 2, 3 EENKRH.
230 =60, 22°=47, 2'2=9 (mod 61).

K, g =2 2 m = 61 FJRAR.
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5.3 8K n REFRN

5.3.1 $8%F
£ m = p* B 2p™ MIEIE T, B m R g EAFAER.
A JERR 5| 3R br MRS, JF I Fads i Bk 53 Ja) 42 X

z™ = a (mod m), (a,m) =1 (5.40)'

AR5 AF AR AL
MRAEEEE 5.1.2, FNil: X4 r WO o(m) M/MEZERRAMN, o7 WHE m K—D
AR R R, D, AT IHEE o, (a,m) = 1, FFAEME—REER r, 1 <7 < o(m), 115

g" = a (mod m).

EX 531 EmARKTF 1HEL gRBEm O—ANRIR. RaR—NEm EENE
3, W Ao — e R r 1247

T

g" =a (mod m), 1<r<p(m) (5.41)

PR, ZAEE r A g ARG a AR m 69— $8HR, 124F r = indga (K r = inda).
Bl 5.3.1 45 A4 17 9 RAR, AR

51 52 53 54 55 56 57 58 59 510 511 51‘2 513 514 515 516

5|8 |6 |13|14] 2 |10]16|12]| 9 11 4 3 15 | 7 1

B, A

inds1 = 16, inds2 =6, inds3 =13, indsd =12, inds5 =14, inds6 = 3,
inds7 = 15, inds8 =2, ind;9=10, ind510=7, indsll =11, ind512=9,
ind;13 =4, inds14 =5, inds15 =14, ind516 = 8.

EH 5.3.1 EmAKT 108 g ZEm G—PRIR. KaR—ANEmBEEFHE
3. WwREY r FFRAX

9" = a (mod m) (5.42)
ARGE, WX ASERE r iR
r = indga (mod ¢(m)). (5.43)
W KA (a,m) =1, FTLAF

r

g" =a=g¢g"%" (mod m).

M,

g" e =1 (mod m).
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NEHA g B m FIFEEUE o(m), M EFE 5.1.1
¢(m) | r — indya.

FEk, X (5.43) oL, UFEE.
Wit Wm KT 1R g BFEm B NER. W a 25 m BEEREL N

indy,1 = 0 (mod ¢(m)).
iE By
¢° =1 (mod m),
WR#EE R 5.3.1, f1
indgl = 0 (mod ¢(m)).

EH 5.3.2 AmARKT 18K g REm G—NRAR, r L—ANEH HL1<r<
@(m), WA g HREHTHE m A AR 484T r 69 PTA B AAKZAE m e — AR A X
iE B A

indgg" =r, (¢",m)=1.
MRAEFRARIE X, 5 o FEAR indga = r MFFDLEFMZ

a=g" (mod m).

ML g RJRXHE m AR — 845 r KIFTAEEERRT o7 FIERE m B MR R
U,
EE 533 AmAXT 1K g REm —ARR. Fa, ..., 0, REMEFE
8 n AR N
indg(a; ---a,) =indg(a;) + - -- + indg(an) (mod @(m)). (5.44)
A 3,
indg(a™) = n indg(a) (mod ¢p(m)). (5.45)
iIE é T = indg(a,-), 1= 1,' e, N *Eﬁ?‘é‘ﬁ?ﬁgi)\(, ﬁ

a;=¢" (modm), i=1,--- n.

NI}

ar---ar =g

R4E e # 5.3.1, FIR (5.44), B
indy(ay ---a,) =indgy(a) + - - - + indgy(an) (mod ¢(m)).

R, X+ ap = = a, = a, HA (5.45) AL .
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il 5.3.2 AF4RE 41 694547 K.
R O 6 AL 41 MER, EEUE ¢ (mod m).

69=1, 6'=6, 62=19, 63=11, 6*=25  6°=27,
66=39, 6"=29, 6%=10, 6°=19, 6°=32 6! =28,
612=4, 63=24 6“=21, 61°=3, 6°=18 67 =26,
68 =33, 69=34, 620=40, 6°' =35 62=5 62 =230,

624 =16, 620 =14, 626=2  627=12, 62 =31, 6% =22,

630=9, 631=13, 632=37, 62 =17, 6% =20, 6% =38,
636 =23, 63 =15 6%=863¥=7 (mod 41).

KaydERR: SRR AR SR AT RO, AT L B AR R FR AR TR N R R

0 1 2 3 4 5 6 7 8 9
0 40 26 15 12 22 1 39 38 30
1 8 3 27 31 25 37 24 33 16 9
2 34 14 29 36 13 4 17 5 11 7
3 23 28 10 18 19 21 2 32 35 6
4 20

f5l 5.3.3 45| RKEH a =28, 18 VA 6 HJEAE 41 694547

B OARER 41 LSRR g = 6 MFREER, &A% 2 Fr e miaT, N % 8 Fifes,
RXALERE 11 B2 inde28 = 11. MAFR A8 1 BrEfr, MK 8 B, 28 XA
B 16 B 2& indg18 = 16.

5.3.2 n XEER
I A EFNFRWE? IX AR NEERL r 15 ¢" = a (mod m) IRZE S; (HNIEEL o SKEHL
r 1% ¢" = a (mod m) BLAEH WA
EX 532 EAmAXT 18K a5 m EEAEY R n KREKX
2" = a (mod m) (5.46)

A&, W o AR m & n RBIEK TR, o TR m 6 n RIERIR.

5 5.3.4 K 5 KFI&X 2° =9 (mod 41) ##F.

MR M 41 FebRR, B o 1) A EL 0 BRAERIAT, M EL 9 FTEIN S, A8 AT &
1% 30 5K indg9 = 30. F54 2 = 6Y (mod 41), JR RS AEH

6°Y = 63° (mod 41).
Bk 6 28 41 MR, R € 5.3.1, f1

5y =30 (mod 40) B y =6 (mod 8).
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y =6, 14, 22, 30, 38 (mod 40).

z=6=39, z=64=21, z=622=5,
z=630=9, z=6¥=8 =6 =7 (mod 41).

EIE 5.34 HmARKT 1 ¥, g RAEm 9—ARIR. K a R—ANE m BE6H%E
#, MR 4 X (5.46)
z™ = a (mod m)
H IR e B 52
(n,p(m)) | inda, (5.47)
BEABAHILT, BEA (n,o(m)).
iE A RIRI (5.46) F#

z = ¢ (mod m),

W3 AFAEAE S AERY w, » f1S

o =g", a=g" (mod m).
B (5.46) 18
g*" =g" (mod m)
19
un =r (mod p(m)).
HIEIFS:M

nX =r (mod p(m)) (5.48)

HE X =u (mod p(m)). Kk, X (5.47) BAL.
gk, £ (5.47) oL, WA (5.48) B #

X = u (mod ¢(m)),
HIREH (n, p(m)). Hk, K (5.46) G fE
o = g (mod m),

FRECA (n, p(m)). JEEE.
#it 7EEH 5.3.4 MBREEMFT, a 28 m 1) n IRBIR TS0 0 BA&F 2
®F =1 (mod m), d = (n,p(m)). (5.49)
WE HEHE 5.3.4 WE: [H&R (5.46)

z"™ = a (mod m)
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R TR U BARAFRE R AR L (5.48)
nX =r (mod ¢(m))
k. THXE T3 (5.47)
(n,¢(m)) | inda,

R
inda = 0 (mod d).

Fis L) “"-(;i) 3

ﬂgl—)inda =0 (mod ¢(m)).

XEM T (5.49). JEEE.

Bl 5.3.5 KRMRAX

z® = 23 (mod 41).
S PS)
d = (n,p(m)) = (8,p(41)) = (8,40) = 8,
ind23 = 36.

3 36 ANHEWE 8 B, FTLAHEEE 5.3.4 13RI R AT

Bl 5.3.6 KAEF &K

z'? = 37 (mod 41).
S|
d = (n,p(m)) = (12,(41)) = (12,40) = 4,
ind37 = 32.
X 432, FriA R #. BRI AR
12 indz = ind37 (mod 40)
119
3 indz = 8 (mod 10).
(SE
indz = 6, 16, 26, 36 (mod 40).
AR R AT SR A R
z =39, 18, 2, 23 (mod 41).

FIE 535 EAmAKTF 1K g RBEmMYG—APRIR. KaR—NEmEEFHE
3, N o A m 6948482
__p(m)

R\, o RAE m 09 RAR S B

(inda, p(m)) = 1. (5.51)
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E ROARE m AR g, BTUAT
a = g™ (mod m).

4 EH 5.1.3, a MIEECH

inda ord(g) p(m)
ord(a) = ord(g™"*) = (ord(g),inda) — (inda, p(m))’

SR, a BB m PRI R L ERAE ord(a) = ¢(m), BT (5.51) or. UERE.
EIE 5.3.6 K m AKT 1 9%, g ZHE m 69— ANRAR, WA m e FR R Z T, 18
A e YHEHANER p(e). 457130, AR m R R R+ RARGDEOE o(p(m)).
WE RN m G JRAR g, A 5.1.3, %l a = g4 FRECH

ay ord(g)  p(m)
ord(e) = ord(9%) = 4 T = W pm)

B, o [IEEOE e 7 baigpe 20 _ o
(d, o(m))

_ p(m)

(d, p(m)) = I
Ga=d?™ 0cd <o ERBMT (@c) = 1 BAUKR & AT ple) A MITHHECH
o(m) KB o(o(m)), BERANBUE o(o(m)). HIFEE.

5.4 3]@
(1) 5 2,5,10 £ 13 [KIF%L.
(2) V5 3,7,10 # 19 (RFEE
(3) KA 81 HJRAK.
(4) WEHH: AAFLEREL 55 1 JEAR.
(5) WIBE A7 [FJRARAT 2047 SR 47 F BT JEAR.
(6) AR 59 [ RART 2 /DA SKIHBE 59 (1) BT AT JRAR.
(7) Wm>1 RHEH o 25 m HENELH. B ord,,(a) = st, T4 ord,,(a®) = ¢.
(8) W n & NIEEHL, d & o(n) FM—MIERE HEEAAAEEEAER ord,(a) = d.
(9) ®m=a"—1, HP o F n RIEHEL. UEW: ord,,(a) = n, NITFFE] njp(m).
(10) ¥ a 245 p HEMIERH. R

a#l, a®#1, a'T # 1 (mod p),

W a ZHE p IR JEAR.
(11) KA 113 ER.
(12) KA 1132 (KRR,
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(13) RAK 167 AR,
(14) KL 1672 1 J5AR.
(15) W n ZIEEEE WRAFAE DN o 115

a"'=1 (mod n)

PA K
o' T # 1 (mod n)
X n— 1 [T BRI g, W n & —DFEE
(16) KA 5K
2?2 =5 (mod 41).

(17) KA R 425X
2?2 = 29 (mod 41).

(1) gmescBLvtSHEE o B m FREL

(2) GRFEEIIFFE T u = {ur = a* mod m | k > 1} WIE/DEM p(u).

(3) ¥ p AR MIELIUH S o B p HIHREL

(4) Bt p A ELH. IWAELIMHFIFY uw = {ux = a* mod p | k> 1} M/ pu).

(5) ¥ p RATHEE MLV p (R g.

(6) ¥ p RAEH, o RIEEE. FEELIHER po MR g.

(7) B p AR WL p MER ¢ MEIRER, HhR#E n KFRK

" = b mod p.

(8) W p REATREE MALIUVHEAL p MR g KASEFREER, JF I RETTH a-b mod p.

(9) % p, q RAIFATRE. GFESLILH AR o B p - g IHREL
(10) ¥ p, g=2p— | AFIFFEL. S FE o B p- g MIREL

(11) #& p, ¢ BRRFEAEY, Bg—l ‘1;—1 R GRS R o B p - g (FEEL



FeEdE ZEMHEW

FEAT, WFFT T 7 A DA e DRt A KR4, e 2 R I T R BURAL I 2 B (Fer-
mat /NEBE L WP E BEAE) 75 E BIER T AE KR

6.1 {AEH

6.1.1 {AZEH Fermat ZEHLE
M4 Fermat /e BRI A1 R n £2—NEE, WXHEEESR b, b,n)=1,F

b ! =1 (mod n).
HIE TG WA — N5 b, (b,n) = 1 A
b" ! # 1 (mod n),

W n s EE
BAREOIE ST BIR IS, H4E e 5.1, 7 W n B—NEH, WHTEE
b, (bn)=1,H
ord,(b) | n — 1.

UL #S: WERA — D EH b, (b,n) =1 €19
ord,(b) fn—1.
W n P EH.
611 EA
202 = 260. 22 = (26)10.92 = 6419.22 =4 £ 1 (mod 63),
FITvh 63 —AN 263 F5%E,
22 = 1 (mod?7)
26 = 1 (mod9)
VAR ord63(2) =6 /(63 —1.
LAtk F R BE R L. FE L,
8 = 1 (mod 7)
82 = 1 (mod9)

VAR ordgs(8) =2 | 63— 1.
5 6.1.2
892 = (2°)*! =1 (mod 63).
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EX 6.1.1 & n R—AFE% wREHDb (bn) =1 BFREK
"1 =1 (mod n) (6.1)

AL, W) on TR b 69 TAREL

F WEBIRR B AT U R AR, Won 22— DEaE8. WL b, (bn) =1
813 n — 1 AP w= {ur, =b* mod n | k> 1} B, W n YO T-2E b KRR

Kok n A ZREUN, XHEEHEE b, (bon) =1, 1 n—1 AHFF) u = {ur =bF mod n|k>1}
) & 3.

U, HAERE b, (bn) =1, 8 n -1 FEFI u={u =b" mod n|k>1} 1
JE, W n —E A

5 6.1.3 %4k 63 AR AT TH b =8 4t F K,

5 6.1.4 #4341 =11-31, 561 =3-11-17, 645 =3-5-43 A FHh b =2 t9thF%
%, BA

2310 =1 (mod 341), 2°%° =1 (mod 561), 25** =1 (mod 645).

FELEA
22 = 1 (mod 3) 22 = 1 (mod 3)
210 = 1 (mod 11)
_ , 210 = 1 (mod 11) , 24 = 1 (mod 5)
2° = 1 (mod 31)
28 = 1 (mod 17) 24 = 1 (mod 43)
iR Oy R BRI

EIE 6.1.1 XRZ—MNFHe%, 1

(i) n RAFR OB ERLBRE b n O ESR n -1

(ii) R n B3 FHE by o by 9 F 2, W n AT by - by $9thF S

(iii) 4o n 3T R b A EH, W n 23T b1 e9thF 4L

(iv) 2o R —AEH b EFR AKX (6.1) TRz, N n I FEEZFEVH—F
B HARFF R A X (6.1) FARL.

iE (1) WS n X T b MRS, WA

"' =1 (mod n).

M e B 511, 47
ord, (b) | n— 1.

Sk, Wk ord, (b) | n— 1, MAFAEHEH q 75 n — 1 = g - ord,(b). UL, 47
bt = [p°rdn(®))9 = 1 (mod n).
(ii) BA n XT3 by FIIE by TN, FTUUA

b t=1, by ' =1 (mod n).
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I,
(by-bo)" ' =07 b3 =1 (mod n).
o JEXTHE by - by A FEL
(iil) B2 n XT3 b Db FEL, BT

b1 =1 (mod n).

M,
b Hrt=0""H "' =1 (mod n).

e n JEXFTRE b BN BRAL

(i) B by, -y by, bsy1, o, byny R TALRIR R, Heb Al s MRS (6.1)
L, J5 @(n) — s NEER R4 (6.1) AROL. AR SM, fFE—DEE b, (b,n) =1,
A 4R (6.1) AROL, FARPELE 1S (11) A (iil), £7 s MR n A FRAGFR 4

b-by, -, b-by

BEAHARR (6.1) FRL. B, 5 < p(n) — s, 88 o(n) — s > 20 R, B n MOFIAL
FIR R BT LHORAEA IR (6.1) RHL. .
5 6.1.5 K n==63, REFAHAEKD 1<b<n—1181Fn 5T b t4thEH

n—1 a an—l a an—-l a anfl a an-l

=}
2

1 14 7 27 | 36 40| 25 53 | 37
4 15| 36 28 | 28 41 43 54 18
9 16 4 29 | 22 42 0 55 1
16 17| 37 30 18 43 | 22 56 | 49
18 9 31 16 44 | 46 57 | 36
36 19 | 46 32 16 45 9 58 | 25
49 20 | 22 33 18 46 | 37 59 16
1 21 0 34| 22 47 4 60 9
18 22| 43 35| 28 48 | 36 61 4

© o N O Ot e W N =
[\~
ot

10| 37 23 | 25 36 | 36 49 7 62 1
11 58 24 9 37| 46 50 | 43
12 18 25| 58 38 | 58 51 18

13| 43 26 | 46 39 9 52 | 58

EHL 6.1.1 (iv) HEBAD: X T RKAFL, WA —NEE b, (b,n) =1, R FERK (6.1)
AEOL, W n ITRTCEIR R 200 R RIR X (6.1) AROL. Xk i, X1
BEHLIEE I HEEL b, (b,n) = 1, F 50% LA EIIHLESRAINT H n 62 BiF U n &S]
RetE/ T 50% .
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BE—NETFNA N ADARADHEIFIER (W1 N = 21024) ) BRI EEAE SRl
REERAN DT 8E T 20BN, W &7 A BEHLE 2 W BR AR /T el T % U
U 85 R 10 A T T ;_k

BAE, 45 A — A KA REE n A BB T

(1) BEHLEREE b, 0 < by < n, FIHT XKJLBEARETH b M n FEKARE
dy = (b1, ).

(2) R dy > 1, W n AREZEEL

(3) WHE dy =1, WHE b7 (mod n), HEHERIKZR (6.1) REKIL.

o WMRAESL, W n AREEEL

o W, W n AR TR T S S 0 AR REPEAT 1

HE FAPE

(1) FRREHLIEHCERL by, 0 < by < n, R LEKJLEBBRETE by A n B A BRI
dg = (b2, n).

(2) W dy > 1, W n NREFEE

(3) W dy = 1, M b3~ (mod n), HEEFKER (6.1) AL

o WAL, M n AREEE

o W, W n AR TRENE N T o S n B TREEAT 1 -

EEE FRTE - , HEE t .

(1) BEHLIZECHERL b, 0 < by < n, FIHT XERJLBEEBREEUE b M n KA KR
dy = (b, mn).

(2) W dy > 1, M n AREH

(3) W dy = 1, W P! (mod n), HEERAKRK (6.1) AL

o WIRAEAL, W n AREEE

o WIHRAL, W n ZEETREN /N T % AV n RREBTREMERT 1 - %

AR R AT T R g5 0k

Fermat H4HEHLE

HETER n >3 MZESH ¢

(1) BENLEE R b, (b,n) =1, 2<b<n—2.

(2) HH r=b""! (mod n).

(3) W r#£1, M n Z2EH

(4) BEIRREES ¢ X

6.1.2 EHEZHEH

AT BB AFAEE.
SIFE 6.1.1 X d, n R EEH wR dEEER 0, W) 29 -1 FEER 2n 1.
W K d |n, FTUAFE— NS ¢ 3 n=q-d Bt f

M —1=02H)"-1=(2H" 1+ (2" 2 +-.. + 29+ 1)(2% - 1).

fed—1|2"—1. iF .
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EE 6.1.2 HFAEAF S TA 2 69thF 4
iE (1) UEMY: W n RN TEE 2 ROV B W om = 2n — 1 X TE 2 P R EL 9
e b, A no @R T 2 A RS Ll n BAFEH, JFH 271 =1 (mod n). 1T n 2&
A% FTUATEMAMRR n = q-d, 1<d<nl<q<n §EINH G5 201|201 A
Em=2"—-1LE&%
BAETAE
2m~1 =1 (mod m).
KA 271 =1 (mod n), FTAATRA¥E m — 1 =2(2""1 — 1) Bt m — 1 = kn. RIE5|1HE, 53
on —1 | 2m-1 — 1. [Nk, AR
2m~1 =1 (mod m)
WS HOm = 20— 1 RATHE 2 O EEL
(I1) B ng AXF T2 2 M— ML Bl ne = 341 & — DX T4 2 A EEL B4

T),1=2n0—1, n2=2"‘ —1, Tl3:2n2—1,
MRIELEE (1), XLLREHIE XS T2 2 HIOhFEL ESE.

6.1.3 FHEFRIFH

A I n R T TR AE R EBEAE R B R B PR —, BreAg A
KWL L.
EE 6.1.3 & n A—ANFFH5 A FehEH NAEEHKD, (bn)=1FRAEKX (6.1)
AR, BP
"1 #1 (mod n).

iE RUEE. WX BT A MIERE b, (bn) =1, HARRK
"' =1 (mod n)

FAT. MRPE e PRI, AAAE—DNEREBE p*, o> 2, 8 n=p>-0/, (n',p) = 1. IR EH
5.2.7, {F1E g H13 g &4 po AR, BP
ord,e (9) = p* (p—1).

ez e 3.2.1 (PEFEKEH), 7K1E £ = b (mod n) WHAL:

{m = g (mod p%),

z = 1 (modn').

X, A (b,n) =1 LK
ordpe (b) = ordye(g) = p* ' (p — 1).
B3P
b"! =1 (mod n),
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LA
b" ! =1 (mod p).
RyEEH 5.1.1, 1535
ordya(d) [n—1 B p*'(p—1)|n—1.
it p | n— 1. XAA]HE. UEYE.

6.1.4 Carmicheal

AR 13 Fermat AT HIEICBUKI HHL

ENX 6.1.2 4% n #&#4 Carmichael £k, W R 3T 69 B4 b, (b,n) = 1, #FA F
®X

"1 =1 (mod n)

PRI

i¥ Carmichael $( n HATFBE R IXFE—MESE n, BRI RIEREL b, (b,n) =
1,n—1#RZFH u={ur =0 mod n|k>1} K.

1 6.1.6 %% 561 =3-11-17 £ —A Carmichael #.

iE X (b,561) =1, ¥ (b,3) = (b,11) = (b, 17) = 1. 4RI Fermat T H

b2 =1 (mod 3), b° =1 (mod 11), b =1 (mod 17).

W,
B60 = (12)20 =1 (mod 3),
b0 = (p'9)%6 =1 (mod 11),
b0 = (»'6)% =1 (mod 17).
Ak, A

b°%% = 1 (mod 561).

EHE 6.1.4 & n R—ANFEHK
(1) %Rk n#EK—1KTF 1 FF5EKER, U] n RA&Z Carmichael £%.
(ii) R n=p - -pp R—MAFFHK, N n & Carmichael #89 LZ 52

pi—1|n—-1, 1<i<k.

i (i) HEHE 6.1.3 153

(i) ®Bn=p1-p B—DEFITHE

ot WHIERE b, b,n)=1, 0 b,p)=1, 1<i<k fI

il =1 (mod p;), 1<i<k.
bei 1] .
vl = ()Pt =1 (mod p;), 1<i<k.

X8 n & Carmichael %
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B, % n A& Carmichael 5, WX MIIERE b, (b,n) = 1, A H A
b" ! =1 (mod n).

W5 i, 1<i <k, 78 g A p; MR, WIAELE350 b, 62

r = g (mod p;),
n
= 1 d —).
x (mo Pi)
XEF, (bi,n) =1, H
b ' =1 (mod n).
e,
bt =1 (mod p;).

ordy, (b)) [n—1 BL p;—1|n—1

UEEE.
EI 6.1.5 44 Carmichael # 2 £V = A RF £ f
ME RiE¥. B — Carmichael 3 n, Hr] IR AN ZZ TP, AU n =
p-q, p<q WMRIFEEM6.1.4 (ii), fin —1=0 (mod q — 1). I,

p—1=n—1—p(g—1)=0 (mod ¢ —1).

XAARE. K, 8 Carmichael U 2 /0 = /NS 2 HUK) e . JEEE.
I (1) fFELFI £ Carmichael (.
(2) ¥4 n 75 KB, XT0] [2,n] W Carmichael (N4 > n?/7

6.2 Euler 4% #

6.2.1 Euler f4&#. Solovay-Stassen EHIE
Won RARE WAEE 4.3.1, ARIRAK

ST =45 b BROT
K, anRAFAEEEE b, (b,n) =1, fH13

b # (%) (mod n),

M) n ANJE—NFEEL
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5l 6.2.1 & n =341, b= 2. 5 A+ F4FE]

341—-1
2

277 =1 (mod 341) WA (i) = (- =,

341
(3

341-1

27 2

2
% (SATI) (mod 341),

FTvA 341 2 —AF .
EX 6.2.1 X n A —ANEFEH EEHEbEn BE. wREH nfo b BAENH

b = (%) (mod n),

m n 4T F iR b 49 Euler {hZEEL.
5] 6.2.2 &% n = 1105, b= 2. » A+ FH1F2)

A 2 110521
’ <1105) =D

(6.2)

1105-1

272 =1 (mod 1105)

B4

11051 2
2 = —= 1
2 (1105) (mod 1105),

Frvh 1105 £ —A%FF A 2 49 Euler th %44
51 6.2.3 & n=11-31=2341. KA EHK Db, 1<b<n—11#FnRFTFEXbH
Euler A% #¢.

B p(n) = 1012, 0F n KR TIE b IDYRRIN b 17 07 A, BEAH S0 ikt b 4
b= 1, 2%, 4, 8, 15%, 16, 23x%,  27x, 29, 30,
32%, 35+, 39%, 46, 47, 54, 58+, 60%, 61, 63
64, 70, 78, 85, 89, 91, 92, 94x, 95, 97,
101, 108+, 109+, 116, 120, 122+, 123, 125, 126, 128%,
139, 140%, 147, 151, 153, 156%, 157, 159, 163, 170,
171%, 178, 182, 184, 185+, 188, 190, 194x, 201, 202,
213%, 215, 216, 218, 219x%, 221, 225, 232x, 233%, 240%,
244,  246%, 24T, 249%, 250%, 252%, 256, 263, 271, 277,
278, 280, 281x, 283%, 287, 294, 295, 302%, 306%, 309,
311, 312, 314%, 318%, 325, 326%, 333x%, 337, 339x%, 340.

o AR B HOH b A8 n BT b 0 Buler DY S5 50 A, RN o0



206 FO6TE XUBE
G0 G0 D EID) BRI BE0
1 1 1 11 242 0 21 56 1 31 155 0 41 56 —1
2% 1 -1 12 67 -1 22 242 0 32x 1 —1 42 56 -1
3| 67 | -1 || 13| 56 | 1 fl23«| 1 | -1 | 33| 187 | o [43] 67 | 1
4 1 1 14 67 1 24 67 1 34 67 -1 44 242 0
5 56 1 15% 1 =1 25 67 1 35% 1 -1 45 67 1
6 67 1 16 1 1 26 56 -1 36 56 1 46 1 1
7 67 -1 17 67 1 27 1 -1 37 67 —1 47 1 1
8% 1 -1 18 56 -1 28 67 -1 38 67 1 48 67 ol |
9 56 1 19 67 -1 29 1 1 39% 1 —1 49 56 1
10| 56 | -1 | 2] s | 1 {|[3] 1 1 || 40| 56 | -1 |50 67 | —1
e e e e @] e (@] 6
51 56 -1 61 1 1 71 56 1 81 67 1 91x 1 -1
52 56 1 62 155 0 72 56 -1 82 56 1 92x 1 -1
53 56 -1 63x% 1 -1 73 56 1 83 56 1 93 155 0
54 1 1} 64 1 1 74 67 1 84 56 1 94x 1 -1
55 253 0 65 67 1 75 56 -1 85 1 1 95% 1 =1
56 | 67 | 1 |66 | 187 | o |[76| 67 | -1 || 86 | 67 | -1 || 96 | 67 | 1
57| 56 | 1 || 67| s6 | 1 |[77| 187 | o | 87| 67 | -1 | 97| 1 1
ssx | 1 | -1 (e8| 67 | 1 ||| 1 1 || 88| 242 | o |[ 98| 56 | -1
59 67 1 69 67 1 79 67 1 89x 1 -1 99 253 0
60* 1 o | 70 1 1 80 56 1 90 67 -1 100 67 1
b [om | ()] v e (B)) b e (B)) v e (B)] v T | (B)
101% 1 =1 111 56 1 121 253 0 131 67 -1 141 67 =1
102 56 1 112 67 —1 122+ 1 -1 132 187 0 142 56 =i
103 56 | 1 |13 s6 | 1 |23 | 1 | 1 | 133 | s6 | 1 | 143 | 253 | 0
104 56 -1 114 56 =1 124 155 0 134 56 -1 144 56 1
105 67 1 115 56 -1 125 1 1 135 56 -1 145 56 1
106 56 1 116 1 1 126 1 1 136 67 -1 146 56 -1
107 67 -1 117 67 1 127 67 1 137 56 -1 147* 1 -1
108 1 -1 118 67 -1 128% 1 -1 138 67 -1 148 67 =]
109 1 -1 119 56 =1 129 56 -1 139 1 1 149 67 =1
110 | 253 | o [[120] 1 | 1 | 180 | 67 | 1| 1a0+| 1 | -1 150 | 56 % 1
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207

bl [ (B) e (o ()] v e (&) b e ()] b T (B)
51| 1| 1 (w6 | 67 | 1 |[17e| 1 | -1 | 81| s6 | -1 || 191] 56 | 1
12| 67 | 1 || 62| 67 | -1 | 72| 67 | 1 || 82| 1 | 1 || 2] 67 | -1
53 1 | 1 |[wes| 1 | 1 | 13| s6 | -1 | 18| 67 | -1 || 193] 67 | -1
154 187 | 0 || 64| 56 | —1 | 17a| 67 | 1 || 18a| 1 | 1 |[194¢] 1 | —1
155 | 155 | 0 || 165| 242 | o | 175 | 56 | -1 || 185x| 1 | —1 || 195| 56 | —1
156x| 1 | -1 || 166| 56 | —1 || 176 | 242 | o | 18| 155 | 0 | 196| 56 | 1
7| 1| 1 | wer| 67 | 1 || 17| s6 | —1 || 187 | 187 | o || 197| 56 | 1
158 | 67 | -1 || 168 56 | —1 | 18| 1 | 1 |l188| 1 | 1 || 98] 253 o
159 1 | 1 || 69| 67 | 1 | 1m9| 67 | -1 || 189 | 67 | 1 || 199| 56 | —1
160 | 56 | —1 |[170«| 1 | -1 | 10| 67 | 1 |fwo| 1 | 1 || 20]| 67 | -1
b | T [ ()| b [ () | e [ (B) ] b [T (B) ] v e ()
201x| 1 | -1 || 211 | 67 | —1 |l221| 1 | 1 | 231| 253 | 0 || 241| 67 | 1
202| 1 | 1 || 212 s6 | -1 |[222] 56 | -1 | 232«| 1 | —1 | 242 253 | o0
203 | 67 | —1 || 213¢| 1 | —1 |[223] 67 | -1 || 233«| 1 | -1 | 243| 56 | —1
200 | 56 | —1 || 214| 67 | 1 || 224] 67 | 1 | 234| 67 | -1 | 24a| 1 | 1
205 | 67 | -1 || 25| 1 | 1 |[225] 1 | 1 || 235| 56 | 1 | 245| 67 | 1
206 | 56 | -1 || 216 1 | 1 |[226 56 | -1 | 236 | 67 | 1 | 246+ 1 | -1
207 | 56 | -1 || 217 | 155 | o || 227] 56 | —1 || 237 | 56 | —1 | 2a7«| 1 | -1
208| 56 | 1 | 218 1 | 1 |[228] 56 | 1 | 238| 56 | 1 | 248| 155 | o0
200 | 187 | 0 || 219¢| 1 | —1 |[220| 67 | -1 | 239| 56 | 1 | 249¢| 1 | —1
20| 67 | —1 || 220 253 | o |[230] 56 | 1 |20« 1 | -1 || 250«| 1 | -1
o[ | (2) ) e e [ (B) ] b e (B) ] e e ()] v e | ()
251 | 67 | -1 |[261] 56 | 1 |l 271 | 1 | 1 |l 281«| 1 | -1 | 201| 67 | —1
252¢| 1 | -1 |[262] 67 | 1 | 272| 67 | 1 | 22| 67 | 1 | 202 56 | 1
253 | 242 | o |[263] 1 | 1 | 23| 67 | 1 | 28| 1 | -1 | 203] 67 | -1
254 | 67 | —1 || 264 187 | o | 24| 56 | 1 | 284| 56 | 1 20| 1 | 1
255 | 67 | —1 || 265 67 | —1 || 275 | 187 | o | 285| 67 | 1 | 205 1 | 1
256 | 1 | 1 || 266 56 | -1 || 276 | 67 | 1 | 286| 253 | o | 206 7 | 1
257 | 56 | 1 || 267| 67 | 1 |l 277 | 1 | 1 | 287| 1 | 1 | 207 242 | o0
258 | 56 | 1 || 268 56 | 1 |l27s«| 1 | —1 || 288 | 56 | —1 | 208 67 | 1
250 | 56 | 1 || 269 56 | -1 || 279 | 155 | o | 289 | 56 | 1 | 209 56 | —1
20| 67 | 1 || 200 56 | 1 |l 280| 1 | 1 | 20| 56 | -1 | 300| 56 | —1
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bo|et ()] v [t ()| e et (B[ e [T | (2)
300 | 56 | -1 || 311 | 1 1|l 320 | s6 | 1 || 31| 56 | -1
302¢ | 1 | -1 || 312 | 1 1 || 322 | 67 | -1 || 332 | 56 | 1
33 | 67 | 1 || 313 | 67 | —1 | 323 | 56 | -1 |[333«| 1 | -1
304 | 67 | -1 ||314x| 1 | —1 | 324 | 67 | 1 | 33| 67 | -1
35 | 56 | 1 | 315 | 56 | -1 || 325 | 1 1 || 335 | 67 | 1
306« | 1 | -1 | 316 | 67 | 1 |[326«| 1 | -1 | 336 | 56 | 1
307 | 67 | -1 || 317 | e7 | 1 | 327 | 67 | 1 | 337 | 1 1
308 | 187 | o |38« | 1 | —1 | 328 | 56 | 1 | 338 | 67 | -1
309« | 1 | -1 | 319 | 242 | o [ 320] 67 | -1 |[330x| 1 | -1
310 | 155 | 0 | 320 | s6 | 1 | 330 | 242 | 0o |l 340 | 1 1

Solovay-Stassen E 416

BMERTEH n >3 MEZESH 1.

(1) BEHUEDHER b, 2<b<n—2.

(2) it r = b" (mod n).

B) MR r£1 UL r£n—1, W n &6
(4) & Jacobi ff5 s = (%)

(5) MHE r#£s, W n EEE

(6) FiAFREESE ¢ k.

6.2.2 F%FE % Euler AEX

TR 6.2.1 ok n ZxFFHR b 49 Buler thE 3, W n 22T b 69hF 3
iE & n B4 T 2 1) Buler A EE WA

b = (%) (mod n).
BT, R E (g) e 21 (mod ),
ot = (v77) = (9)2 =1 (mod n),
R, n A THE b R EE.

EH 6.2.1 AL, BIA MY ZEHE L Buler PHZFEEL B0 341 XT3 2 18
ThEEL BA RS THE 2 10 Euler tAEEL
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6.3 SRIARH
6.3.1 3B{AFEL. Miller-Rabin FE M1
Won BRARE HHA n— 1= 2% WA LLFREBOMER:
[ (b’”"‘ + 1) (b?"’z‘ + 1) (B4 1) (Bt —1).

R, fn R A Rl R 5K
b" ! =1 (mod n),

NI LA R A X DA — AN L

b = 1  (mod n),
bt = —1 (mod n),
' = -1 (mod n),
b2 't = —1 (mod n).

EHUE R WRAT MR b 1S

;

bt # 1 (mod n),
bt # —1 (mod n),
bt # -1 (mod n),

[ b # 1 (modn),
W n ZEH
VS b1 (mod n) B, T S8 BB V5 ik, X, oHRIRF A
b' (mod n) — b' (mod n) — (b*)? (mod n) — --- — (b’)287l (mod n).

XA LR R ikt 2 S R R 0 IR st
ENX 6.3.1 En 254 BEAERTXn—1=2% H£F ¢t AH% EZ¥EHKbEn
A TS S O SR

b* =1 (mod n),
REFE—ANEHr, 0<r <s 127
b¥'t = —1 (mod n),

) n v BT b 4 SRR
5 6.3.1 % n=2047 =23-89 23+ FH b=2 84 E
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® A
22046/2 = (211)93 = (2048)% = 1 (mod 2047),

i LASEH 2047 &% T2k b = 2 Ry R AL

Miller-Rabin EM4H#18

TR n >3 MEESH k.

Hn-1=2% 9t AFEH

(1) BEMLEH R b, 2<b<n—2.

(2) W5 ro = b (mod n).

(3) @UWIE ro =1 8 rg =n — 1, WAL, PTREAZEEL M3 (1), 4REEEHS — b
HLEEE b, 2<b<n—2

OB, 7 ro#1 AR ro #n—1, 5 ri =12 (mod n).

(4) @WHE v, = n — 1, WAL, ATREAFEL, FIF) (1), SREREI T — A BHLI3E %
b, 2<b<<n—2

® BN, A r#An—1, UHH ro =r? (mod n).

kst T 2%,

(s42) @UWIH ro_y =n— 1, WEETEYLS, ATREAZEL FIF) (1), GRELEHCn —ABEHLE
b 2<b<n—2

®EN, fHr1#n—1,n AEE

6.3.2 EHZRAFEL

EIE 6.3.1 HAELF $AMAFTR 2 09kt F 4L

E (1) UERE: W o BXFFIE 2 A EE W om = 2n — 1 BT 2 smOh AL
He b Kok n BXTFIE 2 MR, Tl n 27 A%, HH 271 = 1 (mod n). HILGH
2n =l 1 = nk MIEEH K, B,k B A

m—1=2"-2=202""1-1) =2k,

X m — 1 MR 2 MRERIAT BOR BN R IE 5.
HEF2"=2"-1)+1=m+1=1 (mod m), H

2(m=1)/2.= gnk = (9")k = 1 (mod m).

Ak, fEEB 6.3.1 MAEMH T n 2B, m BWEAE, M m &N T 2 1) 5 Ok
(i) BXF3E 2 MV EE n P24 — A0TSR RS 2~ — 1, M HAFE LT 24
XT3 2 PR EEEL, FrLMFE ST 2R T2k 2 Db 24 UEEE.
EIE 6.3.2 4wk n AT b 69BAFL, n HRA T b 49 Euler thE 2
FHE 6.3.3 RA—ANTEH Mn AAFEAbLASbSn— 1) GRAFHGTHRHEE
%4 25%.
51 6.3.2 K n=063 KEAAEED, 1<b<n— 1147 n A3 TR b ahRMAEL
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6.4 3]

(1) UEH:
(2) EH:
(3) UEHH:
(4) UEH:
(5) UER:
(6) UEAH:
(7) UEHA:
(8) WUEHH:
(9) uEH:
(10) UEH:
(11) UERA:

91 A% T3k 3 MIth 240

45 JEXTTIE 17 FE 19 MIhFREL

91 RXTTAE 3 th

A Fermat &8 B, = 22" +1 &XTHE 2 ity 240
1105 /& Carmichael %{.

2821 = 7-13 - 31 #& Carmichael %{.

27845 =5-17-29 - 113 f& Carmichael %{.
564651 361 = 43 - 3361 - 3907 j& Carmichael %
25 AT 7 R AL

1373653 LT 2 F 3 s bl AL

25326001 /&3 T 2, 3, 5 MITREYFRHL.

(12) sR—/NE4 7-23 - g [ Carmichael %, IXH ¢ SRR

(13) (1) WEWT: WU m RIEEEOFHBL 6m + 1, 12m + 1, 18m + 1 #B& T AL, WAL
(6m + 1)(12m + 1)(18m + 1) 4 Carmichael %}
(ii) W7 1729 = 7-13-19, 294409 = 37-73-109, 55164 051 = 211-421-621, 118901 521 =
271 - 541 - 811, 72947529 = 307 - 613 - 919 &7 A4 Carmichael 4.

(14) UEHH:
(15) UEH:
(16) 1E B
(17) UERH:
(18) UEHA:
(19) EHBH:

K 561 20T 4 2 1) Euler ThEHL
WK JEX T by, by 1) Buler TAZRE, W n &XF T3 by - by 1 Euler £

25 X T 7 SRy R HL

1387 XT3 2 (AP B, AR T2 2 ROy 25
1373653 /X T3 2, 3 (Ismih AL

25326001 =X T3 2, 3, 5 Mot AL

(1) o] W K HE L n (W 2048b) A Z (7
(2) R AMFH u = {up =% mod n | k> 1} RFAIMEL n REHZH
(3) GMFESLIL Fermat ZEMEATS.

(4) GRFESEZBR Solovay-Stassen 25 PHEAYLK.

(5) 4mFe Miller-Rabin PEA L.



FTE E 9 H
AT EE A SO AT B4 B0 LA 2 % AT B0 43 B R e
7.1 BEREESH

7.1.1  ERESHAE

AT TR R N HO A
XS V2, WATTHRIENE? B V2 TR 2? — 2 =0 IR LA, 4

:E_l:, =

BT EAW] LR DAR 753, BT AT B Ok L.
B, fERITA

V2 = 1+(V2-1)
= 1+

V241

= 1+—1—

X, AT A By BORIE L. 4,

1 1 1 12 41
1 =1 =1 =1+ —=— =1.413793103.
<+ 1 =k =+ 5 + 29 = 29 37

2+

1
24— 2+

1
24 =
+2
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BJa, 5 V2 5 10 MR R .

P; P; . P; P;

(2 a; —_ \/_ — (2 a; = \/_ m—

Qi Qi Qi Qi
1 99

0 1 1 0.414213562 || 5 2 70 —0.000072 152
3 239

1 2 3 —0.085786438 || 6 2 169 0.000012 379
7 577

2 2 5 0.014213562 || 7 2 m —0.000002 124
17 1393

3| 2 D —0.002453105 || 8 | 2 085 0.000 000 364
41 3363

4 2 29 0.000420459 || 9 2 2378 —0.000 000063

X V2 (KA B BOE AT SEHE BT R S8

a1 8 4 B E

e AL o, WG o MFRTRES S (W X 7.11) WiF:

(0) % ap = [z], 2o = T —ao. ao & z WHEIIY, Bl ap RAKT = B KEH,

0<.’1)0<1.

(1) W 20 = 0, WAL, F, 4 0y = H | By

0 o
(2) ﬁﬂ% 1 =0, H‘JJ%JJ: EW\U, /7\ az = L}L] , Lo = 5_1— — az.
1 1

gkl F 2%, 153 ag, k.
(k+1) IR z4 =0, ML BER, £ apyq = [m—k} y Th41 = e Ak+1-

HHEARE] o BT FIED B

T =ap+ 1 (7.1)
aj +
ag+
B 1
+ 1
ap—1 +
a'n+.v
LA K :
r=ay+ 1 X (7.2)
a) +
az+
h 1
+
an—1+ —
T R 8] B BGEAE [ao, ar, an, - - - |, A BRTET FIESECEAE (a0, 01,02, ,an_1,a,).
Wk >0 (7 PR FETEI, k < n), K47 &
[ao,al, v ,ak] = Pk (73)

Tk
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U fi ] 834 2> HGK (7.1) A (7 2) MIZE kA BHESE, # o MICEE £ A BBSE.
B, 4 o AR —, u_y > 1 I, FriIER o f] 5% 5L

-1
[a()7al7a27 T 1a1L]

KA ar (0 < k < n) WL FERR:

0) wuo = ag-u_, + g, 0<ug=xzou_ <u_.
(1) u_1 = ay-uy + Uy, 0 <uy = x1u9 < ug.
(2) Uy = az-u; + Uz, 0 < up =x2u; < uy.
(Tl - 1) Up—3 = Qp—1-Up—2 + Up—1, 0<tUn1 =Ty 1Up 2 < Up_3.
(n) Un = Ap - Up—1 + Un, 0= Up = TplUp—1 < Unp—1.

B {urtis—2 BT k 7RG IRIO S IEEI, BTG w, = 0 11 n JEAFLEND. [N
%Jm:aﬁﬂ%ﬁx:%%ﬁﬁmﬁiﬁﬁﬁ

T = [a07a17a2a"' san]~
% oan > 2 B, A7
T = [aﬂ’al7a21"' 7an] = [a07a17a21"' y Qp — 171]

S B, A7 A B BRI B R . R A AR B R R 7 & SR
(i, 47 LA F R EE (GEBI 7.3 45).

Eﬁ 7.1.1 .iyf‘; [a'()aa'lya?"" 7an] iﬂ [b07b17b27'. 1 ] )(ﬁ/\ﬁpﬁlﬁj$li \& Qn 2 2
b = 2. %R
[a’()valva?v' o 7a1l] = [b07b1’b21' o 7b7n]:
M n=m, aj=0b;, i=0,---,n.

ﬂ%ﬁ$ﬁﬁﬁmﬁﬁu&iﬂ721iwﬁﬂ
mﬂ712&w$m§&ﬁﬁﬁAﬁz—zzﬁﬂﬁﬁ ik 4 A AT PR ) S ik 2

z:[a07a17a21"'1a‘n]a n>1, an>2
Fo
:E:[aOaaI’a?’""an_l’l]’ n>17 an>2-
7.1.2  [EBEESHAENES
X T HX (7.3)
[ao,a ag] = B
0, %1, ) Ak Qk

MITHE, FTLL R R RE (— RO B e P L E B 7.2.2)
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EIE 7.1.3 K [ag, a1, az, ---| RFEHK o R ELE S, AKX

P—2:07 P—1:17 Pn:anPn71+Pn—-27 TLZO, (74)
Q—2 = 17 Q—l = 07 Qn = anQn—l + Qn—Zv n=0
A P, P, P,
an n—1+ n—2 n
) y Uy ln—140n| = — (<  ~  — S 20, 7.5
[‘10 “ “ 5 ] anQn—l =+ Q'n.72 Qn " ( )
PnQn—l - Pn—lQn = (_1)"+17 nz=z-—1, (7‘6)
PnQn—? = P'n,—2Qn = (_l)nan’ n = 0. (77)
A, A
Po Py o2 Py Py Popg Py
L ——= Lt YL e — s = 7.8
Qo Q2n—2  Qzn Qant1  Qa2n-1 Q: (7.8)
[ao,a a an] — [ag,a a ]—ﬂ n>1 (7.9)
0, %1, yUn—1,Un 0, %1, y Un—1 Qn—lQn, = 1, .
-1)"a,
(a0,a1, -+ ,@n_2,an_1,as] — [a0,01, - ,an_3] = ﬁ n>2. (7.10)
~ 7700 A s
Bl 711 Kz = 5T B PR 1] ik 5 BE 09 BB K.
R AR R RS, B
(770017 1265
(0) ag = -m- —3, IQ—IL‘—CL()—QT4—5.
(21457 880
— —— = = 1 —_ = —.
Do =5 =h mn=leo-a=qgg
(1265 ] 385
2 =|l—| =1 =1 —ay = —.
@a=|ggy|=h m=1le-a =gy
(880 110
(3) az = 385] , .’L‘:}—]./(L‘g—a(;— %
385 55
(4) a4 = [110] = m4—1/x3—a4—ﬁ6.
(110
(5) as = :| x5:1/x5-a5:0.
7700
K] .
P, — =[3,1,1,2,3,2] = [3,1,1,2,3,1,1]

i | a; zi | P | Qill t| a: i | P | Q:
0] 3 % 3 13| 2 % 18 5
1 1 % 4 14| 3 % 61 | 17
21 % 7 25| 2 0| 140 | 39




216 wrTE OE 4 0K

. 541 POV, . o < ’
BTz £ a- YOIl et e R o B A A
P T V5—1
B OARYEE RIES B, 4 QZT
f
e VB+1 V5 L _ 148
2 12
= 14=
«
= 1+ 11
14—
o«
= 1+ !
1
1+ =
14+ —
(6%
= 1% 1
1
1+ 1
1+ I
1+ —
(03
1 a; I Pi Q,‘ iai r; Pi Q,‘
o 1| B8] 1| 1]l 1| A8 144 89
1] 1] B8] 2| 11| 1] p 233 | 144
20 1| 8] 3| 2|12]| 1| B 377 | 233
31 1| 8] 5| 3|[13| 1] 8 610 | 377
4| 1| 8| 8| 5|14 1| B 987 | 610
50 1| 8|13| 8|15 1] 8| 1597 | 987
6| 1| Bl21|13|16| 1| B| 2584 | 1597
71 1| B34 21| 17| 1| B| 4181 | 2584
8| 1| B|55| 34|18 1| B| 6765 | 4181
9| 1| 8|8 | 55| 19| 1| B| 10946 | 6765

71.3 FEEEH e n v HEBRESE

Bl 7.1.3 HAVKEEFE = 3.141 592 654 (BR 10 45+#t4]) F2 1 = 3.141 592 653 589 793 238 5
(BR 20 42+t 4]) 69255 R K.

mo = [3,7,15,1,293,10,3,8,2,1,3,11,1,2,1,2,1].

Moo = [3,7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2].
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i a; P; Qi n— P(i)/Qi % a; P; Q: n— P(i)/Qi
0 3 3 1 0.141592654 || 0 3 3 1 0.141 592 653 589 793 238 5
1 7 22 7 —0.001264489|| 1 7 22 7 —0.001 264 489 267 349 618 6
2 | 15 333 106 0.000083220 || 2 | 15 333 106 0.000 083 219 627 529 087 6
3 1 355 113 —0.000000266|| 3 1 355 113 —0.000 000 266 764 189 062 4
4 | 293 104348 33215 0.0 4 | 292 | 103993 33102 0.000 000 000 577 890 634 4
5 | 11| 1148183| 365478 0.0 5 1 104 348 33215 | —0.000000 000 331 627 806 2
6 1| 1252531 398693 0.0 6 1 208 341 66317 0.000 000 000 122 356 533 0
7 1| 2400714| 764171 0.0 7 1 312689 99 532 —2.91433849 - 101!
8 7| 18057 52% 5747 890 0.0 8 2 833719 265 381 8.7154673 - 10 2
9 2 | 38515772 12259951 0.0 9 1 | 1146408 | 364913 —1.6107400 - 10712
10 1| 56573301 18007 841 0.0 10 | 3 | 4272943 | 1360120 4.040670 - 10 '3

) 7.1.4 A K A ARMHIK e = 2.718281 828(FR 10 42+ it #]) A=
e = 2.718 281 828 459 045 235 4(HR 20 {1z -+ #t4]) 691& 5 H & H K.
e =[2,1,2,1,1,4,1,1,6,1,1,8,1,1,3,1,1,1,2,10,1],
e0 = [2,1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1, 1, 14].

i | oa; P; Qi e— P(i)/Q: i | a; P; Qi e— P(i)/Q:

0] 2 2 1 0.718 281 828 0| 2 2 1 0.718 281 828 459 045 235 4
1|1 3 1 —0.281718172 || 1 | 1 3 1 —0.281 718 171 540 954 764 6
2| 2 8 3 0.051 615161 2 | 2 8 3 0.051 615161 792 378 568 7
311 11 4 —0.031718172 || 3 | 1 11 4 —0.031 718171 540 954 764 6
4 |1 19 7 0.003996 114 4 |1 19 7 0.003996 114 1733309497
5 | 4 87 32 —0.000468172 || 5 | 4 87 32 —0.000468 171 540 954 764 6
6 | 1 106 39 0.000333 110 6 | 1 106 39 0.000 333110510 327286 7
701 193 71 —0.000028031 || 7 | 1 193 71 —0.000 028 030 695 884 342 1
8 | 6 1264 465 0.000 002 258 8 | 6 1264 465 0.000002 258 566 572117 1
9 |1 1457 536 | —0.000001754 || 9 | 1 1457 536 —0.000001 753 630 507 003 4
10| 1 2721 1001 | 0.000000110 | 10 | 1 2721 1001 0.000000 110 177 326 953 7
11 | 8 | 23225 | 8544 | —0.000000007 || 11 | 8 | 23225 8544 | —0.000 000006 746 947 2740
12| 1 | 25946 | 9545 | 0.000000005 || 12 | 1 | 25946 | 9545 0.000 000 005 515 095 523 5
13| 1 | 49171 | 18089 | —0.000000001 || 13 | 1 | 49171 | 18089 | —0.000000 000276 650491 3
14 | 3 | 173459 | 63812 0.0 14 | 10 | 517656 | 190435 1.36439174 - 10~ 1!

15| 1 | 222630 | 81901 0.0 15 | 1 | 566827 | 208524 —1.15384864 - 10~ 11

~ = 0.577215664 901 532860 61 (I 20 4=+ #t4]) 44 ik 0 HE I X

Bl 7.1.5 A KREKIZFE v = 0.577215664 9(AR 10 4=+t #]) F=

Y10 =[0,1,1,2,1,2,1,4,3,13,5,1,1,9,6,5,1,2,167,151 236 069 913 024 825 412, 5],

Y20 = [0,1,1,2,1,2,1,4,3,13,5,1,1,8,1,2,4,1, 1, 40, 1].



218 BTE OE S K

i | oa; P; Qi vy — P(i)/Q: 1| a; P; Q: ¥ — P(i)/Q:

0| o0 0 1 0.577 215664 9 oo 0 1 0.577 215 664 901 532 860 61

1|1 1 1 —0.422784335 1 1|1 1 1 —0.422 784 335 098 467 139 39
2 |1 1 2 0.077 215664 9 2 |1 1 2 0.077 215 664 901 532 860 61

3| 2 3 5 —0.0227843351 || 3 | 2 3 5 —0.022 784 335 098 467 139 39
4|1 4 7 0.005 787 093 5 4 |1 4 7 0.005 787 093 472 961 432 04

5| 2 11 19 —0.0017317035 || 5 | 2 11 19 —0.001 731 703 519 519 770 97
6 | 1 15 26 0.000 292 588 0 6 | 1 15 26 0.000 292 587 978 455 937 53

7| 4 71 123 —0.0000201075 || 7 | 4 71 123 —0.000 020 107 456 190 716 63
8 | 3 228 395 0.000 0004750 8 | 3 228 395 0.000 000 475028 115 139 09

9 | 13 3035 5258 | —0.0000000065 || 9 | 13 | 3035 5258 —0.000 000 006 456 397 911 55
10 | 5| 15403 26685 | 0.000000 0007 10 | 5 | 15403 26 685 0.000 000 000 670 691 564 00

11| 1| 18438 31943 | —0.0000000005 || 11 | 1 | 18438 31943 | —0.000000 000 502 468 015 95
12 | 1| 33841 58 628 0.0 12 | 1 | 33841 58 628 3.150488 763 - 101!

13 | 9] 323007 | 559595 0.0 13 | 8 | 289166 | 500967 —2.54265734 - 1012

14 | 6| 1971883| 3416198 0.0 14 | 1 | 323007 | 559595 1.02445721 - 10712

15 | 5| 10182422 17640 585 0.0 15 | 2 | 935180 | 1620157 —7.852643 - 104

7.2 EHE

7.2.1 EABRRMR
AT RS Sy B i SR FLE . 1 S 4 BT 5 R IR 3 v b K
-3

EX 7.2.1 & zg, 1, T2, - B—ANASFEHI], 2, >0, i>1.

sFEH >0, HRFTX

To +

; (7.11)

] +

T2 +
2 T3+

: 1

+ 1

Tn1+ —
n

M n M BRESE, COERL—AFH B g, 21, -z, ARREEE, KTFX (7.12) MK
n i BRELESE, € OER—NA RS, A RE e HE

[‘TO)zlv"' 1mn]' (712)

W 0 < k< n, BATBRIEN
[0, Z1," "+, Tk) (7.13)
AT R 2 KX (7.11) HISE kA BES 8. 4K (7.12) G PRSI O, K o YA
B kA BB E.
250 (7.11) (8K (7.12)) FH n — oo B, HERRAK

1
To + 1 (7.14)

.'L‘1+

To +

T3+
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faiic

[0, 21,22, -], (7.15)
4 FEBRESEL. Y 20,21, FREEENS, RIRA (7.14) MM FERELESE. & k>0,
B AT PR IE > #

[10,11,352, T 7l'k]
MY RE D BER (7.14) 1058 kA BRESE. 430 (7.14) JE 0 PR SOE 0 B0, K o MHAR
B kA BB,
W RAFAE R

lim [zg, 21, &2, , 2] = 6, (7.16)
k—o0

AR TG BRI 20 B (7.14) (8K (7.15)) W8k, 0 Fr A EBRIE 53 80X (7.14) (8K (7.15)) 19
{8, WAE
[zo, 1, T2,---] = 6.

TR R (7.16) AAFELE, WIFRTGRRE X (7.14) (80X (7.15)) KRBT

T S LR E S B, SE4S LU R LA S EE:

31 7.21 K a b c AEH, b£0. & f(z) —a+ c%x Py

(I)Hb>08, fa) Bx> c(Rar<—c) ERLPBBRBE, BPY c<az<a’ (KR
z<z' <—c) B, H fz)> f(').

(1) Bb<08, fz) Bz>—c(Rzr<—c) ERLPEEIH FY —c<z<z (R
<z’ <—c)B, A f(z)< f(a').

iE MF —c<z<a’ (Hz<a' <), f

f@) — f(z)=(a+

)—(a+ b ) —b(z' — x)

c+ax’ cta)  (ct+a)(cta)
BHA (c+a)ec+z) >0, FTLA (1) Bb>00, 7 f(o') < f(z). T (ii) B b<o0mf, 5
f(z') > f(z). MEREAL. uEEE.

T 7.2.1 Koz, B—ARFFEEKI], 2, >0,i>1, N
(i) sHEEEH =L, r>1L A

[:L'(),.T], 3 Tp—1,Tn, "t 7$n+1']
= [1:071717"' ,.’L‘nal,[l‘n,"' 7:rn+r] ] (717)
1
= [$0axlf"vzn~1azn'+ ]~
[$n+lv e 7mn+r]
A, A .
[.’L'(),.’lll,"‘ 7mn—1yx'n1$n+l] = [EOazla"' yTp—1,Tn + :| (718)
Tn41

(ii) AEZ F4 >0 Fo¥dh n >0,

[107z11"' 71311—1):1:11] > [1:07$13"' yTn—1,Tn +T’] (719)
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® % n 1B, A
[0, T1, yTn_1,Zn] < [Zo,T1,"+ , Tn-1,Zn + 7). (7.20)

(iii) ¥ n >0, 4
0n = [anxla" : ,m’n—lvzn]v
@ EEEH r>1, A
Ooni1 > O2np1qr-

O EREHKr> 1L, A

02n < 02n+7‘-

©

0, >03>-->05, 1>

@

Op <Oy < --<lo, <---

O EEEHK s>1,t>0, 4
Oas—1 > 0.

WE (1) RAEESREN,

+ ! - :
= z
0 T+ 0 T1+,
N I T N T
Ty + —M—— B
nl -'L'n‘l‘_ nol [-Tn, s 1zn+r]

Tn+r

[1'0,-7517"' 7zn—la[$n7"' 7x71-+1'] ]
1 }
[:I)n+1,--- ,.’L‘,H_-,-] ’

= [wo,ml,"' yTn—1,Tn +

Fnilih, A

o + = [9307$1,"'7$n—1,$n+
$1+.

g 5
Tn-1 +
Ty +

mn+l]

I

Tn+1

umw&%iﬁm$hn>mu>mmmﬂ7zLﬁﬁﬁﬁm+mix%ﬁtﬁﬁ
NS —

———— BRI, REA g, AR REE 7.2.1(11) SR,

xy +

o+
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(iii) A4 (1) A (i), 47
1
[3?07331, e Ton, Tangl, 0 s T2t ler] = [1170,3?1, L, Ton, Tont1 + ]
[$2n+27 e >z2n+1+'r]
< [1'0,371,"' 7$2n1$2n+1]-
I, 4518 @ B
BN E]
1
[0, 21, -+ , T2n—1,T2n, - s Tonyr] = [260,351,"' yT2n—1, T2n + ]
[$2n.+1a L m2n+7‘]
> [1:0"’1:11"' 71'211—171'211]-
lH:, i @ﬁk_‘_\f:
BN @, ®, LHHBE ©, @, ©. iE 5.
7.2.2 ESEBEHLSE
AT IS 43 BT S B
EIR 7.2.2 K 30, 71, T2, - RAFTEHKI], 2; >0, j>1. BK
Po,=0, P,=1, P,=x,P, 1+ P, 2, n=>0, (721)
Q—-? =1, Q—l =0, Qn = annfl + Qn—?a n = 0. (722)
A p » »
Tptn—1+ Ip-2 n
1Ty 3 BT = s = o, 2> 0, 7.23
[:1:0 " ‘ s ] :BnQn—l +Qn—2 Qn " ( )
P'n,Qn—l - Pn—lQn — (_1)n+17 nz-l1, (724)
PnQn-2 - n 2Qn = ( ) Tn, N2 0. (725)
A3, A
PO P2n—2 P2n P‘2n+l P2n—1 Pl
— < < < — << — L e =, 7.26
Qo Qan—2 Q2n Q2n+1  Q2n1 Q1 (7.26)
0,41, ydbn—1y4n 0,41, yLn—1 QnﬁlQn, = 4, -
-1z,
[zﬂyxh e ,fﬂnfz,-'ﬂnfl,l'n] - [1:(),1151, T 7]:71,——2] = ﬁ:, = 2. (728)

iE (1) X n AEBCEFRGNERIEB KR A (7.23).
n =0 B, MIFERE KX (7.21) 1L (7.22), f1

Py=xzoP_ +P_3=x9-1+0 =z,

N (]
Py
—— = Zg.

Qo

Qo=z0Q 1+Q 2=x0-0+1=1,
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i n =k B, a8z, BIAT
P+ Pr2 _ P
T Qr—1+ Qr—2 Qx

T n=k+ 1, iRIEEEEMAX (7.21) MK (7.22) FIAHMERE, EKRR (7.18), i

[3307:617"' »xk—la‘zk] =

1
[z(hl.lv”' ymk—lvzkv"rk-!—l] = I::Eval"'~ ’l'kh‘l,xk_'_l' ]
k+1
1
(mk + )Pk~1 + Pr—2
Tk41

1
(Jlk + —)qu + Qr—2
Tk+41

Tpt1 (T Pr—1 + Pr—2) + Pr—1
i1 (ThQr—1 + Qr—2) + Qr—1
Tp1Pr + Pry
Tr+1Qk + Qr—1

Pr i1

Qrt1

BRIk, XA (7.23) BRI
(ii) X n AEBCHAPIERIEH X R A (7.24).
n = —1 B, RFEBEFAHRX (7.21) K (7.22), H

P1Q 2—P3Q_1=1-1-0-0=1=(-1)°.
B n =k B, fri8por, BT
PeQr-1 — Po1Qr = (=1)**1.
T n=k+1, NERRX (7.21) MK (7.22) FHE zpr, HRIEHGIEREK, A
Pe1Qk — PiQir1 = —(PeQi-1 — Pio1Qi) = —(=1)**2.

Rk, XA (7.24) BT
(iii) WX FRA (7.21) Fx (7.22), LEK R (7.24), B3

PoQn—2— P 2Qn = $n(Pn—lQn—2 - Pn—2Qn—1) = (_l)nmw

BRIk, &R (7.25) AL
(iv) BHK AR (7.24) 1R (7.25), B E

P, Py, _ P P Po, P
_0<...<ﬂ<ﬂ<...<ﬂ<£<...<_l.
Qo Qan—2  Qo2n Q2n+1 Qan—1 Q1

(v) BAXARR (7.23) MR (7.24), 135

Pn Pn—l Pn.Qn-—l - Pn—lQn (_1)n+1
[13(),1?1,"' ,xn—hﬂ?n]—[mn,xh'“ ,ﬂln—l]:—— = =

Qn Qn—l B Qn—lQn B Qn—lQn.
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(vi) iBHIRRR (7.23) FIRX (7.25), 143

& _ -Pn—2 _ PnQn,—Q - Pn—2Qn o (_1)71211

Qn Qn—2 Qn—2Qn B anlQn .
FEFEE B B L, B8 7.2.2 25 1 SRETE S B Ik BRI

XA V2 =11,2,2,2,---] MBHEES

[m()ymly"' axn-—lvx’n] - [Z'O,Il,"' :xn—2] =

k Tk Py Qk k Tk P Qk
—2 0 1 3 2 17 12
—1 1 0 4 2 41 29
0 1 1 1 5 2 99 70
1 2 3 2 6 2 239 169
2 2 7 B 7 2 577 408
Ee 2 P 239 P 577
L P _ 239 P 577
412011 < 2 = 169 < V2 < 3, = 108 < 1.412157.
KT o HSHBTES B, A EAEFE AR
EIR 7.2.3 K x0, 71, T2, -, Tn AFEHKF], 2, >0, j > 1. AKX
a =[x, Z1,T2,"** ,ZTn)y, k41 = [Tht1, " ,Zn] (0< k< n),
|
Py (—1)k
I8 . 7.29
Qr  Qr(or1Qk + Qr-1) (7.29)
IE MRAEER 720 (1) KoEH 722,
a = [:L‘Ovmlstv' 3Tk, Tkl :x’n] - [ZOix17w27 e 7wk7ak+1]
P&
P ki Bt P Pe —(PeQr—1 — Pr1Qk) (—1)*
Qr  ok+1Qk+Qk—1  Qr  Qr(ok+1Qk +Qr—1)  Qr(ok+1Qk + Qx—1)
EE 7.2.4 K a AFHK, (a0, a1, a2, -+, An, -] R E kA M)
Py 1
okl L 7.30
’ Q| S @ (7.30)
W ARiEER 723, f
' B _ 1 <L
Qk Qr(ar+1Qk + Qk—1) Q%

iR,



224 BrE OE O K

7.3 ERESENHE-TMHER
EIR 7.1.1 Z3iERB
WE AW n < m. X n YEEERRGNT:.
n=0K, WEm>1, BIFEH 721, F

1

a0:b0+ [b17b21"' 7bm]

B by, > 1, 7 [br,bo, o by) > 1. B EXXARATERSSL. ) m =0, ag = bo.
B n =k B, Z58 07
T n=k+1, REBEEMER 721, F

+ ! = by + !
o [al,GQ,"‘ yan] - [blab27"' )bm]

Li]jg apn > 17 bm > 17 Fﬁu [a17a21"' ’an] > 17 [b17b27"' 1bm] > 1. LH:HHJ:E’QEJ‘%:H
ag = b07 [a11a27"' 1a7l.] = [bl7b21"' 7bm]-

BERAERE An—1=m-1,a;,=b;, i=1,---,n. Aifi,n=m, a; =b;, i=0,--- ,n, Bl
GERA no=k+ 1 oL, IRIEECEEA9E R, e EA AT n > 0 BROL. UEHE.
EI 7.3.1 LFREEESH (ag,a1,a0, -] BAEE), LHRALE AT 0, 1247

lim [ag,a1,a2, - ,a,] = 6.
n—-+4oc

WE X n>0,1d 0, = [ag,a1,a2,- - ,a,). 0, EAESE. W 721, 7

0, >03>-->03, 1> >0,

Op <Oy <:--< by <---<b.

7T, {0an 1} n>1 HPEIRA T I 6 , FAERMR

lim 027,__1 = 0,.
n—-+oo

F— T, {020 }nzo HIBEHAT LS 0, AR

lim 6, =6".
n—+o00

K, 0p < 0 < - <oy < <0 <O" < - <Opp_y <---<0b.

AR ERE 722, MFE n>1,

1
Opi| = ——.
ll Qn—lQn

K, 0 = 6" = 0. JEEE.

Ioli o 0" < |0n o
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T 7.3.2 REHK 0> 1 WAL A g, MHEE 0> 1,

n

2Q2 — P2| < 26.

Pn Pn+1
1 —. 2
0. A o R AE e B 7.2.2,

1
2
<o

WE MEHE! 7.3.1 ZUEBH, A5 6 TP ET oL

Pn
Qn

1

P,
’ . QnQn+l )

b= Qn

|6°Q7 — P2l = Q7

[9+(0+

Qn 1 ) Qn +1 Qn+1
2 + 20 <20 —20<20 920 =0,
(Qn+1 20Q%+1 Qn+1 Qn+1

BT, 2% 58 T M BRECKIE L — S8 BUE, GHE T AR AT E P A .
SHERLE M IERE Q, ILHES So A

SQ={§|1<q<Q,peZ},
A

Z=S5CSC---CSqgC---

EN 7.41 %0 R —AEH. AEHK § (¢ > 0) #hH 0 69 RALIE, o Frt FTA 694
Eﬁp—:;ég, 0<q' <q,H
q q

‘9—9‘<}9—p—|. (7.31)
q q

KL, 2E4EE ¢ < g P B ’;i P, 2 g o RAEATRN 2
LEVLH 0 BEESNBOR: 0 IRAEIEIE 2 BT, J620 th DL F S F.
T 741 % 0 AREEHK. & g (n>1) 2 0 8% n ATk o REHK
p, q¢ (g >0)1&4F
lg0 —p| < |Qnb — Py, (7.32)
ﬂ'] q > Qn+1~
ORI BRATESH p, ¢ (0<q < Quyr) 78
lg0 —p| < |Qnb — Pl (7.33)

HL, gttt iRl

{ APoyi+uPn = p _—

AQni1+uQn

I
<
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FHERNA0, p#0, H X-p<0. NififF
g0 —p=(AQni1 +pQn)0 — (A Pny1 +pPn) = XN(Qni10 — Poy1) + 1 (Qn 0 — Pn). (7.35)

%g@t, [il% Pn,+l Q'n. - P'n, Qn+1 = (_1)n+2 = (_l)n’ Fﬁuﬁﬁéﬂ (734) ﬁ%ﬁ{%

an_ nq
A= _ 1 . p
Poy1Qn— PoQnia =)"(rQ q),
Pri19—pQan
== — _1 n Pn o " )
g Prt1Qn — PrQnia (=1)™(Prt19 = PQn+1)

HE— 5 A#0, p#0.

o WHR =0 M Poy1gq—pQnii =0. A (Poy1,Qus1) =1, FTLL Qnir | ¢ MIM,
QZQ7L+17EE1E&O<Q<Q",+1 %E

o WHRAN=0, p£0, Hp=puP, X q=pQ,, N\l
|q9—p| = Iﬂ”Qne_ Pnl = |Qn0_Pn|'
X5 (7.33) FA.
WA NS p EARS, XM 0<q< Qniy A (7.34) B AT FEATHER.
(k fi /\(QnO—P )5 Qi1 60— Poyy) BAHEMKFS. FL b, RiEweH 722, F 0

A Lo 5 Pl oy ) AT, (Qn 6 — Pa) - (Quat 0 — Past) < 0, 3T,
Qn Qn+1

/\(Qn 0— Pn) : “(Qn+l 0 — Pn+1) > 0.

—JIHL, A5 p BAFRS, M 0 < q < Qryr FEEANTrRERTHEH.

5—Ji, Qno — Pn 5 Quy10— Poyy BARS. BURSEER 722, 7 0 1 T Q"‘

Pn+1
2 [0).
Qn+1

i, Bk (7.35) 133

|q9 _p| = |’\(Qn+10 - Pn+1)| + I/"(Qne - Pn)l > “"(Qne - Pn)l > IQne - Pnl
X5 (7.33) FE. doE oL UEEE.
IR 7.4.2 k0 HEES KR 0 HRAFEIR, Evﬁ Q (n>1), &0 8% n AL
R, S FTAT 69T B4 § # Q—, 0<q<Qn A

P

’9 on

'0 - -1 (7.36)
q

uE fqu/i A teAT F Ry 2 7& Q_ 0<q<Qn, 15

P P,
60—~ 0 —
o2 <lo-2
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B 0 < g<Qn, BTU

P
o3 <@ulo- 2.
&
lg6 —p| < |Qn 6 — Pn.
RIEEF 741, F ¢> Qui1 > Qn . XHEBRE 0<q¢<Q, FE. UEEE.

7.5 TEINESE

BELH 0 IR EEDEL [ao, a1, a9, ---] . WRFLEEE m > 0, LR TiZHEH m,
AR k> 1, RN T n>m 1

Qntk = Ak, (7.37)

WA, 0 I AIEIRE RSB, FIARTEIRES . XN 0 W5

0= [a07a17"' 7am—lym]- (738)
Bitn, V2 =[1,2,2,---] = [1,2] RIGHFEDIH
W m =0, 75K (7.38) Bz, W) 0 N EETEIRTE BE S H, FIFREREINED L
5 7.5.1 ‘/5; L (1,1,1,- -] = [1] ZLEIEIRE 2.

EIE 7.5.1 X0 RBAKMLESHK N 0 R _RAIEH
WE % 0 = [ao, ,ar_1) RATFIES B, W E B 7.2.2,

0= oo, - au v, = Do = PPt P
o Y Qk 0Qk71 +Qk*2’
Hh Pe_a, Pry, Qr—2, Qr—o ZEHEH I,

Q160>+ (—Pi1 + Qr_2)0 — P2 =0.

X 0 & IR TCHE
ﬁu% 0= [ao,alv' o aam—lam] %ﬁﬂ:ﬁ)ﬁ}ﬁ, [)_'JJ 00 = [a-,n_,' . ,am‘+k_1] )51:
SHAFIRE M H. AR e 7.2.2,

P 6oPi 1+ Proa
Qr  00Qk—1+ Qr—2’

H P g, Poo1, Qr_2, Qr_o RH. Kk, 0 & X EHEL
EIE 7.5.2 X 0 A KA N 0 RIEIRME FE 5K

0 = [ao’a:l’"' )ak—lago] =

7.6 n SRS
T 180 B 40 40, T DA A0 n A BRI
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BT

#

o B

LB n, HEKE] 2, y 17

B, ATEE] n FMEREE (2 —y,n) M (z +y,n). BlIW, HFEn=p q

2

z? = y?(mod)n

H nfz—y,n fz+y.

R, B 2 <n/2, My < /n/2 = V2n/2. X 2 > /2. BUAE, 5 2 i 50 B
SE, BK |z| < n?, UiREIEHEE.
W 0= /n. X 0 VEEEREIT I,

PI?—TI’Q%:RIW

W e 7.3.2, 7 |Rk| < 20 = 2/n.
Bl 7.6.1 AR FLESHK, 5 MEH =47 67 = 3149.
R NS /i = 56.115 951 39 1F ] BLE S HUR IT
W P2 (modn) B, {5 ERE/MEFAREL

(1)

k=0, 1, -

k Py PZ(modn) || k Py PZ(modn) || k | P. | PZ(modn)
0 56 20.72 10 | 1676 * % 2%.17 20 | 2112 | 2%-3.5-13
1| 449% 5-13 11| 1227 307 21 | 309 3.337

2| 505 3%.5-23 || 12| 2903 5-137 22 [ 1126 | 2-23-43
3 954 5-11 13 243 3%.263 23 | 1435 | 2*-3-61
4| 1459 2.1553 || 14| 969 13- 43 24 | 2561 2503
512413 %% | 2%2.17 15| 1212 2.5-151 || 25| 847 | 2-3-431
6| 723 2%.3.131 || 16 | 2441 3-191 26 | 2800 | 3-23-31
7| 1851 89 17 | 504 2*.131 || 27| 498 | 2-3-397
8| 2574 | 3.7-149 || 18 | 804 13- 67 28 | 984 17-89

9 | 2700% 5-13 19| 1308 | 3-11-29 || 29 | 1482 1471

%P5 PHAE S2z=P-P,y=5-13, 8
T —y=449-2700 — 5-13 = 1212235 = 5 - 242 447T;

z+y=449-2700+5-13=1212365=5-7-11-47-67;

X, (z+y,n) = n. TIEXNEEE n BT 0.

¥ P 5 PofFAE, 2 o=P5-Po, y=4-17, H
T —1y=2413-1676 —4-17=4044120 =23 -3-5-67 - 503;
T+y=2413-1676 + 4 - 17 = 4044 256 = 25 - 47 - 2689;
XK, (z —y,n) =67, (z+y,n) =47. AIXTEEE n HITHE, n =47 -67.
(ii) W5 PZ(modn) I, {5 B4 X EH iR DREL

(7.39)
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k Py PZ(modn) k Py PZ(modn) k Py P?(modn)
0| 56%%x (-1)-13 10 | —1473 22.17 20 | —1037 | 2%.3.5-13
1 449 5-13 11| 1227 307 21 | 309 3-337
2 505 (=1)-2%-11 | 12| —246 5-137 22 | 1126 (=1)-1171
3 954 5-11 13 243 (=1)-2-17-23 || 23 | 1435 (=1)-13-17
4| 1459 % %= | (—1)-43 14 | 969 x *x 13- 43 24 | —588 | (—1)-2-17-19
5| —736 22.17 15 | 1212 2.5-151 25 | 847 (—1) - 563
6 723 (-1)-5 16 | —708 3191 26 | —349 | (—1)-2-5-101
7| —1298 89 17 504 (-1)-3*-13 || 27| 498 (=1)-13-59
8| —575 (-1)-22.5 || 18| 804 13- 67 28 | 984 17-89
9 —449 5-13 19| 1308 3-11-29 29 | 1482 1471
¥ Py, Py, Pa &, 2 =Py Py - Py, y=13-43, f
Tz —y=>56-1459-969 — 13 -43 =79170617 =67 -73 - 16 187;
T +y=56-1459-969 + 13-43 = 79171735 = 5 - 47 - 336 901;
X, (z —y,n) =67, (z+y,n) =47. AR o BT MR, n =47 - 67.
il 7.6.2 AR R &5, 5 MEIL 167 - 227 = 37909.
R XS /n = 194.702 336 9 1 AT BLE S BB TT
Vvn=[194,1,2,2,1,3,1,1,2,1,1,1,11,1,1,1,1,5,1,6,1,12,2,1,1,3,1,6,1,4, - - - ].
8 P2 (modn) B, {5 B4 0HE /DR
k Py PZ(modn) k Py PZ(modn) k Py P2(modn)
0 194 (-1)-3-7-13 || 10 | —13650 (1) -5-47 20 | —14823 32.5.17
1 195 22.29 11 6657 22.7 21 | —17340 | (—=1)-22.3-1549
2| 584 (-1)-5° 12 | —16241 | (=1)-3-13-19 || 22 | —11594 | (—1)-2-2239
3| 1363 22.3.19 13 | —9584 (-1)-11-41 23 | 8975 (-1)-2%.3.53
4 1947 (-1)-7-13 14 | 12084 | (—1)-22.3%2.67 || 24 | —2619 (-1)-26.37
5| 7204 3.-5-13 15 | 2500 (—1)-5-997 25 | 1118 (~1)-29-37
6| 9151 | (=1)-22-3%2.5 | 16 | 14584 | (—1)-3-7-683 || 26 | —1501 2-5-1637
7| 16355 112 17 | —398 24.32.47 27 | —7888 54.19
8 | 3952 (=1)-22-3-17 || 18 | 14186 (=1)-5-3257 28 | —9389 24.72.19
9 | —17602 3.72 19 | 8900 32.2011 29 | —7535 | (—1)-32-19-67

(iIY2az=P, y=11,1

T —y=16355—11 = 16344 = 23 . 32.227;
z+y=16355+11 = 16366 = 2- 72 - 167;

XH, (x —y,n) =227, (x+y,n) = 167. AJX#EE n HATHR, n =167 -227.
(i) ¥ P, P14l E, 2 z=P, - P, y=2-3-52, F

T —y=>584-9151+2-3-52=5344034 = 2-79 - 149 - 227;
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T4y =>584-9151+2-3-5%=5344334 =2 - 167 - 16 001;
X, (z —y,n) = 227, (z+y,n) = 167. AIXTEEE n HEATHHH, n = 167 - 227.

7.7 &

(1) & % RATHAM, BI04 BRI S BUR (a0, a1, a2, ,an]. B b>1, [ag,a1,a,
pnfl

n—

an-1] = s (Pn1,qn-1) =1, qu_1 > 0. UEH:

a ppt1—b-gn1=(—=1)""(a,b).

(2) BARWIIE (1) B TR A A B (a,b) URMRAE TR az + by — ¢ M— By
v XA SRR LA (1 55 A 2 DR SRR 5
(i) (4144,7696).  (ii) 77z + 63y = 40.

(3) 4F Bk 47 B4 L F “7—37 i % AT B R 45

(4) % % RATERHL, (a0, -+, an] BT IFT BRI RSB, LUK b > 1. UEW:
a-kn 1 —b-hy 1= (—1)""(a,b).

(5) BARGHIES (4) A H T RBERKALE (a,b) KIERETTFE ax + by = ¢ —AF Ik
FHIXAN 71K SRR LU T (R K A LI BRI A € T FE.
@®© 2052+93y=1. @ 77z + 63y = 40. ® (4144,7696).

(6) KA ED —43/1001, @ 5391/3976 B FhAT PR SRIE 2 Bk m X, AACENIN &
AN 4y B0, B 8051 B B R 2.

(7) WHHEDE a/b((a,b) =1, a>b>1) FIFMREFIEDEE (a0, a1, ,an]. UEH:

[0,0,0.1,"' 7a"n] = [an’an—la"' 1a1»aO]

MIZE B (1) 252 W, alb? + 1; (11) 4 2|n B, afb? — 1.

(8) ¥ a,b,c,d MM, c>d >0, ad—bec=+1. FHRELEH n> 1. % € = (an+b)/(en + d),
W) € = [ag, - ,an,n) LAK b/d = [ag, - ,an—1]. XE [ag, -~ ,an] & a/c K PRE HLIE
BRI

(9) ¥ a,b JEIFHEL o BB b, B b= ac. iEW: [b,a,b,a,b,a,---] = (b+ Vb2 + 4c)/2.

(10) 3K LA G EE 0 T B 3 B 3% 40 48, 1 6 AN S B AT 7 NS A, DA TG EL ORI e
[RIRT 6 /ST 2 H0) 2.
® v29. @ (V10+1)/3.
(11) ¥ & AETHE, ERTERE RES B (a0, a1, a2, -] UEH:
Y ay > 10, —& =[—ap—1,1,a; — 1,a2,a3, -];
Ma=10-& =[-ao—1,a2 + 1,a3, -]

(12) T8 B M0 T8 o, WURAFLEREN a,b, ¢, d, WAL ad — be = +1, 44 g = 207 b SEw.

ca+d

(1) EEME o BEES%N. (1) & BHEMT o, W o FMHT 4.
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(iii) # o M T 8,8 FMT v, W o FH T ~.

(iv) FHEB—EZEFMTZF.  (v) EERMEEEC S50

(Vi) B a, B WD KEEE, MW o 5 g FH M FEE R ENTH TR T 8% B0y
AR

o = [a()"" 7amsco,cluc27"']7 /B: [bOa"' abnaco~,clsc2ﬂ"' .

(13) (i) BEM 2> 1 B otat<vE iEW: 1<a< VO]

2
(i) B & RFHM, Mot P Pnvd o )y B e MEAASIERE SR, T4, UL
T 3 AMAER

k] b
kn—l kn kn+1

1 a_
< \/_Tka-, ] =
FOAT AL (H: AR, R (1)
5 a o a
(iif) FEAETTT FAATHA L 3, WAL jgo - g\ < 7=
(14) 3K /5 TS H, FE S AN AN I 43 3.
(15) KA PRIE L [2,5,3,4,2,8].

(16) B a,b AEIEHL, UEHH:

hs
’fg—ﬁ n—1nn+1
J

b
a+vVa?+b=2a+ 5
2a + b
20 + ———
a++Vaz+b
i
2 2 2
a+vVa?+b= |2a, —a, 2a, —a, 2a, —a, a++va?2+b|.
b b b
BEm

(1) WHKEEE o Qg2 ar

(2) AERSEHT LA BECET W ? B B B A7 FEGE L2

(3) IEHIENBURTT, AT A 2P A B EUK e KA N H

(4) GufeSCELVHE— AN ELEU AT 0 70 5

(5) ¥ n PIANFEEAIIER, GiFEscIl /o IROT]HE I BRI REER n
(6) HIF & S35 £ 43 Bty PR



E8E B

AT R VUG EY, EENARAAAEENES T AAMECA B IE, BB Ry
725, ig%ﬁ\ H:\ jﬁ& GalOiS Iﬂi«@%

8.1 &

8.1.1 EEXENX

B, AHESP R TEHENRR.
ENX 8.1.1 XS A ANETES A SxS 3 S ehmrdtstm| M S ¢4 EE% HEH.

SxS — S

(a,b) +—— ab

st FXANBRS, LE (a,b) 9E M a 5 b BRI, TR a@bRa-bRaxbF A
FARAN, FRARRITH ab. IANLESEMKTE.

XA, S A REER.

M RS Ao, JTEX (a,b) UM e 5 0 1 F0, IE a®b B a+b .

ok, MTaiaaie s, 4t 4 MeFHNFRIR.

(1) MITEERGEFERALEEGHE, X T S PR=AT0E a, b, ¢, HFEF G2
EAIIHRL (ab)c M a(be) NAHZE.

HZEE WS NMHRHAGGENIETES. R S PHMEEICE a, b, ¢, #A

(ab)e=ua(be),

WFRIZGE S BEE.

EX 81.2 K S RA-NEALLSHNGETES. R S HRELE AL S ™K S
4 Bt

(2) MiIEZER S v —MREHES Z PHICE | BERTTERSLT, 5T
AHIFAA KR ZICE.

Byt WS E MTRASGEGENIETZES. WER S PH—NILE e HHBX S T
HILE a, #H

ea=ae=a,

WIFRIZICE e A S I BALIT, 8% dAE e

M S MEEESEMZER, XA e i S FHZFIT, BHIE/E 0.

MR 8.1.1 X S A ANEHLELRGETESL, N S PHE4T e 2H—t.

WE W oe Ml e #at S PHIRALIG. 7P nliRYE e I e WBRALTTE X, 153

e =ee =e.

PRt B e A ME 1. UEHE.
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(3) MITHEEK S FIEEATT a BAXNIITTE o, FRENIRE aa’ Hy AL IT.

Al WS &2 MHAEGEENARAIGHETES. ®a & S PR—ICE. W
RS AFEE—NIE o 15

aad' =ad a=e,

MFRIZICE o I S I BIEETT, o FRA o ) BT, WHIC/E o L

X S S EEMMOINERS, XA o WOTE o FIHT, BHEIE —a.

MR 8.1.2 & S R—AA R, Nt S FHEZETEL o, HET o 2%
—.

WE o’ Fla” FRJE a YT, B

! / "
aad' =da=e, ad' =d"a=e.

ARRYE of R " A a BT RS A A, 153
ad=de=ad(ad")=(da)d’ =ea’ =ad".

K, o TG o EME—IF). uEEe.
(4) AT ER TR MFPUZHE S ENIRRBIXFLEX, BIXT S FBHAICE a, b,
PR 7 AR B AR ab FIl ba NARSE.
R¥pE WS & MHRHALSGENIETES. RN S PHRMERITE o, b, #FH

ba=ab,

PRI B L IR

B, g R AT 456 S0 BT o AR B R

EX 813 & GRNEALELRNETES. G B —/ B, R G Po46%
i RVATF ZA5A

(i) 4542, BPstfE&E M a, b, c€ G, FAH

(ab)e=a(be);
(i) #4570, BPHFE—NAF ec G, RFEEW a c G, HH
ae =ea=a;

(iii) "T# M, BPHER ) 0 € G, AL o € G, #4F

Fealih, Y G M SESERER, ¢ WM REE, 24 G NEAESHEMER, G g
gt

Bt G T EMNOUEE ¢ KBy, 28 |G, 24 |G| AHREN, ¢ ik BREE, FI), ¢
nfi FoBREE.

WRBE G PHRIGE B FEH LA, BIAHTEM o, be G, #H ab=ba, B4, G M
—/ Z%EE sTAE K (Abel) BE.
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811 AABKEN={0, 1,2, - o } A TFRFELT kA 4608 RER
70, 125 H AT, #lde, 2 £ fiA. rﬁﬂf@’?ﬁ‘e’fXTé"Jﬁ& HegEbE it e=1,12
AR T . 4o, 2 it .

Bl 8.1.2 HEHEZ={ , =2, -1,0, 1,2, ---, A TFREELTF
W hnik, A A, xéﬁﬁf’fvim 0, frﬂ.&/\m% a #AH A —a. Lf.lxkb Z & —/ ke
BOAFEEHE Z =Z\ {0} M TEFELTHRE ALOE. RpEFEE 1, 2 REE
MAE o FAHA, Bldo, 2 RFEA, Bk Z* RE—/E.

) 8.1.3 AL QT AFTELTHMERLELE. RBEFEL 0, FLEAT
%9 b;éO)é‘F?ﬁﬁm— B, Q 2 X4k AnBE,

EIFAMETE&% Q= Q\{O} N TFEFEXTHREALSE. KR 1, HAE
oS % (ab # 0) #RA i 7 (%)_1 = g b, Q* & Xk RAE

£, 8 & R ALHE C AR TE@FELT o9k ey itmdt. mAFREHE

=R\ {0} FIERIHE C = C\ {0} AN FEF & X T ok oy LIk B,

5 8.1.4 & D Z—AHE-FH &4 NES

Z(VD) ={a+bVD | a,b € Z}
#f F kit 5
(a+bVD)® (c+dVD) = (a+c) + (b+d)VD

HEAH. RpBEREL 0, HFLEANALE a+bV/D #FA i (—a) + (=b)VD , Bt Z(vVD)
AR — A K A Ao B

st F R kiE H

(a+bVD) ® (c+ dVD) = (ac + bdD) + (bc + ad)V D

H o, RBEF LA 1, (2 RREBANALE a+bVD FAHA, 4o, 2 Li# A, Bt Z(VD)
TR — A REE.

5l 8.1.5 & n A NEEHK R Z/nZ ={0,1,2,--- ,n— 1}. iE8R: Kb Z/nZ ok

a®b=(a+b (mod n))
M — AN mBE, ¥ a (mod n) ZES o 4 n 6951 E R F 4

EARO0,a ) RATE n—a.

B, n = 6.
a\b 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4
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Bl 8.1.6 & p R—ANEHK, F,=2Z/pZ. iX F; = F,\ {0}. i£¥: & F; s TR

a®b=(a-b(mod p))

AR — A~ LR
$4EAR 1, a ¥9EAZ (a! (mod p)).
Blan, n=1.
a\b 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 4 1 5 2 6 3
5 5 3 1 6 4 2
6 6 5 4 3 2 1

Bl 8.1.7 & n R—A~43K. iE9A:

M R — AR B

a®b=(a-b(mod n))

%4 Z/nZ )\ {0} & F Rk

iE A Z/mZ\ {0} PHESHEMPLICRE 1 BEARFAICEREATEIC, W n HE

K% d AW TE, KASHERM d € Z/nZ )\ {0}, #5F

B, n=6 d=2.

d®d = (d-d (mod n)) # 1.

a\z

1

2

3

4

1

1

N[ W [~ D

2
3
4
5

2
3
4
5

2
4
0
2
4

3
0
3
0
3

4
2
0
4
2

51 8.1.8

e e — AN AT IR T RE.

a®b=(a-b(mod n))

Af468, Bk 1, a Mok (e (mod n)).

& n A —NE4 K (Z/n2)* ={a|ac Z/nZ, (a,n) =1}.
UERH: 5 (Z/nZ)* X} T3kiE
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Fltn, n = 15.

a\z 1 2| 4 718 [ 11|13 |14

1 1 2 | 4 718 |11 |13 | 14

4 8 (14| 1 7 |11 |13

8 1 (132 (14| 7 |11

2 2
4 4
7 71413 4 | 11| 2 1 8
8 8 1 2 (11| 4 (13|14 | 7

11 11| 7 (14| 2 | 13| 1 8 | 4
13 13117 1 (14| 8 | 4| 2

14 14 | 13 | 11 8 7 4 2 1
Bl 8.1.9 XA LE AR K F0I2K n BIEFLARE ES

M, (K) = {(a‘ij)1<i<n,1<j<n | a; € K, 1<i<n,1<j< n}.
(1) ® A = (ai;), B = (byj) € M, (K). &SN
A+B=C, ﬁq:‘cij:aij—kbij,1<i<n,1<j<n,

W M, (K) 3Tk g a8, i mEss o, AN ILE A = (ay) WA -A =
(—aij) , B M, (K) #pc—AN 38 #e .
Hiltn, n =2,

ay; a2 N bin bz \ [ an+bn az+biz
a1 a2 bay  boo az) +ba1  ags + by
5 0 0 ’ ai; a2 155 —a;;  —a .
0 0 as; Q29 —az1 —a2

() B A= (a5), B=(by) € Ma(K). FHE X Tk

A-B=C, HWc;=) anb, 1<i<n,1<j<n,
k=1

W) M, (K) \ {0} 0 F-Fei Aok s—BE. B, (0 1)-(0 1):(0 0).
0 0 0 0 0 0

(3) ATAERE A (BIfEFE A’ 815 AA' = A’A = I,) FrdlRMES, id 8 GL,(P), T
SRR RTE R — A BE, MEFR GL,(K) A n % —RREZMEE; GL.(K) P2EiTsXh 1 1
SR TR B T A B A — AN B, XANBRICN SL.(K), FR4 $PkZe s

B, n =2, SLo(K) H 3R

app a2 bir b2 . a11biy + a12ba1  ai1biz + aizbae
a1 Qg2 bar  bao az1b11 + azebar  a21b12 + azabar
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mps [ D0 (M w2 T2
0 1 az1 Q2 —a21 ayy
B 8.1.10 & S RA—NEEEE. GRS DAY HFTH ——3 L egudt f AR ES.
ST fLgeG, X f A g W AWS gof H: s FEZF z €S,

(g0 f)(z) =g(f(x)),

W G *FFukdteq T AE B MA—ANBE, I FREE. BE BRI E15T. G PHTEMMK
S e4—/~ B

4 SR n AARER, G ™K n T JFREE, ie4E S,.

Wi R A WA 8.1 Fian:

S — S — S

¢ — f(z) — g(f(2))

~

gof: wrg(f ()
K81 MSESA
] 8.1.11 %K o ZAxTEH HAEEIAT 90° 284t Tk (W 8.2 Ff), N
G = {o, 0%, o, o' =id}

T ot o oM R —ANFE

2 Y I 3 Y 2 4 Y 3
(e} (e}
[0 X [0 x O X
90°) 90°)
3 4 4 | | 2

K82 fl8.1.11

e b, o? RAIETT AR 6 180° fighe (A Ht, o X IE T TEAEWI £ 270° ekt
(A, ot XS IEF TUARIEI £ 360° HeFs e, BMRKFIE T EAVE. G B

Bl 8.1.12 & n RAEFHAEXT y a9 AR LI, r, R EFHHEXT o fhegaHAk
ik (B 8.3 Frw), N

G ={m, 12, 207, 7'12 = id}

st F et 64 oM R — B

2 Y i | Y 2 4 Y 3
7] 7
0 x ° 0O x @) x
180 m@
3 4 4 3 1 2

K83 #8112k
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HY b, pom RXIETTRAEYEE 180° Fede AR Hk, K, 71, 7, mon #E ML
G 24

TR n NITEK TS H.

W oay, a2, an—1,an R G PH n ANIJCE. BHITGIHE X n DMITEIFRIA

a1a2 " An—10n = (@102 " An—1)an.
o G EEEEM R, 8 998 E SOX n AN TR
a;+az+-+an1+an=(a1+az+- - +an-1)+an.

MR ERSEHENEN T, TARF4 S SuuRERY, (HRA TS
FRME ).

/R 8.1.3 K ay, a0 R G T n22 AAE, MAEZES 1 <iy < <ip <m,
#

(a1---aiy) - (Gig41- - @p) = @162 An_10n.

iE X n fEECAAGNE.

n =3 I, RIELEESEER a1 (azas) = (ara2)as = ayazaz. GBI

i n — 1 B, G5B EGE.

T n, WE i = n, MR HHRE,

(al ok ail) e (ai;\.+1 3% .an) = (a1a2 T an_l)an =102 Qp_10n.
R gy < n, WARME IR S5 51,
(a1 a5) @iy rr1 0ig)@isr - Gn) = (@17 35,) @ty st Gn1)an

= (a1a2 - an—1)an

= a1a2-""aAp_10ap.

Hk, Z5ex T n oL, IEECEEAREIRE, SR XHER n BROL. UEEE.
MR 8.1.4 K ay,az, 00 1,0, BB G PHEE n>2 M FE, N
(araz - "an—lan)_l = 01_110711 : "az_lal_l-
HE X n AEECEE 9N
n =2 I WRIFEHR 8.1.3, fA
(a1a2) (a3 'ar!) = a1 (azaz ) a;’ = aa;t=e

Al

(az'ar?) (a1a2) = a3 ' (a7'a1) az = a3 'az =e

Bk (arag) ™t = ay tayt, G5 HKOL.
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R n—1 0, GRAL. N T n, HTEE n =2 RAPREK, &
(araz - an—1a,)"' = [(a1a2- - an_1)a,]™!

= a,(@maz - -an_)"?

—-1,—1 -1 -1
n Qp_1 A Q3 .

R, 58X T n oL WRIEECEFE gk R EE, 85T n oL iFEe.
MR 8.1.5 K ay,az,-,an_ 1,0, ZRFEFE G PHEZ n>2400F, N3t 1,2,--- .n
é’]f}—‘d‘#—ﬁ'] il,iz, v ,'in, JEI_

= a

Qi Qg """ A, = A1A2 """ Ay .
HE X n ERCE AN
n =2 I, RIFEZHEF] asa, = ar1ae. E5W AL
Bi%& n—1 B, EREOL. KT n, WE i, = n, MRS SHEMPGERE,
i, @i, @, = (G4, @4, )an = (@102 - Gp 1)y = Q102 - Qp—10n.
W 4, < n, i =n, WARYELE &4, ZHE KATHIF SR,
@iy - Qi 1G4, Qg1 -~ Gy, = (@ -+ Qi—1)8n Qg1 -+ a4,)

= (@i, @i —1)(Qiy 41 i, )an

= Qa1a2-*"Qp_10an.

B, GeX T n L. ARIEBCEAGEREE, GRRMER n BOL. UERE.
Won ZRIERE WR a1 =az = = an = a, Wid araz---a, = o™, FKA a ) n WHF.

Ko, & X a® = e HHALTC, a™ = (a™ V)" NIWITC o I n KR
/& 8.1.6 XK a AF G PHEZL, NAEZGEH m, n, A

aman — am+n’ (am)n — amn.

WE 2 RAT LA SLUE R
(i)m >0, n>0 WIFEHK8.1.4, f1 a™a™ = a™*",
aman = am+n, (am)n = amn.
(ii)ym=0,n>0. f
am.an — ean — am,-!—n’ (am,)n — (a0)n —e= amn.
(iiiym <0, n>0.
a"—(=m) = gmtn, MR —m<n
a™a" = (a”')TMa" ={ e=amtn, WR —-m=n ,

(@)™ =amt", WR —m>n

(am)n — [(a—l)—m]n — (a-l)—mn = ag™",
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am-(——n) - arn+n’ tu% m> —n
a™a" =a™(a )" ={ e=qmtn, ME m=-n ,

(a—l)—n-m = am+n, ﬁu% m< —n

(am)‘" — [(am)—l]—n — [(a-l)m]An _ (a~1)7mn — ™",
(Viym<0,n<0. f

aman = (a—l)—m(a—l)—n = (a—l)—m—n == am+n7

(am)n — [(am)—l]-n — (a—m)—n = ™",
Kk, PE 8.1.6 AT jFEE.
TP 8.1.1 & GANBALLSERNEZTES. R G RA—AF, N4

ar=>b, ya=>b

EGCPAM itk wRERFEE G VAR, FHHLEESEBLLELE, N G ZA—NFE
iE WG RABE B ar =b WNGATE o !, 155

a'(az)=a'b,

Bleo=a'b B az =01 R, y=ba ' I ya =0 M.

gk, R az=b, ya=>b1E G PAME. KA G EE, bk G PHILE ¢, IFH
cx=cfiffz=e. XN e & GHMW (h) Bt FELE XMERE aeG, WA yc=a B
fi#, FITEA

ae, = (yc)er =y(ce) =yc=a.

FH ye=clffty=e & GHM (X)) Pt FLE IR acG, WA cz=0a, yc=a
fifi, BrLA

ea=e¢ (cz)=(ec)z=cz=a.

K, e = ere; = e = e & G PHIEALIT.
G HEEICE o, WiTF az=¢, ya=eFE G PHRBIHHN z=0a, y=a", N

d =ed =(a"a)a =d" (ad')=a"e=ad".

Bk, o 2 a £E G FHEITT. G 2 UEHE.
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8.1.2 T#
1. FEHREEARMR

AP R HIEHN THEE.

ENX 8.1.4 X HRE GH—ANTESL R T8 G 6% HRA—NBE R4
H s™ B G &) F8%, itk H <G.

H = {e} M1 H = G #2&8F G W18, W ¢ ) FRFBE 8 G M8 H WigHF G
HEFE, R H ARE G TP ATRE

51 8.1.13 X HR ZWATH NAELEESXH n #EF H=nZ={k-n|keZ}.

W KA H RETH, TUGAEIEFER ac H. XHA H 2T8, TUL —ac H. X
U H DA IERE. & H FIRENEREECH n, W H =nZ. FELE TN aec H, A
Witk a >0 , IERKJL AR GEFL 1.1.10), fF1E IE8H g S8 r 16715

a=qg-n+r, 0<r<n.

MR r£0, W r=a+q(—n)c H, X5 n BE/EFE. K, r=0, a=q-ncnZ &
HcnZ. B8R nZ c H. Wik, H =nZ. U

T TZS H R A

EIE 8.1.2 X HABGH—NEZTTES, N HRE GHTRGLELNZ: sHE
&t a beH A ab'cH.

IE B BRI, SKUE TR

BA G HE%, il G P ITE o MIEMRE, 1 e =aa ! € H. Wk, H P4 470
T ec HEAE a, FNHEE, Ha ' =eatc H B HHHANILE o &£ H PHTL.
Kk, H 2% G W18 UEEE.

THHEZA THE.

IR 8.1.3 & G RN, {H}ics £ G 4—#% TR, N (H: £ G 84— AT 3

el
i WERM o, be (\Hi, fa, be H, i€ I B0 H; & G TR, I 8.1.3,
€l
fab™' € Hy, i€ I ¥, ab™" € (| Hy. WAEEH 8.1.3, (H, & G ) ATHE.  UEE
el el

R¥E e 8.1.3, M H— M EZE 78 X AR AN TFEAIRD, BEE X Kb
T

T ZANTRIHEASA TR

2. FERERK

AR 8.1.3, Al LML & — AN T4 X /b TRt 74 X 478
EX 815 R GANMNH X RGHTR R {Hlier £ G QS X 69T TH,
W (Y H; "G e X ERBTFE, LA < X >
el
X MICHEMATHE < X > M T W X = {a1,-,a,}, Wid < X > 4 < ay,
s > MR G =<ay,--,a, > MWK G X BREMB. Rk, WER G =<a>, WK G
A a HERT) TEIREE.
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FHAH < X > PR ERER. SHERHREH A BRAN CE AR
EIHE 8.14 KGR NIHBHE X =<a,a, - ,0. > % G #-T%, N
(1) % G ARERNE, b X ARe)TAEA

<X>={al" --a|a; € X, n;€Z, 1 <i<t}.
HA, AHMEEY ac G A
<a>={a" | neZ}
(ii) & G AAkBEe, &1 X ARG TREA
<X>={ma+--+ma|a;€X, n; €Z, 1 <i<t}
A, SMEEH ac G, A
<a>={na|neZ}
(1) G hIERE. 4
H={al" a*|a€X, nieZ, 1 <i<t},
W H & GHRTE. b SMEE a=al - a}t, b=a™ - -a™ € H, I 8.1.4, f1
a- b =@t esaqlt gy ™ e gy ™ =gt M g™ g H,

ik, H & G 18
M H; 28 X PEETH, WAMER a=al* - af* € H, H a; € X, 135 a; € H;.
XK H; ZT8E, BTUL o € Hj, a=al o} € H;, 81 HC H;, HcC(|H;. Hit,
J

H =< X > & X T8,
(i) G AhniEsf. 4

H={ma+ - +mat|a; € X, n; €Z, 1 <i<t},

}”\'JH%GE]@?% $§QJ:, ﬁ'f’fﬁa:nlal'{‘""f'ntat, b=m1a1+---+mta¢€H, iz_kﬁﬁ
PR 8.1.4, 1

a—b=(’n1—ml)(11+"'+(nt—mt)at€H-

Kk, H & G THE.

B H A& X MEETEH WNAEE e =nia+ - +na € H, 1 a; € X, 55
a; € Hj. XN H; T8, FTlh nja; € Hj, a =nyay +---+ma, € H;, Bl HC Hj, H C
(H;. Bk, H=< X > i X EBRKTH. IEEE.
J

B18.1.14 EG=<g>={g" | g #1, 1<r<n, g"=1}, B G & n BHaKE, B
<gl>={g%* | ke 2} £ G 4T
MR R ¢ RIES T4 X.
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EIE 815 KGA N XRGHIEZTTE N X AmeTFEA
<X>={al"---a |teN, a; € X, n; €Z, 1 <i<t}

A, SHEE ac G, A
<a>={a" | ne€Z}

iE KA X AE=, BT
Hy={al"---ai* |teN, a; € X, n; €Z, 1 <i<t}

e, WXHER ¢ =al* -+ e}, y=ap{}' - a? € Hy, BHIMENT 8.1.4, f7
:1:~y_1

K, Hyo & G WT#. HR H; Z28E X PWEETH, WXMER a = o' ---a'* € Hy,
a; € X, ﬁ a; € Hj. g]j(] Hj %?ﬁ, Fﬁ'u a € Hj, Eﬂ Hy C HJ', H, C mH7

= 7T ng —-n —Nt41
=ay'---agt-ag 5...at+1 EH()-

J

i, Hy =< X > Bl X FR1#. ks,

8.2 IEMFEFFIMAEF
8.2.1 PFEERINIREAR ER
KA FREFI L5026, AMITTTLGELRE G (T8 H B G W4T (B 8.2.1).
aH ={c|c€G, a”lcec H}.
EX 8.2.1 X HABMGHTAH a2 G FHERL, MAES
aH = {ah | he€ H} (313 Ha={ha|he H})

SR G ¥ H A (TREE)REE. o ((TEK Ha) ¥ LXK aH (F R Ha)
#R%& . 4oF aH = Ha, M aH ™% G F H % (G,
5 8.2.1 En>12%H N H=ZAZHTHH T4&

a+nZ={a+k-nl|keZ}

HA nZ R INEERIAE 0 R RE

I 8.2.1 K H £ G 44T, N

(i)1E&E acG &

aH={c|ceG,atlce H (E¥ Ha={c|ceG, ca ' € H}).

(ii) sH12%& a, b € G, aH = bH YL ZHM b la € H (31 Ha = Hb 89 LB 5M
ab~! € H).

(iii) #1£& a, b€ G, aHNVH =2 A AZFMH b la¢g H (3T HanHb =0 A%
&M ab ' ¢ H).

(iv) 12 & a € H, A aH = H = Ha.
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iE (i1)%® Hu={c|ceG, alce H}. BikW: aH = Hy. XEREM ¢ € aH, f71E
h e H A ¢c=ah. Mifl,a'c=heH, Bl ce Hy. K, aH c Hy. i3k, SHAEEM
c€ Hu, 1 atce H, NIfifF{E h € H {43 a~lc=h. HIt, c=ah € aH. NI, H, C aH,
WaH={c|ceG, alce H}.

[FIHER[43, Ha={c|c€ G, ca ' € H}.

(ii) % aH =bH, W a = ae € aH = bH, # b~'a € H. RIIK, & b~'a = hy € H. 3L
B c € aH, 1i{E hy € H 118 ¢ = ahy. #E1, ¢ = b(b~'a)hy = b(h1hy) € bH. K, aH C bH.
[FHE, ST ¢ € bH, f74E hs € H 3 ¢ = bhs. BEiM0, ¢ = a(b"'a)"*hs = a(h] *he) € aH.
K, bH € aH. ) aH = bH.

[FHEA[ 14, Ha = Hb AR ESKME ab~! € H.

(iii) i (ii) ZNL MRS, FER . BHAR, aH NbH # @, WAF{E ¢ € aH N bH.
W (i), T alceH Kb lce H #iMi, b la= (b"'c)(ate)! € H X E5BRFMTE.

[FEEAT74, Han Hb = @ M7 EE&MEN ab' ¢ H.

(iv) B4 e, ™! € H, BFTLASIR BT EEE.
HiE W H R G TR, WHE G v LRI A A A (RENAT) RS IFEE.
G = UaiH

EUTF e SRIALKA LS, AR BT A BRF S
EX 822 KX HABGHTAH N HEGYRRAAL MEL) ERERNGHTES

{aH |a€ G} (*tE3 {Ha|ac€G})
" H £ G ¥ @&, itk G/H.
G/H ={aH | a€ G} ={a;H |1 €I}

G/H ¥ AR A (Mt EAE) BEGNKME H £ G T 6 18%F, 124 [G: H|.
EIE 8.2.2 KX H 2 G #9T#, N

|G| =[G : H]|H]|.
Ft—% WwR K HABGCHTEH LK R H®TEHE D
[G:K|=|G: H|H : K].

o f b A FEAT A PRy, W H AR A FRY.
iE WREEE 821, FH

G=JauH M |G =)"l|aH|.

iel iel
KA H F a; H S f:h — a;h 2——X N, BT |a;H| = |H|. ¥,
|G| :Z|aiH| =Z|H|= (G : H]|H]|.

el el
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B0 R K, H 2 G T8, B K2 H TR, R e 821, 4

G=|JuH, H=|]bK,
iel jeJ

Heh |1 =[G : H), |J| = [H : K]. )\,

i€l je
WEM: {(a:ibj)K}, i €1, j € J RARPIREE. Bk
(aibj) K = (airbj) K,
W% b;, by € H, ERBISARTEE H, 135
a;H = ay H.
AR EPE 8.2.1 (i), 1435 a; = a;r. M,
b K = by K.

FHARYE EH 8.2.1 (i), 35 b; = by

R,
Gl =SS lab) K| =SS IK| = (G« H][H : K]|K|.
il jeJ i€l jeJ
Ry
¢l =[G : K|K],

[G:K|=|G: H|[H : K].

#i®  (Lagrange) W& H A REE G 78, WTHE H B2 |G| R

8.2.2 [EEMHEH—TMK

FHFER G I T R4 ES .
WG R HKREGIKTHE Tl HK #R%Es

HK ={hk | h€ H, ke K}.
WMREMNE, N H+ K #onEs
H+K={h+k|heH, ke K}

5 8.2.2 & H, K ZR4%% G thM/ANT8, N HK £ G T#.
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W XF zy € HK, fffE hy € H, k, € K AKX hy € H, ky € K , 1§13 = = hik,
y = hoko, AT, H G ZATHEE, 7

2y~ ! = (haki)(hoka) ™! = (hak1)(ky thy ') = (Rihy ') (kiky ') € HK,
Kk, HK & G T#¥. UEEE.
EIE 8.2.3 KX H, K RAMA G ¢4-F#, N |HK| = |H||K|/|HNK|.
i Bh HAK R H TR, B (HOK| | |H]. % n= |H"rf'K|,Ha‘eaﬁ HOK
e DY ey

H=h(HNK)U---Uh,(HNK), hicH, h;'h; ¢ K.
mT (HNK)K = K, 133
HK =MHNK)U---Uh,(HNK))K

= h(HNK)KU---Uh,(HNK)K
=mKU- - Uh,K.

FHE K NhiK = 2. #5AR, WA ki, k; € K 113
hik; = hjk;,
MITT by hy = kik; ' € K, FJE,

|HK| = n|K| = |H||K|/|H N K|.

EIR 8.2.4 KX H, K A% G &)T#, N
[H:HNK]<[G: K]
ok [G: K] RAMRE, I [H:- HNK|=[G: K] ¥ H{X% G =KH.
iE % H XT HnK MARSE
H/HNK ={h(HNK) | h; € H, h'h; ¢ HN K}
AR G KT K 2R
G/K = {a;K | a; € G, a;'a; ¢ K}.
£ H/HN K 3| G/K [F)B
¢:h(HNK) — hK,

W o JEepg. FHsg b 56 K = hK, W h;'hj € K, by 'h; e HNK |, FJE, ¢ 2545,
M
[H:HNK|<[G: K]
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& [G: K| R # [H: HN K] =[G : K|, W o thi2is, g
{h:;K | h; € Hh;'h; ¢ K} = {a,K | a; € G,a; 'a; ¢ K}.
Kk, SHMEE 2 € G, a; € G LK h; € H {13
z€zK =a;K = h;K C HK,

MIfi GC HK, G = HK.
RZ,# G=HK, WXHEELREE oK (a; €G), B

a,—:hjk (hjEH, kEK)
NI[]
e(h;(HNK)) = h;K = hjkK = ;K.
@ RETIY,
(H:HNK]=|[G:K].
S AL L o
EM 8.2.5 K H, K R# G A TRIGATTEE, U] [G: HN K] ZA TR, B

T

[G:HNK]<[G: H|G: K|

#—¥ [G:HNK]=|[G:H|G: K] $842% G =HK.
iE KA HNK < H<G, Bild

[G:HNK|=[G:H|H: HNK)].

NHA [G:H) 5 [G: K] #AWR, HiheH 8.2.4 41,

[H: HNK)<[G: K]
TR [G: HNK]<[G: H|[G: K]. HX

[G:HNK|=[G:H|[G:K|& [H:HNK|=[G: K],
MHEH 824, M [H: HNK|=[G: K] G=HK, &
[G:HNK]=[G:H|[G:K]&G=HK.

E BT kR

8.2.3 IEMFEFMGEE

G, Ve R G/H Ms— MBS (H A IERT8).

EIE 8.2.6 X N R G 69T, NA FEAHRZFM:

(i) #1£& a € G, & aN = Na.

(ii) *H1£& a € G, H aNa™ ! = N.

(iii) #H1E*&FE a € G, HH aNa ' C N, X% aNa ' ={ana ! |nec N}.
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WE - By AN, (1) Ziwk (i) K (i) 2R (i) 2 EARIN.

WAEM (iil) #EHH (1) MM a € G, n € N, Wl ana € aNa=' c N, fiLL
ana '=n/, n’ € N. #1fl, an =n"a € Na }X aN c Na. Fn#h, 845 a 1N ¢ Na! 8
Na C aN, #§ aN = Na. &KL UESE.

EMX 823 A NABGWTE AN ARG ENMTE, wREHLTIF 8268
=S

EIE 8.2.7 KX N A G WHEMNTE G/N &1 N E G PR (k) REastk
A, Mt T4k
(aN)(bN) = (ab)N,
G/H M —/#F.
iE G, SRS AR UK TR AR AR R TR, FNEUEW: aN = o/ N, bN =
WN B, (ab)N = (o’ ¥)N. FH3L |, RIEEH 8.26, F

(ab)N = a(bN) = a (V' N) = a(N¥') = (aN)b' = (a'N)b' = (a’' b')N.
HIK, eN =N Z8RAC $sE b WEE ae G, A
(aN)(eN) = (ae)N = aN, (eN)(aN) = (ea)N = aN.
fE, aN TR a ' N . H5E |,
(aN)(a 'N) = (aa )N =eN, (a"'N)(aN)=(a"'a)N =eN.
ik, G/H ¥ UEEE.
SEHE 8.2.7 PMBENMEF G X T IEM T H 1) 8t
WERRE G W SEME, W G/N HPREHEE (a+ N)+ (b+ N) = (a+b) + N.
8.3 RIZSFEH
AR REZ AR R [R5 F) .
8.3.1 EAHR
ENX 8.3.1 K G, G #HAH fAGIH G A wRAEE o, be G, FA
fab) = f(a) f(b),
R4, fok G B G #—A B,
T A TR ORI S R
fla b) = f(a) 7).
B Giig

R f R, WRR £ O BRI WUR ORI, WER £ O sREAS Wk f R
XN, WIFR £ 2 [E144.
NG =G M, FE g BRES, FR f i BEA.
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/R 8.3.1 X G, G, G"#R# fRGH G H—IRERS ¢ &G 3G H—
AR AH, ARA, gof £ G 3| G YR ABRA. mA, 4% f R G 3 G 84—/ FMus, g
£ G 3| G" 4—ANEMRSE, IR L, go f & G B| G” &) R a4,

iE XHMTER o, be G, KA f, g #ZFZABUR, Bril

(g0 f)(ab) = g(f(ab)) = g(f(a)f(b)) = g(f(a))g(f(b)) = (g0 f)(a)(go [)(b)

B, go f & G B G AR,

—H, M f 2 G B G AR, g £ G B G NG, AT F 2 G
B QXN g B G B G XN, T, go f B G B G XY
B, # go £ R G B G HIFI R EHE.

ENX 8.3.2 K G, G #FRB HKGCE G B, LRGELE NGB G HRIM, itk
e f-q e

E ERMESCR, BAS R QR AT UG VEAR TR, BRI AT DA Ik O %0 PR 0 16 1 R ATE 5
F— B (TEEARE, EH 9.1.2), WAl mEHE R (WKl 5.1.9).

a-b=(f(a) f(b)""

EIE 8.3.1 X f A G REG H—ARE, N
(i) fle) = ¢, B B) A4 #A4x LB A 5] #4570
(ii) #1EZE a € G, fla™') = f(a) !, BPRI A4 o 69£ TS F] f(a) 891ET.
(iii) kerf = {a | a € G, fla)=¢'} 2 G4 TR, B f RER S ALERMHL
kerf = {e}.
(iv) f(G) = {f(a) |la€ G} £ G 4T, B f RARASHAZFHE f(G)=G".
(VYR H REG T8 NES f'(H)={ac G| fla)e H'} £ G &4 T#.
W (1) BR fle)? = f(e?) = f(e), MaXMumFIRELL f(e)~!, 195 f(e) = €. AFIRAIL.
(i) KA f(a™) f(a) = flata) = f(e) = €, f(a) f(a™!) = flaa™") =€, BT f(a™!) =

fla)~t.
(iii) ¥MEE a, b€ kerf, 7 f(a) =¢', f(b) =€’ NI,

flab™h) = f(a) F(07") = f(a) f(0) " =€

K, ab! € kerf. HR¥EEH 8.1.2, kerf & G W THE.
# f R, WL fa)=¢ = fe) WILENAH a=e. K, kerf = {e}.
RIEK, ¥ kerf = {e}, WXMEEM o, b€ G #13 f(a) = f(b), A

flab™') = f(a) F(b7") = f(a) f(B) ' =€

XU, ab~! € kerf = {e} B a =b. K, f RHEFE.
(iv) ML z, y € f(G), fF4E a, be G 13 f(a) =z, f(b) =y. MIf,

eyt = f(a) f(b)" = flab7") € f(G).
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Ry e 8.1.2, f(G) & G MTH#, H f REFRENRERME f(G)=G".
(V) MMER a,be f7HH), ¥ (i) X H A TH#, H
flab™) = f(a) f(b°1) = f(a) f(b) ' € H,

K, abt e fYH'). fUH') 7 G TEE iFY
kerf MR f () %% F8F, f(G) W48 T8
5] 8.3.1 #BE Z F|RBE G =<g>={g" | necZ}thust

&

finr—g"
RRZF <g>Hh—IRE.
H: b AMEEM a,be Z, 5
fla+b)=g*"" =g* " = f(a)f(b).

5] 8.3.2 MEH R F|FFH R =R\ {0} 984 far—e* Z R E| R 9—A R &.
F L, MR a,be R,

fla+b)=e**" =e e = f(a)f(b).

51 8.3.3 AnEf Z F|AoBf Z/nZ 9BS [ k— k+nZ Z—ARA.
5 8.3.4 MmBEZ B R G={0F|0=e, ke Z} ABH f:k— 0F B—ARA.
5 8.3.5 Bt Z/nZ B|RBG={0F|0=e>, k=0,1, --- ,n—1} #h8eH

f:k+nZ+— 6*

R—AREI1#H.
5] 8.3.6 % a =B G #h—AU, AR Ak

f:b—aba!
G ARAS FEL,
flbe)=a(be)a™ = (aba™")(aca™) = f(a) f(b).
8.3.2 RIENMERE

FERFBE R, AR B S Z A BT (WE X 8.3.2 KILiE). X EM
IEAIN I IR . (B E B R A AR 5 I 35, DRl o R & R, FHEBh T LU TR )
A EFE GEFE 8.3.3) KiFS R MM

I 8.3.2 X f ARG A G HRA, N f A ker(f) £ G HEMTE. RiTk,
wR N 2B G 0 EHTE, N gt

s:G — G/N

a — alN

AAA N R A.
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E MTEE acG, bekerf,
f(aba™) = f(a) F(b) fla ") = f(a) ¢ f(a) " = €.

XU aba! € kerf. #¥EEHE 8.2.6, ker(f) & G WIIERTHE.
JOdK, & N OB G RIEMR TR, W G 2 G/N W s AL

s(ab) = (ab)N = (aN) (bN) = s(a) s(b),

[, s(a) = N MIFE 0 BELEMR a c N. Bk, s B0 N HIFZ. IEEE.

WU s: G — G/N #h G B G/N BRARIT.

EIE 8.3.3 (RASM) X f RAF G 3G HRAE, NEEE— G/ker(f) FUETF
 f(G) ¥IRM [ : aker(f) — f(a) 14F f=iofos, ¥ s £B G 2| A G/ker(f) 898
REE,i:c—c R f(G) Bl ¢ YEFRE, BPA AT RE:

e L @
s T4

Gker(f) L f(G)

HE ARYEEH 8.3.2, ker(f) /&2 G MIEMT B, FTUAMFELERIBE G/ker(f). BAAEEUEH:
T : aker(f) — f(a) & G/ker(f) BB TEE £(G) MR,
B, A& G/ker(f) Bl £(G) MR, 5L, XHERER aker(f), bker(f) € G/ker(f),

f((aker(f))(bker(f)) = f((ab)ker(f)) = f(ab) = f(a)f(b) = f(aker(f))f (bker(f)).

HR, [ R—%— 5L b SHMEE aker(f) € ker(f), H f(aker(f)) = f(a) = ¢'. HI,
a € ker(f) LK aker(f) = ker(f).

BJa, [ 2EA FHL b SMEE ¢ € f(G), 7 a € G 13 f(a) = ¢. MM,
f(aker(f)) = f(a) = c. Bl aker(f) /& ¢ HIMRUE.

BRI, 7 iR, HHA f=iofos HELL WMEEacG, H

io fos(a) =i(f(s(a))) = i(f(aker(f))) =i(f(a)) = f(a).
BRUNEAFIM g - G/ker(f) — f(G) 118 f =iogos, WXL aker(f) € G/ker(f), &
g(aker(f)) = i(g(s(a))) = (iogos)(a) = f(a) = flaker(f)).

K, g =7f. UEEE.
8.3.3 REHBEEMHF—THR

EIE 834 KK ABGCHENATH HRGCHOLES KHTH N H=H/K 2R
BC=G/K & T# Bl H— H R G as K THES G THEG ——* .
HOK) & G HEMTAHY BY H 2 G ¢ EHTEE. X,

_G/K
- 5%

pot

Tl Q

4
H
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W ESGUEM H = H/K BBt G =G/K WTR. A K 28 G MIEM 78, Frbd
MTALR he HC G, i hK = Kh, Wi K &8 H (WIEM TR, H = H/K it X
X TAER K, hoK € H/K, 7 (K)(heK)™' = (M K)(hy'K) = (hhy )K € H/K , FTLA
H=H/K Z##f G=G/K [fTH#.

Hok, IEBI H — H 2 G S K I TRHER G 10 TREER— XN,

(a) MRGHE—3F—/). & H,, Hy #13 H K = HoK, WXHTE hy € Hy, T K €
H K = Hy K, NAFAE hy € Hy, 113 hi K = ho K. Wi hy'hy € K, hy = hok € Hy LA K
H, C H,. [FJ¥, 845 H, C Hy. ¥4 H, = H>.

(b) WS RW. RE H 2 G 78, W H 2054 o, K (BFEIIT o) ' K) 4
Eh

H={a;K | a; € G,i€I}.

H= U a; K.

SHERE hy, ho € H, i K, hy'K € H UK
(hihy K = (M K)(hy 'K) € H,

MIfi hihy' € H. Bt H & G 78, thi2 H MBI

FRK, IE HOO K) /& G MIEM TR BACY H 2 G MIEM TR DEME SR,
BRAE 7S, SMER h e H, ARITE g € G, i (hgh 1)K = (hK)(g9K)(h"'K) € H, FTLA
hgh~' € H, H A G [FIEM-TH#F.

)G, Wik ¢ 3 G/H WIFZE . WA H A G MIER PR, H &4 G RIER T8, B
ARt G/H. %58 G 3 G/K WARAE s 5 G =G/K 3 G/H MERFZE s; R

B f=s20841.

S1 S92
G — G/K — G/H

a — aK +— (aK)H=aH

~ )
N

f=s2081: a — aH

B8R, RRE, KA f RESHEMES. FHE ker(f) = H. SMEE a € ker(f),
(aK)H = aH = H, {i{E h € H, 18 aK = hK, INfifi a = hk € H, ker(f) = H. A& FEE
Sy e B 8.3.3, 4N
G/K

T H/K

112

|l @

G
H
UEEE.
EIE 8.3.5 X HABGCHTH KAGHENTH N HK = {hk | h € H,k € K}

A GHEAS KT HNK & H ¢ ENTE, Byt
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WMHNK) — hK, heH

A H/HNK 3| HK/K $RE#.

WE XN TALEE by, ho € H, ki ko € K, 4 K & G MIEMTBE, FTLL ho(kiky DRy € K,
M

(hik1)(hok2) ™' = (hihg ') (ha(kiky, Y)ho ') € HK.

Bk, HK & G W18, H K & HK 1818

£ H 3| HK/K BB f: b — hK, W f ZRZE 58 b XN FEE b o e H f
f(hiha) = (hiho) K = (M K)(hoK) = f(h1) f(h2).

FHIE ker(f) = HN K. B h € ker(f), W hK = K. Kk, he K Ak he HNK. &
ker(f)=HNK , HNK & H FIE T8 W FE e 2 8.3.3, HlHM f,

f: (HNK)— hK, heH.
8.4 il
(1) UEBH: W a,b 28 G FMEEICE, W (ab) P =b"ta L.

(2) UEW: #F G RAHIM AR ERM RAMERE a,b € G, F (ab)? = a? b
(3) UEH: B G BB A ERM IR a,be G,

(ab)® =a®b®, (ab)® =a'b*, (ab)® =a’b°.

(4) W G & n TAEWREE UEW: SMTE L ac G, a™ =e.
(5) WEM: B G T E o SHIIT o GHFEIKIH.
(6) & G & BE. i cent(G) = {a € G | ab=ba FLE b e G}. iFM: cent(G) #& G 1
IERLT 8.
(7) Wa B G IH—AJCE UEW: B o 2+ azat & G FASK AR
(8) W H B GHITHE. /£ GPEXNKR R aRb WME b ac H. UEH:
(i)REEMAER. (i) aRb MAELRME oH = bH.
(9) FEANPEIFREAR AT B
(10) &t Fy VAR SR,
(11) K Fys B4ERTT.
(12) UERH: Z/nZ ) a] o0 Fevdby il — N BE, idE Z/nZ*.

(1) —MHIBSFRESNAZ AT AR 254151
2) NAERMERAEN S, —MIBHENESNZRAH AFERPERT? 24461 5 1]

(
(3) N&etmmEm s, —MIsHNEENIZREAH AR 28461351
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(4) [RIAE R AT AR IR A v S 2 g 7 28451 5 .

(5) Gy iy B R A OB RAR M8 S8R SmRE Sl F, I SRVKIZ S, JF 1B,

(6) i fa i Bh (R A4 (R B RS s S50 R SE M SE BN & 59k ABS K SRIEIs 5, JF2445)
i

(7) G fer 45 3 [ #4) (O 2 2

(8) WRFLIRIABEIITE T

(9) WHFUEHRITET.
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9.1 fEIRE
9.1.1 {EIREE

AR IS RS 5 e BE 8.3.3 FUINEE Z, LARAE m INBE Z/mZ (W1 FORMER G B
9.1.2 fRAIRFRERMIE

HoE, WHemEE Z AT

EIE 9.1.1 W Z HEANTE H RIGHRBE. FEBH H=<0> K H=<m >=mZ,
£P m 2 H PR ERK of HA<0>, W HZAMRE.

iE W H RFETH {0}, 4 B

W H RIEF TR, WHAESEN ac H. WA H ZTBE FTLL —a e H. KXW
H "W & H PRENEEECH m, W—EH H =<m >=mZ. H%L I, XHEEN
a€ H, AWi a>0 (BN, B —a=q-m, \Ill, a=q-(—m)), IR EH 1.1.10 (BKJLES
BRI, AP BOE RS g, LSRR r {E1S

a=q-m+r, 0<r<m.

WRr#£0, Wr=a+q(—m)e H, X5 m WE/IEFE. B, r=0, a=q¢-memZ. &
HcmZ HERE mZc H. Hit, H=mZ. UEEE.
T 9.1.2 HANARBIABFERM T B Z. HANA m 4H FRIGIRBEFE A T Ao BE
Z/mZ.
W WIEHRE G =< a>={a" | nc Z}. HIEME Z 3 G FI

f:'Z — G

n +— a"

BH f(n+k) =a"™ =ama* = f(n)f(k), BTLL f 2 Z 3 G WFEZ, T H2W. R
[FARER (ERE 8.3.3), Bf G A TR Z/ker(f). RIEEHE 9.1.1, ker(f) =< 0 > 5
ker(f) = mZ. BIEA XN T ERIEAREE, FEXNN T m ARG UEEE.

EX 9.1.1 K GAEA AN acG WNTH <a>NAHRALE a 99, iTH ord(a).

EM 9.1.3 KGA—NF,acG N

L o RAMRYE, A

(i)aF=e HHAXE k=0.

(ii) LE o* (k€ Z) AR RE.

Lo AR m>0,H

(iii) m RAZFF o™ = e 693/ EESL

(iv) a* = e H HAXE m | k.

(v)a"=a* 4 BAXE r =k (mod m).
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(Vi) L& a* (k € Z/mZ) AFATRE.
(Vil) <a>= {a,a27... ,a"l-—l’a‘rn _ 6}.

(viil) #HEEEH 1 <d<m, A ord(a?) = J—m).
W FREINEE 2 2B G U £

f ORI R 2P 8.3.3, f
Z/kerf 2 <a>.

(1) KA a ZTERITCEN T kerf, JGH U F 20—, Bk, (1) 81 (i) oL
mE o ZAHEERE m, W) kerf = mZ. Hilk, f:

(iii) m ZfE1F o™ = e M/ IEEEEL

(iv) a* = e M T k € kerf, T m | k.

(v)a" =a* EMT r—k € kerf, EMT r =k (mod m).

(Vi) JTGH a* XNT Z/kerf AR TTE P PIAR.

(Vi) < a >= {a,a?,--- ,a™ L,am =e} 5 Z/f:rf o R g/ IE 8 4R R AHRT Y.

(v ) TR 1<d<m, ord(ad) — m

(ad)* = e BW T dk € kerf, BT m | dk, ZMT ﬁ | —(d,dm)’“* Sk (dfnm) |

K, ord(a?) = @—% UEEE.

EI 9.1.4 1AHE TR RIATE.
WE FHEMEE Z PIEAREE G =< a > B f.

f:n—a™.

foREFABU. R ERE 831, X T G WTH H, f1 K= fY(H) )& Z KT RyEEH
9.1.4, K REHEE, Tl H = f(K) ZIEHE. UEEE.
EI 9.1.5 & G RMBIKE
(i) 4R G RAFRS, B G 9ERTH a F2 a L.
(ii) %R G ZAHEE m, W o & G A RAH H AL (k,m) =1.
iE EEINEE Z BEIHEE G BT £

f:n—a™.
[ RFEZEBS. Ry e 8.3.3, f1
Z/kerf = G.

KA G PrEBIC N T Z/ker f HIRAE TG, BT CA
(1) 2 G BT, Bl kerf = 0 B, Z/kerf IAERITR 1 F1 —1. XK, G A RIT
a M at.
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(ii) 4 G 2B MR, B kerf = mZ, m > 0 B, Z/kerf WAERITRE k, (k,m) = 1. iXHf,
G WAETCRE o, (k,m) = 1. EHRL. IEEE.

A AE BT B SRR AT BRI AR TR, Dk, SES1EJLAN G B

513 9.1.1 & G RAFRK#EH. AMEEALE a,be G, # (ord(a),ord(b)) =1, 1

ord(a - b) = ord(a) - ord(b).
iE A

gord(ab)-ord(b) _ ,ord(ab)-ord(b) . [bord(b)]‘”d(“'b) _ [(a ) b)ord(a-b)]ord(b) _

R4S EFE 9.1.3(1v), 7 ord(a) | ord(a-b)-ord(b). KA (ord(a),ord(b)) = 1, FITLA ord(a) | ord(a-b).
[A] ¥ ord(b) | ord(a - b). FiHH (ord(a),ord(b)) = 1, 133

ord(a) - ord(b) | ord(a - b).

seAh, BRA
ord(a - b) | ord(a) - ord(b),
e
ord(a - b) = ord(a) - ord(b).
513 9.1.2 & G RAMRMA. sHERAE a,be G, A ce GIRIF
ord(c) = [ord(a), ord(b)].
WE MRAEEH 1.6.6, X THEL ord(a) F ord(b), FAEREE u, v WL
u | ord(a), v |ord(b), (u,v)=1
515
[ord(a), ord(b)] = u - v.
BAES
ord(a) ord(b)
8§ = T, t= T,
AR & Bl 9.1.3 (vill), f7
ord(a)

ord(a®) = u, ord(b") =wv.

(s,ord(a))
FHRYE 512 9.1.1, 1931
ord(a® - b*) = ord(a®) - ord(b*) = u - v = [ord(a), ord(b)].

K, B ¢ = a® - bt B ATK. kY.
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EIE 9.1.6 K G RAMRKMEE N G PHELE a, ag, -+, a, HE
ord(a;y1) | ord(a;), 1<i<s—1,
F BAEAF
G =<ay,ay, - ,a5 >.
E %G ={by, by, -, by}, n=|G|. WG| 9.1.2, FFAEICEK o) 13

ord(a;) = [ord(by),- - ,ord(b,)].

% G7é< a; >, ﬁ
G—<a; >= {bu,"' »blm}»

WAE5I1H 9.1.2, FFAETLE a € G\ < 0 > 1R
ord(az) = [ord(b11), - ,ord(bin,)], ord(ag) | ord(ay).

), AT F] o 73 ord(cp) = [ord(a,),ord(az)] > ord(a,), FJA.
G #<ay,ay > W

G- <ai,a2 >= {ba1, - ,ban, },
HAE S B 9.1.2, FFETCRK a3 € G\ < a1, a0 > fH1H
ord(az) = [ord(bey), - ,ord(ban,)], ord(as) | ord(as).

0, ATEE] 5 173 ord(cs) = [ord(az), ord(as)] > ord(az), FJ&.
Wit v %, A aq, - e, 1R

G =< ay,ay, - ,as >, ord(a;+1) |ord(a;), 1 <i<s— 1.
$19.1.1 &En=57-13=455. G = (Z/nZ)*. BA o(n)=(5-1)(7—-1)(13 1) = 288,

[(5),0(7),0(13)] =[5 — 1,7 — 1,13 — 1] = 12, Fi¥A G FAEAHARR 12 69 B F.
B a; =2, A order,(a;) = 12, A

Hy =< a; >= {1,2,4,8,16,32, 64,128,256, 57, 114, 228}.
FIR ay = 3, A order,(ag) = 12, A&
Hy =< as >= {1,3,9,27,81,243, 274, 367, 191, 118, 354, 152}.

W, Hy 5 Hy, #9RA H Hy
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ad 1 3 9 27 | 81 | 243 | 274 | 367 | 191 | 118 | 354 | 152

6 18 | 54 [ 162 | 31 | 93 | 279 | 382 | 236 | 253 | 304

2
al 4 12 | 36 | 108 | 324 | 62 | 186 | 103 | 309 | 17 | 51 | 153
8 24 | 72 | 216 | 193 | 124 | 372 | 206 | 163 | 34 | 102 | 306

at 16 | 48 | 144 | 432 | 386 | 248 | 289 | 412 | 326 | 68 | 204 | 157

al 32 | 96 | 288 | 409 | 317 | 41 | 123 | 369 | 197 | 136 | 408 | 314 |

a$ 64 | 192 | 121 | 363 | 179 | 82 | 246 | 283 | 394 | 272 | 361 | 173

al 128 | 384 | 242 | 271 | 358 | 164 | 37 | 111 | 333 | 89 | 267 | 346

af 256 | 313 | 29 | 87 | 261 | 328 | T4 | 222 | 211 | 178 | 79 | 237

al 57 | 171 | 58 | 174 | 67 | 201 | 148 | 444 | 422 | 356 | 158 | 19

ai® 114 | 342 | 116 | 348 | 134 | 402 | 296 | 433 | 389 | 257 | 316 | 38

ai! 228 | 229 | 232 | 241 | 268 | 349 | 137 | 411 | 323 | 59 | 177 | 76

B

H\H, = {1,2,3,4,6,8,9,12,16,17,18,19,24,27,29,31, 32, 34, 36, 37, 38, 41, 48,
51,54, 57, 58,59, 62, 64, 67, 68, 72, 74, 76, 79, 81, 82, 87, 89, 93, 96, 102,
103,108,111, 114,116,118, 121,123, 124, 128, 134, 136, 137, 144, 148,
152,153,157, 158, 162, 163, 164, 171, 173,174, 177, 178,179, 186, 191,
192,193,197, 201, 204, 206, 211, 216, 222, 228, 229, 232, 236, 237, 241,
242,243,246, 248, 253, 256, 257, 261, 267, 268, 271, 272, 274, 279, 283,
288, 289, 296, 304, 306, 309, 313, 314, 316, 317, 323, 324, 326, 328, 333,
342, 346, 348, 349, 354, 356, 358, 361, 363, 367, 369, 372, 382, 384, 386,
389,394,402, 408,409, 411,412, 422, 432,433, 444}

®EH a3 =11, A order,(a3) = 12, &
H; =< a3 >= {1,11,121,421, 81,436, 246,431, 191, 281, 361, 331 }.
#

G = H{HyH3 =< a,a3,a3 > .

9.2 HBREMKZRE

FELE A, A R SRR, JERA TR (1) 4L R AR R, BT R
RAZA M EMEHA S, (1) AW EEM TR FEARCHH A 4R

PIEZEBE G —DTHE X i G WER, QR X 2 G Ml EMos, B (1)
G =< X >; (i) X PHRUERARMITE 21,20, , 2 REFX, WA N TR



260 Fowm BHHE WM

HBoni,ng, - ,ny 115

na

T
z' Ty -

Iy = €.

MEAS B G M— T8 X i e 1 BE, W X & G Mls/ERoT, B (1)
G=<X>; (ii) X PHMEEANFRIMITE 21,20, - ,2x £ Z F LXK, IAFEAEN
TR ny,ng, -, ny 115

nixy + neTz + - - - + Nz = 0.

W Hy, -, Hy WP G Mk NTFRE R H - Hy /& Hy,---  Hy 0 B, R
(H1-~-H,i_1H,+1 "Hy) N H; = {e}, 1<i<k, #iidlf Hi® - ® Hy.

W Hy, - Hy RACHINEE G Wk ATHE R Hy+ -+ H & Hy,---  Hy [F) BFR, W
L (H1+~-~+H1_1+H,+1+ ‘+ Hy)NH; ={0}, 1<i<k, #ictk H & & H.

EIR 9.2.1 AR EABE (AL RER) G A—BIETHR, N G R —APARE
A (P LI EAR).

E WX ={z;|iel} &G HEFTEK MELKHENL, G=Y <z > . BN

icd
'L[E%: X‘J'ﬂ:ﬁ T, € X,

<z,~>ﬁ( Z <xj>>={0}.

JELj#1

Jel,j#i

ﬁy€<$i>n( > <z >>,m'JﬁZ“En€Z&n1,"' JMio1,Nig1, - g € Z E TS

Y=nT; =N1Ty + -+ N 1Ti—1 + Nip1Tip1 + - + N

Mif

mTy+ -+ i1 Tio1 + (-N)Ti + N1 T + -+ Tk = 0.

ESp] T1,X2, " yLi—1,Tit1, " , Tk %%ﬁf’., FrEA
—n=n; = --=n; =0.

F, y = ne = 0. EERLAL. ==y

SEFL 9.2.1 PIEFM B BRI

EIE 9.2.2 AG EBGEZTAAN RS LEANKAE.

X PANE JEEL AT & T E N A RIS E.

WG =<z1,T2, Tk >=<Y1,Y2,"** »Ym > . BIE T H = 2G =< 21,2z, - , 2T} >,
WEHE G/H = {(n1z1 +noze + - +mpaxe)H | n; € Z/2Z,1 < i < k). B, [G: H) =2%. X
i H=<2y1,2y2,  ,2ym >, FIFAH [G: H =2™, ] k =m. UEEE.

H BB G KR ENEOUEEE G 10 .

EIE 9.2.3 BANKE G HA—ANHH (X o BBORARTEH L¥ X 4
G Y RTE.
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E WG HAERUGE X = {21, 22, -} = {zi}ier. BEES
ZI:{(”I?”Z,""7ni7"')|niez, 16]}

S50, 21 BFRN |1 = |X| I8 BATHRBE, H B

fi (ni,mo,- Nk, ) — N1Ty + NaZo + -+ + NpTk
K’ Z' B G REE. TEL G = f(2"). EEE.
FORIEK (na,ng, - om0 ) PRAEFRBIAAZ.

9.3 HEirdE

ARATE— BT FREE S,
wWS={1,2 --,n-1n}o &S EH—"EHK N o & S BEGH——XNK
RS
c: S — S
k — o(k)=1ix

KA k76 o FHMEIE ix, FTUART LLE I o RIANK

_(1 2 n—1 n)a(12~~ n—1 n)
o(1) o2 - a(n—1) o(n) i da o dne1 in )

o HRAE K

n n—1 2 1 jl j2 jnfl j'n,
o = = ]
in in—l Tt 7.'2 il ijl ijz U ij'n.—l ijn

EEP jla j27 R jn~1; jn 7EE' 17 27 e, M — 17 n Ei':]*/l\ﬁFﬁlJ
o WiEH o = T
1 2 -~ n—1 n

N 1 2 3 4 5 6 1 2 3 4 5 6
5 9.3.1 & o= , T = )
6 5 4 2 1 3 5 6 4 2 3 1

WH or, 70, oL

& ¥ MBIEN o MBI, KRR, 7

1 2 3 4 5 6 1 2 3 4 5 6
o-T =
6 5 4 2 1 3 5 6 4 2 3 1
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6 5 4 2 1 3 1 2 3 4 5 6 1 2 3 4 5 6
T-0 = = .

1 3 2 6 5 4 6 5 4 2 1 3 1 3 2 6 5 4

; 6 5 4 2 1 3 1 2 3 45 6
o = = .
( 1 2 3 4 5 6 ) ( 5 4 6 3 2 1 )

EIE 9.3.1 n TEBRASIKARGES S, s ERGTEMR—NFE, LU nl

WE B X A R SRR AT R — ), AR AL 25 5, BT AR 3R

1 2 -« n—1 n
1 2 -« n—1 n

e o — ( 1 2 - n—-1 n ) £ 55 o1 — ( i1 2 ot Ap—1 lp )
o2 o dpe1 in 1 2 «++ n—1 n

DAL, S, X B4 1R e A 1l — R

KA @, 2 -, n—1, n) £ o FHZ (c(1), o(2), -+, o(n — 1), o(n)) &
(1, 2, -+, n—1, n) B—DHZ, IHRHIIAA o A, BTLL S, HIFA n! . n-4

AT S U O E R, S5 R IR B

W n TER o #15 {1, 2, -+, n—1, n} PP ILE {i1, i2, -, ix_1, ix} WL
o(ir) = ig, 0(ik—1) =ik, o(ix) =1, XHEHR FHRITERRIEAE, WFZEHN k- R,
FREeHe, 1Ak o = (i1, 42, -, ik—1, i), WK 9.1 PR

=iy =l =iy

.~

B 91 ki

N on GlEHEEW ¢ = ( ) &AL TG.

k FRODECIRE. k= 1 B, 1- RO B, k=2 W, 2- B0 (iy,00) MM X3
BN 0 = (in, iz, -, dk—1, @), 7= (1, J2, -5 Ji-1, Jo) PHANAREE, W2R &+

N ICEEBEAFH.

EIE 9.3.2 EE—ANBRITARTAH R RS RG TR ERE EERAF
HUTF, ZREAXZE—.

E ®oRS={1,2 -, n—1 n} ER—DEHR £ S FER—DTE, & .
PR n+1 ANcE

igl), O’l (1(11)) , e, o" (1(11)) , o" (1‘51))
HEAE n JLHE S R, AT k #1 H
ok (i&”) =gl (i&l)) .

A k> 1, £ EAPIR R (o), 1R E

s (igl)) = i(ll).
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Wk < AR ot (i) = ) iR, JFS
@)=t (i), i) =oh (i),

W = (i, i, L i) R k- BB R k= 0, W0 = o1 SHRRL
ME k< n, £S5 - {80, iﬁjj} FULE AN TEE, WHh P W ke < n BfER
ot (i) =il mENERH, IFS

B =g (i), -, @ =Mt (i),

W) oy = (z‘ﬁ”, i .. i}c‘j) NG o) AR ko— ¥ T X, ATE S oy, -, 00
AW kp— B o, B by + ko4 -+ ko =n HIAMER ie S, fi

(o102 --0,)(i) = o(i),
JT LA F AT WY,

1 2 3 4 5 6
51 9.3.2 o=
6 5 1 2 4 3

T R SRR R,
TR o = (iy, 2, -, k-1, k), H

) = (2,5,4)(1,6,3).

o = (i1, d2, =+, k1, k) = (i1,9k) (i1, 0k—1) -~ (21, %3) (i1, 92).
1 23 456
$51 9.3.3 o= ( ) =(2,5,4)(1,6,3) = (2,4)(2,5)(1,3)(1,6).
6 5 1 2 4 3

EX 9.3.1 n AHI iy, o, ik, o, B, e, in A FLE (i, i) MBOERF,
o R k<l B, ip >4, WHEF] P59 MO S 6 EFEL 2 H [0, o, in)

EIE 9.3.3 EE—ANE# o FT AR TAH — bt ey fein, Bt $ed 185 4
5ty FH [o(1), -, o(n)] #9¥riBME4aR.

HWERR X 1 = (o(k), o(l)), HXFTHEF

0(1)’ e O'(k), cee 0-([), cee 0'(?1,)

1E 153 218 HES
o(1), -+, a(l), -+, a(k), -, o(n),
WA A SO A R R
(a(k), o(k+1)), ---, (a(k), a(l)), (o(k+1), a(l)), ---, (a(l = 1), a(l)),
l—kvﬁ ko1 *of

(O'(IC), U(k+ 1))7 Tty (U(k)v U(l))! (U(k+ 1)’ O'(Z)), T (U(l - 1)7 U(Z)),
20— k) — 1 %, Bk, XSRS PR [o(1),- -, o(n)] AT
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BES o =7, 110 A m DRI, WHES 1,--- 0 B3 m AKX 4 HE51
a(l),--- ,o(n) . Wik, WFE [0(1),--- ,0(n)] MFHEES 1, 0] +m =m KEFEMEHE.
UEEE.
EX 9.3.2 —AH# o M IBER, wRETURTAHBEANTHRGER, o0 T
B, R CTART A FHA TG T AR,
Ry 933,

HE R x 58k
AR x ArE#HR = FEH < HEHR

id A, A n ol B RARES.

EIE 9.3.4 A, x Bi#eyREMAR—NBE, LHZ nl/2.

M B EER S B RPUR (R E R, B OR R R E R R R E
e, BTLL A, ] E A R — N

Rk A7 B e S 10 B () B UL A B, BTLA n CAT BB A RSN 1A, = {10 |0 €
A}, B r BT —A A ER. Fit, e — &8k, A

3 e
wE M

S, =A,UTA,
PR
|Sn| = |An| + [T An| = 2|An],
H|An| = n!/2. HFEE.
A, g AT EEEE
B n JCE A OB n T BHREE.
5] 9.3.4 X o= (1, 2, 3), M IEAEE
G=<o>={e (1, 2, 3), (1, 3, 2)}
REZABEHE
51 9.3.5 & op = (1, 2, 3, 4), 02 = (1, 3, 2, 4), IFAFE
G, =< o, >=1{e, (1, 2, 3, 4),(1, 3)(2, 4), (1, 4, 3, 2)}
Fa
G2 =< 02 >= {6, (17 37 27 4): (17 2)(37 4)7 (17 47 27 3)}

AR 4 TTE A
T 9.3.5 K G AN n B N GRAM—A n TEHRE
iE fTH a € G, 1E G 3B S LGt

To:x+——azx (z€QG),
ShE 1, £E G ERE— XN, Bl 7, & G RN ANER 4 o ARES A

G' ={14 | a € G},
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W G &—MBE. FLL SMERE 70, e, H

(7a) (1) (2) = 7a(bz) = a(bx) = (ab)(z) = Tab(z),

H, 7om = Tap € G'. AN, BEEET
1, BTG (1) =701,
X G 3| G et

: Ta(ToTe) = Tabe) = T(ab)e = (TaT)Te; HHRALIT 7. ; TG

zedG.

prar—T,

XA, H ¢(ab) = Tap = Tam = p(a)p(b),
FHBFF 4 JTTXTFREE Sy,
51 9.3.6 R 4 *FARBE Sy BT A

WG RWT G HFEE.

B LM AT AR BILL T Cayley B (B 9.2). #ikBREES T oo FuREHEM

4123 = 3412
Vo Sy
\ \\\ e
v T~ 2413 =——4132 =7 4
\ 4 2 S !
\ (N .7 \(JJ ,/
\ \\\q”/ e !
\ \c) i ) (’9 N2 /
v o324l —=1324 17, N
\ N ! \\ - N\ /I
1243 =——243%. f 2134 =—— 1342
j 4321 =—3214" \
1342 -1432—=2143 1243
3124(—14319, 4 (12391 ‘3213(—13421
[ ()) N / ’/@ g \
DN T 312 =—— 1423 S
N &7 o 4 A
i 4 \
] \\ [ // \
i N, ’ \
1 \\ # \
i N (1324) Vd \
', m\‘}}j e BM—=—4231- \(\/)?34) v
1234~ (1432) T~ 34
B 9.2 Ss I Cayley K
= 4 UIEHEE
H1234 = {Ul = (17 27 37 4)7 0-% = (17 3)(21 4)7 0:13 = (17 4$ 37 2)1 0'111 = (1)(2)(3)(4)}
= Hys.
H1243 - {02 = (1) 27 4, 3)7 U% = (11 4)(2’ 3)) Ug = (17 31 41 2)7 Ug = (1)(2)(3)(4)}
= Hizgo.
H1324 - {03 = (17 37 21 4)7 Ug = (1a 2)(37 4)a Ug = (1) 4a 27 3)1 Ug = (1)(2)(3)(4)}
= Hygos.
5 2 3 41 1 2 3 4 1 2 3 4
0? = — = (1, 3)(2, 4).
3 4 1 2 2 3 4 1 3 4 1 2
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3 3 4 1 2 1 2 3 4 1 2 3 4
o] = = .
4 1 2 3 3 4 1 2 4 1 2 3

AN AERALIC K JTH) 4 TR

Hy = {Tl = (17 2)(37 4)) T2 = (17 3)(27 4)1 T3, = (1’ 4)(2’ 3)7 id = (1)(2)(3)(4)}

1 4 =Tl

Hiz = {oa=(1, 2, 3)(4), ?1 (1, 3, 2)(4), 02 =(1)(2)(3)(4)} = Hiza.

Higy = {os=(1, 2, 4)(3), 03 =(1, 4, 2)(3), 08 = (1)(2)(3)(4)} = Hiae.

Hizg = {o6=(1, 3, 4)(2), 0§ = (1, 4, 3)(2), 0§ = (1)(2)(3)(4)} = Hiss.

Hozs = {o7=(2, 3, 4)(1), 07 = (2, 4, 3)(1), 0 = (1)(2)(3)(4)} = Haus.
9.4 >Jfn

‘ 1 23 45 6 123456\ .
(1) % oy = , Og = , W 0109, 0201, o7t
2 3 4 5 6 1 5 3 4 2 6 1

(2) 3K 4 BYXIRRBE Sy BT =B T8

3) 3R 4 YXTRREE Sy WIFTE 4 B TBE.

4) FHHE— e TR

5) W p REAFEE UEW: el Fy = F{0} ZFMTIN# Z/(p — 1)Z HITFHRE.

6) & p =7, MIGEFRE Fy = F{0} PRFERMMBE Z/(p — 1)Z FINER, FHFUH] 28
(5) PN KA.

(7) W p RAEE UEW: Z/p*Z R TON Hevi A B — ME R, JF SR

(8) 3K Z/49Z* KT AT,

(9) 3K 6 BrXTFREE Se MIATH 5 M TBE.

(10) UEB: SLy(Z) = {(

() ()

e 2]

(1) W] AT E?

(2) WAl SKR—AMEABERI A BTG, LR el Kk pir 3 A2 oG ?

(3) W G Z&— n MAWRE, d & n —MHET. MEEHFLE—NICE o EHHLMA 4. W
RAEAE, W] RARTHS?

(4) el K H B HABE S5 BT T8 R A BOT?

(
(
(
(

IS

b) | a,b,c,d € Z,ad — bc—l} — Nk, HAROTA
d



F10E IKE5E1EHE

ATHERAWMIZE (IE “+” &Ik« ) NS, mABEES 2. 2Ee5x T
TINVEAE RS B A, X TSRty AR B &R

10.1 IR

10.1.1 BAXEX

EX 10.1.1 & R AL A Ak (BFRTAWE (+) Ffik) HFEZRES ok
VAT & AR 2L

(1) R xFFAakM m—A~ RIRFF.

(ii) (£64F) *1EZEM a, b, c€ R, A (ab)c = a(be).

(iii) (o BeiE) *1E&EM a, b, cE R A

(a+bc=ac+bc #= a(b+c)=ab+ ac.

N R BIR.
Jo AL i R
(iv) #H1EZ 4 a,b € R, H ab = ba,
N R ZIRIR.
R R PH—NLEK e=1p 577
(v)1EZEM ac R, A algp = lga =a,
0 R ™ B BAITTIR.
NI EH R T IuHE SR
EIE 10.1.1 &K R Z—AK, 0
(1) *H1E&F a€ R, A Oa=a0=0.
(ii) #1£%& a,b € R, A (—a)b=a(—b) = —ab.
(iii) #H1E£%& a,b€ R, A (—a)(—b) = ab.
(iv) *sH1E&E n € Z, 1% a,b € R, H (na)b = a(nb) = nab.
(v)*1EE a;,b; € R, A

(}:) <ij) =S “ay.
=1 =1 =1 j=1
iE (1) WA 0a=(0+0)a=0a+0a, FrLA 0Oa = 0. [FIFE, a0 = 0.
(ii) A (—a)b + ab = ((—a) + a)b = 0a = 0, a(—b) + ab = a((—b) + b) = a0 = 0, LA
(—a)b = a(—b) = —ab.
(i), (iv) A1 (v) AT/ (1) F1 (ii) 23
T 10.1.2 % R RAE5TMK. K n REEH a, b, ay, ---, a, € R.
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(i) %% ab = ba, N

n __ < n! kin—k
(a+0b) —kzzo_k!(n_k)!ab .

(11) ‘ﬁu% a;a; = a;a;, 1< Z,] < r, F!'J

n! ; :

n 7 2

(a1+-~-+ar) = E i'“.i'all...arr.
iy betip=n L m

HE (1) X n HECEERGNE. M =1 K, 18 BR
R n=s KR, B

s __ . s! kps—k
(a+b) _Z—k!(s—k)!ab ,
k=0

MY n=s+1K1A FEEEF ab=ba)

(a+b)*tt = (a+b)*(a+b)

> s! .
= (kzzo makb ’“) (a+b)

_ - s! kps—k - s! kps—k+1
- kZ:Ok!(s—k)!a o a+kz:;)k!(s—k)!a o

s—1

s! s!

_ k+1lps—k N k+13s—k s+1 s+1
= Z(k!(s—k)!a Iy TP S T )” o

k=0

_ (S+1)' kis+1—k
= 2, kI( R

HIXF no= s + 1 SR MRSL, #oE BEROL.
(ii) %F r FAZEE:. 25 r =2 BEIY (1) M40, BARAL.
BBt r < m S50 AL.
Br=m+1 M, d (1) ZEHRETE

(a1 +- -+ am +ami1)" = ((a1+ -+ am) + am41)"

n

n! ; i
= n=tmi1 gtmil
— E ———— (a1 + + G ) i 1g TR
P . zm+l'(n Zm+1)'
tm+41=0
n .
B n! . (n - 'Lm+1)! i i, bml
B imt1!(n — imgr)! il i L Om Gmd
tm+1=0 1t im =N —im 1
n! i : i
— E I 5 R m+1
- . |a1 a‘nTam-l»l’

ISRERRE . 1) !
1+ Fimtimp1=n 1 metmtl

B r = m+ 1 5RO,
5] 10.1.1 #HE 7 A F45 06 RIRIR.
(1) Z XFF i a+ b BWE— D EMEBE. FCH 0, a MHITH —a.

UEHE.
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(2) Z X T3RIE a- b, WL AN ACAHE, JEHE L ASHAE, AT 1.
K, Z BT AL T A

il 10.1.2 Z2AXE R[X] BA L1506 IR,

W f(z) = anz™ + -+ a1z + ag, g(x) = bya™ +--- + bz + by € R[X].
(1) £ R[X] b5 Xmik:

(f+9)(@) = (an +by)z" + -+ (a1 + b))z + (ao + bo),

W RIX] X T iZhnvEsa e — N A8 e B
FICH 0, f(z) FFTCA (- f)(z) = (—an)z™ + - + (—a1)z + (—ao).
W f(z) =anz™ + - +a1x+ag, an #0, g(x) =bpz™ +---+bixz+by, by #£0.
(2) 7 R[X| b5 X3eik:

n+m

(f-9)(@) = cnimz + Cntm—1Z™™ 4 1z + o,
Hp o= Y abj, 0<k<n+m, R
iti=k
Cntm = Gnbm, Cnym—1 = Anbm_1 +an_1bm, -+, co = apbo.

R[X] XT3k, AL 45 A Aoy o, IO AL ATl A3 8T 1.
Kk, RIX] & AL TR A A,
(1) Z/6Z X TN a+ b MR —ANACHINBE. TICH 0, a HHITH 6 — a.
(2) Z/6Z XTIk a- b, Wi LE ST IE, FHHAT T
Z/6Z A S, & MT AT IR, RN EZR R %, W

2-3=0.

10.1.2 FEAFIH

LT X

EX 10.1.2 KX R AKX R FEERAL o 4 EFTRFGT A AEBF), wR AL
FELbe R (ATERA c€ R) 1#4F ab=0 (LA ca=0), a #H FTETF, R ECRH
HERBRFAERRAT, N4k R AH KR TR

2 M3 BEH Z/6Z P IHIER T

EM 10.1.3 X R ZAAF457T 1z $93R. R ¥ U o A BT ERA HFET) , 4=
RALEA b R (AT ERA c € R) 184F ab= 15 (TEKA ca = 15). X0, b (FTEA ¢
K a 0 BB A EiE). o A BT, W RE R A LEAFAEA.

TH 5 23 Z/6Z Fi¥icT.

il 10.1.4 My(Z) = {( @b ) |a,b,c,d€Z} &t FAEM 6 o ik Fe ik R — AN A %
c d
A2 LA B F 64 4F AR IR,
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(1) Mo(Z) XFTHE B v

a; b " as by B a; +ay by + by
cp dy co  dp c1+cy dy+do
Koy Ji— A AT 4

gﬁ;j&j(o 0>7<a b)mﬁﬁm_(a b):<—a ~b)'
0 0 c d c d —c —d

(2) My(Z) XF 150 P ik
a; by as by B aias + bicy  aibs + bids
¢ di cy do crag +dieco  ciby + dido
1 0
WAL A AR S IO AR, A AT ( )

(3) AEH TR
00) (oo) [o0o0+01 00+00) [0 0
10 10 1.040-1 1-040-0 00 )
10 00\ (00 00 1o) (oo
10 11) \oo]) 11 10 2 0 )

Kk, My(Z) &— N AL TR ] 1 R JEAS # 2R

10.1.3 EILERME
71— SEIR FLATHOROR 7 10— LoV, BUHETR. T &M MR 25 118
EX 10.1.4 & R R—ARK. A R A BIR, Wk R PH R4, 2AH KR T
BHOR 7 R— N
MR 10.1.1 R R AR N RYAHEERL, BFH c#£0, cca=c-bB, A a=hb.
HE Yca=c- b, H
c(a—b) =0.

o R 2%, TEHT, Ll a — b= 0. G5iREAL. UEHE.
5 10.1.5 % AKXIK Z[X] —A K.
S 21X N AT IR (B 10.1.2). AE R F U Z2(X) P EFEH T
W f(z) =apnz" +---+a1z+ag, an#0, g(x)=bpx™ +---+bx+by, bm #0,
854

(f ’ g)((l?) = Cn+mmn+m + cn+m41$n+mv1 +---+cx+c = Oa
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ELPC;C——— Z aibj, 0<k<n+m,ﬂﬂ

i+j=k
Cn+m = a"n,bm,a Cnt+m—1 — anbm—l + an—lenq i, Co = a()b(h

W ¢ = anbm = 0. Kk Z ZHEH, FTLLAF a, =0 8L b, = 0, FJE.

W, AR A A EEGE Q MM (WAEF o RS IERY), Bk, S5
SRR — e,

ENX 10.1.5 HRRIK K A—A1, R K AT, BENERAHATHET,
BP K & F Aok m— AN REBE, K* = K\ {0} & FREMR—A 388

10.1.4 AIIR ERYER

I Ja, A S EEBOA IR R R Mt vT BAS. ] B10E |

ENX 10.1.6 X R Z—/NRMIK a, be R, b#£0. FZ—ATE cec R1EMH a = cb,
AR D B o RA a b ER, T b | o XH, FE b o 9 EAF, & a M b 89 fETT.

W b, ¢ WARLALITT, 5 b A o I EEF.

R I E p B R T s J/e, Wk p AT, HRA LK. Wi, w
BAITCE D, ce RAELE p=cb, M b 8% ¢ —5E &I T.

PINILE a, be R AR B, WERAAAAETYIG v e R 13 a = ub.

TG o, b HAMIFA T L.

BHOA Z PRI LY o AL

2K Q PR s A nT 2 2 1.

B Z[V=5]={a+b/=5 | a, be Z} NILE 2, 3, V=5, 1+ /=5, 6+ /-5 # A
JG, 12 5, 41, 7+ /=5 #ER L0, #H8 b,

5=+v=5-(—vV=5), 41 = (6 + V=5)(6 — V=5), 7T+ V—-5= (1 +V=5)(2 — V-5).

) 10.1.6 HH K Z[V—1] ={a+b/—1|a, be Z} £—/ ¥R
(1) Z[v=1] X hnik

(a+bV/=1)® (c+dvV—1)= (a+c)+ (b+d)vV—1

R S — AN AR
FILH 0, a+by/—1 FIFAITCH —(a+by—1) = (—a) + (—=b)v—1.
(2) Z[v—1] X THiE

(a+bvV—1) ® (c + dv—1) = (ac — bd) + (ad + bc)vV/—1

i ST £ R S, S AL AT B, 4 PBLTT 1.
3) 2, 2+ VoI BARITAIE, 3= (2+ V1) (2 - V1) RALIL.
(4) BT, $5E L % a+b/"T£0 NERT, WAEEIEETT ¢+ dv/—1 13

(a+bv=1) ® (c+dvV—1) = (ac — bd) + (ad + be)vV—1 = 0,
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Ml ac —bd =0, ad+ be =0, ZE1M ac? = c(bd) = d(—ad), a(c®* +d?)=0. # a =0, b=0.
XJE.

Bk, Z[v/—1) J&— 3R,

(5) AIWiJC a+by/—1 N 1, —1, V=1, —/—1.

#—, AlE Z[V—1) PR a=a+by/—1 (HIHEHIC @ = a — by/—1) I

la| = (04-5)1/2 = \/—m.
WA =AAERX |+ 6] < |a|+ (8] LK a =0 FRELEMZ |of = 0.

10.2 [E#&E
AR Z I E AR,

EX 10.2.1 & R, R ZAANRK. R4t f: R — R AIRER, R f #HLAT
FAF:

(i) sH1EZ4 a, be R, A f(a+b) = f(a)+ f(b);

(i) *HME&E 4 a, be R, A f(ab) = f(a)f(b).

R f R—st—) WAk f A BRI, R f ARG, WK [ AHBRS 2R f A—
xt R e, AR f A4 E4.

EX 10.2.2 W R, R Z2F M. R R Y5 R A, MBAFE—D R 3 R HHEMA.

10.3 $FERZE

AT H B/ MRS R IR
ENX 10.3.1 & R 2N wRAGELE-NRANDEEK p BIFHIEE a € R, #FA

pa=a+---+a=0,
——
A4~

P a

MARIR R 69 45E 4 p. R A6 EA NARIK R 6945424 0.

EIE 10.3.1 wRK K HFAETR AR, W 45484 H F 3

iE W K RIER po R p AREH, WAFAEEEE 1 < p1, po <p, (813 p=p1 - p2.
M,

(P1l1k) (p2lk) = (p1 - p2)1k = 0.
KA K EEE T, BTLL p11x =0 58 py 1k = 0. X 5FFE p HE/METJE. UF e,
EI 10.3.2 X R AH B TH IR, o RIX R 6945452 p, N
(i)sHE&F a, be R, A
(a+ b)P = aP + bP.

(u)ﬂ:Ré'JE’%él]Bk%U a — a? ZARE.



104 4 X B 273

ME (1) AR¥EEHE 1012, 5

p—1

_ p! bk
(a+b)"—a”+b”+kz_:_lk!(p_k)! bk
MF1<k<p-1,H(p, Kp—k)!)=1,MNifip|p k—f(—)) XFE, R MIFRFAE p AFE

#, f%EJE(—'—) akpP—k = 0. [k, (1) ML

(i) ¥ (1), A
ola+b)=(a+bP =aP + b’ =a(a)o(b),
o(a-b)=(a-b)P =a? - =o(a)o(b).

K, o: a — a? ZAFZE. UFEE.
EI 10.3.3 K p R—AFH, f(2) =anz" + - +az+ag RERKZ AKX, N

f(z)? = f(2P) (mod p).
it I F, FMZIAR Fylz) b, NHER 10.3.2 & Fermat /NEFL (EH 2.4.2), fi
f@)P = (an)?(@")? + -+ (a1)?(z)? + (a0)”

= ap(@?)" + - - +ar(zP) +ao
f(z?) (mod p).

P
o 1

ENX 10.3.2 X R, (K,) % R (X K) 3= T4%. XT3 R (X K)
Ry ( Ky) M —A (3R), M R, ( K,) ™# R & T3 ( K 4 Fi).
ENX 10.3.3 — AR EE, wRERELTFE
5 10.3.1 A EHIK Q REK. F, = Z/pZ RFEH
EIE 10.3.4 K F RN R F 4544 0, 1) F A—4N5 Q R ER X
F Q445484 p, M) F A —/N5 F, R E K.

10.4 S

MEEREE Z it oy A B EUE Q R WM EE ) J51%, 18 &7 5 N i
Xf B ) 73 I

WG T Nz — W R,

EIE 1041 RARZRNERXR AFE=AxA* £ FE LEXX% R

(a,b)R(c,d) %% ad = be,

M RAEZE EHFHNXZ, PR

(i) ARM: *H1EE (a,b) € E, & (a,b)R(a,b).

(ii) & #RHE: 4o R (a,b)R(c,d), ¥ (c,d)R(a,b).

(iii) 4£i8 M oK (a,b)R(c,d) # (c,d)R(e, f), W (a,b)R(e, f).
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E (1) XL (a,b) € E, f1 ab = ba, FTLA (a,b)R(a,b).
(i) ® (a,b)R(c,d), HEX, fi ad = be, HETHAZHNE, 5 cb = da. K, (¢, d)R(a,b).
(iii) ¥ (a,b)R(c,d), (c,d)R(e, f), HEX, # ad = be, cf = de, BT

adf = (be)f = b(de) K d(af —be) =0.

KR d ZEH A PIEEF T, BTLL af = be. I, (a,b)R(e, f). UEYE,

¥ (a,b) € B, it % = Clapy = {(c;d) | € E,(c,d)R(a,b)} H (a,b) M.
Sy N,

=C,1) ={(0,d) | € E,(0,d)R(0,1)},

== =IO

= C(l,l) = {(dad) | EE, (dvd)R(17 1)}7
ARIAER de A, f

ad
v = Cladpd) = Clap) =

BLZE L % KT EMIE TS

a
7

E/R = {% | (a,b) € E}.

EIP 10.4.2 X AREIK E=AxA* BRIX E LA X% R: (a,b)R(c,d) %R ad = be.
BiEXH % E/R &Y (a,b) OFNMELERNGEL
MatF EB/R L& L mikAaRikde T

a ¢ ad + be
b d bd
a ¢ _ ac
b d  bd

E/R # AR —AN3K.
iE EGIEM E/R & —ANHINEE.

(1) E/R &4 Xﬂf*‘; 2 feE/R #

a ¢ e ad+bc e (ad+bc)f+(bd)e a(df) +blcf +de) a c e
(—+—)+7= + 3+(E+?)

b d bd f (bd) f b(df)
0
(2)E/Rﬁ$7l:1.
g+9 a-1+b-0 a 9+E_O b+1~a_g
b 1 b-1 b 1 b 1-b b
(3) %e E/R M5t N —% = _Ta
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(4) E/R ZT#H4E. SHMERE -, - € E/R, A

c_ad+bc_cb+da_£+
d bd = db d

T
HIKEW (E/R)* = (E/R)\ {%} NI RE.

(5) (E/R)* d5&H. MHMER e (E/R)*,

a c e
5781?
a ¢\ e ac e_(ac)e_a(ce)_g.<c_e)
(@) 7% 7 6ar w5 \a'7)

(6) (E/R)* 4 ¥ALTT %

gl 8l a 1la la a
b 1 b-1 b 1 b 1-b b
(7) & € (E/R)* W¥TEH (9)_1 = 2
b b T a
ab_ab 1 ba_bae 1
b a b-a 1 a b a-b 1
(8) (B/R)" Zcett. MAERE 2, < € (B/R)", 41
G e _us _wa_cd
b d bd db d b
Kk, E/R ¥—M. EHE.

EH 10.4.2 P E/R W A 1) Rl
B 10.4.1 B A=7 N Z 22—/, i 5 RIK, »H4& Z o9 BEBEE ,it4 Q.
I SN =y

a c¢ ad+bc a ¢ _ac
bTd” "bd 0 b d bd
1 2 1.5+43.2 11 12 1.2 2
37535 15 35 35 15

B 10.4.2 R A=Z/pZ, £F p HFH N A Z—ANER KA 5 XK, ¥ Z2/pZ
& p-JTiE, A F, & GF(p).

Sbi b, # F, = Z/pZ. XF 7 € Fy, 41 b ¢ pZ, Wil p [ b. B4R UL AR, 47
EEE s, t 18 s b+t-p=1,5-b=1 (mod p). K,

:LZ:s-aGZ/pZ‘
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B 10.4.3 & K 22—, N A = Kz] 2—ANER, AdA XK, MM K(z) 9%
M, 124 K (), BP

K@) = {25 1@}, o) € K], ata) £0}.
PRI SN = ]
filz) | fol@) _ [i(2) 92(2) +91(2) fa(2) Hi(@)  falz) _ fi(z) folx)
gi(z)  g2(x) 91(x) g2(x) ogi(@) ga(z)  gi(z) ga(x)

10.5 IBAEFNEHIR
10.5.1 B8

W R &N, T4 RITH, W T2 RIIERM-T8, NI wi#E R/I = {a+1|a€ R}).
MITEBRAE R/T #R— AN ik, BXFH T AEE— P I0EK, BIERR 1 o FEAR.

ENX 10.5.1 K RE AR TR RGFHR. I4#HAH R EBE wwRIEEN rcRA
& acl #H racl. I#4AH RV HEBE, wREZW re RAEZEN ac I, FA
arel. I #A R 4ok RFIMAHLEA LA,

il 10.5.1 {0} A= R A& R 644 =4 R #) F LB,

EIE 1051 A RFETE I RAE FERAL) BRAYGAZLMHA:

(i) sH1EZEM a,be I, #H a—be I

() HEZH) re RFsHEZ ac I, #A rac I GTERA ar e ).

IE B BRI, UER R

HO(1) %, 1 &2 RMTH.

FrE (i) SERPgNIE 1o IekE A, BAE IR R PRI &, B 1 2T A

B, 7 o 2 BRAR A, # T 2 R AEIARL ELE.
HBEZAHAMRTE.
TR 10.5.2 & {A;}jes R R FPHh—ik (&) A, 0 () A; £2A (£) BA.
JEJ
(i) XHMERM a, be (A, Ha, be A;, jeJ WA A; & R IR, RYEEH
jeJ
1051, f a—be A;, je J #ifi,a—be [) A,
J€J
(ii) MMERM r e R MAMERM a € (| Aj, Hac Ay, jeJ BHA A; & R KEA, R
: jed
ﬁiﬂ 10.5.1, ﬁ raec Aj, ] e i&ﬁﬁ, Taec ﬂ AJ
JjEJ
fRYEER 105.1, () A, =2 R —DEAR E 5.
J€J

R E B 10.5.2, AMITATS H— AN IEZ 78 X Al ANEAAR R, A8 X b
FHAH.

EX 10.5.2 % X BRI RY—/NFE & {A;}jes RIRR T4 X 9FTA (£) 2
B, () A AR e XERE () B, 2 (X).

Jj€J
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X FCEMBEAR (X) I EBRTT. R X = {a1, -, an}, WEA (X) LN (a1, ,an),
o BIREMRY. H— Do RN EAR (o) i £

Tl < X > hnE ErRER.

EIE 10.5.3 X R AX#EK ac R, XCR N

(i) 224 (o) A

m
(a) = {ra+ar'+na+2nasi r, 8, Ti, S; € R, m € N, neZ}.

i=1

(ii) 4R R A AL 15 B, 0

(a):{Zriasi|ri, si € R, meN}.

=1
(iii) R a £ RGPS (BPH1EZE re R, A ra=ar), 1
(a) ={ra+mna|reR, neZ}

(iv) Ra={ra|re R} (%t Z#H aR=1{ar |r€ R} ) 2 R ¥4 (A %) &2
8. R RAFLA, N a€ Ra, a€aR.
(1) %

m
I = {ra—l—ar'-f—na—i—Zriasi |7, s, 15, i€ R, meN, ne Z},

i=1

W 12— o MEAL 50 B MHMER

mi ma2
’
a =r1a+ar'1+n1a+ E T1,:;QS81:, Ay =T2a-+ar, +nza-+ E rg,iasziel,

=1 1=1

Uk reR,

my m2

a1 —az = (r1 —r2)a+a(r; —ry) + (ng —nz)a+ Zrlyiasu + Z(—rg,,-)asm el,

=1 =1

mi
ra; = (rry)a+rar] + (nir)a+ Z(rnﬂ-)asu el,

i=1
ayr=riar+a(ryr)+ni(ar) +Zr1‘,~a(slvir) el,
i=1
ik, 7 2 o A
I A, B a AL, ST

m
a,—_:ra+ar'+na+2ri_asief, r, S, T, ; € R, meN, neZ,

i=1
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A A; ZFEAR, BTl ra,ar’,rias;,na € H;j, NI

m
a,;:ra—i—ar'—i—na—f—Zr,;asieAj,

=1
Bl 1C A, I (A, Bk, TR o AR EAR.
J
(i) Wk R AL 15, WA
ra=ralg, ar'=1gar’, na=(nlg)a.

PR, (i) T
(iii) @R o & R M0, WH

ar' =1"a, iriasi = (ir,—si) a.
=1 1=1
R, (iii) BT
Hy (i) A (idi) BPAT49 3] (iv). kR
W R g EREIR, W R KT AR ERAA.
EIE 10.5.4 H£F Z REIEHARK HEHA [ = (o) HREXH

I=(a)={sal|seZ}

W W TREZPHANETEE HJpel B, HF0=0bel & —b=(-1)be . i,
I PHIEBEAAE. Wast I PREDEEE W T =(a) ={sa|secz) FHLL, HMEE
be I, {FAERE s, r {15

b=sa+r, 0<r<a.

XEE, Hbel R (—s)ael,fBBlr=a+(-s)acl. Br<allfKa I PHE/NEEE
bl r =0, b=sa€ (a), NIl I C (a). XBRH (a) CI. ¥ I = (a), Z & FHIF. UELE.

WiIL W= (a) ¥R Z PHEE W b I HRERME o b

E DB W bel=(a), WAFEREEL s (515 b =sa, KUK, a | b

7o, ¥ a | b, MIAFAEEEE s 75 b=sa, HIk, be I = (a). IEYE.

il 10.5.2 R[X] & AKX,

EBZ e 11.6.1.

5] 10.5.3 Z[y/—5] AR LMK

T S AR IS

w R E—A. A, B R R (A) #HAA, N

H X={a+b|ac A, be B} £kl (4) HA], KA (A) B A, B [f) FnIB48 i1k
A+ B.

B X ={ab|ac A, be B} £t () HAR, FROVEEAR A B (K FR3B48, idfE A - B, fii
A AB.
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j&—iv ﬁ R 7‘%__‘/'\% Ala A27 Ty An~17 A'n, IEéﬂ; R B':J (E) }Eﬁ, mum%uﬂi‘éx

A +As+ -+ Anor, A ERIERRR BROA Ay, Ao, -+, A,q, A, IIRIEAR G0 4E
A+ A+ + An1 + An.

H A - Ay oo Apoq, A, AERBERAE FROA Ay, Ao, oo, Any, A, IBUERARL G04E
Ay~ Ay~ e Ap g Ay,

EIE 10.5.5 K A, B, C F R & (&) 24, 0

(i1)A+B={a+b|a€e A, be B}.

(ii)AB:{iajbjlajeA, bjEB, SEN}.
j=1

(iii) ( A+ B)+C=A+ (B+0C).

(iv) (AB)C = ABC = A(BC).

E (i)W I={a+blacA be B} FKiIEH I & (£) B MMERK uw, vel UK
rGR,ﬁ%Eal, (JQEA, bl, bzGB{E‘T%U:a1+b1, v———a2+b2. UEJ?U A, B%(E)ﬂﬁg,
F}?U\al—aq,Ta1€A&b1—b2,Tb1€B,Mﬁﬁ

u—v=(a1—a2)+ (b1 —b) €I, ru=(ra)+(rb)e€l

W RM () A B T 2EE {a+blacA be B} M/ M. A+ B=1

(ii)i!)%Jz{fjlajbj|ajeA, bj € B, sEN}. SCUERR J & (o) BEAE AT u, v e J
1=

5 s+t
U&TER,ﬁZ-EaiEA,biEB, 1<i<s+t1§?§u=2ajbj,vz Z a_.ib‘j,lilj\]A,B
j=1

j=s+1
K& (Z2) B, P (—aj), raj € A, 1 <j<s+t, NI

s+t

u—v—Zan + > (—aj)bjed

Jj=s+1

ru= Z(raj)bj € J,

Jj=1
WJ 2 R (f) HAR
B, WTAE {ab|ac A, be B} WAL —34H Ay, Ha; € A, b € B, 3% a;b; € J,
N Ay BEAR, il u= 3 a;b; € Ay, JC Ay XUH], AB = J.
=1

(i) X FEREM v c A+ B, cc C,fffE ac A, be B, {fif3 u=a+ b, Mifi

ut+c=(a+b)+c=a+(b+c)e A+ (B+C).

Hik, (A+B)+CCc A+ (B+0).
FIFEAT1R, A+ (B+C)C(A+B)+C, M (A+B)+C=A+(B+C).



280 F10FE K5 #H M

(iv) XFALEM ue AB, c€ C, fifE a; € A, b; € B, 1< j<s, i u= zs:ajbj,
j=1
M

uc = (i a; bj) c = iaj (b] C) (S A(BC)

g=1
Kk, (AB)C c A(BC).
[AFER#3, A(BC) C (AB)C, #l (AB)C = A(BC). iEHe.
51 10.5.4 & A= (a), B=(b) %K Z 9324 E9.

A+ B = ((a,b)), AB=(ab),

HF (a,b) ZEFH o, bR KB H
iE (1) MR 10.5.5 AEHE 10.5.4, f7

A+B={sa+tb|s, teZ}.

R KL B3R, ATk FHEEL 5o, to 145 soa+tob = (a,b), KL, (a,b) € A+ B.

SARPERER M, B (a,b) | a, (a,b) | b WTHERS: SMEREEH s, t, 71 (a,b) | sa+th,
Kt (a,b) & A+ B Him/MESAEL

#® A+ B = ((a,b)).

(2) A4 EBE 10.5.5 FEHE 10.5.4, 7

AB:{ZajbjlajeA, b; € B, seN}:{kablkeZ}.
j=1
UEEE.
EH 10.5.6 & Ay, Ay, -+, A,, B, C 3 R & (£) 24, 0
(I)A + A+ +A,={a1+as+ - +a,|a; € A;, 1<i<n} & (£) A,
(ii)A1A2-~-An={
(iii) B(A; + A2 +---+ A,) = BA; + BAy+ --- + BA,,
(Ay + Ag + o+ A,)C = A1C + A3C +++ -+ A,C.
WE X HEEFANE. M e =2 K, HEH 10.5.6, EF KL
% n—1 B, EEERRAL.
XFn,
(i)A1+A2+"'+AnA1+An=(A1+A2+"'+Anﬁ1)+An%(E) EI*E\
(11) A1A2"'A1L—1An: (A1A2"'An_1)An 7’&35 (ZE.) ﬂf;ﬁ
(iil)
B(A1+A2+"'+An‘1+An) = B(A1+A2+"’+An-l)+BAn
BA, +BAy+---+ BA,_, + BA,,

S
darjaz;can;lai; €A, 1<i<n, 1<j<s, SGN})%(}E)
i=1
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(Ar+Az+- +A, 1+A4,)C = AC+ (Az+---+A,1+4,)C
A1C+ AC + -+ An_IC—i—AnC.

Il

UEEE.
10.5.2 @R
THHEERH R/T FIHE.
EI 10.5.7 X RA—AK, I & RG—AEHE N R/I 3t-FAeikiz F
(a+D)+b+1)=(a+b)+1T
Fo e ki H
(a+Db+1)=ab+1

MBR—ANIR. 4 R R RIBIARA LA, R/I 4R RIRIFRA 4570,
IE OSSN R IR I SO A, RS R E AR TR T k.
KA T 23 R —NEAE, BTl T2 (R, +) M—NEM TR Kk, Bre Xrmigkia
HEEHEN.
HEERFIEHEXEEE. Wa+T=a+1, by +I=by+ 1,1

a; =ag + 1y, by = by + 1o, ry, r9 € 1.
Iz\:]jb 1 %}E,*;E, Fﬁ’u T bz, agTo, T1 T2 € 1. Mmi,
alb1+1=(az+T1)(b2+T2)+I=a2b2+7‘1b2+a2’r‘2+7‘17‘2+I=a2b2+1.

BRI, it s SRR3R SR A R
HWK, R/I PHEEEE L, SMEE a+ Lb+1,e+ 1€ R/,

(a+D(b+D(c+1) = (a+I)((bc)+1)=albe)+1
= (ab)e+1
= ((a+ Db+ ID)(c+1)
BIX, R/I AR Lk MER a+ Lb+1,c+ 1€ R/ T
(a+I)((b+1)(c+1I) = (a+I)((be)+I)=ualbe)+1
= (ab)e+1I
= ((@a+Db+D)(c+1)

)G, M R AWK, B AT 15 B, SHEE a+ I,b+ T € R/I, 5
(a+D(b+I)=ab+T=ba+1=(b+1I)(a+]1),

(a+I)(Ig+1I)=alg+1I=a, (Ag+I)(a+I)=1lga+I=a+1.

8 R/I MR, B R BAHA A ALK, R/T A A fic. UEYE.
SEFL 10.5.7 FHIFR R/T WA R 5T T 1 IR
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10.5.3 RESHBEE
T4 RIS S i e B
EIE 10.5.8 (RIANM) & f 2K R FIFR R R A, N f 694% ker(f) 2 R #9324
Btk 4R I £3K R 6434, D a4t
s:R — R/I
a — a+1
RAEA TR A.
WE W f 2 R BN R MREE, WXHER a, b€ ker(f), re R, fi
fla—=b) = f(a)— f(b) =0
A K
f(ra)=f(r)f(a) = f(r)-0=0, f(ar)= f(a)f(r)=0-f(r) =0,

M a—b, ra,ar € ker(f). Kk, ker(f) & R HIEEAE.
S, VWS

s:R — RJI
a — a+1
W s ZFRZ. HELE, XHMEE a, beR, A
s(a+b)=(a+b)+I=(a+I)+(b+1I)=s(a)+sb),
s(ab)=ab+1I=(a+I)(b+1I)=s(a)sb).
BeAh, WAL (a+ 1) € R/I, FIRBH a, ¥ s 1 R 3| R/T WHRIA. #E—F,
ker(s)={a|a+I=1I1,a€R}={alacl}=1.
uEEe.
W s R— R/I FRA R 3 R/I BARZE.
EE 10.5.9 & f AR R IR R ¥R A, NAEE— R/ker(f) BUET IR f(R) 8

BIM f:a+ker(f)— f(a) #4F f=iofos, £F s £ R B|H K R/ker(f) th A AR A,
ic——c A f(R) 3| R 918 F R A, BPA VAT & EA 10.1.

R S, R

sl B T
R/ker(f) L f(R)
K 10.1 ACHKE

WE R E R 10.5.8, ker(f) &F R MHAR, FrUFLER IR R/ker(f). IRAEZUERH:
f:a+ker(f) — f(a)
i& R/ker(f) BB TH f(R) KIRIH.
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B, [ & R/ker(f) B f(R) MR, F9 b, MHMEREM at+ker(f), b+ker(f) € R/ker(f),
F((a+ker(f))(b+ker(f)) = f((ab) + ker(f)) = f(ab) = f(a)f(b)
= fa+ker(f))f(b+ ker(f)).
HK, X1, =L b, 35 a4+ ker(f) € ker(f), 13
fla+ker(f)) = f(a) =0,
WA a € ker(f) PAS a + ker(f) = ker(f).
BJE, T RWFEAR. HH b MMEE ¢ € f(R), fi1E a € R 18 f(a) = ¢. M,
Fla+ker(f)) = f(a) = ¢, Bl a+ ker(f) 4& ¢ HIRUE.
B, FRERNR, 3FHA f=iofos L b MMERM ac R,
(io fos)(a) =i(f(s(a)) = i(f(a +ker(f))) = i(f(a)) = f(a).
AR, T ORME—). Fs b WA R g R/ker(f) — f(R) 13 f=iogos, WX}
{13 a + ker(f) € R/ker(f), H
gla +ker(f)) =i(g(s(a))) = (iogos)(a) = f(a) = fla+ ker(f)).
Ktk g = f. UFEE.

10.6 XRIBE#E
AR S R FAR.
SERFR IR Z b i BB R B AR R L A T .
Bk p EEZH, WS o, bWEL p|ab B, —EH pladp|b.
S EFE 10.5.4 S HHAER, Rk ] FIEAERR N

47 (ab) C (p), W (a) C (p) B (b) C (p)

#abe (p), M ace(p) Bbe (p).

¥R AR A

ENX 10.6.1 X P R R 4EM. P ARA R &) RIBHE R P # R, HAEEEA
AB, ABCP,f ACP3 BCP.

EH 10.6.1 X P AR REHE ok PR, BxHEEM a,bec R, % abec P B, A
acPRbeP M PREEA Ritk, R P RZEAEM, H RAZRIMRRK N Lk

M OLEM. WREFHA A B ABCc P, A¢ P, WF#EXE ac A, ag P. SHTEIT
Zbe B, IBEMRE Mabec ABCP Fag P a5 be P. XiitH, Bc P. ik, P &
FHAH

fad sk, # P REHAE, MXMEEM a,be R, W2 abe P, f (a)(b) = (ab) C P. HR#E
EHAEMEY, H (a)c P (b)) c P. HEBE, ac PH be P. UFEE.
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] 10.6.1 (EFTHEIRGTRATFEA

5 10.6.2 X p REH N P=(p)=pZ & Z 4 FEH.

W XHMTEMEES a, b, 77 abe P=(p), W p | ab. RIEERL 142, A p|la B p|b H
WEE] ac P be P ARMEEH 10.6.1, P = (p) = pZ & Z (NI E .

EHE 10.6.2 K R AH R 1z £ 0 69K, NEHR P LERHRYGAZLEMHRZH
I R/P #ER.

iE NI R HHRALIG 1 £ 0, FTUL R/P FFHALIC g+ P FIEIC 0 + P = P. XA
h P EEBM, Ll 1g+ P # P.

AR R/P EERNT. HL L (a+P)b+P)=P, W ab+P=P. H, abe P.
{H P RACHIR R EFAR AR 2P 106.1, BFlac PR be P, Wat+P=PHb+P=P
J& R/P [NEJT, T R/P .

ik, WHTEW a,b € R, WL abe P, WH (a+ P)(b+ P)=ab+ P =P. BRI
R/P JE¥3K, WA ERNT, Filla+ P=P & b+ P=P. HfEE], a c P 8 be P fiHEE
F 10.6.1, HiAH P 2 AR JEEE.

EN 10.6.2 & M £33 R (k) 248 M A R /K () BE, &R M +£ R,
HAxHfEZEWHEA N #F McCNCR A N=M3>*X N=R.

EIE 10.6.3 X R AA EAT 1p # 0 9ERR, MRK (£) BRERALEN. FF
E R $EA (£) BE (4 R) MESE MK (£) BAF.

W AR RMEHE HH A£LR A

S={B|B &R W#4, H AcC B+#R}.

S BARIEAEAM, WA KARER—MTFHE, IS WE—ATHFTHR L={H |iec I},
A H=U;c, Hi, WHZ RMHEM XH ACH CcH, AINXMER H; #R, Bl 1 ¢ H;, {1
1¢H bl H#RHeS. B8R HZLMKWER WS ME—THFTEYAG LR @
Zorn 5|FE%N, S HWAIT H, X—HAICEI N R —MEKEAE, H Ac H'. UEEE.

EI 10.6.4 X Z FeHHENFRAMAM AL,

iE %P Z PEREE W P=(p), Hh p EFEL

M REAE PR WGEAETE ac M\ P. K, G p fa, NI (a,p) = 1. 1
PR SRR L BLAFIR:, TR s, ¢ 13 sa+tp=1. HEBF 1eM UK M =27 K
I, PR OKERAR. IEYE.

EHE 10.6.5 K RA—NAFAA 1z £0 693K, U] R BN KEHAR FHA

iE Wabe M, Hag M HH (a)+M ZMHEE M KHEAE, Il (a)+ M =R X
KA 1peR, FiMfFfE se R,me M, i lg =sa+m. ¥, b=1g-b=sab+mbe M.
A, MR EAR, iEEE,

EI 10.6.6 K R A —NMAFAEA 1p #£0 RIEIK, M & R 9—AA, N M =R
XEAGAELEMHRAHIR R/IM Z—/ K.

IE M B M R, WXTE o € R\ M, H (o) + M & R PR,
B (a)+M =R KWH1ecR FiLIfffE r e R, me M, 4 1 = a-r+m, NIfifs
(a+M)(r+M)=1+M, B} R/M PAE—AEFITTIAW, & R/M 3.
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otk M FItae R\M, i a+ M & R/M FHAEZIT, i R/M J&— MK, FrAF
7 r+ M, 8 (a+ M)(r+ M) =1. tik, (a) + M = R, #{ M & R 1— D KEAR IEE.

EI 10.6.7 X R 2 —ANH A 1y £ 0 69 IRIK, WA T RHFh

(1) R A—A3

(ii) R ZAHAEA

(iii) 0 & R 4R KA.

(iv) BANERFRES R R RERA.

E (1)= (i) WITRRMHEM EHT1#£0, MHacl, a#0. KA REK, FrLl o
RalWise, fFfEre R, i3 ra=1. B, 1=racl, I =R Xij¥ R HRAT LI

(i) = (iii). H (i), ZHEE o FMEAENSA R, X 0 ZHCHA.

(iii) = (iv). ® f: R — R RAEZHIIARFEE, W ker(f) # R A 0 MELAL 0 &K
AR FTLA ker(f) = 0, B f 28 [A]Z&.

(iv) = (1). & R AR, WAFEAEZRARWTT o, K, B T = (o) RHEFEE N
M R E| R/I WAKRNEE s: R— R/I ANRERFZE, T, Hik R & UFEE.

10.7 3@
(1) % R ZHRAIIC e P, IEH AT THAKRNIES R* = {a | a € R, ff{f d €
R} a-a' =a' -a= e} X THRIEME—DHE
(2) % R AN e (A UEW R AT AR E N T
(3) ® R Z¥. ¥R R AR, W R FMEAICE a € R #HAL o® = 1. IEH: fi/RHE
R RATHIA.
(4) UEM: JEZTAT PRAEFA R — Mk
(5) ® R X R HhICE o RAFEN, WIRAFAEIEEE m 413 o™ =0, IEH: 9 R B
BRI, REICHE o M b A o+ b WRETEEIT.
(6) IEMIHES Z[V2) = {a+ bV2 | a,b € Z} XT3 % IR Bl — AN 4R
(7) WEMEES Z[V3] = {a+ bV3 | a,b € Z} X T30 H I INIEFIRIER Bl — 3R,
(8) UEMEES Z[V5) = {a+ bV5 | a,b € Z} XF T30 % AN et b jle— A #E 3R,
(9) & D BTV KB K. iE4ES Z[VD)] = {a+bVD | a,b € Z} XT3 Nz
FFIEM il — A HE TR
(10) & R NI, n>2, W R b n MYHFERE M, (R) X TH BRI 3 f mi
— AN EAT IR,
(11) @ H={a+b-it+c j+d-k|labedecR}, XE ==k =-1,i j=Fk=
~j3, j-k=i=-k-j, k-i=7=—i-k Z2—NEXEHRK.
(12) iEMES QIV2] = {a+bv2 | a,b e Q} XT3 % i bk Fsfeid by sl — k.
(13) IEMES Q[V3] = {a + bV3 | a,b € Q} XTIl F Mk Rk i i — 5.
(14) IEMES Q[VE] = {a+ b5 | a,b € Q) Xf T3 H Ik A iy il K.
(15) ¥ D 2L VI N #E. iEHES Q[VD] = {a+ VD | a,b € Q) XTIl i hnvz
FTIEA L — AN,
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(16) IEMIES QV2+ V3] = {a+bV2 +¢cV3+dV6 | a,b,c,d € Q} X Tl H I ik
Fe) i — A4

(1) 3 R W EILFHEH, & B R ER 2t A7

(2) BT ZE TR R, WA, 8 m FRER 2/mZ, LI Z/mZ[z).

(3) I R A AT KWL LT T %M, iR BE0F Z, BmArE0L Z[v—1), Z 1A%
Z[z) M Qz].

(4) 7EEFA Z b, FIFIEACRRR RN #ER . BB BRARE

(5) ZHAHK Q[z] & FFRINFAG? WA RN T AL I 2 HNHER 2 2 AN R K2
BRI K7



F1E FZmMAIR

11.1  ZIRXEIR
A% G 2 . KA 2 TR F 5 VAR S B e A TV RS 24 A3 FE B N, )
A PR R IE, BT DO 2 15 22 1R i
W R, o HE N R A
anx™ + - +ajx+ag, a;€R
IotEMR A R B Z I,
W f(z) = anz™ + - + a1z + ag, a, # 0 ZFEH R EMZ G, WFRZ IR f(2) 1R
B Hn, A deg f =n.
5 11.1.1 Z[X] P49 220+ 3 69REA 1, 22 + 22 + 3 BRELA 2, 2t + 1 B9REH 4,
24t a4+ 1 AGREH 8.
wWHIR R FeRZ AR ES AN
RX]={f(z) =anz" + - +a1z+ao | a; €R, 0<i<n, neN}. (11.1)
B, X RIX) LRk &
f(@) =anz" +an 12" '+ -+ a1z +a0, (&) = bz +bp_12" "+ + bz + by,
SES f(z) R g(z) IR
(f + g)(:z:) = (an + b'n)l'n + (an—l + bn—l)l"n’*1 + et ((11 + bl)I + (a() + b()), (11.2)
W RIX] FIFETCAH 0, f(z) BHRTTA (—f)(z) = (—an)z™ + - + (—a1)z + (—ao).
HK, X RIX] L. & :

f(l') = anmn =+ anflmn_l + -+ a1x +ag, an 7§ 0,

9(x) = bpz™ + bp_12™ -+ bz + by, by # 0,
SEX f(z) N g(x) HIFREN

(f - 9)(®) = carmz™™ + Cnpm—12™t™ 7 4+ + 17+ 0, (11.3)
Hep
cr = > aib; = agbo + ar_1by + -+ arbp_1 +aobk, 0 <k <n+m, (11.4)
i+j=k, 0<i<n, 0<j<m
RfI
Cntm = Anbm, Cnim—1 = @nbm—_1 4+ @n_1bm, -+, ck = z agbj, ---, co = apbo,
iti=k

W RIX] " EAIICH 1.
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EHE 11.1.1 & Rlz] %X R LS ALK (11.1). MF S AX ik
KX (11.2) AA SRR FEX (11.3), Rlz] £—ANEIK.

W Zan, RIX) M2 (11.2) 2 —scimt. A4 T2
F6 0, ZIWA f WHICRE (—f), BARHE.

RIX] X T2 MR (11.3), BASEH, 1p RPNIIT 1gy,), A HAE. B,
Rlz) EEHT. Tk, &

fl@)=anz" + - +a1x+ag, a, #0, g(x)=0bupz™ +- - +bix+by, by #0,
1£13
(f ! g)(x) = Cn+m$"+m + Cn+1n—1$n+1n71 +---+cxr+c = O,

Hfep= Y abj, 0<k<n+m,Hf
iti=k

Cn4+m — anb'ma Cn+m—1 — an,bm,—l + a"n,—lbm7 e, Co = a0b07

W cnim = anbm = 0. KA R ¥, FTUAT ap =0 B by, =0, FJE. K Rlz] DR

5l 11.1.2 X f(z)=2b+2' +2?+z+ 1, gz)=2" +z+ 1€ Fyz|, N

f(z)+g(z) = 7 + 2% + z* + 22,

f@)g@)=zB +a 42"+ 2 + 28+ 2 + 2t + 2P + L.
E3-9

(@S +zt+2?+z+1)-(@+z+1)= 2B +zt +2%9+ 2%+ 27
+"+ 2+ 3+ 22+
+zb+zt 422 +2+1

= B+l + 2%+ 28+ + 2+t + 23+ L

11.2 ZWMRAERSRAHZHR

ENGEFESVEWIE 73
ENX 11.2.1 & f(z), g(z) 2K R LHEEAANSAX, £ g(z) £0. wRGLE—
MNERK q(z) EAFFX
f(z) =q(z) - g(z) (11.5)

ML, AR g(x) BER f(2) A f(x) B g(x) ER, 24E g(z) | f(2). X8, 4 g(z) " f(z)
# B, f& f(z) M g(z) 89 1B, TR, AR g(o) REEER f(z) RF f(z) FEEK g(z)
ik, etk g(z) ) f(2)

il 11.2.1 Z[X] P&y 20 +3 | 222 +3z,2%2+1|a* — 1.

Z A AR A ALk, Bl



11.2 IR S5 ATAL 0 289

EH 11.2.1 & f(z), g(z), h(z) REFX R EehZ AKX, £+ g(z) #0, h(z) #0. &
g9(z) | f(z), h(z)|g(z), W h(z) | f(z).
iE W g(2) | f(z), h(z) | g(z), IRIEEEBRIIE S, HHFEZINN ¢ (), g2(z) F13

f(@) = a(z)-g(x), g(z) = qa(z) - h(z).

B, B
f(@) =aq(z)  9(z) = qi(z) - (g2(2) - 9(2)) = q(z) - h(z).
KA q(z) = q1(z) - go(z) RZIX, PTUMRE SRR K€ X, 77 h(z) | f(2). iF .
XK f(z), g(z) MEHAE, BERIIMTUEREFR.
E 11.2.2 & f(z), g(z), h(z) #0 REIK R L4 ZRAX. & h(z) | f(z), h(z) | g(z),
MHEZE S AKX s(z), t(z), A

h(z) | s(z) - f(x) + t(x) - g().
WE ¥ A(z) | fz), h(z) | g(x), MAGLEMDZIK g1 (2), g2(x) FHUER
f(x) = q(z) - Mz), g(z) = g2(z) - h(z).

Bl
s(x) - f(z) +t(z)-g(x) = s(z)(q(z)-h(z)) + t(z)(q2(2) - h(z))
= (s(2) - q1(z) +t(2) - @2()) - h(2).

A s(z) - qu(z) + t(z) - go(2) 2K, FTLL s(z) - f(z) + t(z) - g(z) B h(z) $EBR.  UELE.

A% RS T 2 TR BR A BRI X, DA % RS T vk i B /N 2 K, sl 2 AN e 4
gorfgit 2 0, BVR A e 29 2 ik

EX 11.2.2 & f(z) A% R LOEFEFTHZ AN, RERTERAAKX 1 o f(x) 9,
f(z) BA e FHRAX, AL, f(z) KM AAAHZHMR, T, f(z) 1 ER.

2 TR 5 T 295 BT e 34 B %

Bl 11.2.2 AKX 22+ 1 £ Zz] PRRTHY, 2 Flz] ¥ 2T 4.

5l 11.2.3 &£ Fylz] ¥ 4 KA T RTL ZRAX AT % AKX,

WH | AL E TR DESE2TER.
1 z,x+ 1
2 |z2°4+z+1 22, 2 +1=(x+1)? 22 +2

3 2rz+l, 242241 |2, B2 Hl=(+1)(®+z+1), 2% +2,
P2tz P+l trz+l=(z+1)(=®+1)

4 4+l 2+ 41, | 2t 2+, 2t e, 2t 42?2t 2P, 2t 2?41,

a4+ +1 v’z 2t v, 2t 4+ 2, 2t 41,

4 tz+1, 2+ 2?2t 2t 2?4

NEEUENE KBRS R 2 AT AR 2P KL
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FH 11.2.3 & f(z) RIXK L) n KTHERX, p(z) £ f(z) REFE D GIEF I
AKX, N plz) —FRARTHS AKX, H deg p < %deg f.

W RUEZE. R p(z) BRA LI, WAELZ A g(x), 1 < deg q(z) < n, 17
q(z) | p(z). 1 p(z) | f(z), REZ AR LR CEF 11.2.1), f1 q(z) | f(z). X5 p(z)
K f(x) BREd/NMOAEE B F . BTLL, p(z) R&ANAT29 2 15

KA f(z) RATAZ I, FrUFEZ A fi(z) 13

f(x) = fi(z) p(z), 1<degp<deg fi<n.

K, deg p < n/2. uEEE.

F o OdEHE 11.2.3 ATAN, ASAT 22 Ik ek ) i/ HG.

R 11.2.3, ATAZIR f(z) MREEDPAEFEBHR A ATAZ I, H degp <
(deg f)/2. HUt, SEEPFE 3] — N7 2 10— 75 b AS T 2 2 T FR vk ).

EHE 11.2.4 % f(z) RKR K L AKX oRXRFHAGIRTH S AKX p(z), deg p <
%dcg £ AA p(z) [ f(z), M flo) —RARRTHEAX,

11.3 ZIRAKJLEERZE

A5 2% 18 2 TRk L BLA3 BRiZ.
EE 11.3.1 & f(z) =az"+ap12" '+ -+arxtag, g(z) =2+ -+ bz + by 3
IR EAANZ AKX, W —ZHE S AN q(z) F2 r(z) 1257

f(z) =q(z)-g(z) +r(z), degr <degg. (11.6)

E X f(x) BIREL degf = n FEECFIAGNIE.

(i) W degf < degg, W g(z) =0, r(z) = f(z). GERMKL.
(ii) ¥ degf > degg. MRRKLEIRXT degf < n MIZ T ERAL.
KT degf =n > degg, {1

f(@) —anz™™™ - g(z)

= (an—l - anbm‘—l)xn—1 s (an—m — anbo)mn_m == an_m_ll'n_m'_l + -+ ag-

KW £(2) — anz™™ - g(z) UK < n— 1 METR. MIGEHIAME RN (1), f4E
BRBEIR g (z) B ry(z) 143

f(@) —anz™™ ™ - g(z) = qu(z) - g(x) +71(z), degri(z) < deg g().

K, ¢(z) = anz™ ™ + g1(2), r(z) =ri(z) APTK.
HREBCF T Gh i R B, 45180 O EEE.
ENX 11.3.1 X (11.6) ¥4 q(z) ™ f(z) & g(z) R RELE, r(z) K f(z)
 g(x) RATFFE R
PR 11.3.1 A %2 TINERJL B 15 RRIE.
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Hit1 & f(z)=az" +ap 12" '+ -+ ayx+ag ZEEHR R FRNEZINA, a € R, N
—EAFEZ T q(z) MEH c = f(a) H5

f(x) =q(@) - (z —a) + f(a).
iE REEHE 11.3.1, X T f(z),9(z) =z — a € Rlz], FFAEZTR g(z),r(z) 13
f(z) = q(z) - g(z) +r(z), degr <degyg.
A4 deg g =1, deg r < deg g, FTLA deg r =0, 7(z) = c € R, BIfy
f(@)=q(x)- (x—a)+c

Frodh, B 2 = a, i ¢ = f(a). Uk,
it 2 W f(2)=anz" +an 12" '+t az+ag BEHR R EHZIA, a e R, W
z—al f(z) RIFREFMZE f(a)=0.
E ARAEHEL 1, FFLE 9(2) € Rlz], 173

f(@) = q(z) - (z — a) + f(a).

B, = —a | f(z) FHFRELMR f(a) =0. SEHE.
SEF 11.3.1 iR 2RI F 02 TR, Bt o(z) EE RSN 1 1%
K. T R, SARHEZSK. E TR, AU FRR,
T 11.3.2 &

f(@) =anz™ +ap_12" '+ -+ a1z +ag, 9(z) =bmz™ + -+ b1z + by, by #0
R K LA S AKX, N —ZHEESAN q(2), r(z) € Kz] 1245
f(z) =q(z) - g(z) + r(z), degr <degg. (11.7)

iE X f(x) RIIXEL degf = n VEBCFIAGNIE.

(1) iR degf < degg, ME g(z) =0, r(z) = f(z). WKL
(il) ¥ degf > degg. BBLTRXT degf < n B IUAKOL.
¥ degf =n > degg, A

f(@) = (an - b, )z ™ - g(2)
— (an—l — Qnp * by—nlbm—l)zn_l + -+ (an—m — Qp - bq_n,lbO)In_m + a'nf'mfl-fl:n_m'_1 + -+ ag-

XU f(z) — (an-bl)xz" ™ -g(z) BXE < n—1 MBI X HEAEMREERIEE (1),
HFHEZIA ¢ (z), ri(z) € K[z] 118

f(x) = (an - b;,1)2" ™™ - g(z) = qu(z) - 9(2) + 71(x), deg ri(z) < deg g(2).

H, q(z) = an - btz ™ + g1 (), r(z) = ri(z) AFTK.
REECEEITghvE R B, 458 AL, UEEE.
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$l 11.3.1 K Ffz] L% AKX
f@x)=zB +2 +2° 4+ 28 4+ 28 42 42 + 23 4+ 1, g(z) =28 + 2 + 23+ 2 41,
K q(z) Fo r(z) 1257
f@)=q(z)- g(z)+r(z), degr <degg.
fi# BT R B e O,

ro(z) = f(z) —a°-g(z) = 2" +2'+2°+1,
ri(z) =ro(z) —2®-g(z) = 2" +28+1

Hi, q(z) =2° + 28, r(z) =2" + 2%+ 1.

FRHE 2 A BRI e CAE BE 11.3.2, 5

EIE 11.3.3 & f(z), g(z) AR K L ZRAKX, B f(z) K g(z) Fhe) L EHFM4R
f(z) # g(z) BRATIFRKXA 0.

MR E R 11.3.3 FEHE 11.2.4, 7] DA BO0 AN — D 2 BRI o8 AN T2 2 00K

i 11.3.2 & Foz] EA 2 AKX f(z) =28 +2t +28 + o+ 1,329 f(z) RRT#H S AKX

R AESRE <4 WATAZIA p(z): z, z+1, 22 +2+1, 22 +2+ 1, 23 + 2% + 1,
4o+, 2428+ 1, 2t 2 2t a1, MEEERR p(z) | f(z) A1 BOLIRH]

flz) = (" +z3+22+1)-2 + 1
fiz) = @ +a8+25+z'+22+z) (z+1) + 1.
fle) = (8 +2%+2%) @ +z+1) + z+1,
flz) = (@42 +a2+1)-(@P+z+1) + 22,
flz) = (x® + 2t +23) - (x® +22+1) + T+1,
flz) = (' +z) (@t +z+1) + 2¥+2?+1,
fl@) = @'+2*+2?+a+1) @ +27+1) + o + 2?2,
fz) = (@ +2°+1)-@*+2°+22+2+1) + z3 + 22,
W f(z) RANATAZ T L.

AT B (K F K A BRI BRI e /N AR5 8, T RASE 2 T00KER R[] A s K 2 R R
S U\VN 5

® f(z), g(x) € R[z], d(z) € R[z] M f(z), g(z) K RALEX, WHR

(1) d(z) | f(z), d(z) | g(z).

(2) # h(z) | f(z), h(z) | g(z), W h(z) | d(z).

f(z), g(z) MEKRAKRXIAME (f(2),9(z)).

M e K R AR, 2 Sk sk I R B 1, W KA R A ME— 1.

f(z) 5 g(z) M BEREK BER) 1, WRENERKARK (f(2),9(z) =1.
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W f(z), g(z) € R[z], D(z) € R[z] MM f(z), g(z) M HwRNDER, W

(1) f(z) | D(2), g(z) | D(z).

(2) A f(z) | h(x), g(z) | D(z), W D(z) | h(z).

f(z), g(z) Wi/ ARERWEAE [f(2), 9(z)].

YERE K RN AR, 2 Rk R EC 1, Wi AR R,
EI 11.3.4 & f(z), g(x), h(z) B3R K LH=AEREAX. X

f(@) = q(z) - g(z) + h(z),

HF g(z) KK L& ZRAX, M (f(2),9(2)) = (9(2), h(z)).
E % d(z) = (f(2),9(2)), d'(z) = (9(z), h(@)), W d(z) | f(z), d(z) | g(z). ¥ETTT

d(z) | f(z) + (—q(=)) - g(z) = h(z),

K, d(z) & g(z), h(z) AR, d(z) | d(z).
[, d(z) }& f(z), g(z) AWK, d(z) ]| d(z).
Kk, d(z) = d'(z), EBLRLAL. ke
ZIMA T XERJLEERRE
& f(z), g(z) B K FRZIA, degg > 1. i r_a(z) = f(z), r_1(z) = g(z). RE
M2 R LR AR (e 11.3.2), 7

(N1

r—2(z) = qo(z) -r-1(z) + ro(z), 0<degry<degr_y,
roi(z) = qi(z) -ro(z) + ri(x), 0 < deg r, < deg 9,
ro(z) = g2(z) -ri(z) + roz), 0 < deg ry < deg 7,
r(z) = @2(z) r2(z) + r3(x),  0<degrs <degrs,
: (11.8)
re—3(z) = qe-1(z) rh—2(z) + re_1(z), 0<degrr_ 1 <degri o,
re—2(z) = (@) re-1(z) + (),  0<degri < degri-y,
re-1(z) = +1(z) ri(z) + reia(z), deg rii =0.

AT RP R, WARLAAE b+ 1 13 r(z) = 0, IR
0=deg rir1 <degryp <degrip_; <---<degr <degry<degr_, =deg g,

H. deg g &H MR IFH%
EI 11.3.5 &K f(2), g(z) AR K L&) E AKX, degg>1, 1

(f(2), 9(2)) = ri(2),

S (2) R3FXS LHILR R b s — A EEA K.
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WE NHER 1134, F

(f(2),9(x)) = (r-2(2),7-1(2))
= (r-i(z),mo(z))
= (ro(z),m1(2))

= (rk—2(x),rk-1(2))
= (re-1(2),rk(z))
= (rg(z),0).
= rg(x).
UEEE.
MZ IR SRR LB EBRIET BRI E re1(z), o), -, 71(z), ro(x), ATEI 2 I
R s(z), t(z) 13
s(z) - f(z) +t(z) - g(z) = (f(2),9(2)).
EI 11.3.6 X f(z), g(z) K K L Z AKX, 1)
sk(@) - f(z) + te(z) - 9(z) = (f(2), 9(2)),
HFj=0,1,2 -, k XE s, t; JFHRELA

{s_z(x)zl, 1@ =0, 5@ = (o) s tsa@

t2(z) =0, ti(z) =1, tj(z)=(-g;(@)) tj-1(z) +t;-2(z),
£ gi(z) X (11.8) P FRZTALH.
ﬁE RﬁFTEI:iIEHH X;j-:}:]: _27 _17 07 17 7k7
sj(z) - f(z) +t;(z) - g(z) = rj(2), (11.10)
HAdt rj(z) = (—gj(2) - rj1(2) +rj—2(x) £ (11.8) FHRA. B (f(2), 9(z)) = rs, BTEA
sk f(x) + tr - g(x) = (f(x), g(x)).
Xt 5 VEBCFIAERUE L (11.10).
j=—20, s o(x) =1, t_o(x) =0, LK
s-3(3) - f(@) +ta(@) - 9(@) = f(2) = T-2(a).
M T j = —2 AL
j = =] H?j-, ﬁ S_I(CI)) — 0, t-l(l’) = 1, U\&
s-1(2) f(@) +t-1(@) - 9(@) = 9(2) = r-1(a).

gex T j = —1 BOL.
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R4 T —2<j<k—1 /a7, B
sj(z) - f(z) + tj(z) - g(z) = rj(z).

Y=k f
Tk(z) = (—qr(z)) - Ti—1(x) + Th—2().
FIARg R, 155

re(z) = (—qk(z))(sk-1(z) - f(T) +th-1(2)) - g(z) + (sk—2(z) - f(z) + th—2(2)) - 9(z)
- (=qk(2)) - sk—1(z) + sk—2(x)) - f(z) + ((—gu(z)) - tk-1(z) + tx—2(2)) - g(2)
= sk(z) - f(z) + te(z) - g(x)

BKltt, 518X T j = k BOL. RIS EE, X (11.9) XA R § oL, Xe T
uEHA. UEEE.
51 11.3.3 & Fyz] ¥H

f@) =z +zM +2° +2® +2®+ 2%+t + 2% +1, gz) =2 +2* + 2P+ + 1,
REAKX s(z), t(x) 7
s(z) - f(z) + t(z) - g(z) = (f(2), 9())-
& T XKL REERE, A
f(x) =qo(z) - g(z) +ro(z), qo(z) =2°+2% ro(z)=2"+25+1,

9(z) = qi(z) -ro(z) + 11(z), @i(z)=z+1, ri(z) = 28 + z* + 23,
ro(z) = g2(x) - r1(x) + 7r2(z), @2(z) =7+ 1, ro(z) = 2% + 23 + 1,

r1(z) = g3(z) - r2(z) +r3(2), ¢3(2) ==, r3(z) = z° + =z,
ro(z) = qa(x) - r3(x) + ra(z), qa(z) = 22, ra(z) = L.
NI
ra(z) = qu(z)-(ga(z) - r2(z) + 11(2)) + r2(2)

= (2®+1)(g2(z) - i (z) + 1o(2)) + qa(z) - 71(2)

= (@*4+ 22 +22+2+1) (i) - ro(z) + 9(x)) + (23 + 1) - 7o(2)

= (2°+2%)  (qo(2) - 9(2) + f(2)) + (' + 2® + 2% + 2+ 1) - g(2)

= (+2%) fl@)+ (@0 +2% + 2t + 22 + 22+ + 1) g(z).
Ht, s(x) =2 +2% t(z) =20+ 28+ 2t + 23 + 22 + 2 + 1.

T 11.3.7 & ple) BRIXK EERAXK Kz] PHRTHZRX, M E ZRX a(z), b(z)
# R p(x) | a(z)-b(z) B, A p(z) | a(z), X p(z) | b(z).
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iE B p(x) | a(z) AL, W (a(z), p(z) = 1. WL XRKJLE SR e
11.3.6), ATRB| £ 50 s(2), t(z) 1E15

s(x) - a(z) + t(x) - p(z) = 1.

Widii IR b(z), 47 s(z) - (al(@) - b(@)) + (H(z) - s(2)) - p(z) = b(z). KU,
p(z) | s(z) - (a(z) - b(z)) + (t(z) - 5(2)) - p(z) = b(z).

11.4 ZWMRER

AYiE R K 2K Kz) PRZIHAFER.
EX 1141 2% K[X] F—ANE—%AKX m(z). AANAZAXN f(2), g(z) "HAL
m(z)BE, % m(z) | f(z) — g(z), etk

f(z) = g(z) (mod m(z)).

T, AL m(z) REIR, itk f(z) # g(z) (mod m(z)).
IEFEENCFES bl
FE 11.4.1 &K m(z) K K L6 ZRAX, N a(z), b(z) € K[z] 1£4F

a(z) = b(z) (mod m(z))
WARFNHRAELESZ AKX s(x) AT
a(z) = b(z) + s(z) - m().
iE WR a(z) = b(x) (mod m(z)), MARHE 2 I F KM€ X, H
m(z) | a(z) — b(x).
SARYE 2 T CHE R R X, AEE— N2 IR s(x) 15 a(z) — b(z) = s(z) - m(z), &
a(z) = b(z) + s(z) - m(z).
ik, WRFLE N2 s(z) 13 a(z) = b(z) + s(z) - m(z), WA
a(z) — b(z) = s(z) - m(z).

R 2 BRI 2 S, A
m(z) | a(z) — b(x).
PR 2 W R R A 5E 3, 192

a(z) = b(z) (mod m(z)).

UERE.
52 U R A AT S5 R R PR
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EE 11.4.2 K m(z) B3R K LY ZAX, NS AKX m(z) AELEFN LA, B
(1) (B RM) HME—Z AKX a(z), a(z) = a(z) (mod m(z)).
(2) ((HARM) & a(z) = b(z) (mod m(z)), N b(z) = a(z) (mod m(z)).

(3) (friE M) # a(z) = b(z) (mod m(z)), b(z) = c(x) (mod m(z)), M a(x) = ¢(z) (mod m(x)).

iE IBAIERE 11.4.1 R4 HUERA.
(1) (BRMH) XHE—2 55K a(z), f alz) = a(z) +0-m(z), FTLA

a(z) = a(z) (mod m(z)).
(2) (WFRYE) #F a(x) = b(x) (mod m(z)), MIAFLEZL I s(x) 115
a(z) = b(z) + s(z) - m(z),
PNITEE]
b(z) = a(z) + (—s(z)) - m(z).
Bel ik,
b(z) = a(z) (mod m(z)).
(3) (fkihitk) # a(z) = b(z) (mod m(z)), b(z) = c(z) (mod m(z)), W/ HIAFAEZ TR
31($), 32(33) 1?@
a(z) = b(z) + s1(z) - m(x), b(z) = c(x) + s2(z) - m(z),
N i]
a(z) = c(z) + (s1(z) + s2(z)) - m(z).

A s1(x) + sa(z) REEHL, FrLA
a(z) = ¢(z) (mod m(x)).

LR

B2 T R R A I A

FHE 11.4.3 &K m(z) B K EH 2 AKX, ai(z), az(z), bi(z), ba(z) £ 4 NMEZ AKX
o R

a1(z) = bi(z) (mod m(x)), az(z) = be(z) (mod m(zx)),

)

(1) ai(z) + az(z) = bi(z) + ba(z) (mod m(x));

(i) ai(z) - az(z) = bi(z) - ba(z) (mod m(x)).

M GE B, R ERE 11.4.1 , MAHFAEZ I 51 (2), sa(a) (679

a1(z) = bi(z) + s1(z) - m(x), az(z) = ba(x) + s2(x) - m(z),
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Mt

ai(z) +az(z) = bi(z) +b2(z) + (s1(z) + 52(2)) - m(z),

bi(z) - ba(z) + (s1(z) - m(z)) - ba(x) + bi(x) - (s2(z) - m(x))

+(s1(z) - m(z))(s2(z) - m(z))

= bi(x) - ba(x) + (s1(2) + s2(2) + 51(2) - s52(2) - m(x)) - m(z).  (BCHE)

ay(z) - az(z)

KA s1(x) + s2(x), s1(z) + sa(x) + s1(z) - s2(z) - m(z) ARZIX, FrolE e s 11.4.1, 1
a1 (z) + az(z) = by (x) + ba(z) (mod m(zx))

4
a1(z) - ag(z) = by(z) - b2(z) (mod m(x)),
BV 5 B R UERE.
WA E L 11.3.1, 2T f(z) #ESHY m(a) BRRIRK r(z) B mz) FAR, 82X
r(z) WA f(2) B m(z) 1 BDRR, IEH (f(2) (mod m(z))).
W op(z) & K[X] FIZIA, W (p() = {f(z) | f(z) € K[z], p(z) | f()} & K[X]
FERAR. AR BIRER R/ (p(x)). R b HE LA
Iy
f(@) +g(z) = ((f + 9)(z) (mod p(z))). (11.11)
Fei::

f(@) - g(z) = ((fg)(z) (mod p(z))). (11.12)
EHE 11.44 &K K 2N, pz) £ K[X] THARTHEZRX, WHFK K(X]/(p(z))
atFhnikiz H X (11.11) Fefik X (11.12) 3 F 0k 0 s — AN K.
iE NFEH K[X]/(p(z)) FHREHEZIT f(z) (mod p(x)) MAHEIG. FHL b, X Tl
2 f(z) # 0 (mod p(z)) MBI f(z), B (f(z),p(z)) = 1. WMIEH 11.3.6 , FAEZHA
s(x), t(z) {13
s(z) - f(z) +t(z)  p(z) = 1.
NI
s(z)f(z) =1 (mod p(z)).
XYL f(x) (mod p(x)) ARIHTT, s(z) (mod p(z)) AW TT. UEEE.
i =AM T AKS BE R
) 11.4.1 & n REEH SRALLEAKRRGTE K pa) £ R EHSZAX, HL
p(z) | pz™) . R ELAXK Rz] ¥, A be S, #A
(z+b)" =2™ 4+ b (mod p(x)),
M HEZ RS k> 0, AA

(z+b)" =2z +b (mod p(z)).



11.4 WA FE4L 299

WE Xk VEBCE RN
k=0 B, 858 AR OT.
k=1 B, gty

(z+b)" =2™ + b (mod p(z)),

(z+b)™ = 2™ +b (mod p(z)).

PuitE n IXJ7, A1

@+ = (o + b)" (mod p(z)).
WM, 2 Rz, B

(= +)" = (a") +b=2"" +b (mod p@™)).

AR B, A p(z) | p(zm), BEifi

p@a™) | pa™), -+, ple™ ) | p(a™).
Kk, p(z) | p (w”k),

(:E"k + b)n = (I"k)n +b=z""+b (mod p(z)).
[
(z+ b)"‘c+1 = (x"k)n +b=z"" +b (mod p(z)).

KRRYE, T k+ 1 G5 EOL. AREBCE AR, SRR k> 1 KoL B
Bl 11.4.2 & nr>2 REH S RAR=Z/nZ 4 T% wREZAXK Rz] ¥, #F
FiA 69 b e S, #H

(z+b)"=2"+b (mod 2" — 1),
W AHAEZHEH k> 0, #A
(z+ b)”k =z +b (mod z" — 1).

HE R 11.4.1 FHL p(z) = 27 — 1 BPFF 458, UFLE.
Bl 11.4.3 K nym,r>2 ZEFHK X m=n (modr), WHEE AKX g(z), A

g(z™) = g(z") (mod 2" — 1).
WE AGEm>n A m=n (mod r), TILGFEER E>0 S m=k-r+n.
k=0 B, SRR k> 1R, & g(a) = 5 biat,
=0

N N
g(a™) —g(a™) =Y _bi™((@")* —1) = (&" — 1) Y _ bz ((@")* 4+ 42"+ 1),
1=0 i=0

AL, &5 18 Rior. FEE.



300 11w 2 AR

11.5 ARZIRN
ANEE F, ERATAZI p(z), KFEFTA RS BREL.
EHE 11.5.1 K p AFHK K p) £ F[X] ¥6 n KARTH AKX, 1

F,[X]/(p(x)) = {an_lwnq + o 4axtag|a; € Fp} ,

LA Fpn. BB TEALA p.
IE ARYEER 11.4.4, F,[X]/(p(x)) #IR—NK, BoERERA

Q12" 1 4+ -+ a1z + ag, a; € Fp.

E'lyg IFT)|:p7Fﬁu |Fpnl:pn. "L[EHQ
ﬁlj 11.5.1 iip(z):Is+z4+13+$—|—1;%F2[X] qjél]S;kz:argﬁgiﬁ;"ﬁ

Fos = B[X)/@® +2* +2® +2+1) = {arz" + -+ a1z + a0 | a; € {0,1}}.
T f)=a28+23+z+1, gz)=2°+22+z+1e R[X], A

f(@) + g(z) = 2° + 2° + 2° + 2% (mod p(z)),

f(x)-g(x) = z% + 2® + 1 (mod p(z)).

H—8, & p(z) & Fp[X] P n KATAZI. ZHFY {2 (mod p(z))}ren M
PR
KA {2 (mod p(2))}ken FAFITCENECN p — 1 PN, KIILAFAE £, | 15

¥ =z (mod p(x)).

ARG k> 1, WA
"' =1 (mod p(z)).

EX 11.5.1 & p REHK, f(z) & F[X] ¥89% AKX, MLAF
z¢=1 (mod f(x))

AR TR EES e MK f(x) £ F, E&9484K, i24F ord, (f(2)).

4o ord,(f(z)) = p" — 1, WAk f(z) A F, ERXBRERZHR.

I on K2 f(z) 7 F, ERIEE ord,(f(z) Kb ER F, EFH] u = {u, =
2k (mod f(z)) | k > 1} BN p(u(f(2)) (BHEX B.0.1), H pu(f(z)) <p—1. fE
2 pu(f(z)) =p" — 1 M) n KEBXAARZH. #—F, 4 f(z) EAATAZIEN, i
/AN p(u(f(x)) K p™ — 1 FIRT.

EIE 11.5.2 K p RFHK, f(z), 9(z) £ F, L4 Z AKX, 1)

(1) ZEEHK d1EF 22 =1 (mod f(z)), W ord,(f(z)) | d.

(ii) %=X g(z) | f(z),

ord,(g(z)) | ordy(f(z)).
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(iii) %=X (f(z),g9(z)) =1, 0
ord,(f(z) - g(x)) = [ord,(f(z)),ord,(g(x))] .
(iv) ok f(z) 2 F, E¥ 8 n KARTZ ERX, 1

ord, (f(z)) | p" — 1.

iE (i) % e=ord,(f(z)). 4 e [ d, RIEKILEGERZE (EH 1.1.10), [FEEL s, r
ffiffd=s-e+r, 0<r<e ¥r#0, f7
' =12"(2%)° =2?=1 (mod f(z)).
XY e HEAMETE.
(ii) & e =ord,(f(z)), € =ord,(g(z)). RIEEX, f7
z¢ =1 (mod f(z)).
N g(z) | f(=), BTEA
z¢ =1 (mod g(z)).
K, e | e.
(iii) % e = ord,(f(z)), € =ordy(g(z)), €’ =ordy(f(z)-g(z)). H (i) Fele”, € |e",
WHE e 1.4.5, F [e,e] | €.
X
261 = (295 =1 (mod f(z), 21 = (@) ¥ =1 (mod g(x)),
(GE
o€l =1 (mod f(z) - g(z)).
AT, e | [e, €], #
ordy (f(x) - g(z)) = [ord,(f(z)), ord,(g(z))] -
(iv) WIEEHFE 11.5.1, F,[X](f(z)) TH p" — 1 ALE

a1(z), az(x), -+, apna(x), apn1 (@),
H
z-ay(z), T-ax(z), -, T apn_2(x), T-apn_1(x)
XS TTE N B, FA
(- a1(2))(@ - a2(2)) -~ (2 - apn1(2)) = a1 (2) - a2(2) -+~ a1 (2) (mod f(x)).
A 43 5
(a1(2) - a2(@) - apn 1 (@) (2" 71 = 1) = 0 (mod f(x).
BH ((a1() - a2(2) -+ apn 1 (), f(@)) = 1, BTEA
2" "1 =1 (mod f(z)).

e, H (1) B3 ord, (f(z)) | p" — 1. IFEE.
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EE 11.5.3 K p REFHK, f(z) £ F, EORESAK, 1] f(z) 2 F, LARTLHEAKX.

WE A f(z) & F, EMATAZHE, MAFAEEEREZ I fi(2), fole) 8 fz) =
fi(@) - fa(@). AT (fi(2), f2(2)) = 1. 2 n=deg f(z), ny = deg fi(z), ny = deg fa(x).
MRPE e H 11.5.2, f7

ord,(f(x)) = [ordp(f1(x)), ordp(f2(2))] < (P™ — 1)(p™ — 1) < (p™ " —1).

XY f(r) RARZ T E. & B GL. UERE.
RUATHL p AR AT (B3 5.2.2), W7 F, EARIGE I A B 7.
EH 11.5.4 R p AFH n EEY f(z) £ F[X] P8 n AE AKX, X
(i)2zP""'=1 (mod f(z)).
(ii) sF p" — 1 YA RREBHE 1, -, g,

"5 #£1 (mod f(z)), i=1-,s, (11.13)

0 f(z) & n RARZ AKX,
E 4 e=ord,(f(z)). HIBWEM (i), Fe|pt—1. Hf e<pr -1, WHEENE

Beg; it g | U0 W

PPl g, @ P=lou.e
q;
o )
2% = (@) =1 (mod f(a)).
5R¥% (5.13) FJ. =

il 11.5.2 £ B(X]| YA THZAXAKE AN

2 KWK 22+ 2+ 1 BAREZIK.

3R 23+ 2+ 1, 28 + 22 + 1 #FEKRZ .

AREZIAK 2t +z+1, 2+ 23+ 1 WRARZ A, BATHZIHK 2 +2° +22 +2+1
ARAKIRZ I (ord,(f(z)) = 5).

5 REWA 2° + 22+ 1, e +23+1, 2+ +22+2+1, 2+t +22 + 2+ 1,
4ttt 41, 2+t + 23+ 2?2+ 1 WERARZ I

6 RN 26 +2+1, 28 +2°+1, a8+t + 28 +2+1, 28+ 2+ 22+ 2+ 1 FRAR
LI, HATTAZINK 2° + 22 + 1 ARARZINK (ord,(f(2)) = 9).

5l 11.5.3 E®: f(z) =28 +2' +2° + 22+ 1 & FR[X] PHRERE S AKX,

B Hhn=8 20-1=255=3-5-17, HE KN . =17, q¢» = 5, ¢5 = 3. ¥,
(2" =1)/q1 =15, (2" —1)/g2 =51, (2" —1)/qs = 85. RIFEEFE 11.5.4, LT HRAE (11.13), B
o5 KL f(z) BREBEFRT 1A 215, 251 28 K f(z) BEHARIKRT L.

255 —
T b

z z® =25 + 22 4z,

=23+, ¥ =2"+25+2+ 22+ (mod f(z)),

W f(z) AR Z I ==
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Bl 11.5.4 E8A: f(z) =28 +2t+2 +2+1 FR BX] ¥R S AKX

R KA n=8 2" -1=255=3-5-17, HLEHNENHN ¢ = 17, ¢ = 5, ¢s = 3. ¥,
(2" —1)/q1 =15, (2" —1)/g2 =51, (2" —1)/gs = 85. MHEEHE 11.5.4, LFHRAE (11.13), B
o250 B f(z) BRERIKT 1 F 215, 25 2% K f(z) 2 EEHBARRT 1.

55 =1, V¥ =254+ 23 +x2+x+1,

Pl=1, 2¥=2"+25+21+ 23 +22+1 (mod f(z)),
W f(z) ARARZ T Uk

11.6  Z A
EHE 11.6.1 R K L 2RAXK Kz] R AR BHIEHE [ = (a(z)) 9REXA

I = (a(z)) = {s(z) - a(z) | s(z) € K[z]}.

WE W TR Kz PR EREAE, MGFEEZZIK b(z) e 1. & a(z) 2 T FHIK
¥ /M TR, W T = (a(z) = {s(z) - a(z) | s(z) € K[z]}. FE I, SMEE b(z) € I, F71E
2R s(z), r(z) 15

b(z) = s(z) - a(z) + r(z), 0<degr(z) < dega(z).

iXFE, B b(z) € I K [—s(z)] -a(z) € I, 35 r(z) = b(z) + [~s(z)] -a(z) € I. X5 a(z) & I
KBS N2 IR T E. B, r(z) = 0, b(z) = s(z) - a(z) € (a(z)). MIfi T C (a(z)). X
RA (a(z)) C I, I = (a(z)), K[z] &AL iEEE.
B W1 = (a(x) BEWAR Kz) PRHEHAE MWEHX b(r) € T MAERML
a(z) | b(z).
iE EM & b) € I = (a(z)), MIFEZ K s(z) H15 b(z) = s(z) - a(x), KL,
a(z) | b(z).
M. W oa(z) | b(x), MAFEL TR s(z) 13 b(z) = s(z)-a(z), HIL, b(z) € I = (a(z)).
HEEE.
T 11.6.2 % K[z] B3% K L 2 RAXIK. 4R pz) £ Klz] PHIRTHE AKX, N
B P=(p(z)) REEA,
iE W K[z) FIZTR a(z), b(z) #15 a(z) - bx) € P, W p(z) | a(z) - b(z). WH#EE
# 11.3.7, F p(z) | a(z) B p(z) | b(z), MIfi a(z) € P 8 b(z) € P. XHH P = (p(z)) &F
A IF ke

11.7 ZIMARER 575X
EX 11.7.1 &R K L&) 2 AKX

-1

f(IL‘) = anmn + an_la:" + -+ a1 + ap, g(gj) = bmg;m' EEPPRT blx 4 bo’
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W] ARAT 5] X, o
0 Qan
0 0
0 0
b bmAl
0  bnm
0 0
0 0

n = An—2, ***
n—1;

fag)‘ |

. | ( m/\

i\., 1 ( )

( ) g( ) b '? - .

‘ f b IJ

B@ﬁ T a a

| 1 IJI m I %ﬁ

BAL 0, 1,

a1

ag

by
ba

ao

ay

bo
by

bo

3

\

=\

3

\

S\

(11.14)

53 9
Qg

ay,

az,

1 ’ . ii /\ﬁ
)
g(
4
~ J\ 0 ‘l yllt ”El]]] n ‘Il 1%%1 [.t xT B:lg
4
Vi

L 0 #hFE. .
. bg,
HoAte o
(SEIIiON -
115 .
| . = bgiE
29 0’ 1’ ey - g(z)
I3 RIBAL .
bo aaT
b11 ) .
| b2, A +azx
cee i
bm—27 (w) .
bm—17 K J: f
b, o
B,

a4
0
0
b3
R(f,9) =

o

as
a4
0
ba
bs
0
0

az
as
as
by
b2
b3

0

ay
as
as
bo
by
bo
b3

ag
a
az
0

bo
b1

ba

0
ao
ay
0
0
bo
by

0

bo

!
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I; T + iﬁ F A Jj}i ]ﬂ
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&
10010 10010
0100 1 0100 1 111
R(f,¢)=|1 11 0 0|{={0 1 1 1 0|=|1 1 1|=0
01 110 01110 11 1
001 11 00111

Bl 11.7.2 & f(z) = agz® + a1z + ag, g(x) = bz + by AR K Le§ % AKX, 0

az a ag
R(f,9)=|b b 0 |= a2bg ¥ G«ob% — a1bob;. (11.15)
0 b bo
Wi K F 2t
f(@) = anz™ +an12" " +ap 22" 4+ azr? 4 ayz + ay,
FR

f'(x) = napz™ ' 4+ (n— Dap_ 12" 2+ (n — 2)an_2z™ > + -+ + 2027 + a1 (11.16)

A f(z) BFA
ENX 11.7.2 &R K Lt Z AKX

2

f(@) = apz™ + an_ 12" ' +an22" 2+ + a2z® + a17 + ao,

WA f(z) BRFX f(z) %X RS, f) A f(z) HFIBIX, 24 Af), BF

an, Ap_1 Ap_2 - 0 0 0
O anp an—l st 0 0 0
0 0 0 e+ ay ag O
0 0 0 ea a a
A(f) = 2on (11.17)
na, (m—1)an,—1 (n—2)ap—2 --- 0 0 0
0 nan, (n—Dap—y -+~ 0 0 0
0 0 0 <-- 2a3 a; O
0 0 0 co- 3as 2a9 ay
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B111.7.3 & f(z) =ax? +bz+c AKX K LS AKX, X f'(2) = 2az + b, W f(z)
#1315 X A(f) = a(dac — b?).

a b ¢ a b c
A(f)=]2a b 0|=]0 —b —2¢ |=ab®+4a’c— 2ab*® = a(4ac — b?). (11.18)
0 2a b 0 2a b

XPERE AT (—2) MBI 4T, BEE.
Bl 11.7.4 X f(z) =az® + bz +c AR K L ZERAKX, X f'(z) = 3az® + b, W] f(z)
#5153 X A(f) = a?(4b® + 27ac?).

a 0 b ¢ O a 0 b c 0
0 a 0 b ¢ 0 a O b c
A(fy=|3a 0 b 0 0[=|0 0 -2 -3¢ 0 |=d*(4b’+27ac®). (11.19)
0 3¢ 0 b 0 00 0 —2b —3c
0 0 3a 0 b 00 3 0 b

X —ATH (—3) f5NBIEE =47, PR ATH (=3) 5B AT, e ek,
EIE 11.7.1 BAR K L8 n KE3AKX f(z) = anz" +apn 12" '+ a1z 4 ag #
m RERX g(x) = bpa™ + -+ bz + by, WALZAX

S(l‘), t(m)ez[a()valn"‘ ’anab()’bl:"' 7bm][$]7
1£ 15
s(z) - f(z) +t(z) - (=) = R(f,9)- (11.20)
WE X f(x), glz) MERXETE, 2R n+m— 1501 2 MBS n+m ¥, 5
n+m—2 %K 22 MBI n+m H),- - LB n+m— AR o REMBIEE n+m A, ,
F—FI) 2t fEINEEE o+ m %1, B3
ap  Qp—-1 QAap-2 0 0 zm ! f(I)
0 Qn  Qny -+ 0 0 z™ 2. f(x)
0 0 0 - a ap z- f(z)
R(f,9) = o0 o ol fle) (11.21)
bm bm—l bm—2 e 0 0 :L.n—l . g(a:)
0 bm bmy -~ 0 0 z"?2.g(x)
0 0 0 <o by bo x-g(x)
0 0 0 - by b 9(z)

FIXTEE n + m F Laplace JEFT, BB E| s(z), t(z) HHEX (11.20) AL =28
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EIE 11.7.2 BABRK L8 n KREAKX f(2) = anz™ +an 12" 14 Fax+ag #o m
}kglﬁi\‘ g(:l:) =bpx™+---+bixz+by. BLE 3 f(:l:), g(z) /&-ﬁkF ‘Péa\ﬁ'lﬁ*ﬁ ay, (2, *-+, Qp
ﬁb ,81, ﬂ27 T ,Bma ﬂ'] f(.’l?) ’5 g(x) éﬁ%;\ R(fvg) ’%’i

R(f,9) = aibr, [ T [T (e = 8- (11.22)
i=1j=1
L1 ® f(2), g(a) B K ERETR, W f(z) A g(a) F AW RIMFEE KL [(2)
5 g(z) %R R(f,9) = 0.
it 2 & f(2), g(o) BRI K EHETX, W f(x) M g(o) LRITELIR f(2) 5
g(z) M4 R(f,g) #0.

11.8 3@

(1) % a(z), b(z) Z¥IL F, ERZIEL, HH a(z) + b(z) M a(z) - b(z) K a(z)?
@ p=1. a(x) =28 + 525 + 4z* + 323 +  + 3, b(x) = 26 + 325 + 52* + 623 + 2z + 1.
@ p=>5. a(z) = 2% + 5z° + 42* + 3z + z + 3, b(z) = 28 + 32% + 5x* + 623 + 2z + 1.
@ p=2. a(z) = 2%+ 5% + 4z* + 323 + = + 3, b(z) = 26 + 325 + 5z* + 62% + 2z + 1.
(2) ® a(z), b(z) ZHIL F, ERZIEL, KHHH s(z), t(x) 15

s(z) - a(z) - t(z) - b(z) = (a(x), b(z)).

@O p="7. a(z) = 2%+ 52° + 4z* + 323 + = + 3, b(z) = 26 + 32° + 5z* + 62° + 2z + 1.

®@ p=5. a(z) = 2% + 525 + 42* 4+ 32% + 2 + 3, b(z) = 2% + 3x° + 5x* 4 623 + 22 4 1.

® p=2. a(z) =28 +525 +4z* + 32° + £ + 3, b(z) = 26 + 325 + 52* + 623 + 22 + 1.
(3) # a(z), b(z) BREIK F, FHZIRX, RiTH s(2), t(z) #1153

s(z) - a(z) - t(z) - b(z) = (a(z), b(z)).

Qaz)=22+z+1,bz) =28+ + 23+ +1.
@az)=2*+z+1,bz)=28 4+ + 23+ 2+ 1.
@alx)=a'+z+1,bx)=a+z* +23+z+ 1.

(4) ® a(z), b(z) 2 F, EZIEE 0HH s(a), t(x) 15

s(z) - a(z) - t(z) - b(z) = (a(z), b(z)).

Qax)=22+z+1,bz) =28+ + 23+ 2%+ 1.
@az)=2+z+1,bz)=28 +2* + 23 +2% + 1.
@alz)=z"+z+1,bx) =28+ 2+ 23+ 22 + 1.

(5) ® a(z), b(z) Z¥I > ERZIK, it EENRERAKE (a(z),b(z)).
Da(z)=2¥+1,bz)=28+2* + 23+ + 1.
@az)=z"+1,bz) =28+t +23+z+ 1.

(6) ¥ a(z), b(z) A F, EMZIGL, K HENRBRAKEA (a(z), b(2)).
Qalz)=2¥+1,bz) =28+ + 23+ 22 + 1.
@az)=2"+1,b(z) =28+t + 23 + 22 + 1.
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(7) W a(z), b(z) £¥IH F, ERZHEK, L FENERAERX (a(z), b(z)).
Daz) =25 +1,b(z) =2+ 25+ 23+ 22+ 1.
@ a(z) =z'?" + 1, b(z) =20 + 2° + 2% + 2% + 1.
@a(r) =28 +1,bz)=2C+ 25+ 23+ 22 + 1.
@a(x) =23 +1,bz) =6 +25+ 23+ 22 + 1.
(8) W a(z), b(z) ¥ F, EMZIK, iliHH s(2), t(z) 1E15
s(z) - a(z) - t(z) - b(z) = (a(z),b(z)).
Qax)=2*+z+1,bx) =204+ 25+ 23+ 22+ 1.
@a(x)=a"+z+1, b(x) =26 + 25+ 2% + 22 + 1.
@ax) =2t +2'+22 +z+1,bx)=2%4+25+ 23+ 224+ 1.
@a(z) =2 +2* +28 +22+1,b(z) =20 + 25 + 23 + 22 + 1.
(9) kW f(z) = 2®+ 2t +2® + o+ 1 BEIR F, FRATAZIE, T Rys = Fy(z]/(f(x))
Piodie
(10) ® a(z) =2+ 2t +2%2+z+1, b(z) =z"+x+ 1. £ Rys = F[z]/(2® + 2 + 23 + 2+ 1)
FHE a(z) + b(z), a(z)-b(z), a(z)?, a(z)!, blz)~ L
(11) UEH] f(z) = 28+ 2 + 23 + 22 + 1 ZHER F, ERARZ I, AT Ros = F,(z]/(f(x))
&M
(12) W a(z) =2+2t+22+x+1, b(z) =2" +z+1. f£ Rys = Fplz]/(a® +2* + 2% + 2% +1)
FHE a(z) + b(z), a(z)-bz), a(z)?, a(z)!, b(z) L
(13) UEM f(z) = '+ +a3+2?+1 ZEIR B EIATTAZ I, NI Res = F.[z]/(f(z))
&N
(14) W a(z) =28+ 2t +22+2+1, b(z) =27 +x+ 1. 1E Ros = Fy[z]/(z'6 +2° + 2% + 22 +1)
FUEE a(z) + b(x), a(z)-b(z), a(z)?, a(z)™!, blz)~'.

BEH

1) B8 K FEHRES Ko PO2IR, M TREEEHE, KR ZTR (Rl
BB /N 2 TR I TR SR AT A7 SKREMIRR /N 2 TR S M — g2 Fi ] o5 ]
B E AT i — Pk 2

(2) WTHINHR K EHZ T f(o) AL L2

(3) GRARSEILZ AR BB, B LR a(z) RERIFEZZTR b(z) #5.

(4) GFESCBLAWOR Fy FIOZ TGN f(z) BIARTLZHERMEE, mRI 8 KULN 4
FNIGEATEN

(5) GRESEBLRIK B, EHIBIANBIR f(2), g(x) MBAAHNRMEE, MR 7, b
WEAKT 200 I Z I f(2), g(z) MER AR,

(6) mFEsCEUHEIR K, 2T Bézout (DIAH) SN ENE, B T Z IR o(z), b(2),
A EZIA s(x), t(z) 153

s(z) - a(z) + t(z) - b(z) = (a(z), b(z)).



£ 12 & WF0 Galois It

ATE BTSN 54, K72 Galois 15,
12.1 A9 K

12.1.1 BAIERY 5Kk

58, NG E C AR A BRI 1 R

EX 1211 K F 2 —ANR R K2 F AT WK F AH K PHE.

i 12.1.1 AEHR Q AFHIR R A FHUK C 69T FH0K C LFHKA R 099
B EHIR R RAEHR Q T K.

il 12.1.2 Fos = Bfz]/(a8 + 2t + 23 + 2+ 1) £ F 699 3.

ook, MERHE 7S 8] 16 £ BESR e S M.

W F KPP E, W1p =1k MH, F Al K EfgdEasm. $ss b e
a,feF ke K, fi

a+pBeK, k-acK.

M [F: K| R/~ F A K FEWZRM4EE. FR F o K 1) BRYEY 18 5t TPR4EY
8, WH (F: K] 24 BReICHR .
EH 12.1.1 X E & F ¥ R, F 2 K 853, N

[E:K|=|E:F|[F:K].
R {ai}ier £ F £ K 8K, {Bj}jes = E £ F &R, N {a; Bjtierjes & E yed
K E#RK.

iE B, IEM {iBitierjes & E fE K FRAERDG. $H5E b, WHMER ¢ € E, 1R#E
{Bi}tjes & ETE F LR, fF{Eb; € F, j € J {15

Cc= ij ,@J
JEJ
FHRYE {aitier = F 1 K ERE, f717E a; € K,i¢el £13
bj = Zai]— Q.
i€l

M,
or— Z (Za” ai) Bj = Z aij o; ;.

jeJ \iel i€l,jeJ

HIK, UEH {; B ticrjes £ K MR F5L E B ai; e K, i€ 1,je J 5

Z Ay aiﬁj =0 EJZ Z (Zai]’ Ot,‘) ﬁj =0.

iel,jed jeJ \iel
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ES Zaij a; € F, H {Bi}ies & E {£ F AR, AT

i€l
Zai_jai =0, jeJ
i€l
NHH ai; € K, VLR {ai}icr 72 F £ K _ERAE, 153
ai; =0, iel, jelJ.

Pk, A
[E:K|=[E:F|[F:K|.

€ B YT UEHE.

it PR K AR SR EAN R E R FIWARY S, LA F & K 4R
k.

5 12.1.3 FHOX R A FHOR Q 6997 3K, 40K C REHR R 695

Bl 12.1.4 #3K Q(V2) £ Q AMRY K, A [Q(v2): Q] =2

e, VHEIR 738 4k k.

T 12.1.2 & {Ej}jes RX F TERAR R) T oh—k T TRA TK), 2
() E; £R&—AF3& (3 E3A T3K).

JEJ
iE A E=(E. REM 813, B & HINER, i BT = () By &k
J€J JEJ
TRt (RN AT E il L TR T ARAE), I, BB F IR (0 R AT 7).

IEHE.

® F RN, X c F, WAE X T T RN 73) ZE A& X 1
TR, A X B FEC N FIRR). R F R K MyE A X c F, Wil KuX
AR TR (W N TER) MU X K EAE RS (RN FER), il K(X) (X
N K[X)). R K(X] & DMK,

WR X = {uy,,un}, W F M7 K(X) A TH K(X)) 88 K(u,- un)
(N AT Ky, un)). 3 K (ug, - ,u,) MK AR K. @R X = {u}, W] K(u)
A K (1) B k.

T4 e T # R R.

EIE 12.1.3 X F AR K 953, u, vy, -, up, € F, AR X CF, N

(1) F3F Ku] A f(u) 9TEER, £F fREME K 9 EAX (hA [ € K(z)).

(i) FI3R Kluy, - ,un) A flug, - u,) AFLAR, XF f AZME K 6 n
2R (A fe Kz, - ,zn)).

(iii) F3 K[X] 1A f(ur, - ,u,) LEFLAR, EF neN, u, -, u, €X, f A
FHEE KW n LSRN (KA fe Kz, - ,z,)).

(iv) 3K K(u) & 4 % WKL, LT f, g€ Klz], g(u) #0.

(v) FH K, ) @ D) e, S S g € Kloweoo ml
1,77, Un
g(ur, -+ un) #0.
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() FHR K, ua) 0 L) TR o nE N, £ g € Ko ),
17...’ n

Uy, U € X, g(uyg, - ,u,) #0.
(vii) sHEBA v e K(X) (BT E®A K(X)), FE—NARTE X' c X, #F ve K(X')
(T3 A K[X).
(1) 4
E={ay+au+--++apu™ | meN, a; € K}. (12.1)
55, E MR XHMIE acE,
a=ag+au+- -+ +anu™, meN, a; € K.

A u, a; € K[u], FTlA v* € K[u], a;u’ € K[u]. NIl @« € K[u] L& E C K(u],
Ku]|=E.
(ii) %

E = { Z Qi iU Ui | @y, € K} . (12.2)
11, in
S5, E #— R IR acE, fi

— . . i‘ ... l . .
= E : iy e i Uy unrlv iy e yin € K.

Ii]j\] Uy, =5 Un, Ay ... 4, & K[ula"' 7un]a Fﬁu u’il’ Ty ui;"v Qi oo i € K['U.l,"' aun]7
@iy iUl i € Klug, - un]. NI @ € Kluy, - ,u,] LR E C Kluy,--- ,u,),
Kluy, - ,u,| = E.

(iii) 4
= { Z @iy iU Ul R ENUuy, - up € X, a4, i, € K} . (12.3)
11,000 in

S5, E AN VT E ac E, B

a= E ; P ,nul w4y, € K.

BA g, - ) Un, iy q, € KX, BTRA WY, <o) uin a4, € K[X], iy, i, ult iy €

K[X]. N\l a € K[X] L& E C K[X], i K[X]=E.
(iv) 4
E- { I | @), gta) < Kis), o) # 0}. (12.4)
55, E R—NTE XHMEZE acE, B
_fw
g(u)’

Wi (1), f f(u), g(u) € K(u), Filk a € K(u) UK E C K(u), ¥ K(u) =
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(v) %

B {f(ul,.n  Un,) | f, g€ Klzy, - 2], glug, - ,un) 7&0}. (12.5)

g(uh e ’un)
S, E N1 HEE acE, i
o S )

Q(Ul,"' au"n).

*Eﬁ (ll)’ ﬁ f(ula"' 7un)7 g(ul’"' aun) € K(ulv"' 7“71)7 F}?u a € K(UI,"‘ ,’an) u&
EC K(u, - ,upn), i K(uy, - ,u,) = E.

(vi) %
o f(Ul,"',Un)
E—{g(ul’_” ) | n€N, ur,-,un €X, f, g€ Klz1, -+ ,zn], glur, -+ un) #0p.

(12.6)
S50 B AT, XGHEE o c E, B

_ f(ul"" »un)
g(ul,--~ ’un)'

WRHE (1), F f(ur,-,un), glur, - ,un) € K(X), FTLh a € K(X) UK E C K(X), &
K(X)=E. ==

12.1.2  BRREY K

AT, M T IR ) # BE R R Y 15,

EX 12.1.2 B RAR—/NHERK K 2848 ROG—NE, F & K 69—/ 3Kk

(1) F 40% u AAAEK R Loy REB, wREE-ANFEELAN f € Rz] HF
f(u) =0.

(2) F 8970F u ARA R R Lo REEH, wREL - NFEXYE— AKX f € Rz]
1E4F f(u) =0.

(3) F t970F u ARAZRK R Lo BHE, wRARALEEMTMERZ AKX R T f(u) =0.

#—4, 4 K Z¥IK R 9o XK, AMNA#A K EeyREdAfL88 X6, 5
REARX G ZRAXKTUEZRARE—F AKX, F A K 6§ KEI K, =X F 44T
FAR K LoyRES. F #4RA K Loy Bk, wR F Y EVA—AAERL K Loy
ARAL.

S5, T ue K, B ut—KEWMK f(z) =z —ue Klz] R, K, v & K ERAR
G

il 12.1.5 (1) u=v2 BEHF Z EARMEH BARE— AKX

f(@) = (z - V2)(z+ V2) = 2> — 2 € Z[z]

%A% f(u) = 0. Q(v2) RAARMA K.
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(2) u= R 7 LRI, RAFTE—F AKX

flz) = (m—1+2\/5> (z—l_Z\/g) =22 —z—1¢eZx]

1+V5

124F f(u) =0. Q (

Bl 12.1.6 (i) AEAE n=2314159265--- £A FHIK Q LahABALLL.
(i) AASTHIK e =2.71828182--- ZA FEHIR Q LegABASL.

(iii) 2v2 2 ﬁﬁiﬁ:&’i Q LajAALS

(iv) Z T A BHIR Q LA MI.

T?ﬁﬁiﬁlﬁﬁﬂﬁnzlﬁﬁﬁﬁﬁ i ik Z KR,
W F & K Y8, ue F, Wl LIWIE K(z] 3] K[u] — M FEZ.

) AREY K.

p: Klz] — Klu]
h(z) +—  h(u)

H R AATEREY K@) 8 K@) MRS

p: K) — K(u)
Ma) )
g(z) g(u)

FRARER IR 24 0, 47
: Klo]/ker(p) — Klu]

HH ker(¢) = {h(z) | € K[z], h(u) = 0}.

Sy PRME GLITE.

(1) u /& K EREEEL X, ker(p) = {0}. HIk, o RIFRFER, W [E, B4 & B
12.1.4.

(2) u & K FAREEL X, ker(p) # {0} RFHA. K K(z) & FHAER, BrLifF
HERBINIE —ATLAZIR f(z) 1813 ker(p) = (f(x)), BIFIHE 12.1.1.

EE 12.14 PR F R K@YV R ue F &2 K LAOBMY NEE—NEK LAl
FuA )RR M K (u) = K(z).

I3 12.1.1 K F B3R K ¥R, ue F &2 K EeRE3, NAEE—6 K L4
— T4 5 RKX f(z) #H5F f(u) = 0.

E3h5 | #, AT AR B S 2 T R N R

EX 12.1.3 K F ZR K H¥FR ue F & K LR #sk 712 P8 —RT4H%
AKX f(z) HAHu BEXZHRN (BN BIHR X AATHZHAR). v £ K Log kB 2L
A uthELERAXN f(z) 9K deg f. v 9L E AKX f(x) 49 HAAR M o & IEFEAR.
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Bl 12.1.7 V2 £ Q EHRNZAXR f(z) =22 -2, KA 2, £HARA —V2.

I 8 ARECEU A B R

EH 12.1.5 K F 2R K ¥ 38, ue F 2 K LegR¥s, 0

(1) K(u) = K[u].

(i) K(u) = K[z]/f(z) , £ f(z) € K[z] £ u §ZXZ AKX, n=deg f.

(iii) [K(u) : K] = n.

(iv) {Lu,u?, - u '} & K LAERE K(u) R K.

(v) K(u) 9BANTLETE—ETH ag+au+-+ap1u" !, a; € K.

iE W ou MENXEZIACK f(z), n=deg f.

(1) XMER % € K(u), gu) #0, HZIRX g(z) 5 f(z) BE. RIEZ R XRKL
HAFRRE (2 HE 11.3.6), 71E s(z), t(z) € K[z] 117

s(z) - g(z) + t(z) - f(z) = 1.
MM, s(u)g(u) = 1. P,

h(u) _ s(u) - h(u)
g(u)  s(u)-g(u)

= s(u) - h(u) € K[u],

K(u) C K[u]. XU, K(u) = K[ul.
(ii) %E Klz] 3 K[u] KB

@ :g(x) — g(u).

SN, o R, R 2R 10.5.9, 1 K(z]/ker(p) = K (u), {H ker(p) = (f), 4L
JT.
(iv) MHERE g(z) € K|x], HHE 2 TR LB AR GEFE 11.3.1), /71E q(z), r(z) € K|z]
1643
g(z) = q(z) - f(z) +r(z), 0<degr <degf.

Kk, g(u) = r(u). KB, {1,u,u?, - w1} & K(u) FARKTT.

NHA f(z) RAER f(u) = 0 MREEDRIZIA, Frid {1,u,u?,--- w1} £ K
vt M, {1,u,4?,--- w1} & K _EREZN K(u) PR,

(iii) A (v ) HA] (iv) 133 uEEE.

B 12.1.8 2K 22 —z—-1 R Q LHRTLH S AKX

5 12.1.9 22X 2 —32-1 R Q LHRTLH ZAKX.

T TR R AR [R) RG220 S R A4

W o: K — L 8. X+ f(z)=anz" +apn12" '+ -+ a1z + a9 € K[z], il

a(f)(z) = o(an)z™ + U(an—l)xn_l + -+ o(a1)z + o(ap),

S0 f AN o(f) Rl A AT 4 sAN AT 49 £ T K.
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EI 12.1.6 Ko: K — L ARFM, u & K X —FRPIALE, v £ L 4E—F
B e k. Rk

(i)u A K LT v &2 L LB HT, 4

(i) u® K EREE, u 9L EZAXA e Klz|,v AN o(f) € L[z] #94%, N
o T RAY R K(u) 2| L(v) $9BRM o, 4 u B3] v = o(u).

E HRE K (u) 3 L(v) fmt

M) o))
o) a(g)e)

XA @ it K(u) B L(v) KFER, B2 ok =0, o(u) =v. F%E, HFEHB o &—X—
M. # o(h)(v) = 0, IR, EEHIE (1), F o(h) =0, Nili h =0. EHE (i), H
o(f) | o(h), \ITT f | h, h(u) = 0. EHRETL. UEHE.

EH 12.1.7 K EH FHARRK ¥R, uc EV AR ve F. N u A v R —RT
HERXN fe Klz] 9R S B L HFLE N K 9RM K(u) = L(v), L4 u B3] .

W o =idg A K ERESERH, o & K BIHESGWEMN, B o(f) = f N2
12.1.6 BIFS 3 E B 12.1.7. =8

EH 12.1.8 K K 22—, f € Klz] ZAREKAH n 892 AKX, NHFLE K 35 K
F = K (u) 1£4%

(i)ueF &2 f 694k,

(i) [K(u): K| <n, FXRZEHAMRY f £ Klz] PHORTH S AKX,

WE AYIK f e Klz) RANTAZIE, W 1144, FH Kz)/f &2— Mk HE
Klz] 8 K(z]/f = F FERAZ

@

s: g(z) — (9(z) (mod f(x))).

S5, s|k & K B s(K) WM, B F 2 s(K) My 3T 2 € Kz], % u=s(z), i
F=K(u) M fu)=0. (1) L. AERE 12.1.5 BIaf#EH (i) . UERE.

HIe WK &N, f e Ko) 2IECH n IWATTAZINA. & o £ f(z) KR, U o
7 K FAERKEAN F = K(a), H [K(o) : K| =n.

12.2 Galois EAFIE
12.2.1 K-[F#

ANV K- [FIR R .

EX 1221 R E#AFZ K ¥ B —ANFEERSH o E - F ¥ K-B&, X o
R—ANBEE, Lo £ K EAEFRS. i, 4 0 —AREAME, 0 »# K- E#.

T K- [FEM K- FEER K Do @A G, BIE R AR A TR EEARAE.

—ANAFRM o F - F g K- BRI, E o & K-, F R K- 3 R4
RN F 75 K B fNB&4E (Galois) 8%, I8 Autg F.

ik B: K c Ec F, 85 F £ E LIS (Galois) #f AutgF.
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EIE 1221 K FRA KWV fecKlz] wRuecF £ f 91k, 0 € AutgF, 1 o(u)
HE f AR
W W f(@)=az"+ --+az+ag € K[z]. X T ueF K oecAutgF,

o (f(u))

l

o(an)o(u)™ + -+ o(ar)o(u) + o(ag)
= apo(u)"+---+ao0(u) +ag
= [flo(u)).
I, 2 f(u) =0, F f(o(u)) = 0. EHERLL. UEEE.
AT EIEREHAEIR Galois HEAE BEOK T BRI )5 3L Galois BFTHFZ (A1 K
&, 5L TR S
R F & K My, B £, % H & G = AugF KTH. 23X

IHy={ve F|o(v)=v, c€ H} (12.7)

A(E) = {0 € AutgF | o(u) =u, u € E}. (12.8)
I(H) 2 F PETH H 0 AR FRENRRTERABMNES. FHrER 12.2.2(1)
¥UEW] I(H) 293 F k. 55,
I(G)=K, I({e})=F.

A(E) £H G = Autg F PERF R E FRCERFAZM B RWARKNES. Fi
FEH 12.2.2(11) U I(H) & Autg F A8 550,

A(F) ={e}, A(K)=G.

EE 12.2.2 R F & K ¥ 3%, E R FABAR H & Autg F 69T %, 1
(i) I(H) &Y K F 64 F 8%
(ii) A(E) & AutgF 8T %%
iE (i) @ %iEM I(H) & F 735, 50 b SHER a,be I(H), USOHER o e H, 1
o(a—0b)=0(a) —o(b) =a—b,
Bl a—be I(H). X
o(ab) = o(a)o(b) = ab,
FTLA ab € I(H).
@ I(H) BHALTCH e. L, SHMEE 0 € H, i o(e) =e.
@ FJauEM 1(H) H e oI disc. #Fs b, X T 1(H) P4E—3EFIT a, LR
ffoceH, A
ac(a™') =o(a)o(a™') =c(aat) =o(e) =e
PLR
olaNa=o0(a)o(a) =c(ata) =c(e) =e.

BTk (@) =a"t, a" ! € I(H).
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ik, I(H) & F 738
(i) BE A(E) & Autg F (7B S5 1, WM 0,7 € A(E), B
(o7 ) (w) =o(r7 (1(w)) = o(u) =u, ue€E.
ik, or—t € A(E). EbE

shia)ts 1(H) W H 7€ F P AL
HE— DTS AN S ) M ok

313 12.2.1 F & K 4% 3%, E, E,, E; ¥ 3% X H, H,, H, & G = AutgF #)

T B,
(1) I(G) =K, I({e}) = F.
(i) A(F) = {e}, A(K)=G.
(iii) #& H, < H,, W I(H,) D I(H,).
(iv) & E, C Ey, N A(E,) > A(E»).
(v) H < A(I(H)).
(Vi) E C I(A(E)).
(vil)) I(H) = I(A(I(H))).
(Vi) A(E) = A(I(A(E))).

(ix) & E = I(A(E)) , M| H = A(E) %X E = I(H), . H = A(I(H)).
(x)# H=A(I(H)), M E=I(H) #%& H=AE), L E = I(A(E)).

iE MR E X, BRI (1), (i1).
(iii) ¥ H, < Hy, WIXHERW v € I(Ho), B
o(v) =v, o€ Hy,
HRE
o(v)=v, o€H
Kk, v € I(H,), I(Hy) C I(H,).
(iv) & By C Eo, MIXHMEREM 0 € A(E,), H
o(v)=v, v€ Ey,
HRE
o(v)=v, wveE;.
K, o € A(E), A(E:) < A(E).
(V) SMERW o e H URERE ve I(H), B
o(v)=v, wvel(H),
XEW%E o€ A(I(H)), HC A(I(H)).
(Vi) MMERM ve E, LEIER 0 € A(E), B
o(v) =v, o€ AE),

XE®E v e I(AE)), E C I(A(E)).



318 12 3 R Galois B

(vii) H1 (v) F (iil) #EH
I(A(I(H))) c I(H).
IMAE (vi) T E = 1(H), 3
I(H) c I(A(I(H))).
W I(H) = I(A(I(H))).
(viii) i (vi) A1 (iv) ijﬁﬂj
A(I(A(E))) < A(E).
M (v) P H = A(E), 1§
A(E) < A(I(A(E))),
W A(E) = A(I(A(E))). UERE.
ENX 12.2.2 % F & K #4F 3%, F "4 K- 4 Galois # 3, % Galois # Autg F
HARERA K.
XFhEs E: K c Ec F, F WY E-1f] Galois ¥3k, W3R Galois #f AutgF A
AL E.
1
o I F & K 1 Galois ¥75K, WX FAEEM v € F\ K, ff#£ 0 € AutgF {13
o(u) # u.
o Wi F & E ¥ Galois '3k, WX TLEM v € F\ E, fff£ 0 € AutgF i3
o(u) # u.
EF 2 4w B, 018 AE) , BT I(A(E)), B3 A(E) = Autyam)F. B,

A(E) = AutgF < I(A(E)) = E.

XEWE, E 4 Galois T8 AutgF MRELMR I(AE)) = E.
E 3 4 H <G, {3 I(H), 3R AI(H)), B8 AI(H)) = Aut; o F, B,

H = Aut; ;) F < A(I(H)) = H.

KW, H RHAZ, 1(H) b Galois T8 AutyyF MFRELMR AUI(H)) = H.
i E AR, WiR E = I(A(E)).

Bihn, K Ml F #52 R,

T8 H AR, R H = A(I(H)).

Biltn, {e} F1 G #RE A THE.

Ak, B 12.2.1, 5

E = I(A(E)) <> H = A(I(H)).

FRHE T BE 12.2.1(vil) A1 (vil)), ATHEH:
EIE 12.2.3 X F & K 95 3%, M AN K H F E3R 5 K Galois B G = Autg F
4 ) FBEZ 8] A A —— =t L 6 A

E— A(E) = AutgF.
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SEHE 12.2.1 AT LAHE A

FHE 1224 R FR K YR ERF YA, fe Elz]. ¥R ueF R f 8k,
o€ AE), N o(u) 4% f 694k,

E W f(z)=anz"+---+az+ag € Elz]. X T ueF koec AE), i

o(f(u) = o(an)o ()" + - + o(ar)o(u) + 0(ag) = ano (W)™ + -+ aro(u) + ag = f(o(u)).
B, Y f(u) = 0, 4 f(o(u) = 0. EFUKIT. HELE.

12.2.2 Galois B FERBH#EHA
AELS H Galois JEAS 2 #.
EH 12.2.5 (Galois Bty A REE) wR F & K 69A R4 Galois ¥ 5K, W EFTA
T A F 3R F) Galois BF Autg F 89 FF A TR R Z A G2 — /A ——*F B2 6
E+— A(E) = AutgF (12.9)
14
(i) F ZAHAFER E L&) Galois 3.
(ii) AAF X By C B, 98X %EH (B, : B FTETH AE) > A(E,) 940X
1547 [A(E)) : A(By)), 453, Autg F A M [F: K].
(iii) 3% B & K E#) Galois 3K 4 BAX 42t 69 F 8 A(E) = AutgF £ G = Autg F
) EMTE EXNMELT, G/AE) (AMEXT) &£ E £ K L8 Galois # AutgE.
TEZ5H Galois A & FAUE A Z A, Jeii8 LA~ 9 2.
3131 12.2.2 X F R K ¥ 3%, E,, E; Y%, L E, CE,. X [E;: E\| A
&, )
[A(E\) : A(E»)] < [E2 : Eq]. (12.10)
A, Wk [F: K| A, [AutgF| < [F: K.
iE X n=[Ey: B IBCFRANE. n=1 K, @8 ERMAL. n > 1 K, R8T
fHi<n#EOL. Wue Eyyug Ei. A [Ey: E)] AR, BTl w & E, EIRAREUCG, v e
XZWK f(z) € Ey[z] BAXRE k> 1. F LT o (a) 8 A AR ) 1
E, C E, (u) C E,
1 l !
A(E,) > A(Ei(u)) > A(E»)
SREFEIE. 35 k< n, W 1 <n/k <n WIEAERE,
([A(E,) : A(E\(u)] < [E;: E\(u)], [A(E)(u)): A(Ey)] < [Ey : Ey(u)].
M
[A(E)) : A(E2)] < [A(E1) : A(Ey(u))] - [A(Er(u)) : A(E2))
S [E2 M E] (’LL)][El (’U.) H E1]
< [Ey: Ei(u)).
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#ik=n W [E: Ei(u)] = 1, ] B, = By(u). WRAEEE 12.2.4, 7T LR FIHE
A(Ey)/A(Ey) %I f ££ F PR Roots(f)r = {v € F | f(v) = 0} FIWG:

p:o-A(Ey) — o(u)
@ X Fs b
p(01A(Ez)) = p(02A(E2)),

W oy (u) = oa(u). MIfi, 05 01(u) = u, 0,01 € A(E1(u)) = A(E,). HILE R 0, A(E,) =
U2A(E2).
BA o &% —M, FrLl |A(E,)/A(E,)| < |Roots(f)r|. T |Roots(f)r| < n, #&

[A(E,) : A(E2)] = |A(E))/A(BEy)| < n = [E; : E].
Rk, 4 B, =K, B, =F, f
[Autg F| = [Autg F : {e}] = [A(K) : A(F)] < [F : K].

513 12.2.3 X F & K ¥9¥ 3% X H,, H, & G = Autg F ¥ F#, H H, < Hy. 4=
X [Hy: H,] A&, W
[I(Hy)) : I(H2)] < [Hz : Hy. (12.11)

ﬁE &ﬁE‘}% & [H'_) : Hl] =n, [I(Hl)) : I(Hz)] >n, mUﬁZ‘E UL, U2, ,Up,Unt1 € I(Hl),
CAE I(Hy) FEMTR. W Hy/Hy FIAREICH 01 € Hi, 00, ,on. TEF T HEn+1
Tei) n AN TTRERIFE IR Gt T R 4L

o1(ur) z1 +o1(ug) T2 + - -+ + 01(Un) Ty + 01 (Unt1) Ty =0

o2(ur) x1 + 02(u2) T2 + - + 02(Un) Tn + 02(Uny1) Tny1 =0
(12.12)

[ on(w)z1 +on(u2) 22+ - + on(Un) Tn + On(Uns1) Tni1 =0

RARMEENE n+ 1 KTTEANE n, FITAXAHRAGESMH ¢ & 450
01,02, ,on KT, ATRAEFTAEERD, 1481 ¢ = (01,02, ,an,an4) , FHIHL
AAFRIDE a; DB, A

El - (a17a25"' :a1'707”' $0)7

He (a1=1, a; #0, 2<i < 7).
BAE, MiE— 1 € Ho, 1E13

& = (1(a1),7(az2), - ,7(a,),0,---,0)

2R (12.12) KR, W2 7(a2) # ao.
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%J g1 € Hl, ﬁ?u 0'1(’(1.1;) = Uy, 1 S 2 < n + 1. Bﬂiﬁ (1212) m%—-‘/l\jj*_%, ﬁ
uya; + ugas + - - - + upa, = 0.

A wy,ug, - unyungr € I(Hy) 8 I(Hp) EE&METLR, FTUALE— a; & 1(H2). (AW
N ag, FHDBERAZW uy, uz, - Un, uny1 BHIKIF) XEE, AFLE 7 € Ho, 15 7(a2) # a2
IRAE FE Lt TR AL

{
To1(uy) xy + 701 (ug) T2 + -+ + 701 (Up) Tp + 701 (Unt1) T =0

To2(uy) Ty + To2(U2) To + - - - + TO2(Un) Tn + TO2(Unt1) Ty =0
(12.13)

! Ton(w) Ty + 7O (U2) T2 + -+ + T0n (Un) Ty + TOn (Unt1) Tt =0

BH & = (a1, a2, ,a,,0,---,0) 7ERX (12.12) K, BT & = (1(a1), 7(az), -, 7(ar),
0,---,0) &3 (12.13) HIfiE.

E%\E@J, T € Hy H‘T, TO1,TO2, " ,TOp & H,/H, R T, ﬁﬁi, MF1I<kL n,
H ror =01, T € Hi. INIU, B 7/ (uj) =uj, 1<j<n+1, {FE]

Tok(us) = 0i, 7' (u)) = 04y (u).

M 0,00y, 00, J& 01,09, 0, FI—NHEF, BTLATREAL (12.13) 5741 (12.12) &M
ik, & R (12.12) Hf#. M,

&2_51 = (0,7’(0,2)—(12’--. ’T(ar)_ar’o,... ’0)

2R (12.12) MfE. X5 ¢ MAEF S 8N EBOFE, 0 [1(Hy)) : 1(H2)] < [Ha @ Hy).
IEEE.
33 12.24 R F & K ¥ 3%, E,, B, FY1A3X, B E, ¢ E,. & H,, H, &
G =AutgF ¢4-F#, H H, < Hy, N
(i) & E, RAME (E,: E\| Ak, AL E, A, B [A(E,): A(E,)] = [Ey : Ey.
(ii) & H, &M, B [Hy: H)] AR, R4 Hy, AR, B [I(Hy)): I(Hy)| = [Ha : Hy).
(iii) # F & K $A R4 Galois ¥ 7K, AR A HAF A 3R Ao 3 Galois FAFARZ A 49, B
Autg F M4 [F : K).
E (1) & B ZEK, W B = I(A(E)), By C I(A(E,)), IRIET|H 12.2.2 F5|H
1223, H

[E2 : B [(A(E,)) : E\] = [I(A(E?)) : I(A(E))]

<
< [A(E) : A(E2)) < [Ez: Ey].

AT, [I(A(Ez)) : Eo] = [I(A(E2)) : Ei]/[Ez: Br] =1, I(A(E)) = Bz, ALK

[A(E) : A(Es)] = (E: : By,
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(i) % H, WM, W4 H, = A(I(H,)), Hy C A(I(Hy)), 45 H 12.2.2 Fig|#
1223, f

[Ha : Hy] [A(I(H2)) : Hi]| = [A(I(H2)) : A(I(HY))]

<

< [I(Hl) : I(HQ)] < [H2 : Hl].

MIfI, [A(I(Hy)) : Ha) = [A(I(H2)) : H1|/[H2 : Hi]| =1, A(I(Hs)) = Ho, LA KX
(I(Hy)): I(Hz)] = [Hy : Hy.

(iil) & E &9 KA F 2 K fARYE Galois 75K, FTll [E : K| MK 1 F
£ K & Galois 1), Bk, K 2H). i (1) #iH E Z2HW1), H [A(K): A(E)] = [E: K].
B, 4 E=F i, A

|Autx F| = [Autg F : {e}] = [A(K) : A(F)] = [F : K]

SEABRM. I Autge F IS T8 H RABRIG. B {e} 2, B (i) 93 H &
Zilioh FYE.

B F KW, ERPRE R E T KM F) Z25ER, iRE4) K- AR
oc AutgF £ E FHIBREIERE E B E 85 AIBSY.

3|38 12.2.5 X F & K #¥ k.

(i) % E RAEZ A PIEY X, AL A(E) = AutgF £ Galois #f Autg F &9 EHLT 2

(ii) & H & AutgF ¢4 ERFBE R4 H 69 TR [(H) RAZE 6 T 85 3K,

iE (i) % uc E,oc AutgF. ¥ E MEENE, f o(w) € E, Aifi, X T4
T € A(E), fi (to)(u) = 7(o(u)) = o(u). Kk, X TIEENK 0 € AutgF , 7 € A(E), LR
ve E, i

(0 tro)(u) = o (ro(u)) = o (o(u)) = u.

M, o ‘70 € A(E). A(E) J& Autg F I 1EET-5¥.

(ii) & H & Autg F IERF8F, IAXERMR 7€ H, 0 € AutgF , fi 0 ‘70 € H.
His, X FAEEM v e I(H), §§ o 'ro(u) = u. NI, 7(o(u)) = o(u), & o(u) € I(H), I(H)
e REE 1) () 3 UEHE.

313 12.2.6 # F & K ) Galois ¥ 3%, B E AT THEY X, U E L2 K 6
Galois ¥ 7K.

iE XM Fue E\K, i F R K I Galois 48, 5I{74E 0 € Autg F, {13 o(u) #u. 2
E RFaEN, N ol € Autg E, 13 o(u) # w. Bk, E & K ) Galois #75K. =

3138 12.2.7 H F & K 9¥EAY R, E AV R, B E R K ¢9REY Ko
Galois ¥ 7K, RA E (84T F f= K ) 447 49.

i OBEAM: B K PAREE K, —A TR A

iE uckE, fcKluPEeXEHX 2 u =y u, -, u & f{EE
FRIARFERH, W r < deg f =n. WHR 7 € AwtgE, W {u, w2, -+, u,} f£ 7 T
B {r(u1), T(u2), -, T(u)} 2 {u, ug, -+, u.} W—ANEBR, NI, Elz] PRZHK



12.2  Galois FEAE# 323

g(@) = (z—w)(z —up) - (z —u,) 7 7 WVEH FRRIFEAZE. A4, B £ K FJ& Galois §75K,
Bl g(x) € K(z].

Houy =u & g(z) MR, B3] f | g. BIA g 2E 2K, H deg g <deg f, TLL f =g,
f TR ZE W AR, %A E .

BAE, X T o € Awtg F, A1 o(u) & f HIHR, il o(u) € E . Bk, E (X T F Ml K )
JERSIE ). JEEE.

W F & K Y8, BE REErfh iy . K- AW r € Autg E WAEATHRES] F, W
BIFHE 0 € Autg F , 18 o|g = 7. 550, WT3RER K- B R SETAMRMES Z Autg F
1B FERi, 24 E FEr, AE) = AutgF & G = Autg F IIEMFRE, i al B X
B G/A(E).

313 12.2.8 KX F & K ¥ 3%, E RAET G F R K, AL EE Autg F/AutgF F
MFTIERE) F 69 E A K- B R P4 A 64 F.

iE KA ERRGER Y, BT ¢ o o|p & Autg F 3 Autg E. 858, 1%

GRHES F Y K- BFERTEBEE, Mt AupF . B, @i Autg F/AutgF

[ TRl s F i) E A K- B R T4 S, UEEE.

12.2.3 EAKFEIRZIEMA

Galois EXTEEZIER: ZE F Iy 842 Galois #f Autx F WA FHEAE 2]
st o« B — A(E). B3E51# 12.2.1, &

K CECI(AE))CF.

H I(A(E)) = E MARERMRE H = AE) W2 A(I(H)) = H. XRWH (G 12.2.3): HH
()4 S AN ) Galois TREZ AMFAER —A—— XK R.
NFEEBREFRN
KCE, CE,CF.

f (51 12.2.2)
[AK) : A(E)] < [E1: K], [A(E)): A(E,)| < |E;: Ey].

Bk K 2WM, B B 78 K ERAWRYER (KA F2ARRYER), il B, 2&RK, 35|
1224, FrA MRS (B4 By) M-F#EEGZ MM, X BB o &——XN1. mH, F
& E I Galois 75K, I HA [A(E,)) : A(Ey)] = [Es : Ey].

WEM. R E & K 1) Galois ¥ 5K. BIA F 2 ARYER, LR (F: K]l =n, X
R u e F, #1 {1k,u,u?, -, u"} —EHEAHRAX —35L, BInfdn E 2 K fAREd
ik, RAESIH 12.2.7 , E REER, AN K A 0 € AuwtgF £ E ERIBRE o|p 2
E BAGWEM, B ol € AutgF. H513 12.2.5 (1), A(E) = AutgF £ Autg F FEIE
7SI

7otk Bk A(E) f£ Autg F FIEM, B4 I(AE)) 22— M (513 12.2.5
(ii)). (EFTH h ARA 2 A, ik E = I(A(E)) & — M e, FhsiH 12.2.6, £33
E & K ) Galois 1.



324 ' 12 F BA Galois Bif

Bk B & K 1 Galois ¥75K, (M1 A(E) £ Autx F P IER), oA E F A(E)
#WREMM, H I(G) = K ( F /& K If) Galois #75K), 5|2 12.2.4 53

IG/AB)| = (G : A(E)] = [[(A(B)) : I(G)] = [E : K.

H5HE 12.2.8, G/A(E) = AutgF/AutgF Fl Autg E WEANNA (E - K] BB
Py, (BREAFEHK (1) XY AutgE| = [E : K| (R E & K 1 Galois 75K), Xt
G/A(E) = AutgE. UEYE.

12.3 A&, REFAE

12.3.1 A &E

EX 1231 KK 2K, feKz]| R A >1893RX. K 89—/ F KR F K
ZEWN f £ K LSRR, WX f £ Flz) ¥To#%, B°

[(@) = ala —w)(@ —uw) - (z — un),

BF=K(u, - u,), ¥ ac K, uy, - ,u, & f £ F ¥ &4k

® S R Kz F—8U0H > 1 MEHAABNES. K B—9 8 F g 2mXE
&S E K LS8, R S PEANZIHRX f E Flo) Pl B F B S PRTA
LI IRE K EARK. ’

] 12.3.1 & a? — 2 £ F, 45 38%KAE F,.

WE KAEF, FfizP—z=2(z—1)--[z— (p—1)].

Bl 12.3.2 K E R q THRIK, £ERRZ F), 1 27—z £ F, 95 ER#A E.

FE 12.3.1 &K K MK, f € Klz] 9R#&A n > 1, NWEE [f —AERK
F [F:K|<nl.

HE X no=deg f 1EECF TGN

W n=1, 8UR F £ K EA3E, N F = K &or388

WR n> 1, f £ K EARREMR, % g€ Klz) & f BRBKT 1 ATARK. WAE
£ K — RS 7K K(u) 818 v 2 ¢ B8, H [K(u) : K] =deg g > 1. I, £ K (u)[z]
FHEMER f(z) = (@ —wh(z), HF deg h =n — 1. HAPRE, F74E—D h £ K(u) L
MR < (n— 1)) MAORK F. B, F £ K FRXEF: K] = [F: K@)K(u): K|
< (n—1)n=nl UEHE.

12.3.2 KR#¥FHE

TS A REREATAREE 5K (3, th& — N i 22 X UE ATl 3k,
TE 12.3.2 AR F LU TEHF0

(i) BAEFHS AKX fe Flz]) £ F YA

(il) BAEER S AKX f e Flo] £ F $T5#.

(iil) ARTH AKX f e Flz] 9R¥H 1.

(iv) RAEE F RET K (BT F 2A9h).
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ME (1) HE (i), X) f IREL deg f = n EBCE RGN

n=1M, f(z) H—IKEI, GHLHAL.

B LE R IRE < n— 1 Z I KAL.

MFIEEn>2 REHRX f(z), B (1), f(z) £ F PHEW z = a. WIEH 1231 Z2H#H
B2, z—alf(e), qf(z) = fi(z)(z—a), HH deg fi =n— 1. WEEAPKRE, fi(z) &£ F
A oME, W f € Flo) £ F ol 5.

(i) #E (iii). 458 BARROL.

(iii) #f (iv). ¥ E & F —MREd 5%, WX FAE& v e B, Wl u & F EHoT, &
#1215, fFEEATAZ A f(z) € Flz] 43 f(u) = 0. WHE (iil), f(z) = a1z +ag, a1,a9 €
F. \ifl, u = —ag/a; € F. XM, EC F, E=F. 885,

(iv) #E (1). & f(z) & F ERAEEEZ A, WA B 12,15, F1E f(z) H— MR v,
{13 F(u) A F OREG 5K RIE (iv), F(u) = F. B, ue F. S8 iEEE,

EX 12.3.2 &K F R—A K F "[BREAE, wRR F #H LT 1232 FNE4.

ENX 1233 KK 2 MR, f A K EORTHELAX. R F R f £ K E¥—A
SEIR, B f £ F o ORARZ AR, WAR f AT 469,

EN 12.3.4 XL F AR K 89—/ 3K, u & K EAORE R ok K LTS
RXRT oM, MAR uw £ K LRT 58, 2R F FHEATE v £ K LHAT o0, N
R F A K GTHyK

12.4 >IE

(1) UEH: V3 A EHNE Q FMREE, HHHHE [Q(V3) : Q.

(2) UEW]: AR o #£ 0 A1 B #RAEEOR Q ERAREEL W o+ 8 Al ot R HEEL Q
AR

(3) o MM KEEE, WRFAE - DE BAYZ I f(z) € Z[z], 18 f(a) = 0. UEWH:
W o« £ 0 B RAREEE, W o+ 8 Aot tH2REEEE

(4) UEM: 85 K WA BRY 5K 2 AREd 5K, RIS A KL,

(5) UEM: 38 K A7 BRACE 9K 2 g k.

(6) WERH: ¥ o B3 K B n AL, W) o R 7K K () P REA CE ATME—RIR R

1

ap+aa+--+a, 10", a;, e K,0<i1<n-—1.

(7) UERH: ¥ 0 8 K EREEREL, W) o MRy ik K(0) T4k K (2).

(1) Bossn] LU by etk 23 (B KB A5 05 7 2445 5t 1.

(2) BHOH KRB Q AT BRYELME 2R, dnfer A 2 I AR R R R 2 B0 1 1
o, WK 294135 .

(3) AHEHUH Q MK T AL RIS A RaTEI? BUREAAE M AARBEN 3 A
PR X INE PR SR 2
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(4) ZH F, 19 n 9K K REEME S

(5) Huvfel A\ 25 TH 2 10 £ 3 SR HI A K, s BRI K K7 250805,
(6) T A BER R4, Stk i S A 2 T ER 2 (A6 R

(7) HfeT A IR A R K2

(8) WFSLAT MR T8,

(9) WFSTA BRI Galois 5B



F13E H G

13.1 #B#E

ENX 13.1.1 & F 3% K ¥ 3%, a1, a0, - ,an £ F 89— n A0E. ar,a0, - ,an
A K L REHBEX, wRAE-ANFERZAX fe Koy, -z, AT S 6§ n A%
FIAE ay,a9, - ,an, A

flai,az, -+ ,a,) =0.
ap,ag, - a, " REFIX, X a,a9, -, a, FRAIANE.
EOBTE ay, a0, 0 REOEK, MEREZIK [ € Kz, ,z,] 1815

f(a17a27"' 7a’n) = 07

m f=o.

Bl13.1.1 BAFE =314 £ Q LRIAK, AAMNHMIK ¢ =2718--- £ Q L&
RELA XK.

EIE 13.1.1 K F A3 K $9ATRAERYT K, 1] F 2 K $9REY KA HFERKEL
X0y, ,0, 11F F & K(6,,---,0,) 9REY K.

WERR % F 7R K MAMRAERITTH S = {a1,a2, - ,an}.

WR S PN ITEA K EAREAER, W F 2 K AREd K. B, S R ICEAE
K FARYOESS, w0, F K(6,) 1% K 1B,

R S A TTEREE K(0,) FARBAESK, W F 2 K(0,) A K.

B, R S PHEITELAE K(0,) EARBOCK, WHh 0, XKW, 01,0, FRETEK. Wit gk
T2, WHRBEIRBOEKIT 61, 0, 18 F & K(6,---,6,) MR K. UEEE.

13.2 FHIREAHE

& F, /& q oA BRI, HAFHE p AEE W F, O&EFE F, = 2/pzZ, & F, LA RYE
LN, W n=[F,: F), Wl qg=p", Bl ¢ ZHFFE p KR

BAEW: Fy = F,\ {0} & q— 1 N EFATERE. h ik, S6iie Fy i 28pm.

EH 13.2.1 Fy 9EEL o 9N ER ¢ L.

E— W H=<a> & o ERMIEAEE, RYE R 8.2.2 2L, 11

ord(a) = [H| | |Fj| =q—1.
WEZ W Fy ={ay, az, -+ ,aq-1}, W
a-ay, a-az, a4 Gg_1
& a1, az, -+ a1 BI—HEF, Bl
(a-a1)(a-az) - (a-aq_1) =aiag---a;1 B a? '(ajaz---a4-1) = araz--- a4 1.

M4 (araz crago1)7h A5 a9 = 1. KU FEH 5.1.1 ZUEM, f ord(a) | ¢ — 1.
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EX 13.2.1 AKX F, t4LF g "M AKRT RERT, wRER F; YERT, BH
A qg-16a%. 4 g & F, 9ERATH, A

Fq:{o}u<g>: {07 g()zlv 9, "'7gq_2}-

KH, AR g 92 LS AKX M AR S IR.

I AR Z A RER SAR 2 0 E L (EX 11.5.1) &8, KAZER R
W F, b, Xk FARIEIC g FEXZIR p,(z), FH ulpy(x)) = {z*¥ mod py(z) | k € N} K15
WNERSIFS u(g) = {g* | k € N} Hif/NEZE— U0,

EE 13.2.2 HANATRBRAAERT. R g £ F, h9ERT, N g¢ & F, 4A R
HAX G dfe g — 1 R K AR (d,q— 1) = 1. #5338, F, H (g — 1) MERL.

iE Ba MR dIGICE, M d M = 1,a,--- 0t BIBASE, HEJFE: 24 -1=0
FIRTA AR (IR SEARER & AR ). MRPE e HE 13.2.1,d | ¢ — 1.

M F(d) Rt F, TR d MTENE, A

Y F(d)=p-1.
d|p—1
BIABT A d ITCE b TRE 22 —1=0, FTLL b 4 o T, Bl b=a’, 1 <i < d. RIEEH
9.1.5, a* IR d MFEELMR (i,d) = 1, 8 F(d) = ¢(d). WM F, PEAMNH d BITE,
W F(d)=0. B2,
F(d) < ¢(d).

B EH 2.3.9, Xf

> eld)=q-1.

dlg—1
> (p(d) - F(d)) = 0.

dlp—1
BRI, X r A E¥s d | ¢— 1,
F(d) = ¢(d).
Feonilih, 17
F(g—1)=¢p(g—1).

XBLALFAEN A ¢ — 1 UG E, B F, P45 A GA7AE. EEE.

Wit 1 Bq=p", p NEH, d|q— 1, WHRE F, PN d FICE.

it 2 Wop NEE WAL g B p IR ARIR R, BIFFER p JRAR.

KMLTHE p BRI i (EH 5.2.2) RARZHAMME % GEH 11.5.4), thfy
AR, Fpn_y (92 L TTHRE TV,

EIR 13.2.3 BERARKF,n , P p AFH Rp" -1 A TR ERHKL qi, -+, ¢,
W g & Fpn PARABAHAEFNZ

gP Ve £ i=1,---,s. (13.1)
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iE W g R Fpn M—AAETT, M g MIFHE p» — 1. BA

T
—3
L <pr-1, i=1,,s

(3

0<

FreAst (13.1) oz, Bp
g(p"fl)/qe £1, i=1,---,s.
Rk, # g WK (13.0), 1 g BB e = ord(g) < p" — 1, WAT ¢ | p" — 1. IAITIAFAE
AEH g, | T

e

prialii]
g(p"fl)/th- = (g°)* = 1.

Hg (13.1) F/E. UEHE.

EI 13.24 WwR F, & q=p" UK, WEBENAZTHLTGTAE 29—z = 0. LA,
F, REANFAZARES.

Fitk, st BENEEF q=p", AKX 29—z £ F, Leh5 FBE q T

iE W F, 2AMRE. B 13.2.1, F, MENEZIGHMNEE ¢ - 1 KT, B
F, PHAEEIET UL TR 297 = 1. M Al 3l o, U TTHE 29 = 2. 0 LR L L.
AT 27 — 2 = 0 MIARMANE < g, FTUHAIRBE F, MooE. X, F, 220X
29—z 1& F, LR34

Ok, & q=p" ZREHE, H F 220K 27 -z £ F, FRSRE 3R 29—z I8
I8 gz — 1= -1 (HAH q & p G BTLL gzt 2 F, Fo0). ik, 2T 29 —
H5HSEBRA AR, Wit F Z2OEE 29 — 2 18 ¢ PR,

BAE, HFUEY] ¢ MRA SRS — MR & o, b ZTFEMBAR, B

a?=a, b?=0,
WiEEH 103.2, §
(a+b)P =aP +bP, (a,+b)7’2 :(ap+b1’)P:aP2 +b”2, os s

(@a+b)F" =@+t P =a" + " =a+b,

XA (ab)?" = a?"bP" = ab, XU, a + b F ab FETTFEHIM. B, ¢ MR RIES B A
oz —x WARMIE/NE, B) 29 — 2 B30 ¢ Joik. UFEe.

13.3 BMRiEA Galois Bf

13.3.1 FABRIEAY Frobenius BREF
SeR A PRI Frobenius MRET.
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EHE 13.3.1 K F, & q=p" LAMRIK, 0 £ F, 3| f & ek st,
o:a+—aP.

noA F,98RM, L F, Y/ 0 THRHARER F, 9K, Mo 8 n ARAEF
3
HE RPEEHE 10.3.2 PAAGERE 13.2.4 ZUEMH, 5

ola+b)=(a+b? =a? +b" =o(a) + o(b),

o(ab) = (ab)’ =a? b’ = o(a)o(b).
K, o & F, AR, B

J

o*(a)=o(@”) =a”, -, () =o(@ )=a", -, o"(a) =o(a") =" =a,

FTLA oF [IAB LR =7’ — = AR, FEIH, 4 j = 1 B, o ARSI 2P — = IR, IXLEHR
IR F, 1 p NIGE (R EH 2.4.2(Fermat /NEH)). 1112 j = n B, o FIARBHIGR
29—z AR, XL F, T q NI, Bk, on RIEEEY, o MBS on L.

EFE 13.3.1 FMLE o T4 Frobenius HE#4.

it W F, & q=p" TARE, & 0:a+— a? & F, 2B SHWBG, {01, 00, , a4}
& F, M7H8H, B o REEAZE, B {o(on),0(a2), + ,0(aa)} & {a1,02, - ,aq} FI—AHE
B, M f(z)=(z—a1)(z—ag)- (. —aq) & F, LIZTR.

iE FRZIA f MRBOE a1, 00, a0 FIXFRZIEK, FTELVENE o TIREFAZ,
BEfET I(< o >) = F,. iEHE.

EIE 13.3.2 K F, & q=p" LARIK, 0 & F, 3| f 5§ 9,

o:av+— aP.

Yok o & F, YHEZEA, W o £ F, EHERARAE 0(a) = a? .
iE W d = [Fy(a): F), W Fy(a) TEAHRER F.((ERMZEXT). Bk, o #2
2 =z AR oP —x, 1< <d. gk, FEFIEM o, BEF d MRRETT

a, c(a)=aP, ---, o} =o',

Wis: XEEITTRRE o KE XZHENER. $5 k, 3 o K2 X2
f@) =2 +ag12" '+t arz +ao, a;€F,
)
f(a) = ad‘i’ad—lad_1 +---t+aa+ag=0.

WisiAE p 7, RIS 10.3.2, HERF] of = a;, 0<i < d, (IRIFEE 2.4.2(Fermat /NiE
), H
f(@) = (@) +ag1(?) "+ +ara? + a9 = f(a)’ =0.
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WIRBREENE p XTT, M T 1< j<d H
f(apj) = (Qi)j){i + (ld—l(&pj)d“l +dara? +ag= f(a)pj =0.

IEEE.
#IL1 WF, & q=p" KANE, o & F, BIASWBY, 0 :a— a?. & f(z) & F,
F d IRAAZIA. R o i f(z) 1 F, PRI, W

a, ola)=aP, - | o

i f(x) #E F, "PIOATEIR, 2 d 2815 ol(a) = o /D IEREL
W W oe A 0 (o) = o BOL S/ IR, ARYE 2 B 13.3.1 2 #Eie,

9(x) = (z — a)(z — o(@)) - (z — 0" }(a))

& F, Bizm. KA fo) £ o BE X2, el f(z) | g(z). M, d < e, H
ao(a)=af, - ot a) =o' JE f(z) 1 d AR, #EE R ERE.

it 2 Wit F, (¢g=p") MERIT (BUFEMR). X TH8E u, 1<u<qg—2 & dREM
5 gu" = g BOLHIR/N ERE X w = (p — 1)/(p* — 1)), W)

d—1

fx) = (z —g") (& —g"")---(x —g"" )

it F, b d IR 22 5K
AIRBAYERME. NAEHE 11.4.4, WU RBHIE R F, L1 d AT 7K.
Y p(x) K Fp[X] I d IKE 1 ATAZTA, £ Fylz)/p(z) b XN

f(@) +g(z) = ((f + g)(z) (mod p(z)))

Fiafevs::
f(x)g(z) = ((f9)(z) (mod p(z))),

W Fyz]/p(x) AT Fidis Sk l— Ak AR e 8 12.1.3, XANMELE F, B 4 kYK,
BIXAMRA F, 8 GF(q), Ht g = pd.

Fy/(z* +z + 1) WAERBITE =,

B 13.3.1 EW 2t +z+1 R Fylz] PHRTH AKX, M Byfz]/(a* +z+1) —A
Foa 3.

KA Bz PRI RE <2 MATAZIHAN ¢, 2+ 1, 22 +z+ 1, H

itz +1 = z(@®+1)+1, 2t +2+1 = (z+1) (@3 +22+2)+1, 2 +2+1 = (22 +2+1) (2% +2)+1,

Fibhae fa*+z2+1, z+1 fat+a+1, 2> +z+1 fat+z+ 1. X, 2t + 2+ 1 & Bz
PRI AL IR, N, FBylz])/ (2 + 2+ 1) & Fy 8,

5 13.3.2 K Fp = Bz]/(a* +z + 1) THERT g(2), 3 FE g(x)t, t=0,1,---,14
Fa Pl A BRAT.
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B KA |Fnu|=15=23-5, Frllifig
g(z)® #1 (mod 2* + 2+ 1), g(z)® #1 (mod z* + z + 1)

HITCE g(z) A ZE4E R,
T gz) ==z, f

=23#1(modz* +z+4+1), 2°=22+2#1 (mod z* +z+1),

FTEk g(z) = z & Fylz]/(z* + 2 + 1) BIARUC.
X t=0,1,2,---,14, itH g(x)* (mod z* +z + 1).

9(z)° =1, g(z)! =z, g9(x)? = a2,

g(:c)g = .’1:3, g(.’E)4 =z+1, g(:L‘)5 =22 4 z,
g(z)¢ = 28 + 22, gz =23+z+1, g)B=2%2+1,
9(z)® =23 + =z, gx)0=x22+z+1, gx)'!=23+2%+z,

gx)2=23+224+2+1, gx)¥=23+22+1, gl@)*=2+1.
PTAERIT A g(2)t, (¢, ¢(15)) = 1.
g(z)! ==z, g9(z)* = =%, g@)t =z +1, 9(@)" =2’ +z+1,
g =22+1, gla)t=2*+22+z, g@)3=23+22+1, gl@)=23+1.

5 13.3.3 K Fys = Fyz]/(2® +2* + 28 + 2+ 1) PHERT g().
fi2 NN |Fp) =255=3-5-17, FiLle

g@)® #1, g(@)® #£1, g(z)®® #1 (mod 28 +2* + 23 + 2+ 1)
MG E g(z) #ZEERTT.
T gi(z) =z, i
ale=®+a¥ +? +241, gi{e)l =1,
g@)¥= 2"+ +2' +23+22+1 (mod 2®+ 2t + 23+ +1).

B, g1(z) = 2 AR Folz]/(2® +2* + 2° + z + 1) PIRIERIC.
T go(z)=az+1,H

g(z)? =2 +1, gl = +22 +z+1,
g(x)t =2t +1, @) ="+ + 28+t + ¥+ 2?2+ + 1,
g2(z)® =zt + 23 + =z, g2(z)® =2 + 2t + 2?2 + 1,

@@=z +2t +23 + 2+ +1, gz)P=2"+2%+2°+2%+1,
gz)® =28 +2 +2+1, g2(z)%! = 2 + 22,

g2(2)8 = 27 + 2 + 24, @@ ="+ +2' + 23+ 22+ 1
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(A,
g(x)® #1, g@)® #1, gx)® #1 (mod 28 +z* +2° + 2 +1).
g2(z) =z +1 & Fz]/(z® + z* + 2% + z + 1) PR
T 13.3.3 Fpn 89T A Fe, (d|n), €A Fpn YHALEL F, LA RS
iE & KA Fyr T, WAE a € Fp» {E15

K =Fy(a), |K|=p"
BB EAAE F, (045, AR5 1211, 7
[Fyr : Fy) = [Fyn : Fya[Fya - Fy).
Rk, AHERER d | n, FHIR F,. 57 By b, 9690 1, Jif
2 =z

AT —fFER A 2P” = = IR UEEE.

E 13.34 MEZE g=p", 3AX 29—z TE Flz] PHMARE 1 A THERAXHY
KA, BHENSAXGAK d | n.

E W f(z) RAE—REH d E 1 ATAZTA, HRK o WIEEH 12.1.8 ZHER,
o fE F, FAERINEA F,(a), HAER Fu, &L Fp B KA o WL 29— 2 =0, T
f(z) | 27— z. W, f(z) &€ F, PAR, H f(z) HRE d | n. (KA Fy(a) & F, 7).
ik, TR 27 — 2 ME 1 ATAZIARRE d | n. BR 29—z BAER, XERE
z? — z & T IXFE A A] 29 2 A i e IEEE.

it WR n BEEH W F.z) PFH pn_n___p AAFEFIRECH n 0H 1 A4 2R
3R FA.

W W m & Fpelz) PRECH n I 1 AT 200N

HRYEEEE 13.3.4, KBCH pm MZ I 27" — 2 & m MNRECH n 2T p NIRECH
1 ATAZI 2 —a, a € F, MR (KA n REH). HLBRITFE p" = mn+p. UFEE.

EIE 13.3.5 K p, r AEEHK WA F, £, AKX Tl ok ks ord,(p) #
R4 % AXMFA. )

i d = ord(p), @rla) = T B Que) HAKEH ¢ MFTABR ha), 1

WP 11.4.4 JER 11.5.1, Fylz]/h(z) B—A p* oI5, #RYEEHE 13.2.2, Fylz]/h(z) H—
MERTT, WA g(z). WIEEH 10.3.3, 7€ F,[z] I, f

z—1

g(@)” = g(a?), g()"" = g(a®)" = g(a""), .-+, g(a)"" = g(a?" )P = g(a™").
A p? =1 (mod r), IR#EH] 11.4.3, £ Flz] b, A
g(27") = g(@) (mod 2™ — 1),
HETT, d
9(2)*" = g(z) (mod h(z)).



334 FI3E HMLEW

KU, 7F Fplz)/h(z) F, 5
g(z)" =1

Pk (pF —1) & g(a) 7€ Fy[z]/h(z) FHIBY, HRIEEE 9.1.3 (iv), BE (p* — 1)|(p? — 1).
H— i, BA h(z)|z” — 1, BTLAE F[z]/h(x) FHEE

" —1=0.
XYW z f& Fylz]/h(z) FEA r THE (Fh r BEH, = £ 1). Wik, 7" - 1), @
p* =1 (mod r). W ERE 5.1.1, 133 d|k, # d = k. G5B KL UEHE.

EIE 13.3.6 R p AEH, m REEMY N 2" —z £ F, LT 5B AP RE 6 RT
#Z AKX po(z) =z, pi(z), 1 <i<s RAR,

:L.Pm —r = g;Hpi(iL') = Hpi(x)'
i=1 i=0

it ERIOBREN T, B pi(o) € F WRHREY B = {al’,af’, - ,all}
(0<i<s), WA B MAAL, H

EqUE U UE; = Fym.

A K2 f(z) 7 Fm M2THBHRE X.

FiE— HELE Fpr PHRTATE, UK 2HRE X.

FHEZ M 1 <i<s, BHEEAE B, PHRATE, URB2SHRE X, = XnE,
LNIESE

XoU XjU---UX,=X.

13.3.2 AR Galois FitiA

EIHE 133.7 Fp £ F, L ARMER—AMA n 998K, LAALH A FM
oq(@) = af.

WE W B R Fp PHARIT, W B 7E F, EHFA o0 — 1, HHEBNZIA p(z) =
"+ ap_ 12"+ a1z + ap € Fylz] AR

-1

ﬁ7 Uq(a) =ﬂq7 O'Z(Q) zng’ R ) Ug_l(a) :;an

WAE, W f(z) 2& F, 20X, WA F,. £ F, ERAEREK « #/EF f(o) RREARZ, Bt
PL f(a) = 0 AREEME f(r(a)) = 0. HAEH, 7 X f(z) £ Fr PIROMRBHAT 7B 4F
L, X p(x) IR B8, 74 @ ffif5

m(8) = 67
74(B) =g (071(8) = 8" =7(4).
K% B f Fpn AT, Heth 7 = o
KL, Fpn 76 F, L0 E YO n KGRFRRE, JLAERIEH BIFH 0y() = ar.
L.
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13.4 EME

W a &k F, FIRECH n () Fpr FHTE, W 1, o, o2, -, o™ MK Fn /£ F, L1
BER. XN R TR B K.

EX 13.4.1 Fp £ F, LHA o, o, a? ) o ot g SR MK F,. £ F, k&4 IE
A

EIE 13.4.1 (Artin 5132) & oy, -+, o, AF G B F* 3R F 9FFB) YRR R &,
W apy, -, Yy £ F LERMAX, LW, R ARG ey, ,cse F,HEAK g
1245

c11(g) + -+ +ess(g) # 0.

iE X s fEECRARNE. s = 1 B, HFAEAIZFRE ¢ € F, 18 ey = 0. a2,
ST TEE g€ G, H crtu(g) = 0. B HIM, I g =1, F (1) = 1, M, ¢, = 0, FJ.

REXT < s — 1, GRAOL.

T s, B oy, oo, s £ F EERMAK, WEEERANENE ¢1, -, ¢y € F, {1

cr + -+ s 1Ps—1 + s =0,
WU, ML ITHE ge G, i
ai(g) + -+ es—1¥s-1(9) + cs¥s(g) = 0.
PR o1 # s, FTLMELE h € G 843 o1 (h) # ¥s(h). 1IXFE, T gh A0FF g B, 1
c1i(R)yi(g) + -+ + cs—1¥s—1(h)s—1(9) + esths(h)¥s(g) = 0.
HER vs(g), BEINMERITE g G, 1

c1(¥1(h) — ¥s(R)Pr(g) + - + es—1(¥s—1(h) — ¥s(h))ps—1(g9) = 0
EE
c1(Pr(h) —Ps(h))r + - - - + cs—1(¥s—1(h) — Ys(h))Ps—1 = 0.
WPk,

c1(¥1(h) —s(h)) = -+ = e1(Ps—1(h) — Ps(h)) = 0.

8 4y (h) — s(h) # 0, AIfT ¢ = 0, FJ&, L5 AL
ORI G = Fr, WER 13.4.1 /) ¢y, -+, o AIEN F RIS, L
iRy
1+ es_1s1 + Csths
ik F B FRA ¢ REERZEEH, WHEHAFETE g€ G 13

c11(g) + -+ + csts(g) # 0.

FEUE B A PR IE AU BEATFAE Z 1, SeRUR e HEARE I — /N il
R Wy 2 n GEEMAEN R, W ¢ KRFEZ IR Py(\) & n IRE T,
HH o FEAAZIR m(A) L m(N) | Py().
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EIE 13.4.2 AR Fp ER T F, EHEMLFE.
E =10, HREBRBL. W n>1 BN Fp £ F, LIERBEER

Aut(Fyn) = {id, oy, 02

n—2 n—1
qr " g ) Uq }7

q
K oy(a) = o, SHER a € Fpn, id, 04, 02, -+, 0072, 007 R G=F* 3| F* i) n ™A
RIS, AR EHE 13.4.1, id, oy, 02, -+, o072, o7 L 1 Fpn BERMETEX, XEKH, o 11
B/ NE T m(N) KRB > n.
MIMER o€ Fyn, fi 07 (a) = a?" =, X o FEFFEZ A P,(\) = A" — 1.
WHME, o MHRADAZIA m(\) = P,(A) =A™ — 1.
Bk, F7 75— B € Fyr i3

id(8) = B, 0q(8) = B9, o2(B) =67, ---, P 2(B) =67, o2 H(B) =BT
WX Fpr 46 F, ERI3E. EEE.

il 13.4.1 K Fpu = Fla]/(a* +z + 1) FHERL g(z), HHF g(2)t, t=0,1,---,14
Fa A £ R,

2 1

2

(I)XNTFB=aF
B = =z
Bz = 12’
gt = z+1,
pE = a?+1,

FTEL B, B2, 8%, B2’ MR — NI,
()X p=2*H

B = & = 48,

B2 = 28 = 23422

gt = 22 = B+224+z+1,
B = 22 = 23+,

LA B, B2, A%, B2 MM — ALK, R IERE.
5l 13.4.2 K Fys = Ffz]/(a® +2* + 23 + 2 + 1) FHHEHK g(2).
B (1)yXNTp==zf

g =z = =z

B2 = 22 = 22

ﬂ4 = 4 s :I$4,

B = a8 = +8+x+1,

gt = &% = 2ftatt+et+adtn,

B2 = 3 — g7 425425 422,
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g8 = 1% = 25+23+22+1,

BI128 — 128 T g6 4 g5 gy g3y g

Frbh 8, 62, 8%, g%, p%', 8%, 6%, B AKYm— MK
(i) X% F B=z+1,H

B = z+1,

B = 2?2+1,

gt = zt+1,

B = ztiad4a,

g = sS4ttt iazl,
g2 = ’+a2b+25+2?+1,

364 = 264 g3 4 g2

B2 = T4+ a5t 4ad4x+1,

FrLd 8, 82, 8%, 62, g%, 6%°, p%°, B¥° AHIB—PHEIE.
(iii) % F 8 =25 F

B = 2 = 1

2 = 2% = 24+ +a% a2
gt = 20 = z'+2t+22+z+1,
B8 = gh0 = T gt g2

e = 380 = T4zl

B32 = gl60 T

g8 = 2% = 2"+t 4+13+2,
G128 —  p180 T g6 g2 4

FrLk 8, 82, 6%, g%, B%', 8%, g%, %" IR —ANIENE, HIEMIE.
Bl 13.4.3 K Fps = F[z]/(a® + 2* + 2% + 2% + 1) PEERKL g().
B (iI)XNFTp=zF

B = ,

g2 = 2,

gt = 2

g = x4+ 42?41,

B6  — g6 4 g3y g?

B¥? = T+t +23+2?+1,
B = Srrtid itz
128 — g7 g2,

FRLA 8, 82, B2, B2°, g%, 6%, B%°, g% AHIE— PRI,
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(i) X ¥ p=2%H

g = 2 = 2

32 = 210 = 26445 4t a2

B4 = 22 = 2742542t 4 a2,

38 2 = 25425+ 41,

B = 80 = TS a5yt a2 1,
g2 = 2% = "8 4ad a4,

o = g = 2T 4a54atiad a4,
Bl28 = 180 — 54 434424 o

FrLk g, B2, 5%, g%, B%', 6%, 8%, 8% WMIR— ALK, N IEHIE.
13.5 >J@&

(1) UE 2* + 2® + 1 & Fylz] PRIAATAZIEL, N Fylz]/(a* 4+ 22 +1) & Fou 85
(2) 3K Fypu = Fylx]/(2* + 2 + 1) FIAERKTG g(z), HHH g(x)t, t=0,1,--- 14 FIFTHEE
J%JC.
(3) FH 28 + 2t + 23 + 2+ 1 & Folz] PRIATAZ R, N Folo]/(2® + 2t + 2% + 2 +1)
A Fys 18,
(4) K Fys = Folz]/ (28 + 2* + 23 + z + 1) FHIEKTT g(z), HHHH g(x)t, t=1,2,---,255
BT HE .
(5) UERH 28 + 2" + 22+ 2+ 1 & Fylz] PRIARTAZIA, Nl Folz]/(2® + 27 +22 +2+1)
A Fys 18
(6) 3K Fys = Fy[x]/(2® + 27 + 22 + 2 + 1) PIERTT g(z), I g(2)t, t =1,2,---,255
RN HE T
(7) K Fylz] R 8 K 3 TR 5 WA AT 4 2 T,
(8) Hyit 49 JLIR Fra.
(9) it 47 TG Fy,.
(10) R Fylz] FRIFTE 16 X 3 WA 5 A AT 25 2 105K
(11) Ktk 216 Juis, Fye.
(12) Kt Fslz) FHIPA 4 K 3 TiF 5 TUA R4 2 T5 K.
(13) #4itE 3* JGIK Faa.
(14) Kt Fslx] HHIFTA 8 1K 3 LA 5 TIA T 292 1K
(15) #itE 3% Jok Fs.

(1) MBEMIFA R IS R F,.
© F; RAMPERRE, WAERITTA g, W F, = {0} UF; ={0}u<g>.
@ WHATSRAERRIT g, X B, R KORVEIEH.
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(2) M Galois BRI EERFE EA IR F, (¢ = p),
O F, M E B G = Autg, F, ZIEHRE, ZEHITRZ Frobenius B o iz — 2P . G 1)
T H WRIEHAEE, otk of, B d =[G : H].
@ F, REFMEE G = Autp, F, AL, & H & G = Autp, F, F#, U H AL
BHEy={ze€F,|Yx) =z, VyeH})={z€F,|olz)=z}, [E:F,)=d Tl
H,Ec={zcF,|o(x)=z}=F, Er={z€ F, | o™(z) =x} = F,, [ RN TH. X
HWRBAEN, UAAZTT.

(3) WITREMIAA BERTE IEFT BREL F, (¢ = p™),
F,Jt F, FJife o —c WRES, KTRE R F, LIl o7 —c MIRES E={z ¢
F, | a?’ —x =0} FEHIH, Fo={ze€F,|2?-z=0}, F,={z € F, | 2" —z =0}.

(4) MEHEZEIRI F BER S EE A BRI F, (¢ = p7),
O F, /& F, b n 48250,
@ F, £ F, bR 200, ERE.
® o & F, AW F, 05 HAS
@ g, g%, -, o™, om =1, BMAEN F, XHEF R — LK.
®Tr=0+02+---+0o" ! +om REMTE F, PSR, nold. X5, W&t
EINROR, CLEINER Bz 5.
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14.1 WHEMHEEXES
% K &— M, 8 K E1 Weierstrass 77 F& &
y? + arzy + asy = x° + a2x? + asx + as, (14.1)

Hp ay, az, az, a4, ag € K.
Mi K RFIEA N 2 i, BRI 2B N

1 i\ o ri, . (1 1,
y+§alz+§a3 =" + Zal+0,2 T+ 5&103-}-0,4 m+Za3+a6
(2y + a1z + a3)? = 423 + box® 4 2b4x + bg,
Hrp
by = a? + 4as,
by = a1a3 + 2ay4, (14.2)
bg = a§ + 4ag.

U K RRIEA R 2, 3 B, TR AT 4RSI, A7

1\° 1 1 1. 1
(2y +arz +a3)* =4 (m - ﬁb2) - (—Ebg + 2b4) (3: - Ebz) - ( b3 — ghaba + bﬁ>

216
519
2 2 _. p3 1 ’ 1
108 (2y+a1m+a3) =36z + ﬁbz —27cq4 - 36 | x + 1—2‘b2 — B4cg,
Hrp
(cs = b2—24b,
= a*+8a%ay — 24a,a5 + 16 a2 — 48 ay,
1 e = —b3+36boby — 216bs (14.3)
= —a;% —12a,%y + 36a,%a3 — 48 a1%a2% + 72a,%a4 + 144 a1 a0a5
. —64 (123 + 288 asay — 216 0.32 — 864 ag.
FAEA
1 1 1
- il =—X—-—b
X—36(z+12b2) z= 20 502
%

1 1 1 1 1
Y = 108(2y + a 1z + a3) Y= EY T 5% (%X = Ebz) 5%
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(GE

Y2 = X3 —27¢, X — 54ce. (14.4)
FH R
1728A = ¢} — 2.
XA R K, Weierstrass /7 F23X (14.1) )4 51 02

A = —bibg — 8b3 — 27b2 + Ybabsb, (14.5)

Hrp
bg = a%ag — ayazaq + 4asa6 + a2a§ — aﬁ ( i.e. 4dbg = babg — bi) (146)

ﬁﬂ%ﬁ%ﬁﬁ ai,az,as,q4,0;5, 0 f%, mu%*‘]%']it A %J

4 2

A = —ai%a+ ar’azas — ar1tasas? — 12 a1%asag + a1 tay
+8ai3asasas + a1’as® — 8ai2ax2as? + 36 a13asag
—48 a1 %ax%ag + 8 a1%aza4? — 30a1%as3%ay + 16 a1az’asay
+36 ayasasz® — 16 ax®az? + T2 a,%a4a6 + 144 ayazazag
—96 ayazas? — 64 ax’ag + 16 ax?as® + 72 azas®ay

—27 az* + 288 azasas — 216 azag — 64 as® — 432 ag?.
EX 14.1.1 % A4£08, R K L&tk
E:={(z,y) | ¥* + a1zy + azy = 2> + a22® + a4z + ag} U {O}, (14.7)

HF ar, az, a3, a4, ag € K, {O} ARFEE, »HU% K L&) HEHZ.
X, G = c3 /A WA 2k E 1 - FEE, dfE 5(E).
¥ Weierstrass 77 F2 5 7 IR

Y2Z +a,XYZ +a3Y = X3+ apX?Z + ay X Z? + a6 Z3, (14.8)

H a1, az, a3, a4, ag € K, WEX 1 PRTLITIER O FRFRBIREL[0:1:0].
et K E ihg: B, il IR B Weierstrass Jj F2:
(1) 48 K WEFIEARR 2, 3 B, Weierstrass J A4

4a3
4a3 + 27a¢’

y?* =2® + asz +as, A= —16(4a}+27a3), j=1728
(i) M8k K (EFER 2, B §(E) # 0 B, Weierstrass Ji &4
Vv +azy=2°+axx®+as, A=uqag, Jj=1/as.
(iii) 448 K MHFER 2, B §(B) = 0 B, Weierstrass Ji £

y2+a3y=$3+a4z+a6, A:aé, 7 =0.
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342
(iv) M3k K MIFFIEHR 3, H j(B) # 0 B, Weierstrass /7 F£ A

v =23 +ar?+a5, A= —a%as, j = —a3/ae.

(V) 3% K WIFFIER 3, H j(E) = 0 B, Weierstrass J7F£ 4

v¥=z34+ax+a, A=-ai, j=0.

Bl 1411 FHR R LOWEBEK > =2 -32+1, 3<z<3BETH

y

il 14.1.2 FHIX R LAWHEHK 2 =

3

14.2 (AR
W E J& i Weierstrass HFES (14.7) & Xk K FRME L, & X B ER@ s,

Wik @.
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EBEEZEN. % P,Q & E FHA S, L 2d P Q MEZE (i P Ak, mif
P=Q),RZELS5MEL EMTME=4. &L REIRMOMWHEL W PoQ Wit L 5
E FHATH S = 5.

EIF 14.2.1 E LEHEN o BHVATHA:

(1) %RAKXLRXE TE PQR (FRLETEH), N

(PeQQ)@®R=0.

(ii) *4£& Pc E,P®O =P.
(iii) E&E P,QE E,P®Q=Q® P.
(iv) & P € E, AE—AK, itk —P, 1247

Po(—-P)=0.
(v)*H1£& P,Q,RE€ E, H
(PeQ)®R=P®(Q®R).

Xk, E XS TEEHN o fpk— AR
Wit W E EXLE K B, 0

E(K) = {(x,y) e K x K |y*+azy+azy=1° + apz? +a4m+a6} U{0} (14.9)

& E WTHE.
MAEL e HE 14.2.1 PR E R A
TR 14.2.2 EMWE WL E 49— Weierstrass 5 #2 4

E:={(z,y) | ¥* + a1zy + azy = 2° + ap2” + ayz + as} U {O}.
(1)3& P = (z1,1) AWK E L&j5 0
—P1 = (z1, -y — @171 — ag). (14.10)

(ii) & P, = (z1,41), P2 = (z2,92) & E LHAANE, B Py = (z3,y3) = PL + P, # O,
W z3, y3 TABIVA T XA

:c3=/\2+a1/\—a2—x1 — Ig,
(14.11)
y3 = Mz1 — 23) — @123 — y1 — as.

A

A:u, -ﬁu% 9317&1132,
Tro — I

322 +2 -
\ = T + 2a2T1 + a4 — a1y ’ " 1 =
2y1 + a1z + a3
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iE W E BRI

3

— a2z2

F(z,y) =y*+aizy +azy —

5 SCHFIAR [ i 2.
(1) B P = (z1,p) € B, WEA —P. % LEDS P O KHELZE, WiZELN

—agx —ag =0

L:z—z =0.
@ =z RN Fa,y) F, FRET y MBI g,y B TR T — I y MREL,
F(zi,y) = (y —y)—v1) =y° — (0 +y0)y + niyi,
v = —y1 —arzy — a3, A
—P, = (21, -y — 6171 — a3).
(i) B Pr = (21,01), P2 = (22,92) € BE. W Py + Py #£ O, &L P, M1 P, N2
L:y=Az+p
Mo #Az N, HELKIRE NN

X = yZ_yl_
To — X1

Mooy =z I, HE L AR P YIL, R XA

A — 31‘% + 2(12I1 + a4 —a1y1 )
2y1 + a1z + a3

¥y = e+ pu AT F(z,y) =0+, F

Fz x4+ p) = -2 + (A2 4 a1\ — ag)2® + (M + a1pp — ag)z + p? — ag = 0.
WA P, P, M Py 2 E ER =R BTULERTTRERT o 1= 21, 2o, 3.
F(z,\z + p) = c(z — 71)(z — z2)(z — x3).
IR E RBZMRR, fe=-1 K
Ty + 2o+ 23 = N + a1\ — as.

l—ﬁﬂtv P- = yl - AIl’

T3 =N 4+ @\ —ag — 11 — T2,

Y3 = Mz — x3) — a123 — Y1 — az.

UEHE
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14.2.1 iy R EHE L%

SEHOR R AR it 2 B HAz SR i L AR X

KA SEHUR R IEFIEA A 2, 3, ATLASEHOIR R EMIZE E 1Y) Weierstrass Jj F4 0]
WA

E: y2 = 23 + a4z + ag,

HAHHK A= —16(4a3 +27a2) £0 . E fE R _EHEEHE N0 F:

WP = (z1,11), Po= (z0,y2) BMEZ E LA AL, O ATFTE R, W

(1) O+ Pi = P, + O;

(2) =P = (21, —y1);

(3) Wk Ps = (z3,y3) = PL+ P2 # O,

Y2 — Y1

23 =N —z; — x2, /\:m, R z, # 29,
Horp (14.12)
3a3 +
yzs = Mz —x3) — 1. /\ZM, MR z; = ).
2y,
18 S R AR R S

W P = (z1,91), P2 = (z2,y2) &MZK E LB R, O ALTTEA.

W —py it P M O EZ L S5k E AR, AR, -P 25 P KT 2

TS P58 P I P+ Py, = Py = (z3,y3) 2l P MG P, MEHZE L EME B
AR R KT = BN FRA Ps = —R.

5l 14.2.1 &K P=(0,1) = (z1,11) T R EWMEA®BKX E: 2 =23 +3z+1 895, K
2P = (z2,y2), 3P = (23,y3), 4P = (%4,Y4), 5P = (¥5,ys), 6P = (v6,Y6), TP = (v7,y7), 8P =
(w38, ys)-

R W (4a12), f

322 +as 3
do= M _ 2
2y1 2
9 —-35
Te=A 221 =~, Yo=No(z1—T2) — Y1 = —.
4 8
- —43
As = Y2—9 _ i
To — X1 18
280 5291
2
= — — = — 0 — A — — = —_—
T3 = A3 — T — T2 g ¥ 3(z1 —z3) — Y1 759
By _ 2281
4T rs— 1, 1260’
—3519 —1852129
=Nz -3 = ———— = — —_py = —_—,
@4 =Xy = @1 - = geags ¥a =M@ —2) = = Sorees
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_Ya—y1 510681

A —
5T zs—z, 54740
13333320
15:/\§—I1—$4:m, Ys = Xs(z1 —25) — ¥y
N _ Y5y —348255643
6~ o5 — 1, 37238058
2957 258 249
=N g -y = = — —y =
Tg 6~ T Ts = oom oo’ U Xe(T1 —x6) — W1
. _ Ys—yi _ 723333490963
T 2s—x 549812688282’
2 g g _ 9390057276560 (o —2r)—ps =
TT= AT T TT6 = gamar079295521° U7 T\ T I TN =

1=

—48 696 013 549
59776471

1146658 401 987 805
863835007 021272

—567 521666 143 702 121 879
192403 724 264 235 258 319

5l 14.2.2 X P=(0,1) = (z1,1) R R EAWE MK E: 2 =23 +32+7 8.5 K

2P = (x2,Y2), 3P = (x3,y3), 4P = (%4,Y4), 5P = (x5,ys5), 6P =

(I_B,ys)-
R WX (1412), f
31‘%4—&4 3
dp= 4=
2y1 2
" 9
Ty = A5 — 2T = R =X(z1 — @) — Wy
Y2 — Y1 —43
A —_ —_ - i = —
3 T2 — &7 18 ’
280
z3:)\§—x1—z2=ﬁ, Y3 = Az(z1 —z3) —
ys —y1 2281
A4 - - )
I3 — I 1260
—3519
=Nz —T3= ——— = —~ —
T4 e T L a(z1 —x4) —y
N _ ¥a—wm _ 510681
> zi—x, 54740’
13333320
2
= E — —_ = —— = A — — =
Ts = A5 — T — T4 RITRER 5(x1 —x5) — 1
A _ Us—u _ —348255643
5" 25—z, 37238058 ’
2257 258 249
= 2— — B —— 3 :A po— - =
Te =X~ T1— 5 = Gomnoreear’ Yo = Me(@1 )~y
\ _ Yo~ _ 723333490963
"7 26—z, 549812688282’
2. g _ 49390057 276560 (@1 —27) g =
1= AT TLTE6 = 3307979295521 U7 T AT\ T UL =

(wﬁvyﬁ)a TP = (1:77 y7)7 8P =

-35

8

5291

=g

—1852129
2744000 °

1=

—48696 013 549
59776471

1146 658 401 987 805
863 835007021272 °

—567 521 666 143 702 121 879

192403 724 264 235258 319
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14.2.2 FEE F,(p > 3) LRHEMLZ E
AR F, RFIEAK 2, 3, FTLLEIR F, EAGFIMLZ E ) Weierstrass T %4

E: y2=m3+a4z+a6,

HAHHK A= —-16(4a3 +27a2) #0 . E 1E F, LHEEHMNF:
WP = (z1,51), P2 = (z2,y2) B B ERIPA A, O LT, W
(1) O+ P =P+ 0;
(2) —P1 = (z1,—y1);
(3) Wk Py = (z3,y3) = PL+ P, # O,

Y2—Un
T3 =N — 21 — 23, ’\Zm7 WR 2, # 22,
Hr (14.13)
3z +a
y3:A(I1_x3)_yl' )\:12—y4', ﬁu% Ty = Top.
1

F, AL B RE A

- 3 + aux + ag Pl faurta
#(E(Fy)) = 1+§=‘;(1+ (—2—")) =p+1+). (+“) (14.14)

z=0

5l 14.2.3 & Fi; EAWMEAGE E: o2 = 2% + 22 + 3, KRB M E w K250
BB

2 MR#EL (14.13), Xz =0, 1,2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 47
AR y.

z =0, y> =3 (mod 17), Tf#,

z=1, y> =6 (mod 17), Tf#,

=2, y* =15 (mod 17), y =7, 8 (mod 17),

z=3, y> =2 (mod 17), y =6, 11 (mod 17),

=4, y* =7 (mod 17), Tf#,

z =25, y* =2 (mod 17), y =6, 11 (mod 17),

z =6, y* =10 (mod 17), JTf#,

=17, y*=3 (mod 17), Lf#,

z =28, y* =4 (mod 17), y =2, 15 (mod 17),

z=9, y>=2 (mod 17), y =6, 11 (mod 17),

z =10, y* =3 (mod 17), Tfi#,

z =11, y* =13 (mod 17), y =28, 9 (mod 17),

z =12, y> =4 (mod 17), y =2, 15 (mod 17),

z =13, y* =16 (mod 17), y =4, 13 (mod 17),

z =14, y* =4 (mod 17), y =2, 15 (mod 17),
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y =25, 12 (mod 17),

z =15, y? = 8 (mod 17),
y =0 (mod 17).

z =16, y?> =0 (mod 17),

¥ I 1 22 OB DAy
17—1 23 4+ 22 + 3
#(E(Fi7) =17+ 1+ ; (T) _ .
Bl 14.2.4 % Fy, EWE®ME E: 42 — 25 122+ 3 L85 P — (2,7), Q = (11,8).
K P+Q = (z3,u3), 2P = (za,y1), 4P = (w5,y5), 8P = (26,6), 10P = (z7,y7), 11P =

(zs,ys), 22P.
B Aai=2y=Ta=11,p=8Mrx=2"" -
o — I

$3:)\¥—.’IZ1—$L‘2=8, y3:/\1($1-$3)-y1=15~

Ay = —3x%+a4 =1

2y
Ty = ,\3 — 2z, = 14, Ya = Aoz — 4) —y1 = 15.
3 2
ho o STAa
2y
Ty = /\§ —2x4 = 15, Ys = A3(z4 — T5) —ys = 5.
3 2
o SZBran o
2ys
x6=/\§—2m5=8, e = M(T5 — ) — ys = 15.
R Y6 —Ya _ 0,
g — T4
Tr =M —x4—T6 =12,  yr = As(T4 —T7) —ya = 2.
N YTy _g
T — I

zg = A\; — 71 — x7 = 16, ys = A¢(z1 — z8) —y1 = 0.

B Rt s 11P = (zs,y8) = (16,0) MYILLEE T = fh, FTEL 22P = 2(11P) = O (73

TG ).
Bl 14.2.5 & Fi, PAWE®HE E: y2 = 2® + 3z + 1, Kb wE sh Keh L3050

A M.
2 YRR (14.13), W2 =0, 1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 4}

Bk y.
z=0, y> =1 (mod 17), y=1, 16 (mod 17),
z=1, y> =5 (mod 17), JTf#,

=2, y2 =15 (mod 17), y =7, 8 (mod 17),
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z =3, y* =3 (mod 17), JLf#,

z=4, y* =9 (mod 17), y =3, 14 (mod 17),

z =75, y> =5 (mod 17), Tf#,
z =6, y? =14 (mod 17), Jf#,

z=17 y* =8 (mod 17), y =25, 12 (mod 17),

z =8, y> =10 (mod 17), Tofi#,

z=29, y* =9 (mod 17), y =3, 14 (mod 17),

=10, y?> =11 (mod 17), Tf#,
z =11, y> =5 (mod 17), Jofi#,

z =12, y*> = 14 (mod 17), Jf#,
z =13, y> =10 (mod 17), Jf#,

z =14, y> =16 (mod 17), y =4, 13 (mod 17),
z =15, y> =4 (mod 17), y =2, 15 (mod 17),

z =16, y? = 14 (mod 17), JCf#.
A 53] it £ PRI Ay

17

17—-1
#(E(Fi7) =17+1+ » (M) — 1.

z=0

5 14.2.6 X F; EWE®MEX E: > =2° +3z+1 E#h5 P = (2,7). K 2P =

(2,y2), 3P = (z3,y3), 4P = (z4,ys), 5P = (x5,y5). 6P = (x6,¥y6), TP = (x7,y7), 8P

(zs,ys8), 9P = (®9,y9), 10P = (z10,%10), 11P = (z11,y11), 12P = (z12,7%12), 13P =

(z13,413), 14P = (714, %14)-

ﬂ é$1=27y1=7,mljf\2=
2y,

502=/\§—2x1:4,

Ag= L2 U g5
T2 —T1
:1332)\§—$1—.’1,‘2=15,
32
/\4:1:2_4—(14:0,
2y,
—_ )2 —
1‘4—)\4—2152—9,
)‘S:Z/zz—yl 1,
T4 — I
— \2 _
Ts =X —Zr—=xa=1T,
Ag = Ya — Y2 =4
T4 — T2

I6=/\g—22—$4:0,

3.’12? + ay

=12,

Y3 = Aa(z1 — x2) —y1 = 3.

y3 = A3(z1 —x3) —y1 = 2.

Yqg = /\4(.’122 — .’154) — Y2 = 14.

ys = As(z1 — 25) —y1 = 5.

Y6 = Ae(T2 — z6) — y2 = 16.
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F1aw M B 2

N =2 Y6 — Y1 =,
g — X1
Tr = A7 —x] —xg = 14,
32
)‘8: I4+a4—107
2ya

Ty = A2 — 224 = 14,

Sg= LB _

Tg — Ty
.’L‘g:Ag—.’El —.118:0,
8 — Y2
App=B"%2 _ 1o
Ty — T2
2
.’1,‘10:/\10—.’E2—.’1,‘3:7,
Yio — Y1
Al = — =1,
T — Iy
2
ZT11 = A{; — %1 —T10 =9,
Ys — Ya
AIQ - = 151
Ty — T4
2
Ti2 = Ay — T4 — T3 = 15,
Yi2 — 1
A3 = —— =15,
T2 — I
2
T3 = A3 —T1 — T12 = 4,
Yi2 — Y2
Ay = —= =15,
T2 — T2

f&J5, 14P = —P, 15P = O (L& ).

2
Tig = A4 — T2 —T12 =2,

yr = Mz — z7) —y1 = 13.

ys = As(T4 — x8) —ya = 4.

Yo = Ag(z1 —x9) — 11 = 1.

Y10 = Ao(T2 — z10) — y2 = 12.

yi1 = Az —z11) —y1 = 3.

Y12 = Ai2(z4 — T12) — ya = 15.

Y13 = Mz(z1 — 213) —y1 = 14.

Y14 = Aa(z2 — z14) — y2 = 10.

NHEZRE < P> P REAE, e 14.1 BioR.

K 14.1

#i 14.2.6 &
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5l 14.2.7 X P=(54) = (z1,y1) & Fo3 EWMBEHER E: y?2=2%+3z+1 6.5 K&
P A RWEE < P >.
A (1419), F

z3 + a4 + ag

#(E(Fp))=p+1+2< ’

):23—0—1—9:15.

W kP = (zk,yx). IR (14.13),

ro = STy
2y

T2 =A3— 2z, =14, yo = Ao(x1 — 32) — 1 = 21.

)\B_uzgl’
o — I

T3 =N — 21— 22 =8, y3=A3(x1 —x3) -y = 13.

y=2"W _ 99

r3 — I
m4:)\3—x1—$3:11, ys = M(z1 — xg) — Y1 = 13.
,\S_M_u,
g4 — I
5 =M —21—24 =13, y5=2As(z1 —x5) —y1 = 11.
Aﬁ_y5_yl 8,
T5 —I1
T =M —1—25=0, ys=Ns(®1—6) —y1 =1
/\7_3/6—?!1_3,
g — T
$7=/\$—11—z6=4, yr = Ar(z1 — z7) — y1 = 10.
)\s—y7_y1—6,
7 — I
s =M —T1—2Tr =4, ys=As(z1—z8) —y1 =13.
/\g_ys—yl_l,
rg — I

139:/\3—-'131—1:8:0; y9=/\9($1—1:9)—y1=22.

)\m:uzg,
g — I

T10 = Ao — &1 — 29 =13, Y10 = Aio(®1 — T10) — 1 = 12

Ay = Yio — Y1 —11,
10 — Ty

T =AM —21 — 210 =11, yu=Au(zr —zn) -y = 10.



352

EH

14 % M B Ol £

Az = byu—un _ 22,
11 —T1

2
Tig = Alp — 1 — Ty = 8,

Ars = Y12 — — 91,
T12 — I

2
X3 = /\13 — T —T12 = 14,

Apgi= Y1z — 1 =1,
Z13 — 1

— \2 _
ZT14 = Ay — T1 — T13 = 5,

Y12 = A2z — z12) — y1 = 10.

Y13 = As(z1 — 213) —y1 = 2.

yia =Aa(zy —z13) — 1 =T,

)\15=M=007 (z15,15) = O.
T14 — T1 -
TR < P> PamsafiE, wE 14.2 Fios.
251
9p op
20
15
op 37 10P
5P
10 7P 12P,
14P
5
P
- 13P
0 5 0 s 20 55
Kl 142 fi 14.2.7 B
f5l 14.2.8 & P=(5,8) = (z1,11) & Fo3 LHWEA®MAE F: y?> =2°+32+7 64.5.
P AREB < P >.
B MR (14.14), LLEKT M legendre £ 5,
z o1 |2 |3|4a|5]6|7]8]910f1
(teamtas) |y | -1 | 1| -1|-1| 1 |-1|1|-1|1|1]|-1
z 12|13 |14 | 15|16 |17| 18 19|20 | 21|22
(teaztes) | 0 | 1 | —1] 0 |-1|1|-1]|0|-1]1]1

p—1 3
#(E(Fp))=P+1+Z(7$ +a4x+a6) =23+1-4=20
z=0

p
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PLA
E(F,) = {0,(5,3),(5,20),(7,7),(7,16), (9,2), (9,21), (10,5), (10, 18), (12,0), (13,9), (13, 14),
(15,0), (17,7), (17,16), (19, 0), (21,4), (21,19), (22,7), (22, 16) }.

(i)B P=(53)=(z1,5). & kP = (zr,ux). WIERX 14.13), F

3 2
Ny = ST g
2y

Ty =A3— 2z, =21, yo=Xo(z1—22)—y1 =19

A3 = Y2 — Y1
Ty — I

:1,

ms:/\§_$1—$2:21a ys = As(z1 —23) —y1 = 4.

P el TP
r3 — I

Ta=A—T1—23=5, Ya=NM(x1—x4) — 31 =20

(i) B P = (7,16) = (z1,41). B kP = (ax, yp)- HIER (14.13), 4

/\2:31:21)-#(14:9’
2y1
Ty = A3 —2x1 =21, y2=Ao(z1 —x2) —y1 = 19.
/\3:y2_y1:15)
Ty — I
3=A -z —22=13, y3=A3(x1 —x3) —y1 =9.
A4: ———ys_yl = 18,
r3 — I
Ty =M -z —23="5, ys=(x1—z4) — 7y =20.
/\Szu:Ql,
T4 — I
T5 =M — 21— 24 =15, ys = As(x1 —25) —y1 = 0.
A= BTU gy
s — I

ms:z\g_z1—f£5:5a Y6 = Ae(T1 — T6) —y1 = 3.

)\7:.y6——y1:18,
T — Iy

17:)\3—.’1:1—1'6:13a y7:,\7(z1—x7)—y1=14~

)\Szy_'?——yl:ls,
rr — I

zg =g —@1 — 27 =21, ys=As(z1 —s) —y1 =4
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14 T M B

,\gzu:g7
rg — I

T9=A—T1—25 =T, Yo=No(z1—T9)—y1 =T

(iii) B P = (9,2) = (z1,71). & kP = (zx, yx). WX 14.13), FH

Ny = e
2y,
To=A3— 221 =21, yo=Xo(z1—22)—y1 =19.
X = Y2—"4% _ 11,
Iy — I

T3 = A3 — @1 — T2 =22, y3=A3(x1 —x3) —y1 = 16.

,\4:u:17
T3 — T

b

=M -1 —23=5, ys=M(z1—x4) 91 =20.

s u:7,

Il

T4 —I1
5 =M -2 —x4 =12, ys5=As(z1 —25) —y1 = 0.
Ys — =7,
5 — T
T6 =M — 21— 25 =5, ys= (1 —z6) —y1 =3.
Ny = Y — Y1 =17,
T — I

Il
N

Tr =M -z — 26 =22, yr=M(z1—27) — W1

)\Szuzll,

7T — I
Ty = A2 — 71 —z7 =21, yg=Ag(z1 —Ts8) —y1 =4.
)\gzu:4’
rg — I

Tg=AN—z1—25=9, yo=Ao(z1—T9) —y1 =21

TERF 3(7,16) + (9,2) = (13,9) + (9,2) = (17,7).
(iv) BU P = (17,7) = (z1,91). B kP = (zx,yx). MIERX (14.13), F
2
Ay — 3z1 + aq _3
2y,
To =X — 221 =21, yo=Xo(z1—22)—n =4

/\3=——y2_y1 =5,
T2 — I

T3 =N — 21 — 22 =10, y3=A3(z1 —z3) —y1 =5.
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,\4:u:207
r3 — I
934:’\3_-"31—133:57 Ys = M(z1 —24) — Y1 = 3.
,\szu=8’
T4 — I

z5 =M —z1—24=19, ys=As(z1—x5) —y1 =0.

,\quzg’

s — I
T =AM —z1—25 =5, y=Ne(z1 —x6) — Y1 = 20.
A= LI _ 9,
g — I
T7 =M -1 — 26 =10, yr = M(z1 —27) —y1 = 18.
AB :‘y’?_yl :57
7 — I
g =AM —z1 — 27 =21, ys=As(z1 —x8) —y1 = 19.
Yo =8"HM _ 4
g — I

€9 =A; —x1 —x8 = 17, Yo = Ao(z1 — Z9) — 31 = 16.

14.2.3 8 Fon (n>1) FRIMEBLZ E, j(E) #0
KR Fon FOFRFIER 2, FTLMR Fyn EMGEIHNZE E 1 Weierstrass J7FE 0] %4

E: y 4+ zy =12+ az?® + as.

E {638 Fon ERIEE N QT
W P = (z1,01), P2 = (z2,y2) &MZk E _ERIPA R, O HIEgTaE s, W)
(1) O+ P, =P +0;
(2) =P, = (1,71 +11);
(3) R Ps = (z3,y3) = P+ P2 # O,

Y2 + Y1
T3 = A2 4+ XA+ + 22 + ag, )\Zm, R z1 # x2,
Hp (14.15)
x? +
y3:/\(:l:1 +z3)+a:3+y1. ,\zlx—yl, m]% T = Ts.
1

5l 14.2.9 X Fos = B[t]/(t8 +t* + 3 + 12 + 1). 1K Fos L&Y E dh 2%
E:y+z-y=a23+22+1.

EP=4+1,t"+t6+t54+3+12+1t). it —P, 2P,3P,,4P,,5P,.
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R OE kP = (zk,yk), W

W) la=(a}+y)/z =t + 2+t +1;
To=B2+l+z+x+1=1t4+13 482 4 ¢

Y=l (z1+ o) +ao+y =t" +t5+ 15 +t1 + 83
(2) 3= (ye+uy)/(xz2a+z) =t + 5 +2+t +1;
z3=LB+l3+z+22+ 1=+t +t4 +¢3 +42 + 1,
ys=lg-(z1+x3) +azs+yr =t" +t*+3+ 1.

(3) ly = (3 + ya)/ma = t6 + 15 + t* + 12
Ta=0+l+aa+z2+1=1"+1t0+1;

Ya =g - (xg +24) + 24 +y2 = t° + 13

(4) Is = (ya + 1) /(za + 1) =t + 1;

o5 =0+l +z +z4+1=1+1t";

ys =ls-(z1 +x5) + a5 +y1 =t +t0 +t* +t + 1.
(5) ls = (ys +y1)/(ws + x1) = >+ 1;

ze =1 +tlg+z1+z5+1=1+1;

ye =1lg - (T1+x6) +x6 +y1 =7+t +t* +t+ 1.
(6) Iz = (y6 +v1)/(z6 +21) = * + 1
7=+l +z +26+1=1+1";
yr=lr-(x1+x7)+@r+y ="+t + 1+t + 1.
(7 Is = (yr +y1)/(@r +31) = + 15

zs =B +lg+z+z7+1=1+1"
ys=1lg-(z1+xs) tas+y =t +t5 + 1+t + 1.
(8)lg=(ys +y1)/(zs +a1) =t +t* +t 4+ 1;

o= +lg+x+xg+1=t"+t5+t* +2+¢;
Yyo=1lg - (x1 +Tg) + a9 +y1 =6+ 2+t  +t* +t 4+ 1.
(9) lio = (Yo +31)/(zg + 1) =5 + 4 + 3 + 2 +t + 1;
z10 =13+ l1o + 21 + 29 + 1 = 2

Y10 =lo - (1 +z10) +T10 4 =t + 2+ .

(10) I = (Yo +y1) /(@0 +21) =" + 5 + 83 + 12 + 15
zn=+tlh+zi+z0+1=t+3+2 + ¢

yiu =l (z1+on) +zu +y =7 +0 + ¢4 + 2
(11) l12 = (y11 +y1) /(@11 +31) =5 +¢7 + 85 + 135
T2 =13 +lig + 21+ 311 +1 =10+ %

yi2 =lho - (T +z12) + T2+ =0+ + 12+ 2.
(12) his = (ya2 + 1)/ (212 + 21) = t7 + 14 + 1;

T3 =05+ lz+z+zi2+1=t"+5+ ¢ +¢;

yis =l (z1+z13) +zzs+y1 =t + ¢+ 1.
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(13) lia = (3 +y1) /(13 +21) =3 + 2 + 1+ 1;

T =8, +lha+z +a13+ 1 =t7;

yuu=ha (T +z) tru+yp =t +10+ £ +t.

(14) bis = (Yyra + 1)/ (@1a +71) =7+ + 2 + 1;

Tis =135 +lhs+a1 +T1a+1=1;

yis = lis - (T1 + T15) + 15 +y1 =7 + 5 +t1 412 + ¢

B 14.2.10 & Fps = B[t]/(t* +t +1). & Fys L&Y E w4

E:y’+z-y=22+22+1.

BE P o= (1,15 = (t,t2 +t+ 1) & E(Fy) £ R, K E(Fyp) L&A 5.
R RE kP = (T, k), W
(1) lo = (2F + 1) /21 = £
To=B+l+tz+z+1l=t+1y2=10l (z1+z2)+22+731 =0.
2 ls=(y2+y)/(z2+z1)=t>+t+1;
e3=B+lL+z+zo+1=t3ys=1l3-(x;+z3) +x3+1ph =t>+t+1.
B)la= (a3 +y2)/z2 =t +1;
ra=B+lh+zo+zo+1="+t+Lys=1ls- (T2 +z4)+T4+y2=0.
(4) Is = (ya + 1)/ (x4 + 31) = t2 + 1;
ss=B+l+z+a+l=?+tys =15 (x1+2s5) +as+y =t + 1.
(5) le = (ys +y1)/(z5 + 71) = 1
To =12 +lg+x+x5+1=12+1;y6 =lg- (z1 +T6) + T +y1 = t* + 1.
(6) Iz = (ys + 1)/ (z6 +71) =t +1;
Tr=B+li+z+as+1=0y; =7 - (x1+z7) +z7+y1 =1
(MNls=yr+wn)/(zr+z1)=t+1;
$8=l§+l3+z1+z7+1=t2+1; yg =lg - (1 +28) + zg + 1 = 0.
(8) lo = (ys +y1)/(zs + 1) = 1;
o=l +lg+z1+azs+1=t2+t;y9=1log- (1 +T9) +z9+y1 =t*+1.
(9) Lo = (yo +y1)/(z9 + 21) = t* + 1
zio=0g+tlho+zi+x9+1=t2+t+ 1 y10=lo- (z1+T10) +T10+y1 =2+t + 1.
(10) 111 = (y10 +y1)/ (210 + 1) = 0;
=8 +ln+z+zo+l=thyn=ln- @ +zu)+zu+mp=t+1
(11) e = (yu1 +y1)/ (@ +21) = 2+t + 1
zi2=1+le+oi+zu+l=t+Lyo=lo- (z1+x12) + 22+ =t + 1.
(12) bz = (y12 + 11)/(T12 + 1) = %
zi3=Us+ls+z1+z2+1l=tyis=lz-(z1+x3) + a3 +y =t* + 1.
(13) lia = (y13 + y1)/(T13 + T1) = 00.
9 Fy (n> 1) LR E, j(E) £0.
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KA Fsn BIFAEA 3, AR Fy EFRIHHEZE E K] Weierstrass 75 F2 A %K
E: y? =23 + ayz? + as.

E {E3 F3n RIS RN F:

(1)O+P1 :P1+O;
(2) =P = (z1,—41);
(3) Wk P3 = (z3,y3) = PL+ P> # O,

u, MR 2, £ 2o,
2 — I

Hrp (14.16)

322 +2
)‘:%’ WE 2, = z4.
1

z3 =X — 1, — T2 — ay, A=

Y3 = Mz, — z3) — 1.

14.3 BRI _EA9HE fh 2 a0
WK =F, jt ¢ =p" WARE, E ZEXLE F, BRI Y p > 3 1, I
Weierstrass J7 F£4
y2 = g3 + asx + ag.
S, F, FRMBIHLZ E R #(B(F,)) <2¢+1. XL XN ze Fy, R2HW
Ny e Fy {13 P(z,y) € E, BN BTG O, A #(E) < 2|F,| +1 =2+ 1.
MEXE F, FIOWREMMLE B FBU.

(z,y) — (279,99
0 +— 0

© A q X% Frobenius BRET. H%1, o ¥ E ER A3 B, HARFRRER 2 S0 X mt
2, o & F, b E MBRZE, Hit, o X ¢ X% Frobenius B REIZS.

Frobenius H A& ¢ S5HIE (trace) 7EME MR P iRE EEEM. SMT@EILLT
TTREBEAR:

@ — [tle + [q] = [0],
W, MRtk £ ERMEREA P = (z,y), A

(@7,y7") — [1(z%,y7) + [a)(z,¥) = O.
A, H
#(E(Fq)) =q+1-t
B—NKT E(F,) WM FEE AL v 2 B R I Hasse 2 BEES H ).
TR 14.3.1 (Hasse) X E REXE F, (¢ =p", p F4) Le9ME £k, 0% E i &
E L#).53 #(E(F,)) %~

[#(E(Fy)) — (¢ + 1] < 2v/g.
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14.4 EEEEMEX

AHHE n 5 A nP TS
4 n B R Bk

n=ng+m2+n2%+ - +n 127 + 12+ Fnp 9282 4y 28
Hin; e{0,1}, i=0,1,--- ,k—1.

nP =ngP +n2P +ny2?P+ -+ n; 12" 1P+ n;2'P + - - + Ne_225 2P 4 ny_ 128 1P,

nP =noPy+niPr+nePo+ - +ng_oPr_o+ng_1Pr1.
~——

0) W5 Py =P K Qo = noP,.
(1) 8 P =2P & Q1 =Qo+n P
(2) W8 P, =2P, & Q2=Q1 +n2Ps.

(G—1) WH Py =2bi2 K Qi1 =Qi—2+ni1Pi_1.
(@) W& P, =2P_; & Qi= Qi1 +n:P;.

(k—2) W& Peo=2Pc 3 X Qr—2=Qk—3+nk_2Pc_o.
(k—1) WH Py =2Pc 2 X Qr—1 = Qx—2 +nk—1Pi—1.

% Pe=2P = (zk,px), k=0,1,2,--- i P, =2P_, 133
A\ = 32 1°+aa
k= 2yk—1

Tk = A2 — 2Tk—1, Yk = Me(Th—1 — Tk) — Yh—1-

2 Qr = Qr_1 + P = (uk,v), k=1,2,--- 53|
M = (Vk—1 — yk)/(uk—1 — Tk).

if (nx > 0) then ux = A2 — uk—1 — xx;

Ve = A (Uk—1 — k) — Vi—1;

else ux = ux_1, vk = vik_1 end if; end do;

Bl 14.4.1 p=100823 Z—ANFE4K, AR F, = Z/pZ L& IE h & 5B
E(F,) ={(z,y) | € F, x Fp, y* =2*+3z+7}U{0},

|E(F,)| = 100482 = 2 - 3 - 16 747.
E(F,) 94 RTHA Py = (1,8811). ord(Py) = 100482. B, P = 6P = (62046,14962)
t M A E ¥ 16747, i+ H 1007P.
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n=1007=1+2+22+2%+2° 420427 4+ 28 4 2°,
n=1ln=Ln=1n=1n=0n=1n=1n=1ns=1,n9 = 1.
(0) iH5 Py = P = (62046,14962), & Qo = Py = (62046, 14 962).

(1) W5 P = 2Py = (79956,69266), & Q1 = Qo + P1 = (10232,99402).
(2) TH5 P, = 2P, = (18004,60305), & Q2 = Q1 + P> = (77066, 35 653).
(3) tH55 Py = 2P, = (71409,96128), & Q3 = Q2 + P35 = (98956, 33961).
(4) V5 Py = 2P5 = (88114,449), & Q4 = Q3 = (98956, 33 961).

(5) VH5 Ps = 2P, = (83127,15384), & Qs = Q4 + P5 = (72985,39118).
(6) WH Ps = 2P5 = (74848,74692), & Qs = Qs + Ps = (53181, 78 296).
(7) W P; = 2P = (32021,39593), & Q7 = Q6 + Pr = (53 704,97 059).
(8) ¥4 Py = 2P; = (78143,43796), K Qs = Q7 + Ps = (43906,14791).
(9) W5 Py = 2Ps = (94069, 18649), K& Qo = Qs + Py = (80726, 17 229).
Bl 14.4.2 p=359 R—AF#, AKX F, — Z/pZ L4 E vh & 57

E(F,) ={(z,y) | € F, x Fp, y* =2 +3z+7}U{0},

|E(F,)| =395 =5-T79.
E(F,) ¥4 RAA Py = (1,27). ord(P,) = 395. # % 5P, 79P, 395P.
(i) 5P
n="79=1+2%
ng=1,n;, =0,ny = 1.
0) W& Py =P =(1,27), & Qo = Py = (1,27).
(1) P58 P = 2P = (162,354), & Q, = Qo = (1,27).
(2) M P, = 2P, = (7,33), X Q2 = Q1 + P> = (352, 340).
(ii) w5 9P
n=T9=1+2+2242% 425
ng=1n =1,ny=1n3=1,n4 =0,n5 =0,n6 = 1.
0) W& Py=P=(1,27), X Qo = P, = (1,27).
(1) W& P, = 2Py = (162,354), & Q1 = Qo + P1 = (92,194).
(2) M8 P, =2P = (7,33), & Q2 = Q1 + P> = (126, 316).
(3) W Py =2P, = (6,263), & Q3 = Q2 + P3 = (19,183).
(4) VH5 Py = 2P; = (95,355), K& Q4 = Q3 = (19, 183).
(5) W P = 2P, = (316,147), & Q5 = Q4 = (19, 183).
(6) TF5 Ps = 2P5 = (290,146), & Qs = Qs + Ps = (160, 80).
(iii) t+5 395P
n=395=1+2++23+274+2%1,1,0,1,0,0,0, 1, 1.
ng=1n=1,ny=0,n3=1,n4 =0,n5 =0,n6 =0,n7 = 1,ng = 1.
0) #HH Py =P =(1,27), X Qo = P, = (1,27).
(1) W5 P, = 2P, = (162,354), & Q, = Qo + P, = (92,194).
(2) W P, =2P, = (7,33), & Q2 = Q1 + P> = (92,194).
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(3) WH P3 = 2P, = (6,263), X Q3 = Q2 + P3 = (298, 180).
(4) W Py = 2P; = (95,355), & Q4 = Q3 = (298, 180).

(5) W Ps = 2P, = (316,147), K& Qs = Q4 = (298, 180).

(6) 5 Ps = 2P5 = (290,146), & Q¢ = Qs + Ps = (298, 180).
(7) W P, = 2P = (79,221), & Q7 = Q¢ + P; = (166,351).
(8) W5 Py =2P; = (166,8), & Qs = Q7 + Py = O.

14.5 )@

(1) Kk Fr AR h S
(2) K Fp. EFTARGIE BT
(3) K Fo FETAEREE IR
(4) 3K Fps A B Hh £ I BT

BEE

(1) ST G I 4 B S

(2) BTSRRI 2

(3) GAZSEEL F, LI A B NTEIZ ST TR G R
(4) GRS Fyn LA MU BER VLI ST, 0 T BERIE SR



F 15 F AKS =401

2002 EE[ EE ¥ %4~ % Manindra Agrawal, Neeraj Kayal, Nitin Saxena 25 H T — M eHm A E
B4 32 0], Daniel J. Bernstein 45 H 7 —AMaEjE FHE. XU B HERCE TSRS
SR AE, A IKE BT ECE AR, 4 — AN TR RE.

EHE 1501 Karb p BHEGEHR N p REMHAZEMHR

(z —a)? = (2P — a) (mod p).

iE XM o0<i<p i
p—1
(z—a)? = 2P + Z (I;) ' (—a)P 4 (—a)P.
i—1

W p ZFE W p| (), 0<i<p B, G50 EOL

K, W p RAH, K18 p WEHE o B o p, BB 157, 6 ¢ (7). B
(¢*,a) =1, Ik, 29 M REHEE p AAF. IXFE, (z—a)? — (2P —a) AE F, EAEAZE. GIEEE.

FEI2 15.0.2 (Manindra Agrawal, Neeraj Kayal, Nitin Saxena) % n £ —/NE&4. & q
Foor A RS RAREHES. BRK

(i)qg %R r—1

(ii) n(r=1/9 (mod r) ¢ {0,1} ;

(iii) (n,b—b) = 1 *FiH RE & b, € S;

UV)(q+ﬁ§*) > n2lv7l;

(v) £3K Z/nZx) F, A be S, #A
(z+b)"=2"+b (mod z" — 1),

W n R—ANFEHHF
E B R LB UE .
(a) MRAEAR B (i1), ATHRE] n —NRKHE p £E43 pr—/9 (mod r) ¢ {0, 1} (B 2.1.17)
(b) M4 (v), T3 F,[z] h, XFTHK be S, #45

(z +b)" = 2™ + b (mod 2" — 1).
MR 10.4.9, £3F F,[z] &, $HER i >0, &
(z+b)"™ =2 +b (mod 2" — 1).
(c) A pln, FTLAERR Flz] o, AT i >0, f
(z+b)™ =2™ +b (mod 2" — 1).
Y& E P 10.3.2 FMIEH 2.4.2 (Fermat /NERE), ZEH Fplz] 1, SHMEE i>0,; >0,

(z+ b)"ipj =z"" +b (mod z" —1).
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(d) HEBIA nip?, 0<i < [V7],0 < j < [Vr], B3R nipd <n2V7
EKHIA (V] + 12 > ¢ 3 (6,5), Wik, fFERRKER (5), (k1) €5 nip =
n*p’ (mod r). il t = n'p? K u=n*p'. 7EH F,[z] ', 7 (WH] 11.4.3)

o' +b=z"+b (mod z" — 1).
#Em
(:1:+b)‘=a:"’—|—b=z“+b=(a:+b)“ (mod z" — 1).

(e) HR¥EEHE 13.3.5, /£ F, L, gxﬁit
IR, Bk, A

Tﬁﬁ@ﬁl/\ﬁl%} d = ord,(p) AR A%

p? =1 (mod r).

Hih (a), X&
p" V4 £ 1 (mod 7)

Fl (MR P 2.4.2 (Fermat /N EHE))
p" ' =1 (mod r).

Pk, 7
_ r—1

M (d,q) # 1. 10 q EFEE, BF5] q|d, AR ALK IIXE d = ord,(p) > q.

() BAELEABRIE Fylz)/h b, XHMTE be S, i (z+b)f = (z+b)*. HEB z+0be€
(Fplz]/h)*, A degh > q>2. X G A {z+b|be S} ERH (Fplz]/h)* KIFHE, WXL
HgeG, g =g"

(8) G B (1H57Y) ik, #HI, HEHK [[@+0)r e <a- L BKE,

besS
R\ B LA (i), ATYHET 2 +b E (2+b) — (z+b) =b— b’ 5 n REZEK, Frik
z+b{E F, PRARN, M1 H, T8 [[(@+b)* 1€ Fylz] TRARIEK. XEFBURED T

besS
q. Ik, /NT deg b, IXFE, ‘EARE b 50 B BASNE 1K)
(h) G I PR3 8E, ik, HAM A #G WItE g, H

It —ul < n?V7 (”ii‘l) < #G

& gt = gu. B_EUH:, i_,] t=u Nv nipi = nkpl' ﬂu% 1= k’ IJI‘IJ p’ :plv izﬁ, (27.7) = (kvl)v %}E
B, n 2 p KA. UEEE.
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&

(1) RHEEHR 57 fif v L
@ HEMNEL p, q, IWHIFH p-q=n RE;
@ LHEEH n, K n NERE p, ¢ #1153 n=p-q IEFHEHE
Bltn: p = 20000000 000000002559, g = 80000 000000000001 239 ZWH D LLEH, ©
fi1i et
n = p-q = 1600000000000 000229 500 000 000 000 003 170 601.

{HE XA n JEH A

(2) 5 HOnS 2] 5

CAHRIEAEE G =< g >={¢* | k=0,1,2,---} RILAERTT g FF n = |G|

@ L EEL o, WHILE ¢° = h IRES);

@ HEICHE h, WWHEH 2,0 <z < n, #8 ¢° = h FEERAE

Blt: p = 20000000000000002559 & —NELBEK, F, = Z/pZ & MW, F; =
F, \ {0} 22—/ NRiEMEIHRE, HAMITH g = 11.

2 e o = 20030428, A] LB 5

g% = 1134889 584 997 235257 (mod p).

{HBEKEH 2, /818 ¢° = 1134889584997 235257 AEH M XE.
(3) ¥ 158 FHh 2 25 0% B8 ) A8
SN BRI F, IR 2 Bt

E(F,) = {(z,y) | € F, x Fp,y* =2* +az +b, a,b € F,} U{0}

K P = (z,y) M A — DN KEH
@ LEER o, HH A aP = (z4,%.) = Q IRH5);
@ e Q, UHHEE o, 18 2P = Q JEH KA.
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EX B.0.1 —AFF u={u | k> 1} HRAFREBF 5| R MARA B BAF 5], 4o R i
BN L > | RHMEZT ORI k> 1, AR wpr = wp. W, LARAFF] u th—A )
. M AR Lo AR A /5] u &9 BB, 24E pu).

540

(1) & m AIEEE, WFH] u={ur =k modm | k> 1} ZEWIF5, p(u) = m.

(2) Wn=p HELK WXNTEHn BRERPTREIEREY o, 79| u={ur =a* modn |k >1}
ARFEE, Hon—1 & o —4E1.

(3) Bt m NIEEE, a &5 m HEMIEEE. WFH uw={ur =a* modm | k> 1} &
WFES, o(m) & u — R

(4) W p, ¢ AEBRATER, o &5 p-q EENIEBE, W) uw= {ur, = a* mod p-q |k > 1}
RS, (p—1)(g— 1) 2 u F—A .

(5) W p, g AEPRFTEE, e BIEEE, o &5 p-q EEMERE, WFH v = {ux =

a modp-q| k> 1} ZRAWIFEI, o((p—1)(g— 1)) £ u IS,

(6) % p WREWER, o ZIEEE WFH u={ur =a* modp|k>1} BEAWFEY, p—1
2 u —N .
(7) W p ARATEE, WAAE DR g, 375 u = {ux = a* modp | k> 1} M/
W p(u) =p— 1.
8) FH u={—, =, =, W, F, /~, H, —, =, =, W, i, N, H,--} 2SI pu)="7.
9) P8 u={K, Xk, t+, & K K K +, & K, -} 2EBFH], pu) = 5.
(10) P8l w = {3, B, 3K, 38, 7%, 8%, 50, %, 3 B, 3K, 58, &, &, 5, %, } 2T,

p(u) = 8.

(11) & f(z) 2 F, EH n ATAZIHA, WFEH u = {ur = 2 mod f(z) | k > 1} &4
WFH, pm — 1 & w — N,

(12) ® f(z) & F, EH) n ATNAZ L, HAERKAREH Fr = F,(z]/f(z), WX} F,n
FIAERICE a, IF9) u = {uy = a* mod f(z) | k > 1} ZSAWFA, pm — 1 & w ()
AN JE 3.

(13) & f(z) & F, bH) n RAATAZ X, ARG IREN Fn = Fylz]/f(x), WX E,. $
RHERTEE a, 581 u = {ux = @ mod f(2) | k > 1} RFEHIFFI, n 1 u i,

(14) W f(z) & F, LB n RATAZIA, HAEKRKARBEAD Fn = F,lz]/f(z), W Fyn
HAFETCE g, HRFH u = {ur = ¢* mod f(z) | k> 1} HE/EWY p(u) = p» — 1.

(15) & f(z) =2® +a* +2° +o+ 1, W f(2) & F LW 8 KAWLUZIHR, H B LIFSI

u={ur =z* mod f(z) | k > 1} FE/NEM p(u) = 51.

(16) W f(z) =28+ 2t + 23+ + 1, U f(z) 2 F» EI 8 A AZIA, H F, EKFEF

u={ur = (x+1)* mod f(z) | k> 1} WE/PEAW p(u) =28 — 1 = 255.
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(17) B f(@) =2 +a' +a+a+1, W f(o) & By LI 8 WARMTAZIR, B F, LHF5
w={ur = (2?2 + 2+ 1)* mod f(z) | k > 1} KE/PNEM p(u) = 85.
(18) W f(z) =2+t + 23+ + 1, W f(z) & F, B 8 AN AZLIA, H F, EHF5
w={ug = (23 + 22+ 1)* mod f(z) | k > 1} &AM p(u) = 15.
(19) & f(z) =28+ 2t + 22 + 22 + 1, W f(z) & I, BIY 8 KARZIA, H B, LTS
u={ur =2* mod f(z) | k > 1} FF/MEAM p(u) =28 — 1 = 255.
(20) ® f(z) =a®+a' +2° +a? +1, W f(z) & F, £ 8 KARZHA, H F, EHTS
u={ur = (z +1)* mod f(z) | k > 1} B&/MEAM p(u) = 51.
(21) & f(x) =2 +2* + 23 + 22+ 1, W] f(z) /& F» B 8 ARZIA, H F, EI)F5
w={ur = (2 + =+ 1)* mod f(z) | k > 1} FE/NEAM p(u) = 85.
(22) | f(z) =a+at+2°+22 +1, W f(z) B F, B 8 WARZIA, H F, BT
u={ur = (¢® +z+1)* mod f(z) | k > 1} MEH/NEM p(u) = 15.
(23) W f(z) =2 + 25+ a3+ 22+ 1, W f(z) & F, B 16 XARZWA, H F, EHF
Y u={up = 2% mod f(z) | k > 1} Wf/NEM p(u) =216 — 1 = 65535.
(24) W f(z) =2+ 2%+ 2> + 22+ 1, W f(z) & F», L 16 XAREZWA, H B ERF
W u={up = (3 +z+1)* mod f(z) | k > 1} ME/NEAM p(u) = 21845.
(25) W f(z) =2+ 2%+ 23 +22+1, W f(z) 2 F, b 16 KERZHA, H F, F)F
) u={up = (* + 2+ 1)* mod f(z) | k > 1} MI/MEM p(u) = 13107.
(26) B f(z) =+ 25+ 2% + 22+ 1, W f(z) 2 F, B 16 KARZWA, H B, T
Flu={ur = (2% + 2% + 1)* mod f(z) | k > 1} B/ p(u) = 4369.
(27) AR F, LAFE n IRAATAZ I f(z), 375 u = {ux = 2F mod f(z) | k > 1}
e/ NI p(u) = pm — 1.
(28) ® f(z) & F, kI n REIWX, WFFH u = {ux = z* modf(z) | k > 1} ZAWIF,
Hsg /MY p(w) < p™ - 1.
(29) fF1E F, LI8 n Yol Wi5E0E A, 355 u = {ux = A% | k > 1} MEANAY p(u) =
pm— 1.
(30) W A & F, L) n Bl ik, WFES u = {ur = A | k> 1} ZRF, Hig/h R
W p(u) < p" — L.
n—1
(31) B coer,oyen1 B F EMIn ATEE. BT Ek2n+1, X ax =) ciap_i, WFF
=0 :
w={uy =ax | k=1} 2T, LEAE pu) <p™ — 1.
R B.0.1 X LAZABAT u={ux | k>1} §—ABH, ME—ZZ u & RH plu)
Wou={u | k>1} Ml o= {o | k> 1}, & LENTRFFII AT A
utvi={ug+ug | k=1 M w-vi={ug-ve | k>=1}
MR B.0.2 Ku={u |k>1}Fov={v| k>1} FERBAFI], M p(u)-p(v) &
u+v BB, R u-v 8B H.



B 1280 MRV NHE[FIRE

Misk C

M2525322H5635326H222332322H232523252N7352
N

L O R S N S - N I I S I s T = I I I N = I Rt I - B B =T B T s SR T = Sl
AI6778900123345566789012222355567888011234
n6666677777777777777888888888888888999999

D N M = O~ 0 OO~ N M =D OO = NM T Ok oMY O 09
R AN I NI NN ABFmHH»mH®m®m»®H»F Y F o FF T TR0 00000 n e 00

1111111111111111111111111111111111111111
..nm2275523323233275232222233523773232331522
E i r— — —

N
A%

P - T T T I N e = e el S T - I I i S - = = S B s = o B Sl S
AI123334M566678990022445667789900111344455
LY S S FFIF T IFIID D0 mam om0 im0 n DN 00 O 0O OO OO0
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368 Mk C Wi 1280 NEBH I HLIERE

Bk
n | B aNER| BER| n | B aMEE| FER|| n | B MR BR|| o | B K] ER
161 947 2 201 1229 2 241 1523 2 281 1823 5
162 953 3 202 1231 3 242 1531 2 282 1831 3
163 967 5 203 1237 2 243 1543 5 283 1847 5
164 971 6 204 1249 7 244 1549 2 284 1861 2
165 977 3 205 1259 2 245 1553 3 285 1867 2
166 983 5 206 1277 2 246 1559 19 || 286 1871 14
167 991 6 207 1279 3 247 1567 3 287 1873 10
168 997 7 208 1283 2 248 1571 2 288 1877 2
169 1009 11 || 209 1289 6 249 1579 3 289 1879 6
170 1013 3 210 1291 2 250 1583 5 290 1889 3
171 1019 2 211 1297 10 || 251 1597 11 || 291 1901 2
172 1021 10 || 212 1301 2 252 1601 3 292 1907 2
173 1031 14 || 213 1303 6 253 1607 5 293 1913 3
174 1033 5 214 1307 2 254 1609 7 294 1931 2
175 1039 3 215 1319 13 || 255 1613 3 295 1933 5
176 1049 3 216 1321 13 || 256 1619 2 296 1949 2
177 1051 7 217 1327 3 257 1621 2 297 1951 3
178 1061 2 218 1361 3 258 1627 3 298 1973 2
179 1063 3 219 1367 5 259 1637 2 299 1979 2
180 1069 6 220 1373 2 260 1657 11 || 300 1987 2
181 1087 3 221 1381 2 261 1663 3 301 1993 5
182 1091 2 222 1399 13 || 262 1667 2 302 1997 2
183 1093 5 223 1409 3 263 1669 2 303 1999 3
184 1097 3 224 1423 3 264 1693 2 304 2003 5
185 1103 5 225 1427 2 265 1697 3 305 2011 3
186 1109 2 226 1429 6 266 1699 3 306 2017 5
187 1117 2 227 1433 3 267 1709 3 307 2027 2
188 1123 2 228 1439 7 268 1721 3 308 2029 2
189 1129 11 || 229 1447 3 269 1723 3 309 2039 7
190 1151 17 || 230 1451 2 270 1733 2 310 2053 2
191 1153 5 231 1453 2 271 1741 2 311 2063 5
192 1163 5 232 1459 3 272 1747 2 312 2069 2
193 1171 2 233 1471 6 273 1753 4 313 2081 3
194 1181 7 234 1481 3 274 1759 6 314 2083 2
195 1187 2 235 1483 2 275 1777 5 315 2087 5
196 1193 3 236 1487 5 276 1783 10 || 316 2089 7
197 1201 11 || 237 1489 14 || 277 1787 2 317 2099 2
198 1213 2 238 1493 2 278 1789 6 318 2111 7
199 1217 3 239 1499 2 279 1801 11 || 319 2113 5
200 1223 5 240 1511 11 || 280 1811 6 320 2129 3




Mz C i 1280 MERBLHIFRE 369
a4k
n | BaNEE| BB n | BaMRE| FER| n | B aNEE| BRI n | B NEE| RN
321 2131 2 361 2437 2 401 2749 6 441 3083 2
322 2137 10 362 2441 6 402 2753 3 442 3089 3
323 2141 363 2447 5 403 2767 3 443 3109 6
324 2143 364 2459 2 404 2777 3 444 3119 7
325 2153 3 365 2467 2 405 2789 2 445 3121 7
326 2161 23 366 2473 5 406 2791 6 446 3137 3
327 2179 7 367 2477 2 407 2797 2 447 3163 3
328 2203 5 368 2503 3 408 2801 3 448 3167 5
329 2207 5 369 2521 17 409 2803 2 449 3169 7
330 2213 2 370 2531 2 410 2819 2 450 3181 7
331 2221 2 371 2539 2 411 2833 5 451 3187 2
332 2237 2 372 2543 5 412 2837 2 452 3191 11
333 2239 3 373 2549 2 413 2843 2 453 3203 2
334 2243 2 374 2551 6 414 2851 2 454 3209 3
335 2251 7 375 2557 2 415 2857 11 455 3217 5
336 2267 2 376 2579 2 416 2861 2 456 3221 10
337 2269 2 377 2591 7 417 2879 7 457 3229 6
338 2273 3 378 2593 7 418 2887 5 458 3251 6
339 2281 7 379 2609 3 419 2897 3 459 3253 2
340 2287 19 380 2617 5 420 2903 5 460 3257 3
341 2293 2 381 2621 2 421 2909 2 461 3259 3
342 2297 5 382 2633 3 422 2917 5 462 3271 3
343 2309 2 383 2647 3 423 2927 5 463 3299 2
344 2311 3 384 2657 3 424 2939 2 464 3301 6
345 2333 2 385 2659 2 425 2953 13 465 3307 2
346 2339 2 386 2663 5 426 2957 2 466 3313 10
347 2341 7 387 2671 7 427 2963 467 3319 6
348 2347 3 388 2677 2 428 2969 468 3323 2
349 2351 13 389 2683 2 429 2971 10 469 3329 3
350 2357 2 390 2687 5 430 2999 17 470 3331 3
351 2371 2 391 2689 19 431 3001 14 471 3343 5
352 2377 5 392 2693 2 432 3011 2 472 3347 2
353 2381 3 393 2699 2 433 3019 2 473 3359 11
354 2383 5 394 2707 2 434 3023 5 474 3361 22
355 2389 2 395 2711 7 435 3037 2 475 3371 2
356 2393 3 396 2713 5 436 3041 3 476 3373 5
357 2399 11 397 2719 3 437 3049 11 477 3389 3
358 2411 6 398 2729 3 438 3061 478 3391 3
359 2417 399 2731 3 439 3067 479 3407 5
360 2423 5 400 2741 2 440 3079 6 480 3413 2




370 fiisk C A 1280 NEBLILIRMRE
no | BaNEH| FR|| n | BalbER] FR|| n | B aMEE| ER| n | B aANER| ER
481 3433 5 || 521 3733 2 || 561 4073 3 || 601 4421 3
482 3449 3 || 522 3739 7 || 562 4079 11 || 602 4423 3
483 3457 7 || 523 3761 3 || 563 4091 603 4441 21
484 3461 2 || 524 3767 5 || 564 4093 604 4447 3
485 3463 3 || 525 3769 7 || 565 4099 2 || 605 4451 2
486 3467 2 || 526 3779 2 || 566 4111 12 || 606 4457 3
487 3469 2 || 527 3793 5 || 567 4127 5 || 607 4463 5
488 3491 2 || 528 3797 2 || 568 4129 13 || 608 4481 3
489 3499 2 || 529 3803 2 || 569 4133 2 || 609 4483 2
490 3511 7 || 530 3821 3 || 570 4139 2 || 610 4493 2
491 3517 2 || 531 3823 3 || 571 4153 5 | 611 4507 2
492 3527 5 || 532 3833 3 || 572 4157 2 || 612 4513 7
493 3529 17 || 533 3847 5 || 573 4159 3 || 613 4517 2
494 3533 2 || 534 3851 2 || 574 4177 5 || 614 4519 3
495 3539 2 || 535 3853 2 || 575 4201 11 || 615 4523 5
496 3541 7 || 536 3863 5 || 576 4211 6 | 616 4547 2
497 3547 2 || 537 3877 2 || 577 4217 3 || 617 4549 6
498 3557 2 || 538 3881 13 || 578 4219 2 || 618 4561 11
499 3559 3 || 539 3889 11 || 579 4229 2 || 619 4567 3
500 3571 2 || 540 3907 2 || 580 4231 3 || 620 4583 5
501 3581 2 || 541 3911 13 || 581 4241 3 || 621 4591 11
502 3583 3 || 542 3917 2 || 582 4243 2 || 622 4597 5
503 3593 3 || 543 3919 3 || 583 4253 2 || 623 4603 2
504 3607 5 || 544 3923 2 || 584 4259 2 || 624 4621 2
505 3613 2 || 545 3929 3 || 585 4261 2 || 625 4637 2
506 3617 3 || 546 3931 2 || 586 4271 7 || 626 4639 3
507 3623 5 || 547 3943 3 || 587 4273 5 || 627 4643 5
508 3631 15 || 548 3947 2 || 588 4283 2 || 628 4649 3
509 3637 2 || 549 3967 6 || 589 4289 3 || 629 4651 3
510 3643 2 || 550 3989 2 || 590 4297 5 || 630 4657 15
511 3659 2 || 551 4001 3 || 591 4327 3 || 631 4663 3
512 3671 13 || 552 4003 2 || 592 4337 3 || 632 4673 3
513 3673 5 || 553 4007 5 || 593 4339 10 || 633 4679 11
514 3677 2 || 554 4013 2 || 594 4349 2 || 634 4691 2
515 3691 2 || 555 4019 2 || 595 4357 635 4703 5
516 3697 5 || 556 4021 2 || 596 4363 636 4721 6
517 3701 2 || 557 4027 3 || 597 4373 637 4723 2
518 3709 2 || 558 4049 3 || 598 4391 14 || 638 4729 17
519 3719 7 || 559 4051 10 || 599 4397 639 4733 5
520 3727 3 || 560 4057 5 || 600 4409 640 4751 19




Mk C  #i 1280 MHEB L IHFEMRE 371
no | B aNER| BRI n | B aMFER| B n | B aNRE] BER|| n | B nNEE AR
641 4759 3 681 5099 721 5449 7 761 5801 3
642 4783 6 682 5101 722 5471 7 762 . 5807 5
643 4787 2 683 5107 2 723 5477 2 763 5813 2
644 4789 2 684 5113 19 724 5479 3 764 5821 6
645 4793 3 685 5119 3 725 5483 2 765 5827 2
646 4799 7 686 5147 2 726 5501 2 766 5839 6
647 4801 7 687 5153 5 727 5503 3 767 5843 2
648 4813 2 688 5167 6 728 5507 2 768 5849 3
649 4817 3 689 5171 2 729 5519 13 769 5851 2
650 4831 3 690 5179 2 730 5521 11 770 5857 7
651 4861 11 691 5189 2 731 5527 5 771 5861 3
652 4871 11 692 5197 7 732 5531 10 772 5867 5
653 4877 693 5209 17 733 5557 2 773 5869 2
654 4889 694 5227 2 734 5563 774 5879 11
655 4903 3 695 5231 7 735 5569 13 775 5881 31
656 4909 6 696 5233 10 736 5573 776 5897 3
657 4919 13 697 5237 3 737 5581 T 5903 5
658 4931 6 698 5261 2 738 5591 11 778 5923 2
659 4933 2 699 5273 3 739 5623 5 779 5927 5
660 4937 3 700 5279 7 740 5639 7 780 5939 2
661 4943 7 701 5281 7 741 5641 14 781 5953 7
662 4951 6 702 5297 3 742 5647 3 782 5981 3
663 4957 2 703 5303 5 743 5651 2 783 5987 2
664 4967 5 704 5309 2 744 5653 5 784 6007 3
665 4969 11 705 5323 5 745 5657 3 785 6011 2
666 4973 2 706 5333 2 746 5659 2 786 6029 2
667 4987 2 707 5347 3 747 5669 3 787 6037 5
668 4993 5 708 5351 11 748 5683 2 788 6043 5
669 4999 3 709 5381 3 749 5689 11 789 6047 5
670 5003 2 710 5387 2 750 5693 2 790 6053 2
671 5009 3 711 5393 3 751 5701 791 6067 2
672 5011 2 712 5399 7 752 5711 19 792 6073 10
673 5021 3 713 5407 3 753 5717 793 6079 17
674 5023 3 714 5413 5 754 5737 794 6089 3
675 5039 11 715 5417 3 755 5741 2 795 6091 7
676 5051 2 716 5419 3 756 5743 10 796 6101 2
677 5059 2 717 5431 3 757 5749 2 797 6113 3
678 5077 2 718 5437 5 758 5779 2 798 6121 7
679 5081 3 719 5441 3 759 5783 7 799 6131 2
680 5087 5 720 5443 2 760 5791 6 800 6133 5




372 M3k C i 1280 MEBBEHFEME
ESE
n | BaMFEH|FER|| n | BaNEE| ER| n | BabMFEH] FBR|| n | B aNEE| BER
801 6143 5 841 6481 7 881 6841 22 921 7211 2
802 6151 3 842 6491 2 882 6857 3 922 7213 5
803 6163 3 843 6521 6 883 6863 5 923 7219 2
804 6173 2 844 6529 7 884 6869 2 924 7229 2
805 6197 2 845 6547 2 885 6871 3 925 7237 2
806 6199 3 846 6551 17 886 6883 2 926 7243 2
807 6203 2 847 6553 10 887 6899 2 927 7247 5
808 6211 2 848 6563 888 6907 2 928 7253 2
809 6217 5 849 6569 889 6911 7 929 7283 2
810 6221 3 850 6571 890 6917 2 930 7297 5
811 6229 2 851 6577 891 6947 2 931 7307 2
812 6247 5 852 6581 14 892 6949 2 932 7309 6
813 6257 3 853 6599 13 893 6959 7 933 7321 7
814 6263 5 854 6607 3 894 6961 13 934 7331 2
815 6269 2 855 6619 2 895 6967 5 935 7333 6
816 6271 11 856 6637 2 896 6971 2 936 7349 2
817 6277 2 857 6653 2 897 6977 3 937 7351 6
818 6287 858 6659 2 898 6983 5 938 7369 7
819 6299 859 6661 6 899 6991 6 939 7393 5
820 6301 10 860 6673 5 900 6997 5 940 7411 2
821 6311 861 6679 7 901 7001 3 941 7417 5
822 6317 862 6689 3 902 7013 2 942 7433 3
823 6323 863 6691 2 903 7019 2 943 7451 2
824 6329 864 6701 2 904 7027 2 944 7457 3
825 6337 10 865 6703 5 905 7039 3 945 7459 2
826 6343 3 866 6709 2 906 7043 2 946 7477 2
827 6353 867 6719 11 907 7057 5 947 7481 6
828 6359 13 868 6733 2 908 7069 2 948 7487 5
829 6361 19 869 6737 3 909 7079 7 949 7489 7
830 6367 3 870 6761 3 910 7103 5 950 7499 2
831 6373 2 871 6763 2 911 7109 2 951 7507 2
832 6379 2 872 6779 2 912 7121 3 952 7517 2
833 6389 2 873 6781 2 913 7127 5 953 7523 2
834 6397 2 874 6791 T 914 7129 7 954 7529 3
835 6421 6 875 6793 10 915 7151 7 955 7537 7
836 6427 3 876 6803 2 916 7159 3 956 7541 2
837 6449 3 877 6823 3 917 77 10 957 7547 2
838 6451 3 878 6827 2 918 7187 2 958 7549 2
839 6469 2 879 6829 2 919 7193 959 7559 13
840 6473 3 880 6833 3 920 7207 960 7561 13




ftsk C A 1280 PMEESKH AR E 373
S
n | B aNEH EWR|| o | B aANEE R n | B aANEE FER| n | B e R ER
961 7573 2 || 1001 7927 3 || 1041 8293 2 || 1081 8681 15
962 7577 3 || 1002| 7933 2 || 1042 8297 3 || 1082 8689 13
963 7583 5 || 1003 7937 3 || 1043| 8311 3 || 1083 8693 2
964 7589 2 || 1004 7949 2 || 1044| 8317 6 || 1084 8699 2
965 7591 6 || 1005 7951 6 || 1045 8329 7 || 1085 8707 5
966 7603 2 || 1006| 7963 5 || 1046| 8353 5 || 1086 8713 5
967 7607 5 || 1007] 7993 5 || 1047 8363 2 || 1087 8719 3
968 7621 2 || 1008 8009 3 || 1048 8369 3 || 1088 8731 2
969 7639 7 || 1009] 8011 14 || 1049 8377 5 || 1089 8737 5
970 7643 2 || 1010 8017 5 || 1050 8387 2 || 1090 8741 2
971 7649 3 || 1011 8039 11 || 1051 8389 6 || 1091 8747 2
972 7669 2 || 1012 8053 2 || 1052 8419 3 || 1092 8753 3
973 7673 3 || 1013 8059 3 || 1053 8423 5 || 1093] 8761 23
974 7681 17 || 1014 8069 2 || 1054 8429 2 || 1094 8779 11
975 7687 6 || 1015 8081 3 || 1055 8431 3 || 1095 8783 5
976 7691 2 || 1016| 8087 5 || 1056 8443 2 || 1096] 8803 2
977 7699 3 || 1017 8089 17 || 1057| 8447 5 || 1097 8807 5
978 7703 5 || 1018 8093 2 || 1058 8461 6 || 1098 8819 2
979 717 2 || 1019] 8101 6 || 1059 8467 2 || 1099 8821 2
980 7723 3 || 1020, 8111 11 || 1060 8501 7 || 1100 8831 7
981 727 5 || 1021 8117 2 || 1061 8513 5 || 1101 8837 2
982 7741 7 || 1022 8123 2 || 1062 8521 13 || 1102| 8839 3
983 7753 10 || 1023| 8147 2 || 1063| 8527 5 || 1103 8849 3
984 7757 2 || 1024 8161 7 || 1064] 8537 3 || 1104] 8861 2
985 7759 3 || 1025 8167 3 || 1065 8539 2 || 1105 8863 3
986 7789 2 || 1026 8171 2 || 1066 8543 5 || 1106| 8867 2
987 7793 3 || 1027 8179 2 || 1067| 8563 2 || 1107] 8887 3
988 7817 3 || 1028 8191 17 || 1068 8573 2 || 1108 8893 5
989 7823 5 || 1029] 8209 7 || 1069 8581 6 || 1109] 8923 2
990 7829 2 || 1030, 8219 1070 8597 2 || 1110] 8929 11
991 7841 12 || 1031 8221 1071 8599 3 || 1111 8933 2
992 7853 2 || 1032| 8231 11 || 1072| 8609 3 || 1112 8941 6
993 7867 3 || 1033 8233 10 || 1073| 8623 3 || 1113 8951 13
994 7873 5 || 1034] 8237 2 || 1074 8627 2 || 1114] 8963 2
995 7877 2 || 1035 8243 2 || 1075 8629 6 || 1115 8969 3
996 7879 3 || 1036] 8263 3 || 1076 8641 17 || 1116 8971 2
997 7883 2 || 1037] 8269 2 || 1077 8647 3 || 1117 8999 7
998 7901 2 || 1038 8273 3 || 1078 8663 5 || 1118 9001 7
999 7907 2 || 1039 8287 3 || 1079] 8669 2 || 1119 9007 3
1000 7919 7 || 1040 8291 2 || 1080 8677 2 || 1120, 9011 5




374 Mk C i 1280 MEEEHIRRE
n | B aNEL FER|| n | B aMEH FER|| n | B MR BER|| o | B o MNEE RR
1121 9013 5 1161 9391 3 1201 9739 3 1241 10103 5
1122 9029 2 1162 9397 2 1202 9743 5 1242 10111 12
1123 9041 3 1163 9403 3 1203 9749 2 1243 10133 2
1124 9043 3 1164 9413 3 1204 9767 5 1244 10139 2
1125 9049 7 1165 9419 2 1205 9769 13 || 1245 10141 2
1126 9059 2 1166 9421 2 1206 9781 1246 10151 7
1127 9067 3 1167 9431 7 1207 9787 1247 10159 3
1128 9091 3 1168 9433 5 1208 9791 11 || 1248 10163 2
1129 9103 6 1169 9437 2 1209 9803 1249 10169 3
1130 9109 10 || 1170 9439 22 || 1210 9811 1250 10177 7
1131 9127 3 1171 9461 3 1211 9817 5 1251 10181 2
1132 9133 6 1172 9463 3 1212 9829 10 || 1252 10193 3
1133 9137 3 1173 9467 2 1213 9833 3 1253 10211 6
1134 9151 3 1174 9473 3 1214 9839 7 1254 10223 5
1135 9157 6 1175 9479 7 1215 9851 2 1255 10243 7
1136 9161 3 1176 9491 2 1216 9857 5 1256 10247 5
1137 9173 2 1177 9497 3 1217 9859 2 1257 10253 2
1138 9181 2 1178 9511 3 1218 9871 3 1258 10259 2
1139 9187 3 1179 9521 3 1219 9883 2 1259 10267 2
1140 9199 3 1180 9533 2 1220 9887 5 1260 10271 7
1141 9203 2 1181 9539 2 1221 9901 2 1261 10273 10
1142 9209 3 1182 9547 2 1222 9907 2 1262 10289 3
1143 9221 2 1183 9551 11 || 1223 9923 2 1263 10301 2
1144 9227 2 1184 9587 2 1224 9929 3 1264 10303 3
1145 9239 19 || 1185 9601 13 || 1225 9931 10 || 1265 10313 3
1146 9241 13 || 1186 9613 2 1226 9941 2 1266 10321 7
1147 9257 3 1187 9619 2 1227 9949 1267 10331 2
1148 9277 5 1188 9623 5 1228 9967 1268 10333 5
1149 9281 3 1189 9629 2 1229 9973 11 || 1269 10337 3
1150 9283 2 1190 9631 3 1230 10007 5 1270 10343 5
1151 9293 2 1191 9643 2 1231 10009 11 || 1271 10357 2
1152 9311 7 1192 9649 7 1232 10037 2 1272 10369 13
1153 9319 3 1193 9661 2 1233 10039 3 1273 10391 19
1154 9323 2 1194 9677 2 1234 10061 3 1274 10399 6
1155 9337 5 1195 9679 3 1235 10067 2 1275 10427 2
1156 9341 2 1196 9689 3 1236 10069 2 1276 10429 7
1157 9343 5 1197 9697 10 || 1237 10079 11 1277 10433 3
1158 9349 2 1198 9719 17 || 1238 10091 2 1278 10453 5
1159 9371 2 1199 9721 1239 10093 1279 10457 3
1160 9377 3 1200 9733 1240 10099 1280 10459 2
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fffs D Fase 377
h gk gd=h || h g* g“=h || h g dF=h || h g g"=h
240 | g0 | 72 270 | g% | 4 300 | ¢*°° | 80 330 | ¢%%° | 164
241 | ¢** | 145 271 | ¢*™ | 28 301 | g%t | 201 331 | ¢* |71
242 | g*% | 297 272 | ¢ | 196 302 | ¢°°% | 330 332 | ¢**2 | 138
243 | ¢*** | 284 273 | ¢*™ | 295 303 | g% | 156 333 | ¢*%% | 248
244 | g®** | 193 274 | g®™ | 270 304 | g% |15 334 | g% | 300
245 | g®*° | 274 275 | ¢°™ | 95 305 | ¢%%° | 105 335 | ¢**° | 305
246 | g**¢ | 123 276 | ¢*"® | 306 306 | ¢%°¢ | 17 336 | ¢**¢ | 340
247 | ¢®*7 | 143 277 | ¢*77 | 347 307 | ¢%7 | 119 337 | ¢*7 | 226
248 | g**® | 283 278 | g% | 275 308 | ¢%°® | 115 338 | ¢*%8 | 146
249 | ¢**° | 186 279 | ¢°™ | 130 309 | g% |87 339 | ¢** | 304
250 | ¢*°° | 225 280 | ¢?8° | 192 310 | ¢*'° | 250 340 | ¢**° | 333
251 | ¢*°' | 139 281 | g®' | 267 311 | g* | 314 341 | g** | 177
252 | g%% | 255 282 | g% | 74 312 | g% |44 342 | ¢**2? | 162
253 | ¢*** | 349 283 | g% | 159 313 | ¢** | 308 343 | g% | 57
254 | g*°* | 289 284 | g®* | 36 314 | g | 2 344 | ¢** | 40
255 | g*°° | 228 285 | ¢ | 252 315 | ¢%° | 14 345 | ¢**° | 280
256 | ¢g*%¢ | 160 286 | ¢?8¢ | 328 316 | ¢ | 98 346 | ¢g**¢ | 165
257 | ¢*°7 | 43 287 | ¢%7 | 142 317 | ¢%7 | 327 347 | ¢*7 | 78
258 | ¢*°® | 301 288 | g% | 276 318 | g*'® | 135 348 | ¢3*® | 187
259 | ¢*° | 312 289 | g% | 137 319 | g% | 227 349 | ¢**° | 232
260 | ¢%%° | 30 200 | ¢*°° | 241 320 | ¢%%° | 153 350 | ¢*°° | 188
261 | ¢g*¢' | 210 291 | ¢*°' | 251 321 | g% | 353 351 | g% | 239
262 | g%% | 34 202 | g% | 321 322 | g% | 317 352 | ¢%°% | 237
263 | ¢2%% | 238 293 | ¢*** | 93 323 | % | 65 353 | ¢*% | 223
264 | ¢** | 230 204 | g%°* | 292 324 | g% | 96 354 | ¢%* | 125
265 | g%%° | 174 295 | g% | 249 325 | ¢°% | 313 355 | ¢%° | 157
266 | g%%¢ | 141 296 | ¢*°¢ | 307 326 | ¢3¢ | 37 356 | ¢3°¢ | 22
267 | g% | 269 297 | ¢*°7 | 354 327 | ¢%*7 | 259 357 | ¢*°7 | 154
268 | ¢*%® | 88 208 | ¢*°® | 324 328 | g% |18 358 | g% |1
269 | g*%° | 257 299 | ¢**° | 114 329 | ¢**° | 126




ff{s% D Fsso

378

H h

7 BRI

ﬁi F359 ':Fiﬁ&‘.i g

D.2

I ® =] t~ 0 [x] 0 N ) © - N =] © - — =] 0 ~ <« — )
=] S o} N 10 N =] "] 3] 0 0 ) < o] ® < 0 =] [t} o N &~ © =) © ] 3] oy - N
< N 5] 5] el ] N ] ] - N N — 2] =} L] ] < - ) n N - ~ =~ N N ~ o 0 N
> > > > &> > > > > > S > > > > S} > 5 > > > > S > ) > > > S} &> )
=3 — N o <t [ Tp] Qo b~ o0 =23 =] — N [y <t i <o b~ 0 (=2} o - [ "\ ~ D el b~ Q0 (=2}
0 [Te] 0 0 0 0 0 0 [T i © © o o Qo =} = © el =} ~ r~ ~ ~ o~ r~ r~ ~ ~ ©~
= — — — — — — — — — —_ — — — — — — — — — — — — — — — — — — — —
=
Il N [ © < =] o o c ® 0 N o [N - © t~ ~ © — @ ® ®©
&~ <« = < o 10 N =~ o 10 = © < 10 ~ —~ ~ o ) 0 — © 0 <+ ) « ] 0 ) o
< - o] - 3] - el ] - 0 Lol N B~ — - ~ el - N el N ™ N N N — N ] ~ N 0
5] > > S ) > > > ) > > > S} ) > ) S} ) > ) 5] > > > ) > > &> &> > >
= — N g <t jie} © b~ 0 =2} = — N [l <t D Y=} o~ 0 (=2 (=} — [ [ < D Qo N~ 0 (=2}
N N N o 3] N [3) o™ N [ o e o™ el ] N el ™ el e} < < < <t < < < < < <
= — — — — — — — — — — — — — — — — — — — — — — — — — —_— —_ — — —
=
I © o [%] 10 4 - © ] =) o} It © ~ — © < [¥) =) ®© o - t~
®© =] =] o © ~ N - — © < I =] 0 o =] 0 S — ] — ) ] Ix] =] =] 0 — - =}
=< 0 N - o~ ™ o ™ ] el 2] - o~ =) - ~ (2} [i=] - - - - - - N N e L] N - "
&> ) > S & S > 5] > > > S &> > > S > > > > ) > > > > > > ) > > >
o — N 0 <t i =} o~ 0 =] o — N ] < i} O r~ 0 (=)}
o -~ N M ¥ 1w © I~ v o O o ©o o o o <o 9o <o < — — — — — -~ — — o~
= S o o o o o o o o o 9~ — - — — — — —_ — — — — — — - = — -
=
I © b ] < 0 00 — =] 3] ~ © [=3 =] ] o ©
— — 0 0 < a 0 — — 0 0 ] < < ] 4 =] « < © =] 0 © =] =) © - = © 0
< N N © - [} ) - - ~ — ~ L] ] ] N © © < 2] — 1) N — - =) © ~ ] N o
5 ) ) > & > > > > S > ) ) > > > > > > ) > > ) S} S > > > ) > >
o — [5\] o <t D Qo - o9} =) o — o gl < Yol O b~ 0 [=2] =] — N el < D O I~ 0 D
= =} o o o o <) © © o © ~ D~ r~ ~ ~ ~ D~ b~ b~ r~ 00 oo} o0 o0 o0 o0 0 0 o0 0
=
I =] o~ ] ] o ) < © o < ) ~ N o © o < ~ © =] B~ [¥) ")
o =] ] N © — 0 N - ) < =] < i — ] < [=} =] o ] - t~ ) < N < o 0
< N ] - ~ N — ~N ™ — ™ e © - ™ ™ - - 0 - o~ - - - =) L= - ~ el ~ -
> > > > &> > > > > ) S &> > > ) & ) > > &> ) S > > o> > > S > > &>
(e} — N ™ < Yol =} o~ o0 (=2} o — N [ o il =i b~ o0 D o — [} 32] < w0 el - 0 (=]
= (2] o ™ ™ e 32 (] ™ el o <t ~ < < < < < ~f < < n 0 0 0 i} 0 n 0 0 0
=
Il © < © o 0 o © n n < I © L t~ t~ © o © - =} - [}
10 - ] = — < ] < < o 0 =] - =3 ] Q N 10 =] 0 i o ey 14 © =} ~ N
< =] o ] - N - - - N - ~ < ) N ) ® —~ ) L] - ] - « - ') a - N N ~
> > > > > > > o> > &> > = ) > > > S} > > > > > > > > > > > > > )
=] — N ™ < Ye] el ~ e] (=2} (=} i N o < 0 e} o~ o0 =2}
= — — N ™M <t 0 © N~ 0 O — — — — — —_ — — — — N ] N N N N NN N N




379

ff& D Fsse

gk

=
Il N =} ) ~ =] © o) ~ 0 © t~ - ) 5] o — t~ 0 <
=] o - < t~ Ix] - ~ =1 9] < 3] a 2} © t~ N re] ] I ] N =) ~ ] =
< ] o ~ ] 0 N - - ) Q ] - - ] - - N N N N - R - L) 3] = ~ - -
) > > & S [S)) ) > > S} > ) ) > S > > > > > > > > > > > ) > o >
(=} — N [ < Tl Qo o~ 0 =] (=] — N [} < in] =} o~ o0 D o — N [32] <t [Ye] © o~ 0
[} o [l [} ] [l [ () [ ] < oy < oy < < < < < <t Yl il Yol D 0 Yo D Yol 0
= [ 5p) o el el (3] [l o e 5e] e o [p] [ o o e el o [ [32] [ 3 ™ el ™ [>p) o [5e)
=
Il < 0 < o 0 © © ] — =] =] 0 - [¥] N =] 0 ™ o t~ 0 ] ~ ©
] ] © 0 17} ] = =] — ) 0 @© 0 o ~ 1] ® N <] © — o < =] =3 ) o - 0 -
< L] N - < « ] o~ N « - - - 5 « 13) - ~ L) ~N - ~ N — = N ®© < L) N ©
> ) > > > > ) > > > > ) ) > o> > > > > > > > ) > > > > > > > >
=] — N el <t 0 © o~ Q0 =] o — N ) < ip] o r~ 0 =] (==} i N o < Yol © b~ 0 =]
(=] =] (=} =3 (=] = (=} =3 = = — — — — — = — — — — N N N N N N N N N N
<= o o o o0 [ 2] o [32] () o o ™ o [ 52 el 3] ™ [p] e [ae) el el ] o el o el o (e}
=
Il N =3 ) © ) Jte) ~ - o) ) N ] ) [} for] o < t~ < < ) o ]
~ ] ] < < = 0 o o N < © N < < =] =] - 0 0 o o =] < = =] < ® >
< N ] — ) ] ~ ™ b 3] - ) - N N N - x © — ~ — ) a w — ~ — Sl ” L)
) > > ) > > > > > 5 > > > > > > ) > ) = > > ) > ) > > ) > ) >
o — N [l < 0 el L~ 0 =] (=} — [\ [\l < 0 =} b~ 0 [=2] (==} — N e <t Ted Qo L~ Q0 =2
~ D~ r~ o~ b~ b~ t~ o~ ~ o~ 0 0 o0 0 o0 0 0 0 0 0 =2 (=2} =2} =] =2} =2} (=2} (=2} [=2] 2]
= N N N [A\] [\ N N N (3] N N N N N o] N N N N N N [y N N N N N N N N
=
I 0 =] < =] =3 [\ (%) [to) =] — 10 o © o =) ~ ) ~ 0 0 <« —~ ~
3] =] =] — ] N =] ] <3 —~ = 0 Ie) 3] 0 © - I ) [} o < © — - ) I ©
= - N < ~N - — S < o) N ) 5] N 5] — 5 © N < ] N - ] - - N - N ~N N
> > > > ) > > > > ) > S > > > > > > > > > > ) > > > > > > ) >
(=} - N ) <t o] o o~ o0 [=2] =} — N e < D Nl ~ 0 =2 =] — N o <t Yol el - 0 D
< < < < < < o < = < 0 ie] Yo el Yol 0 el Vel o] 0 QO o o <] © © O © O el
= N N [a] (2] N N N [a\] [a] N N N 2] N N N [al] N N N N (3] N 2] N N N N N N
=
Il — o 0 o ) =] « -] o ~ o '] =] < =] ) o 0 ) N ] =
© o n o ~ ) o t~ — o i) — 0 2] n ) — re] =] © ] < 0 ~ o ~ 0 © 10
< N n - — © - © - ] N ~ - - ] - ~ ] ” N - S ~ ] - - — © ) Q L)
> > ) > > > > S} o> > 5 > > ) S > > > > > > > > > > > > > > > 5
o — N e < 0 © b~ 0 =] o i N [\ < D © I~ 0 (2] o — N vl o il O o~ o0 =2
— — — — — — — — — — N N N N N N N N N N el ¢ 2] ] [l [\l ] ") [e] (¢
= N N ] [a\] N N N N N N N N o™ N N N [ N N N N N N N N N N N ™ N
~=
[l [=] o o © (=3 - — oy =] 3 ~ — ™ ) < — © <+ [ - < =)
b <) © ] ] © < < Iy =] 0 ] 0 © 10 B~ © N ~ =] =] ~ 3] © ~ < o ] =)
< A ~N - R 17 0 5] ] brl N N N N 3] — - ] ] - b~ - ] - - < - - N ~N -
> > > > > > S > S = > ) = > > > > > &> > > = > > > > > S ) > >
(=} — (3] [l < Tpd Qo r~ o0 =] o i N 2] < i Qo - Q0 [=2] o — N [2r] < 0 O o~ o0 D
o0 o0 o0 0 0 00 0 0 [e] 0 =2} (=] =] =] (=2} =] (=] (=2} (=2} (=2} [=] o o =] =] o = (e} =] (==}
= — — — — — — — — — — — — — — — — — — — — N N N (2] N N N N N N




Misk E  Fys = Fofz]/(x® + x* + 23 + 2% 4+ 1)

E.1 HHRERT g=x BITWIEFR: B k 158 h = g*

k g* h = g* k g* h = g*

0 g° 1 32 g2 ' 4ttt 41

1 ' x 33 g P+ +z+1

2 ' z? 34 g 2+ 2%+

3 g z3 35 g% 27+ 2t + 23 + 22

4 g* z* 36 g% 4?41

5 g° z° 37 g% 2+ 23 42

6 g° z° 38 g*® z’ +zt 4 z?

7 g’ z’ 39 g% z® ot a1

8 g° 2l 4241 40 g*° P+ 24

9 g° 4tz 41 g* z’ 4+ 2% + z* + 22

10 g'° z8 + 2% + z* + 2? 42 g*? 4zt 2?41

11 gt z" + 2%+ 2° + 2° 43 g* 4+t P+l
12 912 '+ 28+ 2+ +1 44 g44 2+ 28+ +2t+ 2%+
13 g3 s R 45 g* ' +z% +1

14 g** +z+1 46 g*® N L L |
15 g*® P+ +z 47 g* +z+1

16 g'e z8 4+ 2® 4+ 22 48 g* 8+ 2?4z

17 g'7 27 + 2t + 23 49 g% 27 + 23 + 22

18 g'® 4+ +z%+1 50 g%° z? +1

19 g*° 4t 4z 51 g°! 2 4z

20 g% 27 + 2° 4+ z* + 22 592 g% z* + 22

21 g% 20+ aS 2?41 53 g% z° 4 23

22 g*? 2’425+ + 234z 54 g** z® +z*

23 g% ' +z8+2° +1 55 g%° z’ + x5

24 g%t 2+ttt 41 56 g8 AR S L L |

25 g% z+1 57 g°7 g+ttt +a

26 g% 4z 58 g°® 2+ 2+ +1

27 g% z® 4 2? 59 g%° 42542t 4z

28 g8 z* + 2® 60 g%° N A |

29 g% z® + z* 61 g%t [ L R g S |
30 g% z5 + 25 62 g% L SIS . SIS S
31 g%t z’ + b 63 g% ' +z°+1




WEE Fy = Falz]/(x® 4+ x* + 2® + 22 +1) 381
“hx
k g* h=g" k " h=g"
64 g%t R N R | 96 g% ' 4 ab a2t 2 41
65 g%° 44t +2 42+ 97 g7 R AR S |
66 g% x4+ 25 +1 98 g% 441
67 g% ' +2b+z 99 g” '+t
68 g%® '+t 21 100 gt zt 41
69 g%° 4+t +z+1 101 g*" o+
70 g™ B+t +2%+2 102 g'o2 z% 4 2
71 g™t ' 425+ z* 4 23 4 22 103 g*o3 z7 + 23
72 g™ 2z’ 2?41 104 gt z + 2%+ 1
73 g 425+t 105 g'%® 434z
74 g™ 4z +1 106 g'%® z° +z* + 2?
75 i B+ +z+1 107 g7 z°% + % + o°
76 g’® 4P+ 4 108 gto8 z’ +zb + 2t
77 g7 o+t +2® 422 109 g% L
78 g z® + 25 4zt + 28 110 g'te 4+ 41
79 g z’ + 25 +2° + 2t 111 gttt R A o
80 g%° 2’42t b+t a2+ 1 || 112 g*t? T +1
81 g 4z i1 113 g't? syt a2tz +1
82 g2 4+t 441 114 gttt R Y A R LR L
83 g% '+t i+l 115 gxe zb 4+ 25 + 2t 4 23 + 22
84 g% b+t 41 116 g''e z' 4+ 2 +2° 2t 4 2P
85 g% g +zb 2t 42 42 117 g'7 Y S i |
86 g%° LR | 118 g''® 428+ 4+1
87 i A | 119 g''? z +zt+z+1
88 g% 2’4+t a2t 2?2 || 120 g'% D4ttt rr+1
89 g% 42+t 41 121 g'*! P+t vt 4
90 g9° 428+t 41 122 9122 2’ 428+ 2% + 2+ 22
91 g%t '+ zd+z+1 123 g'% ' 4+ ab+ 2241
92 %2 AR A | 124 g% z+zt iz +1
93 g% 4+t a4z 125 g'?® 4zt +z+1
94 g%t 28 + 2% +2* +1 126 g2f 28 +2°+2%+z
95 g% 2428 +2% o 127 g'?7 '+ 28+ 2%+ 2




382 HE E Fos = Falz]/(2® +z* + 2 + 22 + 1)
4o
k g" h = g* k g* h=g*
128 | g™ |a2"+2*+1 160 | g'° |2"+2°+2°+2%+z
129 | ¢ |a*+2l+z+1 161 | g |z"+2°+2" +1
130 g*3° B+ +2+x 162 g'62 L R A e Ny |
131 g3t z8 + 2t + 2° + 22 163 | g'%° 8+ 2% +z+1
132 g*32 z’ 4+ 2t + 23 164 gt R A
133 g2 2+ 42+ 2241 165 9165 ' +zt +1
134 g3 242+t 242 166 g*® Bzttt 41
135 g*%® '+ 2+ +1 167 9167 42+t 42t 42?4
136 | ¢ |2+ +2°+z+1 168 | ¢g'® |a"+2+2°+2* +2° +2°
137 gt N 169 g% Ly S |
138 | g™ | 2°+1 170 | ¢'"° |&"+2f 42tttz
139 g*3° %+ 171 g171 2+ttt 41
140 g'*° z" + z? 172 g'™ P+ 4zt 424+ 1
141 g 42?41 173 | ¢'"™ g’ +2b+ 2+t + i+
142 g2 2+ 4z 174 g™ 4zt 2+t +1
143 gt z8 + zt + 22 175 g'™ L R Ry LRy |
144 g144 z’ +z° 4+ 23 176 g176 2 4+ 28+’ +z+1
145 | g'*® 2+ +2%+1 177 | ¢'"" g +z8+zt 2tz +1
146 | g"*® | 2" +z2'+2%+2 178 | ¢'"™® |2+ +2P+z+1
147 gt o+ z®+1 179 g'™® 4+t
148 | g'*® b +at + 180 | g'®° ' +zt+2%+z
149 | ¢'* | " +2°+2? 181 | ¢ |24zt +1
150 | ¢ |af+at+a®+1 182 | g | 2°+2°+a
151 g'o! 24+ a2+ 183 g'®3 z’ + 2% 4 z?
152 | g*%2 4+ +1 184 | g'®* '+t +2?+1
153 | ¢ |z"+2'+2 185 | ¢ |z°+z'+2%+z+1
154 g+t 4zt 41 186 g% AR A o
155 g*%® R R A 187 g% ' 428 42t 2 2
156 g'%® z’ + 2% 4+ 2° 4 22 188 g8 R
157 ey 42zt 241 189 ghes 4zt 2’41
158 g158 2+t 2+ +1 | 190 g*%° '+ 2P+ 42
159 | ¢ |2+’ +at 41 191 | ¢"* | 2®+1




HE E Fos = Falx]/(x® + 2% + 23 + 22 + 1) 383

k gk h = gk k gk h = gk

192 9192 " 4z 224 g?** '+ z

193 | ¢ |a*+2%+1 225 | g**° |z +2?

194 g194 P +zt+z 226 g226 z5 + 2°

195 g'%® zb + z° + z? 227 2?7 z7 + z*

196 g9 z" + 25 + 2® 228 g2 2 4+zt 42+ 2241

197 g197 T+ 2+ 22 +1 229 g229 D+t 4+

198 | ¢'*® | +z+1 230 | ¢*° |2"+2%+2°+at 4+ a?

199 9199 B+ 4z 231 g231 '+ttt +1
200 9200 '+ 2% + 2?2 232 9232 '+t + 2+t 42+ +1
201 g% s 4zt 4+ 2° 233 >3 2 +2b+2+at+ o+ 1
202 g*°? z® + 25 + 2* 234 g>3 48+ttt +1
203 | ¢*® | 2" 4+a%+2° 235 | g% |2' 42+ +l a1
204 9204 2+ 4+t +1 236 g236 '+t r+1

205 | ¢g*® |2+ 422 +x+1 237 | ¢®" | 2T+’ +ax+1

206 g0 4zt +z+1 238 g238 24z +1

207 g27 R R R 239 g% R

208 gm8 2+t +1 240 g240 z° 4+ z° + 2?2

209 g*%? 4+’ +zx 241 g4 8+t 423

210 | ¢ |2+t 42 +1 242 | g*** | 2" +2° 42!

211 | g®' |2+’ +at 4z 243 | ¢*® |2+ +at+ 2%+
212 g**? 4+t 341 244 g**t '+ +2+2t + 2+
213 g**? g’ +28+2 245 g**® g+ 2341

214 | g* |27+ +2° a2t +2P 41 246 | g |2’ +2°+2P+’+z+1
215 | ¢ |27 +a%+2+2P+a¥+a+1 || 247 | g | 2T +z+1

216 g21e '+ +z+1 248 g8 42+l

217 g217 ' 4zt 4tz +1 249 g249 2+t + 2%+ 2

218 g218 +2d+z+1 250 g25° 28 +2° + 2% + 22

219 | ¢ |af+a2t+2’ 4z 251 | g |z’ +2%+z'+2°
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14 g*t t+z 41 46 | g*° 2T+ 2b 2 a4z
15 gt s+t 4z 1 47 g*7 z° +xt 41
16 | g'¢ 4zt 4224224z +1 48 | g*® o+t +x+1
17 | g7 |z"+254+25+1 49 | g |27 +2+28+2t +22+1
18 g'® z® ot 423 50 g0 z?
19 g*? z® + 23 51 gt z° + 2?
20 | ¢* |2"+a25+2*+2° 52 | ¢** | z*+2?
21 g% 4+t 441 53 | ¢ z° +zt + 2° + z?
22 g% 4zt a2+ 1 54 g%t z% 4 2?
23 | ¢g® | 2" +2°+2? 55 | ¢®° |27+ 2%+ +2?
24 | g* a8+ttt 441 56 | g°° AR AR |
25 gre T 57 g°" '+ 28+t 1
26 g% 2tz 58 g°8 z® + 2% + 2°
27 g7 =4z 59 g°>° ' +z°+zt +2°
28 | g® |2*+2°+2+2 60 | g% |z'+x8+2'+z4+1
29 | g*° 4+ 61 g%t R R
30 g%° 245+ 2?4z 62 952 '+ttt
31 g T+’ +2¥+z 63 g% 42+ 2241
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k| g |h=4g" k g* h=g*

64 | g% | 2° +2® + 22 96 g% Y e A L N |

65 g%° z' + 254 2 + 2° 97 g7 z7 + 2 + 22

66 | g% |2+ +a2?+z+1 98 g% A R |

67 | g% |27+ +a3+1 99 g% 4542+t P41
68 | g% | z"+2°+2° 100 | g'%° | z*

69 | g% |z2°+2*+2¥+z+1 101 | "' | 2° +2*

70 g™ 2l 23+ 2?41 102 gro2 z8 + z*

71 | g™ |z +2 4t 2P+ 103 | g% |z"+2®+2° 42

72 | g |2°+2°+2 104 [ g |284z4+1

73 | ¢ |2+ 42+ 105 | ¢'® |z*4+z*+22+1

74 | g |27+ +2° 2t 41 106 | g'% |z +2>+z+1

75 | g |2 107 | g7 |28+ 423 +1

76 gt z* 4+ o° 108 g8 P R AR A N |
77 i z° 4 a3 109 g2 '+t ¥4

78 | g™ |2+ +at+2° 110 | g0 | 28425 +1

79 | ¢ |z"+2° 111 | g™t |27+ 2% +z+1

80 [¢% |a"T+z+1 112 | g"? |2 +2+2°+2* + 28 +22 +2
81 | ¢ |24z 42342242 113 | g'"® | 2*+2°+1

82 i TS a2t 2341 114 gt 2+t +x+1

83 [ g% | 2" 4+z%+2* 115 | ¢ |28+ +2* +2° +22+1
84 |g* |2+ 4+ +241 116 | g"% |z"+2*+z+1

85 g% 4t 442?41 117 r el ' +azt+ 2

86 | g% |z"+a25+a'+2% 422 118 | g |z +a®+2>+22+1

87 | g% |2+ 4+t +2P P4+l 119 | g"? |27 +2%+2° + 23+ 2?
88 |g*® |z"+1 120 | ¢ |2°+23 4224241

89 a2 z' +z* +2° 121 g'! 2t 425 42t 41

90 g™ R | 122 g% 'tttz +1

91 g°! 48+ P4z 123 g'? N A S

92 g2 ¥+ +1 124 g** L N A |

93 g% 48+t 3+ +1 125 g'?® z°

9 | ¢ |28+ 4+t 126 | g'% | 2® +2°

95 g% 4zt 42 127 g'?7 z’ 48
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S
k g* h =g~ k g* h=g*
128 g'?® 2+t 24+ 1 160 goo '+t +2t+2?++1
129 g'® *+z+z 161 g'®! g+t + 3+
130 | g™ |2 +2*+2®+2 162 | ¢'%? | a7+ 24+t +22 41
131 gt 342 +2 163 ge3 z8 + 25 4 2?
132 g'3? 2428+t 4o 164 g6 27 + 2% + 2° 4 2?
133 g'33 242t P+ 2?1 165 g% g4zt 2+t 441
134 | g™ |z2'+28+2t +2+a+1 166 | g'% | 2®+ 2 +2
135 [ g% [27428+2 167 | g% |2+ 2+ 342+
136 g3 4zt +1 168 g% z 4z
137 | g% | 2"+ 28+ S+t 1 169 | ¢* |z"+z'+2*+2*+1
138 | ¢ |2 +2*+2 170 | ¢ | 2"+ z® + 2 + 23 4+ 22
139 | ¢"*° | 2®+2*+2%+2 171 | ¢'™ | 2"+ 2+ 42342441
140 ghie 42+t 2+ 172 g'"™? 4+t 42342
141 | g™ | z'4+22+1 173 | g™ [+ 23+ 2% +2
142 | ¢*? | 2P+t +22 + 2P 4z +1 174 | ¢'™ | " +23+1
143 | g | 2®+1 175 | ¢'™ |27
144 | g |27 +2°+zx4+1 176 | ¢'" | 2" 4z +23 4z +1
145 gts 2+t +2t+ai 4z 177 g7 g+ttt + ¥+
146 | g"® | 2" +a®+2°+2 178 | ¢'™ | 2" +a2%+1
147 g*7 2+t +2d a1 179 ik z% + 2t + 2
148 | g |2+ 22+ +1 180 | ¢"% | 27 + 2% +2° + 23
149 g 2 +zb+2d+1 181 g8t z+x+1
150 | ¢*®*° | 25 182 | ¢'%? |25+ 2+ 2% +1
151 | ¢ | z7 425 183 | ¢ |24+’ +2¥ +2? 4 +1
152 | g |28+ z*+2 +x+1 184 | g | 2" +2+2°+ 2+
153 | g% | z"+28+4+2°+23+22+1 185 | g'%® | 2®+z%+1
154 | g% | 2 4 2% + 2? 186 | g% |2+ +2P 4P 441
155 g+o® z8 +2° + 2t + 2 187 g7 '+ +zt +1
156 | ¢'°¢ | 27 +z* + 2® + 27 188 | g™ | 2" 4+2® 423
157 | g¥%" | a7+ 2zt 4P+ 4+l 189 | ¢ |2 +zx+1
158 | ¢ | 2" +28+2' +2¥ +a 190 | g% |27 +2+2%*+1
159 | ¢* | 2b 4+ 4zt 2741 191 | g' | 2%+ z* + 22
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4
k g |h=4" k 9 |h=4"

192 | ¢"? |z +a28+28 +xt+2+2® ([ 224 | g** |z2'+2z

193 g'%3 4441 225 g228 4zttt

194 | ¢"* | 25+1 226 | ¢*%% |2+t +2P+2

195 | g% |2 +2°+z+1 227 | ¢** | 2"+ 28+ + 2P+t 42
196 | g'% |z 42°+2%+1 228 | g*® |2+ +1

197 | ¢ | 2"+ a2+ 2% 42 + 23 229 [ ¢*®* |2+ttt
198 | g'® |24z +1 230 | ¢*° | 2T+ 422 +1

199 | ¢' | 2% +1 231 | ¢®' | 27 + 2% + 22

200 | ¢*° |z*+2*+az+1 232 | ¢*? | 2"+ 42t 241

201 | ¢® |2 +2®+ 2?41 233 | ¢** |27+ 4z

202 | ¢*% | 2P+t +at a4+l 234 | gB* | 2T+ 2% +1

203 | ¢*® |27 +2' +23+1 235 | ¢** | 27 +2* + 22

204 g% ' +z° 4+t 236 g% g+ 42tz +1

205 4208 42+t 41 237 ' ad R N N A

206 | g% |z +a2+z 238 | ¢ | 2P 42241

207 | ¢ |z"+2%+2P+2 239 | ¢*° |z'+2?+2+1

208 | ¢?°® | 2f+2%+1 240 | ¢*° |+t 4P 41

209 | ¢g® |z2"+2+2P 42241 241 | ¢*! | 254234z +1

210 | ¢*° |2 +2P+2 242 | ¢®? |27 4284+ 42342241
211 | ¢! | 2"+ 2+ 2+ + 2+ 243 | ¢ | 28425+t 428 +2?
212 | g*? | 2f+2 +at+2P 41 244 | g*** | 2"+ 22

213 g213 g+ 441 245 g2 gzt ¥+ 41

214 g™t 42’4z 246 g6 U AN

215 | g*® | zT 4+ +1 247 | ¢ | 2" 425+ 4t 42?41
216 216 7 + 25 4 28 248 g8 ' 4 23 4 22

217 | g*" |2"+a5+2P+z+1 249 | g** | 2® +2?

218 | g*® | 242+ 42?42 250 | ¢*°° | 2% 4 2® + 2® + 2?

219 i z + 251 g z7 +2® + 2t + 2?

220 g% '+ 28 +2+z 252 g*? e+ + 22+ +1

221 | ¢** | 2% 4z +1 253 | ¢*® |2 +2' 42

222 | ¢**2 |z +2+2 a2ttt 254 | g®* |2"+a%+2°+2' +2% + o
223 | ¢*® |2+’ +z 255 | ¢*® |1
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$7 +$6+I2+I 9220 1117+Z6+:E5+233+122 gllQ
$7+$6+Z2+$+1 g252 .’E7+$6+$5+$3+.’L‘2+1 9153
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$7+$6+$4+Is g20 $7+IG+$5+$4+$3+12+$ 9112
$7+$6+Z4+$3+12 986 m7+$6+z5+z4+z3+z2+z+1 g7
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L e | g*? ' 428+ +1 gt
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k g* h= g% 4 g* k g* h=g?* + gk
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1 g' 2 4z 33 >3 4t +1

9 g° zt 4 22 34 g 27 + 2% + 2% + 2% + 22

3 g° A A A 35 | g% '+’ 241

4 gt 2 4+z+1 36 | g*° |2 +z'+22+1

5 g° z° +1 37 | ¢ | 2" +2°+ 23

6 g° z’ +2b +2° + 2t + 22 38 | g% 4z 4t 41
7 g’ z" 4+ 2% + 2° + 23 + 22 39 | g® |2+t 422+ 4

8 g° 26 42?41 40 | ¢g*° 2+ 2+ 41

9 g° 2t 42 2 41 | ¢g* | 2?4z +1

10 | g |[2"+2°+2°+2 42 | g |2"+25 4+t 4+

11 gt z+1 43 | g*® z’ 4+ 25 + 2% + 2?

12 | g2 |z8+2'+2°+2 44 | g*" |zt 41

13 | g*3 4o+ttt 42 45 | g* z* + 23

14 gt 2+ 22 +1 46 gt 4+ a1
15 | g*° 4zt 41 47 | g*7 o+ 441

16 | g% |2 +25+2' +22+2 48 | g® | 2"+ 25425 +2% 42

17 | g7 |2+ 2%+ + 23+ 22 +1 49 | ¢¥ |27 +25 4z

18 | g'® B+l +z+1 50 | g*° z* + 22

19 | g*° '+ +1 51 g5 R

20 | g*° |2 +2+2t 42 52 | g% |2* 4+ +22+a+1

21 | g* |27+ +2 42 53 | ¢ |z*+2P4+z+1

22 | ¢ |z2+1 54 | g™ |24+ 4+t 422+t +1
23 | g® | 2542 55 | ¢%® |2"4+a25+23+2%+1

24 | g* | 2" +2° +2? 56 | ¢°° | 2T +a2%+2*+1

25 g% >4z 57 | ¢°7 g+t a2+t +at+z
2 | g% |z*+x 58 | ¢°® | 2" 425425+ +22+z+1
27 | ¢*7 2+t 4+ 4z 59 | g*° 241

28 | ¢g*® | 284241 60 | g% |z"+25+25+2*+2°+2?
29 | g*® |28+2%+2 61 |g® |a"+2®+28 42+ + 2241
30 g Tt +at +2?+1 62 g2 2ttt +1

31 | ¢* |zt+44° 63 [ g% |2+ +22+a2?+1
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k g* h= g% 4 g* k g* h= g% 4 g*
64 g%t 44zt 2+ +1 96 g% 241
65 g%° i o 97 ol 2’42t 2+ 2%+ 1
66 g% 4+t 4?41 98 g% R e e N
67 g%7 ¥+ 2+ 99 g%° R E e N L e
68 g% L Tl o | 100 g% 24zl
69 g% 2 +1 101 g'? 2+ 2?4z +1
70 g™ 2+ttt ¥+ +1 102 g'02 z’ + x5 + z°
71 gt '+ a8 +2° + 23 103 gl R AR
72 gt2 ' +x°+1 104 g0 4344z
73 g z8 4+ 2 105 g'"° AR A A T
74 g™ '+ +zt +2l+z 106 g8 4ttt 4242
75 g™ z® + 2° 107 g7 L o L Ay ey |
76 g’® 4+ z+1 108 g'%® 41
77 g7 z2 109 g'%° ' +2b+ 2+ 28
78 g8 z' + 2% 4+ 2° + 2? 110 g'to 'zt 441
79 ik 4zt +zx 111 g''t z8 + 2*
]0 g% 74 + 23 + 22 112 g2 27 + 25 + 2° + 23 + 22
81 g%t 2+ +z+1 113 | g**® 4z 41
82 g2 2% +1 114 gttt z
83 g* g+ttt 2 115 g'® z” + b + 2% + 2*
84 g%t T+ 425 a1 116 g'te z3
85 g% 1 117 g7 R N |
86 g% ' 4+t 4x 118 g8 2tz
87 g% '+ +2’ a2l o 119 gt? ' +2f 2 +1
88 g%® 2+ 42 120 g*%° 2+ 2?4z
89 g% 4tz 41 121 g*! z7 4+ z° + 23 + 22
90 g% 4tz 41 122 g% zt+z+z+1
91 ! '+t 41 123 g'? z® 4 2?
92 g2 '+ +z+1 124 g'** g 42l +2 42t + 22+ 1
93 g% 27 + 25 + 2% + 22 125 g% 28 + 2% + 72
94 g%t Ly e N 126 g'%¢ R N |
95 D i AR L S | 127 g**7 24zt 42?4z
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k gt h= g% 4+ g* k g* h= g% 4 g*
128 | ¢ | 2" +2%+ 25+t 4+ 28 160 | g" |zf+2*+z+1
129 | ¢'° |24z +1 161 | g% |z 4z +1
130 g3 2+ 1 162 G192 L g By L i
131 gt3t '+t 41 163 g% 4+t +1
132 | g% |27+ 2% +2° + 2t 4 2% + 22 164 | g' |[2* 4z
133 | ¢ |+ 428+ 22+ +1 165 | g'% | 2" 4+2%+2°+22+z+1
134 | g |2+ 22 +22 4z +1 166 | g'%° |z
135 gt ' +ab e+t 44 +1 167 g's7 L e
136 9136 ZET +m5 +IE4 +$3 _’_$2 168 9168 .’E4 +$3 +(EZ
137 | g% |2 +2t+ 2+t +1 169 | g'%° |2+ 23 +22+1
138 | g"*® | 2541 170 | ¢'™ |1
139 | ¢ 2" +28+2° 4242 171 | ¢*™ | 27 4 2°
140 gt '+ 28 +2° 2t + 2B 172 g'™ 25+ 4z
141 | ¢ | '+ 22+ +x+1 173 | ¢! | 2®
142 g 2?41 174 g'™ 2 +zt4z
143 g3 A N | 175 g™ 434
144 | g | 2"+ a2+ + 2t + 22+ +1 176 | ¢'™® |28+t 4+ + 2+ +1
145 | g | 2"+ 2+t +22 + 2 177 | ¢ |2+ + 2z +1
146 | g"® |27+ +z' +22 +z+1 178 | ¢'™ | 2" +2® + 25+ 2 +1
147 gt o e R | 179 g™ ' +z° + 23
148 g“8 2 428+ttt 41 180 gwo T+ 42+t 42t + 1
149 | g |27 +z8+z' +23+1 181 | g™ |2®+2*+2
150 | g™ |2"+25+2°+23 4241 182 [ ¢ |27 42+t 441
151 g'! '+ 28+ 2+ 2t +1 183 g'®3 z® + 2?
152 g'°? b+ 2l 4z 184 g8 248+ vtz +1
153 | ¢ | 2" +2+25+1 185 | ¢'% | 2% 42t 428
154 gt z? 186 g8t 2’42ttt 42?41
155 g'ss ' + 2% + zt + 23 187 g% a2t 2?41
156 g%t 42?41 188 g'88 N S |
157 | g™ | z*+z+1 189 | g™ |z’ +28+25+22+2%+1
158 | g% | 27 + 2° + 2 + 22 190 | g"° | z" 428 +2° 422 +1
159 | ¢"° | 2" +2° +2* +2° 191 | ¢ | 2" +2°+2° +2* + 27
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k g* h= g2 4 g 2 g* h= g% 4 g
192 | "2 | 2" +2°+2° +2° +2 224 | g** | 2342?41
193 | ¢'"% |2 +2* +1 225 | g*%° |28+ 2+ 22 +1
194 | ¢'% | 25 + 23 + 22 226 | ¢°* |z"+25+ 22 +22 41
195 | g% |27+ 2% +1 227 | g*" | 2T+ 2+ + 2P+ +1
196 | g'% | 254z 228 | g2 | 22
197 | g7 |27 +2° 4z 229 | ¢**° | 2" +2°+ 242
198 | g |zt 4z 230 | ¢*° |25+2% 4z
199 | ¢'%° | 25423 231 | g®' |28+ 2%+
200 | ¢*%° | 2542241 232 | ¢**? | 2®
201 | ¢g** | &* 233 | ¢**3 | 2% + 2" + 22
202 | g* | 2"+ 42t 434t 4 234 | g®* |22+ 2%+
203 | ¢* |28+ 2 +23 41 235 | ¢®° | 22 4+1
204 | g% |28+t + 23+ 2% +1 236 | g*% | 25 4 z?
205 | g% |2+ 42t +23 42+ +1 237 | g7 | 2" + 2% + 2t
206 | g%°° | 2"+ a5+ 2+t + 2341 238 | g8 | 28 4+ z* + 2® + 2?
207 | g% | 2"+ttt 2P+t a1 239 | g% | 2* + 23+ 1
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216 | ¢**° |2+ 28+ 22 42 248 | g% |2+t + 2?4 +1
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223 | ¢** |25+t 42342 255 | ¢%%° |0
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