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Chapterl0
The Kinetic Theory of Gases

We come to observations on heat phenomena, such as the temperature of a gas system,
the pressure exerted by the gas on the walls of the container, the heat transformation and the
work done by a gas system, which we will discuss in detail in this course.

Unlike in mechanics, the object in this part is an intrinsically complex system of a vast
number of particles, rather than the simple system of a few particles or objects. There are two
distinct methods to study heat phenomena. The first, called the macroscopic method or classi-
cal thermodynamics, is established on the basis of macroscopic variables measured as pres-
sure, volume and temperature, deals with the properties of bulk matter, takes no account of
the fact that all matter is made up of atoms and molecules.

The second, called microscopic method or kinetic theory, is based on atomic model of
matter. The basic assumption of kinetic theory is that the measurable properties of matter like
temperature, pressure and volume of a gas system reflect the combined actions of countless
numbers atoms and molecules. Kinetic theory attempts to relate the microscopic properties of
atoms or molecules which are not directly measurable, such as the mass, velocity, momentum
and kinetic energy of a molecule, to the measurable macroscopic parameters of the system by
means of the statistic method—investigating the average behavior of the microscopic parame-
ters that characterizes the individual molecule. We shall focus our attention on this method in

this chapter.

10.1 The Zeroth Law of Thermodynamics

10. 1.1 The thermal equilibrium

Temperature is a central concept in thermodynamics. In order to define it strictly not de-
pending on our subjective sense of touch in which objects feel hot or cold, we must understand
the concept about thermal equilibrium first. When we put object A and object B together in an
isolate system without any disturber from environment (refer to section 3-6) . and let them in
thermal contact so that the thermal energy exchanges from one to another. The experimental
facts show that the two objects will eventually reach a stable state at which the thermal energy
exchange stops. Then the two objects are defined to be in thermal equilibrium.

Furthermore, if we want to determine whether or not system A and system B are in ther-

mal equilibrium but without being contact with each other, usually we can employ a third sys-
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tem C. Suppose that system A and system C are in thermal equilibrium; while system B and
system C are in thermal equilibrium respectively, experiments indicate that system A and sys-
tem B are in thermal equilibrium too. Even if we let them in thermal contact there would be no

thermal energy exchange between them at all.
10. 1.2 The zeroth law of thermodynamics, Definition of temperature

The experimental facts mentioned above are summed up in the zeroth law of thermody-
namics: If system A and system B are each in thermal equilibrium with a third system T, then
they are in thermal equilibrium with each other . It is called thermal equilibrium law also. Ac-
cording to this law, the objects in thermal equilibrium have a common property so that we de-
fine this property as temperature. When two objects are in thermal equilibrium, their temper-
atures are equal and vice versa.

The zeroth law of thermodynamics allows us to make use of a thermometer, say, to em-
ploy the third system T mentioned above to measure the temperature of other system, the on-

ly thing we need to do is to calibrate it.

10. 2 State Parameters, Equilibrium State,and Ideal Gas Law

10. 2.1 State parameters of gas

In mechanics, to describe the states of a mechanical system, the position and velocity
were needed. In thermodynamics, the states of a thermodynamic system are described by
pressure p, volume V, and temperature T. The p, V, T are called state parameters of the
system,

Because molecules are constantly in random motion, the container is filled with gases at
any time, so, the volume of gas actually is the volume of the container and in SI unit, its unit
is m*. The pressure p is the force exerted by a gas on per unit area of the wall of the contain-
er, and it must surely be related to the steady drumbeat of molecules on the walls of the con-
tainer, The SI unit of pressure is pascal (Pa), 1 Pa= 1 N/m’. Meanwhile, the following
units are often used

1 emHg = 10 mmHg = 1. 333X 10° Pa
1 atm = 76 cmHg = 1. 013 X10° Pa
1 kgf/em?= 9.8 X10* Pa

We have made definition of temperature in the last section, based on thermal equilibrium,
or the zeroth law of thermodynamics. The unit of temperature is Kelvin called the thermody-
namic scale or absolute temperature, labeled as K, defined as the ratio of the temperature of
triple-point of water to 273. 15. It is that the temperature of triple-point of water, 273. 15 K is
defined as a constant temperature in the system of thermodynamic scale. The Celsius tempera-
ture scale is also often used, labeled as ‘C, and it employs a degree of the same magnitude as

that of the Kelvin scale but its zero point is shifted by 273. 15 degrees. Thus if ¢ denotes the
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Celsius temperature, and T denotes the Kelvin temperature (i. e. absolute temperature), we
have
T/K=t/C + 273.15
The pressure, volume and temperature of a given system, all can be determined by meas-

urements, so that we call them as macroscopic properties of that system.
10. 2.2 Equilibrium state and equilibrium process

When the temperature and pressure are the same at all points in a system, the system is
said to be in an equilibrium state. Hence if heat is added at some point to a system in an equi-
librium state, we must wait until the process of heat transfer within the system has brought
about a new uniform temperature before the system is again in equilibrium state,

ph .V, T) An equilibrium state of a thermodynamic

a system can be described by its pressure p, vol-
ume V and temperature T'; for example, (p,,

V., T., ) describes state a, (pys Vi, Ty) de-

@, V, T, scribes state 6. An equilibrium state can be re-

b presented by a dot on the pressure-volume dia-

0 v gram (briefly as p -V diagram) shown in
Fig. 10-1.

The operation of changing the system

Fig. 10-1 The thermal equilibrium states and process

are represented on the p-V diagram
from its initial state to its final state is called a

thermodynamic process. During such processes, energy may be transferred into (or out of) the
system from the environment. We assume that such transfers are carried out very slowly, so
that the system remains approximately in thermodynamic equilibrium at all stages. This
process is called thermal equilibrium process. A thermal equilibrium process is represented by
a smooth curve on the p-V diagram. In Fig. 10-1, curve ab shows an equilibrium process from

state a to state b.
10. 2.3 The ideal gas law

Experiments show that there is a simple relationship among the macroscopic parameters
that characterize a gas in equilibrium state. If we take one mole samples of various gases (oxy-
gen, hydrogen, nitrogen or any others), confine them in containers of identical volume, and
hold them at the same temperature, we find that their measured pressure are nearly—though
not exactly—the same. If we repeat the measurements at lower gas densities, we find that

these small differences in the measurements tend to disappear. Further experiments indicate

that, at low enough densities, all real gases tend to obey the relation .
%V = constant (10-1)

Eq. (10-1) holds when the sum mass of the system remains unchanged. At normal tem-

perature and pressure, real gases obey this law quite well; but if a real gas is compressed to an
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excessively high density, then its behavior will deviate from this law. An ideal gas is a gas
that obeys Eq. (10-1) exactly. Although there is no such thing in nature as a truly ideal gas,
all gasses approach the ideal state at low enough density, that is, under conditions in which
molecules are far enough apart. Thus, ideal gas is an ideal model that allows us to gain useful
insights into the limiting behavior of real gas.

Suppose p, s Vo and T, are the parameters of a gas under the standard condition, Eq. (10-1) can

be rewritten as

pv _ PV
T T,

where p,=1.013X10°Pa, T, =273. 15 K. If M is the sum mass of the system, and p is its

mass per mole, the number of mole is then M/u. Because the volume of one mole is identical
for all gases, i.e. s Vo= 22.4X10"*m*®/mol, the volume of a gas of mass M is therefore V,
= Vo (M/ ). Substituting those into Eq. (10-1), we have

L‘/ — MPO Vmol
T l"t To

Because p, Vi /Ty is a constant for all gases, called mole gas constant, labeled as R, so that,

the equation becomes

PV =—RT (10-2)

= I

which is called ideal gas law or state equation of ideal gas, and it holds for equilibrium states.
The numerical value of R depends on the units in which p, V, M and T are expressed:

(1) In SI system, the unit of pressure is Pa, 1 Pa=1 N/m?, the unit of volume is m?,
and the temperature is in K, the value of R is therefore

R — bV _ 1.013 X 10° N/m? X 22. 4 X 10~ m’ /mol
T 273.15 K

(2) Note that heat has the same unit as energy, sometimes we use cal as the unit of ener-
gy, 1 J=0. 24cal, so that
R =8.31J/Cmol « K ) X0. 24 cal/] = 2 cal/(mol « K)

(3) If volume is commonly expressed in liters (L.), pressure in atmospheres and tempera-

= 8.31 J/(mol « K)

ture in K, thus

~ latm X 22.4 LL/mol . .
R = 573 15 K = 0,082 atm + LL/(mol « K)

Example 10-1 The volume of an oxygen tank is 50 L.. As oxygen is withdrawn from the
tank, the reading of a pressure gauge drops from 2. 17X10°Pa to 7. 9X10°Pa and the tempera-
ture of the gas remaining in the tank drops from 30°C to 10°C.

(1) How many kilograms of oxygen were withdrawn?

(2) How many kilograms of oxygen were in the tank originally?

(3) What volume would be occupied by the oxygen withdrawn from the tank at a pressure
of latm and a temperature of 20'C?

Solution (1) Let us express volume in cubic meters, and temperature in Kelvins, Thus
50 L=0.05 m’, 30 L=0.3 m’, 30C=303 K, and 10'C =283 K. According to Eq. (10-2) the
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initial number of moles is

_ pV _ 2.17 X10° Pa X 0.05 m®
RT; 8.31J]/(mol+ K) X303 K

The original mass is therefore
m;=43.1 mol X32 g/mol=1379 g=1. 379 kg
(2) The number of moles remaining in the tank is

_ ng: 7.9 X 10° Pa X 0. 05 m®
RT, 8.31J]/(mol+K) X283 K

And the mass remaining is
m; =16, 8 mol X 32 g/mol=538 g=0. 538 kg
The mass withdrawn is, therefore
Am= m; —m,;=1. 379 kg—0. 538 kg=0. 841 kg
(3) The number of moles withdrawn is
An=43. 1 mol—16. 8 mol=26. 3 mol
And the volume occupied by the oxygen withdrawn would be

nRT _ 26.3 mol X 8.31] - mol/K X 293 K
» 1.01 X 10° Pa

= 43. 1 mol

m

= 16. 8 mol

mny

V= = 0. 634 m’

10. 3 Essential Concepts of the Kinetic Theory of Gases

The hypothesis supported by thousands of physical and chemical observations is that all
matter is composed of tiny particles called molecules. The following essential concepts of ki-

netic theory of gases are given on the basis of the experimental observations.
10.3.1 All matters consist of a very large number of molecules, molecules are separated

Experimental evidence for assuming that the gas contains many molecules is related to the
determination of Avogadro’s number;

A mole of any pure substance contains a definite number of identical molecules. The num-
ber of molecules in a mole is called Avogadro’s constant, denoted by N, ,

Ny =6.022X10*mol
The enormously large value of the Avogadro’s constant suggests how tiny and how numerous
atoms must be in a mole of air. Yet, if these molecules were spread uniformly over the surface
of the earth, there would be about 120 000 of them in every square centimeter.

The fact that all matter is compressible indicates that there are separations between mole-
cules. For instance, air can be pumped into the tire of the bicycle or car; the gas enclosed in a
cylinder can be compressed and its volume can be decreased to a small part, say, one seventh
of the original volume, etc. The fact that a drop of red ink diffuses into the water until uni-
formly mixture is also an evidence that the molecules are separated.

In other parts of physics and chemistry it is important to consider the structure of the
molecule, but it is not necessary at this point. The smallest molecules are of the order of

107" m in size; the largest is at least 10 000 times of this order.
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10. 3.2 Molecules are constantly in random motion

Experimental evidence for the random motion of molecules is based on the observation of
what we call Brownian motion. In 1827, the English botanist Robert Brown used a microscope
to observe the motion of pollen grains suspended in water. The pollen appeared to dance about
in an erratic fashion. At first, Brown thought that the pol- -
len was alive and that its motion was some sort of dance! )
Subsequent studies of liquid suspensions of various inani-
mate particles convinced observers that the liquid itself was
responsible for the erratic motion. Fig. 10-2 shows an ex-
ample of such Brownian motion.

Eventually, the irregular motion of the suspended par-
ticles was explained in detail by assuming that the liquid
was composed of molecules in random motion. The suspen- Fig. 162 The teace of the Brovwsias
ded particles are continuously bombarded on all sides by the motion of a pollen grain
molecules of the fluid. The numbers of molecules striking
opposite sides of the particle in any short time interval, being determined by chance, will not be
exactly equal. Because of these fluctuations, a randomly directed unbalanced force will act on
the suspended particle, accounting for its “Brownian dance”.

It is evident from experiments that the “random motion” is related to the temperature: as
temperature increases, molecule motion becomes more vigorous. So, the random motion of

molecules is also called heat motion.
10. 3.3 There is interaction between molecules

One essential characteristic of a molecule is the force that exists between it and a neigh-
boring molecule. There is, of course, a force of gravitational attraction between every pair of
molecules, but it turns out that this is negligible in comparison with the forces to be consid-
ered now. The forces that hold the molecules of a liquid (or solid) together are chiefly of elec-
trical origin and do not follow a simple inverse-square law.

7 The interaction force is related to the separation between
molecules. When the separation of the molecules is large, as
in a gas, the force is extremely small and attractive. The at-
tractive force increases as the gas is compressed and its mole-
cules are brought closer together. But since a tremendous
0 - pressure is needed to compress a liquid (1. e., to force its mole-

\/ cules closer together than their normal spacing in the liquid

state) , we conclude that at separations only slightly less than

Fig. 10-3 The interaction force

between molecules varies with ~ the dimension of a molecule the force is repulsive and relative-

the distance between them ly large. Thus the force must vary with separation in some-

what the fashion as shown in Fig. 10-3. At large separations
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the force is small and attractive. As the molecules are brought closer together, the force of at-
traction becomes larger, passes through a maximum, and then decreases to zero at a separa-
tion r,. When the distance between the molecules is less than r,, the force becomes repulsive.
The order of the distance », is about 10 *m, and when the distance between molecules is lar-
ger than 10 °m, the interaction force becomes so small that it can actually be neglected, so,
the force between molecules is short-range force. Note that in Fig. 10-3, the attractive force is

represented as negative while the repulsive force as positive.

10. 4 The Representation of Pressure for Ideal Gas

The first kinetic theory problem here is to find the connection between the macroscopicpa-
rameter of a gas—pressure and the microscopic parameter, the speed of the molecules of the
gas. We shall use the statistical method by considering the average motion of the vast number

of molecules in the system.
10.4.1 The microscopic model of an ideal gas

In order to derive the pressure equation, we must introduce a microscopic model of an ide-
al gas, including the following assumptions:

(1) The size of molecules may be thought of as so small that it can be considered negli-
gible in comparison with their average distance.

(2) Molecules exert no force to each others except for the instantaneous impulsive force during
the collisions with the wall of the container holding the gas and the collisions with each others.

(3) Molecules are in constantly random motion, they collide with one another and also
with the walls of the container frequently, and these collisions are perfectly elastic.

(4) The motion of an individual molecule obeys Newton’s laws of motion.

We can make a conclusion about this microscopic model that the molecule of an ideal gas
is like infinitesimal elastic particle having no interaction with the others.

It is necessary to introduce a statistical assumption for the great number of molecules in
random motion: Under equilibrium state, molecules have equal possibilities (opportunities) to
move in all different possible directions. There is no any preference of direction of motion to
the others, that is, the numbers of molecules moving in all different directions are equal; oth-
erwise, the molecules would be concentrated at a certain part of the container, this is opposite
to the assumption for the system in equilibrium state. When a gas is in equilibrium state, its
density is all the same everywhere in the container. The statistical meaning of this assumption
is that, as a consequence of the random motion, the average values of the squares of the mole-
cule’s velocity components are equal, that is

7
Ve ™= Uy =

S

(10-3)
10. 4.2 Derivation of pressure equation of ideal gas

Now, we are ready to discuss the pressure of a gas against the walls of its container,

which is due to the impacts of the molecules on the walls during the collision. Suppose there
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are N molecules in a cube box of size L* as shown in Fig. 10-4(a). The molecules with varying
speeds in the box are moving in all directions, bumping into each other and bumping from the
walls of the box. We ignore (for the time being) collisions of the molecules with each other

and consider only collisions with the walls.
1. The impulse exerted by one molecule during each collision

Fig. 10-4(a) shows a typical molecule, say the ith molecule with velocity v;. We can re-
solve this velocity into components v, » v, and v, , parallel to edges of the box assumed as a
cube of size L. Since the collisions with the wall are elastic, after collision, the molecule will
rebound from the wall S, with the = component of its velocity reversed from v, to —wv;, the
other two components being unchanged as shown in Fig. 10-4(b); the change in the molecule’s
momentum will then be

—mv, — (mv,) =— 2Zmv,,
in which m is the mass of a single molecule. According to momentum-impulse theorem and
Newton’s third law, we see that the impulse exerted to the molecule by the wall S; in —x di-
rection is —2mu, , so that, the impulse exerted to the wall S, by the molecule during each col-
lision is therefore equal to 2mwv, in + x direction.

.‘ '

Vv

’
I Yiy 4
1
W L
i ’ ~
S Vix %3
1 N
--------- A
-

(a) (b)

(B
<
=

N

Fig. 104
(a) A molecule of mass m at velocity v, is about to collide with the wall S, at x=L.

(b) The x component of momentum changes from mv, to mv., =—muv,

2. The rate of collision by a single molecule with the wall

A single molecule will hit the wall S, (# = L) repeatedly, because the collisions with oth-
er walls of the box do not affect v,. The time taken between collisions being the travel time
from S, to the opposite wall (x = 0 ) and back to S, again, is At = 2L / v;,, thus the rate of
collision by this single molecule with the wall S, is 1/At = v;,/2L.

3. The average force exerted by a single molecule to the wall

The impulse exerted by this molecule to the wall S; in a unit time is therefore

Y _
2L L

From the definition of impulse dI,= f.dz, we see that it is mv;.?/L that is the average force

fi.r :vair N

exerted by a single molecule to the wall S, at x = L.
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4, The pressure on the wall by the gas

The force exerted by a single molecule is not observable,and the gauge pressure is related
to the combined effect of many such collision forces, which is the total force F, on the wall.
To find this force, we must add up the contributions of all the other molecules that strike this
face, that is

2 2 2
mo mo muo:
F, = T | MUer | M5 ..,

L L L
Dividing the total force by the area of wall (=L?) gives the pressure on that wall, which is

the quantity we seek, thus

. _F. (At dh+dh+ e
p—ﬁ—m( 75 ) (10-4)
Because there are N molecules in the box, Eq. (10-4) can be rewritten as
. iVm 'U%.r + 'U%I + 'U%r + .t -
p=7s ( N ) (10-5)

The quantity in brackets is the average value of the square of the x component of the mol-
ecule’s speed, symbolized by v?. Then Eq. (10-5) becomes

p=%?7 (10-6)

Because N is the total number of molecules in the gas and L? is the volume of the container, so

that, the number of molecules in per unit volume is then

_ N
n=ps
.Eq. (10-6) becomes
p=nmv; (10-7)
For any molecule, v* = v + v} + 1%, so we have
N I N

N N

that is
=12+t (10-8)

Combining Eq. (10-8) with Eq. (10-3), v = ¢Z = ¢, the statistic assumption about the ideal

gas, leads to

v =) =t = 3 o (10-9)

The molecule’s translational kinetic energy at any instant is %mvz . and the average trans-
lational kineti . . 1 — = __ 1 ==

ational kinetic energy over all molecules in the gas is S MU, Orey = 5 MU, SO Eq. (10-7) can be

rewritten as

or
p= 2n(im:u—f) = éne; (10-1D)

3 "2 3
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which is the representation of the pressure in kinetic theory of ideal gas. It is very much in the
spirit of kinetic theory. It tells us how the pressure of the gas (a purely macroscopic quantity)
depends on the average translational kinetic energy of the molecules (a purely microscopic
quantity). The pressure is the statistical average effect of the collisions on the wall of the con-
tainer by the huge number of molecules.

The steps we took to derive the pressure equation show a typical statistical method to es-
tablish the relationship between a macroscopic quantity and the average of a microscopic quan-

tity. Eq. (10-11) indicates that pressure, as a macroscopic parameter of gas, is a statistic av-

erage quantity, because —m v® and n in this equation have definite meaning only for a great

2
number of molecules, otherwise they would be fluctuating and uncertain. Therefore, pressure

has definite meaning only for a system that consists of a vast number of molecules.

10.5 The Average Translational Kinetic Energy and Temperature

Let us now to find the relationship between the temperature, a macroscopic parameter of
a gas and the average translational kinetic energy, a microscopic parameter of the molecules in
the gas.

From Eq. (10-2), the ideal gas law is

»v = MpT
7

where M is the total mass of the gas, u is the mass per mole of that gas. If N is the total num-
ber of molecules in the gas, N, represents the number of molecules per mole (Avogadro’s
Constant), and m is the mass of a single molecule, thus M=Nm and ;» = Nym. Substituting
them into ideal gas law leads to

_NR i
p—VNOT (10-12)

Because R and N, are two constants, K/N, is also a constant and called Boltzmann constant,
labeled by k. Sometimes it is called the gas constant for a single molecule (rather than for a

mole) . and

_ R _ 8.31]/(mol + K) _ o
* =N, T 5.022x 10%mor 7 138X 10I/K

Note that N/V = n is the number of molecules per unit volume (that is the density of number

of molecules), Eq. (10-12) can be written as
p = nkT (10-13)
Comparing Eq. (10-13) with Eq. (10-11), we have

%m? = %kT (10-14a)
or
= 3
& = ?kT (10-14b)

The macroscopic parameter, temperature T is connected with the microscopic parameter,
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T

the average translational kinetic energy e, by Eq. (10-14). Like the equation of pressure, it is
another essential relation in kinetic theory of ideal gas. Eq. (10-14) tells us the statistic mean-
ing of the temperature in molecular view, which is perhaps an unexpected thing:

At a given temperature T, all gas molecules no matter what their masses

. .. 1l — 3
are— have the same average translational kinetic energy, namely —muv? = fkT.

2
When we measure the temperature of a gas, we are measuring the average trans-
lational kinetic energy of its molecules.

The average translational kinetic energy per molecule, therefore, depends only on the
temperature and not on the pressure, volume, or species of molecules. The higher the temper-
ature is, the larger the average kinetic energy is, and the more vigorous the random motion of
the molecules in the gas is. Therefore, the temperature is also the measurement of the level of
the molecules” motion. On the other hand, by the same argument as that for pressure, tem-
perature is also a statistic average quantity, It has definite meaning only when the system con-
sists of a great number of molecules, so, it does not make any sense to say temperature for a
single or a few molecules.

There is one more thing that may be worth to note, that is, actually, nothing in above
derivation has specified that we are dealing with molecules. They could be any objects, for ex-
ample, the tiny pollen grains in Brown’s experiment. We see here the basis for the Brownian
motion. A pollen grain, suspended in water and in thermal equilibrium, behaves like a very
large molecule and has the same translational kinetic energy as do the water molecules that
surround it. Because of its very much larger mass, of course, the pollen grain has a corre-
spondingly smaller speed, small enough to make its motion observable.

Example 10-2 Calculate, in the standard state:

(1) What is the average translational kinetic energy of the oxygen molecules and the hy-
drogen molecules?

(2) How many molecules are there in 1 m® gas?

Solution Because the average translational kinetic energy depends only on the tempera-

ture but not on the nature of the gas, so, the answer is the same for two gasses:

e = %kT = —g—><1. 38 X 105 J/K X 273 K = 5. 65 X 102 |

(2) From equation of p = nkT, in which n is the number of molecules in 1 m® gas, we
have

b 1. 013 X 10° N/m?

= — — 25 —3
PT 138X 10 %] /KX 273K 2 09x107m

n

Example 10-3  +/<7 is defined as the root-mean-square speed. Find v/¢* for oxygen mole-
cules and for hydrogen molecules at 273 K.

Solution From equation of im? = iIa:T, we have the root-mean-square speed

2 2

m mNo H
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which depends not only on T but also on m, the mass of a molecule of the particular gas.

3 8.31xJ/(mol « K) X273 K _ o1 /o

For oxygen v/ v* =

32 X 107°kg
/= _ [3X8.31X]/(mol « K) X273 K _
For hydrogen v v 2% 10 kg 1845 m/s

The answers of these examples give us the basic idea about the order of some microscopic

parameters of gases,

10. 6 The Equipartition Theorem of Energy

10. 6.1 Modification of the model of molecules

When we discuss the translational kinetic energy, we have assumed that the molecules
behave like point-like particles. But if we consider the total kinetic energy of a molecule, we
must take the possibility that molecules with more than one atom can store energy in other
forms into account. Therefore, the model of ideal gas needs to be modified according to the
number of atoms in the particular molecule.

If we ignore (for the time being) the interaction between any two atoms of a molecule,
we can give the simplified kinetic theory models for monatomic molecule, diatomic molecule,

and polyatomic molecule as shown respectively in Fig. 10-5(a), (b) and (¢).

©

(a) (b) (c)

Fig. 10-5 (a) Particle model of monatomic molecule; (b) Rigid model of diatomic

molecule; (¢) Rigid model of polyatomic molecule

On the basis of these models, we can believe that monatomic molecules, such as helium
(He) and argon (Ar) which are essentially point-like ( Fig. 10-5(a)) and have only a very
small rotational inertia about any axis-can store energy only in their translational motion. Dia-
tomic molecules, such as oxygen (O,), hydrogen (H;) and nitrogen (N;), can be regarded as
two point-like particles rigidly connected together (like a dumbbell, see Fig. 10-5(b)). The
molecule may rotate about either of the two axes through the center of mass that the line join-
ing atoms or perpendicular to the line joining atoms, Polyatomic molecules, such as ammonia
(NH;), methane (CH,) and water vapor (H,(), have more than two atoms which are regar-
ded as connected together rigidly too (like a rigid body, see Fig. 10-5(¢)), and their rotation-
al motions are even more complicated than those of diatomic ones. If the latter two kinds of

molecules collide with other molecules or with the wall of the container. they will usually start
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dionif

rotating about their center of mass. We therefore expect that, on the average, they should be
able to store substantial additional amounts of energy by rotating.
How do we take these possibilities quantitatively into account to find the total kinetic en-

ergy of a molecule? Let us firstly introduce the concept of degree of freedom.
10. 6.2 The degrees of freedom of molecule

The number of degrees of freedom is defined as the independent coordinates introduced to
determine the position of a moving body in space.

For translational motion, there are three degrees of freedom, corresponding to the three
independent axes, say z, y and z. A monatomic molecule can only do translational motion, so
the number of degrees of freedom for a monatomic molecule is three and labeled by ¢ to specify
the translational degrees of freedom, that is, £ = 3. Besides, diatomic and polyatomic molecules can
under go translational motion also. They all have three translational degrees of freedom.

For rotational motion, a monatomic molecule has no degree of freedom. A diatomic mole-
cule of rigid dumbbell model has two rotational degrees of freedom corresponding to the two
independent angular coordinates, say a and {3 to determine the orientation of the line connect-
ing the nuclei of its two constituent atoms, Here we have considered the relation of cos’a +
cos’+ cos’y =1 connecting three angular coordinates a» 3, and 7 to orientate a straight line
in the space. The number of rotational degrees of freedom is labeled as ». So » = 2 for a dia-
tomic molecule. For a polyatomic molecule of rigid body model, besides o and 3 which deter-
mine the orientation of a given straight line fixed in the molecule, one more independent coor-
dinate, ¢ is needed to describe the angular position of the molecule rotating about that line, so
that the number of rotational degrees of freedom, » = 3 for a polyatomic molecule.

We can make a conclusion about the total numbers of degrees of freedom, labeled as i:

:= 3 for monatomic molecules, i = 5 for diatomic ones and i = 6 for polyatomic ones, which
are listed in Table 10-1.

Table 10-1 Degrees of freedom for various molecules

Number of Degrees of Freedom
Molecule Examples Translational Rotational Total
() (r) ()
Monatomic He, Ar, Kr etc. 3 0 3
Diatomic Oz, Hz, N; etc. 3 5
Polyatomic NHz, CHy, H2O etc. 3 3 6

10. 6.3 The equipartition theorem of energy

We have proved that the average translational kinetic energy is

—_1 —=_3
e,—zm'u sz

From Eq. (10-3)

— .2 — _ o
=7 =

_ 15
3

NGN |

Sl



Chapter10 The Kinetic Theory of Gases 15

we have

— _ 1
muv

1 5 _ 1 —_1
gMU: = MUy = 7

&
|

:%(%m?):%n (10-15)

. . == = 1 ; ;
in which, Lo v, T v% and —m v? are corresponding to the three translational degrees of

2 2 2

freedom respectively. So, Eq. (10-15) means that on the average, each translational degree of
freedom has equal kinetic energy of %kT per molecule associate with it.

Furthermore, this distribution of translational energy can be extended to the other form
of motion, because during every time of collisions, the kinetic energy can be transferred from
one molecule to another, from one translational degree of freedom to another, and also can be
transferred from a translational degree of freedom to a rotational degree of freedom, and so
on. Due to the too much frequent and random collisions in the thermal motion of so great
number of molecules, we can believe that, from the point of statistic view, all possible trans-
formations of energy have an even chance, not any degree of freedom be preferable to the oth-
ers. Consequently, it turns out that Eq. (10-15) is true not only for the components of trans-
lational motion, but also for rotational motion. The general conclusion is known as the equi-
partition theorem of energy:

Each degree of freedom of a molecule is associated with—on an average—a

kinetic energy of %kT.

Put in the other words, each translational or rotational component of the random thermal motion

1
2

ber of degrees of freedom for a molecule is 7, its average total kinetic energy is then

has an average kinetic energy of < £T for one molecule. According to this theorem, if the total num-

pp %kT (10-16)
Substituting the quantity of 7 in Table 10-1 into Eq. (10-16), we obtain
For a monatomic molecule e = %kT
For a rigid diatomic molecule & = %kT
For a rigid polyatomic molecule ex = 3T

Note that in the above general argument we have ignored the vibration motions of the at-
oms in the molecules with more than one atom. The inter-atomic forces do not really hold
these atoms rigidly; rather, the forces act somewhat like springs and then produce a restricted
back-and-forth vibration of the atoms about their equilibrium positions. The precise derivation
about the vibration energy of a molecule lies beyond the realm of classical physics; it lies in the
realm of quantum physics where it is established that rotations of atoms about their own axis
and vibrations of atoms in a molecule do not occur unless the temperature is rather high, say
400C or more. As we shall see in the discussion about the heat capacities of ideal gas (in

chapter 11), the energies calculated from Eq. (10-16) actually agree pretty well with experi-
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S

ments, provided that we do not exceed this temperature limit. We shall make use of the equi-

partition theorem in the rest of thermodynamics of this course.
10. 6.4 Internal energy of ideal gas

Internal energy is a macroscopic parameter introduced to describe the energy of gas. It is
the sum of the total kinetic energy and interaction potential energy of all molecules in the gas.
For ideal gas, ignoring the interaction between the molecules means that there is no potential
energy in the gas; therefore, the internal energy of ideal gas is simply the sum of the kinetic

energies of all molecules. From Eq. (10-16), the internal energy of one mole ideal gas is ob-

tained as
_ 2\ 2 ;
EO-NO(ZkT)— 5RT (10-17)
For the ideal gas with mole mass of z and sum mass of M, the internal energy equals then
E=Mipr (10-18)
o 3

where M/ 1s the number of moles in the system.

Eq. (10-18) shows that the internal energy of a given ideal gas depends only on the ther-
modynamic temperature T, and not on the pressure and volume of the gas. Moreover, as long
as the change in temperature is the same during any thermal processes, the amount of the
change in internal energy is simply the same, no matter what the particular process is. That is
the internal energy is a function of the state of the system, just as p,V and T are .

For a real gas, the interaction force between molecules could not be ignored any more.
Besides the kinetic energies, there are also potential energies between molecules, which relate
to the separations of molecules, that is, relate to the volume of the gas. Therefore, the inter-
nal energy of real gas is the function of both temperature and volume of the gas.

Example 10-4 Calculate the average rotational kinetic energye, , total kinetic energy ey of
a molecule, and the internal energy of one mol gas at temperature T =300 K for (1) argon;
(2) nitrogen; (3) carbon dioxide,

Solution (1) For Ar or any other monatomic molecules » = 0, 7 = ¢t =3, we have

e_,zészo

o — %sz%Xl. 38 X 1073] /K X 300K = 6. 21 X 10°2']
_ M _ 3 o 3

E =% GRT = 1X 5 X8.31 X I/mol X 300K = 3.74 X 10']

(2) For N; or any other diatomic molecules »r =2, : = ¢t+r =5, we obtain

e, = kT = 1.38 X 1072] /K X 300K = 4. 14 X 107%']

5
5 = %kT =%>< 1.38 X 10°%]/K X 300K = 10. 4 X 1074]

 Mip. -_5 B ;
E=Y LRT — 1x 2 x8.31J/mol X 300K = 6. 23 X 10°]

v 2 2
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P

(3) For CO, or any other polyatomic molecules » =3, i = t+r =6, we have

e = TRT = ST = 6.21 X 107]

e = 4T = 3T = 12.4X 1074

=M %RT — 1 X 3 X 8.31]/mol X 300K = 7. 48 X 10°]
7

10.7 The Mean Free Path

In the discussion of equipartition of energy, we have seen that the collisions between mol-
ecules play a crucial role in transformation of energy (and also momentum). It is by the fre-
quent collisions that an equilibrium state can be established and maintained in a gas. Actually,
collisions play even more important role in other thermal phenomena.

You can “feel” the effect of collisions in a gas in this daily experience: if someone open
the cap of a bottle of perfume in a corner of a room, you are apart from it just 10 meters, but
you do not smell the perfume until a couple of minutes later. Considering that on the average,
the molecular speed is about 10°~10"m/s at room temperature (see Example, 10-2), you may
wonder why the perfume molecules take so long time to cross such short distance with so large
speed? The reason is that a molecule encounters many too many collisions in just one second,
changing both direction and magnitude of velocity abruptly as it collides with other molecules,

so that the path of the molecule consists of a series of

® ° ° ° ® L ] L )
. . L4 LAY L
s . : . . P
zigzags as the path from point A to point B shownin _ * & * ~* = [ /i * ¢
s " ® Bt mmem Le ®
Fig. 10-6. Although the other molecules are shown in o e T %
° P S5 0,4 \ - \
; o . ; o e » 4 R 1 :
stationary positions, they are also moving in a similar | *g-\ _,-° bal ek * 4
: : . LA T S
fashion. The distance between one collision and the , * o™ o % “.\“. _*
. o » s . ~e
next called free path, is a straight line of erratic /B" ¢ % *® & .

length.

: ; ; . Fig. 10-6 The zigzag path of a
To describe this random motion quantitatively, we & R D

) molecule traveling through a gas
introduce a useful parameter, the mean free path, des-

ignated by A. The mean free path is the average distance a molecule travels between one colli-

sion and the next. While another parameter, the average collision rate of a molecule, labeled

by Z, is the average number of collisions per unit time a molecule suffers as it moves through
the gas. Suppose that the average speed of molecules is represented by v, thus we have the

following relation
B WA (10-19)
where Z is also the average number of segments of the zigzag passed per unit time by a mole-

cule, A is the average length of segments, so that Z A represents the sum of distances traveled
by a molecule per unit time, i. e. the average speed .

To find the formula of collision rate of the molecules of a gas, we adopt a crude model in
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which the molecules are hard elastic spheres of some given diameter d being the minimum dis-
tance between two molecules’ centers. This means that two molecules exert no mutual forces
unless their centers come to within a distance d, so d is also called the effective diameter of a
molecule. Let us now focus on a single molecule, suppose that it moves with the average
speed ¥ and that all the other molecules are at rest. Later we shall relax this assumption.
Imagine that the molecule moves through the gas,
sweeping out a jaggedly broken cylinder whose cross-
section area is  d° (called as target area) , and engaging
in a collision whenever the center of another molecule
lies within this cylinder as shown in Fig. 10-7. The mol-
ecule travels a distance in one second, the stretched-out
length of our zigzag cylinder is © X 1 and the volume of
the cylinder is (7t &*) (@ X 1). The number of collisions

Fig. 10-7  Imaginary cylinder of diameter d  that occur in one second is then equal to the number of
surrounding the path of a molecule

molecules whose centers lie within this cylinder, that is
the collision rate Z,

Z = nnd’*v (10-20)
where n is the molecular density, the number of molecules per unit volume. This simple result
is approximate because it based on the assumption that all the molecules except one are at

rest. In fact, all molecules are moving. When this is taken properly into account, Eq. (10-20)

is modified as
Z = 2nd*vn (10-21)
where v2v has proved to be the average relative speed v, in statistic physics. Combining

Eq. (10-19) and Eq. (10-21), we have

- 1
V2nd*n

which means that A is conversely proportional to d* and n and independent of v. Using equa-

] = (10-22)

N

tion p = nkT, we have
_ kT
V2rd’ p

It indicates that the mean free path A is conversely proportional to pressure p when the tem-

>

(10-23)

perature remains unchanged.
The data listed in Table 10-2, Table 10-3 and the calculation in Example. 10-5 will help you to

get some ideal and to imagine the picture about the random motion of molecules in a gas.

Table 10-2 The A and d of some gases under the standard condition

Gas A/m d /m Gas A /m d /m
H» 1.123 X107 2.3X1071o s 0. 647X10°7 2.9X10 10

N; 0.599X1077 3.1X10710 Air 6.9x10 8 3.5X10° %0
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Table 10-3 The A of air at 273 K under different pressures

Pressure/mmHg A/m Pressure/mmHg A/m
760 7X10°8 104 5X10°!
1 5X107°° 1078 50
1072 5X1073

1 mmHg=1. 33322 10? Pa.

Example 10-5 Calculate the mean free path A and the average collision rate Z of air ;mder
the standard condition. Suppose that its effective diameter d=3. 5X 107° m and its average
speed © = 448 m /s at that condition.

Solution (1) Putting T=273 K, p = 1.01 X 10° N/m?, d = 3.5 X 10 “minto Eq. (10-23),
we have

KT _ 1. 38 X 107 X 273
Sond?p  1A1X3.14X (3.5 X 10792 X 1.01 X 10°

A= = 6.9 X 10 %(m)
This shows that the mean free path is about 200 times of effective diameter of air under the
standard condition.

(2) From Eq. (10-19), we obtain

zZ= ;? = S = 6.5 X105
which means that, on the average, under the standard condition a molecule collides with other
molecules for multiplying 65 by a hundred million times in just one second. Considering that
there is about 10 molecules in 1 m*(Example. 10-2), can you imagine how random the ther-

mal motion in a gas is?

10. 8 The Maxwell Speed Distribution

10. 8.1 The concept of speed distribution

Although the root-mean-square speed can give us a general idea of the molecular speed at a given
temperature, like the calculation in Example 10-3, the magnitude of molecular speed in a gas varies
from zero to some quite large value, and the velocity can be in any possible direction. Moreover, the
velocity of a molecule changes continuously due to the frequent and erratic collisions. From this point
of view, for an individual molecule, both magnitude and direction of velocity are completely random,
so it 1s impossible to determine exactly the molecular speed at any instant. On the other hand, for a
given gas system, In its entirety, the distribution of molecular speeds at a given temperature obeys a
certain statistic law called the Maxwell distribution of molecular speed, which deduced by the Scottish
physicist James Clerk Maxwell in about 1860s.

What is the speed distribution among molecules? For a given sample of gas, suppose that
the whole range of the values of molecular speed is divided into many intervals with equal
width, say the intervals of 0~100 m/s, 100~200 m/s, 200~300 m/s 300~400 m/s and so

on, thus at a given equilibrium state, the fraction (that is, the percentage) of molecules
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L

whose speeds lie in every interval is certainly given by means of statistic method. For exam-
ple, it is found that at 273 K, the fraction of oxygen molecules whose speeds lie in the interval
of 0~100 m/s is 1. 4%, the fraction in 100~200 m/s is 8. 1%, the fraction in 200~300 m/s
is 16. 5% ,etc. .

10. 8.2 The Maxwell distribution of speed

The distribution of speeds in a gas is described mathematically by the distribution func-
tion. Suppose N is the total number of molecules and the number of molecules that have
speeds in the range v to v+dv is dN, thus dN/N represents the fraction of molecules that
have speeds in this small range. Experiments indicate that dN/N is proportional to the width

of interval dv, that is

dNN = oo dy (10-24)

where f(v) = ]3—];; is called distribution function which equals the fraction of molecules having

the speeds in the unit speed interval adjacent to v, and specifies the number of molecules per
unit speed interval.
Maxwell first solved the problem of finding the speed distribution function of gas mole-

cules, which is

3/2 2
'

f(v) = 4n ( e By (10-25)

5t
2nkT

Here v is the molecular speed, T is the gas temperature, m is the mass of a molecule, and k is Boltz-
mann constant, The Maxwell speed distribution law then is defined by the product f (v) dv, that is

3/2
ay _ f(v)dv = 4% P en%vzd'v (10-26)
N kT

which is the fraction of molecules whose speeds lie in the range v to v+dv. Eq. (10-26) holds
for all systems in the equilibrium states, if ignoring the interactions between molecules.

Fig. 10-8(a) shows the speed distribution function curve for oxygen molecules at T=300 K.
This kind of curve is called the Maxwell speed distribution curve. The area of a strip whose
height is f (v) and width is dv, is f (v)dv = dN/N, a dimensionless quantity, which equals
the fraction of molecules having speeds distributed in a small range v to v+dw. Similarly, the
area under the curve between v, and v, equals then the fraction of molecules distributed within
the range v, to v,. Therefore the total area under the distribution curve corresponds to the
fraction of molecules whose speeds lie between zero and infinity. Because all molecules fall in-

to this category so that the value of this total area is unity. Since the total area is the integra-

fi58 f ” F(w)dw, so
0

| " rewrdo =1 (10-27)
The distribution function f (v) must satisfy Eq. (10-27) which is called the normalizing condition.
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(a) The Maxwell speed distribution curve for oxygen at T=300 K
(b) The curve for T=300 K is compared with the curve for T=1000 K

As we can see from the curve, the molecular speeds spread over broad range. The distri-
bution function fades away as v = 0 and v — ©=. This indicates that there are few molecules
near zero speed, and few molecules of very large speed. The fraction of molecules having in-
termediate speeds is larger, that is, there are many molecules distributing in the range of in-
termediate speeds. The peak of the speed distribution curve corresponds to the most probable
speed, labeled as v,, at which f (v) in Eq. (10-25) has its maximum value. This means that
when the molecular speed range (0—>co) is divided into many equal width intervals, thus the
fraction of molecules distributing in the interval centered on wv,, has the maximum value, at
the given temperature for the given sample gas. On the other words, the possibility for the
molecules to have the speed close to v, is most.

Keep in mind that when dealing with the distribution of speeds, or any other kind of physical quan-
tity with a continuous range of variation, it is not reasonable to ask how many molecules have a speed ©.
The only reasonable question is how many molecules have speeds in some specified interval of speeds.

Comparing the curves at the two different temperatures for the same gas in Fig. 10-8(b),
we see that the most probable speed increases with temperature increasing and the number of
molecules having smaller speeds decreases while the number of molecules having larger speeds
increases with temperature, This agrees with the fact that molecules move faster at the higher
temperature, Note that the area under each curve should be the same, both equal to a value of
unity, so the curve corresponding to higher temperature becomes flatter. The experimental
measurements to determine the distribution of molecular speeds are in perfect agreement with

the Maxwell distribution.

10.8.3 Three kinds of speed

1. The most probable speed v,

We can find the most probable speed by requiring that é% = 0 and solving for v. Doing
so yields
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y = /2L :,/ZI:;T (10-28)

From Eq. (10-28), you can find the effect of molecular mass m on v, , therefore on the distri-

bution curve,
2. The average speed T

Suppose dN is the number of molecules whose speeds lie in the interval v - v+dv, we

can make product vdN and add up (or integrate) all these products over the entire range of

speeds. Then dividing the sum by the total number N of molecules, we get J WTS,'N defined as
~ dN _
the average speed v. Note that N = f(v) dv, so that
o= N [0 f0) do (10-29)
N 0

Substituting for f (v) from Eq. (10-25), after evaluating the integration, leads to

o= |SkL _ [8RT (10-30)
Tmn L

3. The root-mean-square speed +/ v*
By means of the same method as in (2) above except that we multiply v* by dN, after an-

other integration, we have

. 'Usz__J‘QC 2 _ﬂ .
"UZ—J‘ N O“Uf('u)dv— - (10-31)

The root-mean-speed, simplified as v, is the square root of this quantity, or

vm:x/vz:d%=a/ﬂ (10-32)
,Ll

Eq. (10-32) is identical to Eq. (10-14¢), which we derived earlier in Example. 10-2.

For the same sample gas at the same temperature, we have

vyl =1.41:1.60:1.73
that is
v, < < Vv

We can make use of each of these speeds in different problems. To calculate the probability of
the molecular distribution we use v,, and to calculate the mean free path we use . For calcu-
lating mean kinetic energy, thus v.,. can be used.

Example 10-6 A container is filled with oxygen gas maintained at 300 K. What fraction

of the molecules has speeds in the range 400~420 m/s?
Solution From Eq. (10-26)

dN ( m

N -\ T

32 9
nr b
) e zrp’du

and

_ 2RT:\/2><8.31><300_ » ‘
"Up—«/ P 32 % 10 3 = 394. 7 =~ 395m/s
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Eq. (10-26) can be rewritten as

dN _ 4 2y, (2}, do
N ¢ ('Up) Uy
When v=400 m/s, dv=20 m/s and v,=395 m/s, we have

dN _ 4 ()  (200)' 5 20 _ = 4.2
v = e B ><( )><395 0.042 = 4. 2%

T

395

TC

10. 9 The Boltzmann Distribution

10.9.1 The Maxwell distribution of velocity

Eq. (10-26) gives us only the distribution of molecular speed (i. e. the magnitude of ve-
locity). The probable question is that if we take both direction and magnitude of molecular ve-

locity into account how the distribution of molecules turns out? Now we introduce it as below

dN m 32 s gl
_ ( ) e m(zfjﬂ*uy UI)/Z’\Td‘U_rd'UydTJZ

N 2nkT
or
dN m 3/2 2
N ( 5 kT ) e "™ '* dy, dv,dv. (10-33)

which is the fraction (or ratio) of molecules whose velocities lie in the range v to v +dv ,
(i. e. the range v, to v, +dv,, v, to v, +dv,, v. to v. +dv.). It remains for the systems at
equilibrium states, under the assumption of ignoring the intermolecular actions. Eq. (10-33) is
known as Maxwell distribution of molecular velocity. Actually, Eq. (10-26) is deduced from
Eq. (10-33) in statistic physics.

10.9.2 The Boltzmann distribution of energy

Here we note the interesting fact that the term mv*/2 in exponent of Eq. (10-33) is just
the translational kinetic energy of a molecule or the total energy of a free particle moving with-
out any effect of external force. So, we may put it in this way: the fraction of molecules (or
free particles) decreases exponentially with the increase of its kinetic energy, or the probabili-
ty of finding molecules in a given energy range varies exponentially with the negative value of
the kinetic energy in that range, divided by £T.

Boltzmann extended the distribution given by Eq. (10-33) to the general cases of molecu-
lar system in some potential field where the molecules are acted on by external forces such as
gravitational force or electrostatic force and so on. Therefore, what we noticed in a special
case turns out to be turn in general by means of using total energy e = e, 1 ¢, instead of g, =
mv’ /2 in Eq. (10-33) and considering not only the velocity range but also the position range,
because the potential energy e, usually relates to the position of molecules in space, say (x, y, 2).
Thus, when a gaseous system is in equilibrium state, suppose that there is some kind of force
acting on the molecules in the gas, corresponding to a potential energy e,. Then the number of

molecules whose positions lie in the range x to x+dx, y to y+dy, z to z+dz, and velocities
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B

in the range of v, to v, +dv,, v, to v,+dv,, v. to v.+dv., is determined by

3/2

dN = no( e ) e ‘“'% # T dy, dv,dv, drdydz (10-34)

2xkT
Here the quantity 7, is the total number of molecules per unit volume, with all possible veloci-
ties, at the position where the potential energy is zero. Eq. (10-34) is called the Boltzmann
distribution of energy, briefly, Boltzmann distribution. It shows that the number of molecules
within a given spacing range varies exponentially with the negative of the total energy of a
molecule divided by £T, or, the probability of finding molecules in a given spacing range is

proportional to the exponential function e **"

which is called Boltzmann factor. Boltzmann dis-
tribution tells us that for all those equal ranges, the larger the molecular energy ¢ is, the less
the number of molecules dN, found in the range about that energy.

Boltzmann distribution is a general principle in statistic physics; it holds for any system of
particles, such as the atoms and molecules in gases, liquids, solids and for Brownian grains.

We note that in Boltzmann distribution Eq. (10-34), the energy is a continuous variable in
classical mechanics. but for subatomic particles governed by quantum mechanics, energy is a
series discrete variable corresponding to a discrete value of energy, so the Boltzmann distribu-
tion becomes

N, = ¢/ (10-35)

where N; is the number of particles on the energy level ¢; and ¢ is a constant.
10. 9.3 The distribution of particle height in gravitational field

As an application of Boltzmann distribution, let us consider a gaseous system in a gravita-

tional field. Suppose the 2 axis is chosen up forward, thus the potential energy of a particle is

e, = mgz, the total energy ise = %mvz +mgz and Eq. (10-34) becomes

3/2 ‘ )
dN = #n, (ﬁT) e (Fmetmg=) /41 dv,dv,dv.dzdydz (10-36)

Considering all possible values of velocity, we can get the number of molecules at height 2 in
the volume element dV = dxdydz (i. e. in the range x to 2+dz, y to yt+dy, 2 to z+dz) by

integrating Eq. (10-36) over the entire range of velocity
oo

32
AN’ = nuJ [ (g27) @ do,do,do. » e dedyd (10-37)
3/2
in which (h%ﬂ) e ¥ is the distribution function of velocity, and should satisfy the nor-
malizing condition, 1. e,
= m 3/2 ]
1] (527) &/ dv.du,dv. = 1 (10-38)
So that,Eq. (10-37) can be rewritten as
AN’ = nge ™" dzdydz (10-39)

This is the number of molecules in the volume element dV = dxdydz at the position of height
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iy,

z. Therefore, the number of molecules found in a unit volume at height z, or the density of

molecular number at height 2 is given by
,

%
Here n, is obviously the density of molecules at = = 0, Eq. (10-40) indicates that the density

= p, & "=/ (10-40)

n

of molecules goes down exponentially with height. Fig. 10-9(a) shows how the temperature
affects the distribution. The other parameter that affects the density distribution is the mole-
cules mass m. If we have different kinds of molecules with different masses, they go down
with different exponentials. The ones which were heavier would decrease with altitude faster
than the light ones. Therefore we would expect that because oxygen is heavier than hydrogen,
as we go higher and higher in the atmosphere we live in, the proportion of hydrogen would in-

crease while oxygen would decrease as shown in Fig. 10-9(b).

(b)

Fig. 10-9 (a) Boltzmann distribution curve and the effect of temperature on the

density. (b) The effect of molecular mass on the density

Example 10-7 Evaluate the height where barometer reading drops to 0. 88 atm. Suppose
that the mole mass of air is about 29X10 *kg and ¢t = 0°C.

Solution Combining Eq. (10-39) and Eq. (10-13), p=nkT, we have

p = nkT = nokTe ™/ = p e ms=/iT (10-41)

Eq. (10-41) is known as the isothermal pressure formula. The height z is then
z = an B R—Tln B
mg P pg P

in which p; is the pressure at = = 0, i.e. po= 1. 013 X10°Pa, Eq. (10-42) is used to evaluate

(10-42)

the height for aviation and climb. So that

L 831X278 | 1.0
29X 107°X9.8  0.88

Because it is not an isothermal atmosphere and the mole mass of air is also not a constant with

2~ 1020(m)

different height, so the evaluation is just an approximation. Eq. (10-42) can be used to evalu-

ate the height from the barometer reading only when the difference in height is not too much.

*10.10 Van der Waals Equation of State

The last topic we are going to discuss is that the corrections for the ideal gas law,
Eq. (10-2)
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o =YRT or PF=RT (10-43)
'Ll

for one mole gas. This law was obtained from experiments under the conditions of low enough
density that is at normal pressures and normal temperatures, thus molecules are far enough
apart so that the volumes of molecules themselves and the attractive forces between them can
be ignored. But, for real gas, if it is compressed to an excessively high density, then the be-
havior of the molecules will deviate from the ideal gas law. Because that the volume of the
molecules themselves and the attractive forces between them can not be neglected, if approxi-
mate corrections for these two omissions, the gas law will hold for real gases.

First, take the volume of molecules into account. The space in which molecules can move
about is somewhat less then V', the volume of the container in Eq. (10-43), so that replacing V
by (V —6), Eq. (10-43) becomes

p(V—b) =RT (10-44)
in which b is an empirical constant for one mole given gas measured by experiments,

Second, consider the effect of attractive forces between-molecules. It is proved that the
molecules moving toward the wall of container are slowdown by a net force pulling them back
into the gas, so that those molecules will exert less impact force during collision with the wall
and therefore less pressure on the wall then if there is no attractive force between them. The
pressure reduced by an amount of p that is proportional to the density of the molecules in the
layer near the wall, which collide with the wall of container, and also proportional to the den-

sity inside layers which exert the inward forces. So the reduced amount p’ can be written as

, ; 1
pocntoc 5 or p=

VZ

a
%S
The real pressure will be

RT ., _ RT a

Vb P TV WV
Rearrange it, Eq. (10-44) becomes

p

(p+‘%)(V—b) = RT (10-45)

This is the Van der Waals equation for one mole of real gas, in which a is a correction constant
for one mole given gas. It is obviously when pressure is normal and V becomes large enough
so that the correction amounts a/V* and b become insignificant, Eq. (10-45) reduces back to
the ideal gas law, The correction constants a and b are determined by experiments, being dif-
ferent for different gases. For example, a = 2. 48 X10* Pa * L.*/mol*, b = 2. 67X10 *L/mol
for Hydrogen; a = 8.39X10* Pa » L? /mol*, b = 3. 05X107*L/mol for Nitrogen.

Eq. (10-45) holds for one mole real gas. If the mass of gas is M, the mol mass is x, the
mole number is then M/, under the same pressure and same temperature, the volume of the
gas that is the volume of the container, becomesV’ = (M/p) V where V being the volume of
one mol that gas. Substitute V= (u/M) V 'into Eq. (10-45), which can be rewritten as

(p+1:1—4;

)t =)=
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Because V being used to represent the volume of the container holding the gas, so replace L
by V and rearrange above equation, the Van der Waals equation becomes

M’ a M M

) (V—"b)=7F 10-46

(er#u v ( p ) L RT (10-46)

This equation approaches the behavior of real gas quite well. For example, when the pressure
increases up to 1. 013X 10*Pa under constant temperature for a Nitrogen gas, the deviation of
the result of the left side by using Van der Waals equation compare with the result by experi-

ment is 2. 0% ; while the deviation by using ideal gas law is over 100% !

L 4 Questions
B

10-1 What is the difference between the concepts of average speed in kinetic theory and that in mechanics?

10-2  Explain from statistic point of view.

(1) The average velocity of the molecules in a gas must be zero if the gas as a whole and the container is not
in translational motion.

(2) How can it be that the average velocity is not zero?

(3) Why v, = v, = v. equals zero while 12 = v = £ is not zero?

10-3  Justify the fact that the pressure of a gas depends on the square of the speed of its particles by explai-
ning the dependence of pressure on the collision frequency and the momentum transfer of the particles,

10-4 In the derivation of the pressure formula, in which steps, did we use (1) the statistic method (2) the
Newton’s law?

10-5  Explain from the kinetic theory of view for a given gas:

(1) the pressure increases as the volume decreases with the temperature unchanged;

(2) the pressure increases as the temperature rises with the volume unchanged.

10-6 Explain why we say that the temperature is a statistic concept. Can we talk about the temperature of
a single or few molecules?

10-7  What is the meaning of the following terms from energy point of view?
1 3 1 ? M i
(D ZkT, (2) ZkT, 3 ZkT,(4) ZRT, %) r ZRT'

10-8 (1) Do half the molecules in a gas in thermal equilibrium have speeds greater than v,? than w ? than
'Ufl’lls .?
(2) Which speed v, , © 0r vyus corresponds to a molecule having average kinetic energy?

10-9  Explain the meaning of the following terms;
(D) fCo)5 (2) flwdus (3 Nf (wdvs (4) | * Nf(wdo
y

10-10  The fraction of molecules within a given range Av of the most probable speed decrease as the tem-
perature of a gas rises. Explain.

10-11 A gas is in a vessel with certain volume. If the temperature of the gas becomes twice of its original
value, what are the changes of Z and A7

10-12 (1) Why close some people get ill caused from the lack of oxygen when they just move to Tibet
from the plain area?

(2) Why is food hard to be well-cooked by steaming in Tibet?
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& Froblems

10-1 10 grams of oxygen are subjected to a pressure of 3. 04X 10° Pa at 10'C. Heating at a constant pres-
sure expanded the oxygen to 10L. Find:

(1) the volume and the density of the gas before expansion;

(2) the temperature and density of the gas after expansion.

10-2 A cylinder containing a gas at 27 C is divided into two parts of equal volume, each of 100 cm’, and at
equal pressure, by a piston of cross-section area 15 cm?. The gas in one part is raised in temperature to 100C ;
the other volume is maintained at the original temperature. The piston and walls are perfect insulators, How far
will the piston move during the change in temperature?

10-3 A mercury barometer tube extends 89. 4 ecm above a free mercury surface and has air bubble in the re-
gion above the mercury column shown in Fig. 10-10. The height of the column is 74. 5 cm at 25°C when the
reading on a true barometer is 76. 0 cm. On a day when the temperature is 11°C it reads 75. 2 cm. What is the
true atmospheric pressure?

10-4 A vessel A with a capacity of V; =3L contains gas at a pressure
of py=2atm and a vessel B with a capacity of V, =4L contains the same gas
at a pressure of p,; =1. 013X 10° Pa. The temperature is the same in both
vessels. What pressure will the gas be under if vessel A and B are connected
by a tube?

10-5 The mass of the H; molecule is 3. 3 X 10 * g. If 10® hydrogen Fig. 10-10 For problem 10-3
molecules per second strike 2. 0 cm® of wall at an angle of 55°with the normal
when moving with a speed of 1. 0X10°cm/s, what pressure do they exert on the wall?

10-6  Assuming that a gas beam with a speed v strikes vertically against a wall in a vacuum chamber, find
the pressure on the wall produced by the gas beam. Suppose the collision is elastic, the density of the molecular
number is n, and the single molecular mass is m.

10-7 Suppose that the number of molecules per unit volume in an ideal
gas is n, the gas is in a spherical container with a diameter of 2R, and the
mass of a molecule is m. Deduce the pressure formula of kinetic theory
(hint: find the change in momentum of a molecule during one collision first;
suppose it is moving toward the wall of the container, with a speed v; at an

angle §; with the normal as Fig. 10-11 shows).

10-8 One mole gas of CO, is in a container with volume of 10 liters,
and the pressure is 2. 35X10°N/m?. Find the root-mean-square speed (i.e. Fig. 10-11 For problem 10-7
rms speed) for the molecules.

10-9  The finest vacuum reached by modem vacuum pumps is 1 X 107" Pa. Find the number of molecules
per m’ in this “vacuum” at 273 K.

10-10 At 1 atm the density of a gas is 1 kg/m®.

(1) Find the rms speed of molecule;

(2) 1f the temperature is 390 K, find the mole mass of the gas and identify it.

10-11 A vessel contains oxygen gas at 27 C and 1 atm. Find:

(1) the number of molecules per unit volume;

(2) the density of the gas;

(3) the molecular mass of oxygen;
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(4) the average distance between molecules;

(5) the average translational kinetic energy of a molecule;

(6) the change in potential energy as a molecule descends 0. 3 m (the height of the cubic vessel) , and com-
pare it with the value of e,.

10-12  Calculate the average translational kinetic energies and rms speeds for a oxygen molecule and a hy-
drogen molecule at 27 C, respectively.

10-13 Supposing there is one mole oxygen at 300 K, find:

(1) the translational kinetic energy;

(2) the rotational kinetic energy for the gas. How about the change of the total kinetic energy when AT =
1K?

10-14 Find the temperature at which the average translational kinetic energy of gas molecules equals to the
kinetic energy gained when an electron is accelerated by 1. 0 V electric potential difference from the rest.

10-15 What is the change in internal energy as the temperature increases 1 K?

(1) For 1 mol of monatomic molecules, 1 mol diatomic molecules and 1 mol polyatomic molecules respec-
tively.

(2) Answer the same question for 1 g of N; and 1 g of H..

10-16 In the case of nitrogen under standard condition, find:

(1) the average number of collisions encountered by a molecule within one second;

(2) the total number of collisions occurring between the molecules within 1em® of nitrogen per second (d=
3.1X107"° m).

10-17 Determine the mean free path of carbon dioxide gas (CO,) molecules

(1) at standard condition;

(2) at a temperature of IOOtC and a pressure of 0. 1 mmHg(d=3. 2X10 * m).

10-18 An ionization gauge installed in artificial satellite showed that lem® of the atmosphere contained
about a thousand million particles of gas at a height of 300 km from the Earth’s surface. Find the mean free path
of the gas particles at this height (diameter of a particle 2>X10 ' m) .

10-19  There is a 500 students’ score distribution of a physics examination in the table:

Score range <10 10~20 20~30 30~40 40~50 50~60 60~70 70~80 80~90 =90
Numbers 5 9 16 28 73 93 121 88 45 22
Calculate

(1) the average score;
(2) the root mean square score;
(3) the most probable score and the fraction of the number lies in this range.

Using the medium value of a range, represent the score in that range, for instant, 73 students’ scores lie in

the range around score of 45.

10-20 Prove that the Maxwell distribution of speed can be written as

dN 4 2,
— = —e * xdx
N~ /x
h _ v . ZkT
where r=-2, g =af%E52
Up m

10-21 What is the fraction of oxygen molecules having the speed from 100 m/s to 110 m/s at 0°C ?

10-22 How many times is the number of molecules dN; whose speed ranges from v, to v, + dw large than

the number of molecules dN> whose speed ranges from v ©# to v/ v + dv ?
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10-23  What is the fraction of molecules in a gas, which have the speed within the range v, to 1. 01 v,?
10-24 N molecules are assumed to have a speed distribution as  ny¢)

shown in Fig. 10-12.
(1) Write the expression of a using N and w ; al
(2) Find the most probable speed v, ;
(3) Separating the whole range of speed into 3 ranges with

equal width of v, , calculate the fractions of molecules whose speeds

lie in the ranges from 0 to w, , from w, to 2w, from 2w, to 3.

O v 2
0 ]

10-25 A gas consists of molecules of mass m and at temperature
T. Making use of Maxwell speed distribution function, find the corre- Fig. 10-12  For problem 10-24
sponding distribution of molecular translational kinetic energy E. Deter-
mine the most probable value of the kinetic energy E,. Does E, correspond to the most probable speed o, ?

10-26 The mean free path of oxygen molecules is 9. 5X10 %m at 0'C and a certain pressure., What is the
average number of collisions of the gas molecules per second if the vessel is evacuated to 0. 01 of the initial pres-
sure, the temperature is constant.

10-27  According to Eq. (10-25) and Eq. (10-29), calculate the average speed by integrating, and using the

. : - B |
integration formula JO e dv= TR

10-28 According to Eq. (10-35), calculate the ratio of number of atoms with energy e, to that with energy
e1 for hydrogen atom at 300 K. Here ey = —13. 6 eV, is the ground energy level, and e, =—3. 4 ¢V is the first
excited energy level.

10-29 At what altitude is the pressure of air equal to 75% of that at sea level? Assume the temperature to
be constant and equal to 0°C.

10-30 There is a high altitude cosmic station on a mountain at a height of 3250 m above the sea level. Find
the air pressure at this altitude. Assume the temperature to be constant and equal to 5°C, the mole mass of air is
29X 10 * kg/mol and the pressure is 1. 013X 10°Pa at sea level.

10-31 Calculate the temperature for an oxygen gas of 0. 05 L under pressure 1. 01 X 10° Pa by using Van
der Waals equation, and compare the result with that by using ideal gas law, represent the relative deviation by

a percentage error. For oxygen gas a = 1. 38X 10° Pa+ L?/mol* and b = 3. 18 X 107?1./mol are known.



Chapterll
Fundamentals of Thermodynamics

Thermodynamics is the study of the relationships among the purely macroscopic parame-
ters describing the behavior of a system. The most important category of heat phenomena of
thermodynamics concerns the conversion of one form of energy into another, especially the
conversion of heat into other forms of energy. These conversions are governed by the two fun-
damental laws of thermodynamics. The first of these is essentially a general statement of the
law of conservation of energy and the second is a statement about the maximum efficiency at-

tainable in the conversion of heat into work and about the directivity of heat processes.

11.1 Internal Energy,Heat,and Work

11. 1.1 Internal energy of a system

The concept of internal energy of a system has been introduced in the last part of section
10-5. For a real gas, internal energy includes the total kinetic energy which is the single value
function of the temperature of the gas and the total potential energy produced by the inter-mo-
lecular forces which are related to the volume of the gas, therefore the internal energy is the
function of both temperature and volume of the gas, i. e.

E=E (T, V)
For ideal gases, the forces between molecules can be ignored, so that, the internal energy
is simply the total kinetic energy of molecules represented by Eq. (10-18),
E—MY 1
p 2
which means that the internal energy is the single value function of the temperature of the
gas.

On the basis of the concept of internal energy established in kinetic theory of ideal gas,
we will study internal energy of the gaseous system and the conversion of one form of energy
into the other forms of energy by means of thermodynamic method or the macroscopic meth-
od, and establish the relationships among the macroscopic parameters describing the behavior
of the gaseous system, such as pressure, temperature, volume and so on. Compared with the
microscopic method used in kinetic theory of gases, such a macroscopic, large-scale descrip-
tion is necessarily somewhat crude, since it overlooks all of the small-scale, microscopic de-
tails. Moreover, in practical applications, these microscopic details are often irrelevant. For

instance, when we investigate the behavior of the combustion gases in the cylinder of an auto-
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mobile engine, we can get by reasonably well with the macroscopic quantities of the tempera-

ture, pressure, density, and heat capacity.
11.1.2 Heat and work

Consider some amount of gas that is in a cylinder fitted with a piston. We describe the gas
as a system, and the relevant parts of the surrounding as the environment of the system as
shown in Fig. 11-1. If we heat the gas while keep the piston in stationary, its state will be
changed, and the temperature may increase, so that, the internal energy of it may be in-
creased consequently. In this case, we say that some energy flows or transfers from its envi-

- ronment, So, heat (symbol Q) is actually a form of energy

that flows between a system and its environment by virtue

““h-

of temperature difference that exists between them. On the

other hand, energy can also be transferred between a sys-

system
\ tem and its environment by means of work (symbol W),
which we always associate with a force moving through a
Tenvironmen[ distance as shown in Fig. 11-1. If we push the piston and
Q compress the gas, at the consequence, the internal energy
Fig. 11-1 A gaseous system of the system may be changed also. In practice, we change
and its environment the state of a gaseous system by both of heat transforma-

tion and work in the same time.

Note that heat and work unlike pressure, volume, temperature (and internal energy) are
not intrinsic properties of a system. They have meaning only as they describe energy trans-
forms into or out off the system, adding to or subtracting from the system’s store of internal
energy.

Both heat and work represent energy-in-transit between a system and its environment.
There is bound to be a relationship between the heat and work caused respectively the same
temperature increment for the same system. It is proved by Joule that 1 cal of heat causes the
same temperature increment as that of 4. 18 joule of work does, i. e.

1 cal=4.18] or 1]=0. 24cal
It means that 1 cal of heat is equivalent to 4. 18 ] of work in changing the energy of a system.
In scientific work, it was decided that, since heat (like work) is a form of energy, the SI unit
for heat should be the same as for all other forms of energy, namely, the joule. However, the

cal continues to be used in nutrition and in some area of chemistry.

11. 2 The First Law of Thermodynamics

11.2.1 The first law of thermodynamics

Suppose that a system (Fig. 11-1) changes from state 1 to state 2 by the work W' done on

it and the heat Q transferred meanwhile into it, the corresponding total change in internal en-
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ergy of the system is AE. According to the law of conservation of energy, we have
AE = E,—E,=W'+ Q (11-1)
where E, and E, represent the internal energy of the gas at state 1 and stare 2 respectively. In
manufacture and technique, the most important problem concerned is the work done by the
system on the environment, We usually use W to represent the work done by the system,
thus, substituting —W = W' into the equation above, we get the relationship among the en-
ergies exchanged through a system, 1. e.
E,—E=—W + Q
or
Q=(E,—E)+ W (11-2a)
which is known as the first law of thermodynamics. It means that the input heat is transferred
into two parts of energy, one is served to do work performed by the system on the environ-
ment, another is served to increase the internal energy of the system. It is the extension of the
conservation of energy principle to include the heat phenomena and thermodynamic system.
The value of Q, W and AE could be positive or negative. The sign for Q is positive if heat
is added to the system and negative if heat is withdrawn from the system; the sign for W is
positive if the work performed by the system, conversely. a negative value of W which means
that the work is done on the system; the positive value of AE corresponds to a increment of
internal energy of the system while the negative value to a decrement of internal energy.
If the thermodynamic system changes by only a differential amount, we can write the first
law as
dQ = dE + dW (11-2b)
Note that dE is the differential of the internal energy independent of the process while the
amounts of dQ and dW depend on the particular processes that will be seen in the following
sections.
The first law sometimes permits us to calculate the unknown amount of heat or work re-

quired for a process. To do this, let us take a closer look at the work done by the system.
11. 2.2 Calculation of the work

Here we look in some detail at how heat and work are exchanged between a system and its
environment during an equilibrium process (we investigate only equilibrium processes in the
followings). Let us take a gas confined to a cylinder with a movable piston as our system as

shown in Fig. 11-2. Suppose that the pressure of the confined gas on the piston is p and the
dx

area of the piston is S, the force exerted on the piston by

the gas is therefore F = pS. When the gas expands

slowly, the piston moves a differential distance dx and
the element work performed by the gas equals

dW = Fdx = pS dz=p dV
in which dV is the differential change in volume of the Wig, 12 The-workdane by fhe sysier

]
:
= | F
|
1

i S

Ik

gas. If the system changes from a initial state to a final



34 Part Three Thermodynamics

state and both states are represented by dots on the p-V diagram, the operation of changing
the system from the state i to the state f is called a thermodynamic process represented by a
smooth curve on p-V diagram under the assumption that the operation is carried out very
slowly, so that the system remains essentially in thermodynamic equilibrium at all stages. The
value of the element work is equal to the area of the strip shaded on the p-V diagram; the to-

tal work done during the process is obtained by integration of
A%
W= [aw = [ "pav (11-3)

The value of the work equals the total area under the process curve connected from i to f as
shown in Fig. 11-3. It is obvious that there are infinite ways to take the system from its initial
p state to its final state, therefore the shape of the
process curve could be various, so that, the value of the
work depends not only on the initial and the final states
but also on the processes. Eq. (11-3) suggests that the
work is positive when the gas expands (dV > 0) and is

negative when the gas is compressed (dV <C0). Fig. 11-3

g suggests that we can make the work done as small as we
Fig. 11-3  The value of work equals the \ant (hy following a path like ibf ) or as large as we
arewt nmder fhie process, curve want (by following a path like ia f ).
Substituting Eq. (11-3) into Eq. (11-2), the first

law of thermodynamics can be written as
\%
Q= (EI—E,-)+IV"pdV (11-4)

Because (E; - E;) depends only on state i and state f and the work on the process, so the
heat depends on the process. To sum up: A system can be taken from a given initial state to a
given final state by an infinite number of processes. In general, the work W and the heat Q
will have different values for each of these processes. We say that heat and work are path-de-

pendent quantities,

11.3 Application of the First Law to
Isochoric, Isobaric,and Isothermal Processes

We are ready to apply the first law of thermodynamics to different thermodynamic proces-
ses. Here we look at three special cases first, in each of which a certain restriction is imposed

on the system. We then see what consequences follow when we use the first law to them.
11.3.1 Constant volume processes (isochoric process)

When a substance undergoes a process in which the volume remains unchanged, the
process is called constant volume process or isochoric process. In Fig. 11-4(a), a gas confined
to a cylinder with a movable piston is taken as our system again. The wall of the cylinder is in-

sulating but the bottom of the cylinder rests on a heat reservoir (a hot plate, say. an electro-
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magnetic oven) whose temperature T can be controlled at will by turning a knob. The piston
is controlled mechanically at a certain position so that the volume of the gas remains constant.
If heat is added to the system, the temperature increases from T;to T,, and therefore the
pressure rises from p,to p, as shown in Fig. 11-4(b). Conversely, if heat is removed from the
system, the temperature must drop down. The isochoric curve is a straight line parallel with

p-axis on the p-V diagram.

P
Ppp=mmmns e emmeee = f
7} PR —— i
o] J J
(a) (b)
Fig. 11-4 (a) An isochoric process is carried out; (b) The isochoric curve on p-V diagram
Because dV=0 in isochoric process, the system can do no work, i. e. dW = pdV = 0.

From Eq. (11-2b), for any differential change, (dQ)v = dE. For a finite process like that in
Fig. (11-4b), using Eq. (11-3) and Eq. (11-2a), the first law of thermodynamics, and Eq. (10-
18), we have
Wy= 0 (11-5)
M i

Q =E/—E == ZR(T,—T) (11-6)
yzi

The subscript V means the volume being constant. Eq. (11-6) tells us that all the input heat
has served to increase the internal energy of the gas during an isochoric process. If the heat is
withdrawn from the system in an isochoric process, the internal energy will decrease.

In practice, the very sudden increase of temperature and pressure accompanying the ex-
plosion of gasoline vapor and air in a gasoline engine may be treated mathematically as though

it were an isochoric addition of heat.
11.3.2 Constant pressure processes (Isobaric process)

A process taking place at constant pressure is called constant pressure process or isobaric
process. In Fig. 11-5(a), the system is same as before, except that the pressure of the con-
fined gas is balanced by loading lead shots on the top of the piston, We can cause the volume
to increase (from V; to V) by slowly turning up the temperatur‘e control knob, raising tem-
perature of the gas from T to some higher value T,. During this process, work is done by the
expanding gas to lift the weight on the piston, and heat is added to the system from the heat
reservoir. An isobaric process is represented by a straight line parallel to V-axis on the p-V di-
agram as shown in Fig. 11-5(b), and the work can be interpreted graphically as the area under

the curve between the limits V; and V.
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lead shots
P
W,
1/
O T
%
(a) (b)

Fig. 11-5 (a) An isobaric process is carried out; (b) The isobaric expansion curve on p-V diagram

Because dp = 0 in any differential change in this process, the element work is
AW = pdV = A;/IR dT

From the first low of thermodynamics, the heat is then

(dQ), = dE+ pdV = ¢E+#MRdT (11-7)
For a finite isobaric process like that in Fig. 11-5(b), we have the total work
A4
W, :jv’pdvz PV, —V) = i—/IR(Tf—Ti) (11-8)
and the heat
Q =E,—E +pV,—V)) (11-9)
Here
E,—E =Y Lper,—1p (11-10)
w2
so that
Q, :1}‘1_“;212(%—2) (11-11)

The subscript p means the pressure being unchanged. Eq. (11-9) indicates that during an iso-
baric process, one part of the input heat serves to do work, another part serves to increase the
internal energy of the gas. If V,>V,, i. e. , the gas expands so that W,>>0, the gas does work
on its environment, and draws heat in from the reservoir. Conversely, if V,< V;,i. e., the
gas is compressed so that W,<C 0, the work is done on the system by the environment, and
the heat is withdrawn from the gas into the surrounding.

Note that comparing Eq. (11-6) with Eq. (11-9) leads a conclusion that no matter wheth-
er the process is an isochoric one or an isobaric, the change in internal energy will be equal,
provided that the change in temperature, i.e., T,—T;, is the same.

In practice of engineering, when water enters the boiler of a steam engine and is heated to
its boiling point, vaporized, and then the system is superheated, all these processes taken
place can be treated as isobaric. Such processes play an important role in mechanical engineer-

ing and also in chemistry.
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11.3.3 Constant temperature process (isothermal process)

A process taking place at constant temperature is said to be isothermal or constant tem-
perature process. In order for the temperature to remain constant, by removing weight gradu-
ally from the piston as in Fig. 11-6(a), we can permit the changes in pressure and volume be-
ing carried out very slowly, so that the stage approximates thermal equilibrium very closely at
every state of the process. The gas remains at constant temperature while doing so, absorbing
heat Q from the reservoir and doing work W by lifting the weight. The isothermal process is
represented by one of the hyperbola on the p -V diagram, called as isotherm shown in

Fig. 11-6(b). In isothermal process, none of the quantities p or V is constant.

lead shots
P
Pi
w,
Py
(0] %

(a) (b)

Fig. 11-6 (&) An isothermal process is carried out; (b) The

isothermal expansion curve on p-V diagram

M

Because dT = 0 in every differential change, so dE =—=—RdT = 0. For a finite process like
7
that in Fig. 11-6(b), the internal energy of the gas remains unchanged, i. e.
Ef_ E,': 0 (11‘12)
From the first low of thermodynamics, we have the heat
' v
Qr=Wr= fvfp dv (11-13)

The subscript T means the temperature being a constant. Eq. (11-13) indicates that all of the input
heat serves to do work performed by the gas on its surrounding. If the process is carried out reverse-

ly, then V,<V;, the work will be negative and the heat will be withdrawn from the gas.
From the ideal gas law pV = JZIRT, we have p = %/IRT % , substituting it into Eq. (11-13)

leads to

\%
QT=WT=MRTJ’d—V=MRT L, (11-14)
23 V; V H V:
Because p;V;=p, V, in isothermal process, Eq. (11-13) can be rewritten as
Qr = Wr = MRTIn 2 (11-15)
M by
Using ideal gas law again, we have another useful equation

Qr=W; = piviln“—i'_t (11-16)
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Example 11-1 A monatomic ideal gas is contained in a cylinder closed with a movable
piston. The initial pressure is 8 atm. and the initial volume is 0. 5 L. The gas is heated first at
constant pressure until the volume becomes to 1. 5 L, then expands isothermally until the vol-

ume is doubled, finally cooled down at constant volume until the pressure drops to 1 atm,

(1) How much work is done by the gas in the three

platm
gity F=s5-6 2 processes?
i (2) What is the change in internal energy?
j ! (3) How much heat is supplied to the system?
- ¢ Solution First of all, we show each of the three

processes on the p-V diagram as in Fig. 11-7, and use

___________ d the arrows to describe the direction of each process.

b o o v e, e

(1) The total work done by the gas equals the sum

=
o

o

ot
=
I
=

of the work done in each stage., Using Eq. (11-8), Eq.
(11-16) and Eq. (11-5), we have

V.
Vh

= 8X1.013X10° X (1.5—0.5) X1073+8X1.013X10°X1.5X10°X1In(3/1.5)
= 810.4+842. 6 = 1653(])
(2) The change in internal energy from the initial state a to the final state d is

B, —E = M%R(Td—’ﬂ,) = S (pVa— PV
7
= (3/2)X(1.013X10°X3X10~—8X 1. 013X 10° X0. 5X10%)
= 1.5X1 013X 102X ( 3—4 )= —15L 91

The negative sign indicates that the overall change in internal energy is decrement although it

Fig. 11-7 For Example 11-1

WZWP+WT+WV:pa(V,,—Vu)Jtp;,V,,ln +O

may be increment (AE”>0) or decrement (AE<0) in each individual process.
(3) The total heat added to the system can be obtained in two ways:
(a) Using Eq. (11-11), Eq. (11-13) and Eq. (11-6), sum up the input heat in each of the

three processes

Q=Q, +Qr +Q = 1;—““1% <n~T0>+wT+%4;R T, — T

2

= L2V, — VO + W+ LV.(py— p0

Vl)
V.

Here p. = p. = 41, and Wt can be found in step(1).

So that
Q= (5/2 )X8X1.013X10° X1072+842. 6+(3/2) X3X10 * X (1—4)X1.013X10°
= 2026 + 842.6 — 1367.6 = 1501(J)
in which —1367. 6 for Qy indicates that the heat is withdrawn from the gas into the surround-
ing during the isochoric cooling process.
(b) According to the first law of thermodynamics, Eq. (11-2a), we simply have the total
heat
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Q=E,—E,+ W= —151.9 +1653=1501(])

The result as what we expected.

11.4 The Heat Capacities of an Ideal Gas

11.4.1 Heat capacity and specific heat capacity

Experiments indicate that the amount of heat added to an object is proportional to the

mass of the object and the change in temperature that results. Thus,

Q= Mc(T,— T

in which Mc is called the heat capacity of the object, M is the mass of the object, and (T,—
T,) is the change in temperature. The value of the proportionality constant ¢ is the same for
different objects made of the same material, and is called the specific hear capacity or heat ca-
pacity per unit mass. It refers not to the object but to the material of which the object is
made. The value of ¢ equals the amount of heat needed to cause unit rise of temperature for
unit mass of the material. If the mass M is just one mole, i.e. + M/ ;=1 mol. thus the heat
capacity uc 1s defined as molar heat capacity of the material, labeled by C; that is C = pc,
which is the amount of heat added to cause unit rise of temperature for one mole of a material.
The SI unit for molar heat capacity is J/(mol « K).

An important point is that in assigning a molar heat capacity to any substance, it is neces-
sary to know not only how much heat was added but the conditions under which that transfer
took place also. The temperature of a substance may be changed under a variety of conditions.
The volume may be kept constant, or the pressure may be kept constant (usually atmospheric
for solids and liquids during the heat transfer), or both may be allowed to vary in some defi-
nite manner. The amount of heat necessary to cause unit rise of temperature is different in
each case. In other words, a substance has many different molar heat capacities.

For gases, as we shall see, adding heat under constant volume condition and under con-
stant pressure condition leads to quite different values for the molar heat capacities, there is a

simple and important relation between these two molar heat capacities of an ideal gas.
11.4.2 The molar heat capacity at constant volume P

Fig. 11-8 shows two isotherms of an ideal gas at tem-
perature T and T-+dT. Since the internal energy of an ideal
gas depends only on the temperature, it is constant if the
temperature is constant and the isotherms are also curves of

constant internal energy. It follows that the change in in-

ternal energy, dE, is the same in all processes in which the ¢

gas is taken from any point on one isotherm to any point on __ ,
Fig. 11-8 Different processes may

the other. Thus dE is the same for all the processes ab, ac
correspond to the same change

or de etc. as shown in Fig, 11-8, i, internal energy dE
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Consider the first process ab at constant volume. To carry out such a process for a gas at
temperature T and closed in a cylinder with a piston, we can turn the control knob of the res-

ervoir (Fig. 11-4) to a slightly higher temperature T-+dT. There will be a flow of heat (dQ)v

into the gas. The molar heat capacity at constant volume, Cy, is defined as

_ (dQ)v :
Cy = dT (11-17)

which equals the amount of heat added to cause unit rise of temperature for one mole of an ide-

al gas under constant volume. The pressure of the gas increases during this process, but no

work is done, since the volume is constant. Hence, from the first law of thermodynamics,
Eq. (11-2b), we have (dQ)v=dE, and substituting it into Eq. (11-17) leads to

_ dQ)v _ dE )
Cy = i 4T (11-18)
With the internal energy of one mole in hand, that is Eq. (10-17)
E, = %RT
Substitute it into Eq. (11-18), we have
_dE _ @ 2
Gy = a7 2R (11-19)

in which 7 is the number of degrees of freedom for the ideal gas and R is the universal constant
of gases. Eq. (11-19) suggests that the molar heat capacity of an ideal gas depends only on the

number of degrees of freedom for that gas, not on the temperature.

For monatomic gases. =3, Cy = %—R = 12.5 J/(mol « K)

For diatomic gases, =5, Gy = %R = 20. 8 J/(mol « K)

For polyatomic gases, =6, Cy = 3R = 24.9 ]J/(mol « K)
The amount of heat needed for a gas of mass M with molar mass s to increase the temper-

ature from T; to T, at constant volume is therefore
M

QV = ;Cv(Tj_T,) (11—20)
It is equivalent with Eq. (11-6)
Qr =B —E =¥ Lpep, — T

Because E, — E, is the same for all different processes for a certain gas between isotherm of T,
and isotherm of T,, so Eq. (11-6) or Eq. (11-20) gives the change of internal energy in all

those processes even if they are not at constant volume as shown in Fig. 11-8.
11.4.3 The molar heat capacity at constant pressure

Now consider the process ac in Fig. 11-8, at constant pressure. To carry out such a
process the gas might be enclosed in a cylinder with a piston, acted on by a external force. We
can turn the temperature control knob of the reservoir to rise the temperature slightly from T

to T+dT. As the heat of (dQ), flows into the gas. it expands at constant pressure and does
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work (Fig. 11-5), then the molar heat capacity at constant pressure, C,, is defined as

(dQ>
Ldd/, _
G aT (11-21)

which equals to the amount of heat needed to cause unit rise of temperature for one mole of an
ideal gas under the constant pressure. The work done is dW = pdV. From the first law of
thermodynamics

dQ= dE+dW = dE+ pdV
Substituting it into Eq. (11-21) leads to
dE dvV

C=qr TPyt (11-22)
For one mole of ideal gas, dE=CydT, pdV=RdT (from the equation of state), so that
C,=Cy+R (11-23)

which means that the molar heat capacity of an ideal gas at constant pressure is greater than
that at constant volume, and the difference is the universal gas constant. This is why R is ex-
pressed in the same units as C, and Cy usually, J/(mol ¢« K) in SI unit. Since the change in in-
ternal energy dE is the same corresponding to the same change in temperature dT, for an ideal
gas no matter how is the process, however, it is the difference that work is done in the isobar-
ic process (the area under the isobaric curve ac in Fig. 11-8) but not in the isochoric one,
thus, we can draw the physics meaning of R that R is the amount of work done by one mole-
gas in an isobaric processes during the unit rise in temperature.
Substituting Eq. (11-19) into Eq. (11-23), we have

C, :éR+R=iJ;—2R (11-24)

For monatomic gases, =3, C, = %R = 20. 8 J/(mol « K)

e
2
For polyatomic gases, i=6, C, = 4R = 33.2 J/(mol « K)

The amount of heat needed for a gas of mass M with molar mass x to increase the temper-

R =29.1]/(mol « K)

For diatomic gases, =5, C, =

ature from T; to T, at constant pressure is therefore

Q, = i‘l—’fc,,crf— T8 (11-25)

It is equivalent with Eq. (11-9) and Eq. (11-11).

The ratio of molar heat capacities, denoted by 7, is defined as

C
= r
Y= (11-26)
; _it+2 1
For an ideal gas C, = TR, Cv = ER, so that
i+ 2

= (11-27)

[

For monatomic gases, =3, y = % = 1. 67



42 Part Three Thermodynamics

7

For diatomic gases, =5,y = — =

5
8

1. 40

For polyatomic gases, =6,y = - =1.33

6

Although Eq. (11-23) was derived for an ideal gas, it is very nearly true for real gas at

moderate pressure and temperature. Measured values of C, and Cy are given in Table 11-1 for

some real gases at moderate pressure, and the difference (C,—Cy) is seen to agree quite pre-

cisely with the value of R for most of the gases.

Table 11-1 Molar heat capacities of gases at moderate pressure
[ the unit of C, and Cy is J/(mol « K) ]

Type of gas Gas C, 87 C,—Cy y =C,/Cy
He 20.9 12.5 8.4 1. 67
Monatomic
Ar 20.9 12. 5 8.4 1. 67
H: 28. 8 20, 4 8.4 1. 41
) ‘ N; 28.6 20. 4 8.2 1. 41
Diatomic
CcO 29.3 21.2 8.1 1. 40
O 28.9 21.0 7.9 1. 40
H;O 36.2 27.8 8.4 1. 31
CH, 35.6 27. 2 8.4 1. 30
Polyatomic ]
COq 36. 6 28.1 8.5 1. 30
SO; 40. 3 31.4 8.9 1. 29

It is seen that the values of C,, (G and y for monatomic and diatomic gases are in reasonable

agreement with theoretic values in classical thermodynamics, while the measured values for polya-

tomic gases have fluctuation compared with those of theoretic ones, It means that the heat capacity

theory in classical thermodynamics is an approximation due to our oversimplification in kinetic theory.

It is only quantum theory that can solve the problem of heat capacity precisely.

11.5 Application of the First Law of
Thermodynamics to Adiabatic Processes

Any process in which there is no flow of heat into or out of a system is called adiabatic. In the

other words, no heat transfer occurs between the system and its environment when an adiabatic

lead shots

Fig. 11-9  An adiabatic expansion is carried

out by removing the lead shots gradually

process is carried out. Fig, 11-9 shows an insulated
cylinder containing an ideal gas and resting on an in-
sulating stand. By removing weight from the piston
gradually, we can allow the gas to expand adiabati-
cally. However there is a second way of ensuring
that heat exchange does not take place; for instance,
sound waves are propagated through air and other
gases as a series of compressions and refraction that

take place so rapidly that there is no time for heat to
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flow from one part of the medium to another, back and forth in synchronism with the rapidly oscilla-
ting wave, thus volume change of air can be regarded as an adiabatic process. The compressions and
expansions of steam in the cylinder of a steam engine or of the hot gases in the cylinder of a gasoline
and diesel engine are also approximately adiabatic.

Let an ideal gas undergo an infinitesimal adiabatic process, the dQ =0, and from the first

law of thermodynamics, we have

dE+ pdV =0 (11-28)
For a finite process, we have Q =0 and
Wo=-(E,—E) (11-29)

in which the subscript Q means no heat exchange. Eq. (11-29) indicates that if work is done
by the system (i. e. W >>0) there must be a decrease in the internal energy of the gas, or we
can say that it is at the price of decrease in the internal energy that the output work is gained.
Conversely, if work is done on the system (i. e. W<C0) there must be increase in the internal
energy of the gas. From Eq. (11-19) and Eq. (11-20), we have

E—=E = i\l—/ICV(Tf—T,-) (11-30)
So that
Wo =— (E;—E) =—IL—4CV<T_, a1y (11-31)

It is obvious that a decrease in internal energy means a decrease in temperature, which can be
perceived quite readily when air is allowed to rush out of the valve of an automobile tire; this
expanding air feels quite cool. While the increase in temperature due to adiabatic compression
of air is quite familiar with us too when operating a manual air pump for bicycle tire, the com-
pression of air in the barrel of the pump produces a noticeable warming of the pump.

As the volume of the gas increases in an adiabatic expansion, both the pressure and tem-
perature drop; there are some relationships among the pressure, volume, and temperature.
Let an ideal gas undergo an infinitesimal adiabatic process. Then dQ=0, dW= pdV and dE =
M

—CydT. From Eq. (11-28), we have A—/ICVdT =— pdV,
7 7

By differentiating the equation A—/IRT = pV, we find
/,l

i—”R dT = pdV + Vdp

Eliminating dT between these equations and making use of the fact that C,—C,=R, we ob-

tain the relation
dp , Co+R AV _
» = Co Vv 0

or
dp , ,dV _
s Ty 0

To obtain the relation between p and V in a finite adiabatic change we may integrate the above

equation. This gives
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Inp + ¥ InV = In (a constant)

Using the properties of logarithms, we can rewrite this as

pV? = a constant (11-32)
According to the ideal gas law, we can obtain the alternate forms of Eq. (11-32) as
V7! T = a constant (11-33)
and
p” 1 T7 = a constant (11-34)

in which y=C,/Cy, and the three constants are different from one another.

An adiabatic expansion or compression of an ideal gas can be represented graphically by a
plot of Eq. (11-32), as in Fig. 11-10, in which a number of isothermal curves are shown for
comparison. Note that the adiabatic curves, at any point, have a somewhat steeper slope than
the isothermal curve passing through the same point. That is, as we follow along an adiabat
from left to right (expansion process) the curve continually cuts across isotherms of lower and

p lower temperatures, in agreement with the fact
adiabat

that the temperature gradually decreases in an adia-
batic expansion.

Example 11-2 2 mol of Helium (assume an
ideal gas) expanded adiabatically from an initial
state (T;=300 K) until the volume is doubled.

(1) Calculate the work done by the gas.

o ¥ (2) What would be the answer if the gas had

Fig. 11-10 An adiabatic curve and a number expanded isothermally from the same initial state to

1sotherms

of isotherms of an ideal gas. The adiabatic ~ the same final volume?

is steeper than isotherm Solution (1) From Eq. (11-31), Wo =

—MCV(T/-—T,»). To find the final temperature
M .

T,, we use Eq. (11-33), that is

VLT p = VIIT;

VT
T = | T,'
= (v)
For monatomic ideal gas, 1 = 3, y = 1. 67
T,=(0.5)*%X300=188. 6(K)
P ~

So that

Wo=—2X(3/2) X8.31X(188. 6—300)=2777(])
(2) If the gas expanded isothermally, from Eq. (11-14)

w, — Mpr1n Ys
JZ Vi

The results indicate that W >Wj,. Because of the temperature

adiabat

= 2 X 8.31 X300 X In2 = 3456(])

isotherms

drop, the adiabat is steeper than the isotherm passing through o

the same point, so the area under the isotherm is larger than

. . . 5 s Fig. 11-1 -
that under the adiabat, as shown in Fig. 11-11. Conversely, if = © 1 Bor Bxample 112
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compressed from the same initial state to the same volume, the work done on the system adia-
batically would be larger than that isothermally due to the increase in temperature (i. e. in in-

ternal energy), as shown in the same figure.

11. 6 Cyclical Processes and Thermal efficiency

11. 6.1 Cyclical processes

In industry, in order to operate a machine, or to propel a vehicle or projectile, mechanical ener-
gy is required, and one of the problems of the mechanical engineer is to withdraw heat from a high-
temperature source and convert it as large a fraction as possible to mechanical energy. This transfor-
mation always requires the services of a heat engine, such as a steam engine, gasoline engine, diesel
engine, or jet engine, etc.. We consider for simplicity an engine in which the so-called “working sub-
stance” is carried through a cyclical process, that is, a sequence of processes in which it eventually re-
turns to its original state, All engines absorb heat from a source at a high temperature, perform some
mechanical work, and reject heat into another source at a lower temperature, When a system is car-
ried through a cyclical process, no intrinsic property of the system—including its pressure, volume,
temperature and internal energy— can possibly change. And from the first law of thermodynamics,
for any complete cycles, we have

AE=0

Q=W (11-35)
which means that the net heat flowing into the system in a cyclical process equals the net work
done by the system. A cyclical process can be represented by a closed curve on the p-V dia-
gram as shown in Fig. 11-12, and the work is represented by the area enclosed by the curve.
For example, the closed curve in Fig. 11-12 shows an ar- P
bitrary cyclical process, the area under the upper curve
from a to b represents the work done by the system (pos-
itive work) in the expansion from a to 6, while the area

under the lower curve from & to a represents the work

done on the system (negative work) in the compression 0] %
from b to a. Since the positive work exceeds the negative Fig 10-12 The sres enclosed by the
work, so the area bounded by the clockwise curve is the  josed curve representing a cyclical
net positive work done by the system, and this process is process equals the net work

called positive cycle. Conversely, if process were trav-

ersed counterclockwise the net work done by the system would be negative, and the process is

called negative or reverse cycle.
11. 6.2 Thermal efficiency

For a certain engine, the reservoir at high temperature is called hot reservoir; the reser-
voir at lower temperature is called cold reservoir (the words “hot” and “cold” are, of course,

relative). For a positive cycle, we will use Q, to represent the positive heat entering the work-
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ing substance, while use Q. to represent the absolute value of the negative heat rejected by the

working substance. So, the net heat absorbed during a complete cycle is

Q=& Q
The net work is then
th W + Qc
. The energy transformations in a heat engine (positive cycle)
hot reservoir
lQh T, are conveniently interpreted schematically by the heat flow

diagram of Fig. 11-13, in which the engine itself is represen-

ted by the circle.
The thermal efficiency of a cycle (symbol 7) is defined

l as the ratio of the useful work to the heat supplied, that is,

e L “what you get” divided by “what you pay for”

cold reservoir W
= -37
Fig. 11-13 Schematic flow U Q. (11-37a)
diagram of a heat engine or
g= Q*EQC = 1—% (11-37b)
h h

It is obvious that because Q.70, thermal efficiency » < 1. Due to the friction losses, the use-

ful work delivered by an engine is less than the work W (=Q, —Q.) , and the overall efficiency

is less than the thermal efficiency.

Example 11-3 One mole of a diatomic ideal gas is taken from an initial state of p, =

2 atm,V,=20 L to V,=2V, at constant pressure, then cooled down to the original tempera-

ture with the volume unchanged, eventually compressed to the original state isothermally.

(1) Draw a p-V diagram for this cycle; platm
(2) Find the thermal efficiency of this cycle.
Solution(1) Fig. 11-14 is the p-V diagram for this N
cycle.
(2) According to Eq. (11-8), the work done dur- S
ing the isobaric process is
Wi=p. (V= V)
=2 atmX20 LX101. 3 J/(atm « L)=4052 ] G ViL
In the isochoric process, no work is done, that is Fig. 11-14 For Example 11-3
Wy=0. From Eq. (11-6), the work done during the
isothermal compression is
Wy = pavuln% ——2 atm X 20 L X 101. 3 J/Catm » L) X In2 =— 2809 J

The net work done by the system is then
W =W,+ Wy+ W= 4052+0—2809 = 1243 (]
From Eq. (11-25) the heat absorbed in is
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@ =Q ="7C T —To =2

pa (V/, _Va)

— 52 9 am X 20 LX 101 3 J/Catm « L) — 14180 J

2
The thermal efficiency of the cycle is therefore
o _W_ = 1243 0,7 — 0/~ 0
1= 0o, 14180 < 10026=8. 76 %4~=8. 8%
" : RO g _ . Qh — Qc _ _% B
Another way to find the result is applying Eq. (11-37b) = o 1 Q If so, be
h h
sides calculating Q,, Qv and Qr, you may need to find an unknown parameter, say
pe=pa * V./V.

11. 6.3 The gasoline engine and Otto cycle

The common gasoline engine in automobiles is of four-stroke-cycle type, and Fig. 11-15 is
a schematic diagram of the cylinder and the piston of it. Starting with the piston at the top of
its stroke, an explosive mixture of air and gasoline vapor is S — ialbes
drawn into the cylinder, the intake valve being open and the VR valve
exhaust valve closed; this is the intake stroke. At the end of
this stroke, the intake valve closes and the piston rises, per- evlinder

forming an approximately adiabatic compression of the air-

gasoline mixture, which is the compression stroke. At the

. o . . piston
top of this stroke a spark ignites the mixture of air and gaso- T

~1
line vapor, and combustion takes place very rapidly so that || l
the pressure and temperature increase at nearly constant vol- - -
ume. Then the piston is forced down, the burned gases ex- Fig 11-15 A Schematic diagram

panding approximately adiabatically; this is the working of the cylinder and piston

stroke. At the end of the working stroke the exhaust valve of a gasoline engine
opens, the pressure drops rapidly to atmospheric, and the rising piston on the exhaust stroke
forces out most of the remaining gas, then the exhaust valve closes, while the intake valve
opens, and the cycle is repeated.

The gasoline engine cycle is approximated by the Otto cycle illustrated in Fig. 11-16. The
four processes include that

(1> a—b, compression stroke in which the air is compressed adiabatically from state
a (Vy, T)to state b (V,, Ty);

(2) b—>c, explosion stroke, heated at constant volume from state & to state ¢ (V,,T3);

(3) e—>d, working stroke, allowed to expand adiabatically from state ¢ to state d (V,,T});

(4) d—a, exhaust stroke, cooled at constant volume from state d to the original state a,
after which the cycle is repeated. ’

Vi and V, in Fig. 11-16 are respectively the maximum and the minimum volumes of the
mixture air in the cylinder. The ratio V,/V, is called the compression ratio. Assuming the

mixture of air and gasoline vapor to behave like an ideal gas, the heat input (stroke 2) and the
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heat rejected (stroke 4) can be represented by

P Q. =Mc, (1, — 1

P> H

and Q. = —MCV(T; — T,) respectively, and the thermal
7

efficiency of a Otto cycle can be proved as

S < R N
Qn (V. /V)r

where y = C,/Cy. ForV,/V, =7 and y = 1. 4, the ther-
mal efficiency is about 55%, but the practical efficiency

Fig. 11-16 = The p-V diagram is only about 25%. It seems that the higher the com-
for an Otto cycle

125}

Py
0]

pression ratio, the larger the efficiency. However, in-
creasing the compression ratio also increases the temper-
ature at the end of the adiabatic compression of the gas-air mixture. If it is too high, the mix-
ture explodes spontaneously and prematurely, instead of burning evenly after ignition by the
spark plug. The mechanical strength and wear of engine parts also pose problems, so the

maximum practical value of V,/V, for ordinary gasoline engines is about 7.

11.7 Carnot Cycle and Reverse Cycle

11.7.1 Carnot cycle

The efficiencies of various cycles differ from one another, and none of them has an efficiency of
100%. An important question is what is the maximum attainable efficiency, given a supply of heat at a
higher temperature and a reservoir at a lower temperature for cooling the exhaust?

An idealized cycle which can be shown to have maximum efficiency under these conditions
was invented by the French engineer Saki Carnot in 1824 and thus is called a Carnot cycle.
The Carnot cycle, shown on a p-V diagram in Fig. 11-17, consists of two isothermal and two
adiabatic processes, Thus all the heat input is supplied at a 7
single high temperature and all the heat output is rejected at p,
a single lower temperature. The following four steps make
up the cycle:

(1) The container (say, a cylinder) contacts with the
high temperature reservoir (T}), and the system is an ideal 7
gas, in a state represented by point a in Fig. 11-17. The gas

is allowed to expand from the initial state (V,, p,) to a new

state (V,,p,) . Because this process is isothermal, the in-

ternal energy of the system does not change and all added o

heat appears as work.

Fig. 11-17 A p-V diagram

for the Carnot cycle

(2) The gas is allowed continuously to expand adiabat-

ically from (V,, py) to (V., p.). During this expansion,
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hiting P

the temperature of the gas drops to T., because the energy to do work must come from the in-
ternal energy of the system,

(3) The cylinder contacts with the lower temperature reservoir T, and the gas is com-
pressed isothermally at T, from (V,, p.) to (V,;, ps). During this process, the work done on
the system is converted into heat which is rejected into the lower temperature reservoir.

(4) The gas is continuously compressed adiabatically from volume V to the initial volume
V., and all other parameters return to their original values too. Because no heat enters or leaves
the system, the work done on the system transfers into the internal energy of the gas, and its
temperature rises to T}.

To find out the thermal efficiency of a Carnot cycle, we start from Eq. (11-37b). Using
Eq. (11-14), we have

Q. = %Rﬂln“é (11-38)
Q.| = A—/IRTCln% (11-39)
7 d

Using Eq. (11-33), yields
TWVi' =TV, T,V =TV
Dividing the former equation by the later, one results in

Vb _ Vr

Vu - Vd
Substituting it into Eq. (11-38) and Eq. (11-39) respectively and dividing the later by the for-

mer, we get

Q _ T.
Q. Ty

Substituting it into the definition of thermal efficiency, Eq. (11-37b), we obtain the thermal

efficiency of a Carnot cycle

L :
e =1—7 (11-40)

Eq. (11-40) points the way to the conditions in which a real engine, such as a steam en-
gine, must fulfill to approach as closely as possible the maximum attainable efficiency. These
conditions are that the intake temperature T}, must be made as high as possible and the exhaust
temperature T, as low as possible, But the exhaust temperature cannot be lower than the low-
est temperature available for cooling the exhaust, which is usually the temperature of the air
or perhaps of the river water available at the plant. The only recourse then is to raise the tem-
perature of the heat of the steam engine. Since the vapor pressures of all liquids increase rap-
idly with increasing temperature, a limit is set by the mechanical strength of the boiler.

Example 11-4 The boiler of a steam engine with cylinder and piston produces steam at a
temperature of 500 C. The engine exhausts its waste heat into the atmosphere where the tem-
perature is 20 C. The actual efficiency of this steam engine is 15%. Compare this with the ef-
ficiency of a Carnot engine operating between the same temperatures.

Solution  According to Eq. (11-40), the efficiency of a Carnot engine with T}, = (500
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273) K and T.=(204+273) K is

_ 1T 1293 _ g4
e =177, =173 62%

Thus, the ideal Carnot engine is more efficient than the actual steam engine by 47%. Most

modern steam engines employ a turbine wheel instead of the cylinder and piston; large engines

of this kind achieve efficiencies of up to 40%.
11.7.2 Reverse cycle and refrigerator

On the contrary to the cycle represented in Fig. 11-12, a reverse cycle can be represented
by a counterclockwise curve as shown in Fig. 11-18. A refrigerator may be considered to be a
heat engine operated in reverse. In contrast to a heat engine, refrigerator takes in heat from a

cold reservoir, the compressor supplies mechanical work input, and heat is rejected to a hot

p reservoir. With reference to the ordinary home refrigera-
:;‘g’;li tor, the food and ice cubes constitute the cold reservoir,
@ . work is done by the electric motor, and the hot reservoir
i b is the air in the surrounding. Fig. 11-19(a) is a schematic
E : diagram of a refrigerator,
. : : - The flow diagram of a refrigerator is given in

Fig. 11-19(b). In a complete reverse cycle, heat Q. (posi-
Fig. 11-18 Schematic diagram g P cy Q.(p

tive value) enters the refrigerator at low temperature T.,

of a reverse cycle )
work W' (negative value) is done on the refrigerator and

heat @), (negative value) leaves at a higher temperature T,,. LettingW = |W'|, Q. = | Q.. |,

from the first law, we have

QG =W+Q

and the heat rejected to the hot reservoir is the sum of the heat taken from the cold reservoir

and the heat equivalent of the work done by the motor.

high pressure liquid lhrloltle valve
N

A 1 - low density high temperature
cooling 2y I liquid reservoir TQh T,
w1 T
0 a = 0, "
1 H— [Tp—
% |, contender
high pressure — = t
gas [ low QC TC

=—1— low density
gas

temperature reservoir

compressor

(a) (b)

Fig. 11-19 (a) Schematic diagram of a refrigerator;

(b) Schematic flow diagram of refrigerator

From an economic point of view, the best refrigeration cycle is one that removes the grea-
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test amount of heat Q. from the refrigerator, with the least expenditure of mechanical work
W. The coefficient of performance (rather than the efficiency) of a reverse cycle is therefore

defined as the ratio Q./W (Symbol K). Since W = Q, — Q. so

Q. Q.
K=3X=_=t_ (11-41)
W Q—Q
A Carnot reverse cycle is a Carnot cycle operated Pi A

in reverse, which can be interpreted by the curve in Pip==oc

Fig. 11-20, traveled counterclockwise. Comparing

Fig. 11-20 with Fig. 11-17, it is obvious that the coef- ﬁl C-ooooor
)
ficient of performance of a Carnot reverse cycle is
T Py
K = - 11-42
C T.— T, ( b -

Suppose a homeowner uses a Carnot engine oper- Fig. 11-20 A p-V diagram

ating in reverse as a refrigerator in which the temper- for & Carnot reverse eyils

ature remains at 270 K, and the temperature of the
air outside the refrigerator is 300 K, thus the coefficient of performance of the reverse Carnot

cycle is
o 270 _
© 300—270

But the practical coefficient of performance is less than this value,

K 9

An air conditioner employs a similar refrigerator cycle. In summer, its cold end is indoor
and its warm end outdoor. Conversely, in winter, its cold end is out door and its warm end in-

door; it is as “heat pump” to maintain the warm inside the room.

11.8 The Second Law of Thermodynamics

11.8.1 Some things consistent with first law but never happen

You may note one thing in previous discussion, although their thermal efficiencies differ
from one another, none of the heat engines or positive cycles have an efficiency of 100%. That
is, a heat engine fails to convert the heat absorbed completely into work and instead produces
some waste heat. There is nothing in the first law of thermodynamics that precludes this pos-
sibility. The first law requires only that the energy out-put of an engine, in the form of me-
chanical work, should equal the difference between the energies absorbed and rejected in the
form of heat. An engine with an efficiency of 100% would therefore be perfectly consistent
with the first law. We know now that there is another principle, independent of the first law
and not derivable from it, which determines the maximum fraction of the heat absorbed by an
engine that can be transferred into mechanical work.

Moreover, there are some things that never happen but they would not be violation of the
first law. Here are three examples:

(1) Coffee, resting quietly in your cup, spontaneously cools down and starts to swirl

around.
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(2) One end of a spoon resting on a table spontaneously gets hot while the other end cools
down.

(3) The molecules of the air in the room all move to one corner and stay there.

However, these events occur quite naturally and spontaneously in the other direction.
Coffee, swirling in the cup, will eventually stop swirling, its rotational energy changing into
internal energy and thus heating it a little. Temperature differences set up between two ends
of a spoon tend to equalize. The air molecules rush from their special corner and fill the room
uniformly. The world is full of such events that happen in one way but never in the other. We
are so used to this that we take them for granted if they happen in the “right” direction but we
would be astonished beyond all beliefs if they happened in the other way around. The direc-
tions in which natural events happen are governed by the second law of thermodynamics. This
law can be expressed in several equivalent forms, and two of them, introduced in the follow-

ings, involve simple statements about heat and work.
11.8.2 The second law of thermodynamics

(1) Kelvin statement of the second law — It is not possible to change heat completely in-
to work, with no other change taking place.

You can change work into heat completely and rather easily, by rubbing your hands to-
gether briskly. For another familiar example, the kinetic energy of a moving car is changed
completely into heat in the breaking system when you brake the car to a halt; the reverse
process — changing heat into work — is possible as we studied before, but never completely
with no other change taking place.

Let us back to Fig. 11-6, during an isothermal expansion process, the heat added from a
single reservoir into working substance does transfer completely into useful work on its sur-
rounding but with changes both in volume and pressure of the system taking place. You do
eliminate every change when you take the system to undergo a cycle process — but you never
be able to avoid the fact of using more than one reservoir and losing some heat. That is, the
efficiency of the engine is always less than 100%. This leads to another way to put the Kelvin
statement of the second law:

There are no perfect engines.

The engine with 5 =100%, is also called as the second kind of perpetual motion machine.
So the Kelvin statement means that it is impossible to make a perpetual motion machine, and
none of the attempts and efforts in the history gets success.

(2) Clausius statement of the second law — It is not possible for heat to flow from one
body to another body at a higher temperature with no other change taking place.

Heat flows naturally from a hot place to a cold place, as from the sun to the earth, but
there is never any “natural” net heat flow in the other direction. A refrigerator does cause heat
to move from a cold place to a warm place but certainly with some work done on the system by
an external agent as shown schematically in Fig. 11-19. That is, the coefficient of performance

of a refrigerator, K=Q./W, is never be infinite. This leads to another way to put the Clau-
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sius statement of the second law;

There are no perfect refrigerators,

This means that a refrigerator cannot be operated without some work input. The second
law of thermodynamics is concluded from the experiments and observations and is verified by
the agreement of the consequences deduced from it with the facts.

(3) Identity of the two statements of the second law. Although these two statements of
the second law seem quite different, we shall show that they are exactly equivalent, in the
sense that a violation of either implies a violation of the other. That is, if you succeed in build-
ing a perfect engine, you can also build a perfect refrigerator and conversely.

Suppose first that the Clausius statement is false and there exists a perfect refrigerator
that can make heat flow Q from a cold reservoir to a hot one without any work input. If it op-
erated jointly with an ordinary heat engine, it can be used to remove the waste heat Q.= Q
from the cold reservoir and return it to the hot one. The net effect would be the complete con-
version of heat Q,—Q from the hot reservoir into work, as shown in Fig. 11-21, in contradic-
tion to the Kelvin statement. Conversely, suppose the Kelvin Statement is false and a perfect
heat engine exists and converts heat Q, from a hot reservoir completely into work. Then the
work output of it can be used to operate an ordinary refrigerator and the net effect would be
the transfer of heat Q. from a cold reservoir to the hot one with no other change, as shown in

Fig. 11-22, in contradiction to the Clausius statement.

th Q T Th

W=0,-0 =— )

o),

Fig. 11-21 If there were a perfect refrigerator, Fig. 11-22  If there were a perfect heat engine,

there would be a perfect heat engine there would be a perfect refrigerator

11.9 Reversible and Irreversible Process,Carnot Theorem

11.9.1 Irreversible processes

Suppose that a process occurs in which the system procéeds from the initial state to the fi-
nal state;there does not exist any way to restore the system back to the initial state with no
other change taking place, this process is then defined as an irreversible process. Conversely,
if there is one way to restore the system back to the initial state with no other change taking
place, the process is reversible.

The natural process spontaneously happens in one way not in the other, that is, the di-
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rectionality of the natural process implies that all natural spontaneous processes are irreversi-
ble. The following processes are irreversible.

(1) The process in which work transfers into heat is irreversible: the fact that work can be dis-
sipated completely into heat, whereas heat can not be converted entirely into work, expresses an es-
sential one-sidedness of nature, So that, the Kelvin statement of the second law of thermodynamics
simply means that the process in which work transfers into heat is irreversible.

(2) The process in which heat flows from a hotter to a colder body is irreversible: the fact
that heat always flows spontaneously from a body to another at a lower temperature but never
flows spontaneously from a colder to a hotter body indicates another essential one side of na-
ture. Therefore, the Clausius statement of the second law of thermodynamics simply means
that the process of heat flow is irreversible.

(3) Free expansion is irreversible:

Suppose that a gas is confined by an insulating barrier to half of an insulated container, the other
half being evacuated as shown in Fig. 11-23(a). Free expansion process consists of removing the bar-
rier and waiting until equilibrium is established, with the gas now filling both halves of the container
(Fig. 11-23(b)). No heat is transferred because of the insulation. No work is done because the ex-
panding gas rushes into an evacuated space, its motion unopposed by any counteracting pressure.
Thus, Q=0, W=0 and the first law requires that AE=0,s0 AT=0.

the barrier a piston compresses
[ a barrier removed the gas back
777 p777777777A V77777777 77 ////[/
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(a) (b) (©)

Fig. 11-23 (a) Initial state of the free expansion; (b) Final state of the free expansion;

(c) If we want the gas back to the initial state, we must do work on it

If we use a piston to compress the gas adiabatically back to the left part of the container
(Fig. 11-23(c)), we must do some work on the system, which is transferred into the internal
energy, and the temperature of the gas is therefore increased. If we want both of the gas and
the surrounding reverse to the initial state, we must take some heat out of the gas and transfer
it into work. According to the Kelvin statement of the second law, it is impossible to convert
the heat completely into work with no other change taking place. It is therefore that the free
expansion process is irreversible,

These are countless examples of irreversible processes that take place naturally in only

one direction. Our conclusion is that all natural spontaneous processes are irreversible.
11.9.2 Reversible processes

If it is possible to operate a process in reverse to the initial state with no other change tak-
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ing place, this process is defined as reversible. A process carried out without friction and so
slowly that the process can be reversed at any stage by making an infinitesimal change in the
environment of the system, can be regarded as a reversible process.

The isothermal and adiabatic processes of a Carnot cycle may be imagined to process in ei-
ther direction. To approach reversibility with this cycle, the motion of the piston must be suf-
ficiently slow, so that the gas can be always in an equilibrium state. If the piston were to have
a sudden, fast motion, a pressure wave would travel through the gas, and the motion of this
pressure wave could not be reversed by giving the piston a sudden motion in the opposite di-
rection—this would merely create a second pressure wave. Furthermore, the temperature of
the gas must coincide with the temperature of the heat reservoir during contact. If the gas
were to have, say, a lower temperature than that of the heat reservoir with which it is in con-
tact, heat would rush from the reservoir into the gas and this flow of heat could not be re-
versed by any manipulation of the piston. For reversibility, the gas must remain in mechanical
equilibrium with the piston and in thermal equilibrium with the heat reservoir. And finally,
the process must be attended with no friction, otherwise there would be a dissipative effect,
that is, some amount of work would be converted into heat.

Note that a reversible process represents the same sort of idealization in thermodynamics
as a point mass, a weightless inextensible cord,or a frictionless and massless pulley represents

in mechanics. It may be approximated but not be perfectly achieved.
11.9.3 Carnot theorem

From the second law of thermodynamics, it has been proved that

(1)No real engine operating between two given temperatures can have a greater efficiency
than that of a Carnot engine operating between the same two temperatures.

And this leads to the following:

(2) All Carnot engine operating between the same two temperatures have the same effi-
ciency, irrespective of the nature of the working substance.

These two statements are known as Carnot theorem. We can put them together mathe-

matically in an equation:

= 1— % = 1— %
h h
where “ <" refers to the irreversible engine, and “=" refers to the reversible engine, Carnot theo-

rem points the ways to increase the thermo-efficiency, beside that we have discussed on the thermo

efficiency of Carnot cycle, and improving the cycle as close the reversible as possible,

11. 10 Statistical Meaning of the Second Law of Thermodynamics

In the preceding sections, the second law of thermodynamic was discussed from a macro-
scopic point of view, but what is the meaning of the second law of thermodynamics from the

statistical point of view? Now, let us discuss this problem in detail.
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11.10.1 Thermodynamic probability and the direction of process proceeding spontaneously

Consider again the free expansion process of an ideal gas. Assume, for simplicity, that
there are four molecules a, b, ¢ and d in the left half of the vessel before expansion (refer to
Fig. 11-23(a)). After the barrier is removed, each molecule can be either in the left half or the
right half of the container with an equal probability. All the possible distributions of the four

molecules in two halves are shown in Table 11-2.

Table 11-2 Distribution of molecules (N=4) and thermodynamic probability

Number of mi tes Probability of
Distribution of molecules The corresponding Macrostate umber o mx'c rostates robabiiity 0
. . . corresponding to occurrence of
(microstates) (configuration)
the macrostate the macrostate
left right left right
abed - 4 0 1 1/16
abc d
acd b
3 1 4 4/16
abd C
bed a
ab cd
ac bd
ad be ‘
2 2 6 6/16
be ad
bd ac
cd ab
a bed
b cda
1 3 4 4/16
c dab
d abe
— abed 0 4 1 1/16

In Table 11-2, each possible distribution of the molecules between the two halves of the
vessel gives one microstate of the system. But for macroscopic description, since the molecules
are identical with each other, the number of molecules in the two halves determines a macro-
state (or a configuration) of the system. For example, the state with (3, 1) split, and that
with (2, 2) split are two different macro-state. So, there are five macro-states in our case.
The number of various microstates corresponding to a given macro-state is called thermody-
namic probability (labeled 2) of that macro-state. From Table 11-2, we can see that the mac-
ro-state (2, 2) corresponds to 6 microstates, so its thermodynamic probability 2==6; while
macro-state (4, 0) corresponds to 1 microstate with a thermodynamic probability Q=1. Ac-

cording to the rules of permutation, if there are N molecules in the container, then the macro-

N!
(N—n)n!

thermodynamic probability also called multiplicity of that configuration.

state or configuration with a (N—n, n) split corresponds to microstates, 1. e, its

Statistical mechanics assumes that the probability for each microstate is equal. thus the

probability of the occurring of a macro-states depends on number of corresponding microsta-
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tes, or its thermodynamic probability 2. The larger the 2. the more the probability of the
macro-state occurs. In our case, the sum of microstates >, = 16, so that, the probability of

the occurring of macro-state (2, 2), that is the equilibrium state, is 6/16, the maximum val-
ue, while of macro-state (4, 0), that is reverse state, is 1/16, the minimum value.

From Table 11-2, the following conclusion can be gotten:

The free expansion process is an irreversible process from macroscopic point of view; the process
that all molecules return spontaneously to the initial state is the inverse process of the free expansion,
so it is impossible according to the second law of thermodynamic. In the statistical physics, if its
thermodynamic probability is the smallest, the probability that it may occur is the smallest too. So,
the free expansion process of gas proceeds spontaneously from the state of smaller thermodynamic
probability to the state of larger thermodynamic probability i. e. AQ > 0.

Therefore, whether a process can proceed spontaneously, the increase of the thermody-
namic probability is a criterion.

Statistical physics reveals the nature of irreversible processes occurring in an isolated sys-
tem. Let us assume that first a gas of N=10% molecules in the left half of a vessel separated
by a barrier from the right empty half. If we remove the barrier, the gas spontaneously
spreads out over the entire vessel, and remains in equilibrium state-uniform distribution. This
process will be irreversible because the ratio of thermodynamic probability of macro-states
(10, 0) to that of macro-state (10* /2, 10*/2) is actually zero. Hence the gas cannot con-
centrate in the left half of the vessel spontaneously.

For other thermal processes, such as work converting into heat and heat transfer, we can
make similar analysis and conclude that for an isolated system, the process always proceeds
spontaneously from the state of smaller thermodynamic probability to that of larger one. This
is the statistic meaning of the second law of thermodynamics. Thus, the process of the sprea-
ding of the gas over the entire vessel is irreversible, or, the process from the state of smaller
thermodynamic probability to the state of larger thermodynamic probability is irreversible.

Putting the conclusion above in the other way, we can say that whether or not AQ > 01is

a criterion of a process spontaneously proceeding.
11.10. 2 Boltzmann relation between thermodynamic probability and entropy (a state function)

Consider the fact that there are usually a vast number of molecules in a system, say, N=
10, or 10%, even 10, so that, the thermodynamic probability of a macro-state is usually a
very larger number too, which is not convenient to be used. Can we use another quantity to
describe a macro-state instead of using thermodynamic probability? The answer is “yes”, and
we can predict the direction of a process proceeding according to the change in this quantity,
which is called entropy—another function of state, labeled S. Let us leave the theoretical dis-
cussion on entropy for the time being and concentrate the major problem on the relation be-
tween entropy and thermodynamic probability, which was established first by Ludwig Boltz-
mann, the constant £ after his name we have used, the relation is

S=klnQ (11-43)
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i

and

§p—5, = kln%ﬂ (11-44)

where S; and (; correspond to the initial macro-state of a system while S, and 2, to the final

macro-state for a given process. It is obvious that if

Q,>0, or %{->1

then
Sf_Si>O or AS>O (11“45)

Since for an isolated system, the process always proceeds spontaneously in the direction of in-
creasing thermodynamic probability, Eq. (11-45) tells us that the natural process always pro-
ceeds spontaneously in the direction of increasing entropy, that is known as the principle of

the increase of entropy.
11.10.3 A measurement of the disorder of a system

Now, the most probable question that you may ask is: from the kinetic theory point of
view, what is the thermodynamic probability all about? To answer this question, let us back
to the example of free expansion again. By looking closely at Table 11-2, we know that ther-
modynamic probability 2, the number of microstates corresponding to a given macro-state —
the ways in which positions in space can be assigned to the individual molecule of the gas sym-
bolizes the disorder level of the molecular random motion in the gas; the larger the 2, the
higher the disorder level. So, we can say that thermodynamic probability is a measurement of
the disorder of the random motion of the gas.

Another example is that if we raise the temperature of a gas by adding heat to it, accord-
ing to Maxwell distribution of speed, there are more ways in which velocities can be assigned
to the molecules of the gas, or, the molecular motion becomes more vigorous. On the other
hand, the thermodynamic probability (2 in this case, can be proved to be increased too. Exam-
ples of this sort could be added without limit, Suffice it to say that disorder can be defined
quantitatively by thermodynamic probability Q.

Furthermore, the formal relation between thermodynamic probability 2 and entropy (as a
state function) S, S = % ln 2, implicates that entropy is also a measurement of the disorder of
the molecular random motion in a system. Therefore, the signification of the principle of in-
crease entropy, Eq. (11-45), is that natural process always proceeds spontaneously from the
state of lower disorder to the state of higher disorder, that is, proceeds in the direction of in-

crease in disorder.

11.11 Entropy

11.11.1 Entropy — a-new function of state

Each of the two laws of thermodynamics is associated with a specific function of state

(that is a thermodynamic variable). For the first law, the function is internal energy E. For
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the second law, the function is entropy S which we introduced in the last section without
proof. It is our plan now to define entropy as a state function and, later to express the second
law of thermodynamics in term of that variable.

Let us start by considering the Carnot cycle of Fig 11-17, in which it is proved that

Q_T. . Q_Q
Q T Y
So that

&
&5 ds

where Q.= the absolute value of the heat rejected, and thus is positive. If Q. is defined as the

heat added from the reservoir at lower temperature, we can rewrite the above equation as

@
T, T.

in which Q. is negative. Eq. (11-46) tells us that the algebraic sum of the quantity Q/T, taken

— 0 (11-46)

around the closed cycle of Fig. 11-17 (Carnot cycle) is zero.

We now wish to generalize Eq. (11-46) , writing it in a form that applies not only to a Carnot cy-
cle but to any reversible cycle. Fig. 11-24(a) shows such a generalized cycle, superimposed on a fami-
ly of isotherms. We can approximate this arbitrary cycle as closely as we wish by connecting the iso-
therms with short, suitably-chosen adiabatic lines, as in Figl1-24(b). In this way, we form an as-
sembly of long, thin Carnot cycles. Convince yourself that traversing the individual Carnot cy-
cles in Fig. 11-24(b) in sequence is exactly equivalent in terms of heat transferred and work
done to traversing the jagged series of isotherms and adiabats that approximate the actual cy-
cle. This is so because adjacent Carnot cycles have a common isotherm and the two traversals,
in opposite directions, and cancel each other in the region of overlap as far as heat transferred

and work done are concerned.

P P

(a) (b)

Fig. 11-24 (a) An arbitrary reversible cycle, plotted on a p-V diagram; (b) Superimposing
this cycle with a family of isotherms, connecting the isotherms with short,

suitably-chosen adiabatic lines, we form an assembly of long, thin Carnot cycles

We extend Eq. (11-46) by writing for the isothermradiabatic sequence of lines in Fig. 11-24(b)
Q _
2 T, =0
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In the limit of infinitesimal temperature differences between the isotherms of Fig. 11-24(b),

this becomes
§dTQ = 0 (reversible cycle) (11-47)

The cycle can be considered as a combination of two processes ach and bda, thus

§ 4 do [ do_
achda ach bda

So that
’ dQ _ [*dQ B
J@ T J'udb J- (reversible process) (11-48)

Because the cycle is arbitrarily chosen, Eq. (11-48) indicates that the value of the integral is
independent of path, but depends only on the initial state and the final state. Comparing this

with the work done by conservative force and the definition of potential energy in chapter 3,

dQ

b
we have thatJ —* must represent a difference in some state function between state a and state

T
b, and call this new function or thermodynamic variable the entropy, symbol S, of the sys-
tem. Thus, if S;and S;represent the entropy of initial and final states of a system respective-

ly, according to Eq. (11-48), we have

_g = ['dQ -
Sr—8:=| T (reversible process) (11-49)

where the integral is carried out over any reversible path connecting these two states. The SI
unit for entropy is the joule per kelvin or J/K.

Note that Eq. (11-49) defines the difference in entropy between two states, rather than
the actual entropy of a state. As for potential energy, however, our concern is always with
such difference. An arbitrary constant can be added to the absolute entropy of any state with-
out altering any of our conclusions,

Example 11-5 Calculate the entropy of an ideal gas

According to the first law and Eq. (11-49), for a differential reversible process

45 — 4Q _ dE+pdv

T T
in which
dE = —chT and pdv = MRL 4y
p vV
So that dS = i\:‘,( dT—FM) Integrating the two sides, we obtain the entropy change
M T \%
S;—S = —(Cvlnrr—f—O—Rln‘—/.f) (11-50a)

Dropping the subscript f and merge all integral constants into one constant, we can write the

absolute entropy as

5 = 1‘;4 (CyInT+ RInV)+ S, (11-50b)

Eq. (11-50b) tells us that the entropy of an ideal gas at any equilibrium state is determined by

parameters T and V', and is a single valued function of the state.
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11.11. 2 Entropy statement of the second law

For any irreversible process, if its initial state and its final state are equilibrium states,

thus, from Carnot theorem and Eq. (11-49), it can be proved that

i
S;— S, > J %Q (irreversible process) (11-51)
Combining Eq. (11-49) and Eq. (11-51), we have
s,—s>| L (11-52a)
i=S=) T “

Note that entropy is a single valued function of state of a system,so for given state a and state
b, the change in entropy S;—S; has a definite value. Eq. (11-52a) indicates that, the value of
the integral on the right side of the equation equals S; —S; for a reversible process, but is
smaller than S;—S; for a irreversible process.

For a differential process, using Eq. (11-52a), we have

ds> 99 (11-52b)

T

Suppose the process is an adiabatic, dQ = 0, thus
dS>=0 (11-53)

which means that the possible changes for an isolated system are those in which the entropy of
the system either increases or remains the same. Changes in which the entropy decreases will
not happen. Eq. (11-53) is called as the principle of the entropy increasing.

The entropy remains the same only for reversible process. No process in nature is truly
reversible so that, in essentially all cases, we look for an entropy increase when we see a
process occur spontaneously. It is therefore that entropy is a criterion to judge whether or not
an irreversible process can spontaneously occur. If the system is not isolated, we must regard
the system + environment as a large isolated system, then calculate the total change in entro-
py so as to judge if the process happens.

We are now ready to formulate the second law of thermodynamics in terms of entropy.
The Second law — entropy statement: In any thermodynamic process that proceeds from one
equilibrium state to another, the entropy of the system -+ environment either remains un-
changed or increases.

There is no way in which you can make the entropy of the system -+ environment de-
crease. It is true that the entropy of the system can be made to decrease but that decrease
must always be accompanied by an automatic equal or greater increase in the entropy of the en-
vironment,

The example we mentioned before, the spontaneous movement of the air in the room to
one corner, is what we may call a “free compression”, the opposite of a free expansion. We
saw in the preceding section that a free expansion is always accompanied by an increase of en-
tropy, while a “free compression” would result in an entropy decrease and would thus be a vi-

olation of the entropy statement of the second law; therefore, it never happens.
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11.11.3 Calculate the entropy change of a system

Eq. (11-49) tells us how to calculate the entropy change of a system that undergoes a re-
versible process. But there are no such processes in the real world. Every actual thermody-
namic process is — to a greater or lesser extent — irreversible.

How can we calculate the entropy change between the initial and final states in such ca-
ses? We take advantage of the fact that the difference in entropy between two equilibrium
states does not depends on how the system passes from one state to another; to find the entro-
py change for an irreversible process between two equilibrium states, imagine a reversible
process connecting those same states and calculate the entropy change for that process.

Example 11-6 A lump of ice whose mass is 1 kg melts to water, the temperature remai-
ning at 0'C (and the pressure remaining at 1 atm) throughout the process. What is the change
in entropy for the ice? The heat of fusion of ice is L=3. 35X 10° J/kg.

Solution The process during which ice melts to water is irreversible. Suppose that we
put the ice in contact with a heat reservoir whose temperature exceeds 0°C by only a differenti-
al amount (i. e. if we lower the reservoir temperature to a differential amount below 0'C, the
melted ice will start to freeze. ), thus the process can be regarded as a reversible one, and we

can use Eq. (11-49) to find the entropy change:
g —[dQ_ lj _Q

And Q=mL=1 kgX 3. 35X10° ] /kg=3. 35X10° ]. Thus

_g = 33X10° _ 4 o 3
Su—S; = =25 = 1L.238X10°UJ/K)

Example 11-7 The entropy change for free expansion

Suppose that an ideal gas (of mass M and mole mass x) undergoes a free expansion from
volume V;to V in an isolated container. Calculate the change in entropy for the gas.

Solution (1) We know the free expansion being a irreversible process during which Q=0,W=
0 and T,=T,. If we try to use Eq. (11-49) to find the entropy change, the fact that Q=0 might lead
us to predict that AS=0, which we shall see is incorrect. Following our procedure above, we must
find a reversible process that has the same initial and final states as that of our free expansion. Be-
cause T,=T; for the free expansion, a convenient reversible process is an isothermal expansion from

V:to V. Applying Eq. (11-49) to the isothermal expansion yields
—§ = Vfd_Q_iJVf _
=5 "Jv, T —TJ, Q=7

where Qr = %/IRTln “—//f according to Eq. (11-14), Substituting it into Qr/T leads to
S,—S: = %/IR In %‘f (free expansion) (11-54)

Although we calculated this entropy change specifically for a reversible isothermal expansion
between two states, it holds for any process connecting those same states, including a free ex-

pansion.
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Because V>V, Eq. (11-54) tells us that the entropy of the system increases during a
free expansion. Note that this process takes place in an isolated rigid container, thus the en-
tropy of the environment does not change, but the entropy of the system+ environment in-
creases during a free expansion.

(2) Using Eq. (11-50a), the entropy formula of ideal gas, and noting that T, = T,, we
have the entropy change:

8 —8, = %’(cvln% +Rln¥/i = IL—/IRln“—//f

This result is just as same as that obtained by using Eq. (11-49). Obviously, as long as the in-
itial and the final states are given, the entropy change is uniquely determined, which is inde-
pendent of the processes. The discussions above gave further evidence that entropy is a state

function.

i Questions
Gl

11-1  Analyze whether the following states are correct or not;

(1) The higher the temperature of a body, the more its heat;

(2) The higher the temperature of a body, the greater its internal energy.

11-2  Does a gas do any work when it expands adiabatically? If so, what is the source of the energy needed
to do this work?

11-3 A quantity of gas occupies an initial volume V,, at pressure p, and temperature T,. It expands to a
volume V.

(1) at constant temperature and (2) at constant pressure. In which case does the gas do more work? Ex-

plain why?
11-4 Explain why we use equation E, — E; = I\—/ICV(TZ — T) to calculate the change in internal energy for
7

all different processes including the isobaric, the isochoric, the adiabatic and any other processes.

11-5 The value of molar heat capacities C=dQ/dT of a gas could be any amount, why? Describe the process in
which the corresponding heat capacities are (1) zero, (2) infinite, (3) positive, (4) negative respectively.

11-6  During the process represented by a straight line in Fig. 11-25, if p
Er=Epg. whether or not dE=0 holds for all differential stages? 2

11-7 Draw some schemes to illustrate the processes of (1) an isobaric,
(2) an isochoric, (3) an isothermal for a ideal gas on a p-T diagram, an ET
diagram, a V-T diagram and an E-V diagram respectively.

11-8 (A) Figure 11-26 (a) shows that a gas undergoes thermal proces-

ses, AC is an isotherm. Decide the signs (positive or negative) of AE, AT, W
and Q for the process (1) along ABC, (2) along CB’A. (B) Answer the same
questions for the processes (1) along ABC, (2) along AB'C shown in Fig. 11-25  For question 11-6
Fig. 11-26(b) where AC is an adiabat.

11-9 If there are Carnot engines 1 and 2 operating between the same two temperatures. Do the following
equations hold definitely? (1)5a =75z, (2) W, =W; (net work), (3) Qu =Qi2. If there is any case in which

one of the equation is true, illustrate it by a figure.

(0] 4

11-10  Some students understand the second law of thermodynamics in such ways:
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(1) work can transfer into heat at 100% while heat can not transfer into work at 100%;
(2) heat can flow from a hot body to a cold body while can not flow from a cold one to a hot one. Point out

where are the misunderstandings.

P P

B’
1sotherm adiabat

(a) (b)
Fig. 11-26 For question 11-8

11-11 (1) Can one adiabatic process and two isothermal processes form a cycle? Explain.

(2) Can one isothermal process and two adiabatic processes form a cycle? Give the reason.

11-12 Two samples of a gas initially at the same temperature and pressure are compressed from volume V
to a volume V/2, one isothermally. the other adiabatically. In which sample the final pressure greater? Does the
entropy of the gas change in either process?

11-13 If in Fig. 11-23(a) there is O, in the left half while the air in the right half with same pressure.

(1) Removing the barrier, does the entropy of the system increase? Unchanged? Or Decrease?

(2) If both sides originally are filled by O, , what is the answer now?

#
o Problems

A

11-1 1 g of water(1 cm®)becomes 1671 cm’of steam when boiled at a pressure of 1 atm. The heat of va-
porization at this pressure is 2256 J/g. Find the work done by the vapor and the increase in internal energy.

11-2 A diatomic ideal gas absorbs 500cal of heat at a constant pressure. Find the work done by the gas
during this process.

11-3  Oxygen gas of 10g, initially under a pressure of 3>X10° Pa at a temperature of 283 K, is heated along
the isobar until it occupies a volume of 10 liters. Find

(1) the amount of heat added to the gas;

(2) the change in the internal energy of the gas;

(3) the work performed by the gas.

11-4  When a system is taken from state i to state f along the path iaf in Fig. 11-27, it is found that Q=
50 cal and W =20 cal. Along the path i6f, Q =36 cal.

(1) What is W along the path ibf ?

(2) f W =—13 cal for the curved return path fi, what is Q for this path?

(3) Taking E;=10 cal, what is E;?

(4) If E, =22 cal, what are the values of Q for processes ib and b f7?

11-5 A certain amount of oxygen occupies a volume of V, =3 L under a pressure of p; =8. 2X10° Pa in
Fig. 11-28. If the parameters of the second state of the gas are V. =4.5 L. and p = 6X10° Pa, find the amount
of heat received by the gas, the work performed by the gas and the change in internal energy of the gas in the
following cases: the process is along the path of (1) ACB, (2) ADB.
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Fig. 11-27 For problem 11-4 Fig. 11-28 For problem 11-5

11-6  During an isothermal expansion process. the pressure changes from p; =5 atm to p, =4 atm. If V,

=2 m’, determine the work done.
11-7 2.8 g nitrogen gas at £, =27 C and p; =1 atm, is heated first isobarically until the volume doubled,

then continuously heated isochorically until the pressure doubled, and at last, by an isothermal expansion, its

pressure drops down to | atm,

(1) Draw a p-V diagram for the whole process.
(2) Find the heat added into the gas in the three processes, and calculate the work done by the gas and the

change in internal energy in the processes respectively.
11-8 Prove that the work done by a gas during an adiabatic expansion from initial state (p,,V,,T1) to

(p2,V2,T:) can be written as
1 o M RT, VAT Y
W=V, mvg-#y_lp () ]

V.,
11-9 A diatomic gas occupies a volume of V;,=0. 5 L under a pressure of p; =0. 5 atm. The gas is com-

pressed adiabatically to a certain volume V, and a pressure p», and is then cooled down to the initial temperature
at a constant volume of V, its pressure becomes equal to p, =1 atm,

(1) Plot the p-V diagram of this process.

(2) Determine the volume V, and the pressure p;.
11-10 Ten grams of oxygen in standard condition are compressed to a volume of 1. 4X10 % m®. Find the

pressure and temperature of the gas after compression if (1) the gas is compressed isothermally, (2) the gas is

compressed adiabatically. Find the work of compression in each case.
The initial state of a diatomic ideal gas is py =1 atm, V, =1 L, and it is then allowed to expand un-

11-11
til V,=2 L.. Suppose that the expansion is (a) isothermal, (b) adiabatic.
(1) draw the process curves on a p-V plane;
(2) calculate the heat added to the gas, the work done by the gas and
b

the change in internal energy in each case respectively.
11-12  An ideal gas is caused to go through the cycle shown in Fig. 11-29.

Process bc 1s an adiabatic expansion. Prove that the thermal efficiency of this

cycle can be expressed as
d c

(v)-1 pyp----- 4l

1
1
i
0 2 2 v

11-13  One mole of an ideal monatomic gas initially at a volume of 10 L
and a temperature of 300 K, is heated at constant volume to a temperature of Fig. 11-29  For problem 11-12

600 K. then allowed to expand isothermally to its initial pressure, and finally

compressed isobarically to its original state,
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(1) Draw the cycle curve on p-V plane;

(2) Compute the heat input to the system during one cycle;

(3) What is the net work done by the gas during one cycle?

(4) What is the efficiency of this cycle?

11-14 One mole of an ideal diatomic gas at the initial state of T; =300 K and V, =4 L. is allowed first to
expand isobarically until V,=6. 3 L, then expands adiabatically to its original temperature, and finally is com-
pressed isothermally to the original state.

(1) Draw the p-V diagram;

(2) Calculate the thermal efficiency.

11-15 An ideal heat engine undergoes a Carnot cycle and receives 600 cal of heat from a hot source each
cycle. The temperature of the hot source is 400 K, and that of the cold sink 300 K. Find the efficiency and the
work performed by the engine per cycle, and the amount of heat rejected to the cold sink per cycle,

11-16  An ideal heat engine undergoes a Carnot cycle and performs work equal to 7. 35X 10* J during one
cycle. The temperature of the hot reservoir is 373 K and that of the cold reservoir 273 K. Find:

(1) the thermal efficiency;

(2) the amount of heat received by the engine per cycle from the hot reservoir;

(3) the amount of heat rejected to the cold sink per cycle.

11-17 To make ice, a freezer extracts 42 kcal of heat at —12 C. The freezer has a coefficient of perform-
ance of 5. 7. The room temperature is 26 C.

(1) How much heat was delivered to the room?

(2) How much work is required to run the freezer?

11-18 A Carnot refrigerator transfers 1 kg of water at 273 K into ice. The room temperature is 300 K.

(1) How much work is required to run the refrigerator?

(2) How much heat is rejected into the surrounding? The fusion heat of ice is L=3. 35X 10° J/kg.

11-19 A Carnot refrigerator extracts 100] of heat from a cold reservoir and delivers it into a warm reser-
voir at 27°C. How much work is required to run the cycle if the temperature of the cold reservoir is at (1) 7C,
(2) —173°C, and (3) —223°C? What conclusion can you get from the results?

11-20 The Rankine cycle of an ideal steam engine is shown in p
Fig. 11-30. ooy E— b

(1) When the process of the steam entering from the boiler into

the cylinder begins, the pressure increases from p, to p; at constant

volume V; (line AB); b

(2) When the piston moves from left to right (line BC), the P S— 1 : \E
steam expands isobarically while steam entering continues; E ': i

(3) When the piston continues to move to the right, the supply of o l/: ; p: -
steam is shut off and the steam expands adiabatically (line CD) ; ot ’

(4) When the piston is in its extreme right position the steam is Fig. 11-30  For problem 11-20

rejected from the cylinder, and the pressure drops to p, at a constant
volume V; (line DE) ;

(5) During the reverse stroke (line EA), the piston expels the remaining steam at a constant pressure p, and the
volume drops from V; to V;. Determine the work done by the engine per cycle, supposing that V,=0.5 L, V, =
1.5L, V,=3.0L, pp=1 atm, py =12 atm and y=1. 33(using the result of problem 11-8 to calculate Wy).

11-21 The Otto cycle of a gasoline four-stroke engine is shown in Fig. 11-16 (section 11-6), prove that

the thermal efficiency of Otto cycle can be written as
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b

e 1 p
1= 1w v c D

in which V,/V, is called compression ratio,

11-22  The cycle of a four—stroke Diesel engine is shown in Fig. 11-31.

(1) the air is shucked into the cylinder (line AB) at p, =1 atm;
P d': b:
(2) the air is compressed adiabatically from volume V; to V;, (line BC) ; A

(3) at the end of the compression stroke, fuél is injected into the cylin-

der and ignited in the hot air, then burns and expands first isobarically to Vi Pot- v
(line CD) then adiabatically to V, (line DE); o W e
(4) at the end of the expansion, the exhaust valve opens, the pressure Fjg 11-31 For problem 11-22

drops to po (line EB) isochorically;
(5) when the piston moves to the left the exhausted mixture is expelled (line BA). Prove that, thermal ef-

ficiency of the Diesel cycle is

(@) B
11-23 Show that

(1) an isotherm and an adiabatic can not intersect twice;

(2) two adiabats can not intersect with each other.

11-24  If there are 6 molecules in the left half of the box in Fig. 11-23(a), then the barrier is removed.
How many possible macro-states are there? Calculate the thermodynamic possibility that is the number of mi-
crostates corresponding to a macro-state, for all possible macro-states, Refer to Table 11-2.

11-25 One mole of water is evaporated at temperature 100 C and pressure latm, absorbing 4. 06 X 10* J of
heat. Find the change in entropy.

11-26  Find the change in entropy during the transition of 8 g of oxygen from a volume of 10 liters at a
temperature of 80 C to a volume of 40 liters at a temperature of 300°C.

11-27 Find the change in entropy during an isothermal expansion of 6 g of hydrogen from 1X10° to 0. 5%
10° N/m?.
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Simple Harmonic Motion

We are surrounded by the motions which repeat themselves. In this chapter, we will
study a special kind of these motions-the mechanical vibration. There are many familiar exam-
ples of oscillations: small boats bob up and down, clock pendulums swing back and forth, and
the strings and reeds of musical instruments vibrate, the buildings in earthquakes vibrate.
Other, less familiar examples are acoustic vibration, circuit oscillation, plasma vibration, mo-
lecular vibration, etc.. The most recognizable characteristic of oscillatory motion is that the
motion is periodic, that is, it repeats itself. Thus it is important to study the vibrations in de-
tail,

When a body is vibrating, the force acted on it is not constant, but varies during the mo-
tion. This force is called as the restoring force which causes the body to undergo a back and
forth motion past the equilibrium position. The ideal vibration is periodic motion and the oscil-
lations in the real world are usually damped, which dies out gradually. A common and very
important kind of oscillatory motion is simple harmonic motion.

The vibrations are important not only because it is common, but because it is a basic con-
stituent of wave motion, It will be seen that light and indeed the whole electromagnetic spec-
trum from long radio wave to short gamma rays, is an oscillating motion of electric and mag-
netic influence. So a study of vibration will lay the foundation for further work in many differ-

ent fields of physics.

12.1 Simple Harmonic Motion

12. 1.1 Simple harmonic motion

The three systems shown in Fig. 12-1:

(a) A simple pendulum which consists of a mass m swinging at the end of an inextendable
massless string of length L;

(b) A flat disc supported by a rigid wire through its center and oscillating through small
angles in the plane of its circumference;

(c) A mass attached to a spring of force constant £ fixed to a wall by one end, sliding
back and forth in the x direction on a frictionless plane;
are simple harmonic oscillators if the frictions are ignored. When slightly disturbed from their

equilibrium or rest position, they will oscillate with simple harmonic motion (abbreviated to
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SHM). This is the most fundamental vibration of a single particle or one-dimensional system.
All of these systems have their equilibrium position (represented by dashed line in Fig. 12-1),
at which the external resultant force acted on the particle or one-dimensional system is zero. A
small displacement x (or angular displacement) from its equilibrium position sets up as resto-
ring force or torque that is proportional to x and acting in a direction towards the equilibrium
position. The direction of the restoring force is such that the object is being either pulled or

pushed toward the equilibrium position.

7

VITITTITI 11117177774

i
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(a) (b) (c)

Fig. 12-1 The simple harmonic systems

The systems listed above are harmonic and have the same equation of motion. Hence, we
take the system (c¢) as an example to study simple harmonic motion. In Fig. 12-1(c), a body
of mass m is attached to a spring of force constant £ (also called spring constant or stiffness)
that obeys Hooke’s law. Taking the equilibrium position as the origin point of x-axis, such a
spring exerts on the body a restoring force that is proportional to  — the displacement of the
body from the equilibrium position or the amount by which the spring is stretched (positive z)
or compressed (negative x), but opposite in sign. The force exerting on the body is

F=—px (12-D
where % is called the spring constant, the minus sign represents the restoring force in the op-
posite direction of the displacement.

Using Newton’s second law, we have

42
F =— =ima =m d—t;r
So
_ ks
a—— T —wX (12-2)
m
where
w = 2 (12-3)
n
Eq. (12-2) can be rewritten as
dZ
E%szx: 0 (12-4)
which has the complete or general solution
x = Acos(wt + ¢) (12-5)

This equation is called as the equation of simple harmonic vibration. The constants A and ¢
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are determined by the values of z, and v, = dx/d¢ at a specified time (usually, take the values
at t=0).
We now can take Eq. (12-1) or Eq. (12-2) and Eq. (12-5) as the definition of the simple
harmonic motion, which states:
Simple harmonic motion is the motion executed by a particle of mass m sub-

ject to a force that is proportional to the displacement of the particle but opposite

in sign;
or
Simple harmonic motion is the motion executed by a particle of mass m which
acceleration is proportional to the displacement of the particle but opposite in
sign;
or

Simple harmonic motion is the motion of a particle with the position function
of Eq. (12-5).

It can be proved that the above three definitions of simple harmonic motion are equivalent.

Example 12-1 Prove that the simple pendulum as shown in Fig. 12-1(a), when the ¢ is
small (4<C5°), is a simple harmonic oscillator.

Prove From Fig. 12-1(a), we obtain

F, =— mgsinf

The minus sign means F, in the opposite direction of §. Because @ <5°, sinf == (rad) , so that

F. is given by

F, sc—mgll =— (’iig)xw = bz

where

k:ngandr:L@

Here x can be understood as the horizontal displacement of the particle. Therefore, a simple
pendulum is formally like the simple harmonic oscillator of Fig. 12-1(c), and the effective
spring constant & of the gravitational spring is mg /L. That is when § is small, the motion of
the simple pendulum is SHM. The motion of a simple pendulum is SHM only if the amplitude
of the motion is small. Comparing with Eq. (12-3), the angular frequency and the period of

w — fy Tzzﬂnlé

which imply the longer the length of a simple pendulum, the greater the period.

the motion are

Example 12-2 The torsion pendulum as shown in Fig. 12-1(b). Prove when the disk is
twisted through a small angle @, the rotation of disk is simple harmonic motion (or a angular
simple harmonic motion ).

Prove 1f #<C5°, the restoring torque M is directly proportional to the angular displace-

ment § but opposite in direction, that is
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s 5

M =— ki
where £ is a constant which depends on the material from which the thin rod is made. Using

the Newton’s second law for rotation, the angular acceleration of the disk is given by

=M — %y

Here w = +v/k/I, I is the rotational inertia of the disk. The above equation shows that the an-
gular acceleration is proportional to the angular displacement but opposite in sign. By the
above method of analogies, we have
0 = Gycos(wt + ¢)
Therefore, when @ is small, the motion of a torsion pendulum is SHM.
Example 12-3 The physical pendulum. As shown in Fig. 12-2, a LU

real pendulum (usually called a physical pendulum such as grandfa-

ther clock), is a rigid body and can have a complicated distribution =

of mass. When the rigid body is suspended from some point O other E \‘s

than its center of mass C and displaced from its equilibrium posi- ; “\\

tion, it will oscillate. Prove that if the physical pendulum is dis- ? L
mg

placed slightly from its equilibrium position, its motion is SHM.
Prove The gravitation force mg acts at its center of mass C at Fig. 12-2 For Example 12-3

a distance L from the pivot point ). The torque about the point O

has a magnitude

M =—mglL sind
and tends to decrease . Hence, we have
2
A g
—mglLsing = I )

where I is the rotational inertia of the pendulum about the point O, depending on the shape of
the physical pendulum. If the angular displacements are small enough so that the approxima-

tion sinf = 4 holds, we have

d’g ~_ mgL d’g 20
T B AR
where w = +/mgl /I. Therefore, the angular acceleration is proportional to the displacement

and opposite in sign. According to the definition of SHM, the motion of the physical pendu-
lum is SHM. The period is

12. 1.2 Velocity and acceleration in SHM

From Eq. (12-5), the values of the velocity and acceleration in SHM are given by

v =% — Ausin(wr + ) (12-6)

and



T4 Part Four Oscillation and Waves

a =% — Av'cos(wt +¢) =—o'z (12-7)

The maximal value of velocity Aw is called the velocity amplitude and the acceleration ampli-
tude is Aw®.

Fig. 12-3 shows the curves of displacement, velocity and acceleration with time for an ex-
ample of simple harmonic motion x = 2cos2t (SI). From Fig. 12-3, it is not difficult to see that
when the magnitude of displacement is greatest, which occurs at the limits of the motion, the
velocity is least, being zero and on the other hand, when the displacement is least, being zero
at the equilibrium position of the motion, the velocity has its greatest magnitude. When the
displacement has its greatest positive value, the acceleration has its greatest negative value and

conversely, and the displacement is zero (that is F=0), the acceleration is also zero.

x(, a)

Fig. 12-3 a:Displacement; b:velocity; c:acceleration for SHM

12. 1.3 Vector representation of the simple harmonic motion

In Eq. (12-5), wt + ¢ s called as phase angle. It can be seen that the phase angle wz + ¢
increases uniformly with time as the vibration takes place. The displacement at any moment ¢
is proportional to the cosine of this angle. In Fig. 12-4, a vector A of length A rotates anti-
clockwise about a fixed axis through the origin with an angular velocity w. The vector should
make an angle ¢ with the z-axis at time 1 = 0. Therefore, the vector is located at the angle
wt + ¢ at time t. The point P is the projection of the end of the vector on the z-axis. It is ob-
vious that the projection position x is given by

x = Acos(wt + ¢)
So, if a particle moves in uniform circular motion of radius A, its projection point on the x-axis will
move in simple harmonic motion. Hence, the simple
harmonic motion may be represented in magnitude
and phase by a constant length vector (A) rotating

anticlockwise with a constant angular velocity w.

According to the role to construct the rota-
ting vector, a simple harmonic motion corre-
sponds to a unique rotating vector. To know its
corresponding rotating vector is to imply that the

Fig. 12-4 A rotating vector A simple harmonic motion is determined complete-
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L

ly. In the following, it will be seen that the rotating vector is very useful to determine the
phase of a SHM and the phase difference of two SHM as well as to find the superposition of
two or more simple harmonic motions by the addition of vectors.

Example 12-4 A particle undergoes a SHM with A
ﬁA

=2.0 cm and w ==. It passes the position of x = >

and toward the origin at # = 0. Draw the rotating vector

to determine the phase constant at £ = 0 and write the
equation of this SHM.

Solution The rotating vector is shown in Fig. 12-5.

V2

When its projection is at x = ?A, the rotating vector

could be at either the first quadrant or the fourth quad-

Fig. 12-5 For Example 12-4

rant. Considering the vector rotates anticlockwise and the direction of the particle toward the
origin whent = 0, we can choose easily the phase constant atz = 0 as ¢ = /4. Therefore, the
equation of this SHM is

xz=0. 02cos(nt+%) cm

12. 2 Period Frequency Amplitude and Phase Angle of SHM

There are three constants (A, w, ¢) inx = Acos(wt +¢). If A, w and ¢ are known, the
motion of the oscillator is determined completely. In this section, we will discuss these con-

stants and their meanings.
12.2.1 The period and frequency

The function Acos(wt +¢) is periodic, and this fact implies that the particle of simple har-
monic oscillator moves regularly and repeats with a characteristic time called as the period T.
That 1s the time required for one complete oscillation of the particle or the system. According
to cos(f+2xn) = cosf, if we increase the time by T inx = Acos(wt +¢) , we must get the same
displacement and the same velocity. Hence

T=2K (12-8)
w
The quantity w is called the angular frequency of the motion and has a relation with the period T
_
T

The frequency of the motion is defined as the number of complete oscillations finished by the

(12-9)

particle or the system each second. By definition, we have

1 )

Vv — T-\ = Z‘r
which unit is the hertz in SI (abbr. Hz)

(12-10)
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e

For the spring oscillator as shown in Fig. 12-1(c) , the above three quantities are given by

g R, Tefn B, p=a {5 (12-11)
m k 2N m

They are dependent only on the 2 and m that are the characteristic quantities of the system,
that is why we usually call w as intrinsic angular frequency and so as T and v. For the two
simple harmonic oscillators having the same k and m, their vibrations will be same in w, T and
v but different in A and ¢.

For simple pendulum, w, T and v are given by

_ /& _ /L _ 1 /g !
w 1’ T = 2xn g, y 5aN L (12-12)

It can be seen that the element of inertia seems to be missing and the period is independent of
the mass of the particle. This is because the restoring force is proportional to the mass and the
acceleration a = F/m is therefore independent of the mass (that is equivalence of inertial and
gravitational masses). The period T is decided by length of the string. The longer the length
of the pendulum is, the greater its period. If the pendulum length is given, the period of this
pendulum is constant independent of the mass of the particle. Note also that the frequency and
period are independent of the amplitude of oscillation, a general feature of simple harmonic
motion. However, when the amplitude of vibration of the simple pendulum is not small, its
motion is periodic, but it is not simple harmonic. In particular, the period does have a slight
dependence on the amplitude.

We can use a simple pendulum to make measurements of the free-fall accelerationg. From
Eq. (12-12), we have

2
g =15t (12-13)

for the acceleration of gravity in terms of the measured period T and length L of the pendu-

lum, In Newton’s day, the pendulum was used to obtain values for g at different latitude over
the surface of the earth. For a simple pendulum. T can be determined with accuracy, but it is
not possible to obtain an equally accurate value of L. This in turn limits the accuracy of the
values of g obtained by using a simple pendulum. In order to gain the very precise values of g

at a particular location, other method must be used.
12, 2.2 The amplitude and the phase

The quantity A inz = Acos(wt +¢) is called the amplitude which represents the maximal
value of the displacement x. Thus the displacement x varies between the limits = A. In the
next section, it will be seen that the greater the amplitude A, the greater the total energy.

The time-varying quantity wt +¢inx = Acos(wt +¢) is called the phase of the motion and
the constant ¢ is called the phase angle (or phase constant). According to Eq. (12-5),
Eq. (12-6) and Eq. (12-7), the phase wt +¢ determines displacement, velocity and acceleration
(also kinetic energy and potential energy) of the particle at the time z.

For a given simple harmonic oscillator, it can be proved that amplitude A and phase con-
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stant are determined by the initial conditions z, and the velocity v, atz = 0. Lettingz= 0 in Eq.
(12-5) and Eq. (12-6), we have

xo = Acosg (12-14)
vy =— Awsing (12-15)
from which it can be obtained that
2 'Ug
A=, [z +— (12-16)
@
o= arctan(—;ﬁ) (12-17)

From Eq. (12-17), we can obtain two solutions ¢; and ¢, in general. How do we choose the

correct one between them? According to Eq. (12-14) and Eq. (12-15), we have

cosp = 2 (12-18)
sing =—X—£’U (12-19)

The one between ¢y and ¢, » satisfied by Eq. (12-18) and Eq. (12-19), is the correct phase constant.

Example 12-5 A cubic board floats in the water.
When it is at rest, the immersing height of board is a. the surface
Slowly Pull it down and lead to an immersing height of of the water e i

P R R Y

b as shown in Fig. 12-6.
(1) Try to prove that if the friction of water is ig-

nored, its motion is simple harmonic vibration after it

1s released.
(2) Find period, frequency, amplitude and initial x
phase. Fig. 12-6 For Example 12-5
Solution (1) When the board is at rest (equilibrium
position) , the gravity and the buoyancy acted on it have same value but opposite in direction:
Sap = mg
where S is the cross-section area of the board, m is the mass of board and p the density of wa-
ter. Therefore

m — a0
£

As shown in Fig. 12-6, set the positive direction of the coordinate axis x downward and choose
the position of the down surface of the board at rest as the origin of axis. When the immersing
height is @ + =, the resultant force is given by
fe=mg —S(a+x)p
Using Sap = mg , we have
fo=—Sox
so that
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which implies that the resultant force acted on the board is proportional to the displacement of
the board but opposite in sign. Hence, its motion is simple harmonic vibration.

(2) The period and frequency are expressed as

_ [m [a _ 1 /g
T=2x SP 21 g, y 5\ a

The initial displacement is xy = & —a and the initial velocity v, = 0. According to Eq. (12-16)
and Eq. (12-17), we have A=b—a and ¢ = 0.

Example 12-6 A particle moves with simple harmonic motion of period 6s, which curve
of motion is shown in Fig. 12-7. Find _
- (1) the equation of motion; (2) the velocity of the
particle at t =0.

v Solution (1) The angular frequency is w = =/3
and A =4 cm. From Fig. 12-7, we have x, = 2 cm and

(]

0 7s o > 0whent = 0. According to Eq. (12-18) and Eq.
\/ (12-19), we obtain
cosp = =
2

Fig. 12-7 For Example 12-6
which has two solutions ¢ = n/3 and —=/3. Because v,

> 0 when t = 0, we have sinp <C 0. Hence, the correct initial phase is —=x/3, and the equa-
tion of motion is
il I8

x=0. O4cos(—3——§) m

(2) The velocity of the particle at ¢ = 0 s is given by
Vo =—Awsin(—%)= 0.036 m/s
12. 3 Kinetic and Potential Energies in SHM

In Fig. 12-1(c), if the particle and the spring are looked as a system, no external forces

act on it, and then the total energy remains constant. That is the energy is conservative

E=E+E, = %m"u2 —|—%ka = constant
Using Eq. (12-6), Eq. (12-5) and Eq. (12-3), we have
B = 5mv* = Sma' A st (wt + ) = TRA” sin’ (wt + ) (12-20)
Eﬁ_l__krz_lkAZ 2( )_1 ZAZ 2
= = cos®(wt + @) = o mw A” cos’(wt + @) (12-2D
According to the relation
sinq 4 cos’a = 1
the total energy is given by
E=E+E, = %kAz - %mszz (12-22)

which is indeed a constant, independent of the time.
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gy >

Fig. 12-8 shows the kinetic energy and potential energy of the system as a function of time
for the case x = Acoswt. Fig. 12-9 shows these two energies as a function of the displacement
x of the particle. According to Eq. (12-22), the total energy of a harmonic oscillator is deter-
mined completely by the maximal displacement and the spring constant. When the displace-
ment has greatest value (positive or negative) , the potential energy that is stored in the spring
has greatest value and this means that the kinetic energy, which is stored in the particle totally
converts into the potential energy. When the particle moves from the limit points (x =+ A) to
the equilibrium position, the potential energy reduces, and the kinetic energy increases and
has greatest value at the equilibrium position. So from an energy viewpoint, the simple har-
monic vibration is a continuing transformation of kinetic and potential energy, one into the

other, while the total energy doesn’t change.

& E
e e
E,
EP
EI\'
Ek
0 t -4 o A x
Fig. 12-8 Ey and E, Fig. 12-9 Ey and E,
as a function of time ¢ as a function of displacement x

Now we can understand why an oscillating system must contain an element of springness
and an element of inertia. It needs the former to store its potential energy and the latter to
store its kinetic energy. Without either element, the interchange of energy between these two
forms would not be possible, and vibration can not take place.

Example 12-7 Find the positions at which the potential energy of the oscillating system
is equal to its kinetic energy.

Solution From Eq. (12-22), considering Ey, = E,, we have

N SR R SO NI e
E 5 +2kr szkr zkA
Hence when

x=i%§A

the potential energy is equal to the kinetic energy for a harmonic oscillator.

12. 4 Damped Vibration,Forced Vibration,and Resonance

12. 4.1 Damped vibration

There is friction in any real physical processes. So far, we have neglected the effect of the

friction in oscillating motion. Obviously, because of the friction, any kinds of oscillations will
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gradually die out and finally, the particle will be at rest. Due to the frictional forces, the me-
chanical energy of oscillatory motion decreases with time and the motion is said to be damped.
We now consider this kind of “decaying”, which is called damped harmonic motion.

The friction in a vibrating system comes from its supports, the surface and the surround-
ing circumstances. If you try to swing a pendulum under water, because of the {riction of the
water, you will not have much success. This is called the overdamped harmonic motion. In
air, you will do better but the oscillation will gradually die out, which is called as the under-
damped harmonic motion. In a vacuum, the pendulum will swing for a long time but eventual-
ly it will also come to rest, by the action of the friction at its supports.

In the following, we will limit out consideration of the friction acted on by the surround-
ing medium. Experiment shows that for small velocity, the viscous frictional force exerted on
a body is proportional to the magnitude of the velocity of the oscillating body but opposite to

its direction. Such this force can be represented by the equation

SV -
f=—rv=—7% (12-23)

where ¥ is an empirically determined constant. The total force acting on the body of simple

harmonic oscillator is

dr

F=—kr—ya (12-24)
Applying Newton’s second law, we have
dx dr , i
mdz2+ydt+k1_o (12-25)

The solutions of this equation describe the damped harmonic motion. There are three different

types of damped harmonic motion. Here, we define wy = +/k/m as the intrinsic frequency of
the system and B = y/2m as the damping coefficient.
For the small values of y (that is 8 < w,) , the frictional force on a harmonic oscillator
will be small. Eq. (12-25) has the solution
| x = Aexp(— pt)cos(wt + @) (12-26)
w= i
The system should oscillate with a steady decreasing amplitude that is Aexp(— g¢). This mo-
tion illustrated in Fig. 12-10 for ¢ = 0 and A=1 is called the underdamped harmonic motion,
Although the motion does not repeat itself as an undamped vibration does, it is useful to intro-
duce the period T
P

w

o

to describe as * a cycle ” the events ( such as passing the equilibrium position ) that take place
while the phase angle wt + ¢ increases by 2. The total mechanical energy of damped vibration
is not constant but decreases with time because of the friction, appearing as thermal energy in
the surrounding medium. Finally the vibration will die out and the system or the particle
comes to rest.

For large values of y, the frictional force will nearly balance the restoring force of spring
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as the body returns to its equilibrium position. As Eq. (12-25) indicates, this implies that the
acceleration will be small throughout the motion. If displaced, we expect the body to creep
back to the equilibrium position. In other words, no oscillation will occur. This motion, as

shown in Fig. 12-11, is called the overdamped harmonic motion.

1

08 0.9
0.6 0.8 overdamped
0.4 0.7
02 -
o = 0.5
= 0 S
5 . % 04 .
-0.2 03l critically damped
=04 0.2}
i
e 0b—v
. t
Fig. 12-10 The underdamped harmonic motion Fig. 12-11 The critically damped and

overdamped motions with A=1

If ¥ is too large, the underdamped harmonic motion becomes impossible. That is the body
cannot come back to the equilibrium position. Similarly, if ¥ is small, the overdamped har-
monic motion becomes impossible, There is a critical value that separates these two types of

motion., This critical value is

Yo = 2 vV km (12-27)
With this value of ¥, the system executes critically damped motion as shown in Fig. 12-11. =
decays faster when the damped vibration is critical than when it is overdamped. This is a point

of great importance in the design of any equipment containing parts that are capable vibrating.
12.4.2 Forced vibration and resonance

We now qualitatively study the behavior of a damped harmonic oscillator that is also sub-
jected to a third force, which varies sinusoidally with time. We call such a system a forced os-
cillator. The external force is expressed by

Fo = Focoswgt (12-28)
which is called driving force. There are now two angular frequencies with which to deal:

(1) the “intrinsic” angular frequency of the free oscillator of system, which we have
called the natural angular frequency w;

(2) the angular frequency of the external driving force, which we call wy simply.

The motion of a forced harmonic oscillator is governed by the equation

2
n G

This differential equation has a general solution consisting of two parts. The transient part of

+ kxr = F,coswqt (12-29)

the solution involves the underdamped, critically damped, or overdamped motions, depending
on the value of y. The other part of the general solution, called the steady-state solution, is

our concern here. Any transient motions initially present will die out exponentially with time,
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but the steady-state motion will persist. After a sufficiently long time, the motion will be
steady state. We assume here that the system executes steady-state motion without the pres-

ence of transients. Therefore, the displacement of a forced oscillator is given by

x = Alwarwsfs Fo)cos(wat + ¢) (12-30)
where A is determined by wss @ » fand Fy, that is
A= i (12-31)

m v/ (0’ —w?)? + 48%wa
Much of our interest in the forced oscillator relates to the “response” of the system. By re-
sponse we mean the dependence of A on wy.
) A Figure 12-12 shows the amplitude A of a forced
oscillator as the angular frequency wq of the driving
force is varied. It is easy to prove that when the an-

gular frequency of the driving force is equal to w,

B w = Vo —2f° (12-32)

/_;\’/132 A has a greatest value

/\’// By F

| ) A= E (12-33)
; 277118 ‘\/a)z —Bz

This phenomenon is called resonance. Fig. 12-12
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Fig. 12-12 The resonances: 5 <%<%  shows the resonance phenomenon for three different

levels of damping, that is, for three different values

of the damping coefficient. The smaller the damping, the taller and the narrower the reso-
nance peak.

The resonance is important in our daily lives., There are many familiar examples. When
soldiers march across a small bridge, they often break step because it is possible that the fre-
quency of their step might be near one of the resonance frequencies of the bridge. When we
design machinery, we must consider the resonance encountered in normal use and avoid the
resonance. Sometimes, we expect that the resonance become more pronounced such as in the

laser.

12.5 Superposition of Two SHM with Same Direction
of Vibration and Same Frequency

In this section, we will handle two or more harmonic vibrations with the same frequency
and the same direction of vibration. In the real world, there are many phenomena in which a
particle takes part in two or more simple harmonic motions. In the following chapters, we
shall meet physical situations that involve the superposition of two or more simple harmonic
vibrations on the same system. For simplicity, we only discuss the superposition of two sim-
ple harmonic motions with the same frequency in the same direction of vibration.

What happens when two harmonic driving forces

F1 = F]oCOS(wt +0’1)
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F, = Fycos(wt +az)
act simultaneously on the same simple harmonic oscillator? If F, were zero, we could immedi-
ately write down the steady-state solution

x1 = Aicos(wt +¢1)

Similarly if F, were zero, we could have

x; = Azcos(wt + @)

When F, and F, exist simultaneously, it is a simple matter to verify that the displacement of

the system is written as

x = x1 + 22 = Aicos(wt + @) + Azcos(wt + ¢,) (12-34)

which is the steady-state solution of the system when both of the amplitudes of the driving

forces are finite. That is, if one driving force alone produces the displacement x; and a second

driving force alone produces the displacement x;, then forces acting together will produce the

displacement x; + ;. Clearly, the argument can be extended to any number of driving forces.

The particle takes part in the two simple harmonic motions x; and x,. They have the same

frequency and vibrate in the same direction. Now we deal with the superposition of the two

simple harmonic motions. Because x; and x, are simple harmonic motion with the same fre-
quency, it can be verified that the x = x; + x; is also harmonic. That is

x; = Ajcos(wt +¢1) + Azcos(wt + @)

= Acos(wt + ¢) (12-35)

In Fig, 12-13, x; is represented by the rotating vector

A;, and x; by the rotating vector A,. If x is represented by

the rotating vector A, it can be found that
A == A1 +A2 (12_36)
The projected position x of A on the x-axis is the sum

of the projected position x; of A} and x, of A; on the x-

'
Mprrm—t e ———————

axis. From the addition of vectors, the amplitude A

. ) Fig. 12-13 The addition of vectors
and the initial phase are given by .

A= VAT AL T 2A,Azcos(e, — @) (12-37)

A;sing, + A;sing,
Ajcosg, + Az cosg,

Q= arctan

(12-38)

From Eq. (12-37), we can see the influence of the phase difference (¢, —¢;) on the amplitude
of the resultant vibration. Depending on the value of cos(¢, —¢;) that can be any values from
—1to +1, A can have one between |A; —A;| and |A; +A,|. If A comes out smaller than
the larger A; and A, , we say that the superposition is destructive. If A comes out larger than
both, we say that the superposition is constructive.,
If ¢, — ¢y = 2kn, k=0,+1,+2,-, A has the maximal amplitude

A=A +A; (12-39)
which is called the full constructive superposition. If g, —¢ = (2k+1Dx, k=0, +1,42,-,
A takes minimal value

A= |A —A;] (12-40)
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which is called the full destructive superposition. If A} = A; = a, we have

A=a 2+ 2cos(g. — 1) (12-41)
Example 12-8 The two harmonic vibrations are x; = 0. 03cos(5¢ + n/2) (SI) and x, =

0. 04cos 5t (SI). Find the resultant vibration,
Solution According to Eq. (12-37) and Eq. (12-38), A and ¢ of the resultant vibration

are given by

AZ,\/O.Osz+O.O42+2XO.O3XO.O4XCOS% = 0. 05 (SD

_ 0.03 _
¢ = arctan 0. 04 0. 64 rad

Hence
x = x; +x; = 0. 05cos(5¢+ 0. 64) (S

12. 6 Superposition of Two SHM with Same Frequency
and Directions of Vibration Perpendicular to Each Other

Now we are going to consider the case in which a particle takes apart in two harmonic vi-
brations with the same frequency in the directions of vibration perpendicular to each other.
Assume these two harmonic vibrations lie in the x-axis and the y-axis respectively and their vi-
brating equations are

x = Ajcos(wt +¢1)
y = Azcos(wt + @)
The position vector r of the particle at the time t that takes part in these two harmonic vibra-
tions is given by
r=x+yj = Ajcos(wt + ¢ )i+ Azcos(wt + ¢2) j
Eliminating time ¢ from above equation, we obtain the equation of the trajectory of particle in

the =y plane

x° 2 2 .
1:—? +AL§ —ﬁcos(goz — @) = sin’ (g, —¢1) (12-42)

It is easy to see that the trajectory depends completely on the phase difference A= ¢ —¢y. In
general, the trajectory of particle is an ellipse in the x-y plane. In the following, several spe-
cial cases will be discussed.

(1) Ap = ¢» — ¢ = 0, which means two vibrations have the same initial phase. For this

case, Eq. (12-42) becomes

¥ 2xy
AT aTAA 0

which can be rewritten as

(f-2) =0

Hence, the trajectory of particle satisfies the below equation
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sonai B

_ A
Yy = A1
This implies that the trajectory of particle is a line passing through the origin with the slope

(12-43)

k = tanf = A; /A, as shown in Fig. 12-14. Obviously, the particle vibrates along this line and

its displacement s from the equilibrium position is given by

s =+ V2t + 3y = /Al + Afcos(wt + ¢) (12-44)

The amplitude is v/ A} +Aj. Here, we take oy = ¢ = o
(2) Ap = ¢» —¢1 = n which means that two vibrations have the opposite phase. For this

case, we have

2 2
oy 2xy
At aTaa =0
or
Y
(, T4 ) —0
from which the trajectory equation of particle is obtained
__ A §
y = Alx (12-45)
Eq. (12-45) shows that the trajectory of particle is a A,
P, ¢, =
line passing through the origin with the slope & = tang \

=—A; /A, as shown in Fig. 12-14. The motion of parti-

cle is also the harmonic vibration along the line y =

—_ &x with the displacement s from the equilibrium po- @ i
1
sition given by Eq. (12-44). /
(3) Ap = ¢ —901 = 1t/2. Eq. (12-42) becomes as I
+ L =1 (12-46) Fig. 12-14 The trajectory of particle

A2
For this case, Eq. (12-46) 1mphes that the particle moves along an ellipse which two axes are
located on the x-axis and y-axis. It is easily proved that the motion of particle is clockwise as

shown in Fig. 12-15(a). Especially, if A, = A,, the trajectory of particle becomes a circumfer-
.
/

(@) ¢,— py=m/2 (b) ¢, — ¢, = 3m/2

ence.

X

N

Fig. 12-15 The trajectory of particle

(4) Ap = ¢» — ¢ = 3x/2. The trajectory equation of particle is as same as Eq. (12-46).
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For this case, the particle moves anticlockwise along an ellipse and the trajectory is presented
in Fig. 12-15(b).

If the phase difference Ap = ¢» — @1, not being the above special values, is an arbitrary
constant, the trajectory of particles is generally an ellipse with the axes that are not located in

the x-axis and y-axis.
,/ Questions
(%=1

12-1 Give some examples of the motions that can be treated approximately as the simple harmonic mo-
‘tions. Try to explain why.
12-2  What does a simple oscillator consists of? What role does each part of a simple oscillator play in the

simple harmonic motions?

. /
k, k, " k, m k,
: 7
— D ]
LTI 7T 7777 7 v 77777777777 77777777, 777 %
(a) (b)

Fig. 12-16 For question 12-6

12-3 For simple pendulum, “who” provides the restoring force? Try to discuss the kinetic energy and po-
tential energy of the simple pendulum,

12-4  'What does the period of SHM depends on? What do its amplitude and initial phase depend on?

12-5 A spring, having a force constant £, is cut in half. What is the force constant of the divided half?

12-6 Systems (a) and (b) as shown in Fig. 12-16 can be simplified as simple oscillators. Try to find the
equivalent force constant £ for each one.

12-7 A spring has a force constant £, and a mass m is suspended from it. The spring is cut in half and the
same mass is suspended from one of the halves. How are the frequencies of oscillation, before and after the
spring is cut, related?

12-8 How is each of the following properties of a simple harmonic oscillator affected by doubling the am-
plitude: period, force constant, total mechanical energy, maximum velocity, and maximum acceleration?

12-9  Could you ever find or construct a true simple pendulum? Explain your answer.

12-10 What would happen to the motion of an oscillating system if the sign of the restoring force — kz
were changed?

12-11 If you have a pendulum clock, what do you have to do everyday to make it run continuously? Why?

12-12 In forced damped harmonic motion, is the damping ever useful?

12-13  Give some examples of common phenomena in which resonance plays an important role.

Froblems

12-1 A particle undergoes simple harmonic motion of period 5s with the amplitude A =3. 00X 10? m and

initial phase ¢ =n/4. Write its equation of motion and draw the x-t, vt and a-¢ curves.
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12-2 A body of mass 0. 100 kg moves with the simple harmonic motion of frequency 5 Hz. Whent= 0, its
displacement and velocity are 10. 0 cm and 3. 14 m/s respectively. Find

(1) amplitude and initial phase;

(2) maximum velocity, maximum acceleration and maximum restoring force;

(3) equation of motion,

12-3 A block of 4. 0 kg extends a spring 16 cm from its unstretched position.

(1) What is the spring constant?

(2) The block is removed and a body of 0. 50 kg is hung from the same spring. What is the period of this
harmonic oscillator?

12-4 A body oscillates with simple harmonic motion according to the equation

x = 0. 50cos(nt+ n/3) (SD

Find the frequency and period of the motion. What are the displacement, the velocity, the acceleration and the
phase at the time ¢ =2. 0 s.

12-5 In Fig. 12-17, several initial states of the simple pendulum with the angular frequency w and the am-
plitude A are shown:

(a) @ has a maximum value §, and dg/dt = 0;

(b) 8 = 0 and df/dt takes a negative maximum value;

(c) 8 reaches a negative maximum value— @, and df/dt = 0 ;

(d) § = 0 and dd/d¢ is maximum.,

Try to use the correspondent rotating vector to find the initial phase and the vibrating equation for each one.

(a) (b)

(d)
Fig. 12-17 For problem 12-5

12-6 A body of mass 50 g is attached to the bottom of a vertical spring and set vibrating. If its maximum
speed is 15 cm/s and the peried is 0. 50 s, find

(1) the spring constant k of the spring, (2) the amplitude of the motion and (3) the frequency of oscilla-
tion.

12-7 A particle executes simple harmonic motion about the point x = 0. At ¢ = 0, it has displacement
20 =3. 7 cm and zero velocity. The frequency of the motion is 0. 25 Hz. Determine (1) the period, (2) the equa-
tion of the motion and the maximum acceleration.

12-8 A particle moves in simple harmonic motion of the amplitude 0. 120 m with the period 2 s. It has an
initial displacement of 0. 060 m and moves toward the positive direction of axis at £ = 0. Find (1) the equation of
motion, (2) the displacement, velocity and acceleration at t = T/4, and (3) the time needed to pass first
through the equilibrium position {from ¢ = 0.

12-9  Two blocks (m=0. 400 kg and M=0. 600 kg) and a spring (k=25. 0 N/m) are arranged on a hori-
zontal, frictionless surface as shown in Fig. 12-18. The coefficient of static friction between the two blocks is

0. 50. What is the maximum possible amplitude of the simple harmonic motion if no slippage is to occur between
the blocks?
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12-10  Two bodies A and B have the same mass of 1. 0 kg and

arc attached to a vertical spring hung from the ceiling. Two bodies at | m
rest cause the spring to stretch 9. 8 X 10 * m. If the body B dorp sud- k

denly from this system as shown in Fig. 12-19, the body A start to vi- —\Qw M
brate (¢ = 0) . Find (1) the vibrating period of body B. (2) the am- > Ty
plitude and initial phase, and (3) its equation of motion, Fig. 12-18 For problem 12-9

12-11 A simple harmonic oscillator is composed of a block of
mass 2. 50 kg and a spring of force constant 100 N/m. Whent = 1. 00 s, the position and velocity of the block
are v =0. 200 m and v = 3. 00 m/s respectively. Find (1) the amplitude of the oscillation and (2) the position
and velocity at / = 0 s, and (3) the equation of motion.

12-12 A body of mass m =3 X 10" kg is hung by a crane with a cable and descends at a speed v =3 m/s as
shown in Fig. 12-20. The force constant of the cable is 27 X 10° N/m and its mass is negligible. The upper end of
the cable is stopped suddenly by some reason. Try to prove that the motion of body is harmonic vibration after

the cable is braked, and find the vibrating equation of the body.

k
A
B m l v
Fig. 12-19 For problem 12-10 Fig. 12-20 For problem 12-12

12-13 A block of mass 4. 0 kg is suspended from a spring with a force constant £ =550 N/m. A 50 g bul-
let is fired into the block from below with a speed of 200 m/s and comes to rest in the block. Find the period and
the equation of the resulting simple harmonic motion,

12-14 A uniform spring whose unstressed length is [. has a force constant 4. The spring is cut into two
pieces of unstressed lengths L, and L, . with L, = nl.» (n is integer). What are the corresponding force constants
ky and k; in terms of n and £? Does your result seem reasonable forn =17

12-15  An oscillating block Gm =0. 1 kg)-spring system has an amplitude of 0. 01 m and a maximum accel-
eration of 0. 04 m/s*. Find (1) the period and (2) the total energy. At what position is the kinetic energy equal
to the potential energy?

12-16 A block of mass M, at rest on a horizontal frictionless table, is attached to a rigid supported by a
spring of force constant . A bullet of mass m and velocity v strikes the block as shown in Fig. 12-21. The bullet
remains embedded in the block. Determine (1) the vibrating period and (2) the total energy and amplitude of os-
cillation.

12-17 Show that the average values, over a complete cycle, of both the kinetic cnergy and the potential
energy ol a simple harmonic oscillator equal half the maximum value.

12-18  When the displacement is one-half the amplitude A, what fraction of the total energy is kinetic ener-
gy and what fraction is potential energy in the simple harmonic motion?

12-19 A body takes part in two simple harmonic motions given by

=1, ()Scos( 102 + 3_;:)
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Fig. 12-21 For problem 12-16 -

xz = 0. 06(:05(101 -+ %)

with same frequency in same vibrating direction. Find the equation of resultant oscillation.
12-20 A particle takes part in three simple harmonic motions which are

x1 = Acoswt

x2 = ACOS(a)t E %)

x3 = Acos(wt +%r)

Use the addition of their rotating vectors to find the equation of resultant oscillation.

89



Chapterl3

Mechanical Waves

A wave is any disturbance from an equilibrium state, which propagates with time from
one region of space to another. Wave phenomena are found in all branches of physics. The
concept of waves, as a matter of fact, is one of the most important unifying in all of physics.

A flag is waving in the breeze; a stone is dropped into a pool of water, creating a disturb-
ance which spreads out in concentric circles eventually reaching all parts of the pool; a sound
is carried by means of traveling waves from source to the listeners ..., they are the most fa-
miliar everyday experience that is classified among mechanical wave.

Another sort of waves, such as visible light, sunlight, infrared and ultraviolet waves, x-
rays, microwaves and the waves that activate our radios and television sets etc. which exist in
the atmosphere surrounding us, belong to electro-magnetic waves, which we will deal with in
the next two chapters.

In this chapter, we focus on mechanical wave which is the propagation of a physical dis-
turbance in an elastic medium as it is displaced from an equilibrium state. In other words, me-
chanical wave existence requires a mechanical vibration source and an elastic medium. It is im-
portant to recognize that no physical medium is necessary for the transmission of electromag-
netic waves., However many of the basic concepts and principles presented in this chapter are

also applicable to electromagnetic waves and all kinds of other waves.

13.1 The Generation and Propagation of a Mechanical Wave

The most typical waves in nature are transverse waves and longitudinal waves. To un-
derstand that mechanical wave is the propagation of a mechanical oscillation in an elastic me-
dium, let’ s analyze how the transverse waves and longitudinal waves generate and propa-

gate.
13. 1.1 Transverse waves

In a transverse wave the vibration of the individual particles of the medium is perpendicular to
the direction of wave propagation. Of all possible mechanical waves, a wave transmitted along a
stretched string is perhaps the simplest. We assume an “ideal” string in which there are no friction-
like forces to cause the wave to die out as it travels along. We assume further that our string is
so long that we do not have to be concerned about any “echoes” that might rebound from its

far end. If you give one end of such a string a single up and down jerk, as in Fig. 13-1, an im-
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pulse is passed along the string. If you move y
your hand up and down in continuous simple .

harmonic motion, giving the left end of the

string a periodical displacement in the direction 7 x

perpendicular to the string, an extended trans-
verse traveling wave is generated as in Fig, 13-2.  Fig. 13-1 Sending a pulse down a long string
How does the displacement propagate along the string? Because the string consists of a
large number of elements, each connected to its neighbors by elastic material. If the left end is
given a small displacement, which gives rise to an elastic force in the material adjacent to it;
then the next element is displaced, and then the next, and so on. On the other hand, from the
Newton’s third law, the next element exerts an elastic reactionary force to the left one, driv-
ing it to restore to its equilibrium position. In this way, all elements vibrate one by one in
simple harmonic motion.

Fig. 13-2 shows the shape of the wave at successive intervals of one-forth of a period.

crest

direction of oscillation I \

—— direction of wave propagation

@ 1=0 1 4 7 10 13 16
(b)r=T/4 I\i i———-»
4
—_—
t=T/2
(c) >
B
d)r=37/4
(d) 0
—_—
e)t=T
13
1=5T/4
o w

Fig. 13-2 A transverse wave generates and propagates along a stretched

string, shown at successive intervals of one-forth of a period

(1) In Fig. 13-2(a), t=0, point 1 that your hand holds, starts to move up, its phase is
3w/2, say, all others remain at rest.

(2) In Fig. 13-2(b), t=T/4, point 1 reaches the uppermost position, point 4 begins to
move up, repeating the phase of 3n/2, which means that the oscillation has propagated to
point 4,

(3) In Fig. 13-2(c), t=T/2, point 1 passes its equilibrium position, point 7 begins to
move up, repeating the phase of 37/2.

(4) In Fig. 13-2(d), t=3T/4, point 1 reaches the lowest position, point 10 repeats the
phase of 37/2.
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(5) In Fig. 13-2(e), t=T, your hand finishes one period vibration so that point 1 returns
to its equilibrium position, going to the second vibration period, point 13 repeats the phase of
37/2, which means that the vibration has propagated to point 13, the displacements of all ele-
ments form a completely sinusoidal waveform,

(6) In Fig. 13-2(f), t=5T/4, the wave has traveled to point 16, the waveform repeats,
and so on.

In above studying, we keep our eyes on the wave form as it moves to the right. Alterna-
tively, we can watch the motion of a specific element, point 4, for example, as it oscillates up
and down as the wave passes through it. The displacements of these elements are in they di-
rection, at right angle to the direction of travel of the wave, which is the positive x direction.
We call such a wave motion as a transverse one.

The feature of the transverse waves is that it consists of many crests (the positions of
positive maximum displacement) and troughs (the positions of negative maximum displace-

ment) located alternatively.
13.1.2 Longitudinal wave

In a longitudinal wave the vibration of the individual particles of the medium is parallel to

F — = TR S SS s s s the direction of wave propagation. A longitudinal
- wave may occur in a long coiled spring, as illustra-

ted in Fig. 13-3. In this case, we can make the same

PR 1171121111111 T assumptions as that in the case of the string. If your
. hand gives the left end of the spring a push to the

right slightly, the coils near the left end are pinched

Fig.13-3 (a) A condensation pulse formed; closely together to form a condensation as shown in

(k) & stseduetion. plss:formed Fig. 13-3(a). When the distorting force is removed,
a condensation pulse is propagated throughout the spring. If you pull the coils of the spring
apart at the left, a rarefaction would be formed as shown in Fig. 13-3(b) ; upon removal of the
disturbing force, a longitudinal rarefaction pulse would be propagated along the spring. If the
left end is displaced back and forth slightly in the horizontal direction, the resulting condensa-
tions and rarefactions are passed along the spring producing a periodic longitudinal wave in the
horizontal direction, as shown in Fig. 13-4.

Using the same analysis method as that of the propagation of vibration in a stretched
string and treating the spring as series elements, we draw the shape of the “condensation-rare-
faction wave” at successive intervals of one-forth of the first period shown in Fig. 13-4. Note
that the interactive forces between the neighbor elements are in the horizontal direction so that
the displacements of elements are parallel to the direction of propagation of the wave. We call
such a wave motion longitudinal. Sound waves are the most common examples of longitudinal
wave. The feature of the longitudinal waves is that it is formed by many condensations and
rarefactions located alternatively. In the case of a spring, the condensations are the positions

of maximum compression, while the rarefactions are the positions of maximum extension, in-
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stead of which they are maximum pressure and minimum pressure in the medium in the case of
sound waves.

condensation rarefaction

\

direction of oscillation <=——= — direction of wave propagation

1 4 7 10 13 16
t=0
-\\
\
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\
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1 \
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=172 = $ b\
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Fig. 13-4 A longitudinal wave generates and propagates in a spring

shown at successive intervals of one-forth of a period

13.1.3 Wave speed, wavelength,and period

From the discussion above, we define the wave speed v as the distance that the phase of
vibration propagates in a unit time. which is also called phase speed.

The wavelength A of a periodic wave is the distance between any two adjacent elements
which are in phase. In Fig. 13-2, the wavelength is the distance between point 1 and point 13,
between point 4 and point 16 and so on. You can practice determining the A in Fig, 13-4, It is
obvious that the wavelength is also the distance between any two adjacent crests or troughs in
a transverse wave, between any two adjacent condensation or rarefactions in a longitudinal
wave, Each time the left end of the string in Fig, 13-2 makes a complete oscillation, the wave
will move through a distance of one wavelength. The time required to advance one wavelength
is defined as period T of wave which equals to the period of the vibrating source. Hence the
wave speed v can be related to the wavelength A and period T by the equation

v = % (13-1)

The frequency v of a wave is the number of waves that pass a particular point in a unit
time. It is the same as the frequency of the vibrating source and all elements and is therefore
equal to the reciprocal of the period (v = 1/T). The wave speed is more often expressed in
terms of its frequency rather than its period. Thus Eq. (13-1) can be rewritten as

v = Ay (13-2)
The important physical relationship represented in Eq. (13-1) and Eq. (13-2) holds for all pe-

riodic waves. Note that the vibration frequency of a given source is independent from the me-
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dium, while the wave speed depends upon the elastic and inertia of the medium, which means
that the wavelength varies with different medium.,

Example 13-1 At room temperature, the speed of sound wave is v =340 m/s in the air.
v =1450 m/s in the water. Find the wavelength of the sound waves of 200 Hz and 2000 Hz in
the air and in the water, respectively.

Solution From Eq. (13-1), we have the wavelength of 200 Hz’s sound wave:

In the air A = v./vi = 340/200 = 1.7 (m)

In the water A = vo/y1 = 1450/200 = 7. 25 (m)

While, the wavelength of the 2000 Hz’s sound wave:

In the air Az = v./v; = 340/2000 = 0. 17 (m)

In the water Az = vy/v; = 1 450/2000 = 0. 725 (m)
The results indicate that for a given frequency of wave, the higher the speed in a medium, the
longer the wavelength in it; for a given medium, the higher the frequency, the shorter the

wavelength,
13.1.4 Wave fronts and rays

It is convenient to represent a traveling wave of any sort by means of wave surfaces, or
in-phase surface, defined as the locus of all points at which the phase of vibration is the same.
Thus, in the case of sound waves spreading out in all directions from a point source, any
spherical surface concentric with the source is a possible wave surface over which the phase of
pressure vibration is the same. It is customary to draw only a few wave surfaces, usually
those which pass through the maxima of the wave disturbance, separated by the wavelength.
The wave having spherical wave surface is called spherical wave; the wave having plane wave
surface is called plane wave, as shown in Fig. 13-5(a) and (b). At a given time, the surface
formed from the locus of all points to which the wave disturbance just reached, is defined as

the wave front of that time. Obviously, wave front is indeed the front wave surface of the giv-

en time,
wave-front
wave-surfaces
wave-front
rays
A A
DS S—|
A A

wave-surfaces
(a) (b)
Fig. 13-5 (a) Wave surfaces, wave front and rays in a spherical wave;

(b) Wave surfaces, wave front and rays in a plane wave

We use rays to represent waves quite often in the later chapters. A ray is an imaginary

line drawn in the direction in which the wave is traveling. Thus, in Fig. 13-5(a), the rays are
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the radii of the spherical wave surface while in Fig. 13-6(b) they are straight lines perpendicu-
lar to the wave surface. In fact, in every case in which the waves are traveling in a homogene-

ous isotropic medium, the rays are straight lines at right angle to the wave surfaces.

13. 2 Wave Speed and Elasticity of the Medium

If a wave travels through a medium, for example, the stretched string described in the
last section, it must settle the elements of that medium into oscillation as it passes. For that
to happen, the medium must possess both inertia and elasticity. At the same time, as the
wave passes, the medium deforms in some way. The wave speed purely depends on the elas-

ticity and inertia of the medium.
13. 2.1 Elasticity of a medium, stress,and strain

When the shape or volume of a body or a section of medium changes, we say that it is de-
formed. Three kinds of deformations are shown in Fig. 13-6(a), (b),and (c). Stress is de-
fined as F/A, namely, force per area, or force divided by the area over which it acts. Associ-

ated with each type of stress there is a corresponding type of strain.

/ F x| F

e/ R

\ 1+ Al

I

(a) (b) (©)

Fig. 13-6 (a) Tensile strain defined as Al/l; (b) Volume strain defined as AV/V;
(c) Shearing strain defined as x/h

(1) Tensile strain occurs when equal and opposite pulls (or compressions) exert on a
body, like the bar in Fig. 13-6(a), it is defined as the ratio of the change in length to the origi-
nal length:

Tensile strain = Al/!
The corresponding stress is perpendicular to the area.

(2) Volume strain occurs when a hydrostatic pressure exerts on a body, like the portion
of a fluid in Fig. 13-6(b), it is defined as the ratio of the change in volume to the original vol-
ume:

Volume strain = AV/V
The corresponding stress is also normal to the area.

(3) Shearing strain occurs when a shearing force exerts on the faces of a body, like the
block in Fig. 13-6(c), it is defined as the ratio of the displacement x to the transverse dimen-
sion h;

Shearing strain= x/h = ¢
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The corresponding stress is tangential to the area. Shearing stress is not produced in liquids or

gases.
13. 2.2 Elastic Modules

The stress required to produce a given strain depends on the elastic property of the mate-
rial under stress. Experiments show that stress is proportional to strain. The ratio of stress to
strain, or the stress per unit strain, is called an elastic modulus of the material (or the medi-
um). The larger the elastic modulus, the greater the stress needed for a given strain.

(1) Young’s modulus or stretch modulus for the longitudinal stress (tensile or compres-
sive), as shown in Fig, 13-6(a), is represented by Y

_F/A
Al/l

If the proportional limit is not exceeded, the radio is constant for given material.

Y (1:3-3)

(2) Bulk modulus for volume strain, as shown in Fig, 13-6(b), is represented by B:

_ F/A B
B = AV/V (13-4)
(3) Shearing modulus for shearing strain, as shown in Fig. 13-6(c), is represented by N
N= F?#‘ (13-5)

13.2.3 Wave speed in the elastic medium

Wave speed depends only on the density and elasticity of the medium in which wave prop-

agates.
1. Speed of propagation for transverse waves

If a transverse wave travels in a medium, the deformation of the medium is shearing
strain that corresponds to a shearing stress. Because liquid and gas can not be able to produce
shearing stress, transverse waves propagate only in solids not in liquids or gases. The speed
of propagation for a transverse wave is given by

v= vN/p (13-6)
in which N is shearing modulus, pis the mass per unit volume of the medium. The speed of a
wave traveling along a stretched string is given by

v= VT/u (13-7)
where T is the tension in the string, x is the mass per unit length of the string.

2. Speed of propagation for longitudinal waves

If a longitudinal wave travels in a medium which subjects to tension or compression, it
corresponds to a normal stress, Because solids, liquids and gases all are able to produce a nor-
mal stress, longitudinal waves can propagate in them. The speed of propagation for a longitu-

dinal wave is

v= vB/p (13-8)
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Here B is bulk modulus, p is the mass per unit volume of the medium. If longitudinal wave
travels along a bar, B could be substituted by Young’s modulus:
v= VY/p (13-9)
From the discussion above, we can make the following conclusion: the speed of wave
propagation depends on the modulus and mass density of the medium, but the period of the
wave is simply the period of the oscillation of wave source and has nothing to do with medium.
Therefore wavelength is related to medium, according to Eq. (13-1) v = A/T. For example,
when a sound wave of given frequency is set up in air and in water, the corresponding wave-

length will be different.

13.3 Wave Function of a Plans Simple Harmonic Wave

An important special case of a traveling wave is the simple harmonic wave or harmonic
wave in which all elements of medium oscillate in the way of SHM. Any wave of arbitrary
shape can be regarded as a superposition of several harmonic waves. Thus, if we understand
the motion of harmonic waves, we can understand the motion of any kind of waves as well.
Hereafter we will concentrate on harmonic waves, particularly on the plane harmonic wave in

which the wave front is a plane.
13.3.1 How to describe a Harmonic wave

To describe a harmonic wave, we need to find the displacement of any point in the wave
line at any instant. Suppose that a plane harmonic transverse wave propagates along the posi-

tive x direction, as shown in Fig. 13-7. Assume v v

that there is no friction force in the medium. To

determine the displacement y of point P at time \ /\ /\ /\
AVaAREE

t, let us compare the motion of point P (its equi- \/ 0 \/

librium position is x at x axis) with the motion

M

of the origin (x=0). We find that particle P

moves in the same manner as the particle at Fig. 137 A wave traveling in positive = direction
=0, but after a lapse of time that is propor-

tional to the distance between them. In other words, they oscillate with the same amplitude
and same frequency, but different phase which depends on the time required for the wave to
travel from =0 to point P. Say, the displacement of the origin at the time ¢ is given by

y = Acos wt (13-10)

The time required for the propagation of vibration from =0 to point P is given by = where v
v

is the wave speed. It is clear that the motion of point P at time ¢ is the same as the motion of

. = 5 T . . . H .
point x=0 at the earlier time (t — ;) Thus the displacement of point P at time ¢ is obtained

simply by replacing ¢ in Eq. (13-10) by (t— %) , that is
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_ _x ; V
y(x,t) = A cos w (t ” ) (13-11)
Fromw = 2n/T and A = vT, Eq. (13-11) can be rewritten as
y(xyt) =Acoszn(i—£)

T A
or
y(x,t) = AcosZn(ut —)‘i) (13-12)

Any one of these various formulas can be used in determination of the displacement of any
point in the wave line, Therefore, we call Eq. (13-11) or Eq. (13-12) as wave function of a

plane harmonic wave, which holds for both transverse waves and longitudinal waves.
13. 3.2 The physical meanings of wave function

At any given coordinate x, Eq. (13-11) or Eq. (13-12) gives the displacement y of the
particle at that coordinate, as a function of time ¢. For example, at the position z= A /4 we
have

3= AcosZn(% — %) = Acos(wt — %)

This is the oscillation function of that point, which is plotted in Fig. 13-8.

At any given time ¢, Eq. (13-11) or Eq. (13-12) gives the displacement y of any particle
from its equilibrium position, as a function of the coordinate x of the particle. For the case of
a transverse wave, the equation represents the wave pattern or waveform at that instant, as if

we had taken a photograph of it. For example, at time t=T/2, we have

y= Acos(rr—ZALI)z Acos(ZALI—n)

This is the waveform curve at that instant, which is plotted in Fig. 13-9.

y ¥ v

AN AT
IV A

t=T/2

Fig. 13-8 The oscillation curve at x=21/4 Fig. 13-9 The wave pattern at t="T/2

Fig. 13-10 shows the waveforms at time ¢ (solid curve) and the later time ¢ + Az (dashed
curve). Suppose A and B are two points that equilibrium positions are x and x + Ax respec-

tively, the displacement of point B at ¢z + At is the same as that of point A at time . From
Eq. (13-11),

we obtain
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where v is the wave speed, which suggests that the wave travels a distance x = vAt during the

time interval Atz.

Fig. 13-10 The waves forms at ¢ and ¢+ Az
13.3.3 Wave function for a wave traveling in the negative x direction

The formulas above may be used to describe a wave traveling in the negative z-direction
by making a simple modification. In this case, the motion of point x at time ¢ is the same as
the motion of point x=0 at (¢ + x/v), thus the displacement of point P at time ¢ is obtained

simply by replacing ¢ in Eq. (13-11) by (t +x/v)
T |
y = Acos w ($+—U ) (13-13)

which is the wave function for a wave traveling in the negative x-direction.
It is necessary to distinguish v of the wave and the vibration speed of a particle of the me-

dium; the latter one is given by taking the partial derivative with respect to ¢ in Eq. (13-11)

_9dy _ - _x g
u=5> wAsmw(t v) (13-14)

It represents the oscillation speed of particle located at x. To find the acceleration of the
point, you can take the partial derivative with respect to time in Eq. (13-14).

Example 13-2 A plane harmonic wave is moving in the direction of decreasing x with the
wave speed v=5 m/s. The oscillation curve of point O is given in Fig. 13-11(a).

(1) Find the wave function.

(2) Draw the oscillation curve of point =25 m.

(3) Draw the wave pattern at t=3 s and find the wavelength.

(4) Give the coordination of the wave crests at that time.

Solution (1) From Fig. 13-11(a), A=2X10"2m, T=4 s, w = 2x/T = % s, and at

t=0 the origin point is upward passing its equilibrium position corresponding to the initial

phase ¢ =— % The oscillation function of point O is then
_ —2 n,_ T
yo = 2 X 107%cos (7t 7)m )

Note the wave propagates in —xz direction so that the wave function is given by

y(z,t) =2 X 10“%05[-72l (t‘l—%)—%] m @

(2) Letting x=25 m, we have the oscillation function at that point:
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— —2 S | —2 s
y=2X10 cos[z (t+5) 2] 2X10 cos(2 t)m ®
The corresponding curve is shown in Fig, 13-11(b).
yiem (3) Letting t=3s in Eq. @), we get the wave pat-

5 tern function at that moment
_ —2 1 x __E]
/\ y=2X10 cos[zrc(?)-f-s) 2

0 z\/4 \ 1/s
__________ _ —2 nx
-2 =2X%X10 COS(IO -l-rt)rn @

The curve is shown in Fig. 13-11(c) in which the wave-

ylem length is found as A = 20 m.

2\ /\ (4) Lettingy = 2X 102 m in Eq. @, we have
nx .
cos( 10 -f-rr) 1

[9) \z/ 4 tls
_2 -------
(b)

so that
. L =2kn, k=0,4+1, +2,-
ylem -—— 10
/\ The coordination of wave crests meet
o] 1 10 \20 éo\'/' \/ T x=10(2k—1) m, k=0,+1, £2,-

A letk = —1,0,1,2, - successively, then = — 30,

(©) —10,10,30,-- respectively, see Fig. 13-11(c).
Fig. 18:11 For Example 132 Example 13-3  The waveform of a plane trans-

verse wave at t=0 is shown in Fig. 13-12. Suppose the
wave is traveling along the direction of +x with the speed of v = 0. 08 m/s.

(1) Determine the vibration direction of elements A and B at t=0,

(2) Find the vibration function of point O.

(3) Write the wave function.

Solution (1) The waveform shifts to the right after ¢ as shown in dashed line. By compa-
ring the new positions of points A and B at ¢ = At with their position at =0, we see that A
moves downward and B moves upward at t=0.

(2) Fig. 13-12 suggests that A=0. 2 m,A=0.4 m, so T=2A/v=5 s; the oscillation func-
tion of point O is

Yo =Acos(27r—,1t:+go)=0. 2005(%1c t+go) m D

The phase constant ¢ is determined in the Jim

following: the vibration speed is

:g.y__ 1 (._2_ ) 02¢F- W,:m
u =—0.08 tsin(=nt+ o @) : A
d ° \ N\Y

O
Letting =0, from Fig. 13-12 y, = 0, so cosgp = 0, W ‘ o/
that is

¢=mn/2 or 3m/2
Because point O moves downward at z =0, so

Fig. 13-12 For Example 13-3
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that .
u<0, sing>0
so take
o=mn/2 ©)
the oscillation equation of that point is then
_ 2 e
y—O.OScos(Srrt+2)m @
(3) From Eq. (13-11), the wave function
_ 2 (,_ X\ =m
y—~0.2cos|:57c(t 0‘08)+2]m ®

obtained.
Example 13-4 A plane harmonic transverse wave is propagating along the direction of in-

1

creasing x, the amplitude A=0. 10 m, angular frequency w = 7x « s '. At the instance of t =

1.0 s, point A of x = 0. 10 m i passing through its equilibrium position downward to the di-
rection of —y and the point B of x = 0. 20 m is passing through y =0. 05 m upward to the di-
rection of +y. Suppose the wavelengthA > 0. 1 m, write the wavefunction.
Solution According to Eq. (13-11), the wavefunction can be written as
_ _2m
y = 0. 1cos (77rt A:C—Fgo)m
We find A and ¢ in the following: When ¢ =1. 0 s we have
y = 0. 1cos (ﬂr——zfx—l—go) m

we know that point A of x=0. 1 m is passing its equilibrium position
ya = 0. 1cos [T — 2x(0.1/2) +¢] = 0

And it is moving in —y direction, so that
Tn—2n(0.1/0) + ¢ = 5n @

At the same time point B of x=0.2 m
yp = 0. Icos [7n— 2x(0. 2/2) +¢] = 0. 05 m

generally
7 — 27 (0. 2/A)+ga=2kn‘_{’% )
consider that B is moving in+y direction so take —-g— in Eq @, and xg — x4 = 0.1 m < A,

which means that the phase difference between A and B is smaller than 2x, and 4 in Eq. ®
must also satisfy A > 0, so take £ = 0 that

Tn—2n(0.2/2) + ¢ =— %rc Q@

Combine Eq. @D and Eq. @ , we obtainA = 0. 24 m, ¢ =— 17x/3.
The wavefunction is given by

_ _Zrnx 17 _ _mx 1
y—O.lcos(?nt 0. 24 Sﬂ)m—0.1COS(77tt 0.12+3n)m



102 Part Four Oscillation and Waves

13.4 Energy,Energy Flow,and Wave Intensity

13.4.1 Energy and energy density

A transverse wave on a string has kinetic energy because the particles are in motion, and it has
potential energy because the segments of string deform due to the elasticity of the string.

Suppose that a wave travels along x axis described by Eq. (13-11). Consider a small in-
terval dx along the string, z is the mass per unit length. The mass of the segment is dm = 4
dx and the velocity of it is dy/dt; hence the kinetic energy associated with this piece of string is

1 dy\*
dEi = Gy de (az)
Replacing %‘f by Eq. (13-14), we obtain
dEy = p dz A%} sin'e(t— L) (13-15)

To find the potential energy, note that the piece of string is slightly elongated when the wave
passes; see the lift side in Fig. 13-13, the wave stretches the string from its original length dx

to a length +/(dz)? + (dy)?, and hence the change of length is &/ = +/(dz)? + (dy)? — dx or
= dy\* _ )
st =de ((J14(F) 1

Assuming dy/dx is very small (so the string only makes a small angle with its original, hori-

2
zontal direction), we can take advantage of the following approximation ,/1 + (j—%) ~ 1+

2 2
é— (%) » so that the change of length becomes ¢/ = %d;r (%) . The potential energy asso-

ciated with the interval dx is simply the work that must be done against the tension F to

stretch the string by the amount § /, that is

dE, = Fol=1F(P) dr
v
+ v

\ j/\v%/\\ |

—|  |-—

dx—-—dx<—

Fig. 13-13 In element (D, the stored kinetic energy and potential energy are zero

respectively; In element @), the stored energy are maximum
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Replacing dy/dx by dy/dx, we obtain the potential energy

5, - (3

Taking the partial derivative with respect to z in Eq, (13-11)
2 2 2
(Q_X) :Aw Sinzw(t—i)

dx 7 v
Using Eq. (13-7), we have F = p v?, thus
1 .
dE, = 5 dz A% smzw(t— f) (13-16)

The total energy associated with the interval dx is the sum of Eq. (13-15) and Eq. (13-16)
dE = dE, + dE, = p dz A% sinzw(t—%) (13-17)

To find the physical meaning of Eq. (13-15),Eq. (13-16) and Eq. (13-17), see the ele-
ments (D and @ in Fig. 13-13. When the string element is in the position of y = A (wave
crest, see (D) ), its oscillation velocity — and thus its kinetic energy — is zero. On the other
hand, its length has its normal undisturbed value dz, so that its stored potential energy is also zero.
However, when the element is rushing through its y = 0 position, its vibration velocity — and thus
its kinetic energy — is a maximum. On the other hand, it is steeply tilted and thus stretched to its
maximum extend(see (2)) ; its stored potential energy then has the maximum value. From above dis-
cussion, we can draw the following conclusion: when a harmonic wave travels along a stretched
string, both of its kinetic energy and potential energy are changing periodically; they are always in-
phase, and have maximum value at y = 0 and minimum value at y =3 A. The total energy stored
in the string is not conserved, but transported by the wave.

Energy density is the energy stored in a unit length defined by
w = dE/dx = p A’ sin‘w(t — ) (13-18)

The average energy density is defined as the average value of energy density over one period
that is

w=pA’eSf iJTsin")w(t—i)dt - _L#Azwz (13-19)
T/)o v 2
The factors in this equation that the average energy density is proportional to the mass density
of the medium and also to the square of amplitude and square of frequency of the wave is a
general result., It is true for mechanical waves of all types.

For the case of longitudinal wave shown in Fig. 13-4, the small interval of medium is an
element volume dV instead dx; the mass density is p, that is mass per unit volume instead y in
Eq. (13-17) and Eq. (13-18). Therefore the average energy density becomes

@ = p A% (13-20)
13.4.2 Energy flow and wave intensity

As discussed above, a traveling wave passing through a medium is associated with energy

transported through the medium. The amount of energy that moves past a given area in one
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] v unit of time is defined as energy flow through that area.

‘ Suppose area S is perpendicular to the direction of wave

propagating as shown in Fig. 13-14, the average energy

S stored in volume of vS, isv S w called as the average en-

ergy flow or the average power transmitted by the wave,

Fig. 13-14 The energy transported . ;
symbolized as P, thus
per second from an area S equals

the energy stored in the volume of ©S P =vSw = —%—p 2w’ vS (13-21)

The rate of P/S is the average energy transported per second through one unit of area perpen-
dicular to the direction of v defined as average energy flow density, or intensity of the wave
symbolized as I. That is

P _

=% =pA%' (13-22)

which is along the direction of v. Eq. (13-22) is also called as the power of a mechanical wave.
13.4.3 The amplitudes of plane waves and spherical waves
In the wave function of the plane harmonic wave
_ =
y = Acos(wt - )

We have assumed that the amplitudes are a constant for all points in the medium. Let’s see

what it means in view of energy. In Fig. 13-15, suppose there is a cuboids (rectangular) with

the end surfaces S, and S, perpendicular to the direction of wave speed, P, are P, the average

energy flux through S, and S; respectively, thus

p] =53 'LTJ]"US] = %pszf“uSl s Pz = '(.sz Sz = %pszgvS;g

where A, and A, are the amplitudeé in S; and S,. A, =A, then, we have P, = P,, that means
if amplitude remains unchanged, the average energy flow through S, and S, has the same
amount. It is the same amount of energy flow as it moves in the cuboids from S, that moves
out of the cuboids from S,, which indicates that the medium does not absorb energy at all.
However the situation is different in the case of a spherical wave, the amplitude is de-
creased although the medium does not absorb energy. In Fig. 13-16, suppose S; and S, are two
spheres that depart from source O by r, and r; respectively, that is S, = 4% v} and S, = 4x 3.
If there is no energy absorbed in the medium, then the average energy flows through S, and S,

have the same amount, thus

%pszf vidn i = %pszﬁ vdn 7}

where A; and A; are the amplitude in S, and S, respectively. Hence
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Fig. 13-15 Energy flow in the Fig. 13-16 Energy flow in the
case of a plane wave case of a spherical wave

is obtained, which means that the amplitude is inversely proportional to the distance from the

source. Therefore the wave function of spherical harmonic wave should be

—écos (Z—L)
o r @ v

where r is the distance from the source; A is the amplitude in the points of one unit distance

from the source.

13.5 Huygens’ Principle

We have known that mechanical wave existence requires a mechanical vibration source and
an elastic medium and mechanical wave is the propagation of a mechanical oscillation in an
elastic medium. A mechanical wave originates in the disturbance of some portion of an elastic
medium, in which the particles displace from their equilibrium positions, hence causing them
to oscillate about their equilibrium positions. In order to explain the manner in which a wave
is propagated through a medium, it was postulated by Huygens that each point on the wave
front of a disturbance may be considered as a centre (vibration source) from which secondary
waves are emitted throughout the medium. Huygens’ principle is: All points on a wave front
serve as point sources of spherical secondary wavelets; after a time ¢, the new position of the
wave front will be the envelope of these secondary wavelets.

Huygens’ principle is a geometrical method for finding the new wave front at later instant

from known shape of a portion of a wave front at B new wave A B

some instant. What shape will be at some later in- 4 front 1::

stant? Huygens’ principle allows us to find the new wave front %«\Q

wave front at any instant; it is therefore employed cource 2:2)

with a great advantage in discussing various problems wave front 6 :Q)

concerning the propagation of waves. Fig. 13-17 ;jz/)fe\;;;?ve

illustrates Huygens”’ principle. A 9:: -
Suppose that the original wave front AA' of a g @ A o)

spherical wave is traveling as shown in Fig. 13-17(a). We

. _ . g S o By s :
wish to find the shape of the new wave front after the Fig. 13-17  Huygens’ principle is applied

. . t S M
time interval Az. Let v represent the speed of wave propa- @ 4a) aspherical. wave-tromt

i 3 - . d (b 1 f
gating in the medium. Construct a number of circle and (b) a plane wave-front
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(traces of spherical wavelets) of radius » = vAz, with centers along AA'. Then the trace of envelope
of these wavelets is the new wave front which is the surface BB'. The speed v of wave propagation in
the medium has been assumed to be the same at all points and in all directions. The new wave front
of a plane wave will be found in the same way as shown in Fig. 13-17(b).

The diffraction of a wave can be explained by Huygens’ principle. The bending of wave
into the shadow region of obstacles and related phenomena are called diffraction.

All types of waves exhibit diffraction, but it is most prominent when the wavelength is
larger compared with the size of the opening or of the obstacle. Diffraction is less apparent
when A is much smaller than obstacles or openings. Sound waves, with A of the order of a me-
ter, diffract readily around typical obstacles, while light, withA of a few hundred nanometers,
does not. It is because sound diffracts prominently while light does not, so we can talk with a
person through an open doorway even though we can not see him. In fact, the extent to which
a wave bends around the edges of an opening is determined by the ratio A/d, where d is the
width of the opening. Fig. 13-18 illustrates the effect of this ratio on the diffraction of water
waves. In Fig. 13-18(a), plane waves are incident on a partition with a broad opening. The
wave-fronts move through the opening with little bending or diffraction into the shadow region
of obstacles since the ratio A/d is small as the width d is large. In Fig. 13-18(b), only a nar-
row passage remains, and the wave pattern closely resembles that from a point source corre-
sponding to the prediction of Huygens’ principle. The ratio A/d becomes larger because the
width d becomes smaller and the degree of diffraction becomes more pronounced with the

wave-fronts penetrating more into the shadow region of obstacles.

(a) (b)

Fig. 13-18 The bending of wave-front as predicted by Huygens” principle

and the effect of A/d on the diffraction of water waves

13. 6 Principle of Superposition of Waves, and Interference of Waves

13. 6.1 Principle of superposition of waves

As we have known, the propagation of sound from any source is not affected by other
sound waves spreading in any manner through the same areas of the medium. And the same is
observed for light waves. Their propagation from any object to our eye and everything we can
see owing to these waves never depend on the multitude of other light waves that intersect in

all possible directions of the path of the light from the object being observed.
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What occur in the regions of space in which the waves are superposed? The experiment
shows that for many kinds of waves two or more waves can travel in the same space independ-
ently of one another. If the particle is in path of two waves simultaneously, it participates in
the vibrations of both waves, that is, its displacement at a given time is simply the resultant
of the displacements that individual wave would alone give it. This process of vector addition

of the displacements of a particle is called superposition of waves.
13. 6.2 Interference of waves

In general, the superposition of two or more waves whose frequencies are different from
each other is very complex. Here we will discuss a special case, that is, the superposition of
two waves of equal frequency but with a constant phase difference ¢ between them.

Two wave sources with equal frequency, the same direction of vibration and constant
phase difference are called coherent wave sources. The waves from coherent wave sources are
called coherent waves.

The superposition of coherent waves forms interference pattern in the space within which
alternating maximum and minimum of vibration occur. The phenomenon of superposition of
waves that produces this pattern is called interference of waves. Let us discuss the condition
for the formation of maxima and minima in the phenomenon of wave interference. Suppose

that the equations of two coherent sources are
¥ = Ajcos(wt +¢1)
y2 = Azcos(wt + ¢2)
If the waves are meeting at any point P (Fig. 13-19) in the

space, the particle at point P in the space participates in the vi-

brations of both waves, that is, its displacement at a given time

t is the resultant of the displacements that each wave alone

would give it. We assume that the distance from point P to the

Fig. 13-19 Interference

first source S; is r; and r, to the second source S,. Then the e-

quations of the vibrations from two coherent waves are

y = A; cos(w t+ o — ZKArl ) (13-23a)
Vs =AZCOS(wt+gDz_%) (13-23b)

Obviously, the equation of resultant motion at point P is given by
y=ymty = ACOS(wt—FqJ)

where A is resultant amplitude and ¢ is initial phase of resultant motion. They can be deter-

mined by combinations of simple harmonic motions (see chapter 12). Thus, we have

A=\/A%+A§+2A]Azcos (goz—gol—ZrtQ%rl) (13-24a)
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and
: o 2 n K o 2w 1
tang = Alsm(gol ZnArl )+A25m(¢2 21? rz) (13-24b)
Alcos(gm B )+Azcos(gog _T)

Yo —Fr
A
P. And the quantity (r; — r;) is called the path difference which is a difference between the

The quantity (goz — ¢ —2n : ) is a constant, the phase difference of two waves at point

distances from any point P to sources S; and S; as shown in Fig. 13-19. If the phase difference

Ag of two waves at point P is given by
Ap =g — g — 2 =F 2, k=0,1,2,

the resultant amplitude A at point P has the maximum value A = A; + A;. If the phase differ-
ence Agp of two waves at point P is given by

2

Ap = @ — @ —211% —+ 26+ Dx, £k=0,1,2,--

the resultant amplitude at point P has minimum value | A, — A, | .

If we assume ¢ = ¢, then above conditions may be reduced to
§=r,—r =t2%, k=0,1,2, (maxima) (13-25a)
8=ri—r =t @+ %, £=0,1,2,- (minima) (13-25b)

whered is the path difference from two coherent sources S; and S; to any point P. Eq. (13-25a)
and Eq. (13-25b) show that when the path difference from two coherent sources to some point
P is equal to an integral number of wavelengths or to an even number of half wavelengths, the
maximum of vibration occurs at that point. When the path difference is equal to an odd num-
ber of half-wavelengths, the minimum of vibration occurs at that point. Fig. 13-20 is a photo-
graph of an interference pattern produced in a ripple tank by two identical circular waves ema-
nating from two points. The alternating distribution of the maxima (bright in the photo) and

minima (dark in the photo) is clear.

Fig. 13-20 A photograph of the interference pattern

of water waves from two point sources
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13. 7 Standing Waves

Sometimes waves do not seem to move. We have known that if a wave train encounters a
boundary, the reflected part of the wave train interferes with the incident part of the wave
train. This interference can create a stationary wave pattern called a standing wave. The
standing waves are special interference phenomena and it is important in the design of build-
ings, bridges and musical instruments.

Fig. 13-21 shows an experiment of a standing wave produced on a long string. Point A, on the
tuning fork, is the wave source and B is a fixed obstacle, The incident wave, traveling to the right,
is indicated by a solid line and the reflected wave, traveling to the left, is indicated by a dotted line.
Note that, if the distance of AB is suitable, there are certain points along the string would not be
moved up and down by the wave motion, e. g. they remain at rest and are called nodes. Between the
nodal points, the particles of the string move up and down with simple harmonic motion. The points
of maximum amplitude occur midway between the nodes and are called antinodes or loops. Generally,
when two waves with the same vibration direction, the same frequency and the same amplitude are
traveling in opposite directions along a straight line, the resultant wave of the two waves is called a
standing wave. In this situation, a stationary pattern may be formed so that to the eye the waves ap-

pear to be standing still rather than progressing.

nodes

=1
electrically
driven tuning

fork
variable
weight

Fig. 13-21 The experiment of a standing wave

How are standing waves formed? Considering the superposition of two harmonic waves
that have the same amplitude A, frequency v and wavelength A, but travel along x axis in oppo-
site directions:

M = ACOSZT’C(V = -f") (incident wave)

y2 = ACOSZTc(v t+ %) (reflected wave)
According to the principle of superposition, we find that the resultant wave vy is
y=ynty = ACOSZH‘(U t —{—)—FAcosZn(yz +A£)
By using the trigonometric identity, the resultant wave can be expressed more simply as

y = 2Acos2xn fcosZ'rcv t (13-26)

This is the wave function for a standing wave. We note that it is a simple harmonic motion
¥ 4

equation in which amplitude equal to 2Acos2x 2
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Fig. 13-22 Production of a standing wave

To understand the formation of a standing wave, we’d better consider Fig. 13-22. The
dotted lines M and @ represent incident wave and reflected wave respectively, and the solid
line represents resultant wave. At time t=0, the incident wave, traveling to the right, is co-
incide with the reflected wave traveling to the left, and the resulting displacement is maxi-
mum. At time t=7T/4, e. g. one fourth of a period later, the resulting displacement is zero.
Therefore, the shape of the resultant wave is a straight line that coincides with the x-axis. At
time t=T/2, e. g. after another quarter of a period, the resulting displacement is maximum
again but in the opposite direction.

From Eq.(13-26), the amplitude has its maximum value of 2A at positions where

cos 27 N l =1, or 2xn —f =+ nn. We have known that these positions of maximum amplitude

are called antinodes. Hence, the anti-nodal positions are

xzi%ml, = O, 25 (13-27)

These positions are labeled A; ,A;,A;,** in Fig. 13-22.

Similarly, the amplitude has its minimum value of zero at positions where | cos 27 ,\1 ‘ = 0 or

21r}{£ =+ 2n+1) % We have known that elements located at these positions do not move

and these positions of minimum amplitude are called nodes. Hence, the nodal positions are
x=i(2n-f—1)—i—, n=0,1,2, (13-28)

The nodal positions are labeled N;,N;,N;,++ in Fig. 13-22.
From Eq. (13-27) and Eq. (13-28), the distance between two adjacent antinodes or nodes
is half-wavelength in a standing wave. We can obtain the wavelength of a standing wave by

measuring above distance.

Let us consider the phases of different points in the resultant wave. From Eq. (13-26) and
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Fig. (13-22), we can see that the phase of all particles between two adjacent nodes is the
same, The particles in adjacent segments of length /2 have a phase difference of n radian.
Dislike a traveling wave, the waveform of a standing wave does not advance. And no transla-
tion of energy occurs in a standing wave, but there is energy associated with the wave.

In Fig. 13-21, note that there is a node at point B, a fixed end. The reason is that the re-
flected wave is always 180°(or =) out of phase with the incident wave at a fixed boundary. We
called this phenomenon as half-wave loss. This idea will be applied to light wave associated

with the reflection from material of larger refractive index to that of smaller refractive index.

13.8 The Doppler Effect

In above discussions, we suppose that the wave source and observer are all at rest with
respect to the medium in which wave is traveling. In this situation, the wave frequency is just
the same as the vibrating {requency of the source. However, if the source (or the observer, or
both) is in motion in the medium, the frequency received by the observer may differ from the
vibrating frequency of the source. The most common example is that the pitch (frequency) of
the whistle of a locomotive heard by a person (observer) is higher when the source is approac-
hing to the hearer (observer) than when it is at rest with the hearer. An alteration in the ob-
served frequency of a sound due to motion of either the source or the observer is known as the
Doppler effect. It is named for the Austrian physicist Christian Johann Doppler (1803 —
1853), who did experiments with both moving sources and moving observers,

Of course, the frequency of the source remains unchanged as does the velocity of the
wave. The essence of Doppler effect is that the time interval of two events measured in the
source system is different from the time interval of these events received by the observer meas-
ured in his own system. Let us now discuss it in detail.

We now consider the application of the Doppler effect to sound waves, treating only the
special case in which the source and observer move
along the line joining them.

(1) Observer is moving and source is at rest. In
Fig. 13-23, an observer O (represented by an ear) is
moving toward a stationary source at speed v,. The
wave fronts are drawn to be one wavelength apart.
Clearly, waves pass the observer at a faster rate when
the observer is moving toward the source than they
would if it were standing still, which accounts for the

higher frequency that the person hears.

Let us consider the observer at time z. If he were
at rest, vt/A waves would pass by at this time. Be-  Fig. 13-23 The Doppler effect due to
cause of his motion, an additional v,¢/A must be added motion of the observer (ear).

to this. The frequency at which the observer receives The source is at rest
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waves—which is its perceived frequency—is then
’r 'UI/A'“}_‘UQt/A _ 'U+"Uo o 'U"_'Uo . u'U+'U0

t A v/ v

For the general case of a resting source and a moving observer, we have

’ 'Ui'U()
y ——

v = (source at rest; observer moving) (13-28)

Here the plus sign indicates the observer moving toward the source and the minus sign indi-
cates the observer moving away from the source,

¥ (2) Source is moving and the observer O is at rest.
In Fig. 13-24, the source S is moving toward observer at
speed vs. Wave front 1 was emitted when the source was
at S;, wave front 2 was emitted when it was at S, , and so
on. At the moment depicted, the source was at S. The
observer perceives a higher frequency because the moving
source chases its own wave fronts, emits a reduced wave-
length in its direction of motion. The effect here in Fig.
13-24 is A" < A

Fig. 13-24 The Doppler effect Let T(T = 1/v) be the period of oscillation of the
due to motion of the source. source of sound. During this interval, the source moves
The observer is at rest toward the observer by a distance vsT or ws/v and the

wavelength is shortened by that amount. Thus, the
wavelength of the sound arriving at the observer is not v/v but is the difference of v/v — vs/v.
The frequency heard by the observer is

#

J =0 = v . v
=35 =
A

—V
'U/V_'Us/u UV — Us

For the general case of a moving source and a resting observer, we have

y =y —= (source moving; observer at rest) (13-30)
U —+ Us

(3) Both source and observer are moving. According to above discussion, we can produce

the general Doppler effect equation in which both the source and the observer are moving with
respect to the medium. Replacing the y (the frequency of the source) in Eq. (13-30) by the )/
(the frequency associated with motion of the moving observer) in Eq. (13-29) leads to
= 7}
v+ vs
Putting vs = 0 in Eq. (13-31) reduces it to Eq. (13-29) and putting ©w, = 0 reduces it to Eq. (13-30),

as we expect. There are four possible combinations of signs in Eq. (13-31).

v (both of observer and source moving) (13-31)

__{ Questions
LY

13-1 What are the difference and connection, if any, between the following pair of concepts :

(1) mechanical wave and oscillation (or vibration) ;
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(2) waveform(or wave pattern) and oscillation curve;

(3) wave speed and oscillation speed;

(4) the traveling direction of wave and the direction of vibration;

(5) the energy of wave and the energy of oscillation?

13-2 What is the difference between transverse and longitudinal waves? If you have a long, thin steel rod
and a hammer, now must you hit the end of the rod to generate a longitudinal wave? a transverse wave?

13-3  Describe which quantity among the wavelength, period, frequency and wave speed will change if a
wave travels from one medium into another?

13-4 The waveform of a transverse wave is shown in Fig. 13-25. Point out

(1) the moving directions of points a, b, ¢, and d;

(2) the phases of points O, a, and b; ¥

A

(3) inverse the direction of wave speed, then answer question /
A2 a
(1) and (2). / /

13-5 A harmonic wave is traveling along a string. Where are 0 \/ \ x
b c

the maximum of kinetic energy in this wave? Where the maximum

of potential energy? Where the maximum of total energy?
13-6 A plane harmonic wave from air falls on the interface Fig. 13-25 For question 13-4

between the air and the water as shown in Fig. 13-26. AB is the

wave-front at ¢, the time taken for the wave traveling from B to C is r, the speed of wave in the air is &, , while

in water is uz » and u; > u,. Draw the wave-front in water at the instant (z+7) according to Huygens’ principle.
13-7 Two coherent waves of A are meeting at point P as shown in Fig. 13-27. The distance from source S,

to P is »=3 A, and that from S, to P is r, =104/3. What is the phase relation satisfied by the two sources to

form a maximum resultant amplitude at P?

SIC.—————rz——— —7.P
—
/
—
—~
-
’ / .
Air AN ] w2
\ N WX S C./ -
Water !
Fig. 13-26 For question 13-6 Fig. 13-27 For question 13-7

13-8 In your experimental physics course, using a “resonance tube”, you measure the speed of a sound wave in
air generated from a source arranged above the water filling in a tube. There will be a node formed at the interface be-
tween the air and the water in the tube when the sound wave reflects from the water surface to the air. Explain.

13-9 In tuning a guitar or violin, by what means do you change the frequency of a string?

13-10  What is the difference between a traveling wave in a string and a standing wave formed in a string?

! A 5

13-11 There isa SHW y; = 2.0 X 10_2cos|:27:(0—02 =

)—I— %:|(SI) formed on a long string. In order

to form a standing wave on this string with a node at x=0, there must be another SHW of y, on the string.
What should be the wave function of y, ?

13-12 In an earthquake of 19 September 1985, in the south area of North America, the areas with high
damage alternated with areas of low damage. Also, buildings between 5 and 15 stories high sustained the most
damage. Discuss these effects in terms of standing waves and resonance,

13-13 Have you ever observed the phenomenon that you feel the tune of the steam whistle from the train

rising up when the train is approaching the platform where you are standing? If so, explain.
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Froblems

13-1 The speed of sound wave in air is 340 m/s, in water 1500 m/s, and in steel 5300 m/s. Find the
wavelengths in the air, in the water and in the steel respectively for

(1) the sound wave with frequency of 600 Hz;

(2) the ultrasonic wave with frequency of 2X10° Hz.

13-2 A source of a SHW vibrates in y direction with period of 0. 02s, suppose that the wave is traveling
along positive x axis with speed of 100 m/s, and the source is passing the equilibrium position toward the posi-
tive y axis when t=0. Find

(1) the wave function;

(2) the vibration function for the point of x=5;

(3) the phase difference between the points of =16 m and x=17 m.

13-3 A plane harmonic wave travels in negative direction of x axis, having a wavelength of 1 m, the period
of 0.5 s, and the amplitude of 0. 1 m. The point of x=0 is passing the equilibrium position toward the negative
y direction when =0, Find the wave function.

13-4 A traveling wave on a string is described by y=0. 2 sin (0. 5+zx—2. 5¢) m. Find

(1) the wavelength, period, the wave speed;

(2) the oscillation equation at z=1 m;

(3) the displacement and velocity of z=1 m for t=0. 4 s, when did the origin have the same phase as that
of z=1 m having now; after At =0. 4 s from this moment, where will this phase reach?

13-5 The function of a simple harmonic wave is given by y=0. 2 cos(10 ¢t+6z) m. Find

(1) the waveform equation for t=6 s,

(2) the positions of crests and troughs for t=6 s,

(3) what is the wave speed? How long will be the time taken for those crests to reach the origin?

13-6 A plane SHW is propagating along positive = direction with the wavelength A, and the oscillation
equation for z; = A/4 is known as Vzy = A cos wt m.

(1) Write the wave function;

(2) Draw the waveform for ¢t = T and t =5/4 T respectively.

13-7 Fig. 13-28 shows that a wave is traveling from left to right direction with wave speed of 20 m/s. The
oscillation function for point A is y = 3cos (4x t— =) (SD, point B is 9 m apart from A on the right.

(1) Take the positive x direction to the left, write the wave function with the origin point at A, and find
the oscillation function of point B.

(2) Take the positive x direction to the right with origin at point O of 5 m apart from A on the left, find the
answers of problem (1).

13-8 A plane cosinusoidal wave is propagating in the space, the vibration function of point P is y=
Acos (wt +¢). AFind the wave functions for the two different cases as shown in Fig. 13-29, in which d is the dis-

tance between point P and the origin and v is the wave speed.

Y ¥ Y (7] v y
L 5 d d
3 [ 4 B CT 1 B < (0] P x P ] X
(a) (b) (a) . (b

Fig. 13-28 For problem 13-7 Fig. 13-29 For problem 13-8
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13-9 A plane harmonic wave travels along positive x direction with wavelength of 4 m, period of 4s. The
oscillation curve of point =0 is shown in Fig. 13-30 where y, = 1 X 10°% m for t=0. Find

(1) Oscillation function for the point of z=0;

(2) Wave function;

(3) Draw the wave pattern at t=1s.

13-10 Solve Example 13-4 again by means of reference circle diagram and Eq. (13-11).

13-11 Fig. 13-31 shows the wave pattern of a cosinusoidal wave for t=0 as the point P moves downward.
Suppose that the frequency of the source is 250 Hz. Find

(1) the wave function;

(2) the oscillation and velocity equations for the point of 100 m apart from the origin.

13-12 A transverse wave generated on a long string with mass density of 1, 5 X 107 kg/m, stretched by a
horizontal force of 6 N. Suppose that the wave propagates in negative x direction, the wave pattern at t=0 as
shown in Fig. 13-32.

(1) Show the moving direction for points a, b, ¢, and d on the curve,

(2) Find the wave function.

y/m

l i . 4 \ s o x/m
2 \E/ 100 m

|

Fig. 13-30 For problem 13-9 Fig. 13-31 For problem 13-11

13-13 In Fig. 13-33, the curve I is the wave pattern of a traveling wave at t=0; after At =0. 5s, the pat-
tern shifts a distance to the right in = axis, becoming the dashed curve II. Suppose the period T >>1 s. Find
(1) the wave function;

(2) the position function for point a.

ylem

O 02 04 x/m
L4l (2 d

Fig. 13-32 For problem 13-12 Fig. 13-33 For problem 13-13

13-14 A SHW travels in a medium, having the wave speed of 10° m/s, amplitude of 1. 0X10™* m, fre-
quency of 10° Hz. Suppose that the mass density of the medium is 800 kg/m®. Find

(1) the average energy flow density of wave;

(2) the energy transported through the area of 4X10™* m? in one minute.

13-15 There is a spherical electromagnetic wave traveling in space. In order to keep the amplitude of the
source unchanged, a power of 4W is supported. Find the intensity of the wave at the distance of 5 m and 10 m
from the source. Supposing the electromagnetic wave speed is 3X10* m/s, calculate the corresponding average

energy densities,
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13-16 A wave travels in the air along a cylindrical tube with diameter of 0. 14 m, the average intensity of
the wave is 9X107° W/m?, frequency is 300 Hz, the wave speed is 300 m/s. Find

(1) the average energy density and the maximum energy density of the wave;

(2) the energy contained between two adjacent wave surfaces apart by a wavelength.

13-17 Two simple harmonic wave sources A and B apart from each other by 20 m, vibrate in the same direction
with the same frequency of 100 Hz and same amplitude, and the wave speed is 200 m/s. As a crest forms at A while a
trough forms at B. Find the positions between A and B, whose amplitude are zero resulted from the interference.

13-18 In Figure 13-34, point O is a source vibrating in the direction perpendicular to the page, the wave-
length is A , AO=h, Ox//AB, suppose the wave is reflected by AB plane without the phase shift. Find the x
coordinates of the points with maximum resultant-amplitude on the x axis.

13-19 Two sources of plane harmonic wave, S| and S;, vibrate in the same direction, same phase, with
frequency of 30 Hz, the wave speed is 0. 5 m/s. Find

(1) the phase difference at point P where the two waves meet, supposing S; P= 3 m, /PS;S; =30°,
S5,S; =0.07 m in Fig. 13-35;

(2) the initial phase of point P, if the two coherent waves have the same amplitude and zero initial phases.

0 e
x/m e il
h = k3
p 8 --7Y30° /
ANEENERRRRRRANNNNARRRRNRNRARRNNNN S S,
Fig. 13-34 For problem 13-18 Fig. 13-35 For problem 13-19
l y v

/M

Fig. 13-36  For problem 13-21

13-20 S, and S; are two coherent sources, apart by 17/41, with the same amplitude A. The vibration of
S is earlier by n/2 in phase than that of S;. Find the amplitude distribution on the line connecting S; and S, .

(1) outside S; ;

(2) outside S, ;

(3) between S, ahd S,.

13-21 A simple harmonic wave travels to the right direction and the wave forms at time ¢ as shown in Fig. 13-36
where the incident wave is reflected at point P with phase shift of . Draw the reflecting waveform at time ¢z

13-22 The incident wave function along a string is y; = Acos(wt — ZALI ) (SD. Suppose it reflects freely

from point B apart from origin by L on the right. Find the reflecting wave function y; , if the amplitude remains

unchanged.

13-23 An SHW propagates with the speed of 1 m/s, its function is y; = 0. OSCOSR(% —I—t) m, reflected

from =0, the reflecting wave function is y, = 0. OSCOSTE(% — t)m Find
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(1) the resultant wave function;

(2) the positions of the nodes and antinodes;

(3) the amplitude for z=1. 2 m.

13-24 The function of a standing wave on a string is known as y = 0. 08sin2nacos50nt where x, y are in
meter, ¢ in second. Find the wavelength, frequency, speed and amplitude of the two waves propagating in oppo-
site direction, forming the standing wave.

13-25 Suppose that you are at rest on the platform of a train station, a train approaches toward you at 33
m/s sounding its steam whistle which has frequency of 1000 Hz.

(1) What frequency do you hear?

(2) What is the answer if the train is going away from you at the same speed (Suppose the sound speed is
340 m/s in the air)?

13-26 In problem 13-25.

(1) If you drive a car on a road parallel to the railway toward the approaching train with the same speed as
the train , what frequency do you hear?

(2) If you and the train are driving away from each other, what is the answer? The speed of the train and
the sound speed are the same as in problem 13-25.

13-27 A man on a railroad car blows a trumpet sounding at 440 Hz. The car is moving toward a wall at
20 m/s. Calculate

(1) the frequency of the sound as received at the wall;

(2) the frequency of the reflected sound arriving back at the source.

Suppose that the sound speed in the air is 340 m/s.
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" Electromagnetic Oscillations and Waves

James Clerk Maxwell first formally postulated electromagnetic waves in 1865. He demon-
strated that electric and magnetic fields travel through space in the form of waves, and at the
constant speed of light. In 1887, Heinrich Hertz produced electromagnetic wave with oscilla-
ting circuits. Electromagnetic radiation is classified according to the frequency of its wave.
The electromagnetic spectrum, in order of increasing frequency and decreasing wavelength,
consists of radio waves, microwaves, infrared radiation, visible light, ultraviolet radiation, X-
rays and gamma rays. Electromagnetic waves in the form of visible light enable us to view the
world around us, and radio-frequency waves carry our favorite television and radio program.
In this chapter, to understand the origin of the electromagnetic waves sent out by an oscilla-
ting current, we discuss the electromagnetic oscillation of LC circuit in detail and the genera-
tion of electromagnetic waves., Further, we summarize the properties of electromagnetic

waves.

14.1 LC Oscillations

14.1.1 LC Circuit

An LC circuit, also called a resonant circuit, consists of an inductor L and a capacitor C,

but with no resistance as shown in Fig. 14-1. When the switch K

is closed in the position A, the capacitor is charged to a potential

1L -0 difference and with a charge of Q, and the electric field exists be-
“E : ;;;C L tween two plates of capacitor so that the electric energy is stored
o] in the capacitor. Then the switch K is flipped to the position B,

and the capacitor immediately starts to discharge through the in-

: 5 ductor. Therefore a current is established and is varying with

time due to the self-induced emf in the inductor so that the mag-
Fig. 1&-1  AnLC cirout netic field appears around the inductor and the magnetic energy is
stored in the inductor. It will be proved that the charge in the capacitor and current in LC cir-
cuit vary sinusoidally. The resulting oscillations of the electric field and magnetic field in LC
circuit are said to be electromagnetic oscillations, Such a circuit is said to oscillate. Steps (a)
through (f) of Fig. 14-2 show succeeding stages of the oscillations in a period T after the

switch K is flipped to the position B in the LC circuit as shown in Fig. 14-2.
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g,
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(d) (e) (H

Fig. 14-2  Oscillations in LC circuit during a period T

Let us discuss the process above from the energy point of view. In Fig. 14-2(a), the ca-

pacitor with its maximum charge Q and maximum electric energy given by Eq. (7-24)

_<
We=3¢

starts to discharge through the inductor, positive charge carriers moving counterclockwise
(really, the electron are moving clockwise) and a current i is formed so that a magnetic field

appears in the space around inductor. As the charge ¢ and the electric energy in the capacitor

2
— ¥
W.(® 5C (14-1D
decrease, the current 7 in the circuit and the magnetic energy (see Eq. (9-29))
W) = 5 Li (14-2)

increase until all the charge on the plates of the capacitor has gone and the magnetic energy
reaches its maximum
1

_ 2 _ 12
Wm 2Lzmax ZLIQ

where I, is the current maximum .., as shown in Fig. 14-2(b). This implies that the electric
energy has been fully transferred into the magnetic energy, that is the energy has been trans-
ferred from the electric field to the magnetic field.

The current in Fig. 14-2 (b) must continue because the inductor does not allow it to
change suddenly to zero, and will begin to charge the capacitor with a voltage of opposite po-
larity. However the current in the counterclockwise direction decreases, and eventually has
decreased to zero (momentarily) as shown in Fig. 14-2 (¢). Here, the capacitor has been

charged to its original charge with opposite polarity and the energy has been transferred com-
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pletely back to the capacitor. Then the cycle will begin again, with the current flowing in the
clockwise direction through the inductor, until the circuit eventually return to its intial situa-
tion as shown from Fig, 14-2(d), (e) to (). The process then repeats periodically.

In a word, oscillation occurs in the current in the circuit

i) : . .
v | / and in the charge on the capacitor. If the resistance is neglec-

a0 ted, no energy is dissipated, and the oscillations continue in-

En ¥14 ¥ & definitely. The charge flows back and forth between the plates of
90 ST the capacitor through the inductor, and the electric energy in the ca-
/ N\ pacitor and the magnetic energy in the inductor vary with time.

B(r)

Fig. 14-3 shows the situation of LC circuit at time ¢ and the conser-

Fig. 14-3  Oscillations in vation of energy means that the total energy at time 7 is
LC circuit at time ¢ 2
g 1y Q& _ 10 :
2C+2L1 °C ZLO (14-3)

Note that the maximum current and the maximum charge do not occur at the same time.
14. 1.2 LC oscillating equation

At time ¢, the potential difference V between two plates of capacitor is equal to self-in-
duced emf ¢, in Fig. 14-3. That is

g g di di | g _
\%4 C L x o L T + - 0
Considering i = dq/dt and di/dt = d*q/d¢*, we have
2
442 —0 (14-4)

This is the differential equation that describes the oscillation of an (resistanceless) LC circuit.
Eq. (14-4) is mathematically identical in the equation of the block-spring oscillator. Because g
corresponds to x, the general solution of Eq. (14-4) can be written as

q = Qcos(wt + ¢) (14-5)
where Q is the amplitude of the charge variations and w is the angular frequency of the electro-

magnetic oscillations
1
=— (14-6)
v JIC

Therefore, the frequency of oscillations is given by
1
2n vV LC

The phase constant in Eq. (14-5) is determined by the initial conditions of the charge

(14-7)

qo and the current i, at t = 0. The current of LC oscillator is
i =% —— QsinCat +¢) = Lsin(at +¢) (14-8)

The stored electric and magnetic energies in the LC circuit, using Eq. (14-1) and Eq. (14-2),

are

W.(t)= %cosz (wt + @) (14-9)
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W.(t)= 4 sin® (wt + @) (14-10)

2C

At any instant, the total energy is

W.(H+W, ()= %cosz (wt +go)+% sin (wt +¢) = % = %LIO A

which is the conservation of energy indicated in Eq. (14-3).

One can continue the discussion on the LC circuit in analogy of the simple harmonic oscil-
lator. In an actual LC circuit, the oscillations will not continue infinitely because there is al-
ways some resistance present that will drain energy from the electric and magnetic field and
dissipate it as thermal energy as shown in Fig. 14-4 (a). The RLC circuit is called to be

damped. For the case of small R, RLC circuit is underdamped and oscillate at angular frequen-

cy 1/ v/ LC with an exponentially decaying amplitude Qe ®/*, Therefore, the oscillations,once

started, will die away eventually, and all the energy originally stored in the capacitor is dissi-

pated as the thermal energy. The angular frequency w = 1/ +/LC is called the circuit’s natural
angular frequency. When the external alternating emf of
(14-11)

€ex — €0COSwql

i(t)

q(1)

i(r)

q(n

OF % 50 Ak 7 &
—q(7) —q(1) A
/1N . N
B(r) f\\ B(r)
\_/
(a) (b)
Fig. 14-4 (a) Damped oscillations and (b) forced oscillations in RLC circuit

is connected to an RLC circuit and provide energy to the circuit, the oscillations will continue
and are said to be driven ocsillations or forced oscillations as shown in Fig. 14-4(b). It can be
proved that whatever the natural angular frequency w may be, the forced oscillations in circuit
always occur at the driving angular frequency wq, and when w4 approaches to the natural angu-
lar frequency w
1
wd — T —

JIC

the resonance will occur after the alternating emf has been applied for some time. That is the

(14-12)

amplitude of the current 7 in the circuit is maximum.

14. 2 Electromagnetic Waves

14.2.1 Production of electromagnetic waves by an electric dipole

The LC oscillator has been discussed in the last section, in which we assumed that energy

is conserved but the thermal loses in the circuit. In fact, other energy losses have existed due
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to the time-varying electric field in the capacitor and inductor, that is the electromagnetic radi-
ation we will discuss in this section. Can the above LC circuit produce the electromagnetic
wave? And if so. can the electromagnetic wave be sent out? The electric and magnetic fields in
the LC circuit have a low frequency and are localized in the capacitor and the induction coil so
that the varying fields with time are hardly possible to be sent out. To generate the electro-
magnetic wave, one can alternate the discussed LC circuit as shown in Fig. 14-5 to be a line
eventually, equivalent to an electric dipole, usually called an antenna. Obviously, the electro-
magnet field produced by an antenna is dispersed in an open space. Because L and C of an an-
tenna are quite small, the frequency of oscillation is quite high. Therefore, it can produce

electromagnetic wave and is called a transmitter.

} { )
__ % = = m} ==>
1 ]

Fig. 14-5 The LC circuit is alternated gradually to be an antenna

i

|+
I

Fig. 14-6 shows,in broad outline, a generator of electromagnetic wave. At its heart is a

LC oscillator, which establishes an angular frequency w = 1/ v/LC. Charges and currents in
this circuit vary sinusoidally at this frequency, as depicted in Eq. (14-5) and Eq. (14-8). An
external source supples the energy needed to compensate both for thermal losses in the circuit
and for energy carried away by the radiated electromagnetic wave, The LC oscillator is coupled
by a transformer and a transmission line to feed the antenna (an air gap between two metal spheres).
The current varying sinusoidally with time in the LC oscillator forces the charge in the antenna to os-
cillate (discharge). That is an electric dipole moment which varies sinusoidally with time. So, the

electromagnetic wave is produced by oscillating elecrtic dipole in an antenna.

R
~ \\
RS \\
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~ s o \ \ 2
: transmission & voohoog
— 2 2 g ! ! ‘e o
energy Z 23 . 1. 83
source = S o 4 T
— >3 2 ' =
=] line 3 ] H
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Fig. 14-6  Schematic diagram of apparatus for generating an electromagnetc wave

The electromagnet radiation from an oscillating electric diploe is complicated in the region near
the antenna. The radiation is not a plane wave, but it travels out in all directions from the source., At
points far from the antenna, the electromagnetic wave can be considered to be a plane wave. Let the

dipole moment vary with time being p = p, coswt where p, is the amplitude of the dipole moment vari-
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ation, then a varied electric and magnetic field with time is generated around the dipole by the acceler-
ating charges in the dipole antenna. For the radiation fields far from the dipole as shown in Fig. 14-7, it

can be proved that the electric and magnetic fields are given by

da
E(r,t) = w——4£;:;20c05w(t—%)
(14-13)

4 .
H(r,t) = w——pcsmecosa)(t—L)
dror

v
where r is the distance of the field point from the center of the dipole,

and @ is the angle between the vector r and dipole moment p, and
1
V= — (14-14)
Veu

which is the speed of electromagnetic wave.

By Eq. (14-13) we know that intensity of the traveling wave in

any direction is proportional to sin’d , being zero in the direction of

the axis of the dipole (4=0%r 180°) and a maximum in the equatorial

Fig. 14-7 Diagram of

plane of the dipole (§=90"). Moreover, the amplitude of the electro- ¢ coordinate aystetn
magnetic wave at points far from the antenna are proportional in-

versely to the distance from the antenna.
14. 2.2 The properties of the electromagnetic wave

We have already discussed some properties of electromagnetic wave produced by an anten-
na. Maxwell’ s equations predict the existence of electromagnetic waves that can propagate
through free space and travel with a speed equal to the value of speed of light. The simplest
such wave is a plane wave, in which E and B are uniform over any plane perpendicular to the
propagation direction. Now we take a plane wave as an example and summarize what we know
about electromagnetic wave thus far.

A plane electromagnetic wave is a wave traveling from a very distance source and can be
expressed as

xZ

E(x,t) = EoCOSw(t_;)
(14-15)
H(z,0) = Hocosw(t—%)

Here, the electromagnetic wave propagates in a direction of the x axis, and the oscillations of
the electric and magnetic fields take place in planes perpendicular to the x axis. The picture of
the electromagnetic wave at a given instant of time is shown in Fig. 14-8, in which the electric
field E is in the y direction and the magnetic field H is in the z direction.

The basic properties of the electromagnetic wave traveling through free space are summa-
rized briefly as follow.

(1) The electric and magnetic fields are perpendicular to the direction of propagation of the
wave and to each other. That is, the electromagnetic waves are transverse waves. The direction

of the cross product E X H is the direction of propagation of electromagnetic waves.
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Fig. 14-8 An plane electromagnetic wave traveling along the x axis

(2) The electric and magnetic fields are in phase. This implies that at any point, the two
fields reach their maximum values and zero at the same instant.
(3)The values of the electric and the magnetic fields in an electromagnetic wave at any

time are related by
1

E
B~ Ve
or
JeE = JuH (14-17)

which are validated to be correct by Eq, 14-13 for the electromagnetic wave produced by an antenna,

(4) The speed of electromagnetic wave is given by
1

Y = ——

Veu

which is determined by the permittivity and permeability of the medium and independent of the refer-
ence frames and observers. For free space (vacuum), the speed, usually denoted by ¢, is equal to
1

€o fto

C:

= 299792458 m/s == 3 X 10° m/s

which is precisely the same as the speed of light in vacuum. One is led to believe that light is
an electromagnetic wave,

The emergence of the speed of light from purely electromagnetic consideration is the
crowning achievement of Maxwell’s electromagnetic theory. Maxwell made this prediction be-
fore radio wave was known and before it was realized that light was electromagnetic in nature.,
His prediction led to the concept of the electromagnetic spectrum and to the discovery of radio
wave by Heinrich Hertz in 1890. It made it possible to discuss wave optics as a branch of elec-
triomagnetic waves.

In the following chapter, we will realize that the electromagnetic waves such as light ex-

hibit wave properties: interference, diffraction, reflection, refraction, and polarization.

14. 3 Energy in Electromagnetic Waves

One of the important characteristics of electromagnetic waves is that they carry energy,
and as they travel through space, they can transfer energy to objects placed in their paths.

The energy density w in a region of space where E and H field are present is given by



Chapter14 Electromagnetic Oscillations and Waves 125

Sl
T

w = LeE* + L uH? (14-18)

The wave energy transfer is conveniently characterized by considering the energy transferred
per unit time, per unit cross-sectional area perpendicular to the direction of wave propagation.
That is the energy flux density of an electromagnetic wave, denoted by S.

To see how the energy flow is related to the field, we consider a plane wave traveling
along the z-axis as shown in Fig. 14-9. In a time dt after this, the wave front moves a distance
v dt to the right. Considering a cuboid with an area dA perpendicular to the x axis and a length
of vdt, we note that the energy in the cuboid have passed through the area dA in the interval
dt. The total energy dW in the cuboid is

dW = wvdtdA (14-19)

y electromagnetic

wave

vdt

o Foe

z

Fig. 14-9 The energy flow density S

Hence the energy flow density S is equal to

5= —w (14-20)
Using Eq. (14-14), Eq. (14-17) and Eq. (14-18), we obtain
S=FEH (14-21)
To describe both the magnitude and direction of the energy flow rate, we define a vector S
S=EXH (14-22)

S is called the Poynting vector and its SI units are W/m*. The magnitude S of the Poynting
vector 1s the rate at which energy is transported by a wave across a unit area at any instant and
the direction of § at any point gives the direction of energy transport at that point because E
and H are perpendicular to each other and the direction of cross product E X H is the direction
of propagation of an electromagnetic wave.

In practice, we are more interested in the average value of the time-varying quantity S,

which is the intensity I of the wave, From Eq. (14-15) and Eq. (14-21), we can then write

I =58 = E,H, cos? (wt - f) — %EOHO (14-23)
By using Eq. (14-16), Eq. (14-23) can be written as
Fo él—EoBo = ZLE2 — Ups (14-24)
7 L0 2p

A detailed analysis would show that the energy carried by an electromagnetic wave is shared

equally by the electric and magnetic fields.
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Substituting Eq. (14-13) into Eq. (14-23), the intensity radiated by electric dipole is given by

442 a2
R (14-25)
We can calculate the radiation power of an antenna by integrating on a spherical surface of ra-

dius r, that is

5 _sz Jngrz n?6dfde — o' ph (14-26)
—] . . Sin go_ 127{'5’03

Electromagnetic waves carry linear momentum as well as energy. Hence it follows that
pressure is exerted on a surface when an electromagnetic wave strikes it and the momentum is
absorbed by the surface. Although radiation pressures are very small, they have been meas-
ured with a device.

Example 14-1 The sun delivers about 10° W/m? of energy to the Earth’s surface via
electromagnetic radiation. Assume that the average magnitude of the Poynting vector for solar
radiation at the surface of the Earth is S,, = 1000 W/m?. Calculate the total power that is inci-
dent normal to a flat plate collector of dimensions 1. 00 mX2. 00 m of solar water heater.

Solution The average total power is

P, = A XS, =1.00X2.00 m* X 1000 W/m®* = 2000 W
If this energy were transformed into electrical energy which is stored, it would provide more

than enough energy for the average home. However, solar energy is not easily harnessed.

14.4 The Electromagnetic Wave Spectrum

In Maxwells day, visible light and the adjoining infrared and ultraviolet radiation were the
only electromagnetic radiation known. Spurred on by Maxwell’s predictions, however, Hein-
rich Hertz discovered what we now call radio wave and verified that they move through the la-
boratory at the same speed as visible light. It is for this achievement that a Hertz is commem-
orated by using his name as the SI unit of frequency. It is now known that other forms of elec-
tromagnetic waves exist that are distinguished by their frequencies and wavelengths. Everyone
is surrounded by the electromagnetic waves from the different sources: the Sun, stars in sky,
the galaxies, TV stations, electric bulb,. .., all things around us.

Because all the electromagnetic waves have a same speed ¢ through free space, their fre-
quency and wavelength are related by

| c=vA (14-27)

In Fig. 14-10, the various types of electromagnetic waves are listed in terms of frequency
as well as wavelength, which shows the electromagnetic spectrum. The names given to the
types of waves are simply for convenience in describing the region of the spectrum in which
they lie. 1 nm is equal to 107 m and the wavelengths of visible light range from 400 nm to 760
nm. Note that all forms of radiation are generated by accelerating charges. There are no gaps
in the electromagnetic spectrum. We stress that all electromagnetic waves, no matter where

they lie in the spectrum, travel through free space with the same speed c.
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Fig. 14-10 The electromagnetic spectrum

Fig. 14-10 shows an entire spectrum of electromagnetic waves that we have now know.
Radio waves are the result of charges accelerating through conducing wires, which are used in
mobile radio communication, broadcasting, radar and other navigation systems, satellite com-
munication, computer networks and innumerable other applications. For example, radio and
TV bring the world into our home in sight and sound.

Microwaves are electromagnetic waves with wavelengths ranging between about 1 mm
and 30 em, which are produced by electronic devices and well suited for the radar systems in
aircraft navigations. Microwaves are also used in communication, navigation, radio astrono-
my, spectroscopy, and heating in microwave oven.

Infrared waves, radiated by hot objects and molecules, have wavelength ranging from 1
mm to the longest wavelength of visible light, including most of the thermal radiation emitted
by objects near room temperature, Infrared radiation is popularly known as “heat” or some-
times known as “heat radiation”. They are readily absorbed by most materials. The infrared
energy absorbed by a substance causes it to get warmer, Infrared radiation has many practical
and scientific applications, including physical therapy, infrared photography (such as night vi-
sion), thermography, the study of the vibrations of atoms and so on. Sunlight at zenith pro-
vides an irradiance of just over 1 kilowatt per square meter at sea level. Of this energy, 527
watts is infrared radiation, 445 watts is visible light, and 32 watts is ultraviolet radiation.

Visible light, the most familiar form of electromagnetic waves, may be defined as the part
of the spectrum that is detected by the human eye. The wavelengths of visible are classified as
colors ranging from violet (A~400 nm) to red (A~760 nm). The eye’s sensitivity is a func-
tion of wavelength and is greatest at a wavelength of about 560 nm.

Ultraviolet(UV) light is electromagnetic radiation with a wavelength shorter than that of
visible light, but longer than X-rays, in the range 0. 6 nm to 400 nm. The Sun is an important
source of ultraviolet light, most of which is absorbed by atoms in the upper atmosphere, or
stratosphere. This is fortunate, because UV light in large quantities has harmful effects on
humans. Although ultraviolet radiation is invisible to the human eye, most people are aware
of the effects of UV through sunburn. UV light is widely used in everyday life.

X-rays are electromagnetic waves with wavelengths from about 10 nm down to 10™* nm.
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The most common source of X-rays is the acceleration of high-energy electrons bombarding a
metal target. X-rays are widely used in medicine. Because X-rays easily penetrate and damage
or destroy living tissues and organisms, care must be taken to avoid unnecessary exposure and
overexposure,

Gamma rays, electromagnetic waves emitted by radioactive nuclei, have wavelengths ran-
ging from about 0.1 nm to less than 107> nm. They are highly penetrating and cause serious
damage when absorbed by living tissues.

In a word, we are submerging in electromagnetic waves from light bulbs, from TV and
radio stations, from the heated engine blocks of automobiles, from X-ray machines, from
lightning flashes, from y-radiation, from the radioactive materials in the earth. Beyond this,

radiation reaches us from stars and other objects in our galaxy and from other galaxies.

| ,/ Questions
o

14-1 If all charges on the capacitor in a LC circuit have discharged, is the current equal zero in the LC cir-
cuit?

14-2  Compare the cases varying with time between the current in the inductor and the charges on the ca-
pacitor for the resistanceless LC circuit.

14-3  Why do the energy losses exit in a resistanceless LC circuit?

14-4  As the radiation field is farther from the dipole, what property have the electric and magnetic fields?

14-5 Why can we say that light is an electromagnetic wave?

14-6  If we have known the electric field in the vacuum for an electromagnetic wave, can we calculate the

magnetic field in the same region?

Froblems

14-1 A 1.5 uF capacitor is charged to 57 V. The charging battery is then disconnected and a 12 mH coil is
connected across the capacitor, so that LC oscillations occur. What is the maximum current in the coil? (As-
sume that the circuit contains no resistance. )

14-2 A 1.5 mH inductor in an LC circuit stores a maximum energy of 17 pJ. What is the peak current I,,?

14-3 In an oscillating LC circuit, how much time is required for the energy of electric field varied from ze-
ro to equal that of the magnetic field? Assume that L=12 mH and C=1. 7 uF.

14-4  An LC oscillating circuit consists of a 1. 2 mH inductor and a 0. 03 yF capacitor. Find the oscillating
frequency. (Assume that the circuit contains no resistance. ) .

14-5 A plane electromagnetic wave has a maximum electric field of 3. 2>X107* V/m. Find the maximum
magnetic field.

14-6  The electric field associated with a plane electromagnetic wave is given by E, = 0, E,, E. =
2. 0cos[ x X 10 (¢t—x/c)], with ¢ = 3 X 10® m/s and all quantities in SI unit. The wave is propagating in the +
x direction. Write expressions for components of the magnetic field of the wave.

14-7  An electromagnetic wave is traveling in the negative y direction. At a particular position and time,
the electric field is along the positive z axis and has a magnetic of 100 V/m. What are the direction and magni-

tude of the magnetic field at that position and at that time?
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14-8 what is the average intensity of a plane traveling electromagnetic wave if By, the maximum value of
its magnetic field component, is 1. 0X107* T?

14-9  Assume that 10% of the power input of a 100W lamp is radiated uniformly as light of wavelength
500 nm. At a distance of 2. 00 m from the source, the electric and magnetic intensities vary sinusoidally accord-
ing to the equations E=E;sin(wt +¢) and H= H;sin(wt +-¢). Calculate E and H.

14-10  Sunlight strikes the earth outside its atmosphere with an intensity of 1. 40 kW/m?*. Calculate E;and
B, for sunlight, assuming the electromagnetic field is plane harmonic wave.

14-11  You walk 150 m directly toward a street lamp and find that the intensity increases to 1, 5 times the
intensity at your original position., How far from the lamp were you first standing(the lamp radiates uniformly in
all directions) 7

14-12  An oscillating dipole radiates electromagnetic wave. Assume the amplitude of dipole moment p, =
2.26X10"*em, and frequency f=800 Hz. Find

(1) the wavelength of the electromagnetic wave;

(2) the electric and magnetic field intensity on the dipole equatorial of 200 km distance from the dipole.
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Optics

Optics is the branch of physics which deals with the behavior and properties of light, in-
cluding its interactions with matter and the construction of instruments. In general, the term
“light” in physics refers to electromagnetic radiation of any wavelength, whether visible or
not. In this chapter, “light” is visible light that is visible to the human eye and electromagnet-
ic radiation with a wavelength in a range from about 380 nm to about 740 nm, with a frequen-
cy range of about 405 THz to 790 THz.

One of our principal contacts with the world around us is through light. We personally
depend on light to convey visual information and have many instruments which use light to op-
erate such as microscope, telescope and spectrometer. Most of what we know about the Uni-
verse comes from information that has been carried to us by light. Our knowledge on the
structure of atoms comes largely from observing the radiations they emit. Therefore, light is
very important to us, and nothing is visible to humans when light is totally absent.

The history of elucidating the nature of light can be traced back to the beginning of hu-
man being. In ancient China, India and Greek, “light” is one of the fundamental “subtle” ele-
ments such as Water, Wood, Metal, Fire, and Earth which compose of everything (that
should not be confused with the ordinary meaning of these terms). In about 300 BC, Euclid
studied the properties of light. Euclid postulated that light travelled in straight lines and he
described the laws of reflection and studied them mathematically. René Descartes (1596—
1650) held that light was a mechanical property of the luminous body and assumed that light
behaved like a wave.

Isaac Newton stated in 1675 that light was composed of corpuscles (particles of matter)
which were emitted in all directions from a source. Newton’s theory could be used to predict
the reflection of light, but could only explain refraction by incorrectly assuming that light a.
celerated upon entering a denser medium because the gravitational pull was greater. Although
there were some outstanding questions, Newton’s view was accepted by many scientists and
popularized by his followers for over 100 years,

Christiaan Huygens in 1678 proposed that light was emitted in all directions as a series of
waves in a medium. As waves are not affected by gravity, it was assumed that they slowed
down upon entering a denser medium. The wave theory predicted that light waves could inter-
fere with each other like sound waves, and that light could be polarized, if it were a transverse
wave, Early in the 19th century, Young showed that light behaved as waves by means of his

famous double-slit diffraction experiment. Young’s experiments supported the theory that
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light consists of waves. A subsequent work by Fresnel soon convinced scientists that light
must be a wave, who independently worked out his own wave theory of light, In 1862, James
Clerk Maxwell came up with some brilliant equations, today known as Maxwell’ s equations
and concluded that light was a form of electromagnetic radiation. His theory was later experi-
mentally proven correct by Heinrich Hertz. The weakness of the wave theory was that light
waves, like sound waves, would need a medium for transmission. Hence, “ether” (the medi-
um) was invented. However, Michelson-Morley experiments demonstrated that ether does
not exist,

Max Planck in 1900 suggested the idea that black bodies emit light (and other electromag-
netic radiation) only as discrete bundles or packets of energy (quanta) and accurately predicted
the results of “black-body radiation” observed. Albert Einstein in 1905 developed the particle
theory of black-body radiation to explain the photoelectric effect. He suggested that the
quantization used by Planck reflects a basic aspect of the reality and light exhibits as a parti-
cle. Later, the particle of light was given the name photon with an energy E and a momentum
P. His ideas were experimentally confirmed by American scientist Robert Millikan a year lat-
er. However, his ideas were finally accepted throughout the world only a decade later when
the American physicist Compton made theoretical predictions for the scattering of photons
from the electron-Compton effect.

Louis de Broglie in 1924 stated that everything has both a particle nature and a wave na-
ture as light. In a word, the modern theory explains the nature of light as wave-particle duali-
ty, that is light sometimes exhibits a particle nature and sometimes a wave nature. The quan-
tum theory of light and electromagnetic radiation continued to evolve through the 1920s and
1930s, and culminated with the development during the 1940s of the theory of quantum elec-
trodynamics (QED).

In this chapter, we briefly introduce the geometrical optics and its applications, and use
the knowledge of wave motion in chapters 13 and 14 to treat interference, diffraction, and po-

larization of light.

15.1 Laws of Reflection and Refraction

15.1.1 The ray approximation in geometric optics

Geometrical optics describes light propagation in terms of “rays”. A beam of light from
its source, on common experience, travels in a straight-line path at a finite speed in a homoge-
neous medium until it counters a boundary between two different materials. When a beam of
light strikes a boundary, it is reflected from that boundary or passes into the material on the
other side of the boundary or partially does both. These phenomena are reflection and refrac-
tion. The ray approximation is used to represent beams of light. That is a ray of light is an
imaginary line drawn along the direction of travel of the light beam. The “ray” is used to ap-

proximately model how light will propagate. Light rays are defined to propagate in a rectiline-
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ar path as far as they travel in a homogeneous medium. Rays bend (and may split in two) at
the interface between two dissimilar media. A light ray is a line or curve that is perpendicular
to the light’s wavefronts.

Light is the fastest thing observed in universe. The speed of light in a vacuum is exactly
299,792,458 m/s, and approximately 3 X 10°m/s, labeled as ¢, a physical constant. When
light enters a material, it slows down. For example, light travels about 30% slower in water
than it does in a vacuum, while in diamonds, it travels at about half the speed it does in a vac-
uum. The index of refraction of medium is introduced to measure the speed of light in that me-

dium, defined as

n==< (15-1)
v

where v is the speed of light in the material. Eq. (15-1) implies that the index of vacuum is
taken as unity “1”, and the index of refraction of air differs little from unity and in most situa-
tions it is considered to be unity without significant difference. As an example, the index of
refraction of water is 1. 333, meaning that light travels 1. 333 times faster in a vacuum than it
does in water. Index of refraction of medium 2 relative to medium 1 is equal to the ratio of the

speed of light in the first medium v, to the speed of light in the second medium v,

MNog — — = — (15‘2)
n

15.1.2 Laws of reflection and refraction

When light goes from one transparent medium such as water or glass to another with dif-
ferent optical properties, usually there is a reflected bean as well as a refracted one as shown
in Fig. 15-1, in which the ray 1 represents the incident light, the ray 2 reflected light and the
ray 3 refracted light. The incident beam of light in the medium of refractive index n, encoun-
ters the interface (assuming to be a plane) between two media. Part of the light is reflected by
the interface to form the ray 2 (reflected light), traveling as if the original beam had bounced
from the interface. The rest of the light passes through the interface and into the medium of
refractive index n;, forming the ray 3(refracted light). The travel of light through an inter-
face between two media is called refraction. Unless an incident beam of light is perpendicular
to the interface, the directions of reflected light and refracted light have some changes with respect to
the direction of incident light. For this reason, the beam is said to be bent by refraction.

The dashed line is the normal, a line perpendicular to the surface at the point where the
ray hits. The plane containing the incident ray and the normal is called the plane of incidence,
which is in the plane of the page in Fig. 15-1. The angle i between ‘the normal and incident ray
is called the angle of incidence, the angle i" between the normal and reflected ray is the angle
of reflection and the angle r of between the normal and refracted ray is the angle of refraction.
These angles satisfy law of reflection and law of refraction as follow.

Law of reflection; ) The angle of reflection is equal to the angle of incidence. @) The in-

cident ray, the reflected ray, and the normal lie in the plane of incidence.
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Law of refraction: (@O The incident ray, the normal
.. A incident reflected
refracted ray, and the normal lie in the plane of inci- light light
dence. @ The angle of refraction is related to the angle 3

of incidence by

7 sini = n, sinr (15-3)
5 ’ ’ interface
Law of refraction is called Snell’s law. Eq. (15-3) can = = medium n,
be rewritten as refracted
_ . . wiwd light
sinr = Hgini = 3% (15-4) s
M3 M2l
Eq. (15-4) implies that for a given angle 7 of incidence, Fig. 15-1 Schematic diagram of
the value of » depends on the relative refraction index reflection and refraction of light

ny. For example, if ny >>1(that is n, >>n;), r is less than 7, and this means that refraction
bends the light beam away from the undeflected direction and toward the normal.

If n, is less than n,, r is greater than i. In this case, refraction bends the light beam away
from the undeflected direction and away from the normal. For the case, if the angle of inci-
dence is greater than the critical angle 7.

i. = arcsin % (15-5)
for which the angle of refraction is 90°, there is no refracted light and all the light is reflected.
This effect is called total reflection. Total reflection has found many applications such as in
optical fiber communications and in medical technology.

There are many application examples of the refraction and the total reflection in everyday
life. For example, one can see a fish moving in water near to lakeside and find that the appar-
ent depth of the fish in water is less than the actual depth as shown in Fig. 15-2. Moreover,
one cannot find the fish far from lakeside. The law of refraction and total reflection can ex-

plain the daily experience.

Fig. 15-2 Example of total reflection

The laws of reflection and refraction can be used to predict the deflection of light rays and
the formations of images for mirrors and lenses.

Example 15-1 Find the critical angle of total reflection for a water-air boundary if the in-
dex of reflection of water is 1. 33.

Solution From Eq. (15-5), we find the critical angle to be

= arcsin0. 752 =~ 48. 8°

i, = arcsin 22 = arcsin 1
¢ m ].. 33
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15.1.3 Chromatic dispersion

The careful measurements have shown that the index of refraction in anything but vacuum
depends on the wavelength of light. The dependence of the index of refraction on wavelength
indicates that when light is refracted by a surface of material, the angle of refraction depends
on the wavelength of light. This implies that a very narrow beam of white light will be spread
out by the refraction such as passing through a prism as shown in Fig. 15-3. This separation of
white light into its component colors is called chromatic dispersion. The index of refraction for
a material usually decreases with increasing wavelength so that violet light refracts more than

red light when passing from air into a material.

violet

white light

Fig. 15-3 Schematic diagram of chromatic dispersion

The dispersion of light is demonstrated most vividly in nature through the formation of a

rainbow, often seen by an observer positioned between the Sun and a rain shower.

15.2 The Plane Mirror and Spherical Mirrors

A mirror is a surface that can reflect a beam of light in one direction instead of either scat-
tering it widely in many directions or absorbing it. When light falls on a rough, opaque sur-
face, the incident light is scattered in all directions. If the surface is so smooth that there is
little random scattering, the surface is said to be polished and can be used as a mirror. In the
following, we use the law of reflection to study the formation of images of an object reflected
by the plane mirror, the concave spherical mirror and the convex spherical mirror.

A point on the surface of an object can be considered as a light source. Generally a source
of light can be considered a point source if the resolution of the imaging instrument is too low

to resolve its size, or if the object is at a very great distance.
15.2.1 Plane mirror

A plane mirror is a mirror with a planar reflective surface. For light rays striking a plane
mirror, the angle of reflection equals the angle of incidence. This implies that images of object
are upright and the same distance behind the mirror as in front of the mirror. The image size is
the same as the object size. That is the magnification of a flat mirror is equal to one. Images

are classified as real or virtual. A real image is one in which light actually passes through the
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image point and a virtual image is one in which the light does not pass through the image point
but appears to come (diverge) from that point.

As shown in Fig. 15-4(a), when a point object O is placed in frond of a plane mirror MM’
and sends light in all directions, some of rays are reflected. To an observer in front of the mir-
ror all the reflected rays appear to come from the point 1 behind the mirror. The observer
therefore sees a bright spot which appears to be behind the mirror and which we call the image
of the point O. The image behind the mirror is a virtual image because the light rays do not ac-
tually come from I. The distance S is the object distance and the distance S’ is the image dis-
tance.

The image of the object OP with height of A can be found by graphical ray tracing as
shown in Fig. 15-4(b). Two rays start from point P and then reflect from mirror. One follows
a horizontal path PA to the mirror, and reflects back on itself. The second ray follows the ob-
lique path PV and reflects. An observer to the left of the mirror would trace the two reflected
rays back to the point P’ from which they appear to have originated, that is the image of point
P. Because triangles PAV and P’AV are identical, the image is far behind the mirror as the
object in front, and the object height & equals the image height A". Lateral magnification M is

defined as follows

_ image height _ A o
o object height & (15-6)

For a plane mirror, M = 1 because h = h'.
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Fig. 15-4 Formation of image by reflection from a plane mirror

However, the law of reflection also implies that the image is a laterally-inverted “mirror
image” of the object. If a person is reflected in a plane mirror, the image of his right hand ap-

pears to be the left hand of the image.
15.2.2 Spherical mirrors

A curved mirror is a mirror with a curved reflective surface, which may be either convex
or concave. Most curved mirrors have surfaces that are shaped like part of a sphere, but other
shapes are sometimes used in optical devices.

A concave spherical mirror is part of a spherical shell with its inner surface polished as

shown in Fig. 15-5(a). The mirror has radius of curvature R, and its center of curvature is at
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point C. Point V (vertex) is the center of the spherical segment, and a line drawn from C to V
is called the principal axis of the mirror. When the rays parallel to the principal axis reach a
concave mirror, those near the central axis are reflected through a common point F which is
called the focal point (or focus) of the mirror (a real focal point) and its distance from the cen-

ter of the mirror is the focal length of the mirror. That is
=% (15-7)

If an incident ray of light passes through the focus F, it is reflected back in the direction of

principal axis.

(a) (b)

Fig. 15-5 (a) The concave mirror and (b) formation of image

As shown in Fig. 15-5(b), an object OP is placed before a concave mirror, we can locate
an image by graphical ray tracing. The ray PA parallel to the principal axis is reflected back
through F, and the ray PF strikes the mirror at point D and is reflected back parallel to the
principal axis. The ray PC comes to the spherical surface along the radius and is reflected di-
rectly back on itself. The IP’ is the image of object OP and it is a real image since the rays of
light come from the IP’. In this case, the image is inverted. Let S and S denote the distances
of object and image respectively. They are related by a simple formula which can be derived
easily

1

1 11 .
§+§l—f (15-8)

This equation applies to any concave, convex, or plane. For a convex or plane mirror, only a
virtual image can be formed, regardless of the object’s location on the central axis. For a con-
cave mirror, different image types can be formed and depend on the distance between the ob-
ject and the mirror. Note, according to Eq. (15-8), that an object and it”’ s image are conju-
gate,

For a convex mirror, we find that the parallel rays are no longer reflected through a com-
mon point. Instead, they diverge. As shown in Fig. 15-6, the convex mirror is a diverging mir-
ror because rays initially parallel diverge after reflection. A ray of light parallel to the princi-

pal axis is reflected away from the principal axis, and the reflected ray is extended backward to
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cross the principal axis as point F, the principal \/_

focus for this convex mirror. The principal focus

is virtual. If we place an object OP, an erect virtu-

ek IO =
al image IP’ is formed and reduce in size. The im- “n-ﬁfjr-\_\ c
age on a convex mirror is always virtual, dimin- ¢ 4 I

ished, and upright. Eq. (15-8) can be used for

both concave and convex mirrors if we are careful

to use the proper signs for various quantities
shown in Table 15-1.

Fig. 15-6 The convex mirror

and formation of image

Table 15-1 Sign conventions for mirrors

Quantity Positive when Negative when

Object location S Object is in front of Mirror Object is behind mirror
Image location S’ Image is behind mirror Image is in front of Mirror
Image height A’ Image is upright Image is inverted

Radius R(or focal length f) Mirror is concave Mirror is convex

The lateral magnification can be proved to be

_ Height of image _ »" __ & )
M Height of object h S (15-9)

By convention, the lateral magnification includes a plus sign when the image orientation is that

of the object and a minus sign when the orientation is opposite that of the object. The image-
forming characteristics of curved mirrors obviously determine their uses.

Example 15-2 An object of height 4. 00 cm is placed 25. 00 cm from a convex mirror with
a focal length of 10. 00 em. Find

(1) the position of the formed image;

(2) the magnification of the mirror.

Solution (1) Because the mirror is convex, its focal length is negative. According to
Eq. (15-8), we have

1
—10.0

The negative value of S’ indicates that the image is virtual and behind the mirror.

—-S" =—7.14 (cm)

(2) The magnification of mirror is

_ —7.14

M=—2"50

==0. 286

Hence, the image is upright.

15.3 Images Formed by Refraction and Thin Lenses

15.3.1 Images formed by refraction

We now turn from images formed by reflections through spherical surfaces of transparent mate-

rials, such as glass. Consider two transparent media with indices of refraction n; and n,, where the
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boundary between the two media is a spherical surface of radius R. At the point of refraction of each
ray, the normal to the refracting surface is a radial line through the center of curvature. Because of
refraction, the ray bends toward the normal if it is entering a medium of greater index of refraction,

and away from the normal if it is entering a medium of lesser index of refraction.

v C

Fig. 15-7 An Image formed by refraction through a spherical surface

Consider a ray OP from the point source O in medium 1 which is incident upon a spherical
surface (convex) of medium 2 with center of curvature at C as shown in Fig. 15-7. A line
drawn from C to the center V of the segment of spherical surface is called the principal axis of
the system. Ray OP is refracted at surface and an image is formed. According to law of refrac-

tion, we have

nysini = n, sinr (15-10)
It is easy to prove that
i=ate
p=r+h

For the paraxial rays, i. e. , rays which make small angles with the axis, their sine, their tan-

gent and themselves are essentially equal. Hence we have

sini & i =at o= %—f—%
(15-11)
Sinr &= r = go—ﬁ%%—sg
Then, by Eq. (15-10), we have
mon_ m—m (15-12)

Note that real images are formed on the side of surface opposite the side from which the light
comes. This is in contrast with mirrors. Eq. (15-12) applies to a variety of circumstances:
concave convex and plane surfaces(R approaches infinity). The sign convention for spherical

refracting surface is summarized in Table 15-2.

Table 15-2 Sign conventions for refracting surface

Quantity Positive when Negative when

Object location S Object is in front of surface Object is in back of surface

Image location S’ Image is in back of surface Image is in front of surface

Image height i’ Image is upright Image is inverted

Radius R Center of curvature is in back of surface Center of curvature is in front of surface
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Furthermore, the lateral magnification of a refracting surface is

__ Height of image _ &' __ mS’ )
M= Height of object A 7sS (15-13)

15.3.2 Thin lenses

Our knowledge of how light rays are bent when they pass from one material to another
can now be applied to lenses, which are the basic elements of most optical instruments. A lens
is a transparent object with two refracting surfaces whose central axes coincide. The common
central axis is the principal axis of the lens. Simple lenses are bounded by faces which are
small sections of sphere. When a lens is surrounded by air, light refracts from the air into the
lens, crosses through the lens, and then refracts back into the air. Each refraction can change
the direction of travel of the light. A lens that causes light rays initially parallel to the central
axis to converge is called a converging lens. If, instead, it causes such rays to diverge, the
lens is a diverging lens. Fig. 15-8 shows six possible types of spherical lenses with their name;

double-convex, plano-convex, plano-concave, concavo-convex, convexo-concave, and double-

()

Fig. 15-8 Six possible types of spherical lenses

concave.

A thin lens is a lens in which the thickest part is thin compared to the object distance S,
the image distance S’ and the radii of curvature R, and R; of the two surfaces of lens. The thin
lens approximation ignores optical effects due to the thickness of lenses and simplifies ray trac-
ing calculations. Rays which approach a converging lens parallel to the principal axis are devi-
ated so that they pass through a common point, the principal focus, on the principal axis. A
lens has two principal foci, one for light incident from the left, which we denote by F, and the
second F” for light incident from the right. For thin lenses the principal foci are equidistant
from the optical center of the lens as shown in Fig. 15-9. The focal length f of a thin lens with
index of refraction n surrounded by air is given by the Lensmaker’s equation

1 _ (Ll -1 !
L= 1)(R1 Rz) | (15-14)

where R; and R; are the radii of curvature of the two surfaces. Here, R; is taken to be positive
if the first surface is convex, and negative if the surface is concave. The signs are reversed for
the back surface of the lens: R; is positive if the surface is concave, and negative if it is con-
vex. The line FF' is called as principal optical axis, which passes through the center of curva-

ture of each surface. The front and rear (or back) focal planes are defined as the planes which
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(a) (b)

Fig. 15-9 The foci of thin lenses: (a) double-convex;(b) double-concave

are perpendicular to the principal optical axis and pass through the front and rear focal points.
The line PP’ through the center of thin lens in Fig. 15-10 is defined as the secondary optical

axis.

0 [\
f7f "

Fig. 15-10 Formation of a real image by a converging lens

We shall also consider only light rays that make small angles with the central axis. That
is the paraxial approximation. Take a converging lens as an example. As shown in Fig. 15-10,
an object OP outside the focus F is a distance S from the converging lens and an image IP’ is
formed at a distance S’ from the lens, which in this case is real and inverted. The image can be
located by tracing of three standard rays:

(1) A ray from P parallel to the principal axis is deviated so that it passes through the
principal focus of a converging lens (or diverge as though it came from the principal focus of a
diverging lens).

(2) The ray from P which approaches the lens along the line through the principal focus
F’ is deviated so that it leaves the lens parallel to the principal axis.

(3) A ray through the optical center of lens passes through the lens undeviated.

For a thin lens, in the paraxial approximation, the object S and image S’ distances are re-
lated by the equation

é é == % (15-15)

which is called as the thin-lens equation, and can be used with both converging and diverging

+

lenses. The sign convention of object distance, image distance and focal distance used in this
text is listed in Table 15-3.
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Table 15-3 Sign Convention for Thin Lenses

Quantity Positive when Negative when

Object location S Object is in front of lens Object is in back of lens
Image location S’ Image is in back of lens Image is in front of lens
Image height A’ Image is upright Image is inverted

Focal length f Converging lens Diverging lens

The lateral magnification is

_ Height of image _ A’ _ s’ )
M= Height of object A S (15-16)

which is the same as Eq. (15-10) for magnification by a mirror.

P’ Q::::k-_.‘
“"\‘_:‘F‘ 7
F' F
I 9] S o
/ J
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Fig. 15-11 Formation of a virtual image by a converging lens

When an object is inside the principal focus of a converging lens, the image formed is
erect, virtual, and enlarged in Fig. 15-11. In this case, the image distance is negative. When
an object is placed in front of a system of lenses such as two lenses whose principal axes coin-
cide, the positive of the final image can be calculated by repeated use of the lens equation. The
object for the second lens is the image formed by the first. If there is a third lens, the image
formed by the second lens acts as its object. The final image formed by a very complicated op-
tical system can be located by successive application of the lens (or mirror) equation. Great
care must be taken to assign the proper sign to each distance.

Example 15-3 An object is placed 30. 0 cm from a thin diverging lens of focal length
10. 0 cm. Find the image distance and the lateral magnification.

Solution From Eq. (15-15), we have

1 1 _ 1 o
The lateral magnification is
S —7.50 _
~7S5 = 300 %20

This result implies that the image is virtual, upright and smaller than the object.

15.3.3 Mirror and lens aberrations

Mirrors and lenses are widely used to form images in many optical instruments. If we had
an ideal lens, every ray of light from any given point on the object would cross at exactly the

same point on the image. Further, the image would be similar to the object in every respect.
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Any circle on the object would be a perfect circle on the image. If the object were all in one
plane, the image would be all in one plane. Actually no such ideal lens exists. If most of the
rays from a point on the object cross at the desired image point but some of them cross off on
one side, the image becomes blurred. With some lenses, the image of a rectangular object is
distorted so that it is barrel-shaped and in some case it may look like a pincushion. The imper-
fect quality of the images is largely the result of defects in shape and form, and is also the re-
sult of aberrations: spherical aberration, chromatic aberration.

Spherical aberration results from the fact that when rays of light parallel to the principal
axis of a spherical lens (or mirror) pass through zones near its edges, they cross the axis nea-
rer the lens than those rays which pass through nearer to the center so that the image is
blurred as shown in Fig. 15-12(a). Spherical aberration can be reduced by some methods such

as using an adjustable aperture and choosing the proper curvature of the lens.

—_— —————— violet

red

(a) (b)

Fig. 15-12 Schematic Diagrams of (a) spherical aberration and (b) chromatic aberration

Chromatic aberration is due to the dependence of the index of refraction on wavelength.
When rays of white light parallel to the principal axis pass through an ordinary lens, they are
refracted in such a way that different colors are brought to focus at different distances from
the lens as shown in Figl5-12(b). As result the image is not sharp and is likely to have col-
ored rings or markings. The chromatic aberration can be corrected by combing a converging
lens of crown glass with a diverging lens of {lint glass since their dispersions are opposite. For

better correction of chromatic aberration, more lenses can be used.

15.4 The Coherence of Light

We will see that two light waves emitted by two coherent sources can produce interfer-
ence pattern. The existence of interference phenomena is perhaps the most convincing evi-
dence that light is a wave since interference cannot be explained other than with waves. In or-
der to understand the interference of light, you must understand firstly the coherence of light.

When discussing the superposition of mechanical waves in chapter 13, we saw that two
waves emitted by two coherent sources could produce interference pattern in crossing space.
However, no interference pattern would be observed when two light waves emitted by two
completely independent light sources. It means that two completely independent light sources

are not coherent sources,
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For common sources of visible light, the fundamental light emission processes owe to individual
atoms and these atoms do not act together in a coherent way. The action of light emission by a single
atom in a typical case takes about 1077 s and the emitted light is properly described as a wavetrain
that length is less than one meter. No constant phase relationship exists between different wav-
etrains, even if the wavetrains maintain identical frequencies. Lasers are coherent sources of light
since its output is a single-frequency radiation of in-phase parallel waves, whereas incandescent light
bulbs and fluorescent lamps are incoherent sources,

How can we obtain coherent light from common sources of light? If light waves emitted
by an identical point of a monochromatic source can be divided into two beams by using some
arrangements, the two beams are coherent light. For example, we can use the arrangements
as shown in Fig. 15-13 to obtain coherent light, In Fig. 15-13(a), S;and S, are two wavelet
sources on an identical wavefront emitted by a point S of a monochromatic source. This en-
sures that, by diffraction, the same families of wavetrains fall on slits S;and S,. When the
phase of the light emitted from S changes, this change is transmitted simultaneously to S, and
S, , the diffraction beams emerging from S;and S; are thus coherent. This way to obtain co-
herent light is called the way of division of wavefront. Fig. 15-13(b) shows another easy way
to obtain coherent light. Because the beams a, and a, are two reflected light waves that come
from the same wavetrain a, they are coherent light. This way to obtain coherent light is called
the way of division of amplitude.

&

(a) (b)

Fig. 15-13 Easy ways to obtain coherent light: (a) the way of

division of wave front and (b) the way of division of amplitude

Interference is not limited to mechanical waves but is a characteristic of all wave phenom-
ena. The existence of interference phenomena of light is perhaps our most convincing evidence

that light is a wave,

15.5 Two Beams Interference by Division of Wavefront

15.5.1 Young’s double-slit experiment

The historical experiment that established the wave theory of light is Young’s experi-

ment. In 1801, English physicist Thomas Young performed a famous experiment that demon-
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strated the wave nature of light by showing two overlapping light waves interfered with each
other. The experiment also showed how this phenomenon supports the wave theory of Huy-
gens that we introduced before. And Young’s experiment was especially convincing because
he was able to deduce the wavelength of incident light from his measurement, the first deter-

mination of this important quantity.

Fig. 15-14 (a) Young’s double-slit experiment and (b) the interference pattern

Two narrow slits S; and S, are equidistant from the source S, as shown in Fig. 15-14(a).
As a beam of monochromatic light from S reaches S; and S,, each slit serves as a new light
source producing new wavefront in phase with each other. The sources are said to be coher-
ent, These waves travel out from S, and S, producing bright fringes on the viewing screen E
where constructive interference occurs and dark fringes where destructive interference occurs.
Figure 15-14(b) shows the interference pattern.

Let us now consider the theoretical conditions necessary for the production of bright and
dark fringes. In Fig. 15-14(a), the separation of the two slits is represented by d, and the
screen is located at a distance D from the slits. Two beams travel the distances r, and r, from
slits S; and S, to the point P on the screen. The point M is the midpoint between the two slits
and line MP makes an angle § with axis MO. The line S; B is drawn so that the length of line
BP equals to r;. As the distance D is much longer than the slit separation d, the path differ-
ence Ar coming from S; and S, is approximately given by

Ar = r, —r; = dsinfd
If angle @ is small enough, then

sinf & tanf = D
Therefore, we have

Ar =~

Olr.

Constructive interference will occur at P when
AT:ikAa kzoslazy"'
where A is the wavelength of incident light. That is bright fringes will occur at

x:ikg)\, o=, 1,2, (15-17)

Destructive interference will occur at P when
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Arzi(Zk—l)%, B=1,2,3,
That is,dark fringes will occur at
I=i(2k—1)g%, B=1,2,3, (15-18)

The central bright fringe, #= 0, is called the zero-order bright fringe. The bright (or
dark) fringes, k=1, are the first-order bright (or dark) fringes which are symmetrically loca-
ted about O and so forth. From Eq. (15-17) and Eq. (15-18), the central distance between two
adjacent bright (or dark) fringes is

which is also called the fringe spacing.

The result of the interference is to produce a series of alternating bright and dark fringes
on the screen, which are equally spaced. We call them as interference fringes. Since the spac-
ing Ax is proportional to the wavelength A, the separation for red light is wider than that for
violet light. When the incident light contains more than one wavelength, the separate interfer-
ence patterns with different fringe spacing will be superimposed on the screen, For example,
when white light is used in Young’s double-slit experiment, except for the central fringe,
which is white, the bright fringes are a rainbow of colors.

Example 15-4 In Young’s experiment, the slit separation is 0. 04 mm and the slit-screen
separation is 2 m. The third-order bright fringe is formed at 8. 3 cm from the central fringe.

(1) What is the wavelength of light used?

(2) Where will the second-order dark fringes appear?

(3) What is the spacing of two adjacent bright fringes?

Solution (1) For the third-order bright fringe, £#=3 in Eq. (15-17), thus % = 3A, so that

_xd  8.3X102X4X107° ~
A=gp= ™5 = 5.53 X107 (m)

(2) The displacement of the second-order dark fringe is found by setting £#=2 in Eq. (15-18)
That is

A 3X 2X5.53X107" .
L = =4
=TT e + 4,15 X 1072 (m)

Where the sign “+” shows the second-order dark fringes are symmetrically located about cen-

x =13

9 D
d

tral fringe.

(3) From Eq. (15-19), the spacing of two adjacent bright fringes is

_ D, _ 2
AT = TA = 1 10—

Example 15-5 A beam of parallel white light (A = 400 ~ 760 nm) is used in Young’s ex-
periment with the slits separated by a distance d=0. 250 mm. The screen is located at a dis-

tance of D=0, 500 m from the slits.

X 5.53 X107 & 2.76 X 10 2(m)

(1) Where will the second-order bright fringes appear for red light (A, = 760 nm) ? Where
will the forth-order bright fringes appear for violet light (A, = 400 nm)?
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(2) What is the spacing of two adjacent dark fringes for red light and for violet light, re-
spectively? And give the answers again when d is changed into d'=0. 500 mm.

Solution (1) According to Eq. (15-17), for the second-order bright fringe of red light,
k=2, A, =760 nm, we have

D 0. 500 —9 -3 eee
— =1 = 1] S =+ 3. 10 =4 3. 04
Tor =2 A, =2 X 5oesT s X 760 X 107 ==3..04 X 107 (m) (mm)
For the forth-order bright fringe of violet light, #4=4, A, = 400 nm, we have
D 0. 500 e —3 _
=44, = L =+ 3, —43.20
Zyy i4d/1v i4x0.250><10*3><400><10 +3.20 X 107°(m) =% (mm)
(2) From Eq. (15-19), the spacing of two adjacent dark fringes for red light is
_ D, __ 0.500 o _ 3 _
Az, = A 0,250 X 10 X 760 X 10 1.52 X107 (m) = 1. 52 (mm)
and the spacing for violet light is
_ D, _ _ 0.500 5 Ay
Az, = d/\v —0' 250 X 102 X 400 X 10 8.00 X 107* (m) 0. 800 (mm)
When d is changed into d” =0. 500 mm, we have
— D — —O‘S.L —9 — —4 —
Axy c?llr 0,500 X 107 X 760 X 10 7.60 X 10*(m) = 0. 760 (mm)
, D, _ _ 0.500 o _ - _
Ax, d//\v 0.500 X 107 X 400 X 10 4,00 X 10 *(m) 0. 400 (mm)

We can see that the forth-order bright fringes of violet light will coincide with the second-
order bright fringes of red light. The fringe separation for red light is wider than that of for
violet light when d keeps a constant and the wavelength of incident light keeps unchanged.
The wider the d is, the narrower the separation is. When we use white light as incident light
in Young’s experiment, except for the central bright fringe, all fringes on the screen overlap

one another and form rainbow color fringes.
15.5.2 Lloyd’s mirror

In chapter 13, we have discussed that if mechanical wave incident from a lower density

| medium to a higher density medium, the reflected

Uh

s v+ =tac interference  WAVES from the interface between them will un-
< zone

i

dergo a phase shift = or a wave-path shift 1/2.

} This phenomenon also occurs for light waves’ re-

L
‘\
\
L
[~V
\
\\ n
\
\
<
i

flection, which can be demonstrated by an ar-
rangement called Lloyd’ s mirror, as shown in
Fig. 15-15.

A narrow slit S in an opaque screen is irradiated by one beam monochromatic light of wave-
length A. A plane mirror MM’ is located a distance d/2 below S. The actual source S and its vir-

tual image S” formed by the reflected light waves from the surface of plane mirror are a pair of co-

Fig. 15-15 Lloyd’s mirror

herent sources. The fringes formed by interference between the coherent light waves from S and

/ 5 3 ; ’ . ..
S’ can be viewed in the interference zone on screen E. When we move E to E* which is in contact
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with the edge of the mirror (Fig. 15-16), the fringe nearest the edge is dark. This is, however,
the fringe corresponding to zero path difference. We have to recognize that the zeroth fringe is
dark indicates that the waves reflected from the surface of mirror have undergone a phase shift of
n. The experiment of Lloyd’ s mirror demonstrates that a one-half a wavelength (or a n phase

shift) occurs when light reflects from a medium having an index of refraction higher than that of

-

the medium in which it is originally traveling.

Example 15-6 Fig. 15-16 shows an experiment of
Lloyd” s mirror. The perpendicular distance from linear
source S; to the surface of mirror is 1 mm. The screen is
located at a distance D=1. 5 m from the source. The total
length of mirror is MM =D/2 and the distance from the
right edge of mirror M’ to the screen is MO=D/4,

(1) Calculate OA and OB which are the distances

from the top and bottom edges of the interference zone

to the center of the screen. Fig. 15-16 For Example 15-5

(2) What is the spacing of two adjacent bright
fringes when the incident wavelength is A=600 nm? And how many bright fringes are there on
the screen?

Solution (1) Suppose point C is the projection of virtual light source S; as shown in

Fig. 15-16. From AMOA ¢» AS,CA and AM'OB v» AS,CB, we have
OA _D/24+D/4 _ 3 OB _D/4_ 1

OA +d/2 D 4° OB+d/2 D 4

Substituting d=2 mm into above two equations, we have
OA = 3.0 mm, OB = 0.33 mm
(2) Comparing Fig. 15-16 with Fig. 15-14, we can find that Lloyd’s mirror experiment is

similar to Young’s experiment. Thus, the spacing of two adjacent bright fringes is also

Axr = g
Substituting the values of D, d and A into above equation, we have
CL5X6X107 DU
Ax = 22T = 4.5 X107 (m) = 0. 45 (mm)

Consider that the half-wavelength shift of reflection, the wave-path difference is
_d_ A
é= D% + 2
for bright fringes
d A _
I_)x_F?_kA’ k—lazagy“'

that is

we have
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for k=1, ; = 0. 225 mm < OB, it is not in the interference zone,

for k=2, x; = x; + Ax = 0. 675 mm >OB, bright fringes can be observed on the screen.

Substituting OA=23 mm into the condition of bright fringes, we have #=7. 17, it tells us
that the seventh-order bright fringe is the upper most one on the screen. Therefore, there are
six bright fringes, corresponding to £=2,3,4,5,6,7, on the viewing screen.

Light is a kind of waves, for instance, demonstrated by experiments of Young’s double-
slit and Lloyd’s mirror. The wavelength of incident light can be calculated from the interfer-
ence pattern. Lloyd’s mirror experiment indicates further that light traveling from a higher
index medium undergoes (gain or lose) one-half a wavelength when it is reflected at an inter-
face. This might be remembered as “higher means half”.

However, so far we have considered interference of light only as light waves traveling in
the same medium. As light waves traveling in two or more media, how do we decide the con-
ditions of constructive or destructive interference? We will give an experimental fact to show
that an optical path difference is used for the conditions of interference during the light beams

propagating in different media.

15. 6 Optical Path and Optical Path Difference,
a Property of Thin Lens

In Young’s experiment, a shift in the fringe pattern can be caused by the insertion of a
thin transparent material (e. g. a thin glass plate) into the path of one of the interfering
beams. We know that the position of fringes is decided upon the phase difference of coherent
light. From Eq. (13-24a), we can write the phase difference of two coherent light waves as

Ap = 271'(;:—2- = %)
where A; and r; are wavelength and path (or geometric path) in the medium with a refractive
index n; , A; and r; are wavelength and path in the medium of refractive index n,.
Since the wavelength A, in a given medium in terms of the wavelength A in a vacuum can

be written as

A =&
n
Thus
Ap = Zn(ﬂz?‘z ;711?‘1 )

If one or both paths are through media with different indices of refraction, we must take
into account the fact that the phase difference depends on (7,7, — n,7;) instead of (7, — ).
The product of the refractive index and the geometrical path within the medium is called opti-
cal path. What is the physical meaning of optical path? Consider two coherent light wave
trains L, and L, propagating through different media as shown in Fig. 15-17. Assume that
L, propagates in vacuum, and L, propagates through a medium with refractive index n. The

time required by L, to travel a distance / in the medium is = [/v, where v is the speed of light
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propagating in the medium. During this time, L, will S
have traveled a distance S= ¢t = I /v, that is S , !
= nl. Tt means that the light wave travels a distance / l %&W(,
in medium with refractive index n is equivalent to a
distance n/ if it travels in vacuum during the same L VQC%
time. Thus, as Fig. 15-17 makes clear, the optical VARV
path is the distance in vacuum containing the same

number of waves as the actual geometry path in the  Fig 1517 Two coherent light waves:

medium. Let & be the optical path difference, the Ly in vacuum and L propagating
through different media

phase difference of two coherent light waves is Ap =

2n AQ Therefore, when discussing the interference of

light in different media we should convert geometry path into optical path for calculating the
phase difference between the coherent light waves reaching given point. Now the condition of

interference can be rewrite as

Ao — 2 o + 2k, k=0,1,2,, brlght fringes (15-20a)
ey T+ @k+Dn, k=0,1,2,-, dark fringes e
or
+ 2k % k=0,1,2,--, bright fringes
S = (15-20b)

+ (2k+1) % B=0,1,2,5 dark fringes

Interference pattern is often obtained experimentally by using a converging lens. A con-
vex lens converges all rays parallel to the principal optical axis to its focus. Moreover, the
rays parallel to a secondary optical axis are also converged to point P at which the secondary
optical axis intersects with the rear focal plane as shown in Fig. 15-18. Now obviously differ-
ent rays in the beam of light parallel to the secondary opti-
cal axis will travel different distances in reaching the point
P. Does a lens yield any additional phase shift? If rays di-

verging from a point source form a real image after passing

through a converging lens, the rays travel over paths of dif-

ferent geometric length but all paths contain the same num-

ber of waves, otherwise the rays would not be in phase
Fig. 15-18 A property of thin lens  when they recombine at the image point. It is, in fact, the
function of the lens — taking advantage of the fact that the

wavelength in glass is less than that in air — to cause the rays to follow paths that contain the
same number of waves. Look up optical path difference. The rays on the outer edges of the lens
travel a greater distance through the air but a shorter distance through the lens. The greater geo-
metric length in air is just compensated by the shorter path through the lens. Simply, a lens does

not create any additional optical path difference or phase shift.
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15.7 Interference by Division of Amplitude

15.7.1 Equal-inclination interference

Under natural conditions, thin films such as a soap bubble or an oil slick on water have a
multicolored appearance that often changes while you are watching them. This is an interfer-
ence phenomenon caused by interference of light waves reflected from the front and back sur-
faces of a thin transparent film. In this case, the amplitude of incident light wave is divided in-
to two parts because of reflecting of the film. This interference, one of interferences by divi-
sion of amplitude, is often called thin film interference. Fig. 15-19 shows how light reflected
from the top and bottom surfaces of a film of uniform thickness can interfere. One ray of mon-
ochromatic light is incident on a transparent thin film at a small angle 7. Some light is reflected
at B and some is refracted toward C. The refractive index n of the transparent film is larger
than that of air. The refracted light is then partially reflected at C, emerging from the film
along DE’. The two reflected waves of rays a; and a; are coherent because they both origina-
ted from the same point A on the monochromatic source. When rays a; and a; are intercepted
by the observer’s eye, interference pattern is observed.

p £ Let e be thickness of the film, n be refractive index of

the film material, and A, be wavelength in film (A, = A/n) .

Because the refractive index of air is very near to 1, for the

common use, it is safety to use the wavelength in vacuum A

el to represent the wavelength in air. From Fig. 15-19, the op-

film tical path difference of two coherent rays a, and a; is

6 =n(BC+CD)—BN +2/2 (15-21)
where the term A/2 is introduced because of half-wave loss
of the reflection on front of the film. Since DN | BN and
refractive angle is ¥, thus

BC = CD = e/cosy

air

Fig. 15-19 Thin film interference

BN = BDsini = 2etanysini = Zesinysing
cosy
From refraction law, we have
sini = nsiny
Substituting above relations into Eq. (15-21), we obtain
2ne
COSY

(1 —sin®y) +% = 2necos)’—f—%

That is
5= 2o Jnt —snli +% (15-22)

Constructive or destructive interferences occur here when

2k "? k=1,2,3,+, bright fringes

o= 1 (15-23)
(2k+1)7, k=1,2,3,++, dark fringes
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Eq. (15-22) and Eq. (15-23) tell us that for a given incident wavelength A, the optical
path difference varies only owing to the variation of the incident angle i due to e and n keep
unchanged for a plane-parallel film. The fringe pattern that depends only on the incident angle
is called equal-inclination interference.

We now discuss the applications of interference of plane-parallel films.
1. Antireflective coating

The light energy lost much when light is reflected from many interfaces in a complex opti-
cal instrument. For example, the reflecting lose of light energy is about 50% of the incident
light as the optical instrument is composed of six lenses. Thus, if optical devices consist of a
large number of surfaces, the losses of light energy at the interfaces can be considerable, In
order to reduce these losses, lens surfaces, like a camera lens, are often coated with a plane-
parallel thin film of transparent structure whose refractive index being less than that of the
lens. This transparent thin film is called antireflective coating.

Example 15-7 In Fig. 15-20, a glass optical component of refractive index n;, =1. 50 is
coated on one side with transparent material MgF, to reduce reflection from optical compo-
nent. The refractive index of MgF, is n, =1, 38. What are the least thickness and optical-
thickness of MgF,; coating which produce a minimum reflection with incident light of wave-
length A =550nm? Assume that the incident light is approximately perpendicular to the com-
ponent surface.

Solution The product of refractive index and thick-

. . : @ incident light
ness of the material is called optical-thickness. Now, we el

seek destructive interference between light rays 1 and 2 in it 14 reflected light

Fig. 15-20. At the upper and lower surfaces of MgF, coat-

n,=138

ing, a phase shift of = exists respectively. Thus, the opti-
cal path difference between rays 1 and 2 is
0 = 2nge

For destructive interference, we have Fig. 15-20 For Example 15-7

§ = (2k+1)%, B=0,1,2,

Therefore, the thickness of the coating is

e= (2k+1) A
47’12
and the optical-thickness of the coating is

me = (2k+1) 4

Substituting £#=0, A =5. 50X1077 m and n, =1. 38 into above two equations, we obtain

_ 5.50x107
41,38

_ 5.50 X107
4

=9.96 X 10 (m) & 100 (nm)

= 1.375X 107" (m) =& 138 (nm)

nze
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2. High-reflective coating

Another important application of film interference is

converse of the procedure just discussed. The optical surface

= is coated by suitable transparent material when high reflec-

== tion is desired. The coating film, which is usually multicoat-

ing, is called high-reflective coating. The reflecting mirror

of resonant cavity of a He-Ne laser device, for example, is

coated multicoating (15~17 layers) to reach 99% reflectivi-

ty for the laser of Ay =632. 8 nm. In order to increase the re-

flectivity of light, lens surface is often coated with large re-

glass

fractive index films (L) and small refractive index films (S)
Fig. 1521 High-reflective coating alternatively, as shown in Fig, 15-21. ZnS, refractive index
n=2. 35, is usually used as a large refractive index material, and MgF,, n=1. 38, is usually
used as a small refractive index material. When A, is the light wavelength whose high reflec-
tion is desired, the optical thickness of each coating is A, /4. Since the light is reflected by
each coating, a w phase shift occurs only on one surface. For normal incidence, the optical

path difference of reflecting rays on each coating is
0 = 2ne + 322
if ne = Ao/4, then
A Ao
d=2X 1 s 5 Ao

It is accord with the condition of constructive interference. Because the interference of re-
flection on every coating is constructive interference, high reflectivity can be obtained. The
more layers the higher reflectivity. However, the layers of the films should be no more than

15~17 layers because of absorption.
15.7.2 Equal-thickness interference

Thin film interference depends on film thickness, wavelength of light and refractive indi-
ces. Equal-thickness interference is observed when the incident angle i keeps a constant on the
surface of film that varies in thickness. In this case, the conditions of interference are the
same for points having the same values of thickness e. Two arrangements to obtain equal-

thickness interference will be discussed.
1. Wedge-shaped film

Let us discuss the interference pattern produced by a film of varying thickness called a
wedge-shaped film which consists of two non-parallel plane surfaces.

Example 15-8 In Fig. 15-22(a), two flat glass plates are separated at the right end by a
thin spacer with a thickness d, and contact with each other at the left end. One beam parallel

light incidents normally on the upper surface of the wedge-shaped arrangement.
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incident ligth

(a) (b)
Fig. 15-22 Experiment of wedged-shaped film:

(a) the scheme; (b) interference fringes

(1) Give the conditions of interference and locate the interference maximum with respect
to the left end.

(2) What is the distance between two adjacent bright (or dark) fringes?

(3) Is there a bright or dark fringe at the contact edge, i. e. the left end?

Solution (1) So far as that the common light source (except for laser) is concerned, the
thickness of the glass plates is very large compared with the incident wavelength. The observ-
able interference fringes are due entirely to the wedge-shaped air gap. The ray 2 which reflec-
ted from the upper surface of the second glass undergoes a half-wave loss at reflecting point C.

The optical path difference between coherent waves of rays 1 and 2 is
— O A A
0 = 2ng e+ 2 Z2e+ 2

where e is the thickness of wedge-shaped air film at point C. Then, the conditions of interfer-

ence are
bright fringes 8:2e—|—%:2k%, E=1,2,3,
(15-24)
dark fringes &= 2e+% — (2k+1) % E=0,1,2,
From geometry of Fig. 15-22, we have
g = %1

where x = OC, d is the distance between A and B. Therefore, interference maxima occur at

position for which

28, +4 —2nd
or
xzi@—%p.kzL&&m
(2) From Eq. (15-24), the distance / between adjacent bright or dark fringes is
| — G e .1 A
sinf sinf 2
where @ is the wedge angle. Since § is small, we have
/ LA

T 2d
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(3) The thickness of contact edge is e=0. From Eq. (15-24), we haved = % which is the

one-half a wavelength loss due to reflection from the upper surface of the second glass. There-
fore, there is a dark fringe where the plates touch.

From this example we understand that for a wedge-shaped film in the normal incident
condition, the same order bright or dark fringes occupy the position of points for which the
film thickness keeps unchangeable. That means a series of parallel equally spaced straight
fringes can be seen on the upper surface of the film, as shown in Fig. 15-22(b). These fringes
are called equal-thickness fringes. Because the larger the wedge angle 6§ is, the denser the in-
terference fringes are, we can only observe interference fringes when 4 is very small. The in-
terference of wedge-shaped film may be applied both check on smoothness of an optical flat
plane or to measure a small angle or a small thickness.

- — Example 15-9 A piece of SiO; film is formed by oxygena-
1 tion over a perfectly flat piece of Si. To determine the thick-

ness of the Si(), film precisely, it is usually corroded to a

wedge shape as shown in Fig. 15-23. The refractive indexes of

SiO; and Si are nso, = 1. 50 and ny = 3. 42, respectively. One
light beam of wavelength A =589. 3 nm incident normally to

Fig. 15-23 For Example 15-9

the film. 7 bright fringes are seen over the length of film. Cal-
culate the thickness d of the SiO, film,
Solution On the SiO, film where the thickness is e, the optical path difference between
two reflected light rays which are reflected from the upper and lower surfaces of the film is
8 = 2nso, e
When
S = Zns-,()ze =k, kE=0,1,2,
the bright fringes occur. The thickness of the SiO, film is
kA

27’15i()2

s k=0,1,2,°

€y

There is a bright fringe at the contact edge where e, =0 or k/=0. Thus, the thickness d should
correspond to the bright fringe of #=6. Therefore, from above equation, we obtain

d— 6A 62X 589.3X107°

_ _ —6
. TG 1. 18 X 107* (m)

2. Newton’s rings

One classical example of equal-thickness fringes is Newton’s rings. A plane-convex lens
with radius of curvature R rests on an accurately plane glass plate. An air film of gradually in-
creasing thickness outward is formed between the lens and the glass plate, as shown in
Fig. 15-24(a). The thickness of the film at the point of contact O is zero. If it is illuminated
from above by monochromatic light with wavelength A then the light reflected from the surface
AOB interferes with the light reflected from the surface MON. A series of alternate bright and

dark concentric rings appear around the point of contact. These circular interference fringes,
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called Newton’s rings, are shown in Fig. 15-24(b). It is associated with the variable thickness
of the air film between the lens and the plate. We will find out the relations among r, A and

R. Here r represents one of radius of Newton’s rings,

(a) (b)
Fig. 15-24 Newton’s Rings: (a) Arrangement of

Newton’s rings; (b) Interference pattern

In Fig. 15-25, at point P, the thickness of film is e. The Incident light
optical path difference between the two reflected coherent

waves 18

9. A A
6 = 2n,.e+ 5 Z2e + 5

where A/2 corresponds to the one half-wave loss due to the re- | T
i

flection of light on the bottom surface of the air film. The I I_ g S

conditions that deduce circular bright or dark fringes are

bright fringes 2e+ % = kA, k=1,2,3,*+ Fig. 15-25 Illustration for Newton’s

rings experiment

dark fringes Ze—|—% — (2k4+1) % PR

(15-25)
There is a dark spot at the point of contact (¢e=0), as shown in Fig. 15-24(b). From geome-
try of Fig. 15-25, we have
P =R*—(R—e) =e(2R—e¢)
Assuming that e < 2R, thus

_ )
¢e=55 (15-26)
Substituting Eq. (15-26) into Eq. (15-25), we obtain
bright fringes r =,\/(2k—1)R3—, B 143, Guwes
. 588 R 2 (15-27)

dark fringes re = VERA , E=0,1,2,+"
Let the radius of the k;th dark ring ber;, the radius of the k;th dark ring be , and then,
from Eq. (15-27), we have
T’% = k1 RA
2 = k,RA
Therefore
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. #H=r
l l l l R_(kz—kl)a

We can calculate the radius of curvature R or the wavelength A

by using above equation.

Example 15-10 Fig. 15-26 shows a plane-convex lens with

Fig. 1526 For Example 15-10 a radius of curvature R=4. 0 m lying on a flat glass plate and il-
luminated from above by parallel beams with wavelength A.
The Newton’s rings are observed from above by reflected light. The radius of the fifth bright
ring is measured and found to be 0. 30 cm.
(1) Find the wavelength A.
(2) In Fig. 15-26, if OA = 1. 0 cm, how many bright rings would be seen within the
range of OA? '

Solution (1) The radii of bright rings are

e =\/(2k—1)R%, B=1,2,3,0
Thus

2r%

~ (2k— DR
With £=5, r, = r; =0. 30 cm=3.0X10"* m, R=4. 0 m, we obtain
A=05.0X10"m or A= 500 nm

A

(2) Fromr, I\/(Zk — DR %, we have k =Ri:\+%; Letr, =0A =1.0 cm=1.0X10 2
m, and entering known values yields
_ _@d.ox10™®?* 1 _
k= Toxsoxio7 T2 = 0

Therefore, there are 50 bright rings which would be seen within the range of OA.

15.8 Michelson Interferometer

An interferometer is an apparatus that can be used to measure lengths or changes in
length with great accuracy by utilizing interference between two light waves. One particularly
historical interferometer is Michelson interferometer that developed by Albert A. Michelson
(1852—1931). A schematic diagram of Michelson interferometer is shown in Fig. 15-27. S is
an extended source. G; and G; are two beam splitters with the same material and thickness,
i. e.,a beam of light that strikes on G, and G, gets partially reflected and partially transmitted.
M, and M, are two good quality plane mirrors with very high reflectivity. One of the mirrors
(usually M, ) is fixed and the other (usually M;) is capable of moving away or towards the
glass plate G, along an accurately machined track by means of a screw. In the normal adjust-
ment of the interferometer, the mirrors M, and M, are perpendicular to each other and G, or
G, makes a 45° angle with M,.

A beam of light emitted by the monochromatic light source S gets partially reflected and
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partially transmitted by G,. The reflected portion labeled —  __________ M,
(1) travels a distance /; to mirror M,. It is reflected by M,
M, and partially transmitted by G, and arrives finally at
the eye E of the observer. The transmitted portion of
the original beam labeled (2) travels a distance [, to S ?('2)

mirror M,, which reflects the beam (2) back toward g # M,

G,. It is partially reflected and arrives finally at the eye

E of the observer. Note that beam (1) passes through ) )| M

G, three times in reaching E, while beam (2) passes E

through it only once. The plate G;, called the compen- Fig. 1527 A schematic diagram
sating plate, is introduced into the path of beam (2) to of Michelson interferometer
equalize the optical path lengths of two beams (1) and (2). As being divided from the same
point on the source, the beam (1) and (2) are coherent and their interference pattern depends
only on the difference lengths /; and /,. Considering the effect of compensator plate G,, the
mirror M, may be replaced with its virtual image M;. Beams (1) and (2) can be considered as
emitted from coherent sources M; and M; with optical path 2/,and 2/, , respectively. If the mir-
ror M, and M, are exactly perpendicular to each other, the interference fringes are a series of
circular equal-inclination fringes. If the mirror M; and M, are nearly but not exactly perpen-
dicular to each other, they construct a wedge-shaped film. The observer then can see a series
of parallel equal-thickness fringes. If the optical path difference 2|/, —/; | is an integral num-
ber of wavelength of incident beam, beams (1) and (2) will constructively interfere, and they
will destructively interfere if 2|, —{, | is an odd half-integral number of the wavelength.

If the mirror M, moves backward or forward along the direction perpendicular to its sur-
face, the length /, is changed, and the pattern of interference fringes is shifted. This shift can
be seen by using a telescope with a cross-hair eyepiece. When M, moves a distance of 1/2, the
shift of optical path difference is A, and the observer can see a total fringe passing the cross-
hair, thus, the distance d that M, moves is determined by counting the number of fringes N

that pass the cross-hair as the movement of M, is made, that is

= N% (15-28)

A careful observer using a well-constructed instrument can detect a shift as small as 1/40
of one fringe spacing. If A = 500 nm, it means that we can measure distance as small as 7 nm
using Michelson interferometer. By such techniques, the lengths of objects can be expressed
in terms of the wavelength of light. In Michelson’s day, the standard of length—the meter,
was chosen by international agreement to be the distance between two fine scratches on a cer-
tain metal bar preserved at Sevres, near Paris. Michelson was able to show, using his inter-
ferometer, that the standard meter was equivalent to 1553163. 5 wavelengths of a certain mon-
ochromatic red light emitted from a light source containing cadmium. Michelson, for this care-
ful measurement, received the 1907 Nobel Prize in physics, American’s first Nobel Prize win-

ner in science.
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15.9 Diffraction of Light and Huygens-Fresnel ’s Principle

Interference of light gives the evidence that light has wave-like properties. According to
the wave theory, waves should bend around obstacles. The bending of sound waves around
obstacles, the diffraction of sound waves, is constantly observed in our everyday life. Since
light has a wave-like nature, it is expected that light wave exhibits diffraction. We will discuss

the diffraction phenomena of light in the following.
15.9.1 Two kinds of diffraction: Fresnel diffraction and Fraunhofer diffraction

Fig. 15-28 shows a plane light wave strikes on a long narrow slit of width d. According to
geometrical optics, the region AB on screen E directly opposite the slit would be illuminated
and the remaining portion, the geometrical shadow, to be absolutely dark. However, if the
slit width a is small enough to make the ratio A/a sufficiently large, the light intensity in the
region AB is not uniform and the incident light certainly “flares out” into the geometric shad-
ow of the slit, as shown in Fig. 15-29. The narrower the slit is, the more flaring out the light
is. This flaring out of a light wave when it passes through a narrow opening is known as dif-
fraction of light and intensity distribution on viewing screen is called diffraction pattern. It is
possible to see diffraction fringes if one peers between two fingers at a distance light source.
With the fingers held close to the eye and brought together to form a slit opening, dark fringes
will be seen before the light is shut out.

incident ~ TTTTTTTTTTTTTTTTTTTY A incident
light GI_ ____________________ B light
E
Fig. 15-28 A sharp shadow will be cast in the region AB Fig. 15-29 The incident light flares
of the screen E according to geometrical optics out in the geometrical shadow

The diffraction phenomena are usually divided into two categories: Fresnel diffraction and
Fraunhofer diffraction.

(1) Fresnel diffraction refers to the cases in which the source of light or the screen or
both are at finite distances from the diffracting obstacle, as shown in Fig. 15-30(a). Experi-
mentally Fresnel diffraction is easily achieved, but mathematical analysis proves to be very
complex for it concerns non-plane wavefronts.

(2) Fraunhofer diffraction refers to the cases in which the source of light and the screen
are at infinite distances from the obstacle, as shown in Fig. 15-30(b). Experimentally, this is
often achieved by using an ordinary source and two lenses as Fig. 15-30(c¢) illustrates. Mathe-

matically, the analysis on Fraunhofer diffraction is easy to achieve because only parallel rays



Chapterl5 Optics 159

are concerned. Taking advantage of the highly paralleled laser beam, if choosing laser as the
source of light, Fraunhofer diffraction may be achieved readily without lenses. Actually, la-
sers have been employed as sources to demonstrate the wave properties of light for years. We
will only focus on Fraunhofer diffraction in following content because it is easy to handle both

in experiment and in mathematics.

B E B B E
S — ] % S ﬂ_
! S L S
(a) (b) (c)

Fig. 15-30 (a) Fresnel diffraction; (b) and (¢) Fraunhofer diffraction
15.9.2 Huygens-Fresnel’s principle

The penetration of light waves into the geometrical shadow can be explained with the aid
of Huygens’ principle which has been introduced in 13. 5. This principle, however, gives no
information on the intensity distribution of light on viewing screen. French physicist Augustin
Fresnel (1788—1827) supplemented Huygens’ principle with the concept of interference of
secondary wavelets, Taking into account the amplitudes and phases of the secondary wavelets
makes it possible to find the amplitude of the resultant wave for any point in space, 1. e. the
intensity distribution of light on viewing screen. Huygens’ principle developed in this way
was known as the Huygens-Fresnel principle.

In Fig. 15-31, according to the Huygens-Fresnel princi-
ple, every element of wavefront S emits a secondary spherical
wavelet whose amplitude is proportional to the element area ds
and is inversely proportional to the distance ». Consequently,

the oscillation at point P where spherical wavelets from each

section ds converge together can be written as

oy = k(‘@r) dscos(wt o @») (15-29) Fig. 15-31 The explanation

A

where r is the distance from surface element ds to point P, k() is a function of angle ¢ be-

of diffraction

tween r and the normal of ds , w is the circular frequency of light and A is the wavelength of

light. Therefore, the resultant oscillation at point P is given by

y = L k—(;@cos(wt — %‘)ds (15-30)

Eq. (15-30) is an analytical expression of Huygens-Fresnel principle.

15.9.3 Parallel beams interference—a simplified discussion

Huygens-Fresnel principle can be applied to simplify the determination of intensity distri-

bution of light on viewing screen. When a beam of plane wave is incident normally on a slit of
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width a, the area of the slit opening is a part of wavefront whose every point could be regar-
ded as a source of secondary wavelet which emits a spherical wavelet with radial rays in all di-
rections. Fig. 15-32 (a) shows a plane wavefront approaching the slit and singles out two
sources of wavelets and three arbitrary parallel beams with different directions represented by
diffraction angles of ¢, » ¢ and ¢; respectively. Actually, the rays emerging from slit are made
up of a random array of parallel beams in all directions corresponding to diffraction angles ¢
changing from 0 to 180°. We now focus on one parallel beam in arbitrary direction represented
by the diffraction angle ¢ as shown in Fig. 15-32(b). According to geometrical optics, this parallel
beam will convergent to point P on the focal plane where the screen is located. All rays in this paral-
lel beam are coherent with each other, and their superposition determines the intensity of light at

point P. We will study the diffraction of light from a single slit with above idea.

(b)

Fig. 15-32 (a) Wavelet rays in all different directions: (b) a parallel beam

in arbitrary direction represented by diffraction angle

15.10 Diffraction from a Single Slit

We now introduce the Fraunhofer diffraction produced by a single slit. Suppose a beam of
parallel monochromatic light is incident from the left of an opaque plate with a narrow horizon-
tal slit of width a, a viewing screen is placed at the focal plane of the lens on the right of the
slit, as Fig. 15-33(a) illustrates. The beam spreads out perpendicularly after passing through
the slit and Fig. 15-33(b) shows the diffraction pattern formed on the screen. It consists of a
broad central maximum and many narrower and less intense maxima on either side.

Let us now discuss how light is superimposed at point P by using Huygens-Fresnel prin-
ciple. One set of parallel rays of wavelets emerging from the slit at an angle ¢ will be focused
at point P on the screen, as shown in Fig. 15-33(a). The angle ¢ between the emerging direc-
tion and the normal direction of the slit is usually known as diffraction angle. Make a plane BC
be perpendicular to the diffraction rays of angle ¢. The optical paths of the rays from the wave-
front BA to the plane BC are totally different. Note that optical difference between the up-
most ray and the bottommost ray is AC= § = asin g and it is the maximum optical path differ-
ence in the rays. We will see that it is the maximum optical path difference asing determines

the intensity at point P on the screen.
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i

opaque

Screen

(a) (b)
Fig. 15-33 Fraunhofer diffraction from a single slit

(a) Experiment arrangement; (b) diffraction pattern

15.10.1 Central bright fringe

When rays travel along the optical axis, that is ¢ = 0, these rays are all in phase at the
plane of the slit, and they remain in phase at the center point P, on the screen E because a lens
does not lead to any additional optical path difference. As a result, constructive interference

causes a bright central fringe, also called central maximum, at point P, on the screen.
15.10. 2 Location of the dark fringes

When rays travel at an angle ¢, each ray undergoes a different path to a common location
P on viewing screen E, and they can arrive on or out of phase. To find the dark fringes, we
will introduce a clever and effective method that involves paring up all the rays coming
through the slit and then finding what conditions cause the wavelets of the rays in each pair to
destructive interference. The wavefront BA on the slit opening is mentally divided into many
zones of equal widths a/n and a bunch of parallel planes, which represented by dash lines and
are always perpendicular to the emitting rays of diffraction angle ¢ in Fig. 15-34, being A /2
apart between any adjacent two of them. In Fig. 15-34(a), the wavefront BA is mentally di-
vided into two zones of equal widths a/2 and three rays labeled r; , 7, and 3 are drawn. Ray r,
originates at the top of the slit, r, at the center and r; at the bottom. A¢ is the optical path
difference between r, and ry. If the diffraction angle ¢ is given so that A equals toA /2 (in this
case, we usually say that wavefront BA is divided into two one-half a wavelength zones), ray
r1 and r, will be out of phase and interfere destructively. A ray from slightly above the central
ray r, and one from slightly above the bottom ray »; will also cancel one another. That is, each
ray from the upper one-half a wavelength zone will be cancelled by a corresponding one from
the lower zone because they always keep an optical path difference A /2, and a dark fringe will
occur at convergent point P on the viewing screen. Therefore, the first minimum of the dif-

fraction pattern occurs, when

or



162 Part Four Oscillation and Waves
8
__Allzl_‘f_’_/ ry

a
T B([A2 &

(

\ \
a)
A/
\

r
r
\ ()

3
r
2}
3

ry

—I 7 A2
B
(c) (d)
L . o N A
Fig. 15-34 For “location of minima” (a) asin ¢=2 * o3 (b) asin g=4 - ;
o A A . A
(c) asing=3 + ?;(d) 2. 2 <asing<3 * 2

If ¢ is given so that BC = § = asing = 22 and AJ, the optical path difference between r,.,

andr,(k = 1,2, 3, 4), equals to % , the wavefront BA is divided into four “one-half a wave-

length zones”, as shown in Fig. 15-34(b). Rays emit from the upper two “one-half a wave-
length zones” will interfere destructively with each other at convergent point P, and rays emit
from the lower two “one-half a wavelength zones” do likewise. Therefore, the second mini-

mum of the diffraction pattern occurs at point P, when

L JeT—

1 sing 5
or

asingp = 2A

By extension of above discussion to the situation that the wavefront BA on the slit open-
ing is divided into even number of one-half a wavelength zones, the general equation for the
minima in the diffraction pattern on viewing screen is given by

A

asing ==+ 2k R

k= 1,2, (15-31a)

or

asing =t kA, k=1,2, (15-31b)
where the sign “Z4="shows that the same order dark fringes on the screen are symmetrically located
about the central maximum, It tells us that in the case of diffraction from a single-slit, dark fringes
are produced where the maximum optical path difference (i. e. the optical path difference between the

top and the bottom rays) equals to odd number times the wavelength of incidence.
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15.10.3 Location of the bright fringes (secondary maxima)

When ¢ is given so that the wavefront BA on the slit opening is divided into three one-half
a wavelength zones, as shown in Fig. 15-34(c), those rays emitting from the top zone and the
middle zone will interfere destructively. Only do the rays emitting from the bottom zone re-
main intensity at point P on the viewing screen. It means that point P will turn out bright
fringe with less intensity comparing to the central maximum. This bright fringe which is

known as the first secondary maximum can be located with the equation

asing = 3 » A

2

In terms of above strategy, when the wavefront BA on the slit opening is divided into odd
number of one-half a wawelength zones, only the rays emitting from the bottommost zone re-
mains intensity at point P on viewing screen. Therefore, all other bright fringes, i. e, second-
ary maxima, above and below the central maximum can be located with the following general

equation
asing=+ 2k + D%, £=1,2,-- (15-32)
The fringe pattern is symmetrical about the central maximum as Fig. 15-33(b) shows.
If the diffraction angle ¢ is given so that 2/@% < asing < (2k + 1) %, as shown in

Fig. 15-34(d) for k=1, it is detected that the intensity at P will be weaker than that of the
closed secondary maximum.

The variation of intensity with distance from the
centre of the central maximum has been graphically intensity
depicted in Fig, 15-35. It shows that the central max-
imum is wider and much more intense than those of
the sides. The intensity of maxima falls off rapidly as

the points go away from the centre O because the

greater the order % is, the more the zones are and the

O
smaller the area of uncanceled zones is.

. . . Fig. 15- Distributi fi sity of th
The width of the central bright fringe, represen- 5 o35 Mstuintion /ot infensifyof e

ted by /;, 1s defined as the distance between the posi- diffraction patter from a single sli
tions of the two first minima. The width / of the other bright fringe is the distance between
the positions of any other adjacent pair of minima, say, between the kth and the (£+1)th
minima. Fig. 15-35 shows that [, is approximately the double of /.

Example 15-11 In an experiment of Fraunhofer diffraction from a single slit, the width
of the slit isa = 0.1 mm and the focal length of the lens is 0. 5 m. Monochromatic light of
wavelength 500nm is incident on the slit. Find

(1) the width of central bright fringe;

(2) the width of the first secondary bright fringe.

Solution (1) The width /, of central bright fringe equals the spacing of the two first min-
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ima as sing; = A and sing; =—A. Let z; be distance of the first minimum and the centre point
P,. From Fig. 15-33(a), we have

ly = 2x; = 2 ftang,
For lower order diffraction fringes, ¢ is very small, thus tang, = sing,.

Hence
lo = 2fsing, = &aﬁ (15-33)

Where
a=0,1lmm=0.1X10"m, f=0.5m
A =500 nm=5.00X10"m
Substituting known values into Eq. (15-33) gives
lp, =0.005 m =5 mm

(2) The width [/ of the first secondary bright fringe equals the spacing of the first mini-
mum asing; = A and the second minimum asing, = 2A.

From Fig. 15-33 (a), the distance of the second minimum and the centre point P, is

f tang, & fsing; , thus
| = fsing, — fsing, = f(2—4)= 1A (15-34)

a a a
Substituting the values of f and A into above equation yields
[= 0.0025 m = 2.5 mm

Eq. (15-33) and Eq. (15-34) imply that the width of other bright fringes equals approxi-
mately fA/a when ¢is very small and the central bright fringe is approximately double as wide
as other bright fringes. And it is obvious that as wavelength A is unchanged, the smaller the
width a is, the wider the fringes become and as the width a is determined, the longer the
wavelength A is, the wider the fringes become.

Example 15-12 A slit of width ¢ =2.5 pm is illuminated by white light.

(1) What is the diffraction angle that the first minimum for red light A=650 nm falls at?

(2) What is the wavelength A" of the light whose first diffraction maximum (not counting
the central maximum) falls at ¢, , thus coinciding with the first minimum for red light?

Solution (1) From equation asin ¢=#kA, where £=1 for the first minimum, we have
A

sing, = — = &
¢ a a

[hat is
. . < i
¢ = arcsin .

Substituting known values, A = 650 nm, a = 2. 5 ym, we obtain
901 2150

(2)From equation go’ = (2k+1) % , where £ = 1 and go’ =15°= ¢, for the first maximum,
thus

asing, = é/l/

2
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Problem (1) gives

asing; = A
Therefore
i = %A = % X 650 = 433 (nm)

This is the wavelength of violet. The first diffraction maximum of violet light with wavelength
433 nm will always coincide with the first minimum of red light with wavelength 650 nm, no
matter what the slit width is. If the slit is relatively narrow, the overlapping of the angle ¢
will be relatively large, and conversely. Therefore, each fringe is a rainbow of color except for

the central maximum when white light falls on a slit.

15.11 Diffraction Grating

A logical extension of Young’s double-slit interference experiment is to increase the num-
ber of slits from two to a large number of N. An optical component consisting of a large num-
ber of parallel, closely spaced slits- for example, as many as 10°/mm is not uncommon is
called a diffraction grating, A diffraction grating can be used to determine the wavelength of
light with high precision. Diffraction gratings are usually made by ruling equally spaced paral-
lel grooves on a polished glass plate using a diamond-tipped cutting tool. The grooves are ef-
fectively opaque and they scatter the light and the space between the grooves behaves as a slit.
Thus, the action of a diffraction grating can be described in terms of a regular array of parallel
slits. The width of a slit is @ and the width of a groove is b. d = (a+b) is called grating con-
stant as illustrated in Fig. 15-36. Usually d has orders of 107®* ~107°>m, meaning that there
are 1000~ 10000 grooves per centimeter. Gratings are widely used to measure wavelengths
and to study the structure and intensity of spectral lines. Intensity patterns of bright and dark
{ringes can be seen on the viewing screen when monochromatic light passes through a single or
double slit. The fringe patterns also result when light falls on a grating. Fig. 15-37 shows a
grating with total number of slits N (N=5). At any point on the screen, the available light
intensity from each slit, considered separately, is given by the diffraction pattern of that slit.
The diffraction patterns for each separate slit coincide with each other because parallel rays in
Fraunhofer diffraction are focused on the same point of the lens’ focus plane. The diffraction
rays will interference with each other since they are coherent. The diffraction patterns for N
equals 1, 2, 3, 4, 5 and 20 are shown respectively in Fig. 15-38. Two important changes oc-
cur when the number of slits increases:

(1) The bright fringes become narrower and brighter;

(2) Faint secondary maxima appear between fringes.

It indicates that the diffraction pattern of a grating is total result of interference of the
lights from slits and diffraction of a single slit. The more slits, the more principal maxima and
the weaker the secondary maxima become. As N increase, perhaps to 10* for a useful grating,

the bright fringes become very sharp and bright indeed while the secondary maxima become so
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reduced in intensity as to be negligible in their effects. We will ignore the secondary maxima

in what follows and discuss the locations of the bright fringes of a diffraction grating. The op-

tical path difference between rays from adjacent slits shown in Fig. 15-38 is

Fig. 15-36  Grating constant
d=a+t+b

Fig. 15-38 Diffraction pattern for
N=1,2,3,4,5,20({from up to bottom)

0 = (a+b)sing

e ife

Fig. 15-37 Arrangement for
a grating of N=5

where ¢ is diffraction angle. Constructive interfer-
ence creates bright fringes. These sharp bright fringes
which are sometimes called principal maxima will occur
when

(a+b)sing ==Xk, k=0,1,2,3,""

(15-35)
Where A is the wavelength of incident light, £ is the or-
der of the fringe (principal maximum) and £=0 corre-
sponding to the central fringe (or central principal maxi-
mum). Eq. (15-35) is called grating equation which
gives the condition necessary to obtain constructive in-
terference for a diffraction grating in the case of normal
incidence,

Missing orders occur for a diffraction grating when
an interference maximum coincides with a diffraction min-
imum of a single slit. For example, if both the conditions
(a+b)sing = + kA and asin ¢ =+ kA are satisfied for a
given ¢, the kth principal maximum of the grating dif-
fraction is coincident with the 2'th minimum of the sin-

gle-slit diffraction. As a result, there is no the kth prin-

cipal maximum on the viewing screen, that is such bright fringe disappears.

Eq. (15-35) can be used to study the dependence of the diffraction angle ¢ on the wave-

length A. When the grating constant (a+56) keeps a constant, the diffraction angle ¢ of the kth

bright fringe is determined only by the wavelength A. The longer the wavelength 2 is, the lar-
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ger the anglep is. When we use white light as incident light, except for the central fringe
keeps white, all the higher-orders maxima disperse white light into their rainbow of colors on
the screen. The whole of all the same order fringe of the incident light emitted by a polychro-
matic source is called grating spectrum, the fringe on the grating spectrum is called spectrum
line. The grating spectrum formed by one material is unique, that is, a kind of material has a
characteristic spectrum. We can determine components of material by its grating spectrum.
Example 15-13 A beam of white light (A =400~
760 nm) falls normally on a grating, as shown in Fig. 15-
39. The grating constant is (a+56) =2. 4X10 *cm, the
focal length is f=0. 25 m. Find the distances from the 3rd
order spectrum line of violet light (3, =400 nm) and the

2nd order spectrum line of red light (1, =760 nm) to the

centre P, on the screen, respectively. Fig. 15-39 for Example 15-13
Solution Assuming the diffraction angles of the 3rd order spectrum line of the violet

light and the 2nd order spectrum line of the red light are @13 and ¢y, 5 respectively. The distance

from them to the centre P, are x;;and xy, respectively. From the grating Eq. (15-35), we

have
L/ 3A\_ . /3X400X107°\_ . .
Q13 = arcs1n(a+b)— arcsm( 2 4% 10 )— arcsm(O.- 50) = 30
- . 22, \__ L (2XT760 X107\ . ool
@2 = arcsm(a+ )— arcs ( 2 4% 10° )— arcsin(0. 633) = 39718

From the geometry shown in Fig. 15-39, we have
x13 = f » tang;; = 0. 25 X tan30° = 0. 14 (m)
x2 = f » tangg = 0. 25 X tan39°18" = 0. 20 (m)

We can see that x;3 is smaller than x;,. It indicates that the 3rd order spectrum line of the
violet light is more near the central maximum line than the 2nd order spectrum line of the red
light and the two spectrums overlap with each other. Please note that when (a+5) is very
small (e. g 10 °m), the relationship tang & sing = ¢ that is used in discussing of single-slit
diffraction may not suitable for discussing of diffraction grating.

Example 15-14 Light of wavelength A = 643. 8nm is incident obliquely on a grating at an
angle @ = 30° as shown in Fig. 15-40. The diffraction grating has 5000 lines per centimeter.

(1) Find the diffraction angles for bright fringes cor-
responding to £#=0, #=-+1 and k&=—1, respectively.

(2) Find the highest order of maximum that can

be seen. Compare it with the one in the case of nor-

mal incidence.

Solution (1) As light is oblique incidence, the
optical path difference between rays from adjacent
slits in Fig. 15-40 is
6 = (a+b) (sinf + sing)

Fig. 15-40 For Example 15-14
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The principal maxima will occur when

(a+b)(31n0+51n€0) :ik«\, k:'05 1, 2, 37 s (15‘36)
Eq. (15-36) is called grating equation for oblique incidence. In this problem, the grating con-
stant

1 _1x10% »
(a+b) =5 ="~ m=2.0X10"m

From Eq. (15-36), the diffraction angle for fringe of 2=0 is
@y = arcsin(— sin 30°) =— 30°

It indicates the Oth order bright fringe located below the centre of the screen.

The diffraction angles corresponding to fringes of k=-+1 and k&= —1 are respectively
@i = arcsin(% — Sinﬁ) = arcsin(ﬁ%ﬁéoﬁ9 —i; 5) =—10°16’
and
1 = arcsin(— % — sin@) = arcsin(— % ==, 5) =—55°17

These tell us that the distribution of bright fringes is not symmetrical.
(2) The highest order k.. of maximum corresponds with the maximum of sin ¢, that is
¢=90°. From Eq. (15-36), we have

_atb 2.0X10°°
A

643.8 X 107*

This tells us that the highest order of maximum which can be seen is the fourth-order fringe

B (sin 30° + sin 90°) =

X(0.5+1) =4.7

when oblique incidence occurs.
Assuming the highest order of the spectral line is k... in the case of normal incidence, ac-
cording to the grating equation for normal incidence
(a+b)sing =2k, k=0,1,2,-
we have

r _a+b. qno_ 2.0X107° _
R = P sin 90 —643.8><1079><1 3.1

which means that the highest order of maximum which can be seen is the third-order fringe

when normal incidence occurs.

Therefore, we can observe higher order of bright fringes in the case of oblique incidence.
The highest order of spectral line is only decided by the incident angle § when the wavelength
A and the grating constant (a—+#4) are unchanged.

15.12 Resolving Power of Optical Instruments

Diffraction comes from the wave nature of light and is determined by the finite aperture of
the optical elements. An important property of any optical instrument, such as a camera or a
telescope, is its resolving power. Resolving power is the ability to distinguish between two
closely spaced objects. We have known that light passing a small opening or a boundary of a

circular lens is bended so that the images are fuzzy. Diffraction fringes near the edges of ima-
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ges usually make it difficult to determine the exact shape of the
source. It limits the resolving power of an optical instrument
because the diffraction pattern has certain intensity distribu-
tion. Fig. 15-41 shows a circular diffraction pattern formed by
a small circular aperture. Note that the large central maximum

(bright spot), called Airy disk, is surrounded by alternating

bright and dark rings. This diffraction is of extreme impor-
tance in an optical instrument because it sets the ultimate limit  Fig 15-41 Diffraction pattern
on the possible magnification. of a circular aperture

Fig. 15-42 shows that light from two sources A and B pass through a small circular open-
ing in an opaque barrier. In Fig. 15-42(a), the images of the sources A and B are distinguished
as separate images. In this situation, the sources are said to be resolved. If they are brought
closer together as shown in Fig. 15-42(b), however, their images overlap resulting in a con-
fused image. When the sources are so close together (or the opening is so small) that the sep-
arate images can no longer be distinguished, the sources are said to be unresolved. The resol-
ving power of an optical instrument is a measurement of its ability to produce well-defined sep-

arate 1mages,

(a) (b)

Fig. 15-42 (a) The images of the sources A and B are easily distinguished;

(b) As the sources are brought closer together, the images overlap, resulting in a confused image.

It can be proved that the first minimum of the diffraction pattern of a circular aperture

with a diameter d (Fig. 15-43) 1s given by

df] ﬂ,ﬂ
ﬂiﬂ |

Fig. 15-43  Ariy disk

A
d

where @, is called the half-angle of Airy disk and

has units of radians, A is the wavelength of inci-

6 =1.22 (15-37)

J

dence. In Fig. 15-43, since, %‘O—; » o1 1s the radi-

us of Airy disk and f is the focal length of lens

L, we have
o =1.22 %f (15-38)

From Eq. (15-37) and Eq. (15-38), we can see that the size of the central maximum is directly
proportional toA/d. That is, the central maximum is more spread out for longer wavelength
and smaller aperture. No matter how perfectly a lens is constructed, the image of a point

source of light will not be focused at a point. What is the condition of two images just re-
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solved? The accepted criterion for resolution is the Rayleigh criterion, first proposed by Lord
Rayleigh (1842—1919): two images are just resolved when the center of the diffraction pat-
tern of one is directly over the first minimum of the diffraction pattern of the other. It tells us
that two images are just resolved when the center of central maximum of one pattern coincides
with the first dark fringe of the other. According to Rayleigh criterion and Eq. (15-37), two
point objects separated by an angle §, are just resolved when

9, =6, = 1.22 % (15-39)

where @, is called the minimum angle in radians, 1/6, is called the resolving power of an optical
instrument. It depends on the wavelength of the light and the diameter of the instrument’s
aperture. Fig. 15-44 shows two point objects when they are clearly resolved, just resolved and

unresolved.

Fig. 15-44 Two point objects when they are clearly resolved, just resolved and unresolved

15.13 X-Ray Diffraction by Crystals

During the autumn of 1895, when studying the conduction of electricity, W. K. Roent-
gen discovered a mysterious radiation which was able to
penetrate thin layers of material. He called this radiation as

o

X-ray, with the “ = ” standing for “unknown”. But it was

= X-rays
soon established that X-ray is a type of electromagnetic radia-

high
volnes tion with wavelength in the range of 0. 01 to 10 nanometers.
' Fig. 15-45 shows an X-ray tube — a device causes the emission
anode tube of X-ray.

Diffraction is a natural property of waves. The diffraction

Fig. 1545 Xoray tube phenomena of X-ray ought to be observed. But it is very
difficult to observe X-ray diffraction because the wavelength

of X-ray is too small for ordinary diffraction gratings. Not all diffraction gratings are commer-
cially made. Crystalline solids supply natural gratings. The regular array of atoms in a crystal
forms a natural 3-dimensional diffraction grating with a spacing that falls in the wavelength re-
gion of X-ray. The suggestion that crystal could be used to diffract X-ray was first made by
German physicist M. Von Laue. In 1912, Laue carried out an experiment to prove the wave
nature of X-ray. The experiment arrangement of X-ray diffraction is shown in Fig. 15-46.
When a collimated beam of X-rays with a continuous distribution of wavelength strikes a single crys-

tal, it is strongly scattered only in certain sharply defined directions. One certain pattern of spots oc-
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curs when the diffracted rays are fallen on a photographic film. These spots, called Laue Spots as
shown in Fig. 15-47,are related in complicated ways to the internal structure of the crystal. The Laue

Spots is the diffraction pattern of X-ray through a single crystal and it verified that X-ray is a kind of

wave.
| m—
target
Sl
(1|0
([0
scattering
crystal
Fig. 15-46 Experiment arrangement Fig. 15-47 Laue spots

for X-ray diffraction

After soon the experiment suggested by M. Von Laue, W. L. Bragg and his father W.
H. Bragg suggested another method to study X-ray diffraction. The father and his son shared
the 1915 Nobel Prize for their use of X-ray to study the structures of crystals. Fig, 1548
shows a two dimensional representation of a three dimensional crystal and the rows of dots
portray planes of atoms. The X-rays of a single wavelength are in phase before being scattered
from the atoms in plane P; and in plane P,. For constructive interference of the X-rays scat-
tered from each plane of atoms, the glancing angle is equal to the emergence angle. Note that
both angles are measured relative to the planes. The path difference is AOB in Fig. 15-48 since
rays scattered from the atoms in plane P, travels a greater distance than those scattered from

the atoms in plane P,. Let the distance between adjacent planes be d. As AO=0B=dsind,

we have

2dsinf =k, k=1,2,3, (15-40)
where £ is the order number of an intensity maxi- incident wavefront
mum. The angle of glance and emergence in K
above equation is also called a Bragg angle. The p, 003 o0
waves scattered from the atoms in plane P, will a d - ~d/Ns—
arrive at the detector in phase with the waves T
scattered from the atoms in plane P, An interfer- Fig. 15-48 X-ray diffraction—Bragg’s low

ence maximum appears in the direction of emer-

gence angle §. Similarly, constructive interference will occur for rays scattered from the atoms
of each of many planes that are parallel to planes P;and P,. Eq. (15-40) was first developed
by W. L. Bragg and is called Bragg’s law. Each of the many families of planes has its own
characteristic interplanar spacing d. Bragg’s law gives the angles which locate the maxima

produced by the constructive interference of X-ray.
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X-ray diffraction is a powerful tool for studying both X-ray spectra and the arrangement
of atoms in crystals. X-ray diffraction has also been applied to understand the structure of bio-
logical molecules such as proteins and nucleic acids. It is X-ray diffraction that reveals the mo-

lecular structure of deoxyribonucleic acid (DNA) is a double helix.

15.14 Polarization of Light and Malus’s Law

The Interference and diffraction of light give the best evidence that light has wave-like
characteristics. However, the phenomena of interference and diffraction can occur with any
sort of waves, such as sound waves or waves on a stretched string. As noted in Chapter 13,
the sound waves and waves on a stretched string are longitudinal and transverse wave disturb-
ance, respectively., More evidence is needed to determine whether light waves are longitudinal
or transverse. As we will see below, the polarization is a characteristic of transverse wave.
The light can be polarized gives the best evidence that light is a transverse wave.

Light is one type of electromagnetic wave, as noted in Chap. 14. The electromagnetic
waves are transverse waves consisting of varying electric and magnetic fields that oscillate per-
pendicular to the direction of propagation. And the directions for the oscillations of the electric
and magnetic fields are always perpendicular to each other, as shown in Fig. 14-7. Polariza-
tion is an attribute that the oscillations of a wave have a definite direction relative to the direc-
tion of wave’s propagation. Waves having such a direction are side to be polarized. For an
electromagnetic wave, the polarizing direction is defined as the direction parallel to the oscilla-
ting direction of electric field that most detectors (including human’s eyes) of electromagnetic

radiation are sensitive.

E
E random phase
J E NN/
< |
4\ E X
(a) (b) (c)

Fig. 15-49 (a) Random polarization; (b) unpolarized light is showed diagrammatically;

(c) one polarized light (the beam moving out of the plane of the page)

The light emitted by ordinary sources or the sun light are randomly polarized as they are
composed of many waves with all possible directions of polarization. Such light is called nature
light or unpolarized light. Nature light is unpolarized because of its radiation mechanism. A
large number of atoms and molecules that emit light oscillate independently so that the orien-
tation of the electric fields produced by these emitters may not be correlated. Diagrammatical-
ly, we can represent unpolarized light by double arrow electric field vector E oriented random-

ly, as shown in Fig. 15-49(a). It is customary to resolve these vectors into two perpendicular
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components, but the phase difference between them is random, as shown in Fig. 15-49(b).
Logically, the polarized light can be represented by a double arrow electric field vector E, as
shown in Fig. 15-49(c).

E E
axis ; .
‘ ‘ _ direction
‘ l L of ray
- larization
lariz o
poglrtlé:ng direction

Fig. 15-50 Polarizing direction

A wave can be polarized by use of a polarizing filter which acts as a polarizing slit for
light. A polarizing filter allows just only polarization in one to pass through. The axis of a po-
larizing filter (also called polarizing direction) is the direction along which the filter passes the
vector E of light, as shown in Fig. 15-50. In fact, the polarizing direction of a light wave is
defined to be the direction of its electric field.

Let us place two polarizing filters in the way of light emitted from a bulb, as shown in
Fig. 15-51. The polarizing filters P, and P, are usually called a polarizer and an analyzer, re-
spectively. The polarizing directions of P, and P,
are represented by the parallel lines in filters. If

we rotate P, about the direction of propagation of

light, the intensity of light transmitted from P,

1 t
polarizer 2 ' analyzer

varies with angle #, as shown in Fig. 15-51 (a).

(a)
Two positions where the polarizing directions P, /
and P, are at right angle exist so that the transmit- % @m% tHt <
ted light intensity is almost zero. This fact reveals 1“

(b)

the light emerging from P, is polarized. The light

can be polarized gives the good evidence that light  Fig 15-51 (a) The light transmitted from
is a transverse wave. Furthermore, if we remove P, is polarized; (b) the light
P, and rotate P;, the transmitted light intensity emitted from a bulb is unpolarized
keeps unvarying, which shows that light emitted from ordinary light sources such as bulb or
the sun is unpolarized.

As shown in Fig. 15-51, the intensity of emerging light from P, varies with angle §. What
law does it follow? Etienne Louis Malus gave the answer in 1809.

If the amplitude of the polarized light falling on P; is E,,, then, the amplitude of the light
that emerges is E,,cosfl, where § is the angle between the polarizing directions of P, and P..

Since the intensity of light is proportional to its amplitude squared, so we have

2
L gn%se — cos?f (15-41)
0 m
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in which I, is the intensity of polarized light that incidents on P;, I is the intensity of the light
that emerges from P,

Eq. (15-41) can be rearranged as;

I = I, cos?@ (15-42)
which is called Malus’s Law. In Fig. 15-51(a), the maximum occurs at § =0°or 180°. When
P, or P, is rotated so that §in Eq. (15-42) has value of 90° or 270°, the intensity of light that
transmits through P; is a minimum, say, no light is passed.

Example 15-15 Unpolarized light falls on two polarizing filters placed one on top of the
other. What must be the angle between the polarizing directions of two filters if the intensity
of the transmitted light is one fourth of intensity of the incident beam? Assume that each po-
larizing filter is ideal, that is, it reduces the intensity of unpolarized light by exactly 50%.

Solution Suppose the angle between the polarizing directions of two filters is 8, I, is the
intensity of incident unpolarized beam. The intensity of the light transmitted from the {irst fil-
ter is I; =1,/2 as the filter is ideal. According to Malus’s law, the intensity of the light trans-

mitted from the second filter is

Iy = I; cos?f = %IO cos? 0

So we have

3

—1'10 = i]o COSZH, %) = I

Kl
4 2 tort

15.15 Polarization by Reflection

If you rotate a polarizing filter in front of one-eye, you can reduce or eliminate the glare
from sunlight reflected from water or from any glossy surface. Such reflected light is fully or
partially polarized by the process of reflection from the surface.

Fig. 15-52 shows an unpolarized beam falling on a glass surface. The electric field vector
for each wave train in the beam can be resolved into two components—a perpendicular compo-
nent (perpendicular to the plane of paper), represented by dots in Fig. 15-52, and a parallel
component (lying in the plane of paper),represented by straight short lines. For unpolarized
incident light, these two components are of equal amplitude. It can be proved experimentally
that at a particular angle of incidence, called the Brewster’s angle @, the reflection for the
parallel component is zero, which means that the reflected light is completely polarized, as
shown in Fig. 15-52. The refracted beams, however, are not completely polarized, but par-
tially polarized.

At the Brewster’s angle (sometimes be called polarizing angle), it can be shown experi-
mentally that the refracted beams are at right angles with the reflected beams, or equivalently

0 + 0, = 90° (15-43)
From the Snell’s law we have

n; sinfg = nysind. (15-44)
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unpolarized light
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Fig. 15-52 At the Brewster angle.
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reflected
polarized light

partially
polarized light

the reflected lights

is completely polarized but of low intensity

Combining these equations leads to

nysinfy = 7n,sin(90° — @) = nycosly

or

_

tanfy = — = ny, (15-45)

n

where 7, is the index of refraction of the medium in which the reflected light travels and n, is

the index of refraction of the medium from which the light is refracted. Eq. (15-45) is known

as Brewster’s Law after Sir, David Brewster deduced it empirically in 1812.

At the Brewster’s angle, the reflected beam
is of low intensity. Of the components perpendic-
ular to the plane of incidence, about 15% are re-
flected if the reflecting surface is glass. The re-
fracted beam, which is not completely polarized,
is bright. The intensity of the reflected polarized
beam can be increased by combining reflections as
a result of stacking several plates, as shown in
Fig. 15-53. The combined refracted beam becomes
less intense but more completely polarized.

Example 15-16 One wish to use a plate of
glass (n=1. 57) as a polarizer. (1) What is the

incident reflected

unpolarized light polarized light

almost polarized

Fig. 15-53 Stacking glass used to incrcease
the intensity of reflected polarized light.

The transmitted beam is almost polarized

Brewster’s angle? That is, at what angle of incidence will the reflected beam be fully polar-

ized? (2) What angle of refraction corresponds to this angle of incidence?

Solution From Brewster’s law, we have

@y = arctann = arctan 1. 57 = 57.5°

since

HB +6r — 90O

therefore

9, = 90° — @y = 32.5°
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15.16 Double Refraction

Corresponding to one beam of incident light, only one beam of light emerges through a
homogeneous isotropic medium, such as glass or water. If the transparent medium is an aniso-
tropic medium, such as a nature crystal of calcite as shown in Fig. 15-54, not one but two
beams of light emerging from the calcite. This phenomenon is known as double refraction.
The crystals having the property of double refraction are said to be double refraction crystals.
Double refraction, also called birefringence, an optical property in which one beam of unpolar-
ized light entering an anisotropic medium is split into two rays, each traveling in a different di-
rection. One ray that follows Snell’s law is called the ordinary ray (o-ray or o-beam), the
other ray does not obey Snell’s law is called the extraordinary ray (e-ray or e-beam). In doub-
le refraction, the ordinary ray and the extraordinary ray are polarized vibrating at right angles

to each other.

T

™~

Fig. 15-54 One incident beam be split into two beams

4, optics axis 44 optics axis
\
1 1
4 A 4 Al
(a) Negative uniaxial crystal (b) Positive uniaxial crystal

Fig. 15-55 The wave fronts of o-ray and e-ray from a point source o in a uniaxial crystal

Using monochromatic sodium light of 589. 3 nm and measuring the angles of incident and
refraction, o-ray yields a constant index of refraction of 1. 655. However, the e-ray shows an
index of refraction that varies from 1. 486 to 1. 655 depending on the angle of incidence. This
difference suggests that the e-ray propagates through the crystal at different speeds in differ-
ent directions.

The double refraction phenomena can be interpreted By Huygens’ principle. According to
the Huygens’ principle, since the speed of o-ray is the same in all directions, the secondary

wavelets wave front of o-ray from a point source within a doubly refracting crystal is a spheri-
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cal surface. The e-ray, however, has different speed in different direction, the wave front of
eray’s secondary wavelets is not a spherical surface, but an elliptical surface, as shown in
Fig. 15-55. The two wave fronts of o-ray and e-ray are tangent to each other in direction (AA'
in Fig. 15-55), which is called the optic axis of crystal. Thus the optic axis is such a direction
in which the speed of o-ray and e-ray are equal. Fig. 15-55(a) represents a crystal in which the
speed of o-ray is always smaller than that of e-ray in all directions is called negative uniaxial
crystal, such as Calcite and Tourmaline. Fig. 15-55(b) represents for the positive uniaxial
crystal, such as quartz and ice, in which the speed of the o-ray is always faster that of e-ray in
all directions. In some crystals there are two different directions in which the speeds are
equal. These crystals are called biaxial crystals. Almost all of the doubly refracting crystals
used in optical instruments (chiefly quartz and calcite) are uniaxial, however, we will concen-
trate on uniaxial crystals.

Fig. 15-56(a), (b), (¢), (d) are diagrams showing the double refraction of calcite. The
w, and w,. in the Fig. 15-56 is the wave front of o-ray and eray, respectively. The plane
formed by normal and optic axis of crystal is called the principal section of crystal. In
Fig. 15-56(a), (b), (¢), the principal section is the plane of page, while the principal section
of Fig. 15-56(d) is perpendicular to the page. When the incidence plane (the plane formed by
incident light and normal) is parallel to the principal section, the vibration planes of o-ray and
e-ray are perpendicular and parallel to the principal section, respectively. That means their
planes of polarization to be perpendicular to each other. If the incidence plane is not parallel to
the principal section, the vibration planes of o-ray and e-ray are not perpendicular to each oth-
er, but the angle between them nearly equal to 90°. Even light incidents normally on the crys-
tal as shown in Fig. 15-56(b), the light will also be split into two beams. When the optic axis
of crystal is parallel to the crystal’s surface and the light incidents normally, the o-ray and
e-ray pass through crystal in original direction of incident, not separated, but with different
speeds, as shown in Fig. 15-56(c) and (d).

normal
| ) . —_1 —— - - 1
. { optics axis [~ —- S t
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(a) (b) (©) (d)

Fig. 15-56 Diagrams showing the double refraction of negative uniaxial crystal: Incident

at arbitrary angle in (a); normally incident with different optic axis directions in (b),(¢) and (d)

The speed difference between o-ray and e-ray has a maximum in the direction at right an-
gles to the optic axis; it is customary to define the index of extraordinary ray in the direction
at right angles to the optic axis, 1. e. the ratio of the speed of light in a vacuum to the speed of

e-ray in the direction at right angles to the optic axis. Some values of n, and 7., the indices for
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ordinary ray and extraordinary ray in the direction at right angles to the optic axis are listed in
Table 15-4.

Table 15-4 Indices of refraction of doubly refracting crystals
(for light wavelength 589, 3 nm)

Material Ny e
Calcite 1. 655 1. 486 o = Ne
Tourmaline 1. 640 1. 620 negative uniaxial crystal
Quartz 1. 544 1. 553 N < Ne
Ice 1. 306 1. 307 positive uniaxial crystal

Usually, the angle between o-ray and e-ray is not very large even with the highly doubly
refracting crystal calcite, so that some extra technique is needed to separate them to obtain po-
larized light from nature light. A prism originally developed by Glan and Thompson and then
modified by Ammann and Massey (1968) is such an example. The modified Glan-Thompson
prism consists of a glass prism with index of refraction 1. 655 and a calcite prism with index of
refraction 1. 486 that are cemented together by their long faces. The optical cement has the
same index of refraction with glass. As shown in Fig. 15-57, where the thickness of cement is
exaggerated, the natural unpolarized light incident from the left is resolved into two perpen-
dicular components (represented by dots and double arrows). Both beams travel the same
path with equal speed in the glass. The parallel component is extraordinary ray (e-ray) in cal-
cite with an index of refraction 1. 486. It will totally internal reflected when traveling from ce-
ment (n=1. 655) toward calcite. The vertical component is ordinary ray (o-ray) in calcite
with an index of refraction 1. 655 and proceeds without deflection from glass to cement and to
calcite. It emerges into the air on the right side since its polarization plane is perpendicular to
the principal section, e. g. the plane of the page. The Glan-Thompson prism can be used as a
polarizer or an analyzer. When the incident light is polarized light with its vibration plane par-
allel to the principal section, no transmitted light can be viewed by observer.

Certain doubly refracting crystals exhibit dichroism, that is, one of the polarized compo-
nents is absorbed much more strongly than the other. Hence, if the crystal is cut of a proper
thickness, one of the components is practically extinguished by absorption, while the other is
transmitted in appreciable amount, as indicated in Fig. 15-58. Tourmaline is one example of

such a dichroic crystal. Dichroism is the basic operating principle of the commercial Polaroid

sheet.
e-ray
o-ray unpolarized polarized

— light T I
* ight
------{-;:s:::-

calcite l l I l J’
~ cement optic axis

Fig. 15-57 Glan-Thompson polarizing prism, Fig. 15-58 Plane-polarized light

as modified by Ammann and Massey transmitted by a dichroism crystal
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15.17 Optical Stress Analysis

The two beams of light emerge from a double refracting crystal can not interfere with
each other even though they could meet again. This is because their vibration directions nearly
perpendicular to each other. As shown in Fig. 15-59, when a doubly refracting crystal is in-
serted between two crossed Polaroid sheets, the emerging beams from the analyzer are found
to interfere. In Fig. 15-59, the o-vibration and e-vibration refer to ordinary ray and extraordi-
nary ray, respectively. The polarized light falling on the crystal can be resolved into two com-
ponents, o-vibration and e-vibration. o-vibration and e-vibration are perpendicular and parallel
to the principal section, respectively. Only the components of o-ray passes through the analy-
zer and e-ray still lies in its polarizing direction, so the components of o-ray and e-ray emerge
analyzer and lie in the same direction of X-axis in the figure. They will interfere with each oth-
er. When the two beams have an optic path difference of an odd multiple of one-half a wavelength,
they interfere destructively; while the optic path difference is of even multiple of one-half a wave-
length, they interfere constructively. The interference fringes will be viewed through analyzer, If the

light applied is of many colors, the colorful interference fringes will appear.

optic axis

polarizer 3 analyzer

e-vibration o-vibration

Fig. 15-59 A diagram showing the interference of polarized o-ray and e-ray

Some substances, such as glass, celluloid and various plastics, with no natural doubly re-
fracting, may become of double refracting ones when subjected to mechanical stress., From a
study of the interference pattern due to the specimen between crossed polarized filters, much
information regarding the stresses can be obtained.

Improperly annealed glass, for example, may be inter-
nally stressed to an extent, which might cause it later to de-
velop cracks. It is evidently important that optical glass
should be free from such a condition before it is subjected to
expensive grinding and polishing. Hence such glass is always

examined by use of two crossed polarized filters before grind-

ing operations begin.
The double refraction produced by stress is the basis of Fig. 15-60 A photo-elastic

the technique of photo-elasticity. The stresses in opaque engi- stress pattern

neering materials, such as grinders, boilerplates, gear teeth etc., can be analyzed by construc-

ting a transparent model of the object, usually of a plastic. The transparent model of the ob-

ject will be placed between a polarizer and an analyzer which are in the crossed position and the
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interference pattern of the model will be obtained. The stress distribution inside the object can
be calculated by analyzing the interference pattern. Very complicated stress distributions,
such as those around a hole or a gear tooth, which would be practically impossible to analyze
mathematically, may thus be studied by optical methods. Usually, the denser the fringes are,
the higher the stress is. Fig. 15-60 shows a model under light and heavy stress.

_; ,/ Questions
<@

15-1 What type of experimental evidence indicates that light is a wave?

15-2  Light has wave characteristics in various media as well as in a vacuum. The wavelength of light is
smaller in any medium than it is in a vacuum. Does the color change when light going from one medium to an-
other? Why?

15-3 Why are interference effects not more commonly observed? How do you get coherent light rays? Ex-
plain your methods.

15-4  Why does sound bend around the corner of a building while light does not?

15-5 Suppose the Young’s double-slit experiment is performed with a glass plate with index of refraction n
covering the entrance to one of the slits. Describe the effect of this plate on the resulting pattern on the screen.

15-6 Suppose we perform the double-slit experiment under water. How would the pattern be affected?

15-7 Imagine observing the double-slit pattern for light of a given wavelength and gradually reducing the
slit spacing d. What happens to the pattern? Is there a minimum spacing for observing a pattern? If so, what is
this spacing?

15-8 When light rays in air encounter the surface of water or glass, is there phase reversed upon reflection?

15-9 A soap film on a wire loop held in air appears dark at its thinnest portion when viewed by reflected
light. On the other hand, a thin oil film floating on water appears bright at its thinnest portion when similarly

viewed from the air above. Explain this phenomenon.

15-10 Describe how the Newton’s ring pattern would change if the

lens radius was doubled; if the incident wavelength were doubled; if both 1-62 AT 1.62

the lens radius and wavelength were doubled.

15-11 1If the Newton’s ring arrangement was composed by three Fig; 1561 For problem 15-11
transparent materials (Fig. 15-61) whose index of refraction are not the
same. What is the shape of Newton’s ring? Is the point P bright or dark?

15-12  Describe the effect on the Fraunhofer diffraction pattern produced by a single slit if (1) the slit
width is doubled; (2) the wavelength is doubled; (3) both the slit width and wavelength are doubled.

15-13 What is the purpose of a diffraction grating? Why does a grating have a large number of slits? Why
are the slits of a grating spaced very close together?

15-14 We can observe diffraction pattern when a monochromatic beam incident normally to a single-slit or
a diffraction grating. Why the equations for bright fringes are different in above two arrangements?

15-15 DBragg’s law, 2d sinf=kA, is closely related to the grating equation d sind=#kA. Explain the origin of
the factor 2 in Bragg’s law.

15-16 Unpolarized light falls on two polarizing filters so oriented that no light is transmitted. If the third
polarizing filter is placed between them, can light be transmitted?

15-17 Devise a way to identify the polarizing direction of a filter of Polaroid without the help of another
polarizing filter.
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15-18 Can polarization by reflection occur if the light is incident on the interface from the side with the lar-
ger index of refraction (from glass to air, for example)?

15-19 3D movies were very popular in the early 1950’s, Viewers wear polarizing glasses and a polarizing
filter was placed in front of each of the two projectors needed. Explain how the system worked.

15-20 A photographer usually fixes a polarizing filter in front of the lens of his camera when he takes a
picture of clouds or objects reflecting light. Explain how the polarizing filter works and how the amount of light
exposed should be changed.

15-21 If ice is doubly refraction, why can’t we see two images of objects viewed through an ice cube?

Froblems

15-1 Diamond has an index of refraction 2, 42. Find its critical angle of total internal reflection in air.

15-2 Assume that a certain concave spherical mirror has a focal length of 10. 0 cm. Determine the images
for object distances of (1) 25.0 em, (2) 10.0 c¢m, and (3) 5. 00 cm.

15-3 A converging thin lens of focal length of 10. 0 cm is used to form images of objects placed at (1)
30.0 em, (2) 10.0 cm and (3) 5. 00 cm from the lens. Find the image distance in each case.

15-4 1In Fig. 15-62, light with a wavelength of A =600 nm falls on a transparent material. The refractive in-
dex and thickness of the material is n=1. 23 and d=1. 00 cm, respectively. The incident angle # =30°and SA=
BC=5. 00 cm.

(1) What is the angle@,?

(2) What are the frequency, speed and wavelength of light traveling
in the transparent material?

(3) What is the geometric path from S to C? And what is the optical air
path from S to C? o

15-5 In Young’s interference experiment, the separation between

the slits is 5. 00 mm and a screen is located 1. 00 m away from the slits, ar

Two interference patterns can be seen on the screen, one due to light
with wavelength 480 nm and the other due to light with wavelength Fig. 15-62 For problem 15-4

600 nm. What is the separation on the screen between the third-order interference fringes of the two different
patterns?

15-6 In a double-slit arrangement, the slits are separated by a distance equal to 100 times the wavelength
of the light passing through the slits.

(1) What is the angular separation between the central maximum and an adjacent maximum?

(2) What is the linear distance between these maxima if the screen is at a distance of 50. 0 cm from the
slits?

15-7 A Lloyd’s mirror arrangement is shown in Fig. 15-63, the screen is in contact with right edge of the
mirror. The wavelength of incident beam is A =720 nm. Calculate the distance from right edge of the mirror to
the first-order bright fringe on the screen.

15-8 A transparent flake of mica (n=1. 58) covers one slit of a double-slit arrangement. When the double
slits are illuminated by monochromatic light of wavelength A = 550 nm, the center of the screen appears the sev-
enth-order bright fringe rather than the zero-order bright fringe. What is the thickness of the mica?

15-9 In Fig. 15-64, light of A =500 nm is incident normally on an air wedge-shaped film formed by two
pieces of flat glass (n=1.50). The 4th dark fringe is observed at position B. AB=L=1, 56 cm.

(1) Find g =7
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(2) If the wavelength of incident light is changed to A"= 600 nm, does bright or dark fringe appear at posi-
tion B?

(3) In the situation of (2), how many bright fringes and dark fringes are seen within region AB?

2.00mm

30.0cm il
I | A ]

Fig. 15-63 For problem 15-7 Fig. 15-64 For problem 15-9
15-10  An air wedge-shaped film is formed by a perfectly flat glass plate placed over a piece of black plastic
as shown in Fig. 15-65(a). If the upper surface of the plastic has a little of roughness and the interference pat-
tern was observed in the case of normal incidence as shown in Fig. 15-65(b). Is the veining on the upper surface

a A

b 2

of the plastic concave or convex? Prove that the depth H of the veining is H =

15-11 A thin film of oil floats in the air. The thick-

ness and the refractive index of the oil film are t=500 nm J l l 1

and n=1. 46, respectively, White light shines perpendic- ____.:_——':_:j

ularly on the oil film. Find the interference maxima of the

plastic b
reflected beams for wavelength from 300 nm to 700 nm.
15-12 The diameter of the nth dark ring in a New- (a) (b)
ton’s rings apparatus changes from 1. 40 cm to 1. 27 cm Fig. 15-65 For problem 15-10

as a liquid is introduced between the lens and the plate.
Find the index of refraction of the liquid.

15-13 A Newton’s rings apparatus is used to determine the radius of curvature of a lens. When the appa-
ratus is illuminated from above by light with wavelength A = 546 nm, the radii of the nth and (»+20)th bright
rings are measured and found to be 1. 62 mm and 3. 68 mm, respectively. Find the radius of curvature of the
lower surface of the lens.

15-14 A vacuum chamber and an argon chamber with pressure 1. 01X 10° Pa are placed respectively in two
arms of a Michelson interferometer. The lengths of two chambers with glass windows are 0. 200 m. Light of A=
546 nm is used. The argon is slowly evacuated from the chamber by a vacuum pump. While the argon is being
removed, 205 fringes are observed to pass through the field of vision. Find the refractive index of argon at pres-
sure 1. 01 X 10° Pa.

15-15 White light passes through a slit and produces a diffraction pattern on the viewing screen.

(1) It is found that the first minimum for red light (A=650 nm) falls at @ =30°. What is the width of the slit?

(2) What is the wavelength A" of the light whose the 2nd maximum falls at ® =30°, thus coinciding with the
first minimum of red light (=650 nm)?

15-16 A plane light wave with wavelength A=700 nm illuminates a narrow slit, and the diffracted light is
focused on a screen by a lens with focal length f=0. 700 m. The width of the central maximum on the screen is
ly =2.00 mm,

(1) What is the width a of the slit?
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(2) Assuming that the wavelength of incident light is changed to A" from A, then the width of the central
maximum becomes /, = 1. 50 mm. Determine the wavelength A”.

15-17 Visible light that contains all wavelengths between 400 nm and 760 nm is incident normally on a dif-
fraction grating. The grating has 2408 lines per centimeter and produces a principal maximum at ¢ = 30. 0°.
What is (are) the wavelength(s) of the incident light that could have produced this maximum?

15-18 Light of wavelength 500 nm is incident obliquely on a diffraction grating. The position of the central
maximum is occupied by the second maximum as incident angle changes from 0° to 30°.

(1) Find the grating constant.

(2) What is the largest order of the spectral line?

15-19 A parallel beam of wavelength A="500 nm is incident obliquely on a diffraction grating whose grating
constant is d=2. 10 ym and the width of one slit is a =0. 700 um. The angle of incidence is #=30. 0°. How
many bright fringes (diffraction principal maxima) can be observed?

15-20 Diffraction by pupil of eye limits the eye’s acuity.

(1) What is the angle between two just resolving points of light for a 3. 00 mm diameter pupil, assuming an
average wavelength of 550 nm?

(2) What is the greatest possible distance a car can be from you if you can resolve its two headlights which
are 1. 30 m apart?

15-21 A parallel beam of X-rays is diffracted by a rock salt crystal. The first-order strong reflection is ob-
tained when the incident angle is 83°10", The distance between reflection planes in the crystal is 28. 1 nm, What
is the wavelength of the X-rays?

15-22 What angle is needed between the direction of polarized light and the axis of a polarizing filter to re-
duce original intensity by 90%?

15-23 Unpolarized light falls on two polarizing filters placed one on the top of the other, What must be the
angle between the polarizing directions of the filters if the intensity of the transmitted light is (1) one-third the
maximum intensity of the transmitted beam or (2) one-third the intensity of the incident beam?

15-24  An unpolarized beam of light is incident on a group of four polarizing filters which are lined up so
that the characteristic direction of each is rotated by 30° clockwise with respect to the preceding filter. What
fraction of the incident intensity is transmitted?

15-25 A beam of light is a mixture of polarized light and randomly polarized light. When it is sent through
a polaroid filter, it is found that the transmitted intensity can be varied by a factor of five depending on the orien-
tation of the polaroid. Find the relative intensities of these two components of the incident beam.

15-26 (1) The refractive index of diamond is 2. 42. Light reflected at 62. 5° from a gemstone in a ring is
completely polarized. Can this gemstone be a diamond? (2) At what angle would the light be completely polar-
ized if this gemstone were in water with refractive index 1. 337

15-27 When a beam of parallel unpolarized light is incident on the surface of a plane glass at an angle 58°,
the reflected light is completely polarized. Find

(1) the refraction angle of refraction light;

(2) the refractive index of the glass.

15-28 A beam of light strikes the upper surface of a flat of glass plate at polarizing angle (Brewster’s an-

gle). Prove that the reflected light from the lower surface of the glass is also completely polarized.
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Here “modern physics” implies the quantitative description and understanding of phenomena which
could not be analyzed in terms of the “classical physics” we have been studying. The kinematics devel-
oped by Galileo and the mechanics developed by Newton, which form the basis of what we call classical
physics, had many triumphs, Particularly noteworthy are the understanding of the motion of the planets
and the use of kinetic theory of explaining certain observed properties of gases. By expressing the laws
of electricity in terms of differential equations and introducing some new ideas, Maxwell showed that
light is electromagnetic in origin and thus brought unity to optics and electricity. During the later part of
the ninetieth century, and in the early years of twentieth century, a great number of new phenomena
had been found in the world. If we try to use the classical physics to explain these phenomena, it will be
proved that the classical physics is inadequate.

Among the topics which are typically regarded as foundations of modern physics are three
major experimental discoveries and three revolutionary theoretical developments which chal-
lenged the validity of some seemingly well-established ideas of classical physics. The three ex-
perimental milestones were:

(1) The discovery of X-rays by Rontgen in 1895. Once this new type of radiation has
been announced, hundreds of physicists began to work with X-rays. The origin, properties
and uses of X-rays were explored and X-rays became a valuable tool in areas as diverse as med-
icine, crystallography and engineering.

(2) The discovery of radioactivity in 1896 by Becquerel. Work with natural radioactive sources led
Rutherford to propose the nuclear model of the atom in 1911. By the early 1930s accelerators were avail-
able for producing nuclear reactions, and nuclear physics had become one of the most active branches of
physics; during the 1940s nuclear energy emerged as an important new source.

(3) The discovery of the electron as one constituent of the atom. In 1897 J. J. Thomson
measured e/m by deflecting a beam of electrons by electric and magnetic fields. By 1909 Milli-
kan had developed a method of measuring e capable of good accuracy.

The three theoretical milestones were:

(1) The idea that electromagnetic radiation has particle characteristics as well as wave
properties. In 1900 Planck proposed that harmonic oscillators radiate energy only in quanta of
energy hy. In 1905 Einstein extended Planck’s idea to explain the photoelectric effect. In 1913
Bohr combined the nuclear model, the electron and the particle nature of radiation to provide a
model of the hydrogen atom which correctly predicted the spectrum of atomic hydrogen.

(2) The theory of relativity proposed by Einstein in 1905, which revolutionized our
thinking about space and time and which introduced the mass-energy relationship.

(3) The idea that electron and other classical“particles” have wave properties. This hypothesis
was advanced by De Broglie in 1924, and the wave equation satisfied by the electron was proposed by
Schrodinger in 1926, Within a few years wave mechanics (quantum mechanics) was used to solve
many previously intractable problems and to give some understanding of structures of atoms and of
solids as well as an explanation of the periodic table of the elements.

In the short span of less than 40 year radically new ideas were established in physics.

In the following chapters, we will study only several main topics of the modern physics.
The chapter 16 will discuss the relativity proposed by Einstein. In the chapter 17, we shall
study the quantization of light. The following chapter is devoted to the quantum theory of at-
oms. The band theory of solids is introduced briefly in the last chapter.
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- The Special Theory of Relativity

Maxwell’s electromagnetic theory, made a great success in classical physics, led to new
question about the propagation of light. Through what medium are the electromagnetic waves
propagated? There was no obvious medium to which one could assign electromagnetic waves,
since they were known to pass through a vacuum. However, most of physicists believed that
some medium was necessary for energy to be transmitted through a distance, and this medium

was given the name “ether ”

. Does such as ether exist? If it exists, how can one detect it and
determine its characteristics? _

If ether exists, the speed of light measured in a reference frame at rest with respect to this
ether , according to the classical mechanics, should be different from the speed determined in a
reference moving with respect to the ether . Thus the ether should provide an absolute refer-
ence frame to which the motions of all other frames and of all bodies in the universe could be
referred. Then, how fast does the earth move relative to the ether 7

Maxwell’s theory told us that the speed of light in vacuum, given by

1
N

is constant, independent of the reference frame. According to Galilean transformation of ve-

(16-1)

C:

locities, the speed of light in a reference frame is not equal to the speed in others. This means
that Maxwell’s theory is proper in a particular reference frame: ether. If so, we must find the
ether . 1f we cannot detect the ether , what is the next step?

In 1905, Einstein proposed a theory called the Special relativity. He abandoned the idea
of the ether and insisted that there was not any absolute reference frame and all the inertial
frames are equivalent with respect to all the physical laws. One principal focus of relativity has
to do with measurements of events (things that happen): where and when they happen, and
by how much any two events are separated in space and time. In addition, relativity has to do
with transforming such measurements and others between reference frames that move relative
to each other. This chapter introduces the Lorentz transformation, some of the consequences

of the relativity and the famous mass-energy formula.

16.1 The Michelson-Morley Experiment

In previous chapter, we have described the Michelson’s interferometer. This section is

devoted to an application of Michelson’s interferometer in which the effects of ether (if it ex-
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ists) on the earth is measured. Historically, Einstein may have known only vaguely of the
Michelson-Morley result. He was concerned instead with problems in the electrodynamics of
moving bodies—the appearance of the fields in a light wave to an observer moving at speed c.
However, the result of this experiment is helpful for one to abandon the idea of ether and to
verify the relativity.

As shown in Fig. 16-1, a beam of light emitted by S is split into two parts by G. The
light (1) goes from G to mirror M; and then to G and recombines with the light (2) which
goes from G to mirror M, and then to G at T, Assume that the earth is moving with velocity u

relative to the ether in the direction GM;. That is the apparatus is moving in the ether.

M, Given GM, = GM, = [, we first consider the
ether wind transit time of a light beam (1) moving perpendicular
) “ M, to the velocity of the apparatus relative to the ether .
light source G / The speed of light relative to the ether is c. According
i 47 - . : :
e g to Galilean transformation of velocity, the speed V of
(2)
light (1) relative to the earth is given by
()
' telescope V=vd—iu (16-2)
U The time required for the light (1) to go from G to
Fig. 16-1 Schematics of Michelson M, and then return to G is equal to
-Morley Experiment 2, —+ 2
N T Y T N
JE— ¢ c c 2c
(16-3)

In the same way, we obtain the time required for the light (2) parallel tou to travel from G to
M, and then return to G

= = A ) Sy A6-4)
The difference At is
At =1t, —t :%2 (16-5)
Finally the difference of optical path lengths of two beams of light is
= cAt = %2-2 (16-6)

When the interferometer is rotated, interchanging the parallel and perpendicular paths,
the total change of the difference of optical path lengths equals to 2 8. If the earth were mov-
ing through the ether , the interference fringes should have shifted through about AN
_ 20 _ 2W?

A Ac?

fringes as the interferometer was rotated. Takenc = 3X10°® m/s, [ =11 m (effective length in

AN (16-7)

Michelson-Morley experiment), A = 5.9 X 1077 and « = 3 X 10* m/s (the velocity with which
earth rotates about the Sun), AN has a value 0. 4 which can be observed by Michelson inter-

ferometer.
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.

The instrument used by Michelson and Morley was capable of detecting a shift in the
fringe pattern as small as 0. 01 fringes. However, no shift was detected in the experiments.
Michelson and Morley performed this experiment repeatedly over many months. No effect was
observed which could be interpreted as showing a motion of earth through the ether , in spite
of the fact that they made measurements throughout the year, when the earth was moving in
many different directions relative to the solar system. The experiment has been repeated many
times by different scientists under a wide variety of conditions and no fringe shift has ever been
detected. There had been various proposed explanations to interpret the results of the experi-
ments and to save the ether frame concept and the Galilean addition law for the velocity of
light. Lorentz and Fitzgerad suggested that the arm of the interferometer moving in the direc-
tion of the earth’s motion shrinks just enough to lead to the null result. All proposals resul-
ting from these efforts have been shown to be wrong. Therefore, this experiment shows that
“ether ”does not exist and there is not any motion of earth relative to the ether. As we shall

see, the results of this experiment are supported by Einstein’s theory of relativity.

16. 2 The Postulates of Special Relativity

Einstein was keenly aware of the successes of classical mechanics, which predicted with
great precision the motions of planets, aircraft, and baseballs. He proposed his special theory
of relativity in 1905, not out of any attempt to explain the outcome of the Michelson-Morley
experiment but based a thought experiment that he had devised. As a 16-year-old student,
Einstein had learned Maxwell’s theory of electromagnetism and had thought about a paradox:
if you were to move at the speed of light parallel to light beam traveling in empty space, you

" electric and magnetic field patterns. However, Einstein knew that

would observe “static’
such static electric and magnetic field patterns in empty space violated Maxwell’s theory.

Einstein was faced with two choices to resolve this paradox: either Maxwell’s theory was
wrong or also the classical kinematics that permits an observer to travel along with a light
beam was wrong. With the intuition that was perhaps his greatest attribute, Einstein put his
faith in Maxwell’s theory and sought an alternative to the kinematics of Galileo and Newton.

Einstein’s special theory rests on two postulates:

The principle of the relativity: the laws of physics are the same in all inertial ref-
erence frames.,

The principle of the constancy of the speed of light: the speed of light ¢ is the
same for every inertial reference frame and is independent of any motion of the
source or observer,

Galileo assumed that the laws of mechanics were the same in all inertial reference frames.
Einstein extended that idea to include all the laws of physics, including especially electromag-
netism and optics. The first postulate declares that the laws of physics are absolute, univer-
sal, and the same for all inertial observers. Laws that hold for one inertial observer cannot be

violated for any inertial observer. There exists no preferred frame in the universe; there is no
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ether relative to which everything can be measured. One inertial reference frame is equivalent
to another. The first postulate does not say that the measured values of all physical quantities
are the same for all inertial observers; most are not the same. It is the laws of physics, which
relates these measurements to each other, are same.

The second postulate means that the speed of light in a vacuum has the same value, re-
gardless of the velocity of the observer or the velocity of the source emitting the light. This
postulate is much more difficult to accept, because it violates our “common sense ”, which is
firmly grounded in the Galilean kinematics that we have learned from everyday experience.
The first postulate implies that Maxwell’ s theory is the same in all the inertial reference
frames and then the speed of light in the empty space (as shown in Eq. (16-1)) is the same in
all the inertial reference frames. However, the second postulate is not a special case of the
first postulate. The second postulate also implies there is in nature an ultimate speed ¢ (as we
shall see in the section 16-5). The ultimate speed ¢ sets a limit to which any material particles
such as an electron can be accelerated,

According to Newton’s mechanics, the kinetic energy of a particle can be increased to-
ward very large values so that the speed of the particle exceeds the speed c. The above two
postulates imply that it is impossible to accelerate a particle to a speed greater than ¢,no mat-
ter how much kinetic energy we give it.

According to the special theory, the speed of light is same in all the inertial reference
frames. Therefore, the times required by the two beams of light for the Michelson-Morley ex-
periment are equal and At is zero, which implies there are no shifts in the experiments, The re-

sults of Michelson-Morley experiments also confirm the postulates of special relativity.

16.3 The Lorentz Transformation

16.3.1 The space-time coordinates of an event

An event is just something that happens, and anyone in any reference frame may measure
it and assign space-time coordinates (x,y,z,¢) to it. For example, the turning on or off of a
tiny light bulb are two events; the motion of a body in the space can be looked as many succes-
sive events. The events are represented by the symbols P, , P, or A, B with the space-time co-
ordinates (x,y,%,¢) in physics.

A given event may be recorded by any number of observers, each in their own inertial ref-
erence frame, In general, all such observers will assign different space-time coordinates to the
same event. Note that an event does not, in any sense, “belong ” to a particular inertial refer-
ence frame. An event is just something that happens and anyone may look at it and assign
space-time coordinates to it. Therefore, we require a set of relationships called transformation
equations that relate observations of a single event by two different observers.

The transformation equations have three ingredients:

(1) an observer S at rest in one inertial frame (S-frame) ;
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(2) another observer S ” at rest in a different inertial frame ( S’ -frame) ;

(3) a single event that is observed by both S and S’.
When the event P occurs, the time-space coordinates are recorded by S and S, which are
P(x.y.z.2) and P(2' .y .2’ .t") respectively. Knowing the relative velocity u of S and S’, we
wish to find the relation between (x,y,z,t) and (z’,y",2",¢"). We simplify this problem
somewhat, without losing generality, by always choosing the x and =" axes to be along the di-
rection of u, as shown in Fig. 16-2.

In chapter two, we can calculate (', ,2",¢) from (z,y,z,t) by Galilean transformation

Eq. (2-29)

/

x =x—ut
y =
, (16-8)
2 =z
/
t =1t
Here, whent =¢" =0, let the origins of two in- ¥ y
ertial frames coincide. If a body has a velocity v f(“"-"' y k)
in the frame S with components (v, ,v,,v.) , the xy.z 1)
corresponding components in the frame S’ are S s
™ u
given by Eq. (2-30)
v, = v, —u
0 o' /
i — (16-9) ¥
v, = v, z z!

Galilean transformations predict that if a beam  Fig 16-2 S’ moves with speed u relative to S

T4 . .
of light has a velocity ¢ in the x direction of the rest along the common z(z") direction
frame, its velocity in the moving frame is ¢ + « . This is not consistent with the Einstein’s postu-
lates. Hence we need a new set of relationships which reduce to Galilean transformation for low ve-

locities but permit us to satisfy Einstein’s postulates for very high velocities.
16. 3.2 The Lorenz transformation

It was Einstein’s good fortune that such a transformation had already been derived by

Lortenz. It is (see appendix 1)

r T —ul
L= 2
u
Tz
/
=
<2 = » (16-10)
=4
t’:l Czl;
U
1=z

which is called Lortenz transformation. Eq. (16-10) can be derived directly from Einstein’s

postulates as Einstein did, if we invoke certain reasonable assumptions about the symmetry
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and the homogeneity of space and time. Note Eq. (16-10) is written with the assumption that
t = ¢" = 0 when the origins of S and S coincide.
The inverse transformation of Eq. (16-10) can be obtained by switching primed and

unprimed coordinates in Eq. (16-10)and substituting —u for u:

B I,‘I"ul,
L= "=
7
NiTa
/7
y_

4222’ (16-11)
t'—f—c%:c'
= — s
1-Z

Introducing the Lortenz factor y and the speed parameter 3 :

== (16-12)
1 1
\/1_1‘_2 \/1_182
2
c
We can rewrite Eq. (16-10) and Eq. (16-11) as
 =y(x—u)
y =y
A o e g (16-14)
7 = )f(t—'-c‘[‘i.:c)

and

=y +u)

y=y

ﬁz:-z/ (16-15)
)

It can be easily proved that when u<<c or 3—0, the Lorentz transformation reduces to Galilean

transformation.

The relationship between fand y is shown in Fig. 16-3, which implies that only at the high
speeds must we take relativistic effects into account. When u << ¢ ( 8 —0), the relativistic
effects are very small and may be negligible.

Two events P, and P, occur respectively at the time-space coordinates (x;,y1,2; ¢ ) and
(x25¥2 922 422 ) according to the inertial frame S. Corresponding their time-space coordinates
observed by S’ in the moving inertial frame S” are (2’ ,v"1,2"1,¢"1) and (2% ,v% ,2%+2%) . From
Eq. (16-10), we have
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Axr' = y(Ax — uAt) 2_7
’ 5

Ay = Ay
1A = Az (16-16) 20}

A = y(At—lj—Ar) n|

and from Eq. (16-11), the inverse Eq. (16-16) are

obtained |
Ax = y(Ax" +unt’) s
Ay = Ay
< A = Ag' (16-17) 00T 07 05 07 05 06 07 08 09 1
At = y(AL + iCQ A’ Fig. 16-3 The Lorentz factor y as

a function of

where (Az,Ay,Az,At) and (Ax',Ay ,AZ AL
are the time-space intervals between events measured by both S and S, respectively.

Example 16-1 In inertial frame S, a red light and a blue light are separated by a distance
Axr = 2. 45 km, with the red light at the larger value of x. The blue light flashes, and 5. 35 pus
later the red light flashes. Frame S’ is moving in the direction of increasing x with a speed of
u = 0. 855¢. What is the distance between the two flashes and the time between them as meas-
ured in S ?

Solution The Lorentz parameter is

1 —1.93

')/=

_ 1
| _®  ~/1—(0.855)°
2
C

We are given the intervals in S as Ar = 2. 45 kmand At = 5. 35X 10 % s. From Eq. (16-16), we
have the interval transformations
A = y(Ax — ulAt)= 2. 08 km

and
A = y(dt— % Ax)~—3.15 ps

In S’, the red flash is also located at the more distance coordinates, but the distance is 2. 08
km rather than 2. 45 km. Also, in S’ the red flash comes before the blue flash (in contrast to

what is observed in S); the time between flashes is 3. 15 us according to s’

16.4 Some Consequences of the Lorentz Transformation

According to Galilean transformation, the time-space intervals between two events are
absolute with respect to all the inertial reference frames (observers). If two events take place
at the same time in the inertial reference frame, they also occur at the same time in all other
inertial reference frames. That is, the simultaneity is absolute in classical physics. However,

the results of Example 16-1 show that the time-space interval between two events is related to
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the motion of the observer. In this section, we will discuss in detail the time-space intervals

and the simultaneity in the special theory of relativity.
16.4.1 The relativity of simultaneity

As shown in Fig. 16-4, let us imagine a high-velocity train moving along the direction x-
axis of S (earth) with the velocity u. There is a blue lamp in the point midway of the train.
v The beams of light, emitted by the lamp, will
arrive at the ends A and B of train at the same

time, according to S” (the train). The arrival of

S light at the end A is looked as event P, and the
A s ||B arrival at the end B as event Pg. The time-space
00 00O coordinates of two events P, and Py, measured

O .0 (xp.0") x(x")

by S, are (z'a»t’) and (xs,t") respectively.

z

Fig. 16-4 A high-velocity train moves along the

x -direction of S. According to S (train),

The time interval between two events in the
moving inertial frame (the train) is zero. That

is At" = 0 and the two events occur at the same

the light, emitted from the point midway time measured by the observer in S’. Now con-

of train, arrive at the ends A and B of the sider the situation from the point of view of S

train at the same time (the observer at rest on the earth). Clearly the
light signal reaches A before the light signal reaches B, because the speed of light is constant.
Hence, two events P, and Py does not take place simultaneously with respect to S.

From Eq. (16-17), the time interval between two events measured by S is given by

(16-18)

At = ')’C%(I/B_.I/A) = }’C%L

7

where L is the length of the train. Because Ax" = x5 — 2's = L % 0,At % 0. We therefore
reach the following conclusion:
If two observers are in relative motion, in general they do not agree on whether
two events at different location are simultaneous. If one observer finds the two
events to be simultaneous, the other does not.
Note that this occurs only when the two events occur at different locations according to S’. If
the two events take place at the same location and are simultaneous according to S, they are
simultaneous in all other inertial frames as well.

We cannot say that one observer is right and other wrong. The situation is completely
symmetrical and there is no reason to choose one observer over the others because there is no
preferred inertial reference frame and any inertial reference frame can be used to describe
events and do physics. Although the two observers reach different conclusions, both are cor-
rect in their own reference frames. Hence we have:

Simultaneity is not an absolute concept but a relative one, depending on the state
of motion of the observer,

Of course, if the relative speed of the observers is very much less than the speed of light, the meas-
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ured departures from simultaneity become so small that they are not noticeable. Such is the case for

all our experience of daily living; this is why the relativity of simultaneity is unfamiliar.
16. 4.2 The relativity of time (The time dilation effect)

In Fig. 16-5, clock is at rest in the frame of S’, who moves at speed u relative to S, S’
measures the time interval A" = 5 — ¢’» in which the hand of the clock moves between two
marks, passing the first mark at time ¢4 ( looked as event P, ) and the second at time 'y
(looked as event Py ).

The hand of clock C’ passing the two marks ’

y Y —_— U

is two events which occur at the same location Pt £l)
AV FA

z’y according to S’ (because clock C is at rest in
the frame S" ). However, S observes the hand P 1)

of clock C’ to pass the first mark (event P, ) at

the location x; at time #; and to pass the second

_ . 0 o’ x(x")
mark (event Py ) at the location x, at time ..

The time interval At between two events P4, and = z
Py measured by S ist, —t;. We can find the re- Fig. 16-5 Clock C’ is at rest in reference S'.
lation between the time intervals Az and A" di- With respect to reference S, clock C’ is in

rectly from Eq. (16-17) motion at velocity u

Al = —— (16-19)

Because S’ is at rest relative to clock C’, the time interval At" measured by S is a proper time
interval, which we represent as At,. Hence, we have

At =B (16-20)

Obviously At is longer than At,. Thus, when an observer (S) is moving relative to a clock (or
the clock relative to the observer), the time interval as seen by this observer is longer than
that seen by another observer ( S") at rest relative to the clock. This effect is called time dila-
tion. Af, is called the proper time, the time between two events as measured by an observer
who sees two events occur at the same position. That is, the proper time interval between
events is the smallest interval between them that any observer can measure; all observers in
motion relative to the clock C' measure longer intervals. That is the time interval Az between
two events measured by an observer moving with respect to a clock is longer than the time in-
terval A¢, between the same two events measured by an observer at rest with respect to the
clock.

As shown in Fig. 16-5, A¢, is the time interval in which the hand of the clock moves be-
tween two marks, and since At > At, , observer S concludes that the clock C " is running slow.

So, time dilation is often summarized by the phrase, “moving clocks run slow ”. The time dila-
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tion effect is completely symmetric. If a clock C at rest in the inertial reference frame S is ob-
served by S’, then S concludes the clock C is running slow. Each observer believes that the
other’s clock (moving relative to him ) is running slower than the ones at rest in the reference
frame of the observer. Note that the factor in the denominator differs appreciably from 1 only
at speeds that approach the speed of light. That is, when the speed u approaches the speed of
light, the time dilation is pronounced.

This time dilation effect is very real and has nothing to do with any mechanical change
that takes place in a clock because of its motion. It is simply the nature of time. The time dila-
tion effect is verified by the experiments of high energy physics. An interesting example of
time dilation involves the observation of muons, unstable elementary particles that have a
charge equal to that of the electron and a mass 207 times that of the electron.

Example 16-2 Muons are unstable, and when at rest in the laboratory, decay with an av-
erage lifetime of 2. 20 us. This average lifetime, measured for resting muons with a single
resting laboratory clock, is thus a proper time interval. Find the average lifetime of muons
which is accelerated to a speed of 0. 996¢.

Solution The accelerated muons can serve as tiny moving clock, to which the average li-
fetime of the muons is 2. 20 gs. From Eq. (16-20), the average lifetime by the observer at rest
in the laboratory is given by
| Aty 2. 20
Jl_ﬁ /1= (0.996)°

At = = 26.7(us)

CZ

This value is in excellent agreement with the experimental data within the experimental error.
16.4.3 The relativity of length

Suppose that a rod lies along the O'z”, moving with a velocity u relative to S, at rest in
the moving reference frame S’, as shown in Fig. 16-6. The ends of a measuring rod are deter-
mined to be at x’; and z according to S’, relative to whom the rod is rest. To determine the
length of the rod, S must make a simultaneous measurement of the coordinates x;and z; of its
endpoints. According to S”, the ends of the rod are at coordinates =’ and x’, » such that Ax" =

x'y —z') = L, is called as the rest length of the rod ( also known as the proper length ).

’ * . In order to measure the length of the rod,
observer S must make a simultaneous determination
S s’ of the coordinates x; and x; of the ends of the rod.
xl.' u "|2' The interval Ar = x, — x; gives the length L of
I(—G) the rod according to S. From Eq. (16-16), we

0 0’ x(x)

have
- . Ax' = y(Ax — uAt)

Fig. 16-6 A rod moves with speed u relative to For Az = 0, we obtain

S along the common z(z") direction

L=Azr= - (16-21)
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Thus, a rod moving relative to an observer appears to be contracted in the direction of motion

by the factor v/1—u?/c®. This effect is known as length contraction.

From Eq. (16-21), we conclude that the length L, measured by an observer who is at rest
relative to the rod is the largest and all other inertial observers will measure a shorter length.
That is the length of a rod is not absolute. Note that the contraction of rod happens only for
dimensions along the direction of motion and length measurements transverse to the direction
of motion are unaffected.

Under ordinary circumstances u << ¢, the effects of length contraction are far too small to
be observed. For example, a rocket of length 100 m launched from Earth with the high speed
sufficient to escape the Earth’s gravity ( « = 11. 2 km/s ) would be measured to contract, ac-
cording to an observer on the earth, by an amount roughly equivalent to only 2 atomic diameters!

Like time dilation, length contraction is an effect that holds for all observers in relative
motion. If a rod is at rest along Oz in the frame S, moving with a speed u relative to the frame
S’, the length measured by the S’ is also contracted. The questions, “Does the rod really
shrink ?” and “Do the atoms in the rod really get pushed closer together ?” are not proper
questions within the framework of relativity. The length of a rod is what you measure it to be
and motion affects measurements,

Example 16-3 A rod lies parallel to the x-axis of reference frame S, moving along this axis at a
_speed of 0. 632¢. Its rest length is 1. 70 m. What will be its measured length in frame S?

Solution The rod is moving along the x-axis of reference frame S relative to the frame S
at a speed of 0. 632c. According to the S, its length is contracted. From the Eq. (16-21), we

have

2
L=L, /1—‘6‘—2 =1.70 X v/1—0.6322 = 1. 32 (m)

which is the value of the length of rod measured by S.
Examplel6-4 The length of a meterstick moving parallel to its length with a speed of u
relative to an observer is measured to be 0. 866 m by this observer. Find the relative speed u.

Solution The rest length of a meterstick is 1. 000 m. By Eq. (16-21), we have

2
0.866 = 1.000 X, /1 —%
C

From above formula, we obtain « = 0. 5c.

16.5 The Lorentz Transformation of Velocities

In this section we use the equation of the Lorentz transformation to relate the velocity v
of a particle measured by an observer in the frame S to the velocity v’ of the same particle
measured by an observer in the frame S’, who is in turn moving with velocity u relative to S
along the common z(z") axis. Here, it is important to keep in mind the meanings of these
three velocities.

Seeing Fig. 16-7, suppose observer S finds the particle to move from time-space point (x; ,
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Y1421 511) 10 (T35 y2 522 522). Observer S, on the other hand records the observations of the ini-
. . . . !/ A ’
tial and final coordinates of the same particle as (x'y, ¥ s271,21) and (25, 3%, 25 ,2%).

v, , the x component of the velocity of the

y y' P(x, ¥, z.,1)
# * &yl 2 particle measured by S, and v, the 2’ compo-
. ; nent of the velocity of the same particle measured
, A(X3, V5, 20ty , )
S S —=u * (x5 4, Z3t) by S, are given by
v, = limit &% (16-22a)
a0 At
0 o —4 o ,
v, = limit % (16-22b)
a0 Al

<~ -

i /
where Ar = 1, —x1, At = t, —t; and Ax’ = x5 —

Fig. 16-7 A particle i ing in th ; .
H PIEs Tn TRIWTG T8 Hie SPRse ,at =+, —1t,. Using Eq. (16-16), we have

The velocity of the particle is measured

by both 5 and & o, = limit LKAT— M) _ T U (G 93,
&0 )’(At — @) 1— Ulx
c* c*
In similar method, we obtain the transformation equation for the y and 2 components of the velocity
=B L (16-23b)
1 . Uuv 7
CZ
’ U, ].
v, = = (16-23c)
§— 28 ¥
CZ

Note that v/, = v,, even though Ay’ = Ay, because A’ 5= At . Similar consideration holds for v..
Switching primed and unprimed velocities in Eq. (16-23a) ., Eq. (16-23b) and Eq. (16-23¢) , and

substituting —u for u, we have

'UI — 'l),l' —i—u;t (16'243)
1+C—2
v = (16-24b)
142
v, = —2 % (16-24¢)
1422

which is the inverse Lorentz transformation of velocities.

Eq. (16-23a) , Eq. (16-23b) ,Eq. (16-23¢) and Eq. (16-24a).Eq. (16-24b) . Eq. (16-24c)
give the Lorentz transformations of velocities. They are analogous to the equations of the
Lorentz transformations of coordinates. They relate observations in one reference frame to

observations in another. When « <« ¢ (or equivalently, ¢ —c2), it can be proved that
Eq. (16-23a) \Eq. (16-23b) \Eq. (16-23c) reduce to

v, = v, —u
'u/y = v, (16-25)
v, =,

which is indeed the Galilean results.
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Suppose that the common event being observed by both S and S’ is the passage of a light
beam along the x direction. Observer S measures v, = ¢ and v, = v, = 0. What velocity does
observer 8" measure? Using Eq. (16-23a), Eq. (16-23b), Eq. (16-23c), we find the velocity
components measured by S’ to be

’ Uy — U E— U /
By == = =cy vy,=0, v.=0
Uv, uc
1l == ==
¢ c

Hence a speed of ¢ measured by one observer must also be measured to be ¢ by any other ob-
server. This is the result of Einstein’s second postulate. Thus the speed of light is indeed the

same for all observers. The same conclusion holds for any direction of travel of light beam.

2
If u > ¢, the Lorentz factor y = 1/ I, — % will be complex. However, our world is real

so that the speed of ¢ is the ultimate speed limit. That is, no real body can move with a speed
which exceeds c.

Example 16-5 A proton moving eastward with a speed of 0. 60c in a nuclear-physics labo-
ratory passes an electron moving westward with a speed of 0. 90c. Find the speed of the elec-
tron relative to a frame of reference riding with the proton.

Solution We call eastward the x positive direction. Hence

u=0.60c, v, =—0.90c
By Eq. (16-23a), we obtain

o _ —0.90c—0. 60c _ —1.50c
* 1—0.90X0.60 1. 54

which is the speed of the electron relative to the proton.

=—0.97c

16.6 The Relativistic Dynamic Theory

So far we have investigated the effect of Einstein’s two postulates on the kinematical vari-
able time, displacement and velocity as viewed from two different inertial frames. In this sec-

tion, we will discuss the dynamical variable momentum and mass and energy of a particle.
16. 6.1 Relativistic mass and relativistic momentum

If a constant force F acts on a body of mass m indefinitely, it is clear that Newton’s sec-
ond law F = ma must break down as the speed of the body approaches the speed of light. In
the precious chapters, we have learned that the momentum conservation derived from New-
ton’s second law is a universal theorem. According to Einstein’s first postulates, if the mo-
mentum of a system is conservative in an inertial frame, it also is conservative in all others.
Using the classical formula p = mw , it can be proved that the momentum may be not con-
served in all the inertial frame. Therefore, we need to modify the Newton’s law of mechanics.

Einstein showed by application of the law of conservation of momentum that if m, is the
mass of a body when it is at rest relative to an inertial frame, its mass m, moving with a veloc-

ity v relative to this frame, is given by( see appendix 2 )
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and its momentum is defined as

m=———- (16-26)
7
2

p= _fh U (16-27)
7
1 —<
2

Here, my, is called the rest mass, and m the moving mass.

Using the definition (16-27), the Newton’s second law has the same form as the classical

case. That is

F=92_4d 2 (16-28)

Eq. (16-26) and Eq. (16-28) are the relativistic extension of the classical Newton’s first and second

m

My e S i +-

1.0 vfe

Fig. 16-8 The moving mass m as a

function of speed v

law. They are satisfied with Lorentz transformation. They
have the same form in all the inertial reference frames.
In the special relativistic theory, the Newton’s third law
contains the same meanings as the classical case.
According to Eq. (16-26), when a constant force
acts on a body and the velocity of the body increases
with the time, its mass (that is its inertial) will increa-
ses with the increase of the velocity. If the velocity of
the body approaches the speed of light, its mass will ap-

proaches oo, as shown in Fig. 16-8. Hence the speed of

a body can not be in excess of the speed of light, which is the up limit of velocities,

16. 6.2 Relativistic energy

From the Eq. (16-28), the relativistic expression of the kinetic energy of a particle can be

derived by using essentially the same procedure we used to derive the classical expression,

starting with the particle form of the work-energy theorem. Using the Newton’s second law,

we have

dEE(:F‘dS:’U'dp:d('U‘p)—p‘d'U

—d(y. py —To v do

=d(v -+ p) —

2

v
1=
c
movdvu

z
[1—Y
1 -

Assuming the initial velocity is zero, the kinetic energy Ey at the time ¢ is equal to
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Seek gy

B —(gs p)|:_J: mv__

2
1—2’—2 (16-29)
=mc® —myc*

1
2

first term of Eq. (16-29) that E, —oo as v—c. Thus we can increase the kinetic energy of a

Eq. (16-29) looks very different from the classical result -m,v*. You can also see from the

particle without limit, and its speed will not exceed c.
We can also express Eq. (16-29)as
E. = E—E, (16-30)

where the total relativistic energy E is defined as
2

=288 — gt | (16-31)
7
2
and E, is defined as
E() — moCz (16_32)

which is known as the rest energy. The rest energy is the total relativistic energy of a particle
measured in a reference frame in which the particle is at rest. The total relativistic energy is
given by Eq. (16-39)as
E=E,+E, = mc* (16-33)
That is the total relativistic energy is equal to the sum of the kinetic energy and the rest ener-
gy. This is Einstein’s famous mass-energy equation.
In interaction of particles at relativistic speeds, we can replace our previous principle of
conservation of energy with one based on the total relativistic energy: in an isolated system of

particles, the total energy relativistic energy remains constant. That is
ZEi = z:m,-c2 = constant (16-34)
where m; is the moving mass of the particle . Eq. (16-34) can be expressed as

> m, = constant (16-35)
i

which implies that the total mass of the system is conservative. The system is isolated—no ex-
ternal work is done by its environment.

If we expand the square root in Eq. (16-29)assuming that v* /c? is small compared with 1,

we obtain ,
1 37
Bl s | 1+ 5 5 4 Tote—1)
" 3 2 (16-36)
_ L 2 ® U 4 ...
g (H" 4 )
In the limiting case, where v/c is small compared with 1, we obtain the classical formula
Epy = %movz (16-37)

for the kinetic energy of a body. As v approaches ¢, we must turn to the relativistic relation

for the kinetic energy as given in Eq. (16-29).
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From Eq. (16-34) and Eq. (16-35), the conservation of total energy is equivalent to the
conservation of relativistic mass. Einstein’s well known E = mc? relation asserts that the rest
energy is freely convertible into other forms. All reaction, whether chemical or nuclear, in
which energy is released or absorbed involve a corresponding change in the rest energy of the
reactants. The understanding of the mass converting into the energy is incorrect. The more
total relativistic energy of a body, the greater its inertial. The increase of the mass of a body
does not imply the increase of the numbers of atoms contained in the body in the relativistic
theory.

The revolutionary formula E = mc? has proved to be a cornerstone of modern physics,
permitting a new understanding of nuclear physics and leading to the development of nuclear

fission as a practical energy source.
16. 6.3 The relationship between the total energy and the momentum

In the classical mechanics, the momentum p of a particle is
p = myv

and its kinetic energy

E, = =my1?

2
If we eliminate v between these two expressions, we find a directive relation between the mo-
mentum and the kinetic energy
pt = 2Eym, (classical) (16-38)
We can find a similar connection in relativity by eliminating v between the relativistic defini-
tion of momentum Eq. (16-27) and the relativistic definition of kinetic energy Eq. (1-29). Do-
ing so leads, after some algebra, to
(pc)? = Ef +2Emoc®  (relativistic) (16-39)
With the aid of Eq. (16-33), we can transform Eq. (16-39) into a relation between the momen-
tum p and the total energy E of a particle
E? = (pc)? 4+ (mec?)? (16-40)
or
E= VpF+mic* (16-41)

Eq. (16-41) is universally applicable. When the rest mass m, of a particle (photon) is
equal to zero, we have from Eq. (16-41)

E = pc (16-42)
which is very useful in the following chapter.

The relationships between kinetic energy and velocity and between kinetic energy and mo-
mentum can be tested in the relativistic regime by accelerating particles to high speeds or by
using high-speed particles (namely, electrons) emitted in certain radioactive decay processes.
The experimental data are in perfect agreement with the relativistic expression and in disagree-
ment with the classical expression. Similar results are obtained indirectly today at every large

accelerator facility in the world. Particles are accelerated to speeds very close to ¢, and the de-
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.

sign parameters of the accelerators must be based on relativistic dynamics. Thus every modern
accelerator is in effect a laboratory for testing special relativity. Needless to say, the success
of these accelerators is a dramatic confirmation of special relativity.

Example 16-6 The total energy of an electron is 2m,c?. Find the velocity of the electron.

Solution According to Eq. (16-31), we have

2
E = ¢ = 2mizc*
-
2
Hence
L__,
_ U
1 z
{rom which we obtain
g = @c

2
Examplel6-7 Find the work which must be done on an electron to increase its speed
from (1) 0. 60c to 0. 80c; (2) 0. 80c¢ to 0. 90c, where ¢ is the speed of light.
Solution The work is equal to the increase of the total energy of the electron. When the

speed increase from 0. 60c¢ to 0. 80c, the work done on the electron is

2 2
moc myc 5
W, = = ““myc? = 0. 42mqc?

 J/1—0.8° J1—0.60°7 12
where m;c* = 0.511 MeV. The work done on the electron with an increase of speed from

0. 80c¢ to 0. 90¢ 1s

o Mo’

J/1—0.90 /1—0. 80
Examplel6-8 What must be the momentum of a particle with rest mass m, in order that

= 1. Omyc?

W2:

its total energy is three times its rest energy?
Solution According to the given condition, we have
. E = 3myc?
Using Eq. (16-40), we obtain

/ 42 A4
p:—_—Ez CmoC' =«/§moc

Appendix 1

As shown in Fig. 16-2, considering the symmetry and the homogeneity of space and time,

the needed transformation is written as

= Ax+Bt
yl=y (Al1-1)
2 =z
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where A, B, C and D are, independent of the (x,y,2,t), constants. Noting that the coordi-

nate of the origin O is zero relative to the S and x = w relative to the S, we have

B =—Au (A1-2)

Considering the origin o in the same way, we obtain
D=A (A1-3)
Assume that ' = z at { = ¢t = 0 at which the beam of light is emitted in the direction

Ox (O'z”). The position of the wavefront is x = ¢z measured by S and 2" = ¢¢” measured by S’.

This fact implies
c=—2 (A1-4)

Using Eq. (A1-2),Eq. ( A1-3) and Eq. (Al1-4), the transformation (Al-1) reduces to

zr =Alx—uw)

Yy =y
1. (A1-5)

r__ _uxr

t —A(t Cz)

The description of the wavefront of light emitted at timez = ¢’ = 0 in the direction Oy is given

by

{ (to S (Al1-6)
y =ct
or
P+ y?2 =7 (10 §8) (A1-7)
Inserting Eq. (A1-5) into Eq. (A1-7) and using Eq. (Al1-6) yields
A=—1_ (A1-8)
"

CZ

Hence we obtain the Lorentz transformation (16-10).

Appendix 2

Here, we consider a sample example in which a particle decays into two same particles.
As shown in Fig. 16-9, the particle C, located at the origin O, is at rest relative to the refer-
ence S’ and broken into two same particles A, B (having the same mass). According to the
conservation of the momentum, if the particles A moves in the direction—'z” with the veloc-
ity — v, the particle B will move in the direction O’z with the velocity v.

Suppose the reference S moves along the O’z with the velocity —w. To S, the particle A
is at rest with the mass m, (the rest mass), and the particle B have the mass m (the moving

mass) and moves at the velocity

ity = —2E_ (A21)
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Assuming the mass of the particle C is M, the e 5
conservation of the momentum measured by S implies
Mu = muvp (A2-2)
It is reasonable that we take S S
M=m,+m (A2-3)

That is, the mass of system is conservative. From

Eq. (A2-1), Eq. (A2-2) and Eq. (A2-3), we obtain *x')
2
1+%
m = my ;2 (A2-4) Fig. 16-9
1—73
4

Using Eq. (A2-1), vis equal to
2

v="(1—/1—&/2) (A2-5)
B

v,

Substituting Eq. (A2-5) into Eq. (A2-4), we have
m=—1 (A2-6)
| U
CZ

The equation tells us that the particles A and B, having the same mass relative to the ob-
server in the reference S’, have the different mass measured by the observer in the reference
S. If the particle A and B are at rest relative to S, their masses would bem,. Hence, the mov-

ing mass of the particle, which has the rest mass of m, and moves at the velocity v, is given by

m=——— (A2-7)

That is Eq. (16-26).

f Questions
b

16-1 Why don’t we observe relativistic effects in our everyday lives?

16-2 A quasar (quasi-stellar object) travels away from the Earth at half the speed of light. What is the
speed, with respect to the Earth, of the light we detect coming from it?

16-3 A beam from a laser falls at right angle on a plane mirror and reflects from it. What is the speed of
the reflected beam if the mirror is (1) fixed in the laboratory and (2) moving directly toward the laser with
speed V?

16-4  Although in relativity (where motion is relative and not absolute) we find that “moving clocks run slow”,
this effect had nothing to do with the motion altering the way a clock works. With what does it have to do?

16-5 We have seen that if several observers watch two events, labeled A and B, one of them may say that
event A occurred first but another may claim that it was event B that did so. What would you say to a friend who
asked you which event really did occur first?

16-6 Two observers, one at rest in S and one at rest in S’, each carries a meterstick oriented parallel to
their relative motion. Each observer finds upon measurement that the other observer’s meterstick is the shorter

of two sticks. Does this seem like a paradox to you?
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&

16-7 If zero-mass particles have a speed ¢ in one reference frame, can they be found at rest in any other
frame? Can such particles have any speed other than ¢?
16-8 A particle with zero mass (a Neutrino, possibly) can transport momentum. But, by Eq. (16-27)

mov
v

= L
2

p:

the momentum is directly proportional to the mass and therefore should be zero if the mass is zero. Explain.
16-9 Is the mass of a stable, composite particle (a gold nucleus, for example) greater than, equal to or
less than the sum of the masses of its constituents? Explain.
16-10  “The relation E = mc*? is essential to the operation of a power plant based on nuclear fission but has

only a negligible relevance for a fossil-fuel plant. ” Is this a true statement? Explain why or why not.

16-1 Observer S assigns to an event the coordinates z = 100 km, ¢ = 200 ps. Find the coordinates of this event
in frame S’, which moves in the direction of increasing = with speed 0. 950c. Assume x = 2° = 0 at t=1 =0.

16-2 Inertial frame S’ moves at a speed of 0. 60c with respect to frame S in the direction of increasing r. In
frame S , event 1 occurs at the origin atz = 0 and event 2 occurs on the x axis at x = 3. 0 kmand atz = 4. 0 ps.
What times of occurrence does observer S record for these same events? Explain the reversal of the time order.

16-3 An experimenter arranges to trigger two flashbulbs simultaneously, a blue flash located at the origin
of his reference frame and a red flash at z = 34. 4 km. A second observer, moving at a speed of 0. 247¢ in the di-
rection of increasing of x, also views the flashes.

(1) What time interval between them does she find?

(2) Which flash does she say occurs first?

16-4 An observer S sees a flash of red light 1200 m from his position and a flash of blue light 720 m closer
to him and on the same straight line. He measures the time interval between the occurrences of the flashes to be
5. 00 ps, the red flash occurring first.

(1) What is the relative velocity « (magnitude and direction) of a second observer S” who would record these
flashes as occurring at same place?

(2) From the point of view of S, which flash occurs first?

(3) What time interval between them would S’ measures?

16-5 The mean lifetime of muons stopped in a lead block in laboratory is measured to be 2. 20 us. The
mean lifetime of high-speed muons in a burst of cosmic rays observed the earth is measured to be 16 us. Find the
speed of these cosmic ray muons.

16-6 An unstable high-energy particle enters a detector and leaves a track 1. 05 mm long before it decays.
Its speed relative to the detector was 0. 992c. What is its proper time? That is, how long would it have lasted
before decay had it been at rest with respect to the detector?

16-7 The length of a spaceship is measured to be exactly half its rest length.

(1) What is the speed of the spaceship relative to the observer’s frame?

(2) By what factor do the spaceship’s clocks run slow, compared to clocks in the observer’s frame?

16-8 A space traveler takes off from Earth and moves at speed 0. 988¢c toward the star Vega, which is
26. 0 ly distant. How much time will have elapsed by Earth clock (1) when the traveler reaches Vega and (2)
when Earth observers receive word from him that he has arrived? (3) how much older will the observers calcu-

late the traveler to be when he reaches Vega than he was when he started the trip?
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16-9 (1) Can a person, in principle, travel from Earth to the galactic center (which is about 23 000 ly
distant) in a normal lifetime? Explain, using either time dilation or length-contraction arguments,

(2) What constant speed would be needed to make the trip in 30 y (proper time).

16-10  An alpha particle moving east with a speed of 0. 6¢ is passed by an electron moving west with a
speed of 0. 9¢c. Find the speed of the electron relative to the alpha particle.

16-11 Find the kinetic energy, total energy, mass and momentum of an electron moving at a speed of 0. 900c.

16-12 Through what potential difference must protons be accelerated to achieve a speed of 0. 800¢? What
is the momentum of such a proton? The total energy?

16-13 Calculate the speed of a particle (1) whose kinetic energy is equal to twice its rest energy and (2)
whose total energy is equal to twice its kinetic energy.

16-14 Find the momentum of a particle of mass m, in order that its total energy is three times its rest energy.

16-15 How much work must be done to increase the speed of an electron (1) 0. 18¢ to 0. 19¢ and (2) 0. 98¢ to

0. 99¢? Note that the speed increase (0. 0l¢) is the same in each case.



Chapter 17

The Quantization of Light

The birthday of quantum physics is considered to be the date when Max Planck read his
paper, “on the theory of the energy distribution law of the normal spectrum” on Dec.
14, 1900. This paper, which first attracted little attention, was the start of a revolution in
physics. In this and following chapters, we shall examine the major milestones and study the
basic theory of quantum mechanics.

Like relativity, quantum physics represents a generalization of classical physics that in-
clude the classical law as special cases. Just as relativity extends the range of application of
physical laws to the region of high velocities, so quantum physics extends that range to the re-
gion of small dimensions. Just as a universal constant of fundamental significance, the velocity
of light ¢, characterizes relativity, so a universal constant of fundamental significance, now
called Planck’s constant h, characterizes quantum physics. It was trying to explain the ob-
served properties of thermal radiation that Planck introduced this constant in his 1900 paper.

Let us now begin to examine thermal radiation ourselves.

17.1 Thermal Radiation and Planck’s Theory of Radiation

17.1.1 Thermal radiation

It is a matter of common experience that a hot body radiates electromagnetic energy in the
form of heat. In fact, at any temperature, a body emits radiation of all wavelengths, but the
distribution in wavelength, the spectral distribution, depends on temperature. At low temper-
ature, most of the energy is in the form of low frequency infra-red radiation, but as the tem-
perature increases more energy is radiated at higher frequencies, up to about 500 C radiation
of visible light is observed. At still higher temperature, such as that of an incandescent lamp
filament the spectral distribution has shifted sufficiently to the higher frequencies for the body
to be white hot. Not only the spectral distribution changes with temperature, but the total en-
ergy radiated also changes, increasing as a body becomes hotter.

All bodies emit radiation to their surroundings and the radiation may fall on a body.
When radiation falls on a body, some is reflected and some is absorbed. For example, dark
bodies absorb most of the radiation falling on them, while light colored bodies reflect most.
Hence, the three processes take place simultaneously on a body as shown in Fig. 17-1. If a

body is at first hotter than its surroundings, it will cool off because its rate emitting energy
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Sl

exceeds its rate of absorbing energy. When thermal equilibrium is reached, the rates of emis-
sion and absorption are equal and the body must emit and absorb the same amount of radiant
energy per unit time. The radiation emitted or absorbed under this circumstance is called ther-
mal radiation.

A blackbody is defined as a body that absorbs all radiations falling upon it, which is an
ideal system. In the following, we will study only the blackbody radiation. Generally speak-
ing, the detailed form of the spectrum of the thermal radiation emitted by a hot body depends
somewhat upon the composition of the body. However, experiment shows that the blackbody
radiation has thermal spectra of a universal character. Independent of the details of their com-
position, it is found that all black bodies at the same temperature emit thermal radiation with
the same spectrum. The universal properties of the radiation emitted by blackbodies make
them of particular theoretical interest and physicists sought to explain the specific features of
their spectrum. As shown in Fig. 17-2, a cavity, which is connected to the outside by a small
hole, may be looked as a blackbody. The radiation incident upon the hole from the outside en-
ters the cavity and is reflected back and forth by the walls of the cavity, eventually being ab-
sorbed on these walls. If the area of the hole is very small compared to the area of the inner
surface of the cavity, a negligible amount of the incident radiation will be reflected back
through the hole. Essentially all the radiation incident upon the hole is absorbed; therefore,
the hole must have the properties of the surface of a blackbody and may be looked as a black-
body. The idea blackbody does not exist in the word. Most black bodies used in laboratory ex-
periments are constructed along these lines and the emitted radiation from the hole is measured

by the receiver.

incident
radiation

reflected

radiation incident radiation

- p .
__________ ’ receiver

emitted radiation

absorbed
radiation

thermal '\
radiation A

Fig. 17-1 While the body emits radiation, Fig. 17-2 A cavity in a body connected by a small
it reflects some of the radiations hole to the outside can be looked as a blackbody.
falling on it and absorbs others The hole emits like a black body

17.1.2 The spectral radiancy of blackbody radiation

The emissivity M of a surface is defined as the energy of the radiation emitted from unit
area of body per unit time. The spectral radiancy, represented by M(A,T), is defined so that
M(A,T)dA is equal to the energy emitted per unit time in radiation of frequency in the interval

A toA-+dA from a unit area of the surface at absolute temperature T. The spectral distribution
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of blackbody radiation is specified by the quantity M(a, T). The dependence of M(A,T) on A
and T is shown in Fig. 17-3. Note that the wavelength at which the maximum radiancy occurs
(dashed line) decreases linearly with increasing temperature, and that the total power per
square meter of the radiator (area under curve) increases very rapidly with temperature.

The integral of spectral radiancy M(A,T)
over all A is the total energy emitted per unit

time per unit area from blackbody at tempera-

ture T. It is called the radiancy E(T). That is
E(T) = JOOM(A,T)dA (17-1)
0

M/a.u

E(T), equal to the area under the curve in Fig.
17-3, increases rapidly with increasing tempera-

ture. In fact, this result is called Stefan’s law,

and it was first stated in 1879 in the form of an

AMpm empirical equation
Fig. 17-3 The spectral radiancy of a blackbody E(T) = oT* (17-2)
as a function of the wavelength of radiation where

c=5.67X10°W/(m* « K*)

is called the Stefan-Boltzmann constant. Fig. 17-3 also shows us that the spectrum shifts to-
ward lower wavelength as T increases. This result is called Wien’s displacement law

Virigie ‘@S T (17-3)
or

Amax I = b (17-4)
The constant b has the value of 2. 898 X 10 °m « K. v (Or Amux ) 15 the frequency (wavelength)
at which M(x,T) has its maximum value for a particular T.

It is more useful, however, to specify the spectrum of radiation inside the cavity in terms

of an energy density p(, T), which is defined as the energy contained in a unit volume of cavi-
ty at temperature T in the frequency interval A toA-dA. It is evident that p(A, T) is related by

a geometrical factor to the spectral radiancy M(A,T). It can be shown that
P T) = SMQ, T (17-5)

Hence, the radiation inside a cavity whose walls are at temperature T has the same character

as the radiation emitted by the surface of a blackbody at temperature T.
17.1.3 Planck’s theory of cavity radiation

Shortly after the turn of the present century, using the statistical thermodynamics and
the ordinary laws of mechanics and electromagnetic theory, Rayleigh and also Jeans, made a
calculation of the energy density of cavity (or blackbody) radiation that points up a serious

conflict between classical physics and experiment results. Their result is

P, T) = 8241

(17-6)
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This is the Rayleigh—Jeans formula for blackbody radiation. Eq. (17-6) has shown that in the
limit of long wavelengths, the classical spectrum approaches the experimental results, but as
the wavelength becomes short, the theoretical prediction goes to infinity. Experiment shows
that the energy density always remains finite, as it obviously must, and in fact, that the ener-*
gy density goes to zero at very long wavelengths, The grossly unrealistic behavior of the pre-
diction of classical theory at short wavelengths is known in physics as the “ultraviolet catastro-
phe”. This term is suggestive of the importance of the failure of the theory.

In December, 1900, in trying to resolve the discrepancy between theory and experiment,
M. Planck presented a new form of the blackbody radiation spectral distribution, based on a
revolutionary hypothesis. He postulated that there are many oscillators in the blackbody and
the energy of an oscillator of a given frequency v cannot take arbitrary values between zero and
infinity, but can only take on the discrete values ne, , where n is a positive integer or zero, and
go 1s a finite amount, or quantum, of energy, which may depend on the frequency. In order to
satisfy Wien’s displacement law, e, must be taken to be proportional to the frequency v

g0 = hy (17-7)
where h is a fundamental constant, called Planck’s constant, having a value of
h=6.62618X107%] «s

The exchange of energy between oscillator and radiation must be equal to nhv. Applying the
above postulate to the problem of blackbody radiation, Planck obtained
8mhe 1

gT = s 177
(A, T) O (17-8)
or
2
MQ,T) = 2uhe 1 (17-9)
A etli — |

where £ is the Boltzmann constant. This is Planck’s blackbody radiation formula. Using the
values of h and &, Planck obtained very good agreement with the experimental data for M(), T) over
the entire range of wavelength.

Stefan’s law is obtained by integrating Planck’s formula over the entire spectrum of fre-
quencies. The radiancy is found to be proportional to the fourth power of the temperature with

the theoretical value of Stefan’s constant

__ 2k’ )
o= 25 (17-10)
Wien’s displacement law is obtained by setting dM(A,T)/dA =0
~ he _
AmXT—4. 965E — (17-11)

Using the experimental value of ¢, ¢ and b, the values of A and % can be calculated from
Eq. (17-10)and Eq. (17-11). Indeed, this was done by Planck, his values agreeing very well
with those obtained subsequently by other methods.

The idea of quantization of energy, in which the energy of a system can only take certain discrete
values, was totally at variance with classical physics, and Planck’s theory was not accepted readily.

However, it was not long before the quantum concept was used to explain other phenomena.
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17. 2 The Photoelectric Effect

In the course of experiments investigating the properties of electromagnetic waves,
H. Hertz discovered in 1887 that ultraviolet light falling on metallic electrodes facilitates the
passage of a spark. Further work by W. Hallwacks, M. Stoletov, P. Lenard and others
showed that charged particles are ejected from metal surface irradiated by high frequency elec-
tromagnetic waves. This phenomenon is called the photoelectric effect. In 1900, Lenard meas-
ured the charge to mass ratio of the charged particles in experiments similar to those of J. J.

Thomson, and in this way he was able to identify the particles as electrons,
17.2.1 The results of the experiments

Fig. 17-4 shows an apparatus used to study the photoelectric effect, A glass envelope en-
closes the apparatus in an evacuated space. Monochromatic light, incident through a quartz
window, falls on the metal plate K and liberates electrons, called photoelectrons. The elec-
trons can be detected as a current if they are attracted to the metal plate A by means of a po-
tential difference V applied between K and A. The sensitive ammeter G serves to measure this
photoelectric current.

The curve of Fig. 17-5 is a plot of the photoelectric current, in an apparatus like that of
Fig. 17-4, as a function of the potential difference V. If V is made large enough, the photoe-
lectric current reaches a certain limiting (saturation) value at which all photoelectrons ejected
from K are collected by the plate A. If V is reversed in sign, the photoelectric current does not
immediately drop to zero, which suggests that the electrons are emitted from K with kinetic
energy. Some will reach up A in spite of the fact the electric field opposes their motion. How-
ever, if this reversed potential difference is made large enough, a value V called the stopping
potential is reached at which the photoelectric current does drop to zero. This potential differ-
ence V,, multiplied by electron charge, measures the kinetic energy E,., of the fastest ejected

photoelectron, That is

Emax - %mvrznax - €V0 (17_12)
dN 1
%K saturation
G
®

stopping
potential
| | l I -
(RN - v
Fig. 17-4 Schematic diagram of an apparatus Fig. 17-5 Graphs of current I as a function

used to study the photoelectric effect of potential difference V'
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The quantity E,., turns out experimentally to be independent of the intensity of the light.

The most important features of the experimental data are the following :

(1) There is a minimum, or cutoff frequency v, of the radiation, below which no emission
of electron takes place and no photoelectric effect occurs, no matter what the intensity of the
incident radiation, or for how long it falls on the surface;

(2) Electrons emerge with a range of velocities from zero up to a maximum %, and the
maximum Kkinetic energy, mvZ,./2, is found to depend linearly on the frequency of the radia-
tion and to be independent of its intensity;

(3) For incident radiation of a given frequency, the number of electrons emitted per unit
time is proportional to the intensity of the radiation;

(4) Electron emission takes place immediately as the light shines on the surface with no
detectable time delay.

The above features cannot be explained in terms of the classical wave theory of light. Ac-
cording to the classical physics, it would be natural to suppose that the maximum kinetic ener-
gy of the emitted electrons would increase with the energy density (or intensity) of the inci-
dent radiation, independently of the frequency. Another important aspect of classical theory is
that the incident energy is spread uniformly over the illuminated surface. To eject an electron
from an atom, this energy would have to be concentrated over an area of atomic dimensions,
and to achieve such a concentration would require a certain time delay. According to the wave
theory the photoelectric effect should occur for any frequency of the light, provided only that

the light is intense enough to give the energy needed to eject the photoelectrons.
17.2.2 Einstein’s quantum theory of the photoelectric effect

In 1905, Einstein offered an explanation for these seemingly strange aspects of the photo-
electric effect, based on an extension of Planck’s idea of the quantization of blackbody radia-
tion. In Planck’s theory, the oscillators representing the source of the electromagnetic field
could only vibrate with energies given by E = nhy. Planck believed that electromagnetic ener-
gy, once radiated, spreads through space as if water waves spread through water. In contrast,
Einstein supposed that the electromagnetic field itself was quantized and that light consists of
corpuscles, called light quanta or photons and that each photon travels with the velocity of
light ¢ and carries a quantum of energy of magnitude

Ezhpz% (17-13)

The photons are sufficiently localized, so that the whole quantum of energy can be absorbed
by a single atom at one time.

When a photon falls on a metallic surface, its entire energy hy is used to eject an electron
from an atom. Because of the interaction of the ejected electron with other atoms it requires a
certain minimum energy to escape from the surface, The minimum energy required to escape
depends on the metal and is called the work function W. It follows that the maximum kinetic

energy of a photoelectron is given by
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%mvfm:hv—w (17-14)

This result is called Einstein’s equation. The cutoff frequency v, is determined by the work

function since in this case, vp.x = 05 from which

Vo :%[ (17-15)

If the frequency is reduced below v, , the individual photon, no matter how many of them there
are (that is, no matter how intense the illumination), will not have enough energy individual-
ly to eject photoelectron.

The number of electrons emerging from the metal surface per unit time is proportional to
the number of photons striking the surface per unit time, but the intensity of the radiation is
also proportional to the number of photons falling on a certain area per unit time, since each
photon carries a fixed energy hv. It follows that the number of electrons emitted (or the photo-
electric current) is proportional to the intensity of the radiation.

According to Eq. (17-14), the maximum kinetic energy of ejected electron depends only
on the frequency of the radiation. Doubling the light intensity merely doubles the number of
the photons and thus doubles the photoelectric current; it does not change the energy Av of the
individual photons and the kinetic energy of the ejected electrons.

If there is any illumination at all incident on the plate K, then there will be at least one
photon that hit it, and this photon will be immediately absorbed by some atom, if the frequen-
cy of the photon is greater than v, , leading to the immediate emission of a photoelectron.

Combining Eq. (17-12) with Eq. (17-14), we see that stopping potential satisfies

eVy =hy—W (17-16)
Thus Einstein’s theory predicts a linear relationship between the stopping potential V; and the

frequency v, in complete agreement with experimental results. Eq. (17-16) can be rewritten as

Vo Zﬁv—‘l (17-17)

e e
The slope in Eq. (17-17) is h/e. Hence, h/e can be determined from the experimental data.
Therefore all the experimental observations are explained by Einstein’s theory.

Notice that the photons are absorbed in the photoelectric process. This requires the elec-
trons to be bound to atoms, or solids, for a truly free electron cannot absorb a photon and
conserve both total relativistic energy and momentum in the process. We must have a bound
electron, and therefore, the bonding forces serve to transmit momentum to the atom or solid.
Due to the large mass of an atom, or solid comparing to the electron, our photoelectric energy
Eq. (17-14) remains valid.

Although the photoelectric effect provides compelling evidence for a corpuscular theory of
light, it must not be forgotten that the existence of diffraction and interference phenomena
demonstrates that light also exhibits a wave behavior. In the next section, we will study an-
other important experiment which further confirms the particle—like properties of radiation.

Example 17-1 The potassium foil, its work function being 2. 21 eV, is irradiated by a
beam of light of wavelength A = 2500 X 107“m with the intensity of 2 W/m?. Find
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(1) the maximum kinetic energy of the photoelectrons;

(2) the maximum number of the photoelectrons per unit time per unit area from the sur-
face of the potassium foil.

Solution (1) According to the Eq. (17-14), we have

Eox = %m’ufm =k % —W = 2.76(eV)

which is the maximum kinetic energy of the photoelectrons.
(2) The energy of a photon is equal to
e=hy =4.97eV=7.95XxX10""]
Assuming a photon can knock out an electron, the maximum number of photoelectrons is as
same as the number of photons falling on the surface of the potassium foil. Therefore, the
maximum number of photoelectrons per unit time per unit area from the surface of the potassi-

um foil is given by

2

W = 2 52 X ].Ow(l’l’fZ e Sﬁl)

I=Nh—-N=

17.3 The Compton Effect

The corpuscular nature of electromagnetic radiation received dramatic confirmation in
1923 from the experiments of A. H. Compton. These experiments proved to be a great “con-
vincer” of the reality of photons because they introduced the photon momentum, as well as the
photon energy. Further, it showed that the photon model applies not only to visible and ultra-
violet light—the domain of the photoelectric effect, but also to X-rays.

Compton allowed a beam of X-rays of sharply defined wavelength A to fall on a graphite
target, as shown in Fig. 17-6. The X-rays were scattered through the scatterer (target). For
various angles of scattering, he measured the intensity of the scattered X-rays as a function of
their wavelengths. Fig. 17-7 shows his experimental results. We see that although part of the
scattered radiation had the same wavelength A as the incident radiation, there was also a second
component of wavelength A", where A" > A. The shift in wavelength between the incident and
scattered radiation, the Compton shift A\ = A" —2 was found to vary with the angle of scatter-
ing and to be proportional to sin®¢/2 where ¢ is the angle between the incident and scattered

beams

AX = 2], sin 4“22 (17-18)

where A. = 2. 43 X 10 ¥*m. This phenomenon is called the Compton effect. Further investiga-
tion showed AA to be independent of both A and the material used as the scatterer.

The Compton effect could not be explained by the classical physics. In the classical model
the oscillating electric field (X-rays: classical electromagnetic wave) vector in the incident
wave of frequency v acts on the free electron (the outer electron of the atoms) in the scattering
target and sets them oscillating at that same frequency. These oscillating electrons, like char-

ges surging back and forth in a small radio transmitting antenna, radiate electromagnetic
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Fig. 17-7 Compton effect of the scattering of X-ray by graphite

waves that again have this same frequency v. Hence, in the classical picture the scattered wave
should have the same frequency v and the same wave length A as the incident wave.
Compton interpreted his experimental results by postulating that the incident X-ray beam
was not a wave of frequency v but a collection of photons, each of energy
E = hy, (17-19)
and momentum

p=L -t (17-20)
and that these photons collided with the electrons in the scattering target as in a collision be-
tween billiard balls.

The electron in the scattering can be divided into two parts:

(1) The outer bound electrons in the atoms of the target, looked as free since their bind-
ing energies of a few electron volts are small compared with the energy of an X-ray photon (~
10* V). The collisions between the X-ray photons and these electrons are equivalent to the
collisions between the X-ray photons and free electrons.

(2) The inner bound electrons in the atoms of the target, which can not be treated as free
since they are tightly bound to the atoms of the target. The collisions between the X-ray pho-
tons and this kind of electrons are equivalent to the collisions between the X-ray photons and
the whole atoms of target.

Therefore, there are two kinds of collisions in the Compton experiments,

Let us consider the scattering of an X-ray photon by a free electron, which can be taken
to be at rest initially. Since the energies involved in the collisions may be large, we need to use
relativistic kinematics. As shown in Fig. 17-8, conservation of momentum yields

=p’ +p. (17-21)

and conservation of energy is expressed as
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hy —|—m062 = hu, +m€2 (17-22) scattered

. 2 hoton
where m, is the rest mass of electron and m is the p

moving mass of recoiling electron. .

From Eq. (17-21), we obtain photon {(p’
’ W#—- S s
pi - pz +P : —~2pp’cos§o Ci=24) AP \&‘ e recoiling
Conservation of energy then gives P. electron

2 — ’ 2 4 2.2N\1/2
hy +moc® = h' + (mic’ + pec’) Fig. 17-8 Diagram of Compton scattering

(17-24) of a photon by an electron
and defining the kinetic energy of the electron after

the collision as Ei, we have

Ey = (mict -+ pic® ) V% —myc?

/ / (17-25)
=h—hy =c(p—p)
From Eq. (17-25), we have that
= (p—p)? +2mec(p—p") (17-26)
and combining Eq. (17-26) and Eq. (17-23), we find that
moc(p—p' )= 2pp’ sin’e/2 (17-27)
Since A = h/p and A" = h/p’, this can be written in form
AL =2 —A = 22, sin’¢/2 (17-28)
where the constant is given by
A= (17-29)

and called the Compton wavelength of the electron. Eq. (17-28) is known as the Compton
equation. The calculated value of A, is 2. 43X 107" m, and this agrees very well with the exper-
imental data. The Compton Eq. (17-28) predicts the experimentally observed Compton shifts.

Considering collisions between the X-photons and the whole atom (or the tightly bound

electrons in the atom of target) in the same way, we have

A =2 =2 = 2, sin’ /2 (17-30)
where
r_ h 3
Ae =131 (17-3D

in which M is the mass of the atom. Since M > mg,A. =0, andA” & A,. Therefore the Comp-
ton shift for collisions with tightly bound electrons is immeasurably small, and the scattered
photon is essentially unmodified in wavelength. To summarize, some photons are scattered
from “free” electrons, which are modified in wavelength by the collision, and other photons
are scattered from the “whole” atom without the change in wavelength.

For the reason, there is no Compton shift for light in the visible region, because the ener-
gy of photon in this case is not large compared with the binding energy of even the loosely
bound electrons. In contrast, for very energetic y-rays only the shifted line is observed, since

the photon energies are larger compared with the binding energies of even the tightly bound
electrons.
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In conclusion, the experimental results are explained by the postulate that the radiation
consists of the photons and this fact shows that we must accept the particle aspect of radia-
tion.

Example 17-2 Find the energy, momentum and mass of a photon which has a wave-
length of (1) 700 nm, (2) 0. 500 X 107 mand (3) 1. 20 X 107" m,

Solution The energy, momentum and mass of photon are given by the following equa-
tions

hc E h E h

E:h)J:_g p:7:—’ m:—zz—

A A ¢ Ac
(1)When A = 700 nm, E, p, and m are equal to
E=1.78¢eV, p=9.46X10*® kg+m/s, m=3.15X10* kg

(2)When A = 0. 500 X 10° m, E, p and m are equal to

E=248X10*eV, p=1.25X10%2kgem/s, m=4.17X 107 kg
(3)WhenA = 1. 20 X 107 m, E, p and m are equal to

E=1.03X10°eV, p=552X10%kg+m/s, m=1.84X10* kg
Example 17-3 The X-rays of wavelength 2. 2 X 107" m are scattered from a carbon target

and the scattered radiation is viewed at 85° to the incident beam.

(1) What is the Compton shift?
(2) What percentage of its initial energy does an incident X-ray photon lose?
Solution (1) From Eq. (17-28), we obtain

M=l @ — 9 9%102m
moc 2

(2) The fractional energy loss r is

_h—=h' _ =2 M g
g hy ey v R

,f Questions
(9571

17-1 Does a blackbody always appear black? Explain the term blackbody.

17-2  Pockets formed by coals in a coal fire seem brighter than the coals themselves. Is the temperature in
such pockets appreciably higher than the surface temperature of an exposed glowing coal?

17-3  In the photoelectric experiments, the current (number of electrons emitted per unit time) is propor-
tional to the intensity of light. Can this result alone be used to distinguish between the classical and quantum
theories?

17-4  The existence of a cutoff frequency in the photoelectric effect is often regarded as the most potent ob-
jection to a wave theory. Explain.

17-5 Does a photon of energy E has mass? If so, evaluate it.

17-6  Why, in Compton scattering, would you expect A1l to be independent of the materials of which the
scatterer is composed?

17-7 Do you observe a Compton effect with visible light? Why?
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#
o Problems
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17-1 At what wavelength does a cavity at 6000K radiate most per unit wavelength?

17-2 (1) Assuming the surface temperature of Sun to be 5700K, use Stefan’s law, to determine the rest
mass lost per second to radiation by the Sun. Take the Sun’s diameter to be 1. 4 X 10° m.

(2) What fraction of the Sun’s rest mass is lost each year from electromagnetic radiation? Take the Sun’s
mass to be 2. 0 X 10* kg.

17-3 At what wavelength does the human body emits its maximum temperature radiation? List assumption
you make in arriving at an answer.

17-4 (1) The energy needed to remove an electron from metallic sodium is 2. 28 eV. Does sodium show a
photoelectric effect for red light, with A=680 nm?

(2) What is the cutoff wavelength for photoelectric emission from sodium and to what color does this wave-
length correspond?

17-5 Light of wavelength 200 nm falls on an aluminum surface. In aluminum 4. 2 eV are required to re-
move an electron. What is the kinetic energy of (1) the fastest and (2) the lowest emitted photoelectron?
(3) What is the stopping potential? (4) What is the cutoff wavelength for aluminum?

17-6 The stopping potential for photoelectrons emitted from a surface illuminated by light of wavelength
491 nm is 0. 71 V. When the incident wavelength is changed to a new value, the stopping potential is found to be
1.43 V.

(1) What is this new wavelength?

(2) What is the work function for the surface?

17-7 (1) Show that a free electron cannot absorb a photon and conserve both energy and momentum in the
process. Hence, the photoelectric process requires a bound electron.

(2) In Compton effect, the electron can be free. Explain.

17-8 Solar radiation falls on the earth at a rate 1. 94 cal/ cm® min on a surface normal to the incoming rays.
Assuming an average wavelength of 5500 A, how many photons per cm’ min is this?

17-9 The wavelength of incident light is 0. 05 A in the Compton experiment. Find the wavelength of the
photons which are scattered at ¢ = 30°,90°,180°.

17-10 Photons of wavelength 2. 4 A are incident on a target containing free electron.

(1) Find the wavelength of a photon that is scattered at 30° from the incident direction.

(2) Do the same for a scattering angle of 12077

17-11 What fractional increase in wavelength leads to a 75% loss of photon energy in a Compton collision
with a free electron?

17-12 Find the maximum wavelength shift for a Compton collision between a photon and a free proton.



Chapter 18
Quantum Theory of the Atoms

By the early years of last century, the atomic nature of matter had been well established.
It was known that atoms contained electrons and that an electron was much lighter than even
the lightest atom ( hydrogen ). It had also been shown that electrons could be removed from
atoms of a given species, producing positively charged ions, but that only a finite number of
electrons could be obtained from atom. This number is characteristic of the atoms of each ele-
ment and is called the atomic number Z. In the normal state an atom is electrically neutral so
that it must contain positive charge of an amount Ze, where —e is the charge on the electron.
The question now arises as to how the mass and positive charge are distributed with the atom
and how the electrons move in the atom. In this chapter, we will briefly discuss these ques-

tions.

18.1 Rutherford’s Experiment and the Nuclear Atom

18.1.1 Thomson’s model

Many models of the atom were proposed in history, among which Thomson’s model was of im-
portant. J. J. Thomson gave a tentative description, or model, of an atom according to which the
negatively charged electrons were located within a continuous distribution of positive charge. The
positive charge distribution was assumed to be spherical in shape with a radius of the known order of
magnitude of the radius of an atom, 107° m. Owing to their mutual repulsions, the electrons would
be uniformly distributed through the sphere of positive charge.

Fig. 18-1 illustrates this “plum pudding” model of the atom. In an atom in its lowest pos-

electron sible energy state, electron would be fixed at their equilibrium
positions. In excited atom (that is, atoms in a material at high
temperature) , the electrons would vibrate about their equilibri-

um positions. Since classical electromagnetic theory predicts

that an accelerated charged body, such as a vibrating electron,

emits electromagnetic radiation, it was possible to understand

Fig. 18-1 The “plum pudding”

model of atom

qualitatively the emission of such radiation by excited atoms on
the basis of Thomson’ s model. Quantitative agreement with
experimentally observed spectra was lacking however.

Conclusive proof of the inadequacy of Thomson’s model
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was obtained by Ernest Rutherford in 1911, a former student of Thomson’s, from the analy-

sis of experiments on the scattering of « particles by atoms.
18.1.2 Rutherford’s experiment

Fig. 18-2 shows a typical arrangement that Rutherford and his colleagues used to study
the scattering of o particles on passing through thin foils of various substances. The « parti-
cles are the doubly ionized helium. The radioactive source emits a particles that are collimated
into a narrow parallel beam by a pair of diaphragms. The parallel beam is incident upon a foil
of some substance, usually a metal. The foil is so thin that the particles pass completely
through with only a small decrease in speed. In traversing the foil, however, each o particle
experiences many small deflections due to the Coulomb force acting between its charge and the
positive and negative charge of the atoms of the foil. Since the deflection of an o« particle in
passing through a single atom depend on the details of its trajectory through the atom, the net
deflection in passing through the entire foil will be different for different o particles in the

beam. As a result, the beam emerges from the foil not as a parallel beam but as a divergent

collimating <
slits % - \\

- scattered a-particles

a

o
thin foil

beam.

o-particle source S

Fig. 18-2 Arrangement of an o-particle scattering experiment. The region

traversed by the particle is evacuated

The results of Rutherford’s experiment showed that most of the « particles are deflected
through very small angles (<(10°), but some are deflected through large angles, about 1 in
8000 being deflected through angles greater than 90°, up to 180°. This fact is very important
for Rutherford to propose the nuclear atom. In explaining the experimental data, we can neg-
lect the influence of the electrons with the atom and assume that the scattering is due to the
positive charge alone. This is because the o-particles are about 8000 times as heavy as an elec-
tron. It can be shown that if the positive charge is spread uniformly throughout the atom, as
in the Thomson’s model of the atom, there would be no appreciable scattering at large angles,
and even at 1° the number of scattered a particles would be negligible. To scientists accus-
tomed to thinking in terms of Thomson’s model, it came as a great surprise that some « parti-

cles were deflected through very large angles.
18.1.3 Rutherford’s model—the nuclear atom

In order to explain the experimental data of the « particles scattering, Rutherford pro-

posed a model in 1911. In his model, all the positive charge of the atom, and consequently es-
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sentially all its mass, are assumed to be concentrated in a small region in the center of the at-
om while the electrons were distributed over the remaining volume. The small core is called
the nucleus. Surrounding this core are the electrons, held to the nucleus by electrostatic at-
traction. The radius of even the largest nucleus is only about 107** m, while the radius of a
typical atom is nearer 107'° m. Thus all the positive charge and almost all the mass of the atom
are concentrated in about 1072 the volume of the atom.

Rutherford made a detailed calculation of the angular distribution to be expected for the
scattering of o particles from atoms of the type proposed in his model. Because the dimensions
of the nucleus are very small, an « particle passing very near it can be scattered by a strong
coulomb repulsion through a large angle in the traversal of a single atom. When Rutherford’s theo-

retical values were compared with the experimental ones, they were found to be in good agreement.
18.1.4 Limitation of the Rutherford’s model

In the Rutherford’s model, the electrons move in the Coulomb field of the nucleus in or-
bits, like a planetary system. According to the laws of classical physics, a particle moving on
a curved trajectory is accelerating and an accelerating charged particle radiates electromagnetic
waves and loses energy. This implies that in a time of order 107" s all the energy of the atom
would be radiated away and the electrons would collapse into the nucleus so that our Earth
would become the size of an apple. Further more, the continuous spectrum of the radiation
that would be emitted in this process is not in agreement with the discrete spectrum which is
known to be emitted by atoms. Hence, there is a serious question in Rutherford”s model.
That is the stability of such an atom.

However, the experiments had shown that the atom consists of the nucleus and the elec-
trons. The next step is to find the new laws applied to electrons of an atom and to phenomena

on the atomic scale.

18.2 Atomic Spectra and the Bohr Model of Hydrogen

18.2.1 Atomic spectra

The experiments show that each chemical element emits its own unique spectrum when its
electrons are excited in electric discharges or in flames, called emission lines, and that atoms
can only absorb light at certain discrete frequencies when radiation falls on the material made
up of these atoms, called absorption lines. G. R. Kirchoff was the first to show that the
emission frequencies coincide with the absorption frequencies for a given atom. The fact that
each element has its-own characteristic line spectrum is of the greatest practical importance,
because it makes spectroscopy a very useful addition to the usual techniques of chemical analy-
sis. Chiefly for this reason much effort was devoted to the accurate measurement of atomic
spectra, and in fact, much effort was needed because the spectra consist of many hundreds of

lines and in general are very complicated.
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However, the spectrum of hydrogen is relatively simple. This is perhaps not surprising
since hydrogen, which contains just one electron, is itself the simplest atom. Most of the uni-
verse consists of isolated hydrogen atoms so that the hydrogen spectrum is of considerable
practical interest. Fig. 18-3 shows that The Balmer series of the hydrogen atom spectrum that
falls approximately within the wavelength range of visible light. We see that the spacing, in
wavelengths, between adjacent lines of the spectrum continuously decreases with decreasing
wavelength of the lines, so that the series of lines converges to the so-called series limit at
3645.6 ACA= 10" m). ‘

The most important discovery in the reach for regularities in the line spectra of atoms was
made in 1885 by J. Balmer, who showed that the frequencies of a series of lines in the visible

part of the spectrum of atomic hydrogen were among those given by the empirical formula

~ _ 1 _pl_1 . _ _

Vab — Y _le(nlzI 7’1%)’ na_2! nb—37 4, 5, (18 1)
ultra-violet

red blue violet — A

H Hy H, H.

o v &

Fig. 18-3 Schematic Diagram of the visible part of the hydrogen spectrum

where'y,, is the wave number of either an emission or absorption line, n, and n; are positive in-
tegers with n, > n,, and R is a constant, known as Rydberg’s constant for hydrogen, equal to
R = 10967757. 6 + 1. 2m ! (18-2)
It was subsequently discovered that Balmer’s formula (18-2) is not only applicable to visible re-
gion, but in fact describes the complete spectrum of atomic hydrogen. For instance, we now know of
the existence of five series of line in the hydrogen spectrum, as shown in Table 18-1. The Balmer
was denoted by H, , Hy, Hy,*++, respectively forn =3, 4, 5,+++. The Balmer H, line (n=3) was first
discovered by J. Von Fraunhofer in the solar spectrum and was called by him the C line,
The set of quantities R/n*, are called terms. J. R. Rydberg showed that for other atoms, par-
ticularly the alkalis, the wave number of lines could be represented approximately as difference of

terms T, , where

Table 18-1 The Hydrogen Series

Names Wavelength Ranges Formula

Lyman Ultraviolet T:R(%~n—12), = 2,3,
Balmer Near ultraviolet and visible 7V =R ( 2—12 - n_lz ) y n=3,4,
Paschen Infrared 7:1?(3—12—"—12), n=4,5,
Brackeff Tnfrared v =R(3r—), n=5¢6
Pfund Tifrared T =R(zr—%), n=67,
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_ R
Ha = (n+a)?’

and where « was a constant for each particular series. Subsequently it was discovered by W.

7’1219 2, 33"' (1873)

Ritz that the wave number of all lines can be represented by the difference terms, even if the

terms cannot be represented by a simple formula such as Eq. (18-3). That is

I~
ann2 — T"l = T

L]

(18-4)
and
r;;] ﬂ3 — (Tﬂl - THZ )+ (Tﬂ2 - T"S )
(18-5)
=Vayn, T Vg, s M3 > >m
known as the Ritz combination principle. However, not all combinations of lines are observed

because certain selection rules operate which will be discussed in the following section.
18.2.2 Bohr’s model of the hydrogen atom

A major step forward was taken by N. Bohr in 1913, Working in Rutherford’s Laborato-
ry, he was able to combine the concepts of Rutherford’s nuclear atom, Planck’s energy quan-
ta and Einstein’s photons to predict the observed spectrum of atomic hydrogen.

Bohr postulated:

(1) An electron in an atom moves in a circular orbit about the nucleus under the influence
of the Coulomb attraction between the electron and the nucleus, obeying the laws of classical
mechanics.

(2) Instead of the infinity of orbits which would be possible in classical mechanics, it is
only possible for an electron to move in an orbit for which its orbital angular momentum L is

an integral multiple of %, Planck’s constant h divided by 2x
L=mnh (18-6)

(3) Despite the fact that it is constantly accelerating, an electron moving in such an al-
lowed orbit does not radiate electromagnetic energy. Thus, its total energy E remains con-
stant. Electromagnetic radiation is emitted if an electron, initially moving in an orbit of total
energy E;, discontinuously changes its motion so that it moves in an orbit of total energy E;.
The frequency of the emitted radiation v is equal to the quantity (E; — E,) divided by Planck’s
constant hA. That is

_u[ (18-7)

The first postulate bases Bohr model on the existence of the atomic nucleus. The second pos-
tulate introduces quantization to the world of atoms. The third postulate removes the problem
of the stability of an electron moving in a circular orbit, due to the emission of the electromag-
netic radiation of the electron required by the classical theory. By simply postulating that this
particular feature of the classical theory is not valid for the case of an atomic electron,

Eq. (18-7) is really just Einstein’s postulate that
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h =E, —E; (18-8)
from the conservation of the energy.

18. 2.3 The results of Bohr’s model

We shall make the approximation that the nucleus is infinitely heavy compared with the
bound electron and is therefore at rest. The electron will be taken to be moving in a circular
orbit of radius r, in which case the Coulomb attractive force acting on the electron, due to its
electrostatic interaction with the nucleus of charge Ze, can be equated with the electron m
times the centripetal acceleration

Ze* mv’
dres? 1

where v is the velocity of the electron. A second equation is obtained from Bohr’s second pos-

(18-9)

tulate that the orbital angular momentum is quantized

L=m‘vr=nh, TT:17 29 39"' (18_10)
From Eq. (18-9) and Eq. (18-10), we obtain the possible values of v and r
_Ze B
Un — 47t€ﬁnh (18 11)
dreo B'n’
¥y = KZZ—Zm (18-12)

Eq. (18-11) and Eq. (18-12) show that the radius and the velocity of an electron cannot take
the arbitrary values. Note that these radii are proportional to the square of the integer n. If we
evaluate the radius of the smallest orbit (n=1) for hydrogen atom (Z=1) by inserting the
known values of A, m and e, we obtainr; =5. 3 X107 " m=0. 53 A, which is called the Bohr’s
radius. Evaluating the orbital velocity of an electron in the smallest orbit of a hydrogen atom
from Eq. (18-11), we find v; & 2. 2 X 10°m/s. It is apparent from Eq. (18-11) that this is the
largest velocity possible for a hydrogen atom electron. The fact that this velocity is less than
1 % of the velocity of light is the justification for using classical mechanics instead of relativis-
tic mechanics in the Bohr model. Eq. (18-11) and Eq. (18-12) can be rewritten as

U
Up — —

n ' (18-13)
r, = n‘n

for. Z=1,

The kinetic energy of the electron E, is then found to

_ 1. m (Zef\'1 =
E = 5m® =%, (4ﬂ€0) > (18-14)
and the potential energy E, is, correspondingly
L Zez -—__771 Zez 2 l
Ep B 41‘[807’ B hz (41t€0) nz (18-15)
from which the total energy E, of the system is equal to
- o m ZeQ 2 l
E, = E+E, =—35 (4“80) . (18-16)
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Taking Z=1 for hydrogen atom, we have the energy of hydrogen atom

__om (€1 i
E. = 2% (41t€o) n’ Ciedd

We see that the quantization of the orbital angular momentum of the electron leads to a quanti-

zation of its total energy. Eq. (18-17) can be rewritten as

E. :—%, n—1,2,3, (18-18)
where

2

_om (€ _ ]
I =5 (47(60) —13.6 eV (18-19)

which is the ionization energy of the hydrogen atom for n=1. The information contained in

Eq. (18-18) is presented as an energy-level diagram in Fig. 18-4. The positive integer n is
called the quantum number. The energy of each level is shown on the left in electron volts and
the quantum number of the level is shown on the right. The diagram is so constructed that the
distance from any level to the level of zero energy is proportional to the energy of that level.
The negative sign in Eq. (18-18) tells us that the hydrogen atom states whose energies are
given by this equation are bound states. As n increases, the total energy of the quantum state

becomes less negative, with E, approaching zero as n approaches infinity.

0 I The level with the lowest energy (n=1) is known as
~1.5leV n=3  the ground state, It corresponds, according to Eq. (18-12),
339V n=2  to the smallest orbit. The level with n=2 is the first ex-

cited state, and the level with n=3 is the second excited
ey o state and so on. The highest energy E = 0 results when

' . n — oo, That is when the electron and proton are separa-
Fig, 104 The enengy-level diagsm ted by an infinite distance. Since the state of lowest total
energy is, of course, the most stable state for the electron, we see that the normal state of the
electron in a one-electron atom is the ground state for which n=1. The ionization energy of
the hydrogen atom, that is, the least amount of energy needed to remove an electron from the
n=1 orbit to infinity, is equal to I, = 13.6 eV. In an electric discharge, or in some other
process, the atom receives energy due to collision, etc; this means that the electron must
make a transition to a state of higher energy, or excited state, in which n>>1.

Obeying the common tendency of all physical system, the atom will emit its excess energy
and return to the ground state. This is accomplished by a series of transitions in which the
electron drops to excited states of successively lower energy, finally reaching the ground
state. When the hydrogen atom is excited into a state n; and then drops to a state n,, the fre-

quency of light emitted in this transition is given by

_m e\t 1 1
YR A B (47r€0) (nfz n,-z) (18-20)
in agreement with Eq. (18-2) provided R is taken to be
_m et \?
Few = 4 hPc (41\'50) (18-21)
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Here we have written R.. to recall that we are using the infinite nuclear mass approximation.

Considering the finite mass M of nucleus, Eq. (18-21) becomes as
M
= —=R. -22
Ry - +MRX (18-22)

If we evaluate Ry from Eq. (18-22), using the currently accepted values of the quantities m,
M, e, ¢, and A, we find

Ry = 10 968 100 m™!
Comparing this with the experimental values of Ry, we see that the Bohr’s model agrees with
the spectroscopic data to within three parts in 100 000! The last recommended value of Ry can

be found in Appendix 1.

According to Bohr’ s model, each of the 0 —
five known series of the hydrogen spectrum ari- -1 51ev ["T:a%n n=3
ses from a subset of transitions in which the _330cv 11V series n=2
electron goes to a certain final quantum state 22:;?
ns. For the Lyman seriesn, =1 ; for the Balmer
seriesn; = 2 ; for the Paschen series ny = 3; for
the Brackett series n; = 4 ; and for the Pfund
series n;, = 5. The first three of these series are
conveniently illustrated in terms of the energy- -13.6eV e n=1
level diagram of Fig. 18-5. The wavelengths of series
the lines of all these series are fitted very accu- Fig. 18-5 The energy-level diagram and the
rately by Eq. (18-20) by using the appropriate corresponding spectral lines for hydrogen

value of n;. This was a great triumph for Bohr’s model. The success of the model was particular-
ly impressive because the Lyman, Brackett, and Pfund series had not been discovered at the time the
model was developed by Bohr. The existence of these series was predicted, and the series were soon
found experimentally by the persons after whom they are named.

The model worked equally well when applied to the case of one-electron atoms with Z=
2y 3,+, for example, singly ionized helium atoms He". The properties of the absorption
spectrum of one-electron atom are also easy to understand in terms of the Bohr’s model. Since
the atomic electron must have a total energy exactly equal to the energy of one of the allowed
energy states, the atom can only absorb discrete amounts of energy from the incident electro-
magnetic radiation. The process of absorbing electromagnetic radiation is then just the inverse
of the normal emission process, and the lines of the absorption spectrum will have exactly the
same wavelength as the lines of the emission spectrum.

The Bohr’s model predicts that the total energy of an atomic electron is quantized. This

fact was confirmed by a simple experiment performed by J. Franck and G. Hertz.
18.2.4 The limitation of Bohr’s model

The Bohr’s theory can completely explain the regulation of the hydrogen and the hydro-

gen-like ions and shows that the total energies of the atoms are quantized. Its success was cer-
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e

tainly very striking. Bohr quite properly pushed his theory for all it was worth, taking as his
goal the development of a theoretical basic for the periodic table of the elements. Unfortunate-
ly, his model only worked for hydrogen and hydrogen-like ions such as He™, but his ideas
were so revolutionary that they broke up the classical view of electrons’ behavior and paved
the way for fresh new ideas in what would become quantum physics and quantum mechanics.

According to Bohr’s model, an electron bound to a proton to form a hydrogen atom can
exist only in certain orbits characterized by a total energy given by Eq. (18-16). The hypothe-
sis that only circular orbits are allowed, is inexplicable and arbitrary. The concept of orbit is a
classical concept and the electron in orbit is obeying the laws of classical mechanics but not
satisfying the classical electromagnetic theory. This is incomprehensive. The Bohr’s theory
cannot calculate the rate of transitions between the different energy levels when radiation is
emitted or absorbed, and had not the ability to handle unbound systems.

Another problem with the Bohr’s model was its ad hoc nature. The angular momentum
quantization was not the consequence of a more general theory or the result of some fundamen-

tal insight. Hence we need more general theory—quantum mechanics.

18. 3 De Broglie’s Postulate and Matter Waves

18.3.1 De Broglie’s postulate

M. De Broglie was a French experimental physicist who, from the outset, had supported-
Compton’s view of the particle nature of radiates. His experiments and discussions impressed
his brother Louis so much with the philosophic’ problems of physics at the time that Louis
changed his career from history to physics. In his doctoral thesis, presented in 1924 to the
faculty of Science at the University of Paris, Louis De Broglie proposed the existence of matter
waves, The thoroughness and originality of his thesis were recognized at once but, because of
the apparent lack of experimental evidence, De Broglie’s ideas were not considered to have any
physical reality. It was Albert Einstein who recognized their importance and validity and in
turn called them to the attention of other physicists. Five years later De Broglie won the Nobel
Prize in physics, his ideas having been dramatically confirmed by experiment.

In 1924, L. De Broglie made a great speculative hypothesis that just as radiation has par-
ticle-like properties, electron and other material particles possess wave-like properties. For
free material particles,.. De Broglie assumed that the associated wave also has a frequency v

and a wavelength A, related to the energy E and the momentum p of the particle by

v= (18-23)
and
h
A= — (18-24
b )

In particular, for a particle of mass 7 moving at a non-relativistic speed v, one has p = nw so that
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- s
sl 5

g = (18-25)

muv
A wavelength calculated from Eq. (18-24) or Eq. (18-25) is called a De Broglie wavelength.
Look again at Eq. (18-24) and note the central role played by the Planck constant A in connect-
ing the wave and the particle aspects of both light and matter.
Example 18-1 What is the De Broglie wavelength of a baseball moving at a speed v = 10 m/s?
Solution Assume the mass of a baseball is 1. 0 kg. From Eq. (18-25), we have

h _6.6X 107
muv 1.0 X 10

which is too small to be measured by the experiments.

A= =6.6X10%(m) = 6.6 X 10 (A)

Example 18-2 What is the De Broglie wavelength of an electron whose kinetic energy is

100 eV?
Solution According to Eq. (18-25), the De Broglie wavelength of the electron is
p=b— "t
P 277'LE|;

_ 6.6 X 1073
V2X9.1 X101 X 100X 1.6X 107

which is in the range of X-rays.

= 1.2 X107 (m)

The above examples imply that for macroscopic bodies De Broglie wavelength is so tiny
that we have no practical means of measuring it, but for electrons and other atomic particles,
wavelength of measurable magnitude are available. Measurements on such particles confirm

the De Broglie Hypothesis.
18. 3.2 Testing De Broglie hypothesis

When waves are scattered or pass through slits, which have dimensions comparable to
their wavelength, interference and diffraction effects are observed. Now, as seen from
Eq. (18-25), the De Broglie wavelengths associated with electrons of energy 1 eV,10 eV and
100 eV, are, respectively, 12 A, 3.9 A and 1.2 A. Thus, in macroscopic situations, the De
Broglie electron wavelengths are exceedingly small compared with the dimensions of any obsta-
cles or slits in the apparatus and no interference or diffraction effects can be observed. However, the
spacing of atoms in a crystal lattice is of the order of a few angstroms (A) and the wave nature of
matter might be tested in the same way that the wave nature of X—rays. was first tested, namely by al-

lowing a beam of electrons of appropriate energy to fall on a crystalline solid.
1. Davisson-Germer experiment

Fig. 18-6 shows schematically the apparatus of Davisson and Germer experiment. Elec-
trons from a heated filament F are accelerated through a potential difference V and emerge
from the “electron gun” G with kinetic energy. This electron beam falls at normal incidence on
a single crystal of nickel at C. The detector D is set at a particular angle # and readings of the
intensity of the scattered beam is taken at various values of the accelerating potential V.

Fig. 18-7, for example, shows that a strong scattered electron beam is detected at § = 50°
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for V.= 54 V. The existence of this peak at 50° can only be explained by constructive interfer-
ence of the waves scattered by the regular crystal lattice. If the atoms in crystal are spaced at

a distance d, then the Bragg condition for constructive interference at a scattering angle is
m = 2dsing (18-26)

SN (-

vacuum
chamber @
S C ; 20°  30° 40° 50° 60° 70°
Fig. 18-6 Schematic diagram of Davisson-Germer experiment Fig. 18-7 The result of Davisson-Germer
where
py—— (18-27)
ZmEk

and ¢ = 90° —@/2. For the condition of Fig. 18-8 the effective interplanar spacing d can be shown by
X-ray scattering from the same crystal to be 0. 91 A. Since § = 50°, it follows that ¢=65". The
wavelength calculated from Eq. (18-26), assuming n=1, isA = 2 X 0. 91 X sin65° = 1. 65 A. The
De Broglie wavelength for 54 eV electrons, calculated from the Eq. (18-27), is

h . 6.6 X107
VImE,  V/ZX9.1X10 7 X54X 1.6X 10"

which agrees with the value of 1. 65 A with the experimental error. This impressive agreement

= 1.65(A)

gives quantitative confirmation of De Broglie’s relation between A and p.
2, Thomson Experiment

In 1927, G. P. Thomson showed the diffraction of electron beams passing through thin
films and independently confirmed the De Broglie’ s
relation (18-24) in detail. Fig. 18-9(a) shows schemati-
cally the apparatus of Thomson experiment, in which the
incident electron beams pass through the thin metal film
M made up of a large number of tiny, randomly oriented
crystallites, and if a photographic plate P is placed at
right angle to the incident beam, the central beam spot

will be surround by diffraction rings. Thomson used

O 0O 0O 0 o
0O O 0 0 O
O 0O 0O 0 o

higher-energy electrons, which are much more penetrat-

Fig. 18-8 The diffraction of the ing so that many hundred atomic planes contribute to the

efebroms iy fhe rysial diffracted wave. The resulting diffraction rings have a
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sharp structure. For comparison, in Fig. 18-9(b) and (c¢) we show an X-ray diffraction pat-
tern and an electron diffraction pattern from polycrystalline substances. The result of Thom-

son experiment showed that the electrons exhibit wave property as the X-ray.

diaphragm

electron —>H |:l
—

becam "~

(a) (b) (c)

Fig. 18-9 (a) Schematic diagram of Thomson experiment; (b) diffraction pattern of X-ray

(c) diffraction pattern of electron beam

It is of interest that J. J. Thomson, who in 1897 discovered the electron (which he char-
acterized as a particle with a definite charge-to-mass ratio ) and was awarded the Nobel prize in
1906, was the father of G. P. Thomson, who in 1927 experimentally discovered electron dif-

fraction and was awarded the Nobel prize (with Davisson) in 1937.
18.3.3 The matter waves

It has been proved that the microscopical particles such as electrons, atoms and neutrons
have the properties of wave. The waves associated with the matter particles is called the mat-
ter waves, which are not simple waves, compared with the classical waves. The wave and par-
ticle models for the matter are complementary, and if a measurement proves the wave charac-
ter of radiation or matter, then it is impossible to prove the particle character in the same
measurement, and conversely. Which model we use is determined by the nature of the meas-
urement. Furthermore, our understanding of radiation, or of matter, is incomplete unless we
take into account measurements that reveal the wave aspects and also those that reveal the
particle aspects. Hence, radiation and matter are not simply waves and not simply particles.
The character of the matter is called the wave-particle duality. A more general and, to the
classical mind, a more complicated model is needed to describe their behavior. The link be-
tween wave model and particle model is provided by a probability interpretation of the
wave-particle duality. This will be discussed in the following sections.

Today the wave nature of matter is taken for granted and diffraction studies by beams of
electrons or neutrons are used routinely to study the atomic structures of solids and liquids.
The equipments to analyze the microstructure of materials using electron beams are electron
microscopes which mainly include two kinds, scanning electron microscope and transmission
electron microscope, briefly called as SEM and TEM. TEM is used to study the microstruc-
ture at much higher magnification. For example, Fig. 18-10 shows the TEM images of the mi-
crostructure from a Co-base alloy, taken at magnification of 30 000. Matter waves are a valua-

ble supplement to X-rays in studying the atomic structures of solids. Electrons, for example,
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are less penetrating than X-rays and so are

particularly useful for studying surface features.

18.4 The Uncertainty Principle

In classical mechanics the equations of motion

of a system with given forces can be solved to give

us the position and momentum of a particle at all

Fig. 18-10 TEM image of the microstructure Values of the time. All we need to know are the pre-

in a Co base alloy (X 30000) cise position and momentum of the particle at some

value of the time ¢ = 0 (the initial condition) and the

future motion is determined exactly. This mechanics has been used with great success in the

macroscopic world, for example in astronomy, to predict the subsequent motions of objects in

terms of their initial motions. Hence, it was naturally assumed by classical physicists that in

the realm of microscopic systems the position and momentum of an object, such as an elec-

tron, could be determined precisely by observations in a similar way. Heisenberg and Bohr
questioned this assumption,

Can we determine by actual experiment at the same instant both the position and momen-
tum of matter or radiation? The answer given by quantum theory is: not more accurately than
is allowed by the Heisenberg uncertainty principle.

Here we make a measurement on the y coordinate of an electron, which is a member of a
broad parallel electron beam moving in the x direction, by introducing the beam into a slit of
narrow width Ay, as shown in Fig. 18-11. If the electrons with the momentum of p were clas-
sical particle, they would strike in a range of Ay near point O in the y direction at time ¢. If
so, this would imply that at time t—D/v, = t—mD/p their y coordinates were 0 with an error
of Ay. That is the position of the electron can be measured by observing the striking point yp
of electron on the screen S. However, the experiments have shown that the striking points are
distributed on the screen S in the same way as in the single-slit diffraction experiment of light.
If the y component of momentum of the electron, which has only the x component of momen-
tum before passing the silt, is zero when it passes the slit, the electron will move along the x
direction. The fact that the electrons have departures from the x direction after passing the
slit means they have nonzero y component of momentum at the position of slit.

In propagating through the silt, the waves of electrons will be diffracted by the slit in the
view of wave. The results of experiments show that if the width Ay decreases (we try to de-
termine the y coordinate of the electron), the diffraction shall be more pronounced. The angle

@ to the first minimum of the single-slit diffraction pattern is given by

sing = Aiy (18-28)
The wavelength A of the electron moving with the momentum p in the x direction is equal to
=L (18-29)

p
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Therefore, Eq. (18-28) becomes as v
_h
pAy
Assume the distance between the slit and photo-

(18-30)

singd =

electron ———

graphic plate is D. The y coordinate of the first beam

minimum of the diffraction pattern is given by D S

: Dh
= D X tanf &= D X sin = —— (18-31)
y an siny »Ay

The results of experiments implies in the

Fig. 18-11 Schematic diagram of single-slit

diffraction experiment of a beam of electrons
view of particle that the electron, after passing

through the slit where the measurement of its y position was made, has y component of mo-
mentum which can be anywhere within a range from about —Ap, to Ap,. Hence, the yu,, coor-

dinate of the maximum position at which the electron arrives equals to

— _Apy D DAp, -
Vegs " i 25 b er (18-32)
Because y... == v, we obtain
AyAp, = h (18-33)

Hence, we can not determine both the position and momentum of an electron at the same instant.
There are two parts to the Heisenberg uncertainty principle. The first has to do with the
simultaneous measurement of position and momentum. It states that experiment cannot simul-
taneously determine the exact value of a component of momentum, p, say, of a particle and al-
so the exact value of its corresponding coordinate, x. Instead, our precision of measurement is

inherently limited by the measurement process itself such that

Ap.Ax =

A

Apy, Ay = (18-34)

Ap.Az =

DS rofz rofa

where # is a shorthand symbol for 2/2x. That is, if you design an experiment to pin down the
position of an electron as closely as possible (by making Ax smaller), you will find that you
are not able to measure its momentum very well ( Ap, will get bigger). If you tinker with the
experiment to improve the precision of your momentum measurement, the precision of your
position measurement will deteriorate, There is nothing that you can do about it. It is impor-
tant to realize that this principle has nothing to do with improvements in instrumentation lead-
ing to better simultaneous determinations of p, and x. Rather the principle says that even with
ideal instruments we can never in principle do better than Ap,Ax = #/2.

The second part of the uncertainty principle has to do with measurements of the energy E
and the time ¢ required for the measurements, as for example, the time interval At during
which a photon of energy spread AE is emitted from an atom. In this case

AE-At}% (18-35)
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At

Thus, if you try to measure the energy of a particle, allowing yourself a time interval Az to do
so, your energy measurement will be uncertain by an amount AE (2 g%t ) To improve the

precision of your energy measurement, you must allow more time.

If A, or h in Eq. (18-34) and Eq. (18-35) were zero, there would be no basic limitation on
our measurement at all, which is the classical view. Again it is the smallness of i that takes
the principle out of the range of our ordinary experiences.

If we cannot determine x and p, simultaneously, we cannot specify the initial conditions of
motions exactly, Therefore, we cannot precisely determine the future behavior of a system.
Instead of making deterministic predictions, we can only state the possible results of an obser-
vation, giving the relative probabilities of their occurrence.

Example 18-3 The speed of a bullet (=50 g ) is measured to be 300m/s, with an un-
certainty of 0. 01%. With what fundamental accuracy could we have located the position of
each, if the position is measured simultaneously with the speed.

Solution The momentum of the bullet is

p=mv = 0.05X300 =15 (kg » m/s)

and
Ap = 0.0001 X 15 =1.5X10°(kg » m/s)
so that
h _
s . 32
Ax = Inip 3X10% m

Example 18-4 In the Example 18-3, the bullet is substituted by an electron with the
same speed. Find the Ax of the electron.
Solution For the electron
p=mv=9.1X10"% X300 =2.7X10%(kg » m/s)

and
Ap =0.0001X2.7X10% =2.7X10%(kg » m/s)
so that
Ax = 0 0.2 cm
AnAp

From the results of the above examples, we can see that for macroscopic objects such as
bullets the uncertainty principle sets no practical limit to our measuring procedure, but for mi-

croscopic objects such as electrons there are practical limits.

18.5 The Wave Function, Schrédinger Equation,and
Born’s Interpretation of Wave Functions

18.5.1 The wave function

According to the De Broglie postulate, the microscopic particles have the wave-particle

duality. This implies that the particles of microscopic systems move according to the laws of
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some form of wave motion, and not according to the Newtonian laws of motion obeyed by the

particles of macroscopic systems. Thus a microscopic particle acts as if certain aspects of its

behavior are governed by the behavior of an associated De Broglie wave, or wave function.
With the electromagnetic field we must associate a particle, the photon, whose energy

E and magnitude of momentum p are related to the frequency v and the wavelength A of the e-

{E—hu
_h
P=3

The plane electromagnetic waves, or the free photons, are governed by the plane wave func-

lectromagnetic radiation by

tion. In the same way, let us consider a free particle of mass m, having a well defined momen-
tum p = p,i directed along the positive x direction ( Ax — oo ) and a non-relativistic energy

E = p%/2m. We associate with this particle a plane wave

W zyit) = Aeler (18-36)
where
E=ho=h
e (18-37 )
w = 27y
and
p="1 =k
( 18-38)
__ 4T
R = A

Here k is called the wave number and A is a constant. « is the angular frequency, which can
be expressed as

_ hk!

= om (18-39)

w

The function ¥(x, t) is known as a wave function.
This one-dimensional treatment is easily extended to three dimensions. To a free particle
of mass m, having the well-defined momentum p and the energy E = p*/2m, we now associate

a plane wave

Wy t)= Adlkrme (18-40)
where k, called the propagation vector, is related to the momentum p by
p = hk (18-41)
with
2
k=|k|—l%|=7“ (18-42)
The vector r is the position vector of the particle and the angular frequency w is still given by
Vo E
h Zm

To a particle that is acted on by a force, the function ¥(r,t), describing the associated

wave, is more complicated than the plane wave function. For this case, the linear momentum
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of the particle is of changing magnitude, and the wavelength of the associated wave is not well
defined. Hence we shall need help to find these more complicated wave functions. The quan-

tum mechanics, the physical theory of atomic world, will help us to do this.
18.5.2 The Schrodinger equation

To a particle of mass m, moving in a potential field, the wave function is given by

.5 d _[_F oo .
1ha—z‘F(r,z)—l: v +V}1r<r,z) (18-43)

2m

where
Vi=—+—+— (18-44)
T y z

and V is the potential energy of the particle. Eq. (18-43) 1is called the time-dependent
Schrédinger equation, which was discovered in 1926 by Erwin Schrédinger. It is this equation
which tells us the form of the wave function ¥ (r,2), if we tell it about the force acting on the
associated particle by specifying the potential energy V corresponding to the force. In other
words, the wave function is a solution to the Schrodinger equation for that potential energy.

Introducing the operator
=—_—VI4+V (18-45)
m
which is known as the hamiltonian operator, Eq. (18-43) may be rewritten as
W (ro) = HE (r.0) (18-46)

The above equation is the“Newtonian equation” of the atomic world and the major task of
quantum mechanics (also called wave mechanics) is to find out the solutions of Eq. (18-46)
when the potential energy V is given.
In fact, the Schroédinger Eq. (18-46) is a differential equation, and is linear in ¥ (r,¢).
As a result, it satisfies the superposition principle, according to which a linear superposition
of possible wave functions is also a possible wave function. That is, if ¥, (r,¢) and ¥, (r,¢)
are two different solutions of the equation, then any arbitrary linear combination of these solu-
tions
V(r,t)= Ci¥ (r,t)+CW, (r,t) (18-47)
is also a solution. The fact that the superposition principle applies is directly related to the
wave nature of matter, and in particular to the existence of interference effect for the De Bro-

glie waves.

We also note that the Schrodinger Eq. (18-46) is of first order in the time derivative a% .

so that once the initial value of the wave function ¥ is given at some time ¢, , namely ¥(r,¢,) »
its values at all other times can be found.
When the potential energy does not depend on the time ¢, the Schrodinger Eq. (18-46) ad-

mits stationary state solutions of the form

W(r,t)= Jp(rie s (18-48)
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where E is a constant and ¢g (r) satisfies
h2
[~ 372 V) pe (= B (r) (18-49)
or

Hyp (r)= Epe (r) (18-50)

which is known as the time-independent Schrodinger equation.
18.5.3 Born’s interpretation of wave function

In the last section, we had discussed the equation, developed by Erwin Schrédinger in
1926, which tells us the behavior of any wave function of interest. In the following we shall
study the relation, developed by Max Born, which connects the behavior of the wave functions

to the behavior of the associated particles.

From the Schrédinger Eq. (18-46), we see that the presence of an “i”(that isi = v—1)
in the equation implies that in general case (for any potential energy function) the wave func-
tions which are its solutions will be complex. This is in contrast to a “wave function” of clas-
sical mechanics. We should not attempt to give to wave function a physical existence in the
same sense that water waves have a physical existence. The reason is that a complex quantity
cannot be measured by any actual physical instrument. These comments should not be taken
to imply that the wave function has no physical interest.

The basic connection between the properties of the wave function ¥(r,¢) and the behavior of
the associated particle is given by Max Born in terms of the probability density p(r,z)

o(r )= U (r,)W(r,t) (18-51)
where the symbol ¥* (r,z) represents the complex conjugate of ¥(r,t). In 1926, M. Born
made a fundamental postulate that if a particle is described by a wave function ¥(r,¢), the
probability of finding the particle within the volume element dV = dxdydz about the point r at
the time ¢ is

p(r,t)dV = ¥ (r,t)W (r,t)dV = | ¥(r,t) |*dzdydz (18-52)
Here p(r,t), called the probability density, is the probability of finding the particle per unit
volume about the point r at the time ¢. Since p(r,#) is unique everywhere, one must require
that the wave function ¥ (r, t) should be “single-valued, continuous and finite”.

Since p(r,¢) is the probability density, it must be unique everywhere. Therefore we must
require that

The wave function ¥ (r,¢)should be continuous and single-valued and finite.

Since the probability of finding the particles somewhere must be unity, we deduce from

Eq. (18-52) that the wave function ¥ (r,¢) should be normalized so that
| roowernay =1 (18-53)

where the integral extends over all space. Eq. (18-53) expresses the simple fact that the proba-
bility of finding the particle anywhere in space at all is unity. However, not every wave func-

tion can be normalized like Eq. (8-53), for example the plane wave. In this case,
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| w(r,t) |?dV can be interpreted as the relative probability of finding the particle at time t in a
volume element dV centered about r, so that the ratio | W(ri,t)|2/|W(r;,t)|? gives the
probability of finding the particle within a volume element centered about r;, compared with
that of finding it within the same volume element at r,.

From the Schrodinger Eq. (18-46), when the potential energy is real, we can obtain

P N .
a—tjvp(r,t)dv — Jsj ds (18-54)
where S is the surface bounding the volume V and j is defined as
N -
J Zmi[w Vv—V v v (18-55)
Eq. (18-54) may be also written as
VeitZ=o0 (18-56)

which implies the probability conservation, that is if the probability of finding the particle in
some bounded region of space decreases as time goes on, then the probability of finding it out-
side of this region must increase by the same amount. Correspondingly the vector j defined by
Eq. (18-55) can be interpreted as probability current density.

According to the probabilistic interpretation of wave function, the quantum theory cannot
tell us that a particle in a given energy state will be found in a precise location at a certain
time, but only the relative probability that the particle will be found in various location at that

time. Hence, this interpretation is statistical, and so do the predictions of quantum mechanics.

18. 6 The Infinite Potential Well

Of all Schrédinger equations the one for a constant potential is mathematically the simp-
lest. For simplicity and as an example, consider a particle of m moving in a one-dimensional
potential well that is zero over the interval 0 < x < a and infinite elsewhere as shown in
Fig. 18-12. It has the feature that it will bind a particle with any finite total energy E = 0.

The infinite potential well, given by

Vi = (0 0ST<e (18-57)

oo, < Oorx=a

does not depend on the time ¢z. Hence, the motion of the particle is described by the wave

Vo) function
- W(z,t) = ge(x)e n (18-58)
where the ¢ () satisfies the time-independent Schrodinger
equation for the potential. That is
H(/)E(I) - E(,[IE(I)
_ B 3 (18-59)
0 a x  2m 9xt TV

Outside the region 0 << x < a, the potential is infinite, the
Fig. 18-12 The infinite potential well . . . .
particle does not move in this region because the energy of
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457

the particle is impossible to be infinite. Therefore
Je(x) =0, xz<{Oorx=a (18-60)
In the region 0 << x < a, Eq. (18-59) may be expressed as

2
g () + Ky () = 0 (18-61)

where

k= 2mE/ h* (18-62)

For E = 0,k == 0, then the general solution to Eq. (18-61) is given by

¢e(x) = Asinkx + Beoskr, 0<{zx<a *
where A and B are constant. Applying the continuous boundary conditions
{(,DE(O) =0
gela) =0
we obtain
B=0
{ : (18-63)
Asinka = 0

Because the particle is in the well, A can not be equal to zero. Hence, we can satisfy Eq. (18-63) by
choosing k& so that

sinka = 0 (18-64)
That is
ka — N7 n — 1,2939"' (18_65)
This can be expressed as
ke =", n=1,2,3, (18-66)

Knowing the allowed values of £, we can then obtain the solutions of the time-independent

Schrodinger equation for the infinite square well

& :Asinn;nr, n=1,2,3, (18-67)
where A is a constant which is determined by the normalization condition (18-53)
A= V2/a
SO
g =) Lsin Bz, n=1,2,3, (18-68)
a a

Here n is called the quantum number.
Using Eq. (18-62) and Eq. (18-66), we find

2 2.2
E,,:“Zn’L? y m=T1,2:3,% (18-69)

Thus we conclude that only certain values of the total energy E are allowed. The total energy

of the particle in the box is quantized. From this example, we see that the quantization of total
energy automatically appears in the quantum mechanics.

The solution corresponding ton = 0 is ¢% () = Asin0 = 0 and it is ruled out because it
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does not describe a particle in a box. If n =0, this implies E, = 0, and the particle is at rest in
the infinite potential well. In the classical physics, this can occur, but in the quantum me-
chanics, this is impossible to take place because if so, the uncertainty principle tells us that
the momentum of the particle would be infinite (for Ax = 0,Ap—>co ). Therefore, the lowest

energy 1s

2 2
E, =1h (18-70)

 2mat

This is called the zero-point energy. The fact that the particle can not have zero total energy is
basically a result of the uncertainty principle and the fact that the particle has a lowest energy
is basically a phenomenon in the quantum mechanics. This is in sharp contrast to the idea, of
classical physics, that all motion ceases when a system has its minimum energy content at the
temperature of absolute zero.

The quantum number n has been used to label the different solutions of the transcendental
equations, and the corresponding eigenfunctions. The first few eigenfunctions of the infinite
square potential well with the corresponding energy are shown in Fig. 18-13. Note that for the
number of half wavelength of each eigenfunction is equal to its quantum number n, and there-

fore the number of the nodes is n -+ 1.

E, v \//\ w2
4 4
E, 5
4 Yy \/ Y3
E, 2
- Y, y;y
E, W, Wi
(a) (b) (c)

Fig. 18-13 (a)The energy diagram; (b)the wave functions and (c¢)the probability density for n=1,2,3,4

Example 18-5 Derive the infinite square potential well energy quantization law (18-69),
directly from the De Broglie relation A = h/p by fitting an integral number of half De Broglie
wavelengths /2 into the width a of the well.

Solution It is clear from Fig. 18-12 that for the infinite square potential well wave functions
satisfy the following relation between the De Broglie wavelengths and the length of the well

A

N5 — a4

2
This means

/12@9 7’1:172y39"'
n

Hence, according to Eq. (18-24), the corresponding values of the momentum of the particle
are

ko
P=7
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As the potential energy of the particle is zero within the well, its total energy equals its kinetic

energy. Thus

 2m  8mal 2ma’

E = Pt kiR of WA
n

is in agreement with Eq. (18-69).

18.7 The Hydrogen Atom and Electron Spin

18.7.1 The hydrogen atom

The hydrogen atom is the simplest system that consists of an electron and a proton. This
is also the most important case. It is of historical importance because it was the first system
which Schrodinger treated with his theory of quantum mechanics. We shall see that the eigen-
values which the theory predicts for the hydrogen atom agree with those predicted by the
Bohr’ s model and observed by experiment. This provided the first verification of the
Schrodinger theory. The Schrédinger theory also predicts the eigenfunction and other proper-
ties of the hydrogen atom. Beyond these, the Schréodinger theory of the hydrogen atom is of
great importance because it forms the foundation of the quantum mechanical treatment of all
multi-electron atoms, as well as of molecules and nuclei.

The hydrogen atom is the simplest bound system that occurs in nature. However, it is
more complicated than the system we have dealt with in the previous section because it con-
tains two particles, and because it is three-dimensional. We denote by m the mass of the elec-
tron and assume that the mass of the nucleus is infinite so that the origin of the coordinate is
located at the nucleus. Taking the potential at the infinite points to be zero, the Coulomb po-
tential of this system is
Zez

41(60)’

V(r) =— (18-71)

where 7 is the distance between the two particles. The time independent Schrédinger equation is

2m dreor

Jp(r) = Epr (18-72)

which has the analytic solutions. The mathematical procedures that must be used in the treat-
ment of Eq. (18-72) are complicated. In the following, we will give only the results obtained
by solving Eq. (18-72).
One of the important results of the Schrodinger theory of the hydrogen atom is the predic-
tion of the allowed values of total energy of the bound states of the atom that is
2,2
B3 (im) o 879

which agrees exactly with those found in the Bohr model. The agreement of this energy spec-

trum with the experimental spectrum was pointed out when we analyzed the Bohr results.
Therefore, Schrodinger’s derivation of Eq. (18-73) provided the first convincing verification

of his theory of quantum mechanics.
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The complete eigenfunctions of the discrete spectrum for the hydrogen atom may be writ-
ten as
aim (r3050) = Ry (1Y 1 (G5 ¢) (18-74)
where (7, 6, ¢) are the spherical coordinates of the electron, and (n, /, m) are the quantum
numbers. The fact that three quantum numbers arise is a consequence of the fact that the
time-independent Schrédinger equation contains three independent variables, one for each
space coordinate. From Eq. (18-73) and Eq. (18-74), we see that although the eigenvalues of
the hydrogen atom depend on only the quantum number n, the eigenfunctions depend on all
three quantum numbers n, /[, m. The quantum number n is sometimes called the principal
quantum number, [ is sometimes called the azimuthal quantum number, and m the magnetic
quantum number.
The quantum numbers (n, [, m) satisfy
n=1,2,3,
[=0,1,2,,n—1 (18-75)
m=—10L,—1l+1,+,0,1,°,0[—1,l
which make it apparent that for a given value of n there are generally several different possible
values of [ and m. Since the form of the eigenfunctions depends on all three quantum num-
bers, it is apparent that there will be situations in which two or more completely different ei-
genfunctions correspond to exactly the same eigenvalue E,. As the eigenfunctions describe the
behavior of the atom, we see that it has state with completely different behaviors that never-
theless have the same total energy. The physical word used to characterize this phenomenon is
degeneracy, and eigenfunctions corresponding to the same eigenvalue are said to be degenerate. It is
proved that the total degeneracy of the energy level E, is given by
n—1
DI+ = (18-76)
=0
Therefore, for each value of n, there are a total of n* degenerate eigenfunctions.
The magnitude L of the angular momentum of electron in its motion about the center of

an atom is given by

L=VvIilU+1Dh (18-77)
and the = component L, is
L;=mh (18-78)

The angular momentum and its z component are quantized. Note that Eq. (18-77) is complete-
ly different with Eq. (18-10).
It can be proved that the selection rules of transitions (so-called electric dipole transi-
tions, or the most common transitions) are
Al=1—1=+1
Am=m—m =0,+1

while An = n—n’ is arbitrary. Here the symbols n, I, m refer to the quantum numbers of the

(18-79)

upper state and n’,!",m’ to those of the lower state of the transition,

The experiments show that the agreement of the total energy spectrum(18-73) with the
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et

results of experiments is not perfect and the difference can be explained by the various corrections

such as the relativistic effects, the electron spin, the Lamb shift and the hyperfine structure.
18.7.2 Electron clouds

The solution of Eq. (18-72) yields a wave function ¢, (r, 6, ¢) that depends on the
quantum numbers (n, [, m). What does ¢, (7, @, ¢) tell us about the hydrogen atom? According
to Born’s interpretation of wave function, the probability density | ¢, (7» 8, @) | can be obtained
consequently, which is the probability of finding the electron per unit volume about the posi-
tion r at the time ¢. Fig. 18-14 gives the probability P (r) = iw4nr’ of finding the electron at
various radial distances from the nucleus in the state ¢y4. According to Fig. 18-14, one can see
that P(r) has a maximum value at a radius of 0.53 A, the Bohr’s radius. This means that
there is a maximum probability of finding the electron in a small interval centered at this dis-
tance from the nucleus. However, as the curve indicates, there is also a probability of finding
the electron in a small interval centered at any other distance from the nucleus. In other
words, the electron is confined to a particular orbital distance from the nucleus, and the elec-
tron may be found at various distances from the nucleus, but the probability of finding it at a
distance of the first Bohr orbit is a maximum.

The quantum mechanical result is often interpre- P(r)
ted by viewing the electron as a cloud surrounding the
nucleus. This “cloud” is called “electron cloud”
which is used to describe the area around an atomic
nucleus where an electron will probably be. It is also

described as the “fuzzy” orbit of an atomic electron.

The method of “electron cloud” visualizes the statisti-

cal explanation of the wave function of the hydrogen 0.53A
atom. The densest regions of the cloud represent Fig 18-14 The probability density versus
those locations where the electron is most likely to be distance from the nucleus for the
found. Fig. 18-15 shows two dimensional distribu- hydrogen atom in ¢

tions of the electron clouds of two states of (2, 0, 0) and (2, 1, 1) for the electron in hydro-

gen atom, which are plotted by demonstration of computer random sampling simulation.

n=21=0 m=0 n=21=1 m=1
(a) (b)

Fig. 18-15 The electron clouds of two states in hydrogen atom: (a) ¢z and (b) ¢oi1
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18.7.3 Electron spin

In 1925 Uhlenbeck and Goudsmit assumed that an electron not only revolves around a nu-
cleus but has a property, called spin, which may be visualized as a rotation of the electron
about its own axis. This is similar to that of Earth that revolves around the Sun but has a ro-
tation about its own axis. The discovery of this intrinsic property of the electron is of funda-
mental importance. In fact, it is now known that all particles can be assigned an internal an-
gular momentum. In some cases, such as the pion (nm meson) it is zero, but in others, such as
the electron, the proton, the neutron, it is not zero.

We also assume that the magnitude S and the z component S; of the spin angular momen-
tum are related to two quantum numbers, s and m,, by quantization relations which are identi-
cal to those for orbital angular momentum. That is

{s — /iGFD
S. =m, h

(18-80)

The s has the single value
s =
) 2
and m, has two possible values
m, ==+ %

for the electrons. For a single electron, the total angular momentum is the vector resultant of
the orbital angular momentum and the spin angular momentum.

Considering the quantum numbers (n, {, m), four quantum numbers (n,/,m,m,) are re-
quired to specify the hydrogen states. The first three arise because three independent coordi-
nates are required to describe its location in the three-dimensional space. The fourth arises be-
cause 1t 1s also necessary to describe the orientation in space of its spin, which can be either “up” or
“down” relative to some z-axis. The relativistic theory of quantum mechanics developed in 1929 by

Dirac shows that an electron must have an intrinsic s = 1/2 angular momentum.

18. 8 Multielectron Atoms and the Periodic Table

18.8.1 The multielectron atoms

A multielectron atom of atomic number Z contains a nucleus of charge + Ze surrounded
by Z electrons each of charge —e. Every electron moves under the influence of an attractive
coulomb interaction exacted by the nucleus and the repulsive Coulomb interactions exacted by
all the other Z—1 electrons, as well as certain weaker interaction involving the angular mo-
menta. When the Schrédinger equation is applied to multielectron atoms, the resulting differ-

ential equation is awesome and only approximation solutions are available.
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The quantitative information about multielectron atoms can be obtained from the approxi-
mation procedures such as the Hartree-Fock theory, but the required calculations must be car-
ried out on large computers. However, it is found that one can describe complex atoms rea-
sonably well if one thinks of each electron as existing in a hydrogen state called the individual
state and moving in the electric field due to the nucleus and to the average contributions of the
other electrons. In this very rough model, we imagine each electron with its own orbital and
spin angular momentum moving in a fuzzy average hydrogen-like “orbit”. When we treat com-
plex atoms from the point of view of hydrogen-like “orbit”, we find that we can specify the
state of each electron in terms of four quantum numbers (n,/,m.,m,) .

(1) The principle quantum number n, on which the energy of a state depends,
taking on integral values 1, 2, 3,

(2) The azimuthal quantum number /, which takes on integral values 0, 1, 2, *-*,
n—2,n—1.

(3) The quantum number m, which is a measure of the z component of the orbital
momentum in units of A. |

(4) The quantum number m,, which describes the z component of the spin angu-
lar momentum.

In 1925, W. Pauli proposed an important rule, known as the Pauli exclusion principle:
In a multielectron atom there can never be more than one electron in the same
quantum state.

or
No two electrons in any one atom can have the same four quantum numbers.

This principle has many applications and forms one of the foundation stones for our under-

standing of atomic structure.

The energy corresponding to the individual state (n,/,m,m,) is proved to be dependent on
both the principal quantum number n and the azimuthal quantum number / so that we write
the energy of an electron in a multielectron atom as E,;. For a fixed value of /, the energy E,,
is an increasing function of 7 and for a given value of n it is an increasing function of /. In gen-
eral, the individual electron energy E,, is an increasing function of the sum n-+{. Following the
usual spectroscopic notation, the level corresponding to E, is labeled by two symbols. The
first one gives the value of the principle quantum number n and the second indicates the azi-

muthal quantum number / according to the correspondence

valueof Z: 0 1 2 3 4 5.
code letter; s p d f g h--

Using this symbol, the ground state of hydrogen is a 1s state, and the first excited state is
fourfold degenerate and contains a 2s state and three 2p states withm =—1, 0, + 1.
Electrons having the same value of n and { are said to belong to the same subshell. It can
be proved that there are 2(2/+1) states having the same values of n and / but different values
of m and m,. Such states are called equivalent., The electrons belonging to the same subshell

are known as equivalent electrons. According to the Pauli exclusion principle, the maximum
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number of electrons in a subshell is 2(2/+1). The order of succession of the individual energy

levels E,; is nearly the same for all atoms, and is given in Table 18-2.

Table 18-2 The ordering of the individual energy levels E, ( The energy increases from bottom to top. )

Spectroscopic notation for Maximum number of electron
Qe mumibess #, & subshell (nl) allowed in the subshell = 2(2/+1)
(6,2 [6d 10
5,3 5f 14
L7,0 L7s 2
6,1 6p 6
(5,2 5d 10
4,3 4f 14
L6,0 L6s 2
5,1 op
4,2 4d 10
[5 y0 [55 2
4,1 4p 6
3,2 3d 10
[4 0 [43 2
3,1 3p 6
3,0 3s 2
251 2p 6
2,0 2s 2
1,0 1s 2

Electrons which have the same value of the principle quantum number » are said to belong
to the shell. The value of the principle quantum number 7 is sometimes specified by a capital

letter according to the correspondence

value of n . 1 2 3 4 5 6
code letter . K L M N O P

The maximum number of electrons in a shell is proved to be 2n?, in which case has a closed (or

filled) shell.
18.8.2 The periodic table of the elements

Most of the properties of the chemical elements are periodic functions of the atomic
number Z that specifies the number of electrons in an atom of the element. It was first empha-
sized by Mendeleev in 1869 that these periodicities can be made most apparent by constructing
a periodic table of the elements. A modern version of his table is presented in Table 18-3.
Each element is represented in the table by its chemical symbol, and also by its atomic num-
ber. Elements with similar chemical and physical properties are in the same column. The dis-
covery of the periodic table was a great breakthrough of chemistry. Its interpretation was an

equally significant development of physics.
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Table 18-3 The Periodic Table of the Elements

1 2
H Atomic number He
1.00794 Symbol o 4.0026
3 4 5 6 7 8 9 10
Li Be Standard atomic weight B C N o F Ne
6.941 |9.01218 10.811 [12.0107|14.0067 | 15.9994 [18.9984|20.1797
11 12 13 14 15 16 17 18
Na Mg Al Si P S Cl Ar
22.9897 | 24.3050 26.981 | 28.085 | 30.974 | 32.065 |35.453 | 39.948
19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
K Ca Sc Ti \% Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
39.0983 | 40.078 | 44.9559 | 47.867 | 50.941 | 51.996 | 54.938 | 55.845 | 58.933 | 58.693 | 63.546 | 65.382 | 69.723 | 72.64 | 74.921 | 78.96 |79.904 | 83.798
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
Rb Sr Y Zr Nb Mo Te Ru Rh Pd Ag Cd In Sn Sb Te | Xe
85.4678 | 87.62 | 88.9058 | 91.224 | 92.906 | 95.96 (98) |101.07 | 102.905| 106.42 [107.868| 112.411 [114.818 [118.710|121.760| 127.60 |126.904|131.293
55 56 57-71 72 73 74 75 76 77 T8 79 80 81 82 83 84 85 86
Cs Ba Rare Hf Ta w Re Os Ir Pt Au Hg TI Pb Bi Po At Rn
132.905 | 137.327 | Earths | 178.49 | 180.948 | 183.84 | 186.207 | 190.23 | 192.217| 195.084 |196.966| 200.59 (204.383 | 207.2 |208.980| (209) | (210) | (222)
87 88 §9-103 104 105 106 107 108 109 110 1 112 13 114 115 116 117 118
Fr Ra Actinides Rf Db Sg Bh Hs Mt Ds Rg Cn Uut Fl Uup Lv Uus Uuo
(223) |(226.02) (265.11)| (268) | (269) | (270) | (269) | (278) | (281) | (281) | (285) | (286) | (289) | (288) | (293) | (294) | (294)
Rare Earths 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71
(Lanthanides) La Ce Pr Nd Pm Sm Eu Gd Th Dy Ho Er Tm Yb Lu
138.905 | 140.116 | 140.907 | 144.242 | (145) | 150.36 | 151.964 | 157.25 | 158.925 | 162.500|164.930|167.259|168.9342| 173.04 | 174.967
89 90 91 92 93 94 95 9 97 98 929 100 101 102 103
Actinides Ac Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Lr
(227) |232.0381(231.0358|238.0289| (237) | (244) | (243) | (247) | (247) | (251) | (252) | (257) | (258) | (259) | (262)

Now the characteristics of an atom depend on the behavior of its electrons. The behavior
of an electron is specified by the set of four quantum numbers that specify its quantum state.
However, E,; depend only on the quantum number n and /, and then an atom can be character-
ized by specifying the n and / quantum numbers of all the electrons. This specification of the
subshells occupied by the various electrons is called the configuration of the atom, which is re-
presented by the symbol

(5™ (nply )™ =ee

where n; and /; are the quantum numbers n and / and where x; is the number of the electrons in
the n;/; subshell. For example, the ground state of hydrogen is 1s' ; the ground state of heli-
um is 1s*’. In the ground state;

the electrons must fill all the subshell in such a way as to minimize the total energy

of the atom and yet not exceed the capacity 2(2/+1) of any subshell.
which is called as the principle of the minimum energy. The subshells will fill in order of in-
creasing energy, as listed in Tablel18-2. In the following, we briefly discuss how the subshells
are occupied by the electrons of an atom in the ground state.

Hydrogen has the ground state configuration 1s'. The next element, helium, has the
ground state configuration 1s*, the two electrons of which fill the K shell ( # =1 ). The hy-
drogen and helium constitute the first period (row) in the period table.

The third element, Lithium, has the ground state configuration 1s°2s', and the third of
three electrons cannot have n = 1 but goes into the lowest available state for which n = 2,
[ = 0, from which the second period begins. The ground state of Beryllium is 1s*2s? and the
2p subshell becomes progressively filled beginning with Boron (Z=5, ground state configura-
tion 1s?2s?2p ) up to Neon (Z=10, ground state configuration 1s?2s*2p® ). Neon has the max-
imum number of electrons allowed in then = 2 (L) shell, and the second period ends at this

point,
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With Z=11 (Sodium) the eleventh electron must go into the 3s subshell. From Z=11 to
Z= 18 the 3s and 3p subshells are progressively filled, the ground state configuration of Ar-
gon (Z=18) being [ Ne] 3s?3p° (here [ Ne ]= 1s?2s*2p°® ). The third period consists of these
elements.

The process of filling the n = 3 states is temporarily interrupted at Z=19 (Potassium),
Looking at Table 18-2, the added electrons in Potassium (Z=19) and Calcium (Z=20) go in-
to the 4s rather than the 3d subshell, the 3d level being energetically less favorable because of
the screening by the Argon core [ Ar]. The filling of the 3d subshell is therefore deferred until
Scandium (Z=21), which has the ground state configuration [ Ar ] 4s?3d'. It is the first ele-
ment of the so-called first transition or iron group, extending from Z=21 to Z=30 (Zinc). It
is worth noting that because the 4s and 3d states are very close in energy, a competition be-
tween these two states develops, and the process of filling is not so regular as for the previous
subshells. The detail is shown in the Table 18-3. The last element of the first transition or
iron group, Zinc (Z=30) has the ground state configuration [ Ar ] 4s?3d".

Two other sets of transition elements, the second transition or Palladium group (from 39
to Z= 48) and the third transition or Platinum group (from Z=71 to Z=80) correspond to
similar situations in first transition, but withn = 4 and n = 5, respectively. Here again a com-
petition develops between the nd and the (n+1)s levels, and irregularities in the filling of the
subshell occur.

The rare earth elements or Lanthanides contains the 14 elements, beginning with Lantha-
num (Z=57) which corresponds to the filling of the 4f subshell, the 4s subshell being already
complete. We note that this filling of the 4f subshell is irregular, with a competition taking
place between the 4f and 5d levels. Analogous to the rare—earth elements are the actinide,
beginning with actinium (Z=89) in which the 5s subshell is complete and a competition occurs
between the 5f and the 6s states,

The electron configurations of atoms with large values of Z are clearly difficult to explain
on the basis of the simple qualitative arguments developed above, One reason, which we have
already mentioned, is that various energy levels are very close in energy. Also, for large Z,
relativistic effects become important. However, the period table is very well explained by the

quantum mechanics.

, ,-{ Questions
b

18-1 In a collision between an « particle and an electron, what general considerations limit the momentum
transfer? Does the fact that the force is Coulombic play any role in this respect?

18-2 How does the Thomson atom differ from a random distribution of protons and electrons in a spherical
region?

18-3 What is the experimental evidence that all the positive charge and most of the mass of an atom are
concentrated in a nucleus?

18-4 Did Bohr postulate the quantization of energy? What did he postulate?
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18-5 For the Bohr hydrogen atom orbits, the potential energy is negative and greater in magnitude than
the kinetic energy. What does this imply?

18-6 Can a hydrogen atom in its ground state absorb a photon with an energy of 7. 5 €V? One with an en-
ergy of 10. 2 eV? One with a wavelength equal to the short —wavelength limit of the Balmer series?

18-7 Can a hydrogen atom absorb a photon whose energy exceeds its binding energy of 13. 6 eV?

18-8 What is the maximum number of photons that can be emitted when a hydrogen atom excited to an =
4 level goes to the ground state? What is the minimum number( Assume there are no nonradiative transitions) ?

189 Why is the wave nature of matter not more apparent to us in our daily observations?

18-10 Is an electron a particle? Is it a wave? Explain?

1811 What features of the Bohr model of hydrogen are retained in wave mechanics? What features are
abandoned?

18-12 Discuss similarities and differences between a matter wave and an electromagnetic wave,

18-13 Why is it so important for the Schréodinger equation to be linear in the wave function?

18-14 The mass m of a particle appears explicitly in Schréodinger equation, but its charge q does not, even
though both may affect its motion. Why?

18-15 What is the basic connection between the properties of a wave function and the behavior of the asso-
ciated particle?

18-16 Why does the probability density function have to be everywhere real, non —negative, of finite and
definite value?

18-17 Since the wave function describing the behavior of a particle satisfies a differential equation, its evo-
lution in time is perfectly predictable. How does this fact fit in with the uncertainty principle?

18-18 In the n = 3 state, the probability density function for a particle in a box is zero at two positions be-
tween the walls of the box. How then can the particle ever more across these positions?

18-19 What is the Pauli exclusion principle? How does it help us understand the period table?

18-20  What is the consequences of the fact that the sizes of all atoms are about the same? What are the

reasons for this fact?

18-1 Prove that Planck’s constant has the dimensions of angular momentum.

18-2 Compute the wavelengths of the first two lines and of the series limit for the Lyman series of hydro-
gen. What are the energies of photons with these wavelengths?

18-3 Calculate the speed of electron in a ground state hydrogen atom.

18-4 What is the energy, momentum, and wavelength of a photon that is emitted by a hydrogen atom
making a direct transition from an excited state withn = 10 to the ground state? Find the recoil speed of the hy-
drogen atom in this process.

18-5 Calculate the shortest wavelength of the Lyman series line in hydrogen; of the Paschen series; of the
Pfund series. In what region of the electromagnetic spectrum does each lie?

18-6 How much energy is required to remove an clectron from a hydrogen atom in a state withn = 4 2

18-7 A hydrogen atom in the ground state absorbs a 20. 0eV photon. What is the speed of the liberated
electron?

18-8 A bullet of mass 40g travels at 1000 m/s. (1) What wavelength can we associate with it? (2) Why
does the wave nature of the bullet not reveal itself through diffraction effects?

18-9  An electron and a photon each have a wavelength of 2. 0 A. What are their (1) momenta and (2) to-
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tal energies? (3) Compare the kinetic energies of the electron and the photon.

18-10 A particle moving with kinetic energy equal to its rest energy has a de Broglie wavelength of
1. 7898 X 10 ° A, If the kinetic energy doubles, what is the now de Broglie wavelength?

18-11 If AA/A =107 for a photon, what is the simultaneous value of Az for (1) A = 5. 00X 10" (y-ray)?
(2) A =5.00 A (X-ray)? (3) 2 = 5000 A (light)?

18-12 The velocity of a positron is measured to be; v, = (4, 00+ 0. 18>X10°m/s,v, = (0. 34 +0. 12> X
10°m/s,u, = (1.4140.10) X 10°m/s. What minimum volume was the positron located at the moment the
measurement was carried out?

18-13 If the wave functions ¥ (x,¢) s W, (x,t) , W3 (4 t) are three solutions to the Schrodinger equation for
a particular potential V (x,z) , show that the arbitrary linear combination W(x,t) = ¢, ¥ (x,t) + ;W (x,1) +
c; Wy (x, 1) is also a solution to that equation.

18-14  Find a solution to Schrédinger equation for V(x> = 0.0

1815 For a particle in a box, show that the fractional difference in the energy adjacent eigenvalues is

AE, _Ewi—E, _2n+1

E, E, n’

and discuss the meaning of the obtained formula.

18-16  Apply the normalization condition to show that the value of constant A for the wave function (18-67) is
2/a.
18-17 Find the probability with which the particle in a state n = 2 within (0,a/3) in the infinite potential
well.

18-18 Find the maximum number of electrons which are contained in the 4f subshell.
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The Band Theory of Solids

In past chapter, we have discussed many properties of a single atom in the term of quan-
tum theory. Now we will study the electric property of solids, which consist of a great deal of
atoms. Solids have many properties—mechanical, thermal, electrical, magnetic, and optical.
Some aspects have been discussed in the earlier chapters. Here we shall focus on the electrical

conductivity of solids.

19.1 The Crystals

19.1.1 The types of solids

The matter is in the gaseous state or the solid state or the liquid state at ordinary temper-
atures and pressures. In the gaseous state the average distance between molecules is large
compared to the size of a molecule, so the molecules may be regard as isolated from one anoth-
er apart from the collisions of molecules. However, in the solid state molecules (or atom) can
no longer be regarded as isolated. Their separation is comparable to the molecular size, and
the strength of the forces holding them together is of the same order of magnitude as the
forces binding the atoms into a molecule, and they form a block substance which maintains
both its shape and its volume, Such a mass is commonly known as a solid. Hence, the proper-
ties of a molecule in solids are altered by the presence of neighboring molecules.

According to the origin of the forces between molecules, solids can be classified as molec-
ular, ionic, covalent, and metallic solids:

(1) Molecular solids consist of molecules that are so stable that they retain much of their
individuality when brought in close proximity. The electrons in the molecule are all paired so
these atoms in different molecules cannot form covalent bonds with one another. The forces
between molecules are the van der forces, which are as weak as in the gaseous state. Because
of the weakness of van der forces, the binding energies of molecular solids are low so that
these solids have low melting point, and are highly compressible and mechanically weak., The
absence of free electrons makes molecular solids very poor conductors of heat or electricity.

(2) lonic solids, such as sodium chloride, are composed of positive and negative ions.
The binding forces, which come essentially from the coulomb attraction between these ions,
are relatively large. Because there are no free electrons to carry energy or charges from one

part of the solid to another, such solids are poor conductors of heat or electricity. Because of
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the strong electrostatic forces between the ions, ionic solids are usually hard and have high
melting points. Ordinary, ionic crystals are relatively transparent to visible.

(3) Covalent solids contain atoms that are bound by shared valence electrons, as in cova-
lent binding of molecules. Examples of crystals exhibiting covalent binding are germanium,
silicon and diamond. The bonds are directional and determine the geometrical arrangement of
atoms in the crystal structure. Due to the rigidity of their electronic structure, covalent solids
are ordinarily hard and brittle and have high electric resistance and high melting points at low
temperature. As the temperature is increased, there is a marked decrease in resistance. Practi-
cal semiconductors are based on covalent solids.

(4) Metallic solids, in which the valence electrons are not tied to any particular atom or
pair of atoms but are free to wander through the crystal, can be thought of as a limiting case
of covalent solids in which electrons are shared by all the ions in the crystal. A metallic solid
is a regular lattice of spherically symmetrical positive ions, arranged like close—packed
spheres, through which the electron moves. Metallic solids are obviously excellent conductors
of electricity, or heat, the electrons of which easily absorb energy from incident radiation or
lattice vibrations, and move under the influence of an applied electric field, or thermal gradi-
ent. Because radiation in the visible portion of electromagnetic spectrum is easily absorbed,
such solids are opaque.

(5) Hydrogen binding solids is a special type of solids. Since the hydrogen atom has a
single electron, one might expect it to form a bond with only one other atom, but hydrogen
frequently forms a strong bond between two hydrogen atoms. We may think of this bond as
primarily ionic in character, since it is formed only with strongly electronegative atoms. The
hydrogen atom loses or transfers its electron to one of these atoms, and the proton binds two
negative ions, nestling between these very much larger ions. Only hydrogen forms such
bonds; no other ion has the very small size of the proton—so small that there are only two
nearest neighbors. The hydrogen bond occurs in ice (H;0),, solid hydrogen fluoride, and a
wind variety of proteins and other organic compounds. Therefore, it is of great interest in bio-
physics and biochemistry.

The type of binding that a particular solid has is determined experimentally by studies of
X-ray diffraction, dielectric properties, optical emissions, and so forth. There are some solids
whose binding must be interpreted as a mixture of the principal types we have described. In
addition, not all solids have the ideal structure implied by the discussion so far. Indeed, the
so—called lattice imperfections, or deviations from ideal crystal structure, lead to many prop-
erties of solids that have practical consequences.

Every solid has an enormous range of properties that we can choose to examine. Is it
transparent? Can you hammer it out into a flat sheet? What kinds of waves travel through it
and at what speeds? Does it have interesting magnetic properties? Is it a good heat conductor?
What is its crystal structure? Does it have special surface properties? --+ The list goes on. We
choose here to focus on a single question: “What are the mechanisms by which a solid con-

ducts, or does not conduct, electricity?”
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19. 1.2 The crystal structures of solids

To the naked eye, a solid appears as a continuous rigid body. In fact, all solids are com-

posed of discrete basic units—atoms. These atoms are not distributed randomly, but are ar-
ranged in a highly ordered manner relative to each other. Such a group of ordered atoms is ref-
ereed to as a crystal. A solid is said to be a crystal if the atoms are arranged in such a way that
their positions are exactly periodic. There are several types of crystalline structure, depending
on the geometry of the atomic arrangement, and the knowledge of these is important in solid
physics because these structures usually influence the physical properties of solids.

The atoms in some solids appear to be randomly arranged, 1. e. , the crystalline structure
is absent. These solids are called as noncrystalline, or amorphous solids which will not be dis-
cussed in this text. The most familiar example of an amorphous solid is ordinary window
glass. Chemically it is a silicon oxide. Structurally it has no crystal structure at all.

In order to study the geometrical properties of the crystal. one replaces each atom by a
geometrical point located at equilibrium position of that atom. This geometrical pattern is the
crystal lattice, or simply the lattice, and all the atom sites have been replaced by lattice sites.
Fig. 19-1 illustrates the periodicity of the lattice. The distance between any two nearest neigh-
bors along the x direction is a, and along the y direction is # (the x and y axes are not necessa-
rily orthogonal). A perfect crystal maintains this periodicity in both the x and y directions
from —co to o, The constants a and b are called as the periods along the x or y directions. It
fellows from the periodicity that the atom A, B, C, etc. , are equivalent. In other words, to
an observer located at any of these atomic (lattice) sites. the crystal appears exactly the same.
This idea is often expressed by saying that a crystal possessed a transitional symmetry, mean-
ing that if the crystal is translated by any vector joining two atoms (lattice sites), say R in
Fig. 19-1, the crystal appears exactly the same as it did before the translation. In other words,
the crystal remains invariant under any such translation. The periods along different direction
may be unequal. Strictly speaking, one cannot prepare a perfect crystal because the practical
solids are finite and always contains some foreign atoms, 1. e, , impurities. Even with the best
crystal-growing techniques, some impurities remain, which spoil the perfect crystal structure.
The imperfection of crystal also results into the thermal vibrations of atoms around their equi-
librium positions for any temperature T >0 K. If the effects of imperfection are negligible, we
speak of a “perfect” crystal. Many of most interesting phenomena in solids are associated with
imperfections,

Fig. 19-2 shows the periodicity of three-dimension solids, where a . b and ¢ are three noncopla-
nar vectors joining the lattice point at the origin to its near neighbors. The parallelepiped whose sides
are these vectors is a unit cell. If such a unit call is translated by all the vectors R,

R, = ma+n,b+nsc (19-1)
where n; ,n; ,n; are a triplet of integers 0, £1, +2, etc. , the whole lattice is covered. It is not-
ed that the choice of a unit cell is not unique. A unit cell, if there is no lattice point inside the

cell or on its surface, is called a primitive cell. It can be proved that all primitive cells have
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equal volumes. As shown in Fig. 19-2, the primitive cell has eight points at its corners, but
each of these points is shared by eight adjacent cells. Hence each primitive cell has only one

lattice point.

\
\\
\
\

~

Fig. 19-1 A crystalline solid in which all the atoms Fig. 19-2 A three-dimensional lattice

are arranged periodically

Apart from the periodicity of crystal, the
crystal has its particular symmetry. Hence, it is
sometimes convenient to deal with nonprimitive
cells, ones which have additional points either in-

side the cell or on its surface. Fig, 19-3(a)shows

a body-centered lattice which has one addition-

(a) (b)

al point at the center of the cell. All body-cen-
Fig. 19-3  (a) A body-centered lattice and tered lattice has two lattice points and is not a

(b) a face-centered lattice primitive cell. Fig. 19-3(b) shows a face-cen-
tered lattice which has six additional points, one on each face. The points on the surface are
shared by the two adjacent cells. So, a face-centered lattice has four lattice points, Ifa = b =
¢, the body-centered lattice or the face-centered lattice are called as the body-centered or face-
centered cubic. The most familiar metals: Ag, Al, Au, Cu, Co, Fe, Ne, Pb and Pt, all crys-
tallize in the face-centered cubic structure. Some of the metals which crystallize in the body-
centered cubic structure are: Fe and the alkalis Li, Na, K, Rb, and Cs. The structure of the
ordinary table salt NaCl is cubic, and there is an alternation of Na and Cl atoms, Its cell is a

face-centered cubic one, which can be looked as a structure composed of two interpenetrating

face-centered structure sublattices: one made up of Na atoms and the other of Cl atoms.

19. 2 Energy Bands in Solids

19.2.1 The exchange degeneracy

Let’s discuss two hydrogen atoms that are far apart and may be looked as two free at-

oms. Assuming two free atoms are in the ground state, the energy of this system is given by

EZE()+E0 :ZEO (19‘2)
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where E, is the energy of the ground state for hydrogen atom. In the formal language of quan-
tum physics, these two free atoms are identical particles. As shown in Fig. 19-4, exchanging
the positions of two free atoms, the system has no change because the two free atoms are in-
distinguishable in micro-world. This property is called as exchange symmetry. That is, meas-
urable results obtained from accurate quantum mechanical calculations should not depend on
the assignment of labels to identical particles. This leads to important effects which have no

classical analogies because the indistinguishability itself is purely quantum mechanical.

According to the quantum mechanics, the wave P
function of the system with the energy Eq. (19-2) isnot \_ J d>=r @
unique. Therefore, the energy level is degeneracy. It H H

can be proved that the energy levels of this two-atom Fig. 19-4 Two isolated hydrogen atoms
system have a twofold exchange degeneracy. which re-

sults from the indistinguishability of two atoms.
19. 2.2 Energy bands in solids

A solid is a quantum system containing the vast number of particles. In principle, we can
study its properties by using of the quantum theory. This is a many-body problem that deals
with the complex mathematics. Here, we discuss the energy levels in a simply directive way.

If we bring the atoms of Fig. 19-4 close together, they will, speaking loosely, gradually
begin to sense each other’s presence. That is their wave function (the electric cloud) will be-
gin to overlap and there will be interactions between the atoms. The system is not a group of
two independent and isolated atoms, and becomes a single two-atom system (that is H,) in
which there are interactions. According to the quantum mechanics, the exchange degeneracy
is removed and each energy level of the isolated atom splits into two levels for the two atom
system. The splitting increases as the separation of the atoms decreases.

If we had started with three isolated atoms, we would have a threefold exchange degener-
acy of the energy levels. When the atoms are brought together in a uniform linear lattice. each
of the levels splits into three distinct levels. As we go to a system containing N atoms of a
given species, each level of one of these atoms leads to an N-fold degeneracy level of the sys-
tem when the atoms are well separated. With decreasing separation, each of these levels splits
into N levels of which a set consists. The spread in energy between the lowest and highest
level of a particular set depends on the separation distance. As shown in Fig. 19-5, a set of

levels is called as an energy band.

r At the values of R found in a solid, a few angstroms, the energy

E, .o —m

—_— N band spread is of the order of a few volts. Since N is of the order of the

Avogadro number ( 10? per mole), we can see that the individual energy
Fig. 19-5 A set of levels levels with a band are so extremely closely spaced in energy that they form
a practically continuous energy band. Fig. 19-6 suggests the band structure

of the levels in a hypothetical solid in which we have assumed, for simplicity, that the band do not

overlap. The gaps between the bands represent ranges of energy that no electron may possess.
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Note in Fig. 19-6 that the bands that lie lower in energy are narrower than these bands
that lie higher. This is because these low energy bands correspond to levels in the isolated at-
om that are occupied by electrons that spend most of their time deep within the electron cloud
of the atom. The reason is that the electrons in lower levels are electrons in inner subshells of
the atoms, which are not significantly influenced by the presence of nearly atoms. These elec-
trons are localized on particular atoms, even when the separation distance is small. The va-
lence electrons, on the other hand, are not localized at all for small separation distance, but
they become part of the whole system. The overlap of their wave functions results in a sprea-
ding of their energy levels. Therefore, the wave functions of the core electrons do not overlap
as much as do the wave functions of the outer or valence electrons and for this reason the split-
ting of the levels, although it must occur, is not as great as it is for the levels normally occu-

pied by the outer electrons.

band

vacuum

7 | N
e \

band "”gép ” /// \\\

Fig. 19-6 The band-gap pattern for the energy Fig. 19-7 The potential in the free-electron

band

levels of a solid

Now that we have established the pattern of levels for a solid, we are ready to consider

how these levels are filled with electrons and then explain the properties of solid.

19. 3 Metals, Insulators,and Semiconductors

19.3.1 Metals—the quantum free-electron model and Fermi distribution

There are many free electrons (that is the electrons can move in the whole solid) in the
metal. These electrons are called as the conduction electrons, and assumed to be completely
free, except for a potential at the surface, as shown in Fig. 19-7, which has the effect of confi-
ning the electrons to the interior of the solid. In the absence of an applied electric field, the di-
rections in which these electrons move are random. When an electric field is applied to a met-
al, the electrons modify their random motion in such a way that, on the average, they drift
slowly in the direction opposite to that of the field.

For the free electrons in the metal, we treat them as an ideal gas of fermions inside the
solid. At the absolute zero of temperature, as shown in Fig. 19-7, we can assume with little
error that the potential energy of the conduction electrons remains constant as they move

about with in the solid. If we set this constant equal to zero (this is permitted to do), the total
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energy E associated with any level is equal to the kinetic energy of the electron that occupied
that level. The electron gas is different from the ideal gas in chapter 10, and it is the quantum
free-electron gas. This approximation for metal, which greatly simplifies quantum mechanical
calculations, turns out to be surprisingly good in determining many of the observed properties
of metals.

The Pauli exclusion principle requires that free electrons in a metal have a broad rang of
kinetic energies. Even at 0 K the most energetic electrons have a kinetic energy of a few elec-
tron volts. The energy distribution of the conduction electrons in a metal, Fermi distribution,

can be proved to be given by

87TV (2m3 )J 2 EL'.Z
h3 e(E—E,)//eT +1

where V is the volume of solid, £ is the Boltzmann constant and m is the mass of the electron.

n(E) = (19-3)

E, is called the Fermi energy, the energy of the highest state occupied by electrons at 0 K.

Fermi distribution is plotted in Fig. 19-8, which shows that at the absolute zero of tem-
perature, all states with energies less than the Fermi energy are filled and all states with ener-
gies greater than that energy are vacant. When the temperature is increased, a few electrons
are raised to slightly higher energies, leaving vacancies in levels just below the Fermi level, A
glance at Fig. 19-8 should be enough to shatter the popular misconception that all motion cea-
ses at the absolute zero of temperature. The conduction electrons in a metal have plenty of en-
ergy at 0 K (Note that the average momentum of the valence electrons is zero).

It can be proved that

nE) OK\
E, = Q1210 ¢ (19-4) X

m

Here n is the number of conduction electrons per
unit volume. Because n of metals is different, the

Fermi energy of metals is unequal.

i
One can use the quantum free-electron model 3

: E

and the above formula to study the properties of S
) Fig. 19-8 Fermi distributions at 0K and 300K
metals such as thermal energy, the heat capacity of

the electrons, electrical conductivity, which can be explained.
19.3.2 Metal—the band structure

Fig. 19-9 shows the feature of a metal at the absolute zero of temperature. The highest
occupied level falls somehow in the middle of a band. The energy band contains some electron
but is not completely filled. The electrons that occupy this partially filled band are the valence
electrons of the atoms, and being free to move throughout the solid, become the conduction
electrons of the solid.

If you apply an electric field E to a metal, it exerts a force — ¢E on each electron. In a
metal, this force, during times Az, causes every conduction electron to acquire a velocity incre-

ment Av in the direction of — E. This will require the electron to change their energies, but there are
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vacant levels available so that these rearrangements can be

band made. Hence, the average momentum of valence electron
gap in an electric field is not zero and in the direction of — E,
- E and the electric current will form in the metal. So, an elec-
ap —TE=0 tric field can produce a flow of these electrons, and the ma-
band il 1. terial is an excellent electric conductor at all temperature.
band - The velocities of the individual conduction electrons do

Fig. 19-9 An idealized representation 1Ot increase without limit, however, because of collisions
of the band-gap pattern for a metal ~associated with the thermal vibrations of the lattice. Thus,
at the absolute zero of temperature  after a certain time t called the relaxation time, the drift

velocity of the conduction electrons settles down to a con-
stant limiting value, which we associated with the constant current that is set up by the ap-
plied electric field.

In order to remove one of the least tightly bound electrons from a metal at 0K, the elec-
tron must be supplied enough energy to take it from the Fermi level to the potential just out-
side the metal. We found evidence for this statement in the photoelectric effect. Similarly in
order to achieve thermal emission, the temperature must be raised high enough for electron to

escape via thermal excitation.
19.3.3 Insulators

Fig. 19-10 shows the feature of energy band of an insulator, in which the highest occupied
level coincides with the top of a band and the gap between the highest filled band and the next
permitted (but empty) band is large. For diamond, E, = 5. 4 €V, a value some 140 times lar-
ger than the average energy of a free particle at room temperature. Hence, modest tempera-
tures are not sufficient to lift electrons to the conduction bands. Electrons in the filled band

are not free, and the material serves as an excellent insulator.

If you apply an electric field E to an insulator, it will exert

a force —eE on each electron. If the energy of an electron chan- band

ges, the electron must move to a different energy level within gap B

the solid. However, the Pauli principle prevents from doing so

o . . band |
because all other levels within the band into which the electron oap
might move are already occupied. These electrons are in total band

rigid lock. There are plenty of vacant levels in the band above band
the filled band in Fig. 19-10, but, if an electron is to occupy Fig15-10 An representation of
one of these levels, it must somehow jump across the gap that he band-gap pattern for an insulator
separates the two bands. Of course, if the temperature rises

sufficiently high, electrons can be excited to conduction levels and then no material is an insu-
lator at extremely high temperatures. However, if the energy gap is reasonably large, practi-

cally no electrons are lifted to the conduction band at room temperature.,
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19.3.4 Semiconductor

A semiconductor is like an insulator in that its uppermost filled level (at the absolute zero
of temperature) lies at the top of a band. A semiconductor differs from an insulator, however,
in that the gap between this filled band and the next vacant band above it is much smaller than
that of an insulator, as shown in Fig. 19-11. Therefore, there is a real possibility for electron
to “jump the gap” into the empty band by thermal agitation. The semiconductors are the good
insulators at the absolute zero of temperature. For semiconducting material, the highest filled
band is called the valence band because the electrons that occupy it are the valence electrons of
the isolated atoms. The band above the valence band, which is vacant at T=0 K, is called the

conduction band.

As the temperature is raised, thermal agitation gives

some electrons enough energy to shift to the higher band. conlfaf;on l
The electrons so excited serve as conduction electrons. gap “101:5?
Further, the holes left by the electrons when they move Vf)l;;gc

to the higher band also serve as charge carriers. Such an

arrangement of energy levels is characteristic of semicon- kand

ductors, which are insulators at 0 K but become poor con- band

ductors at somewhat higher temperature. Semiconductors Fig. 19-11 An representation of the
become steadily better conductors as the temperature is band-gap pattern for a
increased because more electrons are transferred to the semiconductor
conduction band. Each electron raised to conduction band leaves a vacancy, or holes, in the
valence band. |

The revolution in microelectronics that has so influenced our lives is based on semiconduc-

tors, so we would do well to learn more about them in the next section.

19.4 Doping and p-n Junction

19.4.1 Doping

Crystals of pure germanium are well known as a semiconductor material. Each atom of
germanium has four valence electrons, which form four covalent bonds with neighboring at-
oms. This structure has the semiconductor arrangement of energy states, a completely filled
energy band separated from an empty higher-lying conduction level by a small energy gap.
Such a crystal is called as intrinsic semiconductor. At any temperature above 0 K a few elec-
trons in the semiconductor are thermally excited to the conduction band. The minimum energy
required to move an electron from one of the covalent bonds into the conduction band is called
the gap E,. For silicon E, is 1. 09 €V; for germanium, E, is 0. 72 eV.

The versatility of semiconductors can be marvelously improved by introducing a small

number of suitable replacement atoms into the semiconductor lattice. This process is called
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doping. The doped semiconductor becomes an impurity semiconductor. Essentially all practi-
cal semiconducting devices today are based on doped crystals in which the electric properties
are drastically changed by the impurity atoms. They are of two varieties, called n-type and
p-type.

Addition of foreign phosphorus atoms to an intrinsic semiconductor produces an n-type
semiconductor. As shown in Fig. 19-12, arsenic impurity atoms occupy sites in the crystal
normally filled by germanium atoms. Each arsenic atom brings a total of five valence elec-
trons, of which four are used in forming covalent bonds with the four nearest germanium
neighbors. The fifth electron finds no convenient neighbor with which to form a bond and is
very loosely tied to the arsenic ion, even at 0 K. Only a small amount of energy is needed to
free this electron and permit it to wander about in the lattice. Room temperature is enough to
supply this energy. Almost every arsenic atom introduced into the crystal provides one elec-
tron that is available for conduction. The arsenic atoms are called donors, since each atom do-
nates an electron to the crystal. The conduction of n-type semiconductor is primarily by elec-
trons provided by the donor atoms. The negative charge carriers in n-type semiconductor
greatly outnumber the positive carriers. The former, called the majority carriers, are the elec-
trons in the conduction band. The latter, called the minority carriers, are the holes in the va-
lence band.

Next consider what happens when we add to a germanium crystal atom of valence 3, such
as indium (or gallium, aluminum, boron). Each indium atom in Fig. 19-13 brings only three
electrons to form the four covalent bonds expected from each atom in the germanium crystal,
producing a site at which one electron is missing from the four bonds. It is easy for the indium

é

ion core to “steal” or “ capture” a valence electron from a nearly silicon atom, and utilizes it to
complete the bonding structure, thus creating a hole in the valence band. Atoms of valence 3
elements are called the acceptor atoms because they so readily accept electrons from the va-
lence band. They form p-type semiconductor, since in a crystal with such impurities there are
sites at which an electron is missing and there are positive holes available for conduction. The
positive charge carriers in p-type semiconductor greatly outnumber the negative carriers. In
p-type semiconductors the majority carriers are the holes in the valence band and the minority

carriers are the electrons in the conduction band.

/ \ A . / \ /
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an atom hole
Fig. 19-12 A two-dimensional representation Fig. 19-13 A two-dimensional representation
of a doped germanium crystal in which of a doped germanium crystal in

the arsenic atoms are added which the indium atoms are added
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19.4.2 p-n Junction

If a region of n-type material is in intimate contact with a region of p-type material, they
form a p-n junction. Such junctions are of great importance, since they are the building blocks
for semiconductor devices. One cannot form a p-n junction by pressing n-type material against
p-type material. One way of making a p-n junction is to melt an indium pellet which has been
placed on top of an n-type germanium crystal where the germanium has been saturated with
molten indium, p-type material is produced. A p-n junction is formed at the interface between
the indium-saturated p region and the original n material.

Fig. 19-14 represents a p-n junction at the imagined moment of its creation. Let us first
discuss the motions of the majority carriers. At a p-n junction, where n-type and p-type mate-
rial are in intimate contact, electrons from the donor atoms near the junction fill the nearly ac-
ceptor states just across the junction. This makes the p material negative, and the loss of elec-
trons in the n region leaves it positively charged. In the immediate vicinity of the junction
there is a scarcity of free carriers of either sign, because the electrons from the n side have
filled acceptor states and holes on the p side. Thus at the junction we have a depletion layer
perhaps 20 nm (=50 atom layers) thick which is a relatively poor conductor together with a
double layer of bound charger, negative on the p side and positive on the n side. These fixed
charges (negative and positive ions) cause a contact potential difference to build up across the
junction, as Fig. 19-15 shows. This potential difference is such that it serves as a barrier to
limit further diffusion of electrons. Thus, at equilibrium, a p-n junction resting on a shelf de-

velops a contact potential difference V|, between its ends.

hole electron
= = V(x)
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Fig. 19-14 A p-n junction at the imagined Fig. 19-15 The space charge established
moment of its creation a contact potential difference V,

across the junction plane

New let us turn our attention to the minority carriers. Although the majority carriers in
n-type material are electrons, there are nevertheless also a few holes, the minority carriers.
Likewise in p-type material, although the majority carriers are holes there are also a few con-
duction electrons. The potential difference V,,, being a barrier for majority, is a downhill trip
for the minority carriers, be they electron or holes. Hence, the contact potential difference

causes the minority carriers (electrons or holes) to drift steadily across the junction plane.
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The current represented by the motions of minority carriers, called the drift current 4 » 1s in
the opposite direction to the diffusion current and just compensates it at equilibrium. So at
equilibrium, there also are charge transfers across the junction but the charge transfers in both
directions are equal.

When we apply a potential difference across the p-n junction, making the p-type material
positive relative to the n-type material, the hill down which the electron slides is reduced.
This has essentially no effect on the saturation current 7., due to electrons going from the p to
n side. However many more electrons from the n-type material diffuse to the p-type material,
so the electrons flow from the n to p side is greatly increased by this bias. The current in what
is known as the forward direction rises rapidly with increasing forward bias (or potential
difference), as shown in Fig. 19-16. On the other hand, if we make the n-type material posi-
tive relative to the p-type material, the hill is increased and electron flow from n to p is sub-
stantially reduced while the current ¢4, remains the same. Consequently, with negative on re-
verse bias there is a very small current essentially independent of bias. Thus a p-n junction

acts as a rectifier, A p-n junction is basically a two-terminal rectifier.
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Fig. 19-16 How current varies with bias potential difference across a p-n junction

19.5 Laser

A device that produces a beam of coherent light by stimulating emission from a large pop-
ulation of excited radiators is called a laser, an acronym for “light amplification by stimulated
emission of radiation”, The first stimulated emission amplifiers operated in the microwave re-
gion and received the name masers with the m coming from microwave, but maser is now a
general term for stimulated-emission devices which operate over a broad spectral range, inclu-
ding microwave, infrared, visible, and ultraviolet frequencies. For example, lasers are often
called optical masers, Now, the laser is leading the way in a new field-sometimes called photonics-
which deals with the interaction between photons and bulk matter. Due to the intense coherent nature
of the radiation, the lasers have led to increasing application of lasers in fields such as radio astrono-
my, microwave spectroscopy, photography, biophysics, communications, drilling, cutting, spot

welding, precision surveying and other applications too numerous to list.
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19.5.1 The stimulated emission

In the chapter 18, we have discussed the absorption processes and spontaneous emissions
of atoms. New let us study the stimulated emissions of atoms, which were introduced into
physics in 1917 by Einstein. In Fig. 19-17 we illustrate schematically the three transition
processes of an atom, namely the spontaneous emission, stimulated absorption and stimulated
emission. In the spontaneous emission process, the atom is initially in the upper state of ener-
gy E, and decays to the lower state of energy E| by the emission of a photon of frequency v =
(E, — E;)/h. In the stimulated absorption process, an incident photon of frequency v, from
an electromagnetic field applied to the atom, stimulates the atom to make a transition from the
lower to the high energy state, the photon being absorbed by the atom. In the stimulated
emission process, an incident photon of frequency v stimulates the atom to make a transition
from the higher state energy to the lower and the atom is left in this lower state at the emer-
gence of two photons, the incident one and the emitted one. The emitted photon is in every
way identical to the stimulating photon. It has the same energy (or frequency), direction,
phase, and polarization. In the stimulated emission process, one photon comes in and two
photons come out. Laser light is produced in this way. The spontaneous emission process,
however, is a strictly quantum effect. In all three processes, we have to deal with the interac-
tion of radiation with the atom. It can be proved that for atoms in thermal equilibrium with
the radiation, spontaneous emission is far more probable than stimulated emission if E, — E, << kT
and the stimulated emission can be ignored. Stimulated emission can become significant, how-

ever, if E;, — E, & kT, and it may be dominant if E, — E, > kT.
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Fig. 19-17 Illustrating: (a) the spontaneous emission process; (b) the stimulated absorption process;

(c) the stimulated emission process for two energy states of an atom

Let us consider a system consisting of N same atoms. If E; —E, << kT, it can be proved
that

rate of emission __ n,
. AN
rate of absorption ~ n;

where n; is the number of atoms in state 1 and n, is the number of atoms in state 2 of the sys-
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tem. In situations of thermal equilibrium, we have n, <_ n; and therefore, when the system is
in the electromagnetic field, the net effect will be absorption. If now we have a means of in-
verting the normal population of states so that n, = n;, then the emission would exceed the
absorption rate. This means that the applied radiation of frequency v = (E, —E,)/h will be
amplified in intensity by the interaction process. more such radiation emerging than entering.
Of course, such a process will reduce the population of the upper state until equilibrium is re-
established. In order to sustain the process, therefore, we must use some method to maintain

the population inversion of the states.
19.5.2 Lasers

Generally speaking, a laser is a device in which a material is prepared so that the higher of
two energy levels is more highly populated than the lower energy level, the material being en-
closed in an appropriate resonator of sharp response. The system produces coherent radiation
at those frequencies common to the resonator and the difference in energy of the levels.

To produce the laser, it is necessary (1) to produce an unnaturally large number of excited
atoms (or molecules) ready to emit the desired radiation and @) to stimulate the emission in
such a way as to obtain a coherent beam in the desired direction. The process of providing the
required number of excited atoms in a laser is known as pumping. In gas lasers pumping comes
from an electric discharge through the gas, and in semiconductor lasers passing a current
through a p-n junction provides the pumping action. The upper state of the states between
which transitions are made must be a metastate, whose relatively long lifetime allows it to be
highly populated (that is to maintain the population inversion of the states ). The lower state
is the ground state of infinitely long lifetime. From the uncertainty relation AEAt &~ h, with
At equal to the long lifetime of the upper state, we conclude that the energy uncertainty in the
energy difference of states is small and the emitted transition frequency is sharp, giving a
highly monochromatic beam.

Figure 19-18 shows the solid state laser that operates with a ruby crystal. Some Al atoms
in the Al, O, molecules are replaced by Cr atoms which account for the laser action. The level
of energy E, is the ground and the level of energy E; is the unstable upper state (that is really
a multiplet) with a short lifetime ( 107® sec. ), the energy difference E; —E, corresponding to a
wavelength of about 5500 A. Level E, is an intermediate excited state which is metastable, its
lifetime against spontaneous decay being about 3 X 107 s, If the chromium atoms are in ther-
mal equilibrium, the population numbers of the states are such that n; < n, <_n,. By pumping
in radiation of wavelength 5500 A, however, we stimulate absorption of incoming photons by
Cr atoms in the ground state, thereby raising the population number of the energy state E; and
depleting energy state E; of occupants. Spontaneous emission, bringing atoms from state 3 to
state 2, then enhances the occupancy of state 2, which is relatively long-lived. The result of
this optical pumping is to decrease n; and increase n, , so that n, > n; and population inversion
exists, Now, when an atom does make a transition from state 2 to state 1, the emitted photon

of the wavelength 6943 A will stimulate further transitions, Stimulated emission will domi-
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nate stimulated absorption (because n, >>n, ) and the output of photons of wavelength 6943 A

is much enhanced. We obtain an intensified coherent monochromatic beam.

E; short-lived state
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E, metastable state
pumping NN
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Fig. 19-18 Top: the relevant energy levels of chromium atoms in a ruby laser.

Bottom: a schematic of the ruby laser

In practice, the ruby laser is a cylindrical rod with parallel, optically flat reflecting mir-
rors M; and M, , one of which is only partly reflecting as shown in figure 19-18. The emitted
photons that do not travel along the axis escape through the sides before they are able to cause
much stimulated emission. But those stimulated photons that are parallel to the axis can be
made to move back and forth through the rod by successive reflections from mirrors M; and
M; , and they are capable of stimulating emission repeatedly. It is perhaps more useful to think
of the entire arrangement of mirrors M, and M, as an optical resonant cavity and the sharp res-
onance at one (or more) wavelength can be built. Thus the number of photons is increased
rapidly in the direction of axis, those escaping from the partially reflecting mirror giving a uni-
directional beam of great intensity and sharply defined wavelength.

Here, we list some of the important characteristics of laser light:

(1) laser light is highly monochromatic;

(2) laser light is highly coherent, wave trains for which may be several hundred kilome-
ters long;

(3) laser light is highly directional;

(4) laser light can be sharply focused, energy flux densities for which of ~10"*W/cm? are
readily possible.

There 1s now a wide variety of lasers—gas lasers, liquid lasers, and solid state lasers—
covering various regions of the electromagnetic spectrum. These devices have found many uses

and opened the door to a whole new world of research and application.

, 4 Questions
b

19-1 It is often said that a crystal is one giant molecule. Explain. Can we regard a diatomic molecule as a

small solid?
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19-2 Why does metallic binding usually occur with atoms having a small number of valence electrons?

19-3  Of the five types of binding in solids discussed in the text, which one (or ones) is most likely to pro-
duce an insulator? A conductor? A semiconductor?

19-4 How is the optical transparency of a semiconductor related to the energy gap of the forbidden band ?

19-5 Does the Fermi energy for a given metal depend on the volume of the sample?

19-6  Why do the curves in Fig. 19-8 differ so little from each other?

19-7 What role does the Pauli exclusion principle play in accounting for the electrical conductivity of a
metal ?

19-8 At room temperature a given applied electric field will generate a drift speed for the conduction elec-
trons of silicon that is about 40 times as great as that for the conduction electrons of copper. Why isn’t silicon a
better conductor of electricity than copper?

19-9 How does the number of conduction electrons compare with the number of holes in (1)an ideal in-
trinsic semiconductor, (2) a p-type semiconductor, and (3) an n-type semiconductor ? Explain.

19-10 Does an ordinary semiconductor at constant temperature obey Ohm”s law? Does a p—n junction? Ex-
plain.

19-11 How do you account for the fact that the resistivity of metals increases with temperature but that of
semiconductors decreases?

19-12 Identify the following as p-type or n-type semiconductors: (1) Sb in Si ; (2) In in Ge ; (3) Al in
Ge ; (4) Pin Si

19-13 What is the distinction between coherent and incoherent radiation?

19-14 What are some of the advantages of lasers and masers over the more familiar light sources? What
possible uses and applications can you envision for lasers and masers?

19-15 Why is a population inversion between two atomic levels necessary for laser action to occur?

19-16 What is a metastable state? What role do such states play in the operation of a laser?

19-17 Why is it difficult to build an X-ray laser?



Sppendix L
The International System of Units

1. The SI Base Units

Quantity Name Symbol Definition

It is defined as the length of the path travelled by

length t .
=g faeter o light in vacuum in 1/299792458 of a second(1983)

The kilogram is defined as being equal to the mass of
mass kilogram kg the International Prototype Kilogram(a certain plati-
num-iridium cylinder, 1889)

The second has been defined to be the duration of
. 9192 631 770 periods of the radiation corresponding
time second s " .
to the transition between the two hyperfine levels of

the ground state of the caesium 133 atom(1967)

The constant current that will produce an attractive
force of 2 X 1077 Newton per meter of length be-
electric current Ampere A tween two straight, parallel conductors of infinite
length and negligible circular cross section placed

one metre apart in a vacuum(1946)

The kelvin is defined as the fraction 1/273. 16 of the
Kelvin K thermodynamic temperature of the triple point of
water(1967)

thermodynamic

temperature

The mole is defined as an amount of a substance that
amount of substance mole mol contains as many elementary entities as there are at-

oms in 12 grams of pure carbon-12 (1971)

The candela is the luminous intensity, in a given di-
rection, of a source that emits monochromatic radia-
luminous intensity candela cd tion of frequency 540X 102 Hertz and that has a ra-
diant intensity in that direction of 1/683 Watt per
steradian(1979)

2. Some SI Derived Units

Quantity Name of unit Symbol

area square meter m?

volume cubic meter m?
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table continued

Quantity Name of unit Symbol
frequency Hertz Hz s !
mass density kilogram per cubic meter kg/m?
speed, velocity meter per second m/s
angular velocity radian per second rad/s
acceleration meter per second squared m/s?
angular acceleration radian per second squared rad/s?
force Newton N kg » m/s?
pressure Pascal Pa N/m?
work, energy, heat Joule JNe+m
power Watt W ]/s
quantity of electricity Coulomb CA-s
potential difference electromotive force Volt vV W/A
electric field strength Volt per meter V/m
electric resistance Ohm QV/A
capacitance Farad FA-s/V
magnetic flux Weber Wb Ves
inductance Henry HV-.s/A
magnetic field tesla T Wb/m?
magnetic field strength ampere per meter A/m
entropy joule per kelvin J/K
specific heat capacity joule per kilogram kelvin J/(kg - K)
thermal conductivity watt per meter kelvin J/(m+ K)

radiant intensity

watt per steradian

W/sr




Appendix 2 _
Some Fundamental Constants
of Physics”™

Constant Symbol Values and units
speed of light in a vacuum ¢ 299 792 458 m/s
vacuum permeability 40 12. 566 370 61 X107 "N/A?
vacuum permittivity €0 8. 854 187 817X10 2F/m
gravitational constant G 6. 67384(80) X101 m3/(kg =+ s?)
Planck constant h 6.626 069 57(29) X10 3] » s
reduced Planck constant h 1. 054 571 726(47) X10 %] = s
elementary charge e 1. 602 176 565(35) X107 1C
electron mass me 9.109 382 91(40) X 10 kg
proton mass mp 1.672 621 777(74) X 10 ?"kg
proton-electron mass ratio mp/me 1836. 152 672 45(75)
neutron mass Mn 1.674 927 351(74) X 10 %" kg
Avogadro constant Na 6.02214129(27) X 10% mol !
universal gas constant R 8. 314 4621(75)]/(K » mol)
Boltzmann constant k 1. 380 6488(13) X 10 #]J/K
atomic mass unit u 1. 660 538 921(73) X 10 %" kg
Rydberg constant R 10 973 731.568 539(55)m ™!

* The 2010 CODATA recommended values.
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argument
associated
aviation
barometer
bombard
botanist
bump
calibrate
climb
compressor
condensation
crucial
cylinder
diatomic
diffusion
dimensionless
discrete
dissolution
disturbance
drumbeat
equilibrium
equipartition
erratic
excessively
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Chapter 10

fluctuation
gauge

grain
hypothesis
intrinsically
lonization gauge
lonization
jaggedly
methane
monatomic
normalizing
pointlike
pollen
polyatomic
probable speed
realm
repulsive
riddle
temperature
thermometer
Tibet
vaporization
vessel
vigorous
withdraw

zigzag

Chapter 11

compression
contradiction
criterion
cyclical
directivity
dissipate
entropy

evacuate
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exhaust value
expenditure
gasoline
ignite
infinitesimal
intake value
interstellar
intrinsic
irrespective
irrelative
irreversible
1sobaric
isochoric
isothermal
knob

lead shots
logarithm
merge

acoustic
amplitude
circumference
critical

damped vibration
ellipse
equilibrium
execute

forced vibration
frequency
immerse

initial phase
mechanical vibration
overdamped
period

phase angle

activate
adjacent
alternatively
condensation
crest
deformation
diffract

disturbance
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schematic
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suck
superimpose
swindle
synchronism
take for granted
violation

Chapter 12

plasma
projection
quadrant
resonance
response
restoring force
SHM

simple pendulum
stiffness
suspend

swing

torsion pendulum
transient

twist

underdamping

Chapter 13

emanate

energy flow

half a wavelength
homogeneous
Huygens’ principle
incident & reflected
infrared

interference
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272 _ Words

1sotropic
longitudinal
medium
modulus

node & antinode
obstacle

partial derivative
periodical

pinch

pitch

postulate
prominent
propagate
rarefaction
ripple

segment
spherical

standing wave

antenna
astronomy
compensate
cuboid
deliver
microwave
oven
radioactive
spectroscopy

aberration

Airy disk
analyzer
angstrom
anisotropic
antireflecting film
aperture

biaxial

Brewster angle
bright fringe
cadmium

calcite

celluloid

cement

chromatic dispersion
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strain

stress

string
successively
tensile
transverse
trough
trumpet
tuning fork
ultraviolet
waveform
wave front
wavefunction
wave intensity
wavelength
wavelets

whistle

Chapter 14

spectrum
spur
stratosphere
therapy
transformer
transmission
transmitter

zenith

Chapter 15

concave
conjugate
contour
converging
convex

corrode
curvature
cylindrical

dark fringe
dichroism
diffraction
diverging
dualistic
elaborate
elliptical surface
embed
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equal-inclination
extraordinary
eyepiece
filament

focus

Fresnel

fuzzy
geometrical
glare

glossy surface
grating

grind

groove
homogeneous
image
incandescent lamp
index of refraction
interface
interference
interferometer
isotropic

lateral
magnification
monochromatic
nanometer
normal

oblique

opaque
optical-thickness

alpha particle
assign
complex
consistent
contract
cornerstone
cosmic
departure
dilation
ether

fission
galactic
homogeneity
ingredient
intuition
lifetime

meterstick
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orientation
paraxial
pincushion
plane-polarized
polarization
polarizer
polaroid

prism

Rayleigh criterion
resolving power
resonant cavity
sodium

spacing

spectral line
spliter

stack

stress
superimpose
symmetrical
thin lens
tourmaline
transparent
uniaxial
unpolarized light
unpolarized
violet

virtual
wavetrain

wedge-shaped film

Chapter 16

moving mass
muon

neutrino
paradox
photon

proper

quasar
radioactive
relativity

rest mass
shrink
simultaneity
simultaneously
time-space interval
transformation

ultimate
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_?ﬁ# ) Words

absorption
absorptivity
ammeter
billiard
black body
catastrophe
Compton
conflict
corpuscle

* discrepancy
discrete
emission
emissivity

empirical

ad hoc
alkalis
awesome
azimuthal
Bohr’s radius
cease
coincide
collimate
configuration
crystallite
De Broglie’s postulate
degeneracy
deteriorate
diaphragm
dislocation
eigenfunction
eigenvalue
eutectic
excess
excited state
exclusion
fault

ground state
helical
hydrogenlike
hyperfine
inadequacy
inexplicable
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Chapter 17

facilitate

foil

graphite
incandescent
milestone
photoelectric
photoelectron
Planck constant
potassium
quantization
radiancy
saturation
stopping potential

thermal radiation

Chapter 18

infinite potential well
inherently
interplanar

lonize

lattice
morphology
normalize
orientation
outset

pin

plum pudding
polycrystalline
proton

quantum number
quantum

realm

Rydberg constant
screw

spin

stationary
tentative

tinker
transcendental
transition
triumph
uncertainty principle
visualize

wave-particle duality
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acronym
adjacent
agitation
alternation
alter
amorphous
Arsenic

bias

brittle
compressible
covalent
depletion
deviation
dielectric
disruptive
doping

focus
gradient
hypothetical
imperfection
impurity
indistinguishable
Indium
interpenetrate

intimate
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Chapter 19

junction
laser
marvelously
metastable
nestle
noncrystalline
overlap
parallelepiped
pellet
protein
pumping
rectifier
resonator
retain

ruby
scarcity
shatter
silicon

split

spoil
spontaneous
stimulate
sustain
twofold

versatility
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Answers to Problems

Chapter 10

10-1 (1) 2.4X107°m?, 4. 14kg/m*® (2) 1170K,1. Okg/m’ 10-2 0.732cm 10-3 76. 7cmHg

10-4 1.4X10°N/n?’ 10-5 1890N/m? 10-6 2mmni? 10-8 400m/s 1009 2.69X10'"!/m®

10-10 (1)551m/s (2)32X10"*kg/mol, Oxygen

10-11 (1) 2.45X10%/m® (2) 1.3kg/m® (3) 5.3X10%g (4) 3.44X10°m (5) 6.21X107%]
(6) 1.56X10"%], 0.25X107*

10-12 6.21X1072], 483m/s, 1934m/s 10-13 (1) 3.74X10%]  (2) 2.49X10%], 20. 8]

10-14 1.60X107¥]J, 7. 74X 10°K 10-15 (1) 12.5]J, 20. 8], 24.9] (2) 0.74], 10. 4]

10-16 (1) 5.23X10%s7! (2) 7.03X10%s7! 10-17 (1)8.2X10 ¥ m (2) 8.5X107*m

10-18 5.6 km

10-19 (1) average score:60.6 (2) root mean square score: 63. 3
(3) the most probable score: 65. 0, the fraction of the number lines in this range: 24.2%

10-21 0.4% 10-22 1.1 10-23 0.83%

10-24 (Da =2N/3vw (2) yv,= w (3) 33.3%, 50%, 16.7%

1025 dNj, — %\' (KDY /Eye ¥ dE,, Ey = 5kT, —mf=2E, 1026 4.5X10's"
T
10-28 N,/N, = e ¥ = 2. 747 —0 it means that nearly all of the atoms are at the ground state, at room
temperature.

10-29 2.3 km 10-30 510mmHg = 0.68X10°Pa  10-31 342K, 608K, 78%

Chapter 11

11-1 169], 2087] 11-2 597] 11-3  (1)7928] (2) 5663] (3) 2265]

11-4 (1) 6cal (2) —43cal (3) 10cal (4) 18cal, 18cal

11-5 (1) 1500 J, 900 J, 600 ] (2) 1830 ], 1230 J, 600 ]

11-6 2.26X10°] 11-7 (2) 872 ], 249 ], 623 J; 1245 ], 0, 1245 ]; 691 ], 691 ], O

11-9 (2) 0.25 L, 1. 32 atm 11-10 (1) 5 atm, 273 K, —1141 K; (2) 9.5 atm, 250 K, —1595 ]

11-11 (1) 70.2J,70.2J]J,0 (2)0,61.3], —61.3] 11-13 (2)7200] (3)960] (4) 13%

11-14 (2)21% 11-15 25%, 627], 1881] 11-16 (1) 26.8% (2) 27.42X10'] (3) 20.05X10*]

11-17 (1) 49. 4kcal (2) 31.0 k] 11-18 (1) 3.3X10*] (2) 3.67X10° ]

11-19 (1) 7.14] (2) 200] (3) 500 ] 11-20 2092 ]

11-24 There are 7 possible macro-states: (6, 0), (5, 1), (4, 2), (3, 3), (2, 4), (1, 5), (0, 6). The
corresponding numbers of microstates are 1, 6, 15, 20, 15, 6,1 respectively.

11-25 108.9 J/K 11-26 5.4 J/K 11-27 17.3 J/K

Chapter 12

_ _ on LS _ s . [ 2m s
12-1 1—3.OOX102cos(?t+I)m. v=—3,77X 10 zsm(?erT)m/s

a=—4.74X IO_ZCOS(ZTHI“"—H‘)HI/SZ
5 4



12-2

12-3
12-5
12-6
12-7
12-8
12-9
12-11
12-12

12-14
12-15
12-16

12-18
12-20

13-1
13-2

13-3

13-4
13-5

13-6

13-7

13-8

13-9

13-10

13-11

13-12

Answers to Problems

(1) 25X10N, (2)0.28s 12-4 2s, 0.25m, — 1. 4m/s, — 2. 5m/s*, 7x/3
(a)0or2x (b)) n/2 (@ xn (d —=/2

(1) 2.5 N/m (2)1.2X1072m (3) 2 Hz

(D4ds (2) 2=3.7X102cos(0.5xtd)m, 2.9 X 10 ?m/s’

(1) z=0. 120cos (xt—x/3>m  (2) 0.104m, —0. 188m/s, —1.03m/s* (3) 0.83 s
0.196m 1210 (1) 0.44 s (2) 4.9X107%m, 0 (3)z=4.9X10 *cosl0y/2¢t m

(1) 0.510 m (2) 0.200 m, 3.00 m/s (3) z=0.510cos(2 /10:—1.20)m
x = 0.100cos (30t — x/2>m 12-13 T =10.54 s,z = 0. 2cos(3. Tnt+n/2>m
B = "+1k By — (n 1)k (by = by = 2k forn = 1)

(D s (2)2X107° ] (3) £7X107° m

o [m+M _ m' mu
(1) T=2=x “p (2) E= 2m M’ —k(m+M)
Ex = 3E/4, E, = E/4 12-19 = 0.078cos(10z+ 1. 48> (SD
x = 2AcosCwt +x/3D

Chapter 13

(1) 0.567m, 2.5m, 8.83m (2) 1.7X10*m, 7.5X10%*m, 2.65X10 ?m
(D yZAcos(lOO-rr—n — g )(SI) (2) ys=Acos(100mt—5. 50 (SD  (3) =

x
y=0. 1cos[4n(t+7)+—2"—:| m
(1> 2m, 0.8s, 2.5 m/s (2) y»=0.2cos(2.5nt—m)m (3) x =2 m

(1) y=0. 2cos(60+6x)m
_ 1S — —
@ z.=(kE—10)m, £=0,+1,%2,;5=(

kx
5

2k+1
6

(3) v=5/3 m/s=1.67 m/s, t.=(F—6)s, £=10,11,12,~

_ 2n Fis
(1) y—Acos(wt—TI‘l—? ) (SDhH

(2) yr=7y,=Asin -27“1(81), V5T/4 = YT/4 =ACOS(ZTKI‘_‘TE)(SD

(1) y = 3cos(4nt+Ex—x)(SD, 35 = 3cos(4nt— ) (SD

(2) y= 3cos(41tt—3—x)(SI), yp = 3cos(4nt——g—1r) (SD

5

(D y=Acos| w(t—E=2)+8] (@ y=Acos| w(t+EE4)14]

(1) yo = 2 X 10” cos(-:+ : )m (@ y= 2x1o*2cos[2n(%—%)+—3"—]m
(3) 3o = 2X 10 cos (Fz— 2 n)m

y = 0.Tcos(7mt— 55 + 5 )m

.4
(D y—Acos[Zn(ZSOt s )t 4]

(2) yo = Acos(SOOnt+%n m, o = SOOmAsm(SOOmt-i-—n)

(1)a and d up, b and ¢ down (2)y=4><1042cos(1007rt+57r —%)m

x—10)m, k=0,+1,%2-

277
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(1) 0.140m, —n/4 (2) 4. 44m/s, 140my/s’, 140N (3) z=0. 14lcos|:10nz—|—(—%)]m
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Answers to Problems

13-13 (1) y=0. lcos[n(t—Sx) +%:lm (2) y, = 0. 1cosmt m

13-14 (1)1.58 X 10°W/m?; (2)3.79 X 10°]
13-15 (1) 1.27 X 107*W/m?, 3.18 X 10 W/m* (2) 4.2 X 107"]/m?, 1.06 X 10 "' J/m’
13-16 (1) 3X10°]/m*, 6 X 107°]/m* (2) 4.62X107"]

13-17 x=00—km (k=0,%£1,£2,, =D 13-18 12-—,k=i—1,i2,i3,"',i[*]

13-19 (D Ap=17.2r (2) p=—72 =—0.4n
1320 (DA=0 (2)2A

(3) 2A where r = %(2k+ D&k =0,1,2,-+,8),0 where r = —j}—(Zk—%—Z)(k =—1,0, 1, «=,7)
13-21 The reflected waveform is the same as that of incident waveform at time ¢.
1322y, = Acos(wt + 2% — 451 ) (SD
13-23 (1) y=0. lcosn xcosm t m

(2) =k m(£=0,1,2,-) for crests;I:%(Zk“Fl)m(k:O,1.2,'“)for troughs

(3) A = 0.081m for the point x = 1.2 m
1324 A = 1m,v=25Hz, v= 25m/s, A = 0.04 m 13-25 (1) 1107 Hz (2) 912 Hz
13-26 (1) 1214 Hz (2) 823 Hz 13-27 (1) 467 Hz (2) 494 Hz

Chapter 14

14-1 [, =0.64 A 142 I,=0.15A 14-3 1.1X10"'s 14-4 2.65X 10 *Hz
14-5 8.5xX107 A/m 14-6 H, =—5.7X10%cos[ x 10" (¢t —x/c) ]

14-7 0. 265A/m, along negative x axis 14-8 1.2X10°W/md’

149 E = 12.2sin[ 1. 22x X 10% ¢+ (p:IV/m,H = 3.25 X 10 %sin[ 1. 227 X 10¥ ¢+ oJA/m
14-10 E, = 103.0X 10 V/m,B, = 3.42 X 10°T 14-11 300 m

14-12 (1)3.75X10°m (2)E;, =8.61 V/m,H; = 2.28 X 10 2A/m

Chapter 15

15-1 24.0° 15-2 16. 7cm, oo, —10. Ocm 15-3 15.0cm, oo, —10. Ocm

15-4 (D)6 = 24.0° (2)5.00 X 10" Hz, 2.44 X 10* m/s, 4.88X 10 "m (3) 11.1 cm, 11.3 em
15-5  7.20 X 107% mm 15-6 (1) 0.573° (2) 5.00 mm

15-7 3.60 X107 cm 15-8 6.64 <10 °m

159 (1)3.2X10°rad  (2) the 3" bright fringe  (3) the 3™ bright fringes and the 3™ dark fringes
15-10 concave 15-11 584nm, 417nm, 324nm 15-12 1.22 15-13 1.00m

15-14 1.003 15-15 (1) 1.3X10°%m (2) 433 nm 15-16 (1) 0.49 mm (2) 525 nm

15-17 692 nm, 519 nm, 415 nm 15-18 (1) 2.0X10°%m; (2)6 15-19 7 bright fringes
15-20 (1) 2.24 X10* rad (2) 5. 80 km 15-21  6.69 X 1072 nm 15-22 71.6°

15-23 (1) 54.7° (2) 35.3° 1524 21% 1525 et _ o

I unpolarized

15-26 (1) It is not diamond (2) 55. 3° 15-27 (1) 32° (2) 1.6

Chapter 16

16-1 138 km, —372 ps 16-2 0.0, 2.5 ps, event 2 earlier for s,

16-3 (1) 29.2 pus (2) The blue first 16-4 (1) —0.84c¢ (2) The red first (3) 4. 38 pus
16-5 0.99¢ 166 4.45x 10 *s 16-7 (1W3/2¢ (2) 2

16-8 (1) 26.0 years (2) 52.0 years (3) 26.0 years
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16-9 (2) 0. 999998¢ 16-10 0. 97¢

16-11 E=2.29myc?, Ex=1.29moc?, m=2.29 my, p=2. 06myc

16-12  6.3X10°V, p = 1. 33myc, E = 1. 67m,c?

16-13 (1) 0.94c (2) 0.87c¢ 16-14 2/2myc 16-15 (1) 0.002myc®  (2) 2. 064 myc®

Chapter 17

17-1 483 nm 172 (1) 408X 10°kg (2)6.4x107" 17-3  936. 35 nm 17-4 (1) 545. 4 nm
17-5 (1) 2.01 eV (2)0 (3) 2.01 (4) 295.6 nm 17-6 (1) 1.82 eV (2) 383 nm

17-8 2. 245 X 10" 1799 0.053 X 10 m, 0.074 X 10 m, 0. 098 X 10 “m

17-10 (1) 2.403 X 10 ""m (2)2.436 X 10 m 17-11 32 17-12 180°, 2A.

Chapter 18

18-2 121.5 nm, 102.5 nm, 912 nm, 0.2 eV, 12.1 eV, 13.6 ¢V 18-3 2.18 X 10°m/s

18-4 921 nm, 13.46 eV, 7.18 X 10°?", 4.3 m/s 18-5 912 nm, 828 nm, 228 nm

18-6 0.85 eV 18-7 1.5 X 10°m/s 18-8 (1) 1.65X 10 *m

18-9 (1) 3.31xX10°%  (2)9.93 X107  (3)8.18 X 10, 6/1000 18-10 1.096 X 10 " m
1811 (1D5X10"'m (2)5mm (3)5m 18-12 1.83 X 10 #m’

18-14 Ae B/ e/t 18-15 2/a 18-17 0. 40 18-18 14
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