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Chapter 1
System Model

1.1 Introduction

In control theory research, the system model should be set up first. In this chapter,
different kinds of models are discussed and some examples are given to show how to set
up a model of a system. The relationships between these model types are also described.

1.2 Models of Systems

A mathematical expression that appropriately relates the physical system quantities
to the system components is called the mathematical model of a system.

There are basically two types of system description; one is the external description,
called the input-output description. The other is the internal one, called the state-space
description. In the former one, a system in operation involves the following three
elements: the system’s input (or excitation), the system itself, and the system’s output (or
response). This description just reveals the casual relationship between the external
variables (the input and the output) without characterizing the internal structure. In the
later one, the description is a class of mathematic models based on the analysis of the
internal structure of the system. It is a classical modern approach of describing a system.
Correspondingly, there are two types of mathematical models of the system, which can
facilitate the system analysis (it is well known that in order to analyze a system, the
mathematical model must be available).

The input-output description of the system will be introduced in Section 1.2.1 and
1.2.2 in the differential equation and the transfer function form; the state-space model will
be presented in Section 1.2.3.

1.2.1 Differential Equation

The differential equation is the fundamental mathematical model of a system. This

L



description includes all the linearly independent equations of a system, as well as the
appropriate initial conditions. The differential equation method is demonstrated by the
following examples.
Example 1.1 Consider the network shown in Fig.1.1, where R ,C and L stand for the
resistance, the capacitance and the inductance of the circuit respectively. Derive the
network’s differential equation mathematical model.

ﬂ

Y'Y Y
L

u (1) +
(voltage @ i@ uc() == C
source) -

| —
| S |

R

Fig.1.1 RLC network

Solution

Applying the Kirchhoff’s voltage law,

di 1 )
L:1;+E ozdt+Rl—v(t) (1-1)

The above integro-differential equation constitutes a mathematical description of the

network. This model is a second-order differential equation. Two appropriate initial
conditions should be given to complete the description. The inductor’s currenti; (f) and

the capacitor’s voltage v¢(f) at the instant that the switch closes (atz =0 ) are adopted as
initial conditions:
iL(0)=1o
ve(0) =W
where Iy and ¥, are given constants.
The integro-differential equation and the two initial conditions thus constitute a
complete description of the network shown in Fig.1.1.
Example 1.2 Consider the network shown in Fig.1.2, where R ,C and L stand for the

resistance, the capacitance and the inductance of the circuit respectively. We assign the
current of the inductance L,(x =1,2) as ix(x=1,2), and the voltage of the capacitance

Ci(x=1,2) as vs(x=1,2) . Derive the network’s differential equation mathematical

model.



Uct iy

(current . : +
source) ¥ Ry TG [] Ry
I h

Fig.1.2 A three-loop network

h
)
-—

Solution

The differential equation method for describing this network is based on the three
differential equations which arise by applying the Kirchhoff’s current law. These three
loop equations are

di
= —]'+ uc + Riiz =0

dt
dir .
—uci + Ly —+ Ryiy =0 (1-28.)
dt
Lzﬂ—[’li"——ucz =0
dt

By applying the Kirchhoff’s voltage law,
duc, -0
dt

i+is+i—Cy

24 i =0 (1-2b)
dt

C; i +ip—iy =
dt

the initial conditions are vc1 (0) = veio, ve2 (0) =veaandin (0) =iz, i (0)=ino .
Example 1.3 Consider the mechanical system shown in Fig.1.3, where y,K,m and B
are the position of the mass, the spring’s constant, the mass, and the friction coefficient
respectively. Derive the system’s differential equation mathematical model.
Solution

By using the d’Alembert’s law of forces, the following differential equation is
obtained

dy _dy
m;'t7+BZ+Ky=f(t) (1-3)



VU]

Fig.1.3 A spring and a mass

The initial conditions of the above equation are the distance y(f) and the velocity
v(t)=dy/dt at the instant t=0, ie., at the instant when the external force f(f) is

applied. Therefore the initial conditions are
=% and v(0>=[ﬂ} %
d t=0

where ¥ and ¥, are given constants.

The differential equations and the two initial conditions constitute the complete
description of the mechanical system shown in Fig.1.3.
Remark 1.2.1

A differential equation is a description in the time domain which can be applied to
many categories of systems, such as linear and nonlinear system, time-invariant and
time-variant system, with lumped and distributed parameters, zero and nonzero initial
conditions and many others.

1.2.2 Transfer Function

In contrast to the differential equation, which is a description in the time domain, the
transfer function model is a description in the Laplace domain and holds only for a
restricted category of systems, i.e., for linear time-invariant systems with zero initial
conditions. The transfer function is designated by G(s) and is defined as follows.
Definition

The transfer function G(s) of a linear, time-invariant system with zero initial
conditions is the ratio of the Laplace transform of the output y(z) to the Laplace
transform of the input u(?), i.e.,

° 4 .



L@} _1(s)
L{u(t)} U(s)
The introductory examples used in Section 1.2.1 will also be used for the derivation
of their transfer functions.
Example 1.4 Consider the network shown in Fig.1.1. Derive the transfer function
G(s)=1()/V(s) -
Solution
Fig.1.1, in the Laplace domain and with zero initial conditions I, and ¥, can be

shown in Fig.1.4. From the Kirchhoff’s voltage law,

G(s)= (1-4)

LsI(s) + RI(s) + I(s )—V( ) (1-5)
The transfer function is
G(s) = I(s) _ 1(s) Cs (1-6)
V(s) {LHM ]1( ) T LCs* +RCs+1
Cs
Ls
Y Y Y\
e IiD lf =

R

Fig.1.4 RLC circuit

When the voltage Vz(s) across the resistor is chosen as the output, the transfer

function becomes

G(s)= Vr(s) _ RI(s) _ : RCs a-7
V(s) V(s) LCs*+RCs+1

Example 1.5 Consider the electrical network shown in Fig.1.2. Determine the transfer
function G(s) = L (s)/V (s) .
Solution

This network, in the Laplace domain and with zero initial conditions, is shown in
Fig.1.5. The equations for the two loops can be expressed:

[Rl +é}11 )1 =F (9 (1-82)
—é]1(s)+|:R2+LS+éi|12(S)=0 (1-8b)



R] RZ

BiOE 1

| IRIE ey l | S
T ORIy

Fig.1.5 A two-loop network

Equation (1-8b) yields

Ii(s)=[ LCs? + R,Cs +1]I2(s) (1-9)
Substituting equation (1-9) into equation(1-8a),
(RiCs +1)(LCs?* + R,Cs + 1)1 (s) — I>(s) = CsV(s) (1-10)
Hence
G(S)= Iz(s) _ Cs
V(s) (RiCs+1)(LCs*+R,Cs+1)—1
. (1-11)

" RLCs+(RRC+L)s+ R + R

Example 1.6 Consider the mechanical system shown in Fig.1.3. Determine the transfer
function G(s) = Y(s)/F(s) .
Solution

This system, in the Laplace domain and with zero initial conditions, is shown in
Fig.1.6.

Bs

F(s)
Fig.1.6 A spring and a mass
Using the d’Alembert’s law of forces,

e 6



ms>Y(s) + BsY(s) + KY(s) = F(s) (1-12)

the transfer function is
_Y(s) 1

G —
<) F(s) ms*+Bs+K

(1-13)

Remark 1.2.2
In the above examples, it can be seen that the transfer function G(s) is the ratio of

two polynomials in the Laplace domain. In general, G(s) has the following form

m m=1 4 ... ﬁ(S‘l'Zi)
Pns™ + Bmas™ + +ﬂls+ﬂO=Kz=1 (1-14)

n
r.I'I=l(s+p,~)

where -p; (i=1,2,**-,n) are the roots of the denominator which are called the poles of

G(s)=

$"+aus" ot aus + o

G(s), and -z are the roots of the numerator which are called the zeros of G(s).

Poles and zeros, particularly the poles, play a significant role in the behavior of a
system.

1.2.3 The State-space Model

The state-space model is a description in the time domain which may be applied to a
very wide category of systems, such as linear and nonlinear systems, time-invariant and
time-variant systems, systems with nonzero initial conditions, etc. The term state of a
system refers to the past, present, and future of the system. From the mathematical point
of view, the state of a system is expressed by its state variables. Usually, a system is

described by a finite number of state variables, which are designated by
x1 (1), x2(2),--,x, () and are defined as follows.

1. Definition
The state variables x(7),x:(¢), -+, x,(t) of a system are defined as a (minimum)

number of variables such that if we know

(a) their values at a certain instant f;

(b) the input of the system for 7> 1y;

(c) the mathematical model which relates the inputs, the state variables, and the
system itself;
then the determination of the system’s states for > fy is guaranteed.

Consider a system with multi-inputs and multi-outputs (MIMO), as shown in Fig.1.7.



uy () ———— ()

uy () ———— S 10)]

System

U (f) ———> ——— %

x () x () xa(f)

Fig.1.7 System with multi inputs and multi outputs

The input vector is designated by () and has the form

up (t )
4
u(t) = "2:() (1-15)
Um (1)
where m is the number of inputs. The output vector is designated by y(f) and has the
form
[ 1@ ]
ya2(1)
y@)=|"". (1-16)
B (z )_
where p is the number of outputs. The state vector x(t) has the form
e
t
x(t) = xzf) (1-17)
[ %n (?)

where n is the number of state variables.

The state equations are a number of n first-order differential equations which relate
the input vector u(¢) to the state vector x(¢f) and have the form

(@)= f[x(t),u()] (1-18)
where f(-) is a column with 7 elements. The function f(-), in general, is a complex
nonlinear function of x(¢#) and u(f). Note that equation (1-18) is a set of dynamic

equations.
The output vector y(¢) of the system is related to the input vector u(f) and the

state vector x(z) as follows:
V(1) = g[x(0),u(®)] (1-19)

s R



where g() is a column with p elements. Relation (1-19) is called the output equation.
The function g() is generally a complex nonlinear function of x(f) and u(¢). Note
that equation (1-19) is a set of algebraic (non-dynamic) equations.
The initial conditions of the state-space equations (1-18) are the values of the
elements of the state vector x(¢) for 7=1# and are denoted as
x(f)

x2(t)

x(f) = x0 = (1-20)

Xn (to )

The state-space equations (1-18), the output equation (1-19), and the initial
conditions (1-20), i.e., the following equations, constitute the description of a dynamic
system in the state space.

x(t) = f [x(0),u(@®))] (1-21a)
y(0) = g[x(0),u(®)] (1-21b)
x(to) = xo (1-21¢)

Since the dynamic state equation (1-21a) plays a dominate role in equations (1-21),
all the three equations in (1-21), will be called, for simplicity, state equations.
When the system is a linear stationary one, the state space model is
%(t)= Ax(t)+ Bu(1)

»(2)=Cx(t)+ Du(r) (1-22)

where A is the systematic matrix; B is the input/control matrix; C is the output matrix and
D is the direct transfer matrix.

The state equations (1-21) are, in the field of automatic control, the modern method
of system description. Thus the state-space model relates the following four elements: the
input, the system, the state variables, and the output. In contrast, the differential equations
and the transfer function relate three elements: the input, the system and the output—
wherein the input is related to the output via the system directly (i.e., without giving
information about the state of the system). It is exactly for this reason that these two
models are called input-output model.

2. The construction of the state space model

There are three ways to set up the state space model which can be based on:
(1) the transform of the block diagram;
(2) the first-principal modeling;



(3) the input-output model.

Each way will be described in detail and examples will be given.
The transform of the block diagram
Example 1.7 The system block diagram is shown in Fig.1.8(a), where u is the input and
y is the output. Try to deduce the state-space equations.

u K] Kz 53_ y
+ — Tis+1 Trs+l1 Ts
Ky
Fig.1.8 (a)
W K X3 J’ x3 K b J' x2 K x1 I X =y
+ _ Ty + _ T; + — T
1 1
Tl TZ
K,
Fig.1.8 (b)

Solution
The structure of each link part is shown in Fig.1.8 (b), thus the relative equations can
be derived as follows:

ity
1 B 2
. . 1 K
The state equations: 1 =——X+——x3 (1-23)
n V)
1 KKy K
X3 =——X3 — Xl +—Uu
L n I i
The output equation: y=xa
The above equations can be rewritten in the vector-matrix form,
- 1
0 % 0
31 K 0
x=| 0 —— Zlx+| 0 |u
L B (1-24)
K
KiK4 1 —
- 0 —| L%
| & T |
y=[1 0 0]x

10 -



The first-principal modelling

When a physical system is given, the mechanism analysis can be carried out, with
proper assumption and simplification. The mechanism model can be set up with chosen
inputs and outputs. If the middle variables are eliminated, then the differential equation
mentioned above can be obtained. If the middle variables are chosen as the state variables,

then the state space model can be achieved.
Example 1.8 Consider the system shown in Fig.1.9. The current of Cj;are C,uci2

respectively, and the voltage of Lj,are L. The input is the current source, and the
outputs are the voltages of capacitances Ciand C;. Derive the system’s state space

representation.

(current i
source) ‘ R

1]
D” +§
.
kg

Fig.1.9 A three-loop network

Solution

The differential equations method for describing this network is based on the three
differential equations which arise by applying the Kirchhoff’s voltage law. These three
loop equations are

di
-1 —l+ ucy + Riiz =0
dt

di
—ucy + Ly — + Ryiy =0
dt

diy di
Ly——-Li—-ucy; =0
2 dt 1 dr C2
By applying the Kirchhoff’s current law,
P =G =
dt

duci
Ci——+i+ih =0
dt

e 11 e



ducz

+iy — iy =0

Define
Ug = X1, Uc, =X2
h=x3, I2=2Xx4

The system’s state space equation can be expressed as:

0 0 i L 0
C1 Cl
. R
1 1 R Ry x —_—
' 0 - - Cy(R + Ry)
X2 C, (R] + Rz) C, (Rl + Rz) Cz (R] +R ) X3 .
= - RiR, i (1-25)
X3 1 Rl R]Rz R1R2 X3 _L(R—R)
- — = = +
w) | L@R+R) LR +R) LR +R) | x ‘R'R ’
1 R RiR, RiR; —ﬁ
— - - - +
L LR+R) LR+R) L(R+R) L
X1
n (ua ) _ 1 0 0 0) x
y2) \ue,) (01 0 0)x3
X4

Example 1.9 Consider the mechanical system shown in Fig.1.10, where y,K,m and

B are the position of the mass, the spring’s constant, the mass, and the friction

coefficient respectively. In the role of external forces /', derive the system’s state space
representation where y;, y; are the outputs.

¢ K>
WV M\ P
M, M, __""'9
l m
il 1]
B, By
e —
——>>n —>n

Fig.1.10 The mass-spring-damper system

Solution
Choose the position i,y and the velocity vi,v; of the mass M, , M, as the state

LI .



variables.

x3=w=@ x4=vz—dy—2
dt’ dt
By using the Newton's laws of motion, for M, :
dn ay, dy1j dn
M,— =K -n)+B|—-— |-Kjy—B—
: dt (72 y1) 2( da dt S at
For M,:
) dy d}’l)
My—= f-K(pm—n)-B| —--=
? dt 4 Z(yz yl) 2[dt dt

with =f, we can get
X=X
X2 = X4

: 1 K 1 B
X3 = —E(Kl +K2)x1 +1—M—2-x2 —-———(Bl +Bz)JC3 +V2x4

1 M, 1
X4 = ﬁxl —-—sz +ﬁx3 —ﬂ.m
2 2 M, 2
The above equations can be expressed in a compact form :
0 0 1 0 0
X1 0 0 0 1 X1 0
z = —MLI(Kl +K2) —AI% ——A;—I(Bl+Bz) —:% Z + 0 |f (1-26)
X4 K> K B, _ B \xa L
My My My M M

The output equation is
X1
w) (1 0 0 0)x
R PR
X4
Example 1.10 Consider a cart with an inverted pendulum hinged on top of it as shown
in Fig.1.11. For simplicity, the cart and the pendulum are assumed to move in only one

plane, while the friction, the mass of the stick, and the gust of wind are disregarded. The

problem is to maintain the pendulum at the vertical position.

e 13



F——

Fig.1.11 The inverted pendulum system

Let H and V¥ be, respectively, the horizontal and vertical forces exerted by the cart on
the pendulum as shown. The application of the Newton’s law to the linear movements

yields

dZ
ML —u-H
dar*

2 . .
H=m%(y+lsin0) = mp + mlf cos @ — ml(0)* sin @
{5
2

mg -V = m%([ cos @) = mi[—@sin 6 — (6)? cos I]

The application of the Newton’s law to the rotational movement of the pendulum around
the hinge yields
mglsin@ =ml6 -1 + mjlcos
sinfd =6, cosd=1
mg=V
My=u-my-mlf, gbf=I6+7%
which imply
My=u—-mgl
Mié =(M+m)gf—-u
Define
x=y, 2=y, x3=0, x4 =6

Then the state space model can be derived as

e 14 »



[0 1 0 0 0
Xy —mg 0 X1 1
.72?2 M X2 H-
1-27
oo o x| o |* Q£7
X4 0 0 (M +m)g o |Lxe =
Mi N Mi
y=[1 0 0 0]x

Example 1.11 Consider a dc separately excited motor system shown in Fig. 1.12. In the
diagram, R and L stand for the resistance and inductance of the armature loop respectively.
J is the inertia of the rotating part, and B is the viscous friction coefficient. Develop the
state space equations when the armature voltage u is chosen as the control variable.

Fig.1.12 The system of dc separately excited motor

Since the inductance L and the rotating inertia J are energy storage elements, their
corresponding physical variables, e.g., the current i and the rotating angular speed @, are
independent with each other. They could be chosen as state variables:

x =i
X2 =W
then
da _di  dxy _ do

dt 4t dt dt

Using the circuit equations of the armature circuit,

L —d—l +Ri+e=u
dt
According to the dynamics equations, there is
742 | Bo=Kii
dt

According to the electromagnetic induction relationship, there is
e= Kba)

where, e is the back electromotive force; X,,k, are the torque constant and back
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electromotive force respectively.
According to the three equations above, the model of the system may be rewritten as:

Put xy =i, x; =winto the above equations, there is:
s ek bedh 1
X1 X1 —
W S E:
J J
If the angle speed @ is chosen to be the output, then

y=x=(0, 1)("‘}

X2

If the angle @ is chosen to be the output, then the above two state variables are not
enough to represent the dynamics of system, and another state variable x; should be

introduced

x3=6
So
B=0=x
State equation
R K 1
=== = 0l x|+ u 1-28
. J J 0 R
X3 X3
0
0 1 0
The output equation
X1
y=x3=(0 0 1) x
X3
The input-output model

When a system is given by the input-output model, i.e., transfer function or
differential equation, the state space model can be derived with the input-output model,
this process is called realization. Base on different types of the input-output model,
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different algorithm can be adopted for realization. The detail procedure can be found in
Section1.3.5.

1.3 Transition from One Mathematical Model to Another

As we know, every mathematical model has advantages and disadvantages: to take
the advantages of all mathematical models, one must have the flexibility of transition
from one model to another. This issue of transition from one mathematical model to
another is obviously of great practical and theoretical importance. In the following, we
present some of the transition methods.

1.3.1 From Differential Equation to Transfer Function for SISO Systems

Case 1. The right-hand side of the differential equation does not involve derivatives
Consider a SISO system described by the following differential equation
Y + @y YD ek oy D + iy = Pou (1-29)
where all the system’s initial conditions are assumed to be zero, ie., y®(0)=0, for
k=1,2,---,n—1. Applying the Laplace transform to equation (1-29) can result in:
S"Y(8) + Qnas" Y (8) + -+ s Y () + a0 Y (5) = LU (s)

Hence, the transfer function is given by

_TY@e) _ Po

G(s 1-30
(<) U(s) s"+apas" ! ++ais+ao (130)
Case 2. The right-hand side of the differential equation involves derivatives
Consider a SISO system described by the differential equation
YO 4 @ YD 4o+ YO + oy = Butt™ +---+ SV + Sou (1-31)

where m <n and all initial conditions are assumed to be zero, ie., y*(0)=0, for
k=0,1,---,n—1. We can determine the transfer equation (1-31) as follows: let z(¢) be
the solution of equation (1-29), with S, =1. Then, the superposition principle is used,
the solution y(f) of equation (1-31) will be obtained

V() = Bnz™ + Bpaz™ D+ 4 fizV + Boz (1-32)
Applying the Laplace transformation to equation (1-32), we obtain
Y(5) = Bus"Z(8) + Pu-1S"Z(s) + -+ BSZ(8) + S Z(s) (1-33)

Here, we have set z®(0)=0, for k=0,1,---,n—1. When S, =1, the solution of
equation (1-29) is z(¢) = y(¢) , where it is assumed that all initial conditions of y(¢) (and
hence of z(¢) ) are zero. In equation (1-30), when £, =1, we have
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Z(s)=l: ; : ]U(s) (1-34)
S"+ap1S"T +tais +ao
By substituting equation (1-34) into (1-33), the transfer function G(s) of the differential

equation (1-31) is obtained as:
G(s) = Y(s) _ ﬂmsm +ﬂm_1s'"_1 +"'+ﬁ15+ﬂ0
U(s) S" +an—1S"—l +..-+a]s+a0

(1-35)

Remark 1.3.1
The transfer function G(s) given by equation (1-35) can be easily derived from

equation (1-31) if we set s* in place of the kth derivative and replace y(¢) and u(r)
with Y(s) and U(s), respectively, i.e., we can derive equation (1-35) by replacing
y® (&) with s¥¥(s),and u®(t) with s*U(s) in equation (1-31).

1.3.2 From Transfer Function to Differential Equation for SISO Systems

Let a SISO system be described by equation (1-35). Then, working backwards the method
given in Remark 1.3.1, the differential equation (1-31) can be constructed by substituting s*
with the kth derivativeand Y(s) and U(s) with y(¢z) and u(¢), respectively.

1.3.3 From G{(s) to g(#) and Vice Versa
The matrices G(s) and g(7) are related through the Laplace transform:
L{g(t)} =G(s) or g(t)=L"{G(s)} (1-36)
1.3.4 From State Equations to Transfer Function Matrix

Consider a system described by the following state equations:
X(t) = Ax(¢) + Bu(?)
w(t) = Cx(t) + Du(t) (1-37)
x(to) = x(0) = xo
Take the Laplace transformation to both sides of equation (1-37)
sx(s) —x(0) = Ax(s) + Bu(s)
y(s) = Cx(s)+ Du(s)
x(s) = (sI — A) " x(0)+(sI — A) " Bu(s)
y(s) = C(sI = A)" x(0) + C(sI — A)~ Bu(s) + Du(s)
For zero initial condition, we have
y(s)=[ C(sI- 4)" B+D]u(s)
Then the system’s transfer function matrix G(s) is given by the relation
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G(s)=C(sI-A)'B+D (1-38)

Example 1.12 Derive the transfer function of the following state-space equation.

00 1 O 0 1
.10 0 0 1 1 1
X= X+ u
0 0 -1 0 1 0
00 0 -1 0 -2
1 0 00
= X
’Zlo1 00
Solution
00 1 O 0 1
00 0 1 1 1
A= s B= :C=1000;D=0,
00 -1 0 1 0 01 00
00 0 -1 0 -2
l 1
s s(s+1)
01 0 !
(s] - Ay = s s(s+1)
00 —— o
s+1
o0 o0
s+1 J

The result can be obtained according to (1-38)

L1
G(s)z s(s1+1) Sil
s s(s+1)

MATLAB can be adopted to computer this equation. Type
a=[0 01 0;,0 00 1;00 -10;000 -11;
b=[0 1;1 1;1 0;0 =2];
c=[1000;0100];
d=[0 0;0 0];
[N1,dl]=ss2tf(a,b,c,d,1)
[N2,d2]=ss2tf(a,b,c,d,2)
which yields
N1 =
0 0 1.0000 1.0000 0.0000
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0 1.0000 2.0000 1.0000 0

dl =
1 2 1 0 0
N2 =
0 1.0000 2.0000 1.0000 0
0 1.0000 0.0000 -1.0000 0.0000
dz2 =

1 2 | 0 0
Thus the transfer matrix is

st +s s34+ 25245
G(s)= st 4283 +52 st 4+25% +52
s3 +252+s sP—s

st 4253 +57 st +28% +52

By simplifying
11
s(s+1) s
G =
@=L
s s(s+1)

Here, [N1,d1]=ss2tf(a,b,c,d,1) computes the transfer matrix from the first input to all
outputs, e.g., the first column of G(s). N1 is the numerator coefficient of the first column

of G(s), dl is the denominator coefficient of the first column of G(s). In a similar way,
[N2,d2]=ss2tf(a,b,c,d,2) computes the transfer matrix from the second input to all outputs.

1.3.5 From Transfer Function Matrix to State Equations for SISO Systems
The transition from G(s) to state equations is the well-known problem of the

state-space realization. This is, in general, a difficult problem and has been, and still
remains, a topic to study. In the following, we will present some introductory results
regarding this problem.

Let a system be described by a scalar transfer function with the form

Y(s) ﬂn—lsn_l +ﬂn—-lsn_1 EEPREE ﬂls + ﬂo
G(S)'—"‘ = —
U(S) ST+ ap1s" T 1S+ Qo

(1-39)

or, equivalently, by the differential equation
y(") + an_ly(”_l) et aly(l) + aoy = ﬂ"u(") + ﬂn_lu("_l) cend ﬂu(l) + ﬂ)u (1_40)

Equation (1-40) can be expressed in the form of two equations as follows:
2™ + @z o+ iz +pz =u (1-41)
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YO =Pz -+ fizV + oz

(1-42)

Let z(t) be the solution of equation (1-41). Then, the solution of equation (1-40)

will be given by equation (1-42).
The state variables x;,x2,--+,x, are defined as follows:
x(t) =z(t)
x2(0) =200 = x" ()

x5(0)=z® (@) = x{(¢)

xa(0) = 20 (0) = x{ (1)
Substituting equation (1-42) into equation (1-41) can result in
Xn(t) =—paxa(t) — - —a1x2(t) —aox1(¢) + u(t)
Also, substituting equations (1-43) into equation (1-42) can result in
V(&) = Br1xn (@) + Pr-2X n1(£) + -+ + frx2(£) + fox1(2)

Equations (1-43)-(1-45) can be expressed in a matrix form:
x(t) = Ax(t) + bu(z)

y(&)=c"x(?)

where xT =(xi,x2,"*+,X,) and

0 1 0 0 0
0 0 1 0 0
A= :

0 0 0 0 1
|~@ —01 —a2 —Q3 ccr —Qp- |
FO'

0

b=|:
0
1]
" o ]
B

c=| :
B2
LB |

(1-43)

(1-44)

(1-45)

(1-46)

(1-47)

Hence, equations (1-46) constitute the state equations’ description of the transfer function

* 2] -



(1-39).

Due to the special form of matrix 4 and vector b, we say that the state equations

(1-46) are in phase canonical form, while the state variables are called phase variables.
Phase variables are, in general, state variables which are defined according to equations
(1-43); i.e., every state variable is the derivative of the previous one. In particular, the
special form of matrix 4 and vector b is characterized by:

If the first column and the last row in matrix 4 are deleted, thena (n—1)x(n—1)

unit matrix is revealed. Also, the elements of the last row of 4 are the coefficients of the
differential equation (1-40), placed in reverse order and all having negative signs. The
vector b has all its elements equal to zero, except for the nth element, which is equal

to one.

Example 1.13 The differential equation mathematical model of a system is given as

V+6y+41y+T7y=6u

Try to derive the state equation and the output equation.

Solution

We choose y/ 6,y /6,y /6 as the state variables

Then,

The state equation is

The output equation is

2D .

y » y
X] ==y X3 =—, X3 =—
'Y P76 776

-i'l = =x2

Jb2= =X3

o\ O

X3 =%=—7x, —4&l1x; —6x3 +u

X1 0 1 0\ x 0
X2 |=| 0 0 1 || x2 |+]|0|u
X3 -7 41 —-6) x; 1

X1
y=6x=(06 0 0)x
X3

(1-48)



1.4 Summary

Three kinds of models and their relationship are introduced in this chapter. Each type
of model has its merit and shortage. The transfer function is widely used in classical
control theory which mainly studies the SISO linear system in Laplace domain. The
differential equation is used in time domain, and the state space equation is commonly
used in modern control theory in which the MIMO (multi-input multi-output) system is
studied in time domain. The following contents of modern control theory which studies
the properties of a system and system synthesis are mainly based on the state space
description.

Appendix: Three Power Generation Models

Case 1. Thermal Power Generation

The fundamental dynamics of a 160 MW drum-type boiler-turbine-generator plant
can be represented by a third order MIMO coupling nonlinear model over a wide
operating range. Typically, the coordinated control governs the dominant behaviour of the
power unit through the power and steam pressure control loops, as shown in Fig.1.13.

coordinated unit controller

N
(Pressure
mapping load demand
Pressure load
controller controller

Combllxlsﬁon
controller ) P
steam ©

Generator

Fuel

VN

Fig.1.13 Coordinated control scheme

The inputs are positions of valve actuators that control the mass flow rates of fuel (u
in pu), steam to the turbine (u; in pu), and feedwater to the drum (u3in pu). The outputs
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are electric power (E in MW), drum steam pressure (P in kg/cm’), and drum water level
deviation(L in mm). The state variables are electric power (£), drum steam pressure (P),
and fluid (steam-water) density ( o, ). The state equations are:

(51_1: =0.9u —0.0018u> P*® — 0.15u3

a8 ((0.73u, —0.16)P*® — E)/10 (1-49)

dt

% = (141u3 — (1. 1u — 0.19)P)/85

The drum water level output is calculated using the following algebraic equations:
ge = (0.85u3 —0.14)P — 45.59u; — 2.51uz — 2.09

as =(1/p, —0.0015)/(1/(0.8P - 25.6) — 0.0015) (1-50)
L=50(0.13p, +60as +0.11g. —65.5)
where @ is the steam quality and ¢. is the evaporation rate(kg/s).
Define x;, x, and x3 to be the drum steam pressure (kg/cm?), the electric power

(MW ), and the steam-water fluid density in the drum, respectively. The output y; is the
drum water level (cm) calculated using two algebraic calculations s and g, which are
the steam quality and the evaporation rate (kg /s ).The input u;, u; and u; are normalized

positions of valve actuators that control the mass flow rates of fuel, steam to the turbine,
and feedwater to the drum ,respectively. Then the state-space equation becomes:

X1 =—0.0018u2%°"® +0.9u —0.15u3

iz =(0.073u2 —0.016) 1% - 0.1x;

% =[141u3 - (1.1 = 0.19) 31 |/ 85

n=x

A (1-51)
3 =0.05(0.13073x3 +1000tes + g /9~ 67.975)

_ (1-0.001538x; )(0.8x1 —25.6)
~ x3(1.0394-0.0012304x;)

ge =(0.845u —0.147) x1 +45.59 —2.514u3 —2.096

(&)

Case 2. Nuclear Power Generation
The water level model developed by E.Irving is a fourth-order transfer function
representation, with its power level dependent parameters listed in Table 1:
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Gy Gss
O Py e X

Y(s)= %(Qw () - 0u(s)) -

1+ 728

(1-52)
where Y(s), Qw(s) and O, (s) represent the water level, the feed-water flow-rate and the
steam flow-rate respectively. 71,70 and T are the damping time constants and the

oscillation period.

Tablel Parameters of The Steam Generator Model with Respect to Operating Power

P(%power) 5 15 30 50 100
gv(kg/s) 57.4 180.8 381.7 660 1435
G 0.058 0.058 0.058 0.058 0.058
G 9.63 4.46 1.83 1.05 0.47
Gs 0.181 0.226 0.310 0.215 0.105
n 419 26.3 434 34.8 28.6
I 48.4 21.5 45 36 3.4
T 119.6 60.5 17.7 142 117
Let

n(g:%(gw(s)—gv (s))

B (5)=-——(0u(s)-0.(5)) (1-53)

1+ 798

% (=g

2+ 472 T2 + 217 s + 52

Qu(s)

Define the state variables as shown in the Fig.1.14.

O e e L [
o
(@) %(s)
Gy X 1| *®
Oy
73!
(b) Ya(s)

¢« D5 e



X3 x.4 X4
T|_2—‘ 4m*T 2 —_

X3

1

|~

Ow Ga

2%t

(©) n(s)
Fig.1.14
Then,
%1(1) = G (Qw(®) - O (1)
; o G
X () =-1""n(t) - ;(Qw ®H-0.@)
130 =20"x3() + x4 () + G3Qw (2)
x4(8) = (172 + 47T 2)x3(¢)
The control variable u =0, , the disturbance d =Q, , and the water level output
¥y =X + X2 + x3, equtions. (1-54) can be rearranged in the following state-space equations:

(1-54)

{fcc(t) = A(0)x:(t) + B(O)u. (1) + W (6)d.(t) (1-55)
yc(t) = Cx; (t)
where
X1
X2
X =
X3
X4
0 0 0 0 b d
0 arn 0 0 bz dz
A(B) = , B(@)= . 0)=
@) 0 0 an au ) by w(o) 9
0 0 aus O 0 0
c=[1 1 1 0]

an =-13', a3 =-217", @wa =1, as =—(¢7" +4n°T2)
bh=G, bh=-G1;', =G
=G dy = 2
72
Case 3. Wind Power Generation

The doubly fed induction generators (DFIGs) have been widely used in the modern
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wind energy systems, due to the advantages of variable speed operation and four quadrant
active and reactive power capabilities. In DFIG, the stator is directly connected to the
power grid, while the rotor is connected to the grid by a bidirectional converter as shown
in Fig.1.15. This converter controls active and the reactive power between the stator and

ac supply or a standalone grid. The equivalent circuit of a DFIG in an arbitrary reference
frame rotating at synchronous angular speed @ is shown in Fig.1.16.

Network Supply
Transformer
Wind Turbine
-
Gearbox 1 ‘ Comvatte
Fig.1.15 The doubly fed induction generator system
LOS LO’r
Rs R,
L :_val_rwq_:l i
+
+
+ +
Ps @,
’ } L’" il ’
- @ - o -
J 0@, JO P,

Fig.1.16 The equivalent circuit of a DFIG

The DFIG model in the synchronous reference frame is given by

us = Ry +dos [dt + jongs (1-56)
Uy = Roip +dep, [dt + (0 — ) 0y (1-57)
where the relationship between fluxes and currents is
@s = Lgis + Ly (1-58)
@r = Liis + Lyiy (1-59)
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and generator active and reactive power are

P= %(usdl.sd + usqisq ) (1'60)

3 ] ;
0 =E(usqlsd +u.sdlsq) (1-61)

The subscripts s and r represent the stator and rotor parameters respectively:
m represents the synchronous speed; . represents rotor angular speed; R, and R,
represent stator and the rotor windings per phase electrical resistance; Lg,Lrand Ly
represent the proper and the mutual inductances of the stator and rotor windings; u

represents voltage vector.
The DFIG power control aims independent stator active P and reactive power Q

control by means of a rotor current regulation. For this purpose, P and Qare represented as

functions of each individual rotor current. We use stator flux oriented control, that decouples
the dg axis, which means: @ =@, , @4 =0 .Thus, (1-58) becomes

. ¢ Lm,

ls =—'__lr 1"62
o (1-62)

; Ly .

lsq == Ls qu (1"63)

Similarly, using stator flux orientation, the stator voltage becomes u,; =0and .
usg =us Hence, the active (1-60) and reactive (1-61) power can be calculated by using

(1-62) and (1-63)

3 Ly,
P=—EusL_squ (1'64)

3(os Lm,
_3(e _Lnm; 1-65
. 2(Ls Ls”j” Ve

Thus, rotor currents will reflect on stator current and on stator active and reactive
power, respectively. Consequently, this principle can be used on stator active and reactive
power control of the DFIG.

The DFIG power control is realized by the rotor currents control using (1-64) and

(1-65). Using (1-62) and (1-63), the rotor voltage (1-57), in the synchronous referential
frame, becomes

g
ur =(R. + joLyaw )ir + oL, §+ j%a)sups (1-66)
then:
dir —Rr . s n 1 & Lm
—=—Ti, — jogi, + Uy — W51 Ps 1-67
& el o oL, R (1-67)
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diy R . ; 1
=== Ird + Wyilrg +
g.

dt I Urd
S (1-68)
diy . R | @yt L
—— = ~—Wsllrd — Iyg + Urg — PDs
dt ol ol, oLyl
(1-68) can be expressed as:
dig | |_R | Lo 0
dt oL, Ird oly Urd 1 0
. = . + + @si Ly,
Tt S oL, Olrle (152
ia | _[1 0]
Lirq B 0 1 irq
L 2
where @y =w -, ando=1-——.
Assuming x=[x1,X2]T =[ird,irq]T, )'c:[xl,J'cz]T =|:l:rd,l:rq]Ta

w=[u,uz] =[ttratrg I, y=[m.p2] =[iaring]

(1-69) can be expressed in the standard space state form,
Xx=Ax+Bu+Gw

1-70
y=Cx (1-70)
R, 1
™ P
where A=| 7 , B= Bt
_.a) " — R
sl - L, O'Lr
1 0 ,
C=|:0 l:l’ Go= __wlem
oLL '~
Exercise

1.1 Consider the network shown in Fig.1.17. Derive the network’s differential equation

mathematical model.
R,

T b

I
ey

u
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1.2 Consider the mechanical system shown in Fig.1.18, where x; =uci,x2 =ucz,
K,B,M are the spring’s constant, the friction coefficient and the mass, respectively.
Derive the state-space equations.

L 1
K
M,
B,
1 ' — | 5,
M,
‘ 10
Fig.1.18

1.3 Consider the network shown in Fig.1.17. Derive the network’s state-space
equations.

1.4 Consider the network shown in Fig.1.19. Derive the network’s transfer function
Uc (S)

u(s)

O 1 Y Y'Y\ O
i(9 J'
% (t) j uc (t)
O O
Fig.1.19

1.5 Consider the network shown in Fig.1.19. Derive the state-space equations.

1.6 Consider the network shown in Fig.1.20. Derive the network’s transfer function
UL (S) UL (S)
U1(S) ’Uz(S) '
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1.7 Consider the network shown in Fig.1.20.Derive the network’s state-space equations.

1.8 Transition from state equations to transfer function.
X 0 0 O0fx 6

M [wl=1 2 o|xl+olt @ [’_“}:[‘15 ﬂ["‘];{ﬂu
»llo 1 3||x| o = B

X1

o 1 ] SN

X3

1.9 Transition from transfer function to state equations.

s> +s+1
1 =
()g(s) s3+652+11s+6
242543
@) g(s) ==

s*+252+3s+1
1.10 Transition from differential equation to transfer function.
D2y +3y=ii—u
)y +2y+3y+5y=5i+Tu
1.11 Transition from transfer function to differential equation.
¢(s)= Y(s)= 160s + 720
U(s) s*+16s%+194s+ 640
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Chapter 2
Linear Transformation of State Vector

2.1 Linear Algebra

This chapter reviews a number of concepts and results in linear algebra that are
essential in the linear transformation of state vector.
As we saw in the preceding chapter, all parameters that arise in the real world are

real numbers. Therefore we deal only with real numbers, except stated specially,
throughout this chapter. Let 4,B,C and D be, respectively, nxm,mxr,Ixn and
rx p dimensional real matrices. Let 4 be the ith columnof A4,and b; the jthrow

of B. Then we have

b
b,
AB=[a a - am]| . |=ab+azby +-+ ambn 2-1)
bm
CA=Clm a - an]=[Ca Cay - Can] 2-2)
b bD
BD= bf D= bZ:D (2-3)
b buD

These identities can easily be verified. Note that a;b; is a nxr matrix; it is the
product of a nx1 column vector and a 1xr row vector. The product ha; is not
defined unless n = r ; it becomes a scalar if n=r.

Consider an n-dimensional real linear space, denoted by R”". Every vector in R”
has » real numbers such as

Xi
X2
X=] .

Xn
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To save space, we write it as x = [x1 X2 e Xy ]T , Where the superscript denotes the
transpose.
The set of vectors {xl, X2, vy x,,,} in R" is said to be linearly dependent if
there exists a set of real numbers ay,2,--,a,, which are not all zero, such that
ax; +aaxz + 0+ Amxm =0 2-4)
If the only set of o that makes (2-4) hold is a1 =0,a; =0,+-,an =0, then the set of
vectors {xi, X, ‘-, Xn} issaid to be linearly independent.
If the set of vectors in (2-4) is linearly dependent, then there exists at least one a;,
say, ai, thatis nonzero. Then (2-4) implies
1
o

X1 =——[ X + X3+ + Amdm | = foxz + Bixs +++-+ PonXm

where S =-a; / a1. Such an expression is called a linear combination.

The dimension of a linear space can be defined as the maximum number of linearly
independent vectors in the space. Thus in R”, we can find » linearly independent
vectors.

Basis and representation A set of linearly independent vectors in R” is called a
basis if every vector in R” can be expressed as a unique linear combination of the set. In
R™, any set of n linearly independent vectors can be used as a basis. Let {q1,qz 5" -,q,,}

be such a set. Then every vector x can be expressed uniquely as

X=a1q + a2g2 ++++ Anqn (2-5)
Define the n x n square matrix
O=[ar ¢ - an] (2-6)
Then (2-5) can be written as
ay
(25)
x=0| . |=0x 2-7)
Qn
Weecal x=[a1 a2 - o ]T the representation of the vector x with respect to the

basis {q1,q2,---,qn}.

We will associate every R" with the following orthonormal basis:
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1] (0] (0] (0]
0 1 0 0
0 0 0 0
il e sl i2 = - | Tt in—l =, L in = : (2-8)
0 0 1 0
0] u 0, 1]
With respect to this basis, we have
X X1
X2 . ‘ . X2
x=| . =X1i + X2l + o+ Xpin =1
X X

where I, is the nxn unit matrix. In other words, the representation of any vector x
with respect to the orthonormal basis in (2-8) equals itself.

Norms of vectors The concept of norm is a generalization of length or magnitude.
Any real-valued function of x, denoted by ||x , can be defined as a norm if it has the

following properties:

(1) |x|>0 forevery x and |x|=0 ifandonlyif x=0.

@) |lex|=|e]|x|, for any real «.

3) ||x1+x2||<||x1||+||x2|| forevery x and x.

orthonormalization A vector x is said to be normalized if its Eucildeam norm is
1 or x'x=1. Note that x"x is scalarand xx” is nxn.Two vectors x; and x, are

said to be orthogonal if x/x» =xJx =0. A setof vectors x;, i=1,2,---,m, is said to be

orthonormal if
P 0 if i#j
Xi Xj = r .
1 if i=j

Given a set of linearly independent vectors e,e;, :-,en , We can obtain an

orthonormal set using the procedure that follows:
u =e g =/ |m]
w=e—(qle2)qn g2 =uz / |uz|

-1
tm = em =y (ahem )k dm =tim / [
The first equation normalizes the vector e to have norm 1. The vector (gle;)q: is the
projection of the vector e, along ¢. Its subtraction from e, yields the vertical part u;.

It is then normalized to 1. Using this procedure, we can obtain an orthonormal set. This is
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called the Schmidt orthonormalization procedure.
Let A=[a1 a - am] be an nxm matrix with m<n. If all columns of 4

or {a;,i =12, -,m} are orthonormal, then

alT 1 0 .-+ 0
T 01 0

AT A= a2 [01 a a,,.]= . = om = I
al 0 0 - 1

where I, is the unit matrix of order m. Note that, in general, 447 #1,.

Similarity transformation Consider a nxn matrix 4. It maps R" into itself. If
we associate with R" the orthonormal basis {ii, i, -, is} in (2-8), then the ith
column of A4 is the representation of Aj; with respect to the orthonormal basis. Now if
we select a different set of basis {g1, g2, ***, ¢}, then the matrix 4 has a different
representation 4. It turns out that the ith column of A is the representation of Ag;
with respect to the basis {ql, q2, q,.} . This is illustrated by the following

example.
Example 2.1 Consider the matrix
3 2 -1
A=[-2 1 0 (2-9)
4 3 1
Let b=[0 © I]T . Then we have
-1 -4 =5
A4b=| 0 |, A’b=A(4b)=| 2 |, A'b=A(4%)=| 10
-3 -13
It can be verified that the following relation holds:
A*b=17b—154b+54%b (2-10)

Because the three vectors b,4b, and A%b are linearly independent, they can be used

as a basis. We now compute the representation of 4 with respect to the basis. It is

clear that
0
A(b)=[b 4b 4%] 1
0
0
A(4b)=[b 4b A%]|0
1
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17
A(4%)=[b 4b 4?b] 15
5

where the last equation is obtained from (2-10). Thus the representation of 4 with
respect to the basis {b, Ab, A4%b} is
0 0 17
A=|1 0 -15 (2-11)
@1+ 5

The preceding discussion can be extended to the general case. Let 4 be a nxn
matrix. If there exists a nx1 vector b such that the n vectors b,4b,---,4A"'b are
linearly independent and if

A" = Bb+ B Ab+---+ S, A" b
the representation of 4 with respect to the basis {b, b, ---, A"'b} is

0 0 - 0 A4 ]
1 0 - ¢ A

- o1 <0

4=, . : /33 (2-12)
0 0 -+ 0 B
00 w1 B

This matrix is said to be in a companion form.
Consider the equation
Ax=y (2-13)

The square matrix 4 maps x in R” into y in R". With respect to the basis
{@, @2, -, ga},the equation becomes

Ax=7 (2-14)
where ¥ and y are the representations of x and y with respect to the basis
{ql, g2, *** qn}.As discussed in (2-7), they are related by

x=0x y=0y
with
O=[a a - (2-15)
to bean nxn nonsingular matrix. Substituting these into (2-13) yields
AQX=Qy or Q'AQx=y (2-16)

Comparing this with (2-14) yields
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A=0"4Q0 or A=QA4AQ! (2-17)
This is called the similarity transformation and 4 and A4 are said to be similar. We
write (2-17) as

AQ=0A4
or
Algg @2 -~ qu]=[4dq Aqx - Agi]=[@ @ - @]A4

This shows that the ith column of A4 is indeed the representation of Ag; with respect
tothe basis {gq1, 2, -, @n}.

2.2 Transform to Diagonal Form and Jordan Form

A square matrix A has different representations with respect to different sets of
basis. In this section, we introduce a set of basis so that the representation will be diagonal
or block diagonal.

A real or complex number A is called an eigenvalue of the nxn real matrix 4
if there exists a nonzero vector x such that Ax=Ax is called a (right) eigenvector of
A associated with eigenvalue A. In order to find the eigenvalue of A4, we write
Ax=Ax=Alx as

(A—/’LI)x=0 (2-18)
where [ is the unit matrix of order ». This is a homogeneous equation. If the matrix
(A—AI ) is nonsingular, then the only solution of (2-18) is x=0. Thus in order for
(2-18) to have a nonzero solution x, the matrix (4—A/) must be singular or have
determinant. We define

A(A)=det(A - 4)
It is a monic polynomial of degree n with real coefficients and is called the

characteristic polynomical of 4. A polynomical is called monic if its leading coefficient
is 1. If A is a root of the characteristic polynomical, then the determinant of (A - Al )

is 0 and (2-18) has at least one nonzero solution. Thus every root of A(4) is an
eigenvalue of 4 . Because A(A) has degree n, the nxn matrix 4 has n

eigenvalues (not necessarily all distinct).
We mention that the matrices
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00 0 —-o4 -1 -y -3 —04
1 0 0 -as 1 0 0 0
01 0 - 0 1 0 0
001 - 0 0 1 0
and their transposes
0 1 0 0 -1 1 0 0
0 1 0 - 01 0
0 0 0 1 -3 0 0 1
-4 -3 —02 -4 -4 0 0 0

have the following characteristic polynomial:
A(A)=2* + P + A’ +asd + s

These matrices can easily be formed from the coefficients of A(A) and are called

companion-form matrices. The companion-form matrices will arise repeatedly later. The
matrix in (2-12) is such a form.

Eigenvalues of 4 are all distinct Let 4, i=12,---,n, be the eigenvalues of 4
and be all distinct. Let ¢; be an eigenvector of 4 associated with /4 ; that is,
Aq; = Ziq;. Then the set of eigenvectors {ql, Qs q,,} is linearly independent
and can be used as a basis. Let A be the representation of 4 with respect to this basis.
Then the first column of A4 is the representation of Ag = ligi with respect to
{@, 42, -, gn}.From

A
Ap=Aq=[q ¢ - ]| 0

0

we conclude that the first column of A is [4 0 - O]T . The second column of A
is the representation of Ag, = A,q» with respect to {ql, q2, ‘v, q,.} , that is,
[0 A 0 - O]T. Proceeding forward, we can establish
(4 0 0 - 0]
0 &2 0 - 0
A=|0 0 A4 - 0 (2-19)
L0 0 0 - Ay
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This is a diagonal matrix. Thus we conclude that every matrix with distinct eigenvalues
has a diagonal matrix representation by using its eigenvectors as a basis. Different
orderings of eigenvectors will yield different diagonal matrices for the same 4 .

If we define

O=[an @ - @] (2-20)

~

then the matrix A4 equals

A=074Q (2-21)
as derived in (2-17). Computing (2-21) by hand is not simple because of the need to
compute the inverse of Q. However, if we know A, then we can verify (2-20) by
checking Qﬁ =AQ.
Example 2.2 Consider the matrix

0 00
A=[1 0 2
0 1 1
Its characteristic polynomial is
A 0 0
A(A)=det(AI —4)=det|-1 A -2
0 -1 A-1

=A[A(A-1)-2]=(A-2)(A+1)4
Thus the eigenvalues of 4 are 2, —1, and 0. The eigenvector associated with A=2 is

any nonzero solution of

2 0 0
(4-2D)g=|1 =2 2|a=0
0 1 -l

Thus ¢ =[0 1 l]T is an eigenvector associated with 1 =2. Note that the eigenvector
is not unique, [0 a a]T for any nonzero real a can also be chosen as an

eigenvector. The eigenvector associated with 4 =-1 is any nonzero solution of

100
(4-(-)I)g2=|1 1 2|g2=0
012

which yields g2 =[0 -2 I]T. Similarly, the eigenvector associated with =0 can be

computed as g3=[2 1 -1 " . Thus the representation of 4 with respect to
p p
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@, @, @} is

2 0 0
A=|0 -1 0 (2-22)
0 0 0

It is a diagonal matrix with eigenvalues on the diagonal. This matrix can also be obtained
by computing
A=07140
0 0 2
with O=[as @ @]=|1 2 1
1 1 -1
However, it is simpler to verify Q4 = AQ or
0 0 2|2 0 O |0 O OO0 O 2
1 -2 10 -1 Of=|1 O 2|1 =2 1
1 1 -1}j0 0 Oof |0 1 1|1 1 -1

Eigenvalues of 4 are not all distinct An eigenvalue with multiplicity 2 or higher
is called a repeated eigenvalue. In contrast, an eigenvalue with multiplicity 1 is called a
simple eigenvalue. If 4 has only simple eigenvalues, it always has a diagonal-form
representation. If 4 has repeated eigenvalues, then it may not have a diagonal form
representation. However, it has a block-diagonal and triangular-form representation as we
will discuss next.

Consider an nxn matrix 4 with eigenvalue A and multiplicity n. In other
words, 4 has only one distinct eigenvalue. To simplify the discussion, we assume
n=4. Suppose the matrix (A - Al ) has rank n—1=3 or, equivalently, nullity 1; then
the equation

(A -Al ) qg=0
has only one independent solution. Thus 4 has only one eigenvector associated with 4. We
need n—1=3 more linearly independent vectors to form a basis for R*. The three vectors
g2,93,9s will be chosen to have the properties (A—}J)2 g2 =0, (A—,U)3 g3 =0, and
(4-21) qa=0.
A vector v is called a generalized eigenvector of grade n if

(A-A1)"v=0
and

(4-a1)"'v=0
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If n=1, they reduce to (A-AI )v=0 and v#0 and v is an ordinary eigenvector.
For n=4,we define

V4=V
vs=(A=Al)vs=(4-Al)v
vy =(A—/U)v3=(A—ﬂ.I)2v

w=(4d=Al)vy=(4=-AI)v
They are called a chain of generalized eigenvectors of length n=4 and have the
properties (A4—AI)w =0,(A—AI) vz =0,(4—AI) vs =0, and (4—AI)*v4=0. These

vectors, as generated, are automatically linearly independent and can be used as a basis.
From these equations, we can readily obtain

Awv = Ay

Avy =vi + vy

Avy =vy + vy

Avs =v3 + Ay

Then the representation of 4 with respect to the basis {v1, V2, Vi, v4} is

A1 0 0
0 2410

J= (2-23)
0 0 2 1
0 0 0 4

We verify this for the first and last columns. The first column of J is the representation
of Aw=Aw with respect to {w, v, w, w}, whichis [A 0 0 O]T . The last
column of J is the representation of Avs=wv3;+Avs with respect to
{m, v, w, w}, whichis [0 0 1 l]T. This verifies the representation in (2-23).
The matrix J has eigenvalues on the diagonal and 1 on the superdiagonal. If we reverse
the order of the basis, then the 1 in (2-23) will appear on the subdiagonal. The matrix is
called a Jordan block of order n=4.
If (A4—AI) hasrank n-2 or,equivalently, nillity 2, then the equation
(A - ) q=0

has two linearly independent solution. Thus 4 has two linearly independent
eigenvectors and we need (n = 2) generalized eigenvectors. In this case, there exist two
chains of generalized eigenvectors {Vl, V2, -, w} and {ul, Uy, -+, u,} with
k+l=n. If w and u, are linearly independent, then the set of » vectors
{m, -+, w, wm, -, w} is linearly independent and can be used as a basis. With
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respect to this basis, the representation of 4 is a block diagonal matrix of form
A=diag{Js, J>}
where Ji and J; are, respectively, Jordan blocks of order &£ and /.
Now we discuss a specific example. Consider a 5x5 matrix 4 with repeated

eigenvalue 4 with multiplicity 4 and simple eigenvalue A, . Then there exists a
nonsingular matrix Q such that

A=0740
assumes one of the following forms

A4 1 0 0 0] A4 1 0 0 0]
0 4 1 0 0 0 4 1 0 0

A=l0 0 4 1 0 AL=l0 0 4 0 0
0 0 0 4 O 0 0 0 4 0O
(0 0 0 0 A 0 0 0 0 A
41 0 0 0] A 1 0 0 0]
04 0 0 0 0 4 0 0 0

A={0 0 4 1 0 A=|0 0 4 0 0
0 0 0 4 O 0 0 0 4 O
0 0 0 0 A4 (0 0 0 0 A
4 0 0 0 0]
04 0 0 0

A={0 0 4 0 0 (2-24)
00 0 4 0
(0 0 0 0 4

The first matrix occurs when the nullity of (A - Al ) is 1. If the nullity is 2, then A has

two Jordan blocks associated with 4 ; it may assume the form in A or A&. If
(A=AI) has nullity 3, then A has three Jordan blocks associated with 4 as shown

in Ay . Certainly, the positions of the Jordan blocks can be changed by changing the order
of the basis. If the nullity is 4, then 4 is a diagonal matrix as shown in As . All these

matrices are triangular and block diagonal with Jordan blocks on the diagonal; they are
said to be in Jordan form. A diagonal matrix is a degenerated Jordan form; its Jordan
blocks all have order 1.

Jordan-form matrices are triangular and block diagonal and can be used to establish
many general properties of matrices. For example, because det(CD)=detCdetD and
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detQdetQ ' =det/ =1, from A=QA4Q", we have
det A =detQdet Adet Q! =det 4
The determinant of A4 is the product of all diagonal entries or, equivalently, all
eigenvalues of 4. Thus we have
det A = product of all eigenvalues of A4

which implies that 4 is nonsingular if and only if it has non-zero eigenvalue.

We discuss a useful property of Jordan blocks to conclude this section. Consider the
Jordan block in (2-23) with order 4. Then we have

0100 0010
0 010 0 0 01
(J-AI)= (J-AI) =
0 001 0 00O
0 000 0 00O
0 001
0 00O
(J-aI) = (2-25)
0000
0000
and (J-AI )k =0- for k>4. This is called nilpotent.
Example 2.3 Consider the matrix
[0 1 -1
A=|-6 -11 6
|6 -11 5
Its characteristic polynomial is
(A -1 1
A(A)=det(AI—A)=det| 6 A+11 —6 [=(A+1)(A+2)(1+3)
|6 11  A-5
Thus the eigenvalues of 4 are —1,-2, and -3.
q=[1 0o 1]
@=[1 2 4]
a=[1 6 9]
We can obtain the diagonal matrix by computing
A=07"40

With
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Then we can get

. 2 -5 2
0! =3 6 3 -3
1 2 1
We have the diagonal form
-1 0 0
A=|0 2 0
0 0 -3
-2
B=Q'B=|3
-1

C=co=[1 1 1]

The result in this example can easily be obtained using MATLAB. Typing
a=[0 1 -1;-6 =11 6;—6 =11 5];
[q,d]l=eig(a)
yields
q =
0.7071 -0.2182 -0.0921
0.0000 -0.4364 -0.5523
0.7071 -0.8729 -0.8285

d =
-1.0000 0 0
0 -2.0000 0
0 0 -3.0000

where d is the diagonal matrix. The matrix is different from the Q, but their corresponding

columns differ only by a constant. This is due to nonuniqueness of eigenvectors and every

column of q is normalized to have norm 1 in MATLAB.

Example 2.4 Try to transform the state-space representation to the Jordan block:
010 0

0 1|x+|0|u

30 1

=(1 0 0)x

x=|0
2
y
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Solution
First, we get the eigenvalues of 4:
A -1 0
|AI-4={0 2 -1=0
-2 -3 A
That is,
A} -31-2=0
We get:
Ma=—1, Ag=2
Eigenvector @ corresponding to 4;=—1
01 0)qu qi1
0 0 1{qgu|=-|qu
2 3 0)\gn q31
Then,
qi1 1
O=| gu |=| -1
931 1
Eigenvector @, correspondingto A=-1
MQr — AQ2=—- 0
q21 0 1 0)fgx 1
—g2|—-|0 0 1|gn|=—|-1
q23 2 3 0)\gu 1
1
=0
-1
Last, eigenvector Q3 corresponding to A3=2
Qs = AQs
1
O=|2
4

T=(0 & O&)=|-1 0 2

It can be calculated,



2 -5 2

T“=% 6 3 -3
1 2 1
Then, we can calculate the matrix we want:

-1 1 0
J=0 -1 0
0o 0 2

2

9

r-ig=| X

3

1

9

CT=(1 1 1)

Using MATLAB, typing

A=[0 1 0;0 0 1;2 3 0];

[v,J] = jordan (A);

yields

v =
0.1111 0.6667 0.8889
0.2222 -0.6667 —0.2222
0.4444 0.6667 —0.4444

J =
2 0 0
0 1
0 0 -1

JORDAN(A) computes the Jordan Canonical/Normal Form of the matrix 4. The columns
of V are the generalized eigenvectors. J is the Jordan canonical form.

Exercise

2.1 Judge whether the following vectors are linearly dependent or not.

-1 2) (1 2 -1 0
M3 |1 |4 2 3], [ 4] |0
1 0) U 0 0 2

2.2 Find the characteristic polynomials of the following matrices.
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A 1 0 0 A 1 0 0
0 4 1 0 0 4 1 0
M 0 0 4 O @ 0 0 4 O
0 0 0 A 0 0 0 A
A 1 0 0 A 0 0 0
0 4 0 O 0 4 0 O
3) 0 0 4 O @ 0 0 4 O
0 0 0 A4 0 0 0 A
2.3 Find eigenvectors of the following matrices.
-2 1 0 1
(1),4:(_1 —2J @ A=(—6 —5J
0 1 0 1 2 -1
(3) 4= 3 0 2 4) 4=|-1 0 -1
-12 -7 -6 4 4 5
2.4 Find Jordan-form representations of the following matrices:
1 4 10 0 1 0
A4=0 2 0| 4=|0 0 1
0 0 3] -2 -4 3
[1 0 -1] 0 4 3
A=|0 1 0| 4=[0 20 16
0 0 2| 0 -25 -20

2.5 Find Jordan-form representations of the following state-space equations:

M) [sz(f —12)[;)““[?}

O
—_— N
L =)
S
&
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Chapter 3
Solution of State Space Model

3.1 Introduction

It is shown in Chapter 2 that linear systems can be described by state-space equations.
This chapter will discuss the solution of the state space equation for linear time invariant
systems. Different methods to solve the state transition matrix for both continuous
systems and discrete systems are discussed in detail.

3.2 Solution of LTI State Equations

Consider the linear time-invariant(LTI) state-space equation
x(t) = Ax(t) + Bu(t) (3-1)
¥(t) = Cx(t) + Du(t) (3-2)
where A,B are, respectively nxn,nx p dimensional constant matrices.
The problem is to find the solution excited by the initial state x(t)|r=0 =x(0) and
the input u(z). The solution hinges on the exponential function of 4. In particular, the

following property

—‘—i—e"” = Ade! =ef'4 (3-3)
dt

is necessary to develop the solution.
Rewrite the equation as:

x(2) — Ax(t) = Bu(t) (3-4)
Pre-multiplying e to both sides of (3-3) yields
e [x(t) — Ax()] = e Bu(t) (3-5)

which implies
d . a —At
1)) =e ' Bu(t
Sl ) = Rl

Its integration from 0 to ¢ yields
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e x(1)

(§
b= f e Bu(r)dr
]

Thus we have

eHx(t)-x(0) = [ ’ & Bu(c)dr (3-6)
Because the inverse of e is e? and e° =1, equation (3-6) implies
x(t) = e x(0) + f : A=) Bu(r)dr 3-7
or, equivalently
() = D()x(0) + f' D¢t - 7)Bu(r)dr (3-8)

where @(f)=e?" is called the state transition matrix. Equation (3-7), or (3-8), is the
solution of (3-1).

To verify that (3-7) is the solution of (3-1), it is necessary to show that (3-7) satisfies
(3-1) and the initial condition x(¢)=x(0) at ¢=0.Indeed, at z=0, (3-7) reduces to

x(0) = e4%x(0) = €x(0) = [x(0) = x(0)
Thus (3-6) satisfies the initial condition. The equation
o[t t 9
= fenpe=[ < raone s 60| (3-9)
is needed to show that (3-7) satisfies (3-1). Differentiating (3-7) and using (3-9) obtain
t
x(f) = %[e”‘x(O) + f 0 e"‘"”Bu(r)erl

t
= Ae'x(0) + j 4e40D Bu(z)dz + "0 Bu(c)| oo
0

— A(eAtx(0)+ f ' A1) Bu(2)dz) + 40 Bu(r)
0

substituting (3-7) into the above equation results in,
x(t) = Ax(t) + Bu(r)
Thus (3-7) meets (3-1) and the initial condition x(0) and is the solution of (3-1).
Substituting (3-7) into (3-2) yields the solution of (3-2) as

!
¥(£) = Ce*x(0) + C f e*Bu(r)dr + Du(t) (3-10)
This solution and (3-7) are computed directly in the time domain. It is also convenient to
compute the solutions by using the Laplace transform. Applying the Laplace transform to

(3-1) yields
sX(s)—x(0)=AX(s)+ BU(s)
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(s — A)X(s) =x(0)+ BU(s)
Pre-multiplying (s — A)™ to both sides of the above equation yields
x(8) = (sI = A) ' x(0) + (s] = A) BU(s) (3-11)
Notice that
(s - A" =¢[@@)]
U(s)=£[u(@®)]

From the property of Laplace transform function, the second term of the right side of
(3-11) can be expressed as:

(sI — Ay BU(s) = z[ f;d"(t - r)Bu(r):ldz' (3-12)

Substituting (3-12) into (3-11) and applying the inverse Laplace transform yields
t
X(t) = D(H)x(0) + j O(t-DBu()dr (3-13)

Equation. (3-13) is just the time-domain solution of (3-1).
Example 3.1
Find the solution of the following system excited by the unit step function

=1 % el

Ne~t — g2t et —e 2 :l

—2et +2e2 —ef +2e

Solution

D(t)=et =(sI - A)! =[
Substituting B = [?} and u(f)=1(¢) into equation (3-8) yields
2e~f — -2t —t _ o2t 0 t —(t-7) _ ,-2(t-1)
x(t) = e’ —e e e x1(0) N "' e e .
—2¢7 +2e7  —e7' +2e7H || x2(0) ] Jo| -7 4 2720

| Qe =) (0)+ (e ~e*)x2(0) . L e + le‘z‘
| (<2e7 +2672)x1(0) + (e~ + 2672 )x2(0)

= % +[20(0)+2(0) - 1]e” - {xl (0) + x2(0) - ﬂ o2

—[2x1(0) + x2(0) - 1]e” —[2x(0) +2x2(0) —1]e™*
If the initial condition is zero, i.e., x(0)=0, then the response of the system depends

only on the excitation of the control action
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x2(1)

1 1
X t I —t+_ —2t
[ 1 ):l 5 e 2e
e—t_e—Zt

In the following, the solution of the state space equation (3-8) is presented under three
special control signals.

(1) The impulse response
When u(t)=Ko(),x(0-)=xo,

x(t)=exo + e BK
where K is a constant vector having the same dimension with u(¢).

(2) The step response
When u(t)=K x1(t), x(0-) = xo,

x(t)=ef'xy + A (e* —1)BK

(3) The scope response
When u(t) = Kt x1(t), x(0-) = xo,

x(f)=etxo +[ A2(e* ~1)- A7 | BK

3.3 State Transfer Matrix

3.3.1 Properties

Consider the linear time-invariant(LTI) state-space equation
x(t)=Ax(t)+Bu(t) (3-14)
where, x(t) eR", u(t) eR", AesR”™, BeR™
The solution of the system is
x(t)=etlxp or  x(t)=edl)x
which reflects a vector transition relation from the initial state vector x to the state
x(t) of any t>0 or t>t and e* is called transfer matrix. It is not a constant

matrix and itis a nxn time-varying function matrix because the elements of the matrix
are general functions of ¢. This means that it makes the state vector change constantly in
the state space, so @(t)=e# is also called state transition matrix. @ (r)=e# is the

transition matrix from x(O) to x(t), while &(7—1))=e4") is the transition matrix
from x(to) to x(t) . Therefore, the solution of x(t) = Ax(t)+Bu(t) can also be

expressed as

* 5] e



x(£)=@(£)x(0)
or x(1)=@(t—10)x(to)
Its geometric meaning, taking two-dimensional state vector for example, can be

represented as Fig. 3.1.

X2

Fig. 3.1 State transition trajectory

X10

i| when 7#=0. If we consider this as
X20

From the Fig. 3.1, we can know x(0) =[

initial condition, and @(#) is known, when ¢=#, the state will be

x(n)= ;“z‘lw =@ (n)x(0) (3-15)

If @(t2) isknown, when ¢=1,, the state will be

x(t2) = i‘z =9 (1)x(0) (3-16)
LA22 ]

That is to say, the state x(0) will transfer to the state x(n) or x(f) according to
@(l‘l) or (D(tz).
If we take #=1¢ as initial time, the state x(tl) is the initial state and the state

transited from # to # will be

x(t2)=¢(t2—t1)x(t1) (3-17)
Substituting x(#) of equation (3-15) into the above equation can result in:
x(t2)=@(t—1)D()x(0) (3-18)

Equation (3-18) shows the transformation of the state x from x(O) to x(tl) , and
then to x(tz).
Comparing equation (3-16) and (3-18), it is clear that:
Ot —1)@(1)=0(1)
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or D Y (3-19)
Such relation is called the combination property.

From the above, for any given initial state vector, x(to) can be transited to x(t) at
any ¢ using state transition matrix. In other words, matrix differential equations can be

solved in arbitrary time period. This is another advantage of state space representation on
a dynamic system.

Property 1

(3-20)

¢(t)¢(r)=di(t+r)}

or gA’eAT = eA(H”)
This is combination property, which means a combination of transition from -z to 0
and transition from 0 to ¢. That is to say,
?(t-0)0[0-(-7r)]|=@[t-(~1)|=D(t+7)
Property 2

g (3-21)

(D(t—t)=1}

This property means that when the state vector transit from time instant ¢ to ¢, the state
vector is invariable.

Property 3
[2(@]" =2(=)

(3-22)
or [e'“ ]_1 =g

This property shows that the inverse of the transition matrix means the reversion of time.
If x(t) isknown, we canhave x(to) attime ¢ while # <¢.
Property 4
For the transition matrix,
D(1)=AD(1)=D(t) A
(3-23
or ie"’ =Aett =et . 4 )
dt
This property shows @(f) or e can change with matrix 4.
Property 5
For the nxn square matrices 4 and B, if and only if AB = B4, there exists
ettt = fA*B) - if 4B+ BA,then et & e4*B)
This property shows unless 4 and B are matrix exchangeable, the product of
their respective matrix exponential functions is not equivalent to matrix exponential
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function of the sumof 4 and B.
Here are some special matrix exponential functions.
(i) If 4 isdiagonal matrix

A 0
A
A=A = 2
K I
[ et 0
elzt
then, et = (t) =
0 et

(ii) If A4 can be diagonalized through nonsingular transformation,

T1AT = A
eht 0
elzl
then, et =0(t)=T T
0 o
(iii) If 4 is Jordan matrix
(A 1 0]
A1
A1
A=J =
A1
A1
r T
1 ¢ -1-t2 ! go-l
2! (n—1)!
01 ¢ 12
then, e =d(t)=eM (n—-2)!
00 O t
00 0 1

(iv) Tf A{" “’]

- O
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(3-25)

(3-26)

(3-27)



then, et = (D(t) =|: coswt sin wt}

. (3-28)
—Sinwt coswt

3.3.2 Calculating the state transition matrix

For the calculating the matrix e#, many methods have been proposed. Here are the
four most popular ones.
Method 1. Expansion of e

This method takes place entirely in the time domain and is based on the expansion of
e’ in a power series. Namely, it is base on the definition of e or (b(t) :

A% A3t3 -
=T+ At+— TEAETE Z A t (3-29)
Example 3.2
Compute the matrix e, where 4 = [02 13}
Seolution
1 0] [0 1 0 172 [0 172
el = + L+ — —
0 1] |2 3 -2 3] 2! |2 3] 3
1—£2+63 +--- t—§t2—1t3+
2 6

YRRy SR 1—3t+%t2 —%P +

Method 2. Diagonal form
This method takes place entirely in the time domain and is based on the
diagonalization of the matrix 4. Indeed, if the eigenvalues of matrix 4 are distinct,

then 4 can be transformed to a diagonal matrix A via the transformation matrix 7 as
follows: A=T"'AT .Matrix @(t),under the transformation T , becomes

O (t)=et =TeMT™!

Since

it follows that
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Example 3.3

A= [ 0 13j| is known, and compute the matrix e’ .

Solution

A -1
2 A+3
S0, A=-1, Lp=-2

|/11—A|=‘ ‘=/12+3A+2=(,1+1)(,1+2)=0

we can have the corresponding transfer matrix according to equation (3-25).

1

2 1 1 —
7= and T7!'= 2
-2 =2 1 4

2 1 K 0 1
Therefore, et = ¢
-2 2|l 0 e 1 -

2e—t _ e—2t et _e—Zt
et +2e 2 et 427

If the matrix A4 has repeated eigenvalues, then 4 can be transformed to a jordan matrix

N | —

A via the transformation matrix T .

J =T-AT
eAt=TeJtT—1
Example 3.4
0 1 0
Compute the matrix e#, whereA={0 0 1].
2 -5 4
Solution
A -1 0
Ar-4={0 2 -1 |=(a-17(4-2)=0
-2 5 A-4
80, h=h=1, A=2

According to (3-26)
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110
J=|0 1 0
0 0 2
et tet 0
ef=[0 & 0
0 0 e
Since
[1 -1 1] 2 5§ =2
rT=[1 0 2|; T'=|-2 3 -1
(1 1 4] 1 2 1
1 -1 1][e 2t 0|[2 5 =2
Then, et=|1 0 2]0 & 0|2 3 -1
1 1 4]0 0 |1 -2 1

(et tef—e' ¥ |[-2 5 -2
te! 2% |[-2 3 -1
e tef+e 4e¥|| 1 2 1

—2te’ +e* 3te' +2¢' —e*  —tef —€& +e*
=| 2(e¥ —te' —¢') 3te' +5¢ —4e¥ —te' —2¢" +2e¥
| —2te' —4e' +4e* 3t +8¢ —8e¥  —te! — 3¢’ +4e¥

Method 3. The inverse Laplace transformation
The inverse Laplace transformation method can be expressed as:

et =@(1)= 7 {(s1 - 4)"'} (3-30)
Proof Consider the differential equation
#(r) = 4x(¢)
with the initial state x(O) =Xp.
Apply the Laplace transform on both sides of the equation,
sX (s)—x(0)=4X(s)

in other words,
(s1-4)X(s)=x(0)=x
therefore,
X (s)=(sT - 4)" xo

Apply the inverse Laplace transform on both sides to get the solution of the differential
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equation:
x(t)=¢" {(s[ - A)_l}xo
Comparing the above equation with equation (3-15) can result in

4 =(t)= (st - a)"}

Example 3.5
Compute the matrix e4’, where 4 ={ 02 13}.
Solution
sI—A=[s _l}
2 s+3
. | s+3 1
I—A4)" di(sI-A4)=————
a4 = |s1 |‘”(s )= (s+l)(s+2)[—2 J
i s+3
(s+1)(s+2) (s+l)(s+2)
B -2
| (s+1)(s+2) s+1) (s+2)
2 1
- s+1 s+2 s+1 s+2
-2 2
+
L s+1 s+2 s+1 s+2
Therefore,

-t _ ,—2t —t _ 2t
eAr=€“{(sI-A)_l}=|: 2etoe ¢ e 1

—2e +2e  —et +2e7 |
Method 4. Cayley - Hamilton theorem

(1) A square matrix A4 satisfies the characteristic equation of itself according to
Cayley- Hamilton theorem ,

f(A) =A" + @p 1 A" -+ @A+ agl =0
thus,
A" = —ap g A" — a2 A" — - —aA—aol
which is the linear combination of A", 472 ... 4.1 .
In the same way,
A =4 A" ==, A" —(n2 A" + @y 3 A"+t A2 + apA)
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=—ayq (—an_lA"_l —Qp A" — - —qA—aol )
—(@n2 A" 4+ a3 A"+ + @ A% + apA)
= (a2, —an-2) A" +(an-1an-2 = @n-3) A" + -+ (an-101 — G0 ) A+ ap-100]
That is to say, A", A"*'-.-can all be expressed with A", 4"2,.--, 4,1 .

(2) In the definition equation (3-29) of e#, we can eliminate the terms of 4 with
power equal to and above n applying the method in (1). In other words,

eAt =I+AI+LA212 555 o An—ltn—l +LAntn 5 1 An+1tn+1 Favs
2! (n=1)! n! (n+1)!
=ap1(0) A" +an2 () A2+ +a(t)A+ao (1)1 (3-31)

Example 3.6

Compute a;(¢) in the expression of e, where A=[ 02 13].

Solution

The characteristic equation of 4 :

/A |
|41 - 4= =A2+34+2=0
2 A+3
According to Cayley - Hamilton theorem,
A2 +34+21=0

thus, A*=-34-21I.
While
A =A4-42=A4(-34-21)=-34>-24
=-3(-34-2I)-24=74-61
A'=A4-42=74%+64
=7(-34-2I)+6A=-154-14]

......

Substituting equations above into the following equation, we can eliminate the terms of
A with power equal to and above 2 .

elt =1+ drv Lz o Lpp o Lgaa
2! 3! !
=(t—it2 +lt3 By +---jA +[1—t2 +13 -—lit“ +---]I
2! 3! 4! 4!
=a(t)A+ao(t)]

therefore,
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a (t)=t—it2 s lp B,
21 3! 4!

ao(t)=1—t2+t3—%t4 oo

(3) When the eigenvalues of 4 are all distinct, we have

aw@] 1 A4 22 o T
a1(t) =1 A ,122 i 1,2"‘1 et

eht

(3-32)

ana ()| (1 Ao A2 o A2V M
Proof Matrix A4 satisfies the characteristic equation of itself and therefore eigenvalues
A and A4 are exchangeable. Thus, 1 satisfies the equation (3-31),
ao(t)+a () A+ + a1 () A =t
ao(t)+a (t) Az +- +anaa (1) A3 = e

ao (t)+a| (£)An 4+ ana (1) A3 =M

Solve the above equation for [ao(¢) a(t) - @ (t)]T , and we can obtain (3-32).
When eigenvalues of 4 areall 4, we have
S -
B _ tn-—l At
00 0 - 0 I RCE T
a()] [0 0 0 - 1 (n-1)4 L 2
ar(t) O B : (n-2)!
‘ - 0 0 1 (n_l)(n_z)/llnd
an-2 (1) 2! 1 g
aa(t)] [0 1 24 o (n-DAE (n-D)A e
AR e A ] teh
et
(3-33)
Proof
Since

ao(t)+a () +az () A2+ ana (1) A = M
Differentiating both sides of the equation, we have

a (t)+2a2 () A+ (n—1)ana (1) A2 = e
Differentiating both sides of the equation again, we obtain

2a; (t) +6a3 (t) oot (n —1)(n—2)ana1(2) A3 =12t
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Repeat the former step and finally we have

(n = 1)!a,._1 (t) = -kt
The equation (3-33) can be reached from the above 7 equations, by solving a; (t) .
Example 3.7

Compute e#, where A =[ 02 13}.

Solution
We know the eigenvalues of the matrix 4 is 4 =-1,4 =-2. According to

equation (3-33), we have
al [T AT Te] [1 -1T'[e
21 AT H: 2 LS
g 1 ey
1 et —e?

Therefore, ett =ag ()1 +a (1) 4

ety Y=o

et — g2 et — 2t
et +2e2 —gt42eH

Example 3.8
0 1 0
Compute the matrix e/, where 4=[0 0 1|.
2 -5 4
Solution

The eigenvalues of the matrix 4 are A=A =1,43=2. The part of h=4 =1
can be calculated based on equation (3-33), while the part of A3 =2 can be calculated
based on equation (3-32).

ao 0 1 24 teht
a =1 A 2| |eM
a 1 A ﬂf_‘z e’

2T et ] T2 0 17[¢
1| |el|=|3 2 =2|¢
4| |ex| |=1 =1 1 | e

-1

Il
_— e O

061-



1 0
Therefore, et ( 2te! +ez‘) 0 0 +(3te +2¢ —
0 1

0
1
0
-te -é +e2’
18 11

—2te' +e* 3te' +2¢' —2e*
=| 2(e¥ —te' —¢') 3te' +5¢ —4e
2te' —4e' +4e*  3te' +8e' —8e?

-5 4

Example 3.9 Consider the state equation
-2 0 0 1
x=|1 0 1 |x+|0]|u
0 -2 2 1

y=[1 -1 O]x

2¢4) 0 0 1

1 ¢+
—te' —2¢ +2e*
—te' —3¢' +4e?

Suppose the input is a step function of various magnitudes. First we use MATLAB to find

its unit-step response. We type

a=[-2 0 0;1 0 1;0 -2 -21;

b=[1;0;1];

c=[0 -2 -2];

d=0;
[yv,x,t]=step(a,b,c,d);

plot (&, yt, x)

The system response is shown in Fig.3.2.
1.5 -

X3

1| o

X2

_]5 1 Il 1 L L I

0 1 2 3 4 5 6

7 8

Fig.3.2 State variables of system step response
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3.4 Discretization

Consider the continuous-time state-space equation
x(t) = Ax(t) + Bu(t) (3-34)
If the set of equations is to be computed on a digital computer, it must be discretized.

Because

&= lim x(t+T)—x(t)
T—0 T

When the sample period T is quite small, usually, about 1/10 of the minimum time
constant of the system, (3-34) can be approximated as
x[(k + 1)T] =(TA+1)x(kT)+ TBu(kT) (3-35)
Proof
According to the definition of derivative, we have

o) = B x(tg + At) — x(t)
At—0 At

If we compute x(f) and y(¢) from #=kT to t=(k+1)T for k=0,1,---, then
(3-36) becomes

(3-36)

x[(k +DT]-x(kT) _x[(k+1)T]-x(kT)
T - T

#(kT) = lim (3-37)

Substituting (3-37) into (3-34) yields
x[(k + )T] - x(kT)
T

= Ax(kT) + Bu(kT)

which can be rearranged as (3-35). Proof done.
This is a discrete-time state-space equation and can easily be computed on a digital
computer. This discretization is the easiest to carry out but yields the least accurate results.

The following is a different discretization way.
If an input u(¢) is generated by a digital computer followed by a digital-to-analog

converter, then u(t) will be piecewise constant. This situation often arises in computer
control of control systems. Let

u(t) =u(kT) =constant for kT <t<(k+1)T
for £=0,1,2,---.This input changes value only at discrete-time instants. For this input,

the solution of the state equation in (3-34) still equals (3-7). Computing (3-7) at ¢=kT
and t=(k+1)T yields
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x[(k+1)T] = eATx(kT) + f :M)T AT~ By (kT) (3-38)
T

Let t=(k+1)T —7,then dr =-dt.So the lowerintegral r =kT becomes ¢=T ;and the
higher integral 7 = (k+)7" becomes ¢ =0 . Thus equation (3-38) can be simplified as

T
x[(k +DT] = e*Tx(kT) + [  eAdiBu(kT)
which equals

x(k +1) = e x(k) + fOTeA'dtBu(k) (3-39)

This is a discrete-time state-space equation. Note that there is no approximation involved in
this derivation. It is the exact solution of (3-34) at ¢ =kT if the input is piecewise constant.

Rewrite (3-39) as
x(k+1)=G(M)x(k)+ H(T)u(k) (3-40)

where
T
G(T)=etT, H(T)= f etdt- B (3-41)
0

The MATLAB function [ad,bd]=c2d(a,b,T) transforms the continuous state equation in
(3-34) into the discrete-time state equation in (3-41).
Example 3.10 Try to discretize the following state equation

'—0 1 t+0 t
=l |50+ ] @
Solution

(1) equation (3-41) yields the exact result

-1 1 .
S Ot A b R
A

0 e—2T

thus we have

l _ 2T
cry=|' 247

0 e27
T Tl 1 l(1-e-2') 0
H=f ef“dt-B:f 2 t-{ ]
0 0 1

0 e—2t

1

1 1 1 e -]
T —(T+—e? —— —(T+
230 9 m X
1

2

1

—_ l_e'ZT
La-em)

e

)

0 —le‘" +— L
2 2



According to equation.(3-40), the discretized state equation is

1 2T l(T+e_2T.1)
kD=1 297 k4| 2 2k
0 e 3 E(1_e-2T)

(2) Equation (3-35) yields the approximate result

0 T 1 0 1 T
TA+I= + =
[0 —2TJ [0 1] [0 1—27}

[0
H=TB=
-]

According to equation(3-45), the discretized state equation is

1 T 0
x[(k+D)T]= [0 57 x(kT) + [T}u(kT)

which can be rewritten as

1 T 0
x(k)=|:0 1_2T:|x(k)+liT}u(k)
Then we use MATLAB to finish this task. We type

a=[0 1;0 -2];
b=[0;1];
T=0.1;
[ad,bd]=c2d(a,b,T)
Yield
ad =
1.0000 0.0906
0 0.8187
bd =
0.0047
0.0906
We can get

1 0.09 0.0047
x(k)z[o 0.8 }x(k”[ 0.09 ]”(k)

3.5 Solution of Discrete-Time Equation

Method 1. Recursive Method
Consider the discrete-time state-space equation
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x(k +1) = G(T)x(k) + H(T)u(k)
x(k)| k=0= x(0)

(3-42)
The solution of the first-order matrix differential equation is
k-1
x(k) = G¥x(0)+ )" G¥/7 Hu(j) (3-43a)
j=0
k-1
or x(k)=G*x(0)+ )" G/Hu(k - j—1) (3-43b)
Jj=0

which equals
x(k) = G*x(0) + G Hu(0) + G*2Hu(1) +---+ GHu(k — 2) + Hu(k—1)  (3-43c)
Proof

Solve the matrix differential equation (3-42) by iterative method
Fori=0,x(1) = Gx(0) + Hu(0)

Fori=1,x(2) = Gx(1) + Hu(l) = G*x(0) + GHu(1) + Hu(1)
Fori =2 ,x(3) = Gx(2) + Hu(2) = G*x(0) + G*Hu(0) + GHu(1) + Hu(2)

Fori = k-1, x(k) = Gx(k — 1)+ Hu(k —1) = G*x(0) + G*' Hu(0) + -+ GHu(k — 2) + Hu(k 1)
The last general formula is just equation (3-43c).
Equation (3-43c) can be expressed in matrix form as

x1)] [G] [ H 0 0 - 0]
x2)| |& GH H 0 - 0
Q)= x| G2H GH H . 0 (3-43d)
x(k)| |G*] |G*'H G*2*H G**H - H|

Solution (3-43) is derived from the initial time instant k =0, if we start from the
time k = h, the corresponding initial state is x(%), then the solution becomes

x(k) = G¥"x(0) + f G* I Hu(j) (3-44a)
Jj=h
or x(k) = G¥x(0) + sz G/Hu(k - j-1) (3-44b)
j=h

Obviously, the solution of discrete-time state-space equation is similar to that of the
continuous-time state-space equation. It consists of two parts of responses, the response
excited by the initial state and the response excited by the input signal. Differently, the
solution of the discrete-time state-space equation is a discrete track in state space. Besides,
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in the response excited by the input, the state x(k) is only related with the sample values
of input before time instant k.

Similarly, we define

@o(k)=G* or @(k—-h)=G*" (3-45)
as the state transition matrix of discrete-time system. Obviously,
D(k+1)=GO(k); @0)=1 (3-46)
and the following properties:
D(k—h)=@(k—m)P(m—h) for k>h>h (3-47)
@7 (k) = D(-k) (3-48)
Using the state transition matrix ®(k), the solution (3-43) can be expressed as
k-1
x(k) = ®(k)x(0)+ . @ (k - j —DHu()) (3-49a)
Jj=0
k-1
or x(k)=@(k)x(0)+ Z @D (k - j—DHu(j) (3-49b)
j=0

thus equation (3-44) can be written as

x(k) = @(k — h)x(h) + % @ (k — j—1)Hu(j) (3-50a)
J=h

x(k) =@ (k - h)x(0) + kzl & (j)Hu(k - j—1) (3-50b)
J=h

Example 3.11 The state equation of a discrete-time system is
x(k +1) = Gx(k)+ Hu(k)

=016 )

11} and control action u(k)=1. Try to solve @(k),x(k).

with initial state x(0) = {

Solution
As defined

k
¢(k)=G"=[ 0 1]
0.16 -1

For simplicity, we transform the original equation into Jordan Canonical Form, i.e.,
transform G into diagonal form.
Let x(k)=Tx(k), thus the original equation becomes
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5(k +1)=T-'GTE(k) + T~ Hu(k)

Again let T-IGT = A; @(k)=(T"'\GT)k = AF
S0

3(k) = @ (k)%(0) + ki & (YT Hu(k - j-1) (3-51)
j=0

A -l
Al-G|= =(1+0.2)(2+0.8)=0
| | |0.16 ,1+1’ £ X )

A=-02; A =-08

02 0 . 202 07 [o2r o
thseloe, [o -o.s] @) [0 —o.s] [ 0 (—0.8)"]
thus

3 3
then it’s easy to derive
4 5
- 11 2y 3 3
O(k)=THK)T = 02 0 )3 3
-02 0.8 0 (-0.8)%) 1 5
3 3

73| -08[(-02)F —(-0.8)] (0.2 +4(-0.8)¢

1[ 402 —(-0.8)F  5[(-02) —(—0.8)"]}
Now compute X(k) according to equation (3-51), the first term of the right side is

4 5

s s [0 0 |3 3 [ 1] 1[—(-0.2)k
B(k)7(0) = BT x(O)—[ 0 —0.8)"j| s [_1 3| 408
3 3
the second term of the right side is
4 5
k-l _ . |3 3 (1]
> BT Hulk - j~1) =Y B()) [1]
j=0 Jj=0 _l _.é. 1—
3 3
M2y 0 T[3]_‘*“ 3(-0.2y
'Z:;[ 0 (-08)] -2 _,Z::o ~2(-0.8)/
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[ 3[14(-02) +(<0.2)2 ++++(=0.2)* ]
_-2[1 +(=0.8) + (—0.8)? +++-+ (0.8 |

I 3[1-(-0.2)4]
_ 1.2
-2[1-(-0.8)*]
I 1.8
thus
1
5 1] —(-0.2)* ap-(-o.z)k]
x(k)=§ 4(_0 8)k:|+ '1
' —ﬁ[l ~ (<0.8)¢ ]
RPN
) = (02f+>
22 g _10
9 (-0.8) 9
therefore
i , -ﬂ(—o.z)k 42
x(k)=T§E(k)=[ } 6 2
0.2 -0.8] 22 10
e B 1 et
9 9
1T o 22 gk B
_ 6( 0.2)* + 9( 0.8) +18
34 ooy 116 oo T
—(-02) : (-0.8) T

Method 2. 7z Transform Method
For the linear time-invariant discrete system state equation, we can find its solution
by z Transform Method.
Consider the discrete-time state-space equation
x(k+1)=G(T)x(k)+ H(T)u(k)

Applying z transform to the above equation yields
zx(z) — zx(0) = Gx(z) + Hu(z)

or
(zI —= G)x(z) = zx(0) + Hu(z)

thus
x(z) =(zf = G) ' zx(0) + (zI - G) ' Hu(z)
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Take inverse z transform,
x(k)= £ [ (2l - G ' zx(0) |+ 7' [ (zI - G) ™ Hu(2) ]
Comparing (3-43) with (3-52) yields
G*x(0) = £7'[ (21 - G) ' zx(0) |

=

-~ G*/"'Hu(j)=¢"'[ (21 - G) " Hu(2) |
0

~.
]

Using the solution of the continuous state equation
x(t) = D(¢ — kKT)x(KT) + f ;T ®(t - )Bu(kT)dr
let t=(k+A)T (0<A<1),then the above equation becomes
x[(k + AYT] = D(AT)x(kT) + f :T (AT - r)drBu(kT)

Comparing (3-43) with (3-52) yields
G* =@(k)=¢"[ (I -G)'z]

>

" GEI Hu(j) = 0! [z - G) Hu(z)]
0

~.
I

Proof
First we compute the z transform of G*

(G¥]=3 GFzF =T+Gz + G222+
k=0
Pre-multifying Gz™! to both sides of (3-58),
Gz U[GF =Gz + Gz 2 + Gz 4
Subtract (3-58) from (3-59),
(I-GzY[GF]=1
because
([6F]=(1-G=)" = (A -G) 'z

take z inverse transform of equation (3-60), we can get equation (3-56).

Next we use convolution formula to prove equation (3-57).

e{ki G Hu( j)] = ([ G| He[u(k))

j=0

(3-52)

(3-53)

(3-54)

(3-55)

(3-56)

(3-57)

(3-58)

(3-59)

(3-60)

= ([ G* |z He[u(k)] = (2 - G)™ Hu(2)

take z inverse transform of the above equation, then equation (3-57) is derived.
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kf G Hu(j) =] (21 - G) ' Hu(z) |

j=0
Example 3.12 Consider the state equation in example 3.11, try to find ®(k) and x(k)

using z Transform Method.

Solution
As u(k)=1, we have

According to equation(3-56),
@(k) = (2l - G) 'z

_1{[ z -1 }“ } _1{ g I:z+1 1]}
=/ zp=/{
0.16 z+1 (z+0.2)(z+0.8)| 0.16 z

4 % -1 5 N -5
122102 z+08 z+02 z+0.8
3] -0.8 0.8 —1 4

+ +
z+02 z+08 z+02 z+0.8
_1 4(-0.2)* - (-0.8)F  5(—0.2)* —5(-0.8)*
—0.8(=0.2)F + (~0.8)F —(=0.2)* + 4(-0.8)*
then compute
2

VA A
zx(O)+Hu(z)=[z}+ 2l 22_1
-z z —z% 42z
z—1 z—1
thus
x(2) = (zI - G)™ [zx(0) + Hu(z)]
(z2+2)z ~(17/6)z , (22/9)z | (25/18)z
_|@+2DE+08)(z-D | _| z+2  z+08  z-1
(—z2 +1.842)z G 4/6)z (-17.6/9)z . (7/18)z
(z+2)(z+0.8)(z—-1) z+2 z+0.8 z-1
hence

5
8

76
_0.8)t +L
—(-0.8) T

—1—7(—0.2)" ( —0.8)F + f
x(ky="[x(2)] =
ﬁ(-0 )] !
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3.6 Summary

The solution to both the continuous-time and discrete-time state space equation is
studied in this chapter. The state transfer matrix is a very important parameter matrix
which plays a big role in the solution of a state space equation. Different algorithms are
discussed to obtain the state transfer matrix.

Exercise

3.1 Consider the matrix 4

EN
I
(SN
o =
L= O

Use the Laplace transform to find e 4.
3.2 Use three different methods to find e

0 -1 11
) A=[4 oj @ A:[4 1]

3.3 Examine the following matrix whether they meet the conditions of state transition
matrix. If it does, try to find out the corresponding matrix 4.

1 0 0 1
. 1 =(1-e2)
(1) @(t)=|0 sint cost 2) o@)= 2
0 —cost sint 0 e

—t

3) @@= [z‘i,
(4

l(e" —-e3) —%( e'+2e)

j @ o@=|>

—e M 2et—2e7H

~2t -2t

—e 2! —e

(e~ +e¥) %u—* )

3.4 Solve the state space model

Initial state x(0)= G] , the input u(t) is a unit-step response.

3.5 Calculate @(t,0) and @7'(¢,0)
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2t 0 0 e
o7 (s

—eé
3.6 The discrete time system is listed as follows, try to calculate x(k).

1 1
xak+D)] |3 9|[xak) i 1 0\[w(k)
xk+D] |1 1 [x@]| 0 1)|uk)
9 3

x(0)=-1, x(0)=4

uy (k) is sampled from a ramp function 7, u(k) is sampled frome™.
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Chapter 4
Stable Analysis

4.1 Introduction

Stability is an important property for a system because only when a system is stable
can it finish the target task. In this chapter, a group of conceptions of stability in the sense
of Lyapunov are given at the beginning, which are somewhat different from the
definitions of stability given in classical control theory. Then the theorems to decide
whether a system is stable or not are introduced.

4.2 Definition

The response of linear systems can always be decomposed as the zero-state response
and the zero-input response. The stabilities of these two responses are commonly studied
separately. The BIBO (bounded-input bounded-output) stability is for the zero-state
response, while marginal and asymptotic stabilities are for the zero-input response.
Definition 4.1 [external stability]

An input u(¢) is said to be bounded if u#(f) does not grow to positive infinity or

negative infinity. Equivalently, there exist constants £ and S, and
u(t)< fi <o holds forall >0 (4-1)
A system is said to be BIBO stable if every bounded input excites a bounded output, i.e.
y(t) < B2 <o holds forall >0 (4-2)
This stability is defined for the zero-state response.

Conclusion 4.1 [BIBO stability of linear time-variant system]

Consider a continuous linear time-variant system with p inputs, m outputs and zero
initial condition, if we define [fo,] as the time domain, the system is BIBO stable at

time f# if and only if there exists a limited positive number /£, which satisfies the

following relationship
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t
fm |h,-j (t,r)|dr <f <o (4-3)
where
hj(tST)’ i=1,29"'am’ j=1’2""ap (4'4)
are elements of the impulse response matrix H (¢,7) atany ¢ (¢ €[fo,®]).

Proof The proofis divided into two parts.
(1) The system is SISO system , thatis, p=m=1.

First, if #;(¢,7) is absolutely integrable, then every bounded input excites a

bounded output.
Let u(t) be an arbitrary input with u(f)< f; <o forall ¢>0, then

| y(t)|=‘ J! heep(e)ae < [ [ )
<ﬂ1f;|h(t,1)|dr<ﬂ1ﬂ=ﬂ2 <o

(4-3)

the output is bounded.
Second, it can be seen that if /;(?,7) is not absolutely integrable, the system is not

BIBO stable.
If hy(f,7) is not absolutely integrable, for any absolutely large N, there exists a

t €[to,] such that

3|
fro|h(t1,r)|¢1r>N
Let us choose
+1, h(n,6)>0
u(t)=sgnh(t,t)=40, h(f,t)=0
-1, h(n,1)<0

It is very clear that u is bounded. The output excited by the input is
f bl
n)=\| h(t, dr=| |h(4, =
y()= [ h(tep(e)de = [ |h(n, e =0
Because y(tl) can be absolutely large, we conclude that a similar bounded input can

excite an unbounded output, which is contrary to the definition external stability.
Therefore, the assumption does not hold, and we have

f: |y (£,7)d7 < B <o, Vie[to,]

(ii) The system is MIMO system. Note that any element y; (t) of output y(t) is
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|y (1) =

[ Dot () by (o (<)

J.;hil(t,T)ul (r)dr ft:hip (t,7)up(7)dr

The sum of a finite number of bounded functions remains bounded. Therefore, we can
have the conclusion based on the condition of SISO. Proof done.

’ - i=1,2,,m

Conclusion 4.2 [BIBO stability of linear time-invariant system|]

Considering a continuous linear time-invariant system with p inputs, m outputs and
zero initial condition, if we define the initial time as #, =0, the system is BIBO stable if
and only if there exists a limited positive number [, which satisfies the following

relationship

fo | (¢)ldt < B <o
where A;(t), i=1,2,,m, j=12,.-p are elements of the impulse response
matrix H(?).
Conclusion 4.3 [BIBO stability of linear time-invariant system]

Considering a continuous-time linear time-invariant system with p inputs , m outputs
and zero initial condition, if we define the initial time as #, =0, the system with proper

rational transfer function matrix G(s) is BIBO stable if and only if every pole of G(s) has

a negative real part or every pole of G(s) lies in the left-half s-plane.
Proof The characteristic polynomial of G(s) is ac(s). The pole of G(s) is s

(/=1,2,--,m), which is the roots of a¢ (s) = 0. Therefore, any rational fraction of G(s)
is gij (s) (i=12,---,q, j=L12,--p).Its expansion contains the partial fractions
B /

(S -5 )alr

where [ is zero or nonzero constant, the pole s; with multiplicity oy.

=1;2"",m’ a, =1323“"01

Thus the inverse Laplace transform of g (s) is
p o le,  1=12,--,m

¥ P
(s—s )a”

Therefore, the element %;(¢) of the impulse response matrix H (t) derived from the

= B, the corresponding inverse Laplace transform is the impulse function s .

inverse Laplace transform of element transfer function gj (s) is the sum of the finite
terms as p;, % ~le%'. It may contain the function . It is straightforward to verify that
every p, t% e’ ( Vi=1,2,---,q, Vj =1,2,---,p) is absolutely integrable if and only if
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the pole s (/=1,2,---,m ) has a negative real part, ie. A (t) (Vi=12,---,q,
Vj=12,---, p) is absolutely integrable.

Therefore, according to Conclusion 4.2, the system is BIBO stable.

The BIBO stability is defined for the zero-state response.

Now we study the stability of the zero-input response or the response of
x(t)= Ax(t)
which is excited by nonzero initial state x,. Clearly, the solution is
x(t)=exo
Definition 4.2 [internal stability]
The zero-input response of equation X(¢)=Ax(¢) is marginally stable or stable in
the sense of Lyapunov if every finite internal state xy excites a bounded response. It is

asymptotically stable if every finite initial state excites a bounded response, which, in
addition, approaches 0 as ¢t— .

Conclusion 4.4 [internal stability of linear time-variant system]
The zero-input response of equation i(f)= Ax(¢) is internal stable or marginally

stable if every finite internal state x) excites a bounded state transition matrix ¢(t,to) ,
which, in addition, approaches 0 as 7 — .
Proof If x(fo)=xo attime #), the zero-input response is

xou =@P(t,t0) %0, Vte[to,0]
It is straightforward to verify that xo, is bounded if and only if ¢(t, to) is bounded and
lim xo, (t) =0 ifand only if tli_)1£1°¢(t,to) =0.

1=

Conclusion 4.5 [internal stability of linear time-invariant system]|
The zero-input response of equation J'c(t)=Ax(t)+Bu with the initial state

x(0)=xo is internal stable or marginal stable if and only if lime4’ =0.

11—

Proof For a linear time-invariant system, the state transfer matrix ¢(¢)=e# and e*

is bounded for any ¢> 0, then we can obtain Conclusion 4.5 from Conclusion 4.4.

Conclusion 4.6 [internal stability of linear time-invariant system]|
The zero-input response of equation X(f)=Ax(¢)+Bu(t)with the initial state

x(0)=xo is internal stable or marginal stable if and only if every eigenvalue
4(4) (i=12,+-,n) hasanegative real part, in other words,
Re{4(4)}<0, i=12,,n

Conclusion 4.7 [The relationship between internal stability and external stability]
Consider the continuous linear time-invariant system

e 77 e



x=Ax+Bu, x(0)=x, t>0
y=Cx+Du

where x is n-dimensional state vector, u is p-dimensional input vector, and y is
m-dimensional output vector. If the above system is internal stable or marginal stable, it
must be BIBO stable or external stable.
Proof For the above linear time-invariant system, from the analysis of the system
dynamics we know that the impulse response matrix H(¢)

H(t)=Ce*B+D5(t)

From Conclusion 4.5 we know that if the system is internal stable, ¢*’ is bounded and

lim e4* = 0. With the above contents we can get all elements of the impulse response
X—®0

matrix H(f), where hy(f), (i=1,2, **<, m, j=I,2, -=-p) satisfies the following relationship:

fo \h,,- (t)|dt <Pf<w
The system is BIBO stable according to Conclusion 4.2.
Conclusion 4.8 [The relationship between external stability and internal stability]
Consider the continuous linear time-invariant system

X=Ax+Bu, x(0)=xo, t>0

y=Cx+Du
BIBO stability or external stability can not guarantee internal stability or marginal
stability.
Proof When some poles and zeros are same, the order of transfer function for a system
is lower than that of state space description, i.e., the number of poles is less than the
number of eigenvalues. The system is BIBO stable, in other words, every pole of G(s) has
a negative real part, cannot guarantee that the eigenvalues of the system have negative
real parts. Therefore, BIBO stability can not guarantee the internal stability of the system.
Conclusion 4.9 [The equivalence between external stability and internal stability]

Consider the continuous linear time-invariant system
X = Ax+ Bu, x(0)=xo, t>0
y=Cx+Du

Without the zero-pole cancellation, the system is internal stable if and only if the system
is external stable.
Proof From Conclusion 4.7, we can know internal stability means external stability of
the system. If the system has no zero-pole cancellation, external stability means internal
stability of the system according to proof of Conclusion 4.8. Therefore, external stability
is equivalent to internal stability of a system if the system has no zero-pole cancellation.
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Definition 4.3 [autonomous system]|
A dynamic system without external or input excitation is defined as an autonomous
system.
Generally, the state equation of a continuous nonlinear time-variant autonomous
system can be described as follows:
x=f(xt), x(t)=x0, te[to,o0] (4-6)

where x is n-dimensional state vector, f{x,f) is n-dimensional vector function. For a
continuous nonlinear time-invariant system, state equation can be writtenas x = f (x)
For a continuous linear time-variant system, the vector function f{x,f) of equation
(4-6) can be further described as a linear vector function of state x. The state equation of
autonomous system can be rewritten as
x=A(t)x, x(t)=x0, te[to,»] 4-7)
And the state equation of a continuous linear time-invariant autonomous can be written as
x=Ax.
Definition 4.4 [Equilibrium state]
For a continuous nonlinear time-variant system, the equilibrium state of the
autonomous system (4-7) is x,, which satisfies the following equation:
Xe=f(x,t)=0, Vite[t,0] (4-8)
Some notes about the equilibrium state:
(i) Intuitive meaning of the equilibrium state
Equilibrium state x, is a class of state which always satisfies x. =0 .
(ii) The form of the equilibrium state
The equilibrium state x, can be solved from equation (4-8). For a 2-dimensional
autonomous system, the form of x, can be points or a line in the state space.
(iii) Non-uniqueness
The equilibrium state x, of an autonomous system is not always unique. For a
continuous linear time-invariant system, the equilibrium state x, is the solution of Ax,=0.
If the matrix 4 is nonsingular, we have a unique solution x,=0. If the matrix 4 is
singular, the solution is not unique.
(iv) Zero equilibrium state
For the autonomous systems (4-6) or (4-7), x,=0 must be an equilibrium state for the
system.
(v) Isolated equilibrium states
The isolated equilibrium states are equilibrium states in the form of isolated
equilibrium point in the state space. An important feature of the isolated equilibrium
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states is that they can be transferred to state-space origin by moving coordinates.

(vi) Agreement on the equilibrium states

In the direct method of Lyapunov, the stability analysis is mainly aimed at the
equilibrium states. Therefore, we always set the state-space origin as the equilibrium
states, i.e., x,=0 in the following sections of the stability analysis.

Definition 4.5 [disturbed dynamics ]

The disturbed dynamics of a dynamic system is a class of state dynamics caused by
the initial state x,.

In nature, the disturbed dynamics is the state response of zero-input. We call it
disturbed dynamics because a non-zero initial state x, will be regarded as a state
disturbance relative to the zero equilibrium state x,=0 in stability analysis.

Usually, for more clearly description of the relationship of time and causality in the
disturbed dynamics, we further represent the disturbance dynamics as the following form

xou ()= d(t;x0,00),  t€[to, 0]
where ¢ is a vector function. When 7=t,, the vector function of the disturbed dynamics
satisfies @(fo3X0,%0 )= Xo.

In the sense of geometry, the disturbed dynamics ¢(t;xo,to) presents a trajectory
from the initial state x, in the state space. We can constitute a trajectory cluster of
disturbed dynamics ¢(#;x0,%) according to different initial states.

Definition 4.6 [the stability in the sense of Lyapunov]
The isolated equilibrium state x,=0 of the autonomous system is considered to be

stable in the sense of Lyapunov at the time instant # if for any real number & >0, there
exists a corresponding real number & (s,to) >0, when

[0 - x| < 5(e,10) (4-9)
the disturbed dynamics @(#;x0,%) from the initial x satisfies the following inequality:
l¢(t:x0.00) x| <6, Vi1 (4-10)
Notes of the stability in the sense of Lyapunov:
(1) Geometric significance of stability

There is direct geometric significance about the stability in the sense of Lyapunov.

Hence, inequality (4-10) can be considered as a super-sphere in the state space whose core
is x, and the radius is &. Its field can be represented with (&) . Inequality (4-9) can be

considered as a super-sphere whose core is x. and the radius is &(&,%) in the state
space. Its field can be represented with S(&), which is function of & and #. The

geometric explaination of stability in the sense of Lyapunov is that the dynamics
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trajectories ¢@(#;X0,%) starting from any initial state within the field S(&)will never
exceed the boundary H{( ¢) of the filed S(&) , as shown in Fig. 4.1.

?(t, x0, to) N

y

an

S (&)
H(¢g)

Fig4.1 The stability in the sense of Lyapunov

(2) Uniform stability in the sense of Lyapunov

In the definition of stability in the sense of Lyapunov, if there exists a real number
5(&)>0 which is not related to the initial time f,, i.e., when |xo —x.|<&(&) holds,

H¢(f;xo,lo)—xe

uniform stable in the sense of Lyapunov. In general, for the time-variant systems, uniform

<g Vt>1y always holds, then we call the equilibrium state x, is

stability is of more practical significance than stability. Uniform stability means that, if
the system is stable in the sense of Lyapunov at an initial time instant ¢, the system is
stable in the sense of Lyapunov at all initial time #, in the definition interval of time.

(3) The stability properties of the time-invariant system

For the time-invariant system, no matter it is linear system or nonlinear system,
continuous system or time-discrete system, stability in the sense of Lyapunov must be
equivalent to uniform stability. In other words, if the equilibrium state x, for a
time-invariant system is stable in the sense of Lyapunov, x, must be uniform stable in the
sense of Lyapunov.

(4) The nature of stability in the sense of Lyapunov

The definition shows that the stability in the sense of Lyapunov can only guarantee
the boundedness of the system’s disturbed dynamics instead of the asymptotic
characteristic relative to the equilibrium state. Therefore, compared to the project
understanding, the essence of stability in the sense of Lyapunov is critical instability in
the meaning of industrial process.
Definition 4.7 [the asymptotic stability]

The isolated equilibrium state x,=0 of the autonomous system is considered to be
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asymptotic stable if the following conditions hold.

(i) x.=0 is stable in the sense of Lyapunov at time 7.
(i) For a real number &(&,%)>0and any real number x>0, there exists

corresponding real number T(x,8,t0)>0 which makes the disturbed dynamics
#(t;x0,t0) starting from any initial state xo that satisfies the inequality (4-9) satisfy the
following inequality:
||¢(l‘;xo,to )— Xe
We give the following points based on the definition of asymptotic stability.
(1) Geometric significance of asymptotic stability

<u, Vt>to+T(u6,h) 4-11)

Take a two-dimensional system for example. The geometric meaning of asymptotic
stability is shown in Fig.4.2 and Fig.4.3. The response from a initial state xqin the sphere

S( &) will not exceed the sphere S(¢) (as shown in Fig.4.2) and converges to the sphere
4 as time goes (as shown in Fig.4.3).

P, xo, to) 5(8)

NS

Fig.4.2 The asymptotic stability

5()
H(®)

S(e)
S()
Ol 11, ) S
: N
. / p——— <
/ T

Fig.4.3 The asymptotic stability
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(2) The equivalent definition of asymptotic stability

In the definition of asymptotic stability, if we select x — 0, then T ( 1,0, to) ey
Therefore, the equivalent definition of the asymptotic stability can be introduced which
reflects the asymptotic characteristics of the stable process in a more intuitive form. The
equivalent definition can be expressed that the isolated equilibrium state x.=0 of an
autonomous system (4-7) is asymptotic stable at time # if the following two conditions
hold:

(i) The disturbed dynamics @(t;x0,20) starting from any initial state xo € S(5) is
bounded to any ¢ e [tp,) relative to equilibrium state x,=0.

(ii) The disturbed dynamics relative to equilibrium state x,=0 meets the asymptotic

characteristic, that is,
tlim¢(t;xo,to) =0, VxeS(6)
—0

(3) Uniform asymptotic stability
In the definition of asymptotic stability, if & (8) has nothing to do with #,, and other

conditions holds, the equilibrium state x, is uniform asymptotic stable. Similarly, for
time-variant systems, the uniform asymptotic stability is more meaningful than the
asymptotic stability.
(4) The properties of asymptotic stability for time-invariant systems
For time-invariant systems, no matter the system is linear or nonlinear,
time-continuous or time-discrete, the asymptotic stability is equivalent to the uniform
asymptotic stability of the equilibrium state x,. In other words,
the asymptotic stability of the equilibrium state x,
& the uniform asymptotic stability of the equilibrium state x, (4-12)
(5) Large-scale and small-scale asymptotic stability
Small-scale asymptotic stability is also known as local asymptotic stability. The
definition of local asymptotic stability is:
There exists a super-sphere S (5) around x,=0, V0= xy €S (5) ,
x. is asymptotically stable. (4-13)
Where S (5) is the attraction domain, representing the property that all the states within
S (5 ) can be attracted to the equilibrium state x,.
Large-scale asymptotic stability is also known as global asymptotic stability. The
definition of global asymptotic stability is
V0 #x €R", x, =0 isasymptotic stable. (4-14)

(6) The necessary condition of large-scale asymptotic stability
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From the definition of large-scale asymptotic stability (4-14), the necessary
condition for the equilibrium state x,=0 to be large-scale asymptotic stable is that there are
no other asymptotic stable equilibrium states in the state space R".

(7) The properties of asymptotic stability for linear systems

For linear systems, no matter the system is time-invariant or time-variant,
time-continuous or time-discrete, if the equilibrium state x,=0 is asymptotic stable, it is
large-scale asymptotic stable.

(8)The asymptotic stability in the sense of Lyapunov

<> The stability in the meaning of industrial process
Definition 4.8 [the instability]

The isolated equilibrium state x,=0 of the autonomous system is considered to be
unstable if for £¢>0 and even & is big enough, there does not exist a corresponding
real number &(&,%)>0 which makes the disturbed dynamics @(#;x0,% ) starting from
any initial state x, that satisfies the inequality ||x0 —xe" <d (e‘, to) satisfy the following

inequality:
”¢(1;xo,to ) — Xe

Take a two-dimensional system for example. The geometric meaning of instability is

¢, Vt>1

shown in Fig.4.4. If the equilibrium state x,~0 is unstable, no matter how large or small
S(8) is, there exists non-zero point xj € §(&)which makes the disturbed dynamics

trajectory starting from which exceed the field S (5) . In essence, instability in the sense of

Lyapunov is equivalent to divergent instability in the meaning of industrial process.

S(5) @2, xo, to)

(o
N=4

NG HeE)

Fig4.4 Instability
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4.3 Stability Criteria

4.3.1 Lyapunov’s Second Method

Lyapunov’s second method proposes such a visual revelation in physics as: the
dynamic process of a system is accompanied by changes of energy. If the change rate of
the system energy always remains negative, i.e., the energy decreases monotonously, the
disturbed dynamics of the system will eventually return to the equilibrium state. Based on
this fact, we present the following stability criteria.

® Large-Scale Asymptotically Stability Theorem
Consider a nonlinear time-variant autonomous system described by
x=f(x,t), te[t,») (4-15)
where xe R™!', and f(0,/)=0 for all ¢e[t,), which means the origin of the state

space is an isolated equilibrium state.

Theorem 4.1 The origin of (4-15) is large-scale uniformly and asymptotically stable if
there exists a scalar function V(x,f) that satisfies 7 (0,£)=0 and has continuous

first-order partial derivatives for x and ¢ , and qualifies the following terms for all the

non-zero sates in state space R”":
i)V (x,t) is positive definite and bounded, i.e., there exist such two continuous

non-decreasing scalar function o(|x||) and B(|x|) («(0)=0,8(0)=0) that:
B(|x]) >V (x.0)> a(|x]) >0, forall x=0 and #e[ty,) (4-16)
(ii) The derivative of V(x,¢) on ¢: V(x, t) is negative definite and bounded, i.e.,
there exists such a continuous non-decreasing scalar function (||x|) (7(0)=0) that:
V(x,t)<—y(|x])<0,forall x#0 and ¢e[t,) 4-17)
(iii) & (||x|) > o when || = o ; equivalently, ¥ (x,£) > o.

Proof

1) Prove that the origin equilibrium x,=0 is uniformly stable.
From the above term i, we know that A(|x|) is continuous non-decreasing and

y/j (0)=0. Thus for any real number &>0, there must exist such a real number

5(6)>0 that B(5)<a(e).Besides, as V(x,) isnegative definite, we have

V(@(t:x0,10),1) = V (X0,t0) = f : V(@3 %0,10),5)d7 < 0 (4-18)
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Then for any initial time ¢, and any nonzero initial state xo with |xo| < §(&), we have
a(e) > B(8) >V (x0,t0) > V($(t; x0,t0),1) > @ (|p(t; x0,10)|) , forany z€[to,) (4-19)
As of|x])) is continuous non-decreasing and @(0)=0, from the above equation, we

can deduce that for any initial time # and any nonzero initial state xo which has
|xo]| < 8(¢), we have

|p(t:x0,10)| < &, V>80 (4-20)
Therefore, for any real number £>0, we can find a 6(¢)>0 (J(¢) is independent
from the initial time 7y ) which makes the response ¢(z;x0,%) excited by any initial time
to and any non-zero initial state x, with ||xo|| < 0(¢) qualify equation (4-20). According
to the definition, the origin equilibrium x,=0 is uniformly stable. Proof done.

2) Prove that for any initial time #y, the dynamics &(¢;x0,%) excited by any nonzero
state xo which meets [[xo| < 5(¢) converges to the origin equilibrium state x,~0.

First, for any real number x>0 and the deduced real numberd(g)>0, we can
construct a real number 7'(x,5)>0. Suppose the initial time # is random and the
non-zero x, satisfies llxo" < (&) . Without loss of generality, we assume 0 < p < ||xo|| . Then,
as V(x,t) is bounded, for the given x>0, we can find a corresponding real number
v(#)>0 which makes A(v)<a(u) . Besides, y(||x|) is continuous and
non-decreasing, suppose p(x,8) is the minimum value of y(|x|) in the interval

w(u) <||x| < &, we assume

T(u,9) et lE) (4-21)
p(u,0)
In accordance with this principle, for any given real number >0, we can construct a
corresponding 7'(x,6) which is independent of the initial time #,.

Furthermore, for some time # ( to <tr<to+T(u,8) ), we prove that
P(t2;x0,t0) =v(u). Let t =t +T(u,d), and suppose @(t2;x0,%) > v(u) for any ¢ in the
interval #o <f/<#. Then using equation (4-21) and the negative definite property of
V(x,t) , we can deduce that:

0<a()<V(d(t;xo,t0),1) <V (x0,t)
<V (xo,t0) — (0 —t0) p(1,5)
< B(6)-T(u,8)p(u,6) (4-22)
=p(6)-p(6)=0
Obviously, the above equation is a contradictory result. So the hypothesis does not hold,
which means, there must exist a time #, in the time interval # <¢<# which makes
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P(t2;%0,00) = V() -

Finally, we deduce that for all ¢># +T(u,0) we have ||¢(t;xo,to)||< 4. In this
respect, considering @(t2;x0,% ) =v(x) and using the bound of V(x,#) and the negative
definite property of V(x,f), forall the ¢> t;, we have

a (“¢(t;xo,to )||) SV (B(t;x0,20),1) < V(B(t2;%0,00),12) < B(V) < a(u) (4-23)
Thus, based on the fact that a(||x]|) is a continuous non-decreasing function, we can
deduce from equation (4-23) that for all ¢ > #, ,we have
|62 x0,20)| < 2 (4-24)
Besides, from # +T(u,8)>t we can know that (4-24) holds for all ¢ when
t>to+T(u,0),and T —o0 when u—0.

As proven above, for any initial time instant #, the dynamics excited by any
non-zero initial state x, with ||xo || <8(g) converges to the origin equilibrium state x,=0
when ¢t — .

3) Prove that for any non-zero initial state xo in the state space R”", its forced
dynamics @(#;%0,%) is uniformly bounded. As a(|x[) > when |x| >0, there

must exist a finite real number &£(5)>0 which makes A(5)<a(g) for any
arbitrarily large real number §>0. Using the bound of V(x,f) and the negative
definite property of V(x,f), we can know that for all te[fy,0) and any non-zero

xo € R" , we have

a(e)> B(8) >V (x0,10) > V(#(t;x0,10),) > (| p(t: X0, 10)|) (4-25)
Therefore, considering that e (|x|) is a continuous non-decreasing function, we have
|6t x0,00)| < £(8), V>0, Vxo e R (4-26)

£(6) is independent of the initial time #,. This indicates that for any non-zero initial
state xo € R", #(t;x0,t0) is uniformly bounded. Thus, the whole proof is done.

Notes of Theorem 4.1:

(1) Physical implication

For Theorem 4.1, in physical sense, the positive definite bounded scalar function
V(x,t) is regarded as some kind of “generalized energy” and V(x,f) as the change rate
of the generalized energy. This idea reflects an institutive fact that, if the energy of the
system is limited and the change rate of the energy is negative definite, the system energy
is bounded and eventually decreases to zero. Correspondingly, the dynamics of the system
is bounded and eventually converges to the origin equilibrium.

(2) Lyapunov function
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In Theorem 4.1, V(x,t) isnot equivalent to the energy, meanwhile the meaning and
form of V(x,f) varies with the physical property. Thus in the theory of system stability,
V(x,t) which qualifies the theorem is called Lyapunov function. To judge the
asymptotical stability of the system, we construct a Lyapunov function V(x,t) for the
system.

(3) The selection of Lyapunov function

For a comparatively simple system, we usually select a quadratic function of state x
as the Lyapunov function. If the function does not satisfy the theorem, we can try to select
a more complicated one. For a complex system, the construction of Lyapunov function is
difficult and we sometime select the Lyapunov function with experience.

(4) The sufficiency of the criterion

Theorem 4.1 is a sufficient but not necessary condition to judge the large-scale
uniformly and asymptotically stability of the system (4-15). The limitation is that, if we
can not find the Lyapunov function V(x,#f) which meets the theorem, we can not
determine whether the system is stable or not.

(5) The principles in using the criterion

Considering the sufficient property of Theorem 4.1 in determining the stability, we
first judge whether the system is large-scale asymptotically stability or not. If the answer
is no, then we judge the small-scale asymptotically stability of the system. If the result is
no either, we will judge whether the system is Lyapunov stability till the stability is
determined. The above principle is helpful but not always works.

Now, we discuss the continuous nonlinear time-invariant system, the state equation is

x=f(x), t>0 (4-27)
where xe R™" and f(0)=0 for all te[O,oo) , i.e., the state space origin x=0 is an

isolated equilibrium state of the system.

We obtain the corresponding conclusion for the time-invariant case directly from

Theorem 4.1, since time-invariant system is a special case. Besides, we can see that the
requirement is largely simplified in its form for time-invariant cases.
Theorem 4.2 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function V'(x), which has continuous first-order partial derivatives
for x, and qualifies the following terms for all the non-zero sates in state space R” and
V(0)=0:

(1) V(x) is positive definite;

(ii) V(x) =dV(x)/dt is negative definite;

(iii) ¥ (x) > when |x|—>o0.
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the origin equilibrium state of (4-27) is large-scale asymptotically stable.

Example 4.1 Consider a continuous nonlinear time-invariant autonomous system
X1 =x —x(x? +x3)
X2 =—x1 —x2(x% +x2)

Discuss the stability of the system.

Solution

T T
X 0
Obviously, [ ‘ } = [ } is the equilibrium state.
X2 0
First, we select a quadratic function of state x as Lyapunov function ¥(x)
V(x)=xt +x2

It is obviously that ¥(x) is positive definite.
Second, by calculating V(x),

_ 8V(x)ﬁ+ aV(x)@{aV(x) aV(x)} X
Ox; dt Oxy dt Oxi Oxa X2

V(x)

xz—xl(x12+x§)
=[2x 2x ==2(xZ +x3)?
[21 2]|:—x1—x2(x12+x§ (& +27)

It’s easy to see that V(x) is negative definite.

Last, when |x|=/x? + x2 — o, we have
V(x)= ”x“2 =(x +x3)> o

According to Theorem 4.2, the system origin equilibrium state x=0 is large-scale
asymptotically stable.

The research shows that the item “¥V(x) is negative definite” is the main difficulty

in the construction of Lyapunov function. Simultaneously, “ ¥ (x) is negative definite” is
a conservative condition of the theorem. Next, we will give a relaxed stable criterion for
continuous nonlinear time-invariant system.
Theorem 4.3 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function V(x), which has continuous first-order partial derivatives
for x, and qualifies the following terms for all the nonzero states in state space R"” and
V(0)=0:

(1) V(x) is positive definite;

(i) ¥(x)=d V(x)/dt is semi-negative definite;

(iii) ¥ (¢(t,%0,0)) is not identically equal to zero for any nonzerox € R" ;

(iv) V(x) > when ||x||—)oo
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the origin equilibrium state of (4-27) is large-scale asymptotically stable.
Example 4.2 Consider a continuous nonlinear time-invariant autonomous system
X =x2
%o ==x —(1+x)*x
Discuss the stability of the system.
Solution
Obviously, [x1, x2]'=[0,0]" is the only equilibrium state.
First, we select a quadratic function of state x as the Lyapunov function V(x)
V(x)=x}+x3
V(x) is positive definite.
Second, by computation,

V(x)=[5V(x) aV(x):”:-ffl]

ox Ox2 || X2
=[2a 2x ][—XI - (lx-i x2)? xz} =Ty

We can see that there are two cases which make V(x) =0

case 1, x; is arbitrary and x,=0;

case 2, x; is arbitrary and x,=—1. .

Except for these two cases, we have V(x) <Owhen x#0.Thus V(x) issemi-negative
definite.

Now we check whether V (q; (t,xo,O)) identically equal to zero or not, and the
problem comes down to judge if the above two cases are the disturbed response of
system.

For case 1,

#(t:%0,0) =[x (5),0]"
from x;(r)=0 we can deduce x,(r)=0. Substituting this into the system equation
yields
#1()=x2()=0
0=%0)=—1+x2())x2(t) - x1(t) = —x1(¢)
therefore, ¢ (t;x0,0) = [x (o), O]T is not the solution of the system disturbed dynamics
except for the origin (x =0,x, =0).

For case 2,



¢ (t:%0,0) =[x (2), 1]
from x;(#)=-1 we candeduce x,(z)=0. Substituting this into the system equation yields
X (t)=x()=-1
0=x2(t) = —(1+ x2())? x2(t) — x1.(t) = —x1 ()
Obviously, this is a contradictory result. Hence, ¢ (#;x0,0)=[x (t),—l]T is not the
solution of the system. Therefore, the item iii in Theorem 4.3 is satisfied.
Last, when x| = \/(xlszz) — o, we have
V(x)= ||x||2 =(x +x3)—> o

According to Theorem 4.3, the origin equilibrium state of the system x=0 is large-scale
asymptotically stable. Besides, we can see that the Lyapunov function we choose for the
system does not qualifies Theorem 4.2 but meets Theorem 4.3.

® Small-Scale Asymptotically Stability Theorem

In the application of the Lyapunov Second method, when a system is not large-scale
asymptotically stable, we turn to judge the small-scale asymptotically stability. This
section presents some basic theorems about small-scale asymptotically stability in
Lyapunov Second method.

For continuous nonlinear time-variant systems, we have the following conclusion.
Theorem 4.4 For a continuous nonlinear time-variant autonomous system (4-15), if
there exists a scalar function V(x,t) (¥ (0,t)=0), which has continuous first-order
partial derivatives for x and # and an attractive area Q around the state space origin,
qualifies the following terms for all the non-zero sates xeQ andall ¢ [to,oo) f

(i) V(x,t) is positive definite and bounded,;

(ii) V(x,t)=dV(x,t)/dt is negative definite and bounded.
then the origin equilibrium state of the system x=0 is uniformly and asymptotically stable
in the area Q.

For continuous nonlinear time-invariant systems, we have the following two
conclusions.

Theorem 4.5 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function V(x)(¥(0)=0), which has continuous first-order partial

derivatives for x and ¢ and an attractive area Q around the state space origin, qualifies
the following terms for all non-zero states x € andall ¢ e [to,oo) :

(i) V(x) is positive definite;
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(i) V(x,f)=dV(x)/dt is negative definite.
then the origin equilibrium state of the system x=0 is asymptotically stable in the area Q.
Theorem 4.6 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function V(x) (¥(0)=0), which has continuous first-order partial

derivatives for x and ¢ and an attractive area Q around the state space origin, qualifies
the following terms for all non-zero states x<Q and all €[f,®):

(i) ¥V(x) is positive definite;
(i) V(x,t)=dV(x)/dt is semi-negative definite.
(iii) ¥ ((o (¢,x0, 0)) is not identically equal to zero for any non-zero state x e Q

then the origin equilibrium state x =0 is asymptotically stable in the area Q.

® Theorem for Stability in the Sense of Lyapunov

In the same way, when a system is not small-scale asymptotically stable, we turn to
judge the stability in the sense of Lyapunov. In this section, we will provide some rules to
determine the stability in the sense of Lyapunov.

Theorem 4.7 For a continuous nonlinear time-variant autonomous system (4-15), if
there exists a scalar function V(x,?) (¥(0,/)=0), which has continuous first-order partial

derivatives for x and ¢ and an attractive area Q around the state space origin, qualifies
the following terms for all the non-zero sates xeQ andall fe [to,co) :

(1) V(x,t) is positive definite and bounded,;

(i) V(x,t)=dV(x,t)/dt is semi-negative definite and bounded.
then the origin equilibrium state of the system x=0 is stable in the sense of Lyapunov in
the areaQ) .

For continuous nonlinear time-variant systems, we have the following conclusion.
Theorem 4.8 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function F(x), V(0)=0, V(x) has continuous first-order partial

derivatives for x and ¢ and an attractive area Q around the state space origin which
qualifies the following terms for all non-zero states xe€Q andall ¢ e [to,oo) :

(1) V(x) is positive definite;

(i) V(x)=dV(x)/dt is semi-negative definite.
then the origin equilibrium state of the system x=0 is stable in the sense of Lyapunov in
the area Q.
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® Theorem for Instability

For a continuous nonlinear time-variant system, the criterion for instability is
presented as follows.

Theorem 4.9 For a continuous nonlinear time-variant autonomous system (4-15), if
there exists a scalar function V(x,¢) (V(0,¢)=0), which has continuous first-order

partial derivatives for x and ¢ and an attractive area Q around the state space
origin, qualifies the following terms for all the nonzero sates xe€Q andall ¢ [to,oo) :
(1) V(x,2) is positive definite and bounded;
(i) V(x,ty=dV(x,t)/dt is positive definite and bounded.
then the origin equilibrium state of the system x=0 is unstable.
For continuous nonlinear time-variant systems, we have the following criteria.
Theorem 4.10 For a continuous nonlinear time-invariant autonomous system (4-27), if
there exists a scalar function V(x) (¥(0)=0), which has continuous first-order partial

derivatives for x and 7 and an attractive area Q around the state space origin, qualifies
the following terms for all non-zero states x € Q and all 7€ (#,):

(i) V(x) is positive definite;
(i) V(x)=dV(x)/dt is positive definite.
then the origin equilibrium state of the system x=0 is unstable.

Note: From the above two conclusions, we can see that the system is unstable when
V(x,t) or V(x) have the same sign with F(x,f) or ¥(x), theoretically, the disturbed

dynamics trajectories of the system will diverge to infinity.

4.3.2 State Dynamics Stability Criteria for Continuous Linear Systems

This section discusses the stability for continuous linear systems. Based on the
concepts and results of Lyapunov Second method, similar to the linear time-invariant
system and linear time-variant system, we will discuss the stability of the disturbed
dynamics first. Then some stable criteria will be presented.

® Stability Criteria for Linear Time-Invariant Systems

Consider a continuous linear time-invariant system, the autonomous state equation is
x=Ax, x(0)=xp, t>0 (4-28)

where x e R", the origin of the state space x=0 is an equilibrium state of the system.
Next, we present the stability criteria for linear time-invariant systems based on

eigenvalues.
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Theorem 4.11 For a continuous linear time-invariant system (4-28), the origin
equilibrium state x=0 is stable in the sense of Lyapunov if and only if all the eigenvalus of
matrix 4 have non-positive real parts, i.e., zero or negative real parts, and the
eigenvalue whose real part is zero is distinct.

Proof The proof'is divided into two steps.

1) Prove that the system is stable if and only if |le#’|< B <. From the autonomous
dynamics equation of the linear time-invariant system, we can obtain the disturbed
dynamics of states

P(t;%0,0) = xou () = €' x0 (4-29)

The equilibrium state is x. =0, we notice that x. =e?'x,, thus we further deduce that
the disturbed dynamics relative to equilibrium state x, =0 is

P(t;%0,0) —xe =€ (xe —x0), V>0 (4-30)

This indicates that if and only if "e“’ " < <, for any real number & there exists a real

number §(¢)=¢/f which is independent of the initial time and makes the disturbed

dynamics from any non-zero initial state "xo — X || <d(¢) (x €R") qualify the

following inequality:

o200 <o -] < 5= ve>0 @31)

As defined, the system is stable in the sense of Lyapunov. Proof done.

2) Prove the conclusion. Introducing the linear non-singular transformation
$=Q7'x toensure A=Q"'AQ as the Jordan Canonical:

le*|<lelle“iel. le[<lellefle- (4+32)

This indicates that, the bound of ”e'“ || is equivalent to the bound of "e’.“ " From the

eA!

Jordan Canonical, we can know that the element of e is the combination of the
following items:

P gait+jort /11'(;1) =hi(d) =i+ jox, i=12,,u4,0=12,,0 (4-33)
where A(:) is the eigenvalue of the corresponding matrix, o; means that 4 is a o;
duplicate eigenvalue. When a; <0, the corresponding items are bounded in the interval
[O,oo) for any limited positive integral f; when a; =0, the corresponding items are
bounded in the interval [0,00) only for g =1. Further, the bound of the elements of
¢4 means the bound of ”e’h ” This indicates that, At ", ie., |e’“ " is bounded if and
only if all the eigenvalues of matrix 4 have zero or negative real parts and the
eigenvalues whose parts are zero are distinct. Using the proposition given in the first part,
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we can prove that the above condition is the necessary and sufficient one for the stability
in the sense of Lyapunov. Proof done.
Theorem 4.12 For a continuous linear time-invariant system (4-28), the origin
equilibrium state x=0 is asymptotically stable if and only if all the eigenvalues of matrix
A have negative real parts.
Proof From Theorem 4.11, the equilibrium state x=0 is stable in the sense of Lyapunov
if and only if all the eigenvalues of matrix 4 have zero or negative real parts and the
eigenvalues whose real parts are zero are distinct. Further, from equations (4-29), (4-32)
and (4-33), we can know that

lim ¢(#; x0,0) = lim e#'xy = 0

= [—®©

< lim "e’" || =0
[—x

o limA-leamtion 0, =12, p, f=12,0

[—®
< The eigenvalues of 4 all have negative real parts.

As defined, the system is asymptotically stable. Proof done.

Note: We can see that the asymptotically stability equals to the internal stability
illustrated beforehand.

Further, based on the Lyapunov Second method, we can provide the Lyapunov
stability criteria for linear time-invariant systems.
Theorem 4.13 For an n-dimensional continuous linear time-invariant system (4-28), the
origin equilibrium state x,=0 is asymptotically stable if and only if for any given nXn
dimensional positive definite symmetry matrix Q, the Lyaponov equation

ATP+PA=-Q

has a unique n X n dimensional positive definite symmetry matrix solution P.
Proof

First we prove the sufficiency. Given n X n positive definite matrix P, we want to
prove the asymptotically stability of x,=0. For this, we select the Lyapunov function
V(x)=xTPx.As P=PT >0, V(x) ispositive definite. Further, we have

V(x) = x" Px+ xT Px = (Ax)" Px + x” P(Ax)
=xT(ATP+PA)x=-x"0Ox

And from Q=07 >0 we know that V(x) is negative. According to large-scale

(4-34)

asymptotically stability theorems, x.=0 is asymptotically stable. Sufficiency proven.
Then we prove the necessity. Given the asymptotically stability of x,=0, we want to
prove that matrix P is positive definite. For this, considering the matrix equation:
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X=A"X+X4A, X(0)=Q, t>0 (4-35)
the matrix X is
X(t)=e"Qe, t>0 (4-36)
The integration of (4-35) from # =0 to t—<° is

X ()= X(0) = A7( J' : X(8)dt) + ( f :X(t)dt)A 4-37)

As the system is asymptotically stable, e.g., e — 0 when ¢ — « , thus from (4-36) we
have X(0)=0. Considering X(0)=Q, let P= f wX (t)dt, so (4-37) can be further
0

expressed as
A"P+PA=-Q (4-38)

Hence, P= f X(t)dt is the solution of the Lyapunov equation. From the facts that
0

X(#) isunique and X(w)=0, P= f N X(t)dt isunique. While from
0
ror 4 R
P’ = f [e7tQe* ] dr= f A" Qe dt = P (4-39)
0 0
So P= f . X(t)dt is symmetry. Again for any nonzero xo € R"”, we have

XX Pro = f : (e x0 )T Qe xo )dt (4-40)

where the positive definite matrix Q=N”N is nonsingular. From equation (4-40) we
can further deduce:

x¢ Pxo =f0 (e?'x0)" NT N(e* xo)dt

= f:”NeA’xo"zdt >0 (4-41)

Therefore, P is unique and positive definite. Necessity proven. Proof done.
Example 4.3 Consider the stability of the following continuous linear time-invariant

system
. =1 1
X = ¥
2 =3
Solution

For simplicity, we select Q = I, . Further, from Lyapunov equation
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=1
ATP+PA=[ i

o Sk Bl S S
=3]lp3 P2 p p2l2 -3 0 -1

we can deduce:

=2p+0pr +4p3 =-1
Opr—6p2+2p3 =-1
p+2pr—4p3 =0

By algebraic equations solving method, we have

s 1 3] (7]
n] [-2 0 4T'[-1 f 2Ir-1 ‘3‘
pl-|0 s 2| |-t L L)L
p3 1 2 4 0 3 1 3 0 5
| 8 4 4] | 8 ]
the solution of the Lyapunov equation is
P= >0

ol K|
0| W 00|

P is positive definite, so the system is asymptotically stable.
MATLAB can be adopted for the solution of the above question.

>> A=[-1 1;2 -3];
>> Q=[1 0;0 1];
>> P=lyap(A',Q)

P =
1.7500
0.6250

0.6250
0.3750

The function“posdef’can be used to judge whether a matrix is positive definite or

not.

The format of the MATLAB function is
[key,sdet]=posdef (P)
The codes are shown as follow.
function [key,sdet]=posdef (P)
[nr,nc]=size(P);
sdet=[];
for i=l:nr
sdet=[sdet,det (P(1:1i,1:1))];
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end

key=1;

if any(sdet<=0)
key=0;

end

The running result of posdef (P) is
key =

sdet =
1.7500 0.2656

If key=1, the result represents that P is positive definite , else P is negative definite. Sdet
is the determinant of every matrix in the upper left corner.
Theorem 4.14 For a n-dimensional continuous linear time-invariant system (4-28) and

any given real number o >0 , suppose the eigenvalues of matrix 4 are
Ai(A),i=1,2,---,n, then all the eigenvalues locate in the left-half plane of the straight line

-0+ jo onsplane,ie.,
ReA(4d)<-o, i=L2,",n
if and only if for any given n X" n dimensional positive definite symmetry matrix Q, the
expanded Lyapunov function
20P+ATP+PA=-Q (4-42)
has unique positive definite solution matrix P.
Proof Let A= A+ol,then from
det(3I — A) = det(5] - A — o) = det[(5 — 0)] — A]
=det(sI-4), S=s+o (4-43)
We can know that
A(A)=A(A+o, i=1,2,n (4-44)
From Theorem 4.13, we know that all the eigenvalues of matrix A have negative real
parts if and only if for any positive definite symmetry matrix Q, the following Lyapunov
function has unique positive definite solution matrix P :
A"P+PA=-Q (4-45)
Hence, substituting A=A+ o/ into (4-45), we can deduce (4-42). While from (4-44),
we have the following equivalent relationship:
ReA(A) <0 o ReA(A)<—0o, i=12,n

Therefore, if and only if (4-42) has unique positive definite solution matrix P ,
ReA;(A)<-o, i=1,2,---,n. Proof done.
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@  Stability Criteria for Linear Time-Variant Systems

Now we turn to discuss the continuous linear time-variant systems, the autonomous
state equation is
x=A(t)x, x(to)=x0, te [to,oo] , t €[to,) (4-46)
where xeR™", A(¢f) qualifies the condition which guarantees the existence and
uniqueness of the solution, x,=0 is a equilibrium state of the system. Usually, there is a
non-zero equilibrium state x, besides x.=0.
For linear time-variant systems, we can adopt two ways to judge the stability of
equilibrium states, i.e., the method based on state transfer matrix and the method based on

Lyapunov criteria. Next, we will introduce these two methods.
Theorem 4.15 For a continuous linear time-variant system (4-46), #(z,%) is the state

transfer matrix of the system, then the origin equilibrium state x, =0 is stable in the
sense of Lyapunov at time ¢ if and only if there exists a real number f(#)>0 which
makes the following equation valid:

|6(2.10)|| < Blto) <0, V>t (4-47)
Further, if and only if there exists independent real numbers >0 forall #, the origin

equilibrium state x, =0 is stable in the sense of Lyapunov.
Theorem 4.16 For a continuous linear time-variant system (4-46), ¢(z,70) is the state

transfer matrix of the system, then the origin equilibrium state x, =0 is asymptotically
stable at time 1, if and only if there exists a real number A(#)>0 which qualifies the

following two items:
|p@t.10)]| < B(to) <0, V>t
lim ||¢(t,to )|| =0
=0

Furthermore, the origin equilibrium state x, =0 is uniformly and asymptotically stable
if and only if there exist independent real numbers S >0 and S, >0 for all

(4-48)

to €[0,0] that qualifies the following equation
lp@.20)|| < Bre P2t (4-49)
Proof
First we prove the sufficiency. Given equation (4-48), we need to prove that x, =0

is uniformly and asymptotically stable. From (4-49) and using the disturbed dynamics
equation we have
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6530, 10)] =6t 0)30] <62, 10) o] < 3 o e (4-50)
This indicates that the disturbed dynamics ¢(¢;x0,%) is bounded for all > #, and for
all f €[0,0) we have ||¢(t;xo,to)||—)0 when 7— o . Thus x, =0 is uniformly and
asymptotically stable. Sufficiency proven.

Then we prove the necessity. Given that x, =0 is uniformly and asymptotically
stable, we need to prove equation (4-48). As x. =0 is uniformly and asymptotically
stable, x. =0 is stable in the sense of Lyapunov, i.e., there exists a real number f; >0
which satisfies

lo@ )< B, Vioe[0,0], V>t (4-51)

Further, for a fixed real number §>0 and any given real x>0, there exists a real

number 7 >0 that satisfies the following equation for all initial states x and all
fo € [0,00)

[¢to +T3%0,20)] = |#(to + T30, %0)]| < 2 (4-52)
Select randomly a xo to satisfy
||xo |=6 and ||¢(to +T,t0)x0 || = "¢(to +T,to )" : ||xo|| (4-53)

Then, by selecting x=45/2 from equations (4-52) and (4-53) , we can further deduce that:
6t + Tot0)] < % , Vit [0,%) (4-54)
Hence, using equations (4-51) and (4-54) we can get
lé(t.00)| < By Vie[to,to+T)
|6, 00)]| = |[e.10 + TYp(to + T, 10)

<|lp(t.10 + D|||p(t0 + T, 10)] < % Vte[to+T,t0+2T)

|62, )] < |2, 20 + 2T)| | @20 + 2T ,t0 + T)||p(to + T, 0| < f’—z
Yt G[to +2T,t +3T)

e, 20)| < f—:‘ , Vie[to+mT,to+(m+1)T)

Again we construct an exponential function fe () which makes the following
equation valid:

[ ﬂle-ﬁm-m)] _ P m=1,2,. (4-55)

t=t+mT ~ om-1’

Further, we can get
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(e P Ty =25, [%J (4-56)

We can see that, by selecting £ =2f; and an adequate £, we can make e 27 =1/2
hold. Thus we proved that there exist real numbers B >0 and f >0 to validate
equation (4-49). Necessity proven. Proof done.

Theorem 4.17 For a continuous linear time-variant system (4-46), suppose x,=0 is the
unique equilibrium state of the system. The elements of nxn dimensional matrix A(7)
are segmented continuous uniform and bounded real function, then the origin equilibrium

state x,=0 is uniformly and asymptotically stable if and only if there exist two real
numbers S >0 and £ >0 , when 0<BI<Q(¢)< 2l holds, the nxn solution

matrix P(¢) of the Lyapunov equation:
—P(t)= P()A(t) + AT (HP() + O(t), V>t (4-57)

is real symmetry, uniformly bounded and uniformly positive definite. Equivalently, there
exist two real numbers @; >0 and a; >0 making O0<ayl/ < P()<aal, Vi>1y.

4.3.3 State Dynamics Stability Criteria for Discrete Systems

® Lyapunov Stability Theorem for Discrete Nonlinear Time-Invariant Systems

Consider a discrete nonlinear time-invariant system, the autonomous equation is
x(k+1)= f(x(k)), x(0)=x0, £=0,1,2,-- (4-58)
where xeR™, f(0)=0, i.e., the origin of the state space x=0 is an equilibrium state.
Next, we will present some Lyapunov stability theorems for discrete nonlinear
time-invariant systems.

Theorem 4.18 For a discrete nonlinear time-invariant system (4-58), if there exists a
scalar function V(x(k)) for discrete state x(k) which meets the following items for any

x(k)eR":

(i) V(x(k)) is positive definite;

(i) let AV(x(k))=V(x(k+1))-V(x(k)), AV(x(k)) is negative;

(i) V(x(k)) > o when x(k)—> .
then the origin equilibrium state x=0 is large-scale asymptotically stable.

Note: The conservative property of ii may result in the failure of judgment for many
systems. Thus, we can release this condition as follows.

Theorem 4.19 For a discrete nonlinear time-invariant system (4-58), if there exists a
scalar function V' (x(k)) for discrete state x(k) which meets the following items for any

x(k)eR":
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(i) V(x(k)) is positive definite;

(ii) let AV (x(k))=V(x(k+1)) -V (x(k)), AV(x(k)) is semi-negative;

(iii) AV (x(k)) is not identically zero for any free dynamics started from any
non-zero initial state x(0) € R" , i.e., equation (4-58);

(iv)V (x(k)) > © when x(k)—> .
then the origin equilibrium state x=0 is large-scale asymptotically stable.

Based on the above stability theorems, we can easily deduce a more intuitive and
convenient stability criterion for discrete systems.
Theorem 4.20 For a discrete nonlinear time-invariant system (4-58), suppose f{0)=0,
x=0 is an equilibrium state of the system, if f(x(k)) is convergent, i.e., for x(k)=0
we have

|f G| <o) (4-59)
then the origin equilibrium state x=0 is large-scale asymptotically stable.
Proof For a given discrete system, we select the Lyapunov function
V(x(k)) = |x(k)|
obviously, V(x(k)) is positive definite. Further, we can deduce that:
AV (x(k)) =V (x(k +1)) =V (x(k)) = |x(k + 1)]| — | x(k)|
|t e

From equation (4-59), we can see that AV(x(k)) is negative. And V(x(k)) >

when x(k) —»> . According to Theorem 4.18, the origin equilibrium state x=0 is

large-scale asymptotically stable. Proof done.

® Stability Criteria for Discrete Linear Time-Invariant Systems

Consider a discrete nonlinear time-invariant system, the autonomous equation is
x(k+1)=Gx(k), x(0)=x0, k=0,1,2,-- (4-60)

where x e R™", the solution state x, of Gx. =0 is an equilibrium state. If the matrix
G is singular, there are nonzero equilibrium states besides x,=0. While if the matrix G
is nonsingular, there is only one equilibrium state x.=0.

Next, we will give the corresponding equilibrium states stability criteria for linear
time-invariant systems.
Theorem 4.21 For a discrete linear time-invariant autonomous system (4-60), the origin

equilibriums state x,=0 is stable in the sense of Lyapunov if and only if all the amplitudes
of the eigenvalues of G:A4(G)i=12,---,n) are equal to or less than 1, and the

eigenvalue whose amplitude is 1 is the single root of the polynomial of G .
Theorem 4.22 For a discrete linear time-invariant autonomous system (4-60), the origin
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equilibriums state x,=0 is asymptotically stable if and only if all the amplitudes of the
eigenvalues of G: 4 (G)(i=1,2,:--,n) are less than 1.
Theorem 4.23 For an n-dimensional discrete linear time-invariant autonomous system

(4-60), the origin equilibriums state x,=0 is asymptotically stable, i.e., all the amplitudes
of the eigenvalues of G: 4;(G)(i =1,2,---,n) are less than 1, if and only if for any given

nxn dimensional positive definite symmetry matrix Q the discrete Lyapunov function
G'PG-P=-Q (4-61)
has unique nxn dimensional positive definite symmetry solution matrix P.
Theorem 4.24 For an n-dimensional discrete linear time-invariant autonomous system
(4-60), the origin equilibriums state x,=0 is exponentially stable with the index ofo >0,
i.e., the eigenvalues of G satisfy
|4(G)| <o, 0<o<l, i=12n (4-62)
if and only if for any given nxn dimensional positive definite symmetry matrix Q the
expanded discrete Lyapunov function
(1/0)*G"PG-P=-Q (4-63)
has unique nxn dimensional positive definite symmetry solution matrix P.
Example 4.4 the state equation of a discrete linear system is

0
x(k+1)= [’:; /b}x(k)

Try to determine the condition for the asymptotic stability of the equilibrium state.
Solution
According to GTPG - P=-1I, we have

lill OjH:pu p12:|[/11 0:|_|:p11 plz]z[—l 0]
0 Af|p2 pn]|l0 4 P12 P2 0 -1

Then
m-24)=L pu(l-hh)=0 pn(-4})=1
1 1/112 0
So P= i
0
-7
the condition for asymptotic stability of the equilibrium state are
| 41| < 1and| 4| <1

MATLAB can be adopted for the solution of the above question.
P=dlyap(G',Q);
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If P is positive definite, the system is asymptotically stable.

4.4 Summary

Stability is very important for a system. In this chapter, the definitions of stability in
the sense of Lyapunov are given for equilibrium state. Different stable criteria are listed
and proven for different kinds of system and examples are selected to show how to use
the criteria.

Exercise

4.1 Determine whether the following functions are positive definite or not.
(1) V(x)=2x%+3x3 +x3 —2xix2 + 2x%3

(2) V(x)= %[(x; +x2)% + 2x7 +x3 |

3) V(x)= )cl2 - x32 —2x1%2 + X2X3
(4) V(x)=x? +3x3 +11x2 —2x1x; + 4x2263 + 2x1X3
4.2 Given a continuous-time nonlinear time-invariant system, try to analyze the stability
of its equilibrium state:
X =x
X2 =—=xtxa —x
4.3 Consider a continuous-time nonlinear time-invariant system
X=Xz
X2 ==X — xz(l + .)Cz)2
Try to determine the stability of the origin equilibrium state x. =0.

4.4 Consider a continuous-time linear time-invariant system

. 0 1
X= %
-1 -1

Try to determine the stability of its equilibrium state.

4.5 Consider a continuous-time nonlinear time-invariant system
X =x
Xy = —(1 = Ix, |)x2 -X

Try to analyze the stability of its equilibrium state.

4.6 Given the state-space equation
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) 1 1
X= x
-1 1

Try to determine the stability of the origin equilibrium state x, =0.
4.7 Given the state-space equation

S [o 1
X = X
-3 -3

Try to determine the stability of the equilibrium point.
4.8 Consider a continuous-time linear time-varying system

0 1
X= 1 x, t20
-— =10
t+1

Try to determine whether the origin equilibrium state x.=0 1is large-scale

asymptotically stable. (hint: let ¥ (x,) = %[x,’ +(1+0x2])

49 Try to analyze the BIBO stability and the asymptotical stability of the system
equilibrium state x, =0 of the following two systems:

0 1 0 0
(1) x:[? _ﬂx{‘ﬂu @) %=| 0 0 1 |x+|0|u
250 0 -5| |10
ol y=[-25 5 0]«

4,10 Consider a linear discrete-time system
A0
k+1)= k
x(k +1) [ 0 4 }c( )

Try to determine the asymptotically stable condition for the equilibrium state.
4.11 Given a discrete-time linear time-invariant system

1 4 0
x(k+1)=|-3 2 -3|x(k)
2 0 0

Use two methods to determine whether the system is asymptotically stable.

* 105 ¢



Chapter 5
Controllability and Observability

5.1 Introduction

This chapter introduces the concepts of controllability and observability.
Controllability deals with whether or not the state of a state-space equation can be
controlled from the input, and observability deals with whether or not the initial

state can be observed from the output. These concepts can be illustrated using the
network shown in Fig.5.1. In Fig. 5.1(a), the network has two state variables. Let x;

be the voltage across the capacitor with capacitance C;, for i=1,2. The input u
is a voltage source. From the network, it can be seen that, when, G, =C» R =R»,
we always have x; =x;,the input # cannot change x; and x; to any value, i.e. the
system is uncontrollable. In Fig. 5.1(b), when the initial value of x; and x; have
x1(t) = x2(t) , the outputy can’t reflect the value of x;(f)and x»(z). So the system is
unobservable.

These concepts are essential in describing the internal structure of linear systems.
They are also needed in studying control and filtering problems. In this chapter, we will
discuss continuous-time linear time-invariant (LTI) state equations.

| I

R;

u(t) *

(voltage @

source)

Fig.5.1 (a) Network
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X
Ry )

u(f) +
(voltage '9_
source)

Fig.5.1 (b) Network

5.2 Definition

5.2.1 Controllability

Consider the n-dimensional p-input state equation

%= Ax+ Bu (5-1)
where 4 and B are, respectively, nxn and nx p real constant matrices. Because
the output does not play any role in controllability, we will disregard the output equation
in this study.
Definition 5.1 The state equation (5-1) or the pair (A,B) is said to be controllable if
for any initial state x(0)=xo and any final state xj, there exists an input that transfers
Xo to x ina finite time. Otherwise (5-1)or (4,B) is said to be uncontrollable.

This definition requires only that the input be capable of moving any state in the
state space to any other state in finite time; what trajectory the state should take is not
specified. Furthermore, there is no constraint imposed on the input; its magnitude can be
as large as desired.

Consider the n-dimensional p-input g-output state equation
X = Ax+ Bu

y=Cx+Du -2)
where A,B,C and D are, respectively, nxn, nxp, gxn and gxp constant
matrices.

Example 5.1

Consider the network shown in Fig.5.2(a). Its state variable x is the voltage across
the capacitor. If x(0)=0,thenx()=0for all >0 no matter what input is applied. This

is due to the symmetry of the network, and the input has no effect on the voltage across
the capacitor. Thus the system or, more precisely, the state equation that describes the
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system is not controllable.

Next we consider the network shown in Fig.5.2(b). It has two state variables x; and
x2. The input can transfer x; or x» to any values; but it cannot transfer x; and x, to any values.
For example, if x;(0)=x2(0)=0, then no matter what input is applied, x (¢) always
equals x2(¢) for all >0 . Thus the equation that describes the network is not

1Q 1Q -T;+ IF‘L L IF Ji—lz—
1

+ X u () o4 -
5
ut r\D = —l—_ (voltage (~, _L
1Q 1Q 1Q 1Q

controllable.

(voltage

source) source)

(a) ®)

Fig.5.2 Uncontrollable networks

3.2.2 Observability

Definition 5.2 The state equation (5-2) is said to be observable if for any unknown
initial state x(O) , there exists a finite # >0 such that the knowledge of the input u and

the output y over [0,4] suffices to determine uniquely the initial state x(0).

Otherwise, the equation is said to be unobservable.

Example 5.2 Consider the network shown in Fig.5.3. If the input is zero, no matter
what the initial voltage across the capacitor is, the output is identically zero because of the
symmetry of the four resistors. We know the input and output (both are identically zero),
but we cannot determine uniquely the initial state. Thus the network or, more precisely,
the state equation that describes the network is not observable.

)
s
)
|
gl

u(r) +

(voltage ("L *
wivge () e

Fig.5.3 Unobservable network
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The response of (5-2) excited by the initial state x(0) and the input wu(¢) is
#(0) = Ce#x(0)+ C | 42 Bu(r)dr + Du(t) (5-3)
In the study of observability, the output y and the input uare assumed to be known; the
initial state x(0) is the only unknown one. Thus we can write (5-3) as
Ce' x(0) = y(¢) (5-4)
where
7= @) -C[ ; e40-) Bu(z)dz — Du(f)
is a known function. Thus the observability problem reduces to solving x(0) from (5-4).

If u=0,then y(f) reduces to the zero-input response Ce?'x(0). There fore definition

2 can be modified as follows: Equation (5-2) is observable if and only if the initial state
x(0) can be determined uniquely from its zero-input response over a finite time interval.

5.3 Criteria

5.3.1 Controllable Criteria

Consider the continuous linear time-invariant system, the state equation is expressed as:
x=Ax+Bu, x(0)=xp, t>0 (5-5)
where xeR"; u€R"s Auwn; Buxr.
Theorem 5.1 [Controllability Gram-Matrix Criteria]
The system (5-5) is controllable if and only if the nxn matrix
AL f : ¢4 BBT A"t gy (5-6)

is nonsingular for any # >0.
Proof First we show that if W.[0,4] is nonsingular, then (5-5) is controllable. For any
non-zero state xp, the response of (5-5) at time # is derived as

|
x(t)=e"xo + f e By(t)dt
0

1)
= et (e e BBTeA diW [0,0]0
0
= e xg — e W[0,0 JW:7[0, 11 ]x0
=edlixg—edtixg =0, VxpeR" (5-7)

This shows that all nonzero states in R” are controllable., As defined, the system is
completely controllable. We show the converse by contradiction. Suppose W.[0,#] is
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singular, then there exists a nonzero state ¥ such that %o  W.[0,t1]x0 =0, so we have
h e
0=%TW.[0,41]% = f %ol 4 BBT A" %, dt
0
- f " [BTe‘AT’fo]T [BTe "% |ar
0
f ooy i
= J' ||BTe-A %o || dt (5-8)
0
which implies
BTe 4% =0, Vte[0,n]. (5-9)
If (5-5) is controllable, there exists an input that ensures

h
0=x(n)=et% + f e Bu(tyds (5-10)

thus
n
Xo =— j e ' Bu(t)dt
0

o “
I%o|* = %7 % =[~ f 4 Bu()dr ) o = — J’ uT ()[BT &A% ]dt (5-11)
0 0
from equation (5-9), (5-11) can be derived as
|%| =0=>% =0 (5-12)
which contradicts xo # 0.Thus W.[0,4] is nonsingular. Proof done.

Theorem 5.2 [Controllability Rank Criteria]
The system (5-5) is controllable if and only if the nx np controllability matrix

O.=[B AB A*B - A"'B] (5-13)

has rank n(full row rank).
Proof First we show that if rankQ. = n, then (5-5) is controllable.

Suppose the system is not completely controllable, then we can get from
Gram-Matrix Criteria that the Gram matrix

1
W,[0,1]2 f "¢ 4BBTeAtdt | Wt >0 (5-14)
0
is singular, which means that there exists a nonzero state « such that

n
0=alW,[0,4]e = f aTe 4 BBT 4"y
0
h i
= aTe B || aTe B | dt 5-15
[ [aTeB][aTe 5] (5-15)
therefore, we have
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a’e4B=0, Vte[0, 4] (5-16)
compute the n—1 order derivative of the above equation and let ¢ =0, we have
a’B=0,a"AB=0,a’ A’B=0,--+,a’ A"'B=0
which equals
a’[B AB A*B - A™'B|=aTQ.=0 (5-17)
Because a#0, we can know that all the rows of Q. are linearly independent,
equivalently, rankQ. <n, which contradicts the hypothesis that rankQ. =n. So the

system is controllable. We also prove the converse by contradiction.
Suppose rankQ. < n, then there exists a nonzero state o such that

a"Q.=a’[B AB A’B - A™'B]=0
which implies
a’AB=0, i=0,1,-,n-1 (5-18)

thus, for any#; > 0, we have

A poo, vieon], =012,
i!

or

0=aT[I—At+%A2t2—%A3t3+-~j|B=a e B, Vte[0,4] (5-19)

hence we can get
0
0=a’ f e BB e adt = W [0.0]a (5-20)

which indicates that the Gram matrix W [0,#] is singular, the system is not totally

controllable. This contradicts the hypothesis that the system is controllable. Proof done.
Theorem 5.3 [Controllability PBH Criteria]
The system (5-5) is controllable if and only if
rank[sl — A,B]=n, Vse! (5-21)
or rank[A1 - A,Bl=n, i=1,2n (5-22)
where ¢ ispluralism field, 4;(i=1,2,-:-,n) is the eigenvalue.
Proof First we prove that if (5-5) is controllable, then equation (5-21) and (5-22) are

correct.
Suppose for a certain eigenvalue /4;, there exists rank[ﬂJ -4, B] < n, which implies

that all the rows of Q. are linearly independent. Hence, there must exist a non-zero

n-dimensional constant vector « such that
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o [4l - 4,B]=0 (5-23)
thatis, a’A=Aa’, a’B=0.
Further, a”’B=0, a’4B=2a"B=0,---,aT A""'B =0, which equals
o'[B AB - A4™'B]=aTQ.=0 (5-24)
Becausea = 0, we have rankQ. <n.

From Rank Criteria, we know that the system is completely controllable. So the
hypothesis does not establish. Besides, for all s in pluralism field ¢ except the
eigenvalues 4, we have rank[sl—A,B|=n, so (5-22) equals (5-21).

Conversely, we suppose the system is not completely controllable, there must exist a
linear nonsingular transformation which transforms (A4,B) into the following form:

4 212}

A=PAP ' =
0 4

§=PB=[BC:|
0

where (4. € R*",B, € R™?) and (4 € R""<-M B e R("M*P) regpectively denote
the controllable part and uncontrollable part after decomposed.

(5-25)

/i = an eigenvalue of 4: =an eigenvalue of 4
g g
Gz € /701 = one left characteristic vector of 4

On basis of this, we can construct a nonzero n-dimensional row vector
B
T=10,g" |P-P!|"°|=0
q" =[0,7" ] [ ; }
_ A A
T4=|0,g:7 |P- P! _|P
7a=low] [ 0 Aa]
=[0.7" 4 |P=[0,4%" |P=4[0,5" |P=Aq"

This shows that there exists a n-dimensional row vector g7 =0 such that

q" [4l—4,B]=0 (5-26)
equivalently, there existsa 4 €/ such that
rank[/?,-l = A,B] <n (5-27)

Obviously, this contradicts “rank[sI —A,B]=n, Vse(”, thus the hypothesis does not

establish, and (5-5) is controllable. Proof done.

Theorem 5.4 [Controllability Jordan-Canonical Form Criterial |
Consider system (5-5), suppose the »n eigenvalues Aj,Ap,---,A, are pair-wise
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differently, then the system is controllable if and only if the Jordan canonical of (5-5):

A
- A L B
X= . X+ Bu (5-28)
An
B does not contain zero row vector, which means each row vector of B satisfies
h#0, i=12--n (5-29)
Proof For the Jordan canonical (5-28), we construct the PBH Criteria matrix:
s—A h
= e -A b,
[s1-4,B]= st b (5-30)
s=dn by

From the unit structure which makes up the matrix, we have s=/4,ie[L2,-,n],
rank|[sI — A,B]=n, if and only if “& #0,Vi €[1,2,--,n] . Proof done.

Theorem 5.5 [Controllability Jordan-Canonical Form CriteriaIl |

Consider system (5-5), suppose the n eigenvalues A;(o7 layers,a; layers) ,
Ai (o2 layers,a; layers), ---, 41 (o; layers,a; layers), and oy+o2+---+01=n, AL#1;,
Vi# j, then the system is controllable if and only if the Jordan canonical derived from

linear nonsingular transformation of state equation (5-5):

%= A%+ Bu (5-31)
where
Ji 1§1
n J x R
a=| . | 5| (5-32)
nxn % . nxp .
J Bl
J,'] éil
Ji A Ai
I =i ® B o=| B2 (5-33)
Oix0Oj s oiXp 4
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"% 1 - )
b
& i o

Ji =i , Ba = bz,"" (5-34)
Dik xVik hkXp #
o1 ,
L 2‘_— brik

satisfies such condition as: for i=1,2,--+,/, the last row vector of égl,ﬁiz,- ",éia; are all

pair-wise linear independent, which means

~

brin
rank b’_"’ =a;, Vi=12,,] (5-35)
bria,
Proof For simplicity, let
o 7 Ifn 11
A 1 by
A b
A= A1 , B=|b, (5-36)
/1' BrlZ
AL 1 -
. bz
Ao =
- - | braa |
where A4 # 4> . For the above Jordan canonical, we construct the PBH Criteria matrix:
—s -4 -1 bl 1 |
s—A4 -1 ban
s—A b
[sI - 4,B s—4 -1 bua | (5-37)
s—A 5r12
s—A -1 b
L s—A ba |

We implies the Rank Criteria when s = /4, then get
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0 -1 51111
0 -1 l;zu

0 5r11
[A1-4,8]= 0 -1 b (5-38)
0 l;rlz
V) -1 bhn

i A-d b
where A4 —A, #0 . Obviously, [,141—_21,3] has full rank for rows, namely,

rankl:/lll - /AI,B?] =n="7 ifand only if

mnk[{”“ } =a=2 (5-39)

b2
Similarly, for s=4s, [,111—2,19] has full rank for rows: mnk[m-j, ”]=n=7 if

and only if
rankbyy =z =1 (5-40)
Thereby equation (5-35) is proved. Proof done.

5.3.2 Controllable Examples

Example 5.3 Consider the controllability of the following continuous-time linear

X 4 0 |[x 1
= +| |u, n=2
ch 0 -5 X2 2
Solution
The controllability matrix is:

0. =[B AB]:[I 4}

time-invariant system

2 -10
Obviously, rankQ. =2 =n. According to Rank Criteria, the system is controllable.
Example 5.4 Consider the controllability of the following continuous-time linear
time-invariant system
-1 4 2 2 0
x=|0 6 -1|x+|0 1|lu, n=3
1 7 -1 11
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Solution
The controllability matrix is:
2 0 4 * x «x
Q.=[B 4B A*B]=|0 1 -1 % * =«

1 1 1 * ok ok

from the first three columns of Q.,
2 0 4
det|0 1 -1|=#0
1 1 1
rankQ. =3=n
Thus, there is no need to compute the last three columns of Q.. According to Rank
Criteria, the system is controllable.
Example 5.5 Consider the controllability of the following continuous-time linear
time-invariant system

01 0 O 0 1
. (0 0 -1 0 1 0
xX= X+ u, n=4
00 0 1 0 1
00 50 -2 0
Solution
First, compute the matrix
s -1 0 0 0 1
0 1 0 1 0
[s1-4,B]=| °
0 0 s -1 0 1
0 0 -5 s =20

The eigenvalus of 4 are calculated as:
/11 ='12=0’ 2'3 =\/§’ /14="\/§
Next, we check the rank of [sI —A, B] for each eigenvalue. For s=4 =4, =0,

0 -1 0 0 0 1
O 0 1 0 1 0
rank|[sI — A, B]=rank
0O 0 0 -1 0 1
0

0-0 =5 0 =2
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= rank =4=n
0 -1 0
0O -5 0 =2
for s=13=\/§,
5 -1 0 0 0 1
0 5 1 0 1 0
rank[sI — 4,B] = rank Vs
0 0 5 -1 0 1
0 -5 5 =2 0
(5 -1 0 1
=rank 0 \/5 10 =4=n
0O 0 o0 1
0 0 2 0
for s=ﬂ4=—\/§,
5 -1 0 0 o0 1
0o - 1 0 1 0
rank[sI — A,B] = rank 9
0 0 =J5 -1 0 1
0 0 -5 5 20
5 -1 0 1
= rank| © -5 10 =4=n
0 0 0 1
0 0O -2 0

This shows that the given system qualifies the PBH Criteria, and it is controllable.
Example 5.6 Considering a continuous-time linear time-invariant system with pair-wise
different eigenvalues, suppose the Jordan canonical sate equation is

X -7 0 Ofx 0 2

i l={ 0 =2 0fx|+|4 0{"‘}

sl 0 0 1]lx]| {0 1]

Solution
We can see directly that the matrix B does not contain zero row vectors. From

Jordan-Canonical Form Criterial, the system is controllable.
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Example 5.7 Considering a continuous-time linear time-invariant system with duplicate
eigenvalues, suppose the Jordan canonical sate equation is

2 1 000
0 -2 100
-2 040

i= 3 240 0 7|u
3 000

0 110

i 3] [0 4 1]

Considering the last rows of Jordan blocks for 41 =-2 and A, =3, we find the

corresponding rows in B and construct the following two matrices:

bu| 10 0 b 110
baiz |=|0 4 0], [.ﬂl}:[ ]
bl [0 0 7] Lb2 S
1

Hence, we can see that both of them have full ranks. From Jordan-Canonical Form:

Criteria IT, the system is controllable.

5.3.3 Opbservable Criteria

Consider the continue-time LTI system
X =Ax+ Bu

5-41
y=Cx+Du ( )

where A4,B,C and D are, respectively, nxn, nxp, gxn and gxp constant
matrices.

Theorem 5.6 [Gram Matrix Criteria]
The state equation (5-41) is observable if and only if the nx»n matrix

A : A"t CT Cett (5-42)

is nonsingular for any# > 0.
Proof We pre-multiply (5-4) by e#*C” and then integrate it over [0,4] to yield

it n
( f e‘T‘CTCeA’dth(O)= f e CTF(f)dt (5-43)
0 0
If Wo[O,tl] is nonsingular, then

x(©0) =W [0.4] : e CTF(t)dt (5-44)
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This yields a unique x(0). This shows that if W,[0,4], for any # >0, is nonsingular,
then (5-41) is observable. Next we shown that if W,[0,#] is singular or, equivalently,
positive semi-definite for all #, then (5-41) is not observable. If W, [0,t1] is positive

semi-definite, there exists an nx1 non-zero constant vector v such that

o
VIW,[0,6]v= f VA"t CT CeAtydt = f
0

|
0

|Cetv||? dt=0
which implies
Cetlv=0 (5-45)
forall ¢+ in [0,f1].1f u=0,then x(0)=v#0 and x2(0)=0 both yield the same
¥(t)=Ce'x;(0)=0

Two different initial states yield the same zero-input response; therefore we can not
uniquely determine x(0). Thus (5-41) is not observable. This completes the proof of

Theorem 1.

Theorem 5.7[Theorem of Duality]
The pair (4,B) is controllable if and only if the pair (AT ,BT) is observable.

Poof The pair (4,B) is controllable if and only if

we[o.]= [ ; et BBT 4"t dt
is nonsingular for any #. The pair (AT,BT) is observable if and only if, by replacing
A with A7 and C with BT in (5-42), W,[0,s]= f: e“BBTe*"'dt is nonsingular

forany r.

Theorem 5.8 [Rank Criteria]
The state equation (5-41) is observable if and only if the ngxn observability

matrix
C
CA s
Q=| . or QZ=[CT LATCE b {AT) ‘cT]
CAn—l
has rank n.

Theorem 5.9 [Observable PBH Rank Criteria |
The state equation (5-41) is observable if and only if

il — A
rankli)‘1 ]=n, i=12,--,n
C
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at the eigenvalue, A, of 4.
Theorem 5.10 [Observable PBH Characteristic Vector Criteria]

The state equation (5-41) is observable if and only if there not exist orthogonal
non-zero right characteristic vector for all row of matrix C in matrix 4, equivalently,
the only right characteristic vector at every eigenvalue A, of A4,that can satisfy the
following equations

Aa=Aa, Ca=0
is a=0.
Theorem 5.11 [Observable Jordan-canonical Form Criteria]

Assuming A # A;,Vi=# j, the eigenvalues of system (5-41) are 4 (o: layers,;
layers) with i varying from 1 to I, and (o1+02+---01)=n. The Jordan-canonical

form of system is obtained by linearly nonsingular transformation.

x=A%
y= Ci
Ji
where A = & : s ¢ =|:él éz C“;]
(mxn) - (g=n)
Ji
[ Jit
Ji = s , G = [én Co Cian ]
(oix01) (g%
i Jiai
S -
A1
Jix = s éik =[51ik 52ik 5;1'1:]
(k=g ) " (gxnx)
I 4 |
For i=1,2,--,1, the first columns of (:",'1,(:‘,-2,- . -,C'ia, are linearly independent, that is,
rank[éi G v i |=a@,  Vi=1211

5.3.4 Observable Examples

Example 5.8 Is the state equation
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“l 4 O
i=[0 6 -1|x

_1 7 -1 s Nn=3
0 2 1
= 5
£ 1
observable?
Solution
[0 2 1]
1 1 0
< 1 19 -3
rankQ, =rank| CA |=rank . o w =3 =n
CA4?
* * *
* %* *

Obviously, we can know that the matrix (, has full rank from the first three rows.

Therefore, the system is completely observable from Rank Criteria .
Example 5.9  Is the state equation

(01 0 0
. |0 0 -1 0
k= x
00 0 1
, n=4
00 5 0
[0 1 0 -2
= X
Y 101 o0
observable?
Solution
Firstly , we compute the eigenvalues of 4.
A -1 0 O
0 4 1 0
|A1- 4= =0
0 0 4 -1
0 0 -5 A

h=h=0, A=v5, B==5
According to Observable PBH Rank Criteria, we compute
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0 -1 0 0
00 1 0
rank[u—Ajl =rank e W - =4=n
C 00 -5 0
01 0 -2
1 0 1 0]
5 -1 0 0]

0 5 1 o0
rank[u_ﬂ = rank 0 0 V5 - =4=n
C i 0 0 -5 5

0 1 0 -2
1 0 1 0
5 -1 0 0|
0 5 1 0
rank{lI-A} = rank 0 0 =5 -l =4=n
25 0 0 -5 =5
0o 1 0 =2
1 0 1 0 |

which satisfy Observable PBH Rank Criteria. Therefore, the system is completely
observable.
Example 5.10 Consider a system with pair-wise different eigenvalues, suppose its
Jordan-canonical form is

X =7 0 0flx

2|(=[0 -2 0f=x

X3 0 0 1|[x

_[o 4 o]
Y=12 0 1

Examine the observability of the system.
Solution

We know the matrix C does not consist of a column whose elements are all zero.
According to Observable Jordan-canonical Form Criteria, we can know the system is
observable.
Example 5.11 Consider the LTI system with duplicate eigenvalues, suppose the
Jordan-canonical form is as follows:
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>
Il

S

>

3
L 3_‘
1000100
y=|0 0 4 0 1 0 4|%
0007001

Solution
Consider the first column of two Jordan blocks for A=-2 and A=3, find the
corresponding columns from the matrix C and construct the following two matrices:

1 00
[an ér as]=|0 4 0
00 7

(1 0

[ éan]=|1 4

0 1

We can know the two matrices both are column linearly independent. According to
Observable Jordan-canonical Form Criteria, we can know the system is observable,

5.4 Duality System

5.4.1 Definition

There are two systems. The system »; is shown as follows:

x1 = Ax + Buy
n =Cxy

The other system 2.,
X2 = Axy + Baua
y2=Cxa

If the following conditions are satisfied, the system >); and ), are duality systems.

A=AT, B=C', C=B (5-46)

where x;,x; are n-dimensional state vectors,uy,u; are r-dimensional and m-dimensional
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control vectors respectively; yi, y» are m-dimensional and r-dimensional output vectors
respectively; 41,4, are nxn system matrices; 4,4> are nxr and nxm control
matrices respectively, and C;,C> are mxn and rxn output matrices respectively.

Obviously, the system 2 is an m-order system with » inputs and m outputs,
while its duality systems >, is a n-order system with m inputs and r outputs. The
configurations of the duality systems 2, and }.,are shown in Fig. 5.4 .

u(rx1) Xy (nx1) x1(nx1) yi(mx1)

— s T ) ¢ ——

»2(rx1) x (nx1) X(nx1) uz (mx 1)

] e-8l £ e PR —

[ T 4e=aAT

(nxn)

®)

Fig.5.4 Configuration diagrams of duality systems

5.4.2 Properties of Duality Systems

Conclusion 5.1
No matter continuous-time system or discrete-time system, if the system >} is

linear, its duality system 2, is also linear, and if the system > is time-variable or
time-invariable, its duality system », is also time-variable or time-invariable.
Conclusion 5.2

The transfer function matrices of the duality systems are mutually inverted.
Proof As shown in Fig.5.4(a), the transfer function matrix W (s) of the system >; is

a mxr matrix as follows.
W’[ (S) = C] (SI - A1 )—l Bl
As shown in Fig.5.4(b), the transfer function matrix Wz(s) of the system 2, is a

rxm matrix as follows.
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W, (S) =C (S] -4 )~l B
=BT (s1-47) " CT
a7
=BT [(sl = 4) } cr

Obviously, [W2(s)] =Ci(sT-4)" B =Wi(s)

The same way, we can know the input-state transfer function matrix (sI - 4 )_I B
of the system 2, and state - input transfer function matrix C, (sI — 4 )_1 of the system
Y are mutually inverted, and the state - input transfer function matrix Cy(sI -4 )" of
the system ) and input-state transfer function matrix (s] — A )‘l B, of the system
2.2 are mutually inverted.

In addition, the characteristic equations of duality systems are the same, that is to say

|sI - 4| =|sI - AT | =|sI - 4|
Conclusion 5.3

The system i =(4,B,C) and the system Y =(4,B:,C;) are duality
systems. The controllability of system 2 is equivalent to the observability of system
22, and the observability of system ) is equivalent to the controllability of system

2.2. In other words, if the system Y is controllable or observable, the system ., is

observable or controllable.
Proof The controllability matrix of system 25, is

O =[Br 4By - A7B]
and its rank equals n. Therefore, the system > is controllable.
The integration of the equation (5-46) in above equation results with the following
equation:
Qe =[CT 4fCT - (4CT ]=0f,
where (Qy, is the observability matrix of system ;.

This indicates the rank of the observability matrix of system > is n, therefore,
system 2 is observable.

The same way, we can know
ol =[c Apcy - (4f)7cq]
=|:B1 4B A{’—IBX]‘—-QIC
If @, has full rank, the system ., is observable, and Q. also has full rank,

therefore, the system 2; is controllable.
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5.5 Canonical Form

This section discusses the controllability canonical forms and observability canonical
forms of state equations.

5.5.1 Controllability Canonical Form of Single-Input Systems

Consider the n-dimensional time-invariant system

X=Ax+Bu
3= Ck
if the system is controllable, we have
rank[B : AB - A""B] =n

hence there are at least n linearly independent n-dimensional column vectors in the
controllability matrix, we select n linearly independent vectors from the nr column
vectors and make some linear transformation, then we can get a certain controllability
canonical whose columns are still linear independent. For single-input single-output
systems, there are only one group of linearly independent vectors, so the controllability
canonical form is unique. While for multi-input multi-output systems, there are multiple
choices of n linearly independent vectors, so the form of controllability canonical is not
unique. Obviously, the canonical forms exist if and only if the system is controllable.

® Controllability Canonical Form I

If the linear time-invariant single-input system
Xx=Ax+bu

y=Cx (5-47)
is controllable, then there exists a linear nonsingular transformation
x=Tax
g i
an-1 1
Ta=[4"b 4™ - b] : (5-48)
ar as
o ax cr apy 1]

which can transfer the state-space equation into
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Y= (5-49)
y=Cx
where
0 1 0
171 = _py |0
A=T;' AT, = | BT (5-50)
-y - v —Op-l 1
C=CLu=[p B - Pui] (5-51)
Equation (5-49) is called the Controllability Canonical Form I , where
ai(i=0,1,---,n—1) are the coefficients of the following polynomial:
|)J - Al =A" + o A"+t ad+ o
Bi(i=0,1,---,n—1) are the results of CT
Po=C(A" b+ an14"2b+---+ a1b)
: (5-52)
P2 = C(Ab+ an1b)

Pr1=Cb
Proof Suppose the system is controllable, then the nx1 vectors b,Ab,---,A"'b are
linearly independent, the new vectors ej,ez, -,e, in the following combination are also
linearly independent:
e = A" + @y A" 2b + Cp 2 A 3b 4+ b))
er=A"2b+ a1 A" 3b+- +azb
: b (5-53)
en-1 = Ab+ a,,_lb

en=b
where a;(i=0,1,---,n—1) are the coefficients of polynomial.
Thus the transformation matrix 7,; are composed ofej,ez, -, e,
Tn=[a e - e] (5-54)
As A=T;' AT, we have
Tch=ATcl=A[e1 e e e,,]=[Ae1 Aey -+ Ae,,] (5-55)
Substituting equation (5-53) into the above equation yields
Aey = A(A" b+ @y A" 2b++ -+ ayb)
=(A4"b+ ay1 A" 'b+---+ a1 Ab + apb) — b

= —aob = —0péy
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Aey = A(A"°b+ ap1 A" b +-+-+ az2b)
=(A"'b+ a1 A" 2b+ -+ ap Ab+ aub) — aub

=€ —aéy

Aepy = A(Ab + an-1b)
=(A4%b + aty-1Ab + Qtp—2b) — Ctn2b
=€p—2 — Qn-2€n
Aey = Ab = (Ab + ay-1b) — @n-1b = €4-1 — An-1€n
then we substitute Aej, Ae;,:-,Ae, into (5-55)

TL]Z=[A€1 Aey -+ Aen]=[_aoen (el_alen) (en—l“an—len)]
0 1 i
=la e al 1
-y —0y cr —Qpe 1

Further we deduce b . Fromb = T.;'b, we have T.b = b . Substitutingb =e, yields

0

_ 0
ib=a=ln B = &)

Sl
Il
==

Therefore,
1
Finally, we deduce C.From C =CT,,we have
C=CTu=Cla e - e]

Substituting (5-53) into the above equation yields
C=C[A" b+ an1d4" b+ an 24" b+ +ab - Ab+anib b]

=[h A - Pui]

where
ﬂo = C(A"—lb + a,._lA"‘zb + a,,_zA"‘3b +eee 4 a;b)

P2 = C(Ab+ ap-1b)
ﬂn—l =Cbh
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We can derive the transfer function easily from the Controllability Canonical Form I:

_ _ L n-1 n-2 4 ...
Widh= el = A1y st b Pui ™ b fiet Ay (5-56)
S"+aps"T ++aus + o

From (5-56), we can see that the coefficients of denominator polynomial are the negative
value of the elements of the last row of A, and that the coefficients of numerator
polynomial are the elements of C. Hence, we can write out 4,b,C directly from the

coefficients of the denominator polynomial and numerator polynomial of the system
transfer function.

® Controllability Canonical Form 11

If the linear time-invariant single-input system

¥ =Ax+b
x +bu (5-57)
y=Cx
is controllable, then there exists a linear nonsingular transformation
x=Tox=[b 4b - Ab]% (5-58)
which will transfer the state-space equation into
X =€x +bu (5-59)
y=Cx
where
[0 0 0 -m 1 q
1 0 0 -ao 0
A=T5AT2=|0 1 ++ 0 -ap |, b=T3b=|. (5-60)
: | 0 : )
0
0 0 -~ 1 —@ui)
C=CTa=[p B - Pui] (5-61)
Equation (5-59) is called the Controllability Canonical Form TII , where
ayy a1y oy are the coefficients of the following polynomial:
|AI - 4= A" + ana A" 4+ mA + o
Lo Pis+s Pu-1 are the results of CTpo
Po=Cbhb
=CAb
A ' (5-62)
ﬂn—-l =CAn—1b
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Proof As the system is controllable, the controllability matrix
Q-=[b 4b - A™b]

is nonsingular. Let:

X = Tczf
where T2 = [b Ab - A"“b] , thus the sate equation and output equation after
transformation are:
X =Ax +bu=T5 ATox + T5'bu
y= Ef =CT; c2X
First, we deduce 4.
ATo=A[b Ab - A™'b|=[4b A% - A"b] (5-63)

According to Cayley-Hamilton Theorem, we have

A" = —ap 1 A" — @ A" — o —ai A — o

Substituting the above equation into (5-63) yields

ATo=[db 4% - (A" =A™~ —ao)b] (5-64)
Rewrite (5-64) into matrix form:
00 0 -a
1 0 -m
ATo=[b 4b - A47b]0 1 - 0 -
} 3 0
0 0 1 —Qp
thus
0 0 0 —ao
0 0 -
AT =T |0 1 0 -
£ 0
0 0 1 -an |
multiply the above equation by 73!, then
[0 0 -+ 0 —ap |
1 0 --- 0 —Q)
A=T;AT2=(0 1 - 0 -m (5-65)

¥ B 0 :
0 0 - 1 —ap]
As b= T5'b, equally b=T.b = [b Ab .- A”"‘b] . Obviously, in order to guarantee
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(5-65), b should satisfy

C=CT:=[Cb CAb - CA™'b]

that is,
C=Cla=[fo A - PBui]
5.5.2 Observability Canonical Form of Single-Output Systems

Similar to the condition for Controllability Canonical Form, the system has
observability canonical form only when it is observable, that is,
C

CA
rank| . =n

C An—l

The state-space equation have two types of observability canonical forms: Observability
Canonical Form [ and Observability Canonical Form I1. They are respectively dual to
the Controllability Canonical Form I and Controllability Canonical Form IT.

® Observability Canonical Form 1

If the linear time-invariant single-output system

X =Ax+b
g y (5-66)
y=Cx
is controllable, then there exists a linear nonsingular transformation
x=Tyx (5-67)
which will transfer the state-space equation (5-65) into
Xi= %x +bu (5-68)
y=0x
where
) 1 0 0 |
Bo
0 0 1 0 5
A=Tj'4Tw=| 0 0 0 - 0 |, b=Tgb=|" (5-69)
ﬂn—l
|~ —ai -2 —Op-1 |
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C=CTy=[1 0 - 0]
Equation (5-70) is called the Observability Canonical Form I, where «;(i=0,1,:--,n—1)

are the coefficients of the polynomial 4. Define the inverse of the transformation matrix
Tor

(5-70)

C
v CA
L= =l (5-71)
G An—l
Proof We prove it by the Theory of Duality.
First we construct the duality system of " =(4,b,C):

£=A
b =CT
C=b"

then we can have the Controllability Canonical Form IT of Z *=(4",b",C"). And the

Observability Canonical Form 1 of Z is just the Controllability Canonical Form I1
of >°*,eg.,

A=A =AT
b=b*=CT
€=C"=h7

where

A4,b,C —the coefficient matrices of the Controllability Canonical Form IT of ).
A,b,C —the coefficient matrices of the Observability Canonical Form 1 of X
A*,b*,C* —the coefficient matrices of the Controllability Canonical Form IT of Z *,

® Observability Canonical Form 11

If the linear time-invariant single-output system
X=Ax+bu
(5-72)
y=Cx
is controllable, then there exists a linear nonsingular transformation

x=Tpx (5-73)
where
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(1 @ @ a |[CA!]
0 1 oz oo || CAT3
Toa=|3 13 : : : (5-74)
0 0 - 1 au CA
0o 0 0 1] ¢ |

The sate-space equation after transformation is:
¥=Ax+bu

- (5-75)
y=Cx
where
[0 0 0 -ap |
Po
1 0 - 0 -o B
A=T AT =|0 1 0 | -a |, b=T7b=| " (5-76)
- 0 : )
0 0 «+ 1 —a) el
C=CTy=[0 0 - 1] (5-77)

Equation (5-75) is called the Observability Canonical Form TII , where
ai(i=0,1,---,n—1) are the coefficients of the polynomial 4, F;(i=0,1,---,n—1) are

the results of 7,;'b and is shown in (5-51).

The transformation above can be deduced directly by the Theory of Duality, the
process is similar to that of the Observability Canonical Form I. Besides, we can also
derive the transfer function directly from the Controllability Canonical Form IT:

n—1 n-2 4 ...
W(s) = Puas™ ™ + Br2s" 4+ o (5-78)
s"+ a,,_ls"‘l + CZ,,_zs"_2 e+ Qg

where the coefficients of denominator polynomial are the negative value of the elements
of the last column of A, and the coefficients of numerator polynomial are the elements of

b.

5.5.3 Example

Example 5.12 Try to transform the following state-space equation into controllability
canonical form 1

1 2 0 2
x=|3 =1 1|x+|1|u

0 2 0 1
y=[0 0 1]x
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Solution
First we judge the controllability of the system,
2 4 16
Q.=[b 4b A’]=|1 6 8
1 2 12
rankQ. =3, so the system is controllable.

Then we compute the characteristic polynomial
|AI—-A|=2%-94+2
thus a3 =0,0; =-9,09 =2 . From equations (5-49) and (5-50), we have
0 1 o]l [0 10
A=l 0 0 1 |=[0 01
- -a —a| |-2 9

0
1 0 0
C=C[4% 4b b)la 1 o]
_a, as 1
16 4 2][1 0 0
=[0 0 1|8 6 1|0 1 0(=[3 2 1]
12 2 1J[-9 0 1

so the controllability canonical form I of the system is

0 1 0] [0
¥={ 0 0 1|¥+0|u
29 0] |1

y=[3 2 1]z

From equation (5-56) we can write out the transfer function of the system:
Pos’+fis+f s +25+3
S+as’+as+ay 5 —9s5+2

W(s)=

Example 5.13 Try to transform the state-space equation of Example 5.11 into
controllability canonical form IT.
Solution

As shown in Example 5.11, we know a; =0,04 =—9,a9=2. From equations
(5-60)~(5-61), we have

0 0 -a| [0 0 =2
A=|1 0 -a|=[1 0 9
01 —a| |01 0
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1
b=|0
0

C=[Cb cab ca*b]=[1 2 12]

thus the controllability canonical form IT of the system is

00 -2 1
x=(1 0 9 |x+|0u
01 0 0
y=[1 2 12]x

Example 5.14 Try to transform the state-space equation of Example 5.11 into
observability canonical forms.
Solution

(1) Find the observability canonical form 1 of the system
First we compute the observability matrix Q,

c| |0 0 1

C4* 6 -2 2
rankQ, =3, so the system can be transformed into observability canonical forms. From

equations (5-69) and (5-70), we have

010 1
A={0 0 1|, b=|2]|, C=[1 0 0]
-2 90 12

thus the observability canonical form 1 of the system is

0 10 1
¥=|0 0 1|%+|2 |u
2 90 12

y=[1 0 0]

(2) Find the observability canonical form IT of the system
From equations (5-76) and (5-77), we have
0 0 =2 3
A=|1 0 9|, b=[2|, C=[0 0 1]
01 0 1
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thus the observability canonical form IT of the system is

o = O O

2] [3
9 |%+[2u
o] [1
1]

5.5.4 Observability and Controllability Canonical Form of Multi-Input

Multi-Output Systems

Consider the following transfer function

G(s) =

B,_is"! 4.+ Bis+ By "

§" +Ap1s" 7+ + g

where B;is m X r dimensional matrix.

The controllable canonical form is

o I |
O,
x=|
O, I
| —aol; —an-11; |
y=[Bo B Ba1|x+ Buu

B,

X+

(5-79)

(5-80)

where O, and I, are » X r dimensional zero matrix and unit matrix; r stands for

dimension of input vector, # is the order of denominator polynomial.

Example 5.15 The system transfer function matrix is given below, try to give a
controllable canonical form of the system
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_[—(s2+5s+6) —(s2+4s+3)]+‘1 o]
(s+1)(s+2)(s+3) 11
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2
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Solution
For the system shown with the above model, we have n=3, m=r=2 and
ao=6, a1=11, a2=6

10 6 2 5 3 1 1
D= ) BO = » B] = " B2 =
11 -6 -3 -5 —4 -1 -1

So we get the matrix of the controllable canonical form as follows

[0 0 1 0 0 0] [0 0]
0O 0 O 1 0 0 0 0
0O 0 0 0 1 0 0 0
A = 5 B=
0 O 0 0 0 1 00
-6 0 -11 0 -6 O 1 0
|0 -6 0 -11 0 -6 0 1
6 2 5 3 1 1
=
=6 =3 =5 4 =1 =l
The observable canonical form is
Om Om see Om Om —aOIm BO
Im Om e Om Om —allm B
. 1
x=(0 I vee O O —aolm |Xx+| . (U
w I B Ve 0 : (5-81)
‘ . : : : B
Om Om [ Om Im _an—llm_

y=[0n Om .o In|x+Buu
where 0,and I, are mXm dimensional zero matrix and unit matrix, m stands for

dimension of output vector, # is the order of denominator polynomial.

5.6 System Decomposition

5.6.1 Controllability Decomposition

Suppose the LTI system
Xx=Ax+ Bu
(5-82)
y=Cx

is partly controllable. The controllability matrix is
Q.=[B 4B - A"'B]

and
rankQ. =m <n
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Therefore, there exists a nonsingular transformation
x=Rx (5-83)
which can transfer the state equation into the following form
%= A%+ Bu

. (5-84)
y=Cx
where
5 |:;C1:| n
Rl
L
. A, 4
A= B4R =ML (5-85)
0 4, "M
n in-n
‘é - RC—lB - {El{|____’_’!»___ (5'86)
0 |n—n,
¢=cr[¢ ¢,] (5-87)
m {n—n,

From the above equations, we can know that after the system is transformed into equation
(5-84), the state-space description of the system is decomposed into controllable and
uncontrollable parts. The m -dimensional subspace % = Ak + Bu+ A%y s
controllable, while the(n—nl)-dimensional subspace % = An% is uncontrollable.

The state decomposition is shown in Fig.5.5. Because X, can not be detected from

i
Controllable |

Subsystem i [_ )

Subsystem i

Fig.5.5 Controllability decomposition of system
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u,X; only has uncontrollable free response. Obviously, if we neglect the (n—m) -
dimensional subsystem, we can obtain a controllable system with less dimension.
We form the nonsingular transfer matrix
R=[R R - Ry - R (5-88)
where the first » columns are any linearly independent columns of controllability
matrix (., and the remaining columns can be chosen as long as R. is nonsingular.

Example 5.16 Is the state equations

0 0 -1 1
x=|1 0 3|x+|1|u
01 3 0

y=[0 1 —2]x

controllable? If not, please write the controllability decomposition of the system.
Solution
The controllability matrix is
1 0 -1
Q.=[b 4b A]=1 1 3
01 =2
and rankQ. =2 < n, therefore, the system is partly controllable.

We form the nonsingular transfer matrix as equation (5-88).

1 0 0

Ri=b=|1| R=4b=|1| R3=|0

0 1 1
1 00
thus, R=|11 0
011

where R; is chosen arbitrarily as long as R. is nonsingular.

After the transformation, the new state equation is

%=R:AR.Z+ R:'bu

1 0 O'[o 0 —=17[1 0 0 1 0 01
=11 1 0|l |1 0 =31 1 olg+[1 1 o] [1]u
01 1| (o1 =3llo 11 01 1] |0
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0 =1 |-1 1
=[1 -2 |{-2|2+|0|u
0 0 -1| |0

y=CRiE=[1 -1 -2]#

If we choose

Thus,
0 -1:0 1
#=|1 -2 (-2|%+0 fu

0 0 -1 0
y=CRx=[1 -1 -2]%

5.6.2 Observability Decomposition

Suppose the LTI system
Xx=Ax+ Bu (5-89)
y=Cx i
is partly observable. The observability matrix is
c
C4A
Qa =
C An—l
and rankQ, =m <n

Therefore, there exists a nonsingular transformation
x=Ro% (5-90)
which can transfer the state equation into the following form
=A%+ B
X ~Jc u (5-91)
y=Cx

where
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AR T e (5-92)
n in-n,
B=R'B-= {Bn}”l (5-93)
B, |n—n
F=cr.[E1 0
C=Cr,[€ 0] (5-94)
m | n—n,

From the above equations, we can know when the system is transferred into equation

(5-91), the state-space description of the system is decomposed into observable and
unobservable parts. The 7 -dimensional subspace

% = An% + Bu
y=Cx
is observable, while the (n—n)-dimensional subspace
X1 = Anki + AnFs + Bou
is unobservable. The state decomposition is shown in Fig.5.6. Obviously, if we do not
consider the (n—m) -dimensional unobservable subsystem, we can obtain a #n -

dimensional observable system.

Ay C__
A -~ y A
> él 4 G —\)
u

N ) + A iz A\
L—) & I s )

I —

An K

Fig.5.6 Observability decomposition of a system

We form the nonsingular transfer matrix
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Rii=| © (5-95)

L -

where the first m rows are any linearly independent rows of observability matrix Q,,
and the remaining rows can be chosen as long as R;' is nonsingular.

Example 5.17 Is the state equations

0 0 -1 1
x=1 0 3{x+|1|u
01 -3 0

y=[0 1 =2]x

observable? If not, please write the observability decomposition of the system.
Solution
The observability matrix is
C 0 1 -2
Q=CA|=|1 -2 3
CA4? -2 3 -4
and rankQ, = 2 < n , therefore, the system is partly observable.

We form the nonsingular transfer matrix as equation (5-95).
R=C=[0 1 2] Ri=C4=[1 =2 3] Ri=[0 0 1]

01 =2 2 11 0O 1 0 1
thus, R;'=|1 -2 3| and Ro=|1 0 2|=|-1 =2 0 |%+|-1|u
0 0 1 0 01 1 0 -1 0

where R; is chosen arbitrarily as long as R;! is nonsingular.

After the transformation, the new state equation is
X=R;'AR,% + R;'bu
0 -1.0 1
=|-1 =2 0 |%+|-1|u

_______________ S

1 0 -1 0
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5.6.3 Controllability and Observability Decomposition

1) Suppose the LTI system
x=Ax+ Bu
(5-96)
y=Cx
is partly controllable and observable. Therefore, there exists a nonsingular transformation
x=Rx (5-97)
which can transfer the state equation into the following form
x=,:1_x+Bv (5-98)
y=C

where
Ar 0 A3 O
Ay An An A

A=R'4R = (5-99)
0 0 Ay O
0 0 A Au
B
_ B
B=R'B= 02 (5-100)
0
C=CR=[C: 0 C3 0] (5-101)

From the configuration of 4,B,C, we can know the n-dimensional state space is divided
into four subspaces according to the controllability and observability of the system. The
equation (5-98) can be rewritten as follows:

Xco Ay 0 A4z 0 | xeo B

Yo | |An An An Au || Xs | | B

S| |0 0 4 0 |xm]| |0

Xog 0 0 A Au || x= 0

Xeo

(5-102)

Xca
y=[G 0 G 0]
Xeo
Xco
and the subsystem (An, B, C1) is controllable and observable.

The block diagram of equation (5-98) is shown in Fig.5.7.
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Axn 7 As

%

Fig.5.7 The block diagram of equation (5-98)

From the Fig.5.7, we can know the condition for the transfer of the information
between the four subsystems.
2) The method of determining matrix R
Step 1: The transfer matrix
x=R¢[xc] (5-103)
e

C

will transform system 2.=(4,B,C) into

e
{’f‘r R:'AR. {xi:|+Rc"Bu

Xz Xz

S|4 Al B, (5-104)
0 Al xe 0
xC = s Xc
=il =1C C
S MEC N
where x. is controllable state; x: is uncontrollable state; and R. is formed according
to equation (5-88).

Xzo

Step 2: The transfer matrix x; = Roz[ }will transform the uncontrollable

Xeo

subsystem Yz =(Z4,0,52) into

Xzo - Xéo A3 0 Xeco
:R_l =
el
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wotnfz]o of2]

o Xeo

where xz, is uncontrollable but observable state; xz is uncontrollable and unobservable
state;and Ry2 is formed according to equation (5-95) for system 3z = (44,0,C2 ).

Xeo

Step 3: The transformation x, = Rol[
Xco

] will transform the controllable subsystem

i (/_1; ,B, 51) according to observability.

According to equation (5-104), we can obtain
.tc = Z]xc + szc—' + Bu

Substitute the state transfer equations into the above equation:

. —w

Xco - co - co
Ral[. :I=A1Ra1 * +A2Roz[x ]+Bu
Xco | Xco | Xzo

Multiply above equation by R~!, we will have

[J.cm} =R 4R Teo ! 4 R A Rs [
Xeo Xco

L -

An 0 || xeo Az 0 || xz B
= + + u
Ay Axn || x5 A>3 A || Xz B,
_— xco xCO
Xco xc‘a

where x. is controllable and observable state; x; is controllable but observable state;
and R, is formed according to equation (5-95) for system . = (Zl ,B,E,) .

Xzo

CO

il + R;‘Bu

After the above three transformations, we can have the decomposition description as
follows according to controllability and observability.
Xco A 0 A3 0 ||xo| | B
X | _| Az An  An A || X N B, y
X5 0 0 A3 0 || xz 0

J'ng 0 0 A43 A44 Xeco 0

Xco

y=[a 0 ¢ 0™

Xco
Xco

Example 5.18 The LTI system
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0.0 -1 1
x=[1 0 3x+|1|u
01 3 0
y=[0 1 -3]x
is partly controllable and observable. Give the controllability and observability
decomposition.
Solution
1 00
R=110
011
After transformation, we have
X, 0 -1i1-1]|x, 1
=|1 =2 2| |+[0f
X 0 0 i-1|[x 0
xC
y=0l -1}-2]|—
Xz

From the above, we can know the uncontrollable subspace x; is one-dimensional.

Obviously, the subspace is observable, therefore, there is no need to decompose the

subspace.
The controllable subsystem 2. is
. 0 -1 -1 1
Xe = Xe + Xz + u
o )]
n=l -l]x

Then, we decompose the subsystem

2. according to observability.

We form the nonsingular matrix according to the equation (5-95):

o

which transfer the system 2. into

s
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o a2k 2Tk
Id i A
at iy S]] o]

With the above two transformations, we have the decomposition description:

equivalently,

Xz +
=[1

Xeo -1 0 1| x0 1
X |=| 1 =1 =2||xz |+|0|u
X5 0 0 -1 xzo 0
Xco
y=[1 0 -2]|xz
Xeo

3) Another method of decomposition
First, we can transfer the system into Jordan-canonical form, then examine the
controllability and observability of all state variables according to controllability and

observability criteria. Finally, we form the corresponding subsystems with those state
variables.

For example, the given Jordan-canonical form of system .= (A,B,C ) is

(5] [4 1] Tx1 1 3]
L |0 4 x| |5 7
i 31 x| |4 3|:u,}
Xs o 3 X, 0 O}l u,
i -1 1% | |16
AR 0 -1lx ]| [0 0

o

X2
[M}—F 1050 0} X3
V2 1 4 0 2 0 Of x4

X5

_x6_.

According to controllability and observability criteria of Jordan-canonical form , we know
that x,x; are controllable and observable variables, x3,xs are controllable but
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unobservable variables , x4 are uncontrollable and observable variables and x¢ are

uncontrollable and unobservable variables and.

Thus, b N [xl} X5 = [x3] X% =X4 Xz=2X6
X2 X5
Rearrange according to this order, and you can get
(%, ] [4 1.0 0 0 0"ch (1 3]
________ 0 40000 3 7
i, [0 03 011 0 % |, |4 3[u‘:|
__________ 0 .00 -10:1 1 6]lw
%[ 10010 0.3 0fx| o0
5] [0 00 0 0 —i]lxg] [0 0.
m = P14, P

5.6.4 Minimum Realization

® Definition of Realization

Given a transfer matrix W(s), if there exists a state-space equation Z
X=Ax+ Bu
y=Cx+Du
that has W(s) as its transfer matrix, e.g.,
C(sI-A)"'B+D=W(s)
then W(s) is realizable and Z is one of the realizations of W(s).
It is noticeable that not every transfer matrix W(s) is realizable, W(s) is

physically realizable if it qualifies the following items:

(1) All the coefficients of the numerator and denominator polynomials of each
element Wy (s)(i=1,2,---,m;k =1,2,---,7) are real constants.

(2) Wi(s) is real rational fraction of s, i.e, the order of the numerator polynomial
is no more than that of the denominator polynomial. When all the elements of W(s) are
strictly real rational fractions, the realization of W(s) has the form of (4,B,C). Apart
from this, the realization has the form of (4,B,C,D) and D= !i_l’%W(s) :

® Minimum Realization

If a transfer function is realizable, then it has infinitely many realizations, not
necessarily of the same dimension. From the engineering point of view, it is significant to
find the class of minimal-dimensional realizations of the system.
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(1) Definition of Minimum Realization
Consider one realization of the transfer function W(s), Z

X=Ax+ Bu

y=Cx
if any other realization

X= A%+ Bu

y= Cx
has more dimension than Z ,then Z is the Minimum Realization of the system.

Because the transfer matrix can only reflect the dynamic behaviors of the

controllable and observable subsystem, removing the uncontrollable or unobservable
states will not change the transfer matrix of the system. Thus, the state-space expression
with uncontrollable or unobservable states can not be the minimum realization. As stated

above, we have the following methods to verify the minimum realization.

(2) Steps to find minimum realization
Theorem 5.12 The realization of transfer matrix W(s), Z

X=Ax+ Bu
y=Cx
is the minimum realization if and only if Z (4,B,C) is controllable and observable.

According to this theorem, we can find the minimum realization of any transfer
matrix W(s) whose elements are all strictly real rational fractions. Usually, we can

obtain the minimum realization as follows:
1) For a given transfer matrix W(s), first we select one realization Z(A, B,C).

More often we choose the controllability canonical or observability canonical for the sake
of convenience.
2) For the Z(A,B,C) chosen above, we find its controllable and observable part

(4,B1,C1). So this part is just the minimum realization of the system.

Example 5.19 Try to find the minimum realization of the transfer matrix

W(s)=|: 1 1 }
(s+D(s+2) (s+2)(s+3)

Solution
W(s) is a strictly real rational fraction of s, rewrite it in the descending order of s

as the following form:

W(s)=|:

s+3 s+1
E+Ds+2)(s+3) (s+D(s+2)(s+3)
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1
T (s+D(s+2)(s +3)
1
=s3 +6s2+lls+6{[1 1]S+[3 1]}

From equation (5-56), we can know that
Qo = 6,(11 = ll,az =6

Bo=[3 1,4 =[1 1].=[0 0]
the dimension of the output vector is m =1, and the dimension of the input vector is

r = 2 First we adopt the controllability canonical form realization.
Om Om —aoln 0 0 -6

Ad=\In On -al,|=|1 0 -11

10 Om  —a2ln 01 -6

[(s +3) (s+ 1)]

B 31
Bo=|fA|=[1 1
Al (oo

Co=[0m Om In]=[0 O 1]
then we check whether the realization Z= (4o, Bo,Co) is controllable or not.
3100 -6 -6
O.=[Bo 4By AB)=|1 1 3 1 -11 -1
0011 -3 -5
rankQ. =3=n
therefore, Z:(AO,BO,CO) is controllable and observable, so it is the minimum

realization.
Example 5.20 Try to find the minimum realization of the transfer matrix
s+2 1
W(s) = s+1 s+l
s s+1
s+l s+2
Solution

First, we simplify W(s) into the form of strictly real rational function and write its

controllability canonical form (or observability canonical form). After computing, the
controllability canonical form of the system is:
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[0 0 1 0 0 0] [0 0]
0 0 0 1 0 0 0 0
Y 0 0 0 0 1 0 . B 00
0 0 0 0 0 O 00
-6 0 -11 0 -6 0 1 0
-6 -3 -5 -4 -1 -1 0 1
(6 2 5 1 1 I
C= 3 i D= "
6 -3 -5 4 -1 -1 11

Step 2: Examine whether the states realized by the controllability canonical form are
observable or not

6 2 5 3 1 1
-6 -3 -5 -4 -1 -1

c 6 -6 -5 -9 -1 -3
Q=Ci=| c ¢ s 5§ 1 2
cA?

6 18 5 27 1 9
|6 -12 -5 —16 -1 —4

as rank(Q, =3 < n =6, the controllability canonical form is not the minimum realization.

Thus we decompose the structure according to the observability.
Step 3: Construct the transfer matrix R;'and decompose the system according to the
observability.

thus,

[0 0 0 i1 0 0]
0 0 00 1 0
0 0 010 0 1
-1 - -1

feA L 08 AP
-~ 0 = i-6 0 -5
2 2
33 Lot
L2 2 | J
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SO

0 0 1{0 0 0
3 Lo oo o
2 2 )

A= ROAR, = 3 0 4 0 0 of [4, o
a o 0 olo0 o0 1] 4, 4,
1 -1 0.0 -1 0
3 0 216 0 -5
| 2 j

o

-1 -1
. -1 3| [B
B=R'B=f-—--= ="
i 0 0 {0}

0 0

C‘—CRO—I 0000 0_[é o]
7701 00 0 of LT

After examination, » =(41,58,C1) is a controllable and observable subsystem, thus,
the minimum realization of W(s) is

0 0 1 11

dn=dn=|-2 2 Ll B.=B=|1 1
1 2 29 m 1 1 33

-3 0 4 S

Compute the transfer function according to the above A4,By,Cn,D, we can check the

result.

B 0 _1 ] 1 S+2 1

100 10 —

Con(SI = An) " Bw + D = 3.0 Yo als _|s+1 543
01 0f2 2 Lol s s+l

30 s+4 s+1 s+2

We can also write out the realization of controllability canonical form Z = (4, Bo,Co)

v 152«



-3

0
-6

[0 0 00 -6

000O0 O

1

0

-11

0 00

1

0010 -6

0

1

0 0O

0 00 0O
(4o,Bo,Co) by controllability, chose the transform matrix R.

then we decompose "

according to equation (5-88)

2 =61 00

-3 6 010
3 9001

—6
5

-5 4 8 0 00

-3 0 00
2 000

1
-1

-1

and we have

0
~2

-1

0 00
000

1

000 O

-1

-16

~]

-2

1 00 4

0
0

0

1

-3

0

thus
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é=cr=[C, O]z[l 1 =300 o}

-1 -1 2/00 0
Z: (4i1,B1,C1) is a controllable and observable subsystem, so the minimum realization
of W(s) is

From the above calculation, we can see that if a transfer function is realizable, then it has

infinitely many realizations, not necessarily of the same dimension. But we can prove that

if Z (A4m,Bm,Cn) and Z (Am,Bm,Cn) are the minimum realizations of the same

transfer matrix W(s), then there must exist a state transformation x = P% such that
An=P'44P By=P'By Cn=CnP

We can see that the minimum realizations of the same transfer matrix are equivalent in

algebra.

Example 5.21 Try to find the minimum realization of the transfer matrix using
MATLAB

4s-10 3
25 +1 s+2
W(s)= 1 s+1

(2s+1)(s+2) (s+2)

Solution the controllability canonical form of the system is:

(45 0 -6 0 -2 0] 1 0]

0 45 0 -6 0 -2 0 1
4t 0 00 0 0 . B 0 0
0o 1 0 0 0 O 0 0

0 0 1 0 0 O 00

0 0 0 1 0 0 10 0]
C:'-ﬁ 3 =24 75 -24 3}_ z[z 0]
|0 1 05 15 1 05/ 0 0

This six-dimensional realization is clearly not minimal realizations. It can be reduced to
minimal realizations by calling the MATLAB function minreal. We type:
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a=[-4.50 -6 0-20;0-4.50-60-2;100000;010000;0010
00;00010 0];

b=[1 0;0 1;0 0;0 0;0 0;0 01;

c=[-6 3 -24 7.5 -24 3;0 1 0.5 1.5 1 0.5];

d=[2 0;0 0]:7¢

[am,bm, cm, dm]=minreal (a,b,c,d)

Yield
am =
-1.3387 0.2185 -1.6003
2.5335 -1.1599 4.8338
-0.0007 -0.0002 -2.0014
bm =
-0.2666 0.2026
0.2513 -0.6119
-0.0001 0.3483
cm =
32.7210 10.8346 8.6137
—0.8143 -0.8632 1.8281
dm =
2 0
0 0

Thus, the minimum realization is expressed as:
-1.3387 0.2185 -1.6003 —0.2666 0.2026
x(t) =| 2.5335 -1.1599 4.8338 |x+| 0.2513 —0.6119 |u
-0.0007 -0.0002 -2.0014 —0.0001 0.3483
32.7210 10.8346  8.6137 2 0
y(1)= X+ u
—0.8143 -0.8632 1.8281 0 0

5.7 Summary

The controllability and observability are both important properties of a system, and
the definitions and criteria are described separately. The duality system is an important
conception; the duality systems have a series of interesting properties. The decomposition
of a system is analyzed based on the controllability and observablity, and the minimum

realization can be obtained accordingly.
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Exercise

5.1 Check the controllability of the following systems

NANEALY
5|71 o)lx]Th
(w] [0 1 o0][x] [1 0] -
@ |al=|l0o o 1|lxl|+o 1™
5] |2 < 3% [-1 1]
2l (-3 1 o[x] 1 1] -
@A |z|=|0 -3 ofx|+l0o of™
5] [0 0 -1flx] [2 o
—J-C1- Fﬂq 1 0 0 X1 0
(4)-7:62=01100x2+1u
B0 0 a4 ofx| |
| X4 | _0 0 0 ﬂi X4 1
(2] [0 4 =1
(5) | x|=|0 20 xz+3u
%] [0 =25 —20]|x%

5.2 Check the observability of the following systems

o [l o) o=l

(21 [0 1 0]x X1
, n 01 -1
2) [2(=10 0 1| x|, = X2
. » 1 2 1
_X3_ _—2 -4 -3 X3 X3
(] [0 4 3 x X
(B) |&|=[0 20 16 || x|, y=[-1 3 0]x
L)'C;;_ _0 —25 — X3 X3
% | 0 X1
@ |x|= 0 2 0 0 1 1]
LJ'B_ X3
—.X'ﬂ —4 0 0 X1 X1
6) |2|=[0 -4 Of|lx2|, y=[l 1 4]|x
| X3 L0 0 1 xs X3

5.3 Isit possible to find a set of p and ¢ such that the state equation
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is not controllable? Observable?

5.4 Try to prove that the system
X1 20 -1 0|l x a
x|=l4 16 0
X3 12 0

x2 |+| b |u

18 X3 (¢}

is not controllable no matter what a,b and c are.
5.5 Try to transform the following state-space equation into controllability canonical form 1.

s J Ll

5.6 Try to transform the following state-space equation into controllability canonical formI.
-1 2 -2
x={0 -1 1 |x+|0|u
|10 1] |1
5.7 Try to transform the following state-space equation into observability canonical form IT.
-1 -2 -2 2
x=[0 -1 1 |x+|0|u
10 1] |[1]
y=[1 1 0]x

5.8

39

Try to transform the following state-space equation into observability canonical form TIT.

1 -1 2
X = X+ u
y=[-1 1]x

Is the state equations

[y o[k

controllable? If not, please give the controllability decomposition of the system.

5.10 Is the state equations
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1 2 -l 0
x(1)=[0 1 0 [x(¢)+|0[u(z)

1 4 3 1
y()=[t -1 1]x(r)

controllable? If not, please give the controllability decomposition of the system.
5.11 Is the state equations

1 2 -1 0
J'c(t)= 0 1 0 x(t)+ 0 u(t)
1 4 3 1

y(©)=[1 -1 ()

observable? If not, please give the observability decomposition of the system.
5.12 Try to find the minimum realization of the transfer matrix
s+1

s+2
s+3
(s+2)(s+4)

W(s)=

5.13 The state equation of the inverted pendulum was developed in Example 1.10.
Suppose for a given pendulum, the equation becomes
01 0 O 0

* 10 0 -1 0 1
x= x+ u
00 0 1 0
00 5 0 -2

y=[1 0 0 0]x

if x3 = @ deviates from zero slightly, can we find a control « to push it back to zero? Why?
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Chapter 6
State Feedback and Observer

6.1 Introduction

Generally, the control theory can be divided into two parts, system analysis and
system synthesis. In previous chapters, the solution of state-space equation, the stability
analysis and the controllability and observability of a control system are introduced. In
this chapter, the system synthesis will be discussed. The controller is designed through
feedback and the performance of a system is improved by pole assignment. The state
estimator or state observer is designed to generate an estimation of the state.

6.2 Linear Feedback

Feedback is the most popular way to improve the performance of a system. Three
kinds of linear feedback are discussed in this chapter, e.g., the state feedback, the output
feedback and feedback from output y to x. The algorithms are described in detail.

6.2.1 State Feedback
Consider an n-dimensional linear time-invariant system
X=Ax+ Bu
y=Cx+Du
where xe R™; ueRP; yeR™, Ae R™",BeR™?,CeR™",DeR™?,

Assume D=0 to simplify the discussion. In state feedback, the input  is given by

(6-1)

u=Kx+v=v+lkhh ky --- k,,]x=v+Zkfx; (6-2)

i=l
where ve RPY is the reference input; K € RP*" is the feedback gain matrix.
As shown in Fig.6.1, each feedback gain k; is a real constant. This is called the

constant gain negative state feedback, or state feedback in simplicity.
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Fig.6.1 State feedback

Substituting (6-2) into (6-1) yields the closed-loop state-space equation
x=(A+BK)x+ By

6-3
y=Cx (6-3)
the closed-loop transfer function is
Wi(s)=C[sI —(A+BK)I"'B (6-4)

6.2.2 Output Feedback

Output feedback is another linear feedback law using the output vector y, as shown

in Fig.6.2.
r———
v u ; x + Y
:@1 N B ___)®:> 1s g —

1 H ’\

Fig.6.2 Output feedback

The control system

X=Ax+ Bu
y=Cx+ Du )
The input u is given by
u=Hy+v (6-6)

where H e RP*™is output feedback gain matrix.

* 160 *



If D=0, the closed-loop state-space equation is

t=(A+BHC)x+ B

x=( )x + Bv ©67)
y=Cx
The closed-loop transfer function is

Wi (s)=C[sI —(A+BHO)'B (6-8)
From equation (6-4), HC in output feedback is comparative to K in state feedback. As
m < n, the optional degree of H is much smaller than that of K. Only when C=1,
HC = K, output feedback is absolutely equivalent to state feedback. Therefore, the effect
of output feedback is obviously not as good as that of state feedback without compensator.
But output feedback shows its unique advantage in the facility in technique
implementation.

6.2.3 Feedback from output to x

This linear feedback from system output y to state vector x is widely used in state
estimator. This kind of feedback configuration is shown in Fig.6.3.

—

v u + ¥y

N x. N x N
>®) > B :)(8) N Us c
+

|
4

| G
~

Fig.6.3 Feedback from outputyto x

The control system is
Xx=Ax+ Bu
y=Cx+Du
Considering the feedback gain matrix G, G € R™™ from the output y to the derivative of
the state vector x, the closed-loop system is
x=Ax+Gy+Bu
y=Cx+Du

(6-9)

(6-10)

Substituting y intox
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x=(4+GC)x+(B+GD)u 6-11)
y=Cx+Du

If D=0, then
x=(4+GC)x+ Bu

6-12
5= (6-12)

The closed-loop transfer function
We(s)=C[sI -(A+GCO)'B (6-13)
As equation (6-13) shows, the change of matrix G will affect the eigenvalue of the
closed-loop system, thus affect the characteristic of the system.

6.3 Pole Assignment

6.3.1 Sufficient and Necessary Condition for Arbitrary Pole Assignment
Theorem 6.1

There exists a state feedback matrix K which can assign eigenvalues of the matrix
A+BK of the closed-loop system to arbitrary place of the state space, if and only if the
state vector of the open-loop system is controllable, i.e, if and only if

rankQ. =n
where
Q.=[Bi 4B A’Bi .- i4"'B] (6-14)
Proof Only for sufficiency. If the state vector of the open-loop system is absolutely

controllable, the following equation can be obtained with state feedback.
det[A] —(4+BK)]= f"(A) (6-15)

where f7(A) is the desired characteristic polynomial.
W,o(s)=C(sI - A)'B

FA=[]A-A)=a"+a1 A" +--+ald+as (6-16)

i=1
where A (A=1,2,---,n) are desired closed-loop poles.
) If Zo= (4,B,C) is absolutely controllable, the following nonsingular transform
exists,
X= Tclf
where T is transfer matrix of controllable canonical form 1 .
Transform Zo into the controllable canonical form I.
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X =Ax+ Bu
y=Cx
[0 1 0 0 ]
0 0 1 0
where A=T;'AT;i=| : : : :
0 0 0 1
|—a0 - -ay - -aHJ
0
B=T;'B=|
0

C=Clu=[by b - byi]
The transfer function of the controllable system "

bu18" 4 by as" 2 4t bis+ by

Wo(s)=C(sI - 4)"'B=—" R I
2) Consider the following state feedback gain matrix
B[k R - K]
Then we can obtain the closed-loop state-space description to X

X = (A4 + BK)X + Bu

y=Cx
0 1 0 0 |
0 0 1 0
Where A4+ BK = : : : :
0 0 0 .- 1
(a0 -k) (@ —hk) ~(an-1 — kn1) |

Closed-loop characteristic polynomial,
f(A)=|AI-(4+BK)
= A" + (@1 — k- )A" 4o+ (@ —ka) A+ (a0 — ko)
Closed-loop transfer function,
Wi(s)=C[sI—(A+BK)| B
B bn18"" + bp2s" 2+ +bis+ by
§" +(an-1 = knt)s" + -+ (@1 —k1)s + (a0 — ko)

(6-17)

(6-18)

(6-19)

(6-20)

(6-21)

(6-22)
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3) To accord with the desired poles, the following equation has to be satisfied.
=1
The coefficients of the feedback matrix can be obtained by equaling the coefficients
of A with same order in both sided of the above equation.
ki =a; —a; (6-23)

Thus K=|:ao—a6 a—a - a,._l—a,'._l].

4) Transform K corresponding with ¥ into K corresponding with x, by using
the following equation.
K=KT; (6-24)
This is due tou =v+ Kx =v+ KT7'x .
Theorem 6.2
For the case of pole assignment via output feedback wherein u = Hy + v, a theorem
similar to the Theorem 1 has not yet been proven. The determination of the output
feedback matrix H is, in general, a very difficult task. A method for determining the
matrix H , which is closely related to the method of determining the matrix K
presented earlier, is based on the equation
K =HC (6-25)
This method starts with the determination of the matrix K and in the sequel the
matrix H is determined by using equation( 6-25).1t is fairly easy to determine the matrix H
from equation ( 6-25) since this equation is linear in H. Note that equation ( 6-25) is only
a sufficient condition. That is, if equation ( 6-25) does not have a solution for H, it does
not follow that pole assignment by output feedback is impossible.
Theorem 6.3
Even for the absolutely controllable SISO system X, =(4,b,c), arbitrary pole

assignment via output feedback can not be guaranteed.
Proof The closed-loop transfer function of SISO feedback system X =[(A+ bhc),b,c] is

Wo(s)
1+ hW,(s)

Where W,(s)=c(sl - A)—l b is the transfer function of the controllable system.

Wi(s) = c[sI ~(4+bhe)] b= (6-26)

From the closed-loop characteristic polynomial, we can obtain the closed-loop root
locus equation
hW,(s)=-1 (6-27)

When W,(s) is fixed on beforehand, we can obtain a series of root locus with the
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reference variable /4 varying from 0 toc. Obviously, no matter what 4 is, the desired pole
which is not consisted in the root locus can not appear in root locus.

Output linear feedback has an important drawback: Arbitrary pole assignment is
not realizable.

To overcome the drawback, we always introduce additional regulatory network to
affect the root locus by increasing open-loop poles and zeros. Therefore, the regulated
root locus consists of the desired pole.

Theorem 6.4

For an absolutely controllable SISO system X, =(4,b,¢), the following is sufficient
and necessary condition of arbitrary pole assignment by the output feedback with
dynamic compensator.

1) Z, is absolutely observable.

2) The order of dynamic compensator is #n=1.

6.3.2 Methods to Assign the Poles of a System

(1) Pole Assignment via State Feedback
Consider a linear time-invariant system
x(t) = Ax(t) + Bu(?) (6-28)
Where we assume that all states are accessible and known. To this system we apply a
linear state feedback control law of the following form

u(t) =—Kx(t) (6-29)
Then the closed-loop system is given by the homogeneous equation
x(t)=(A4-BK)x(t) (6-30)

It is remarked that the feedback law wu(f)=—KXx(f) is used rather than the feedback law
u(1)=Kx(¢). This different chosen sign is utilized to facilitate the observer design problem.

Here, the design problem is to find the appropriate controller matrix K so as to
improve the performance of the closed-loop system (6-30). One method to improve the
performance of (6-30) is pole assignment. The pole-assignment method consists in
finding a particular matrix K, such that the poles of the closed-loop system (6-30) are set
to the desirable pre-assigned values. Using this method, the behavior of the open-loop
system may be improved significantly. For example, the method can stabilize an unstable
system, increase or decrease the speed of response, widen or narrow the system’s
bandwidth, increase or decrease the steady-state error, etc. For these reasons, improving
the system performance via the pole-assignment method is widely used in practice.

The pole assignment or eigenvalue assignment problem can be defined as follows:
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let A,4z,---,4n be the eigenvalues of the matrix 4 of the open-loop system (6-30) and
A, A2+, An be the desired eigenvalues of matrix 4 — BK of the closed-loop system
(6-30), where all complex eigenvalues appear in complex conjugate pairs. Denote f(4)
and f"(A) to be the characteristic polynomial and the desired characteristic polynomial,

i.e., to find a matrix K so that equation (6-32) is satisfied.

f(/l)=IﬂI(/1—2¢) =|AI - A|=2" + @na1 A" + -+ @A +ao (6-31)

i=1
f'(l)=ﬁ(1—&-’)= |AI—A+BK|=1" +an A"+t ail+ag (6-32)
i=1

The pole-assignment problem has attracted considerable attention for many years.
The first significant results were established by Wonham in the late 1960s and are given
by the Theorem 1 in the Section 6.3.1.

According to Theorem 1, in cases that the open-loop system (6-30) is not
controllable, at least one eigenvalue of the matrix 4 remains invariant under the state
feedback law (6-31). In such cases, in order to assign all eigenvalues, one must search for
an appropriate dynamic controller wherein the feedback law (6-31) may involve, not only
proportion, but also derivative, integral and other terms. Dynamic controllers have the
disadvantage in that they increase the order of the system.

Now, consider the case that the system (A4,B) is controllable, a fact which
guarantees that there exists a K which satisfies the pole-assignment problem. Next, we
will deal with the problem of determining such a feedback matrix K. For simplicity, we
will first study the case of single-input systems, in which the matrix B reduces to a vector
b and the matrix K reduces to a row vector k. Equation (6-32) then becomes

() =In-[(,l—2,-') =|AI —A+bk| ="+ @ A" v af A+ ag (6-33)
i=1
It is remarked that the solution of equation (6-33) for & is unique.

Several methods have been proposed for determining k. We present three
well-known methods.

Method 1 The Base-Gura Formula. One of the most popular pole-assignment methods
gives the following simple solution:

k=-KT3! (6-34)
Where K is defined in equation (6-23) and

* 166 *



1

Ap-1

Tu=[A4"'b, - 4b, b] (6-35)

a “ee An—1 1
Method 2 The Phase Canonical Formula. Consider the special case that the system

under control is described in its phase-variable canonical form, i.e., 4 and b have the
special forms A" and b*, where

o 1 0 -« 0 ] (0]
0 0 1 .- 0 0
0 0 o - 0 0
4= : : : S L b= : (6-36)
0 0 0 .- 1 0
=@ —@ -Gy -+ —Qn- | 1]

One of the most popular pole-assignment methods gives the following simple solution:

K =[wTo T (@ -a) (6-37)
Where Q. is defined in equation (6-14) and
1 a1 - @ an1 an-1
W= 0 1 0:2 = a;.—z . d= an:-Z (6-38)
0 0 - 1 a'a a

Then, it can be easily shown that

Qf =[b": AB'P AW . A
The product W7Q."T reduces to the simple form
00 - 01
WTQC‘T=i=? ? 1 0 (6-39)
10 00

In this case, the vector &'7 in expression (6-37) reduces to &7 =I(a" —a), ie, it

reduces to the following form:

ap — ap
BT =i -a)=| 7% (6-40)
-1 — Qn-

It is evident that expression (6-40) is extremely simple to apply, provided that the matrix

* 167 ¢



A and the vector b of the system under control are in the phase-variable canonical form
(6-38).
Method 3 The Ackermann’s Formula. Another approach for computing k& has been
proposed by Ackermann, which leads to the following expression:
k=e"'Q. 7 f*(A) (6-41)
The matrix Q. is given in equation (6-14), wherein the variable s is replaced by the matrix
A ie.,
f(A)=A4"+ap A"+ +al A+ ayl (6-42)
In the general case of multi-input system, the determination of the matrix K is
somewhat complicated. A simple approach to the problem is to assume that X has the
following form:
K=qgp" (6-43)
Where ¢ and p are n-dimensional vectors. Then, the matrix 4 — BK becomes
A—BK = A—Bgp" = A-Bp”, where B =Bq (6-44)
Therefore, assuming that K has the form of equation (6-43), then the multi-input
system is reduced to single-input system studied previously. In other words, the solution

for the vector p is equation (6-37) or equation (6-41) and differs only in that the matrix Q.
is now the matrix Q. , which takes the following form

O.=[p: 4p: 4pi - 4], K=HC (6-45)
The vector f=Bg involves arbitrary parameters, which are the elements of the
arbitrziry vector g. These arbitrary parameters can have any value, provided that
rankQ. =n .
(2) Pole Assignment via Output Feedback

Consider a linear time-invariant system
x(t) = Ax(t) + Bu(z)

y(1) = Cx(1)

Where we assume that all states are accessible and known. We apply the following linear

(6-46)

state feedback control law to the above system
u(t)=-Hy(t)+v (6-47)

Then the closed-loop system is given by the homogeneous equation
x(t)=(A—-BHC)x(t) (6-48)

The pole assignment or eigenvalue assignment problem can be defined as follows:
denote Aj,42,---,A, as the eigenvalues of the matrix 4 of the open-loop system (6-46)
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and A, 4,....4, as the desired eigenvalues of matrix 4—BHC of the closed-loop
system (5.3-35), where all complex eigenvalues appear in complex conjugate pairs.

In the case of pole assignment via output feedback wherein u =—Hy + v, Theorem
6.2 has been proven. According to Theorem 6.2, we can obtain the matrix H by K=HC.

This method starts with the determination of the matrix K, and in the following
content, the matrix H is determined by using equation (6-25). It is fairly easy to determine
the matrix H from equation (6-25) since this equation is linear in H. Note that equation
(6-25) is only a sufficient condition, i.e., if equation (6-25) does not have a solution for H,
it does not follow that pole assignment by output feedback is impossible.

6.3.3 Examples

Example 6.1 Consider a system in the form (6-28), where

L

Find a vector & to make the closed-loop system eigenvalues be A4’ =—1 and A3 =-1.5.

Solution
We have
f(AH)= |M—A|=A2 +1 and f‘(l)=(ﬂ.—ﬂ)(ﬂ.—ﬂ§)=lz +2.54+1.5

Method 1 Here we use equation (6-35) and (6-23)

et ol 1ol o 1

and
K=[a-ai a-ai]=[1-15 0-25]=[-05 -2.5]
Therefore
o' 10
Tl= j—1
“ 0 1 01
Hence

k=-KT;' = -[-05 —2.5][(1) ﬂ:[o.s 2.5]

Method 2 Since the system is in phase-variable canonical form, the vector & can readily
be determined by equation (6-40), as follows:

0— 1.5-1 0.5
M =pT=| 07| -
[ai' -a 25-0| |25
Method 3 Here we apply equation (6-41). We have
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[ (A=A +ai A+a]l = A* +2.54+1.51
0o 17 0 1 10
- +2.5 +1.5
-1 0 -1 0 01
[ 0], [ o 25] [ts 0] [05 25
1o 1] =25 0 0 15| |-25 05
-1
4 [o 1 0 1
“L=[p i4b]" = =
o=t =[] o] <[] o]
Therefore

0 1) 05 25
k=e"S7' f (4)=[0 1 =10.5 2.5
5 (=] ][1 o][—z.s 0.5] [ ]
Clearly, the resulting three controller vectors derived by the three methods are
identical. This is due to the fact that for single-input system, & is unique.

Example 6.2 Consider a system in the form (6-28), where

010 0
A={0 0 1| and b=|0
1 00 1

Find a vector k to make the eigenvalues of the closed-loop system are A" =-1, A; =-2,
and A3 =-2.
Solution

We have

fA)=|AI-4=2 -1
and
A== A=-R)A-A)=23+51? +81+4

Method 1 Here we use equation (6-37) and (6-23)

1 0 0 1 0 0ff1 0 O 1 0 0
Ta=[ 4% Ab bJlo 1 0[=[0 1 0|0 1 0|=/0 1 0
0 0 1 0 0 1|0 0 1 0 0 1
and
I?=[ao—a5 a —al az—a5]=[—l—4 0-8 0—5]=[—5 -8 —5]
Therefore

o = O
- o O
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Hence
1 00

k=-KT;' =—[-5 -8 -5](0 1 0 =[5 8 5]
0 01
Method 2 Since the system is in phase-variable canonical form, the vector £ can
readily be determined by equation (6-40), as follows:
a-a | [4-(-D] [5
Kl=kT=|al —a |=| 8-0 |[=|8
a —a; 5-0 5
Method 3 Here we apply equation (6-41). We have
A=A +a4* +alA+al = A +542 +8A4+4]
3

010 010 [o10 100
=0 0 1| +5/0 0 1| +8/0 0 1]|+4/0 1 0
100 100 100/ |oo01
1 0 0] [0 0 5] [0o80][400
=0 1 0|+|5 0 0|+[0 0 8|+|0 4 0
0 0 1] [0 50| (800|004
5 8 5

=5 5 8

8 5 5

Therefore
0 0 1|5 8 5

k=e'S7f"(4)=[0 0 1]j0 1 0|5 5 8|=[5 8 5]
1 0 0)|8 5 5
Example 6.3 Consider the following system with transfer function as

W(s)= _ 10
s(s+1D(s+2)

Try to find a state feedback controller to make the closed loop poles be —2 and —1+j1.
Solution
Since the system is controllable and observable, the poles can be assigned arbitrarily.
Choose the following controllable canonical form
0 1 0 0
x=[0 0 1 |x+|0]|u
0 2 -3 1
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y=[10 0 0]x

With state feedback , the closed-loop characteristic polynomial is:
f(A)=det[Al —(A+bK)]=A* +(3—k)A* +2—k)A—ko
The desired closed-loop characteristic polynomial is
LrA=(A+2(A+1=))A+1+j)=A> +44? +64+4

Compare relative parameters in the above two functions, we have

kh=—4, h=—4, k=-1
Thus: K=[-4 -4 -]
The closed-loop transfer function is

10
53 +4s? +65+4

G(s) =

The block diagram of the closed-loop system is shown in Fig. 6.4.

———® I

®

Fig.6.4 Block diagram of the closed-loop system

Example 6.4 The state space model of a system is
0 1 0 0

x={0 -1 1 [x+|0u
0 0 -2 1
y= [1 0 O]x
Try to find a state feedback controller to make the closed loop poles be —2 and —1j1.
Solution
To determine the controllability of the system
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0 0 1
M=[b 4b 4b]={0 1 -3
1 -2 -4
|M|#0, so the system is controllable, the closed-loop poles of the system can be can be
arbitrary assigned.
Transform the above state space model into the controllable Canonical form. The
characteristic function is
|sT — 4] =s® +3s + 25

So we choose

2 3 1
I=|3 1 0
1 00
Then
1 00 1 0 0
Ta=MI=|0 1 0 T{i={0 1 0
01 1 0 -1 1

Let k= [l:ro fa 132:| the closed-loop characteristic polynomials can be expressed as
f()= ‘,11 ~(A+ 1312)| = |/11 — (T AT +T-'bk)

And
fA=(A+2)A+1-)NA+1+j)=2 +41> +61+4
To achieve the desired closed-loop ploes, we have f*(4)= f(4)

1 00
And k=kT;',s0 k=[-4 —4 1]j0 1 0o|=[-4 -3 -]
0 -1 1

The block diagram of the closed-loop system is shown in Fig. 6.5.

v u X3 X2 I X1

®

Fig.6.5 Block diagram of the closed-loop system
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Example 6.5 Consider a plant described by
0 1 0 0
x=|0 0 1 (x+|0|u
0 -2 -3 1
Let us introduce state feedback u=r—[ki k2 k3 ]x to place the three eigenvalues at -2,

—1 = j, figure out how to realize it using MATLAB.
The MATLAB function place computes state feedback gains for eigenvalue

placement or assignment. For the example, we type
a=[0 1 0;0 0 1;0 -2 -3]1;b=[0;0;11;
p=[-2,-1+3,-1-31;
k=place(a,b,p)
yield
k =
4.0000 4.0000 1.0000
This is the matrix [ki k2 ks ]=[4 4 1] :

6.4 State Estimator

6.4.1 Introduction

In the preceding sections, we introduce state feedback under the implicit assumption
that all state variables are available for feedback. This assumption may not hold in
practice, either because the state variables are not accessible for direct connection or
because sensors or transducers are not available. In this case, in order to apply state
feedback, we must design a device, called a state estimator or state observer, so that the
output of the device will generate an estimation of the state.

6.4.2 State Estimator

1. Full-Dimensional State Estimator
Consider the linear time-invariant system > =(4,8,C)

x=Ax+Bu

y=Cx (6-49)
Where A4,B,and C are given and the input u(#) and the output y(¢) are available to
us. The problem is to estimate x from # and y with the knowledge of 4,B,and C.
If weknow A and B, we can duplicate the original system as

i= A%+ Bu (6-50)
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which is shown in Fig.6.6. The duplication will be called an open-loop estimator. Now if
(6-49) and (6-50) have the same initial state, then for any input, we have x(¢)=x(¢f) for

all 7> 0. Therefore the remaining question is how to find the initial state of (6-49) and
then set the initial state of (6-50) to that state. If (6-49) is observable, its initial state x(0)

can be computed from # and y over any time interval, say, [0,n]. We can then
compute the state at #, and set x(f2) = x(f2). Then we have x(¢t)=x(t) forall t>1,.

Thus if (6-49) is observable, an open-loop estimator can be used to generate the state

: N B >®i>1/s xkc::)@i:}

§ £
) B X%) > U
+

vector.

A\

Fig.6.6 Block diagram of open-loop state estimator

There are, however, two disadvantages, in using an open-loop estimator. First, the
initial state must be computed and set each time we use the estimator. This is very
inconvenient. Second, and more seriously, if the matrix A4 has eigenvalues with positive
real part, then even for a very small difference between x(fy) and X(#) for some #,

which may be caused by disturbance or imperfect estimation of the initial state, the
difference between x(f) and Xx(¢#) will grow with time. Therefore the open-loop
estimator is, in general, not satisfactory.

We see from Fig.6.6 that even though the input and output of (6-49) are available,
we use only the input to drive the estimator. Now we shall modify the estimator in Fig.6.6
to the one in Fig.6.7, in which the output y(¢) = Cx(f) of (6-49) is compared with Cx(¢).
Their difference, passing through an nx1 constant gain vector G, is used as a
correcting term. If the difference is zero, no correction is needed. If the difference is
nonzero and if the gain G is properly designed, the difference will drive the estimated
state to the actual state. Such an estimator is called a closed-loop or an asymptotic
estimator or, simply, an estimator.
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The open-loop estimator is now modified as,
%= A%+ Bu +G(y - §) = A%+ Bu + Gy - GC% (6-51)
which is shown in Fig.6.7. (6-51) can be written as
£=(4-GO)%+Bu+Gy (6-52)
and is shown in Fig.6.8. It has two inputs # and y and its output yields an estimated

state x.

B 1s c

Fig.6.7 Block diagram of closed-loop state estimator I

u x X N Y
\B_>®:>1/S c

X

‘[+
B
| SR

=>

Fig.6.8 Block diagram of closed-loop state estimator T

Let us define
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e=x-X%
It is the error between the actual state and estimated state. Differentiating e and then
substituting (6-49) and (6-51) into it, we obtain
é=%—%=Ax+Bu—(A-GC)%-G(Cx)- Bu
= Ax—(A-GC)x—-GCx=(A—-GC)(x—X)

or

é=(4-GQC)e (6-53)
This equation governs the estimation error. If all eigenvalues of (4—-GC) can be
assigned arbitrarily, then we can control the rate for e to approach zero or, equivalently,

for the estimated state to approach the actual state. For example, if all eigenvalues of
A-GC have negative real parts smaller than —o, then all entire of e will approach
zero at rates faster than e~ . Therefore, even if there is a large error between x(#) and
x(to) at the initial time 7y, the estimated state will approach the actual state rapidly.

Thus there is no need to compute the initial state of the original state equation. In
conclusion, if all eigenvalues of (A—-GC) are properly assigned, a closed-loop

estimator is much more desirable than an open-loop estimator.

Theorem 6.5
Consider the pair (4,C). All eigenvalues of (4 - GC) can be assigned arbitrarily
by selecting a real constant vector G if and only if (4,C) is observable.

Example 6.6 Consider the state equation

|10 1
= x+| |u
00 1
y= [2 —l] x
Try to find the state estimator, so that the desired closed loop eigenvalues can be —10,-10.

Solution

(1) Examine the system’s observability. We have

vlal s o

Since rankN=2 , there exists a full-dimensional state estimator.
(2) Transfer the system to observability criterion form IT.
The characteristic polynomial of the system is

det[ Al - A] = det i VLI
=detl " =
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a 1 -1 1
Wehave a=-1,a0=0,L= =
1 0 1 0

i 112 <17 o 1 11
and T'=LN= = » T=|2 3
1 02 O 2 -1 1 0

and thus X =T""ATx + T"'bu =I:(1) (1)]33+[ﬂu
y=CIx
(3) Introducing feedback matrix G = [g;] , the characteristic polynomial of
estimator yields
f(A)=|a1 - (4-GC) =‘_/11 2 _fl_gz)‘ =2 -(1-Z)A+T

(4) The desired characteristic polynomial is
f*(A)=(A+10)? =A% +201+100

(5) Comparing the corresponding coefficient of f(1) and f™(4), we have

_ _ _ [100
g=100, g=21, and G=|

100 | |60.5
21| | 100
(7) The proposed estimator is

%=(A-Ge)i+bu+Gy

-120 6051, [1] [60.5
= X+ |u+ y
[—200 100] H {100}

(6) Transforming to the state of x

S N =

1
G=TG=|2
1

t=AR+bu+G(y-7P) : 0"+1 +60'5( D)
T X = U —_ = X u —
° Y770 o 1] 100 |V
Example 6.7 Consider the transfer function of a controlled system
Wo(s) =
") =15+6

Find a vector k such that the closed-loop system has eigenvalues A =—1 and

A3 =-1.5 by state feedback. And design a full-dimensional state estimator that can

* 178 «



realize the above feedback.
Solution

(1) From the transfer function above, we can know that the system is controllable
and observable. Therefore, the state feedback matrix and estimator can be designed
independently due to the separation principle.

(2) Design the state feedback matrix XK.

For convenient of estimator design, we use the observable canonical form IT of the

system directly.
. (0 0 1
x= x+| |u
1 -6 0

y=(0 1)x
(3) We have
F(A)=|AL - 4|= 4% +6A
and FAD=(A-AYA-A)=A2 +81+52

Here we use equation (6-37) and (6-23)

e o S L O

and K=[a-a; a-a]=[0-52 6-8]=[-52 -2]

o [6 1] [0 1
Tl oo |1 -6

k=—KT;'=—[-52 —2][(1) _16} =[2 40]

Therefore

Hence

(4) Design the full-dimensional estimator
Suppose G = [gl} , then
82

wwoesd SH{E)e 0r 22

i &1
and det[ A1 -(4-GC)] =de{_1 z+6+g2j=ﬂ +(6+g2)A+a
Comparing with A =(A-A)A-22)=A%+201+100
100
we can obtain G =( 4 J
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The full-dimensional estimator equation:
x=(4-GC)i+Gy+bu

0 -100). (100 1
= + v+ |u
[ ) (0

Example 6.8 the state space model of a system is

s Je i
y=[0 1]x

Try to construct a two dimensional state estimator with poles to be —4 and —6. Give out
the model of the stator estimator and plot the diagram of the system with state estimator.
Solution

The desired characteristic equation is:

(s+4)(s+6)=s+10s+24=0, |N|= =-3#0, rank N=2,

C
c4 3 4

- ‘0 1‘
the system is observable and the state estimator can be constructed
|s7-A+GCl=5>+(g2-4)s+351-3=0, g1=9, g2=14
) . 0 -8 2 9
The state estimator X =(4-GC)X, +Bu+Gy= 3 10 Xg + 4 u+ 1l

The diagram of the system is shown in Fig. 6.9.

4

X X X x Y
S B e e Oy

4 |
) u 4 Xog X2g E R Xig J' Xig

X2g

1

2

Fig.6.9 Block diagram of the system
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Example 6.9 Consider a plant described by the following state equation

0 1 0 0
x=| 0 0 1 x+| 0 |u
1.24 0.3965 -3.145 1.244
y=[l 0 0]x

Try to design a state estimator to place the eigenvalues at—5 + j 573 ,-10 by MATLAB.

For the example, we type
a=[0 1 0;0 0 1;1.244 0.3965 —3.145];

b=[0;0;1.244];
c=[1 0 0];
v=[-5+3*5*%sqrt (3) -5-j*5*sqrt (3) -101;

1=(acker(a',c',v))

yield
1 =
16.8550
147.3875
544.,3932
Then we can get
16.855
L={147.3875
544.3932
So the state estimator is
x=(A—LC)x+Bu+Ly
0 16.855 0 16.855
= 0 jl— 147.3875 [1 0 O] x+| 0 |u+|147.3875 |y
1.244 03965 -3.145| |544.3932 1.244 544.3932
-16.855 0 16.855
=|—-147.3875 0 1 |x+| O |u+|147.3875|y

—544.3932 0.3965 -3.145 1.244 544.3932

2. Reduced-Dimensional State Estimator

The estimator presented in Section 6.4.2.1, usually called a full-dimensional
estimator, has the same dimension with the controlled system. Actually the output vector
y is always measurable. We can derive a part of state variables directly from y, thus

reducing the dimension of the estimator.
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Consider a observable system, assume the rank of the output matrix C is m, then
m dimension state variables can be acquired by the output y, the other n—m
dimension state variables can be acquired by an (n—m)-dimensional state estimator.
This estimator with the output equation can then be used to estimate all n state variables.
This estimator has a lesser dimension than the system (6-49) and is called a
reduced-dimensional estimator.

The controllable system
X=Ax+ Bu

y=Cx
With rankC = m , the pair (4,C) is observable. The design consists of two steps.
(1) decompose the state to x; and X», m dimension X, can be derived from y

(6-54)

while n—m dimension X; are to be observed.
(2) construct the (n—m)-dimensional state estimator.

Let x=Tx
A~T"AT={—‘-EH-i-';4‘-2-}n_m
4y %Azz m
n—m m
B |n-m
B=T"B={="
B,| m
C=cr=[o|1]m
n-mi m
A=TAT = 'i“ fm B = f‘ 5=CT=[0 1]
Ay Az | B

The transform matrix 7

Clm

where Cp isa (n—m)xn matrix to guarantee that 7 is nonsingular.
=1
C
CT=C[ °] =[0 1]
&

The state-space equation can be written as
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HE 22ME)
y=[0 1]@:@

As the system (6-54) is observable, (6-55) is also observable.
From (6-55), we can see x; can be directly detected from 3y, X can be obtained

(6-55)

from the estimator. The decomposed system structure is shown in Fig.6.10.

o+

>| s [ >

S i

Fig.6.10 Structure of decomposed system

The subsystem = (A1, 432,B:,0) is to be reconfigured. Following the strategy of
full-dimension state estimator, we can duplicate >, from (6-55) as
X = Aux + ApXy + Bu = Anxi + M (6-56)
where
M = 4%, + B (6-57)
Let Z = ApX;,then Z =X — An¥% — Bou .

Consider M and Z as the input and output of 3, then A4 is the output matrix.
Because of the observable pair (4,C), the pair (A1, 41) for T is also observable,
thus the subsystem Y can be estimated. Consulting equation (6-52), the estimator can
be written as

% = (A1 —GAa)% + M +GZ (6-58)

Similarly, the eigenvalues of (411 —GA1) can be assigned at desired positions by
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choosinga (n—m)xm dimensional matrix G .
Substituting (6-57) into (6-58) yields
% = (A ~ G )3 + (Ao — Gk )7 + (B ~ GB2Ju + Gy
Considering the difficulty of implementation of ¥, we introduce a new variable
W= -Gy
So the estimator equation can be described as
. (A1 — Gdar)x1 + (A2 — GAx)y + (B - GBy )u

X = 1';17 + (TI:]_/ (6'59)

Hence all n state variables x can be constructed as

LR

Then transform X to %, we have X =Tx .
The whole structure of the estimator is shown in Fig.6.11.

u — X2,) |
>‘ 4B | /

PR Ca—

Fig.6.11 Block diagram of reduced-dimensional estimator

From equation (6-57), we can see that x> =y, so there are no estimated errors of
these m dimension state variables. Subtracting (6-59) from (6-56), we can obtain the
estimated error equation

é =X —3551 = Ay + Ay + B — (A — GAo)% — (42 — GAn)y — (Bi — GBy )u — Gy
Considering 4% =y — 42y — Bou , the above equation can be simplified as

é = (A — GAn )% — %) = (41 — G e (6-60)

where @ is the error between X and X. As the subsystem J; is observable, the
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cigenvalues of (41 —G4z1) can be assigned at desired positions by choosing G , thus
guarantee that the error e; can approach zero at the desired rate.

Example 6.10 Considering the system

4 4 4 1
x=(-11 =12 -12|x+|-1|u
13 14 13 0
y= [1 1 l]x
Find a reduced-dimensional state estimator with the poles —3,—4.

Solution

Examine the system’s observability, there exists a reduced-dimensional state
estimator. rankc =1.

Construct the transform matrix T

100 1 0 0
T'=|0 1 0 T={0 1 0
111 -1 -1 1
Let
1 004 4 471 0 0] 00 4
A=T7'4T=|0 1 0| -11 -12 -12{{0 1 0O|=|1 0 -12
11 1][13 14 13]-1-11] |1 1 5
we have
1 ooj[1] [1
b=T"b=|0 1 0|-1|=|-1
1 1 1jjo] |o
(1 0 0]
c=cT=[1 110 1 o|=[0 0 1]
-1 -1 1

Sincex3 can be provided directly by ¥, a second-dimensional state estimator is needed.

(1) Introducing feedback matrix G = f‘} , the characteristic polynomial of estimator
| 82
yields
- e A 0] [0 O] |&

A)=|Al = (41 — GAa)| = - - 11
fA) ‘ (A1 21)| H:O J [1 0} |:§2:|[ ]’

A+g & o _

= =2 +(@+8)A+
}—H—g—z A+ B (&1 +8)i+g
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(2) The desired characteristic polynomial is
LTA=(A+3) A+ =12 +TA+12
(3) Comparing the corresponding coefficient of f(4) and (A1), we have

= 112
gl =12’ §2=_59 aIld G=|:_5]

(4) From equation (6-59), we obtain the estimator equation

A |[-12 -12]. [-S56(_ [1
w= x+ y+ u
6 5 13 -1

s 127]_
=w
-5 Y

=P

The estimation of the state after linear transformation is

21 e [ e 2] [R12
=[f‘}=["’+ y}= 01 [V_"'}L -5 (¥ =| ®—57

X y w2 —
10 0 1 ¥y

=

X3 [

(5) To get the state estimation of the original system, transformx as follows
1 0 Ofwm+12y wm+12y

¥=Tx=[0 1 0| m-5y|=| wm-5y

-1 -1 1 y -m —wy -6y

0 2 1
1 X= X+| _ |u
Example 6.11 the state space model of a system is 1 3 3| , try to
y=[0 1]x
construct a one dimensional state estimator with pole to be —5, and plot the diagram of the
system.

Solution the system model is an observable canonical, so the system is observable, the
state estimator can be constructed and the pole can be assigned arbitrary y =x;, only x

need to be constructed
.S'I—/‘i” +g1221 =5s—-0+g=5s+5=0, g=5a
W =W= (411 — G W +[(A2 — GAn) + (41 — GAn)GTY + (B — GB))U = —5w—38y —14u
xlg=£1g=W+GY=W+5y, X2g=xA'Zg=y
The state estimator is
w=-5w-38y-14u
Xig =w+5y

X6 =Y
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The diagram of the system with state estimator is shown in Fig. 6.12.

3

jf] X1

X2

X2 ¥y

Xag

38

% Xig

5

Fig.6.12 Diagram of the system

6.5 State Feedback Based on State Estimator

Fig. 6.13 is a state feedback system based on full-dimensional state estimator,

X

¥

/s

(&)

K

v

Fig.6.13 State feedback system based on full-dimensional state estimator

Consider the controllable and observable controlled system Z 0= (4,B,C):
X=Ax+Bu

y=Cx

}

(6-61)
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The state estimator . :

i:(A—GC)f+Gy+Bu} G
j=ci
The state feedback law:
u=-Kx+v (6-63)

Substituting equation(6-63) into equation (6-61) and equation (6-62), and you can obtain
the state-space description of the total closed-loop system.

X = Ax— BKXx + Bv

%=GCx+(A4-GC - BK)%+ By (6-64)

y=Cx

equation (6-64) can be written in the following matrix form.

(- o))

e o

(6-65)
x
This is a closed-loop system with dimension of 2n.
Define the state error as ¥=x-x. And introduce the following equivalent

HEFM W B oo

transformation:

Let transfer matrix

r=(f © 6-67
=7 -1 (6-67)
Then,
I oY (I o
-1 _ p— —
T _[1 _[] _(1 _IJ—T (6-68)

With linear transformation, the system turns to (Z; , B, C_'l) :

- I 0 A -BK I 0 A-B
A= T'1A1T= = K L
I -INGC A-GC-BK)\I -I 0 A-GC

sern{ 2

1 0]=(c )

G =CT =(C 0)(1 _;
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Linear transformation does not change the poles of system, therefore
Al —(A-BK) -BK J
0 Al -(A-GC)
=det[ AT — (A4 - BK)|det[ Al -(4-GC)]
= det[ Al -(4— BK) |det[ Al -(4- GC)]

det[,u -ZI] =det[

(6-70)

The results are very interesting, because they illustrate the fact that the characteristic
polynomial of the closed-loop state feedback system based on state estimator equals the
product of the characteristic polynomial of the matrix (4—BK) and that of the matrix
(A -GC ) . The poles of the closed-loop system equals the sum of the poles of direct state

feedback (A4 - BK)and that of state estimator (4—GC). Indeed, if system (A4,B) is

controllable, then the matrix K of the state feedback law (6-63) can be chosen so that
the poles of the closed-loop system " =(4,B,C)have any desired arbitrary values.

The same applies to equation (6-62), where, if the system (A, C) is observable, the

matrix G of estimator can be chosen so as to force the error to go rapidly to zero. This
property, where the two design problems (the estimator and the matrix K of the
closed-loop system) can be handled independently, is called the separation principle. This
principle is clearly a very important design feature, since it reduces a very difficult design
task to two separate simpler design problem.

Consider the pole assignment and the estimator design problem. The
pole-assignment problem is called the control problem and it is rather a simple control

design tool for improving the closed-loop system performance. The estimator design
problem is called estimator problem, since it produces a good estimate of x(#) in case

where x(¢) is not measurable. The solution of the estimator design problem reduces to
that of solving a pole-assignment problem. In case where an estimate of x(¢) is used in
the control problem, one faces the problem of simultaneous solving the estimation and the
control problem. At first sight this appears to be a formidable task. However, thanks to the
separation theorem, the solution of the combined problem of estimation and control
breaks down to separately solving the estimation and the control problem. Since the
solution of the combined problem of estimation and control requires twice of the pole
assignment problem.

6.6 Summary

Three types of feedback are introduced in this chapter. They can be used to improve

* 189 e



the performance of a system. The precondition and algorithm of every feedback are
discussed in detail. The pole assignment can be realized with some feedback. The desired
poles come from the request for the performance of a system. The state estimator can be
designed when a system is observable to realize the state estimation so as to fulfill the
state feedback to optimize the system performance.

Appendix: State Feedback and Observer for Main Steam-
temperature Control in Power Plant Steam-boiler Gener-
ation System

The superheater is an important part of the steam generation process in the
boiler-turbine system, where steam is superheated before entering the turbine that drives
the generator. The objective is to control the superheated steam temperature by
controlling the flow of spray water using the spray water valves. From Fig. 6.14, a two
stage water sprayers is used to control the superheated temperature. The steam generated
from the boiler drum passes through the low-temperature superheater before it enters the
radiant-type platen superheater. Water is sprayed onto the steam to control the
superheated steam temperature in both the low and high temperature superheaters. Proper
control of the superheated steam temperature is extremely important to ensure the overall
efficiency and safety of the power plant. Therefore, the superheated steam temperature is
to be controlled by adjusting the flow of spray water.

> combustion
—> gas flow

low-temperature  platen  high-temperature
superheater ~ superheater  superheater
—

feedwater

—_—

Fig.6.14 Boiler and superheater steam generation process

The typical mathematic model of the superheated steam temperature control process
is a sixth-order transfer function as follow:
(s 1.589x2.45
Gols)=a) . 1% ’
W(s)  (1+14s)"(1+15.85)

where @ and W represent the superheater steam temperature and the water flow rate of
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spray superheating, respectively.
Then the transfer function can be transformed to the controllable canonical form:
x(t)= Ax(t)+ Bu(t)

y(t)=Cx(t)+ Du(t)

[-0.396 —0.0653 —-0.0057 -2.8355¢—6 -7.4664e—6 -8.1868¢—8]
1 0 0 0 0 0
where =l © 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
L 0 0 0 0 1 0 ]
o
0
B=8 , C=[0 0 0 0 0 0.3187¢-6]
0
0

Here we need to find a state feedback controlleru=r—[k1 ky ks ks ks kg]xto
make the closed loop poles at[—O.l -0.1 -0.1 -0.1 -0.1 —0.1].

The block diagram of the system is shown in Fig.6.15.

Setpoint of Steam
temperature temperature
Controller Attemperator Superheater
State State
feedback observer

Fig.6.15 The steam temperature control system with state feedback and state observer

The system is controllable according to the matrix A. With state feedback , the

closed-loop characteristic polynomial is:
f(A)=det[Al - (4 - BK)]

= A5H0.396k1 )45 + (0.0653 + k2 )A* +(0.0057 + k3 ) A® + (2.8355¢ — 6 + ks ) A2
+(7.4664¢ — 6 + ks)A +8.1868¢ — 8+ k¢

The desired closed-loop characteristic polynomial is
(A =(A+0.1)¢ = 1°+0.645+0.151440.02.13+0.001512+0.00006.1+0.000001
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Compare relative parameters in the above two functions, we have
k1 =0.204, k; =0.0847, k3 =0.0143,
ks =1.4972¢e—-3, ks=52534e—-5, ks=9.1813¢e—-7

Thus: K =[0.204 0.0847 0.0143 1.4972¢-3 5.2534e-5 9.1813¢-7]
The observable canonical form of the system is :

x(t)=Ax(t)+ Bu(t)

y(t)=Cx(t)+Du(t)

[0 0 0 0 0 -8.1868¢-8]]
1 00 0 0 —7.4664e-6
— |01 0 0 0 -2.8355¢-6
where A=
00100 -0.0057
0001 0 —0.0653
0 0 0 0 1 -0.396
[0.3187¢—6]
0
B= g , C=[0 0 0 0 0 1]
0
L 0 o

Next we could design a full-dimensional state estimator with poles to be
[—0.25 -025 025 -025 -0.25 —0.25].

Design the full-dimensional estimator.

"gJ
22
Suppose G = = , then
g4
g5
[ &6
0 0 0 0 0 -8.1868¢—8] [g]
1 000 0 -74664e—6| |g>
7_GE|0 1 0 0 0 -28355%-6| g 000001
001 00 -00057 g
0001 0 —0.0653 gs
00001 0396 | |g]
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-8.1868¢-8—g; ]

—7.4664¢ - 6— g,

~2.8355¢—6—g3
—0.0057 — g4
~0.0653— gs
~0.396 - gs

S O © O = O
S o O = O ©
© O = O O ©
o - O O O ©
-_—_0 O O O C©

and
det[/ll -(4- GE)] = 25+0.396+g6)A° +(0.0653 + gs)A* +(0.0057 + g4) A3
+(2.8355¢ — 6+ g3)A? +(7.4664e — 6+ g) A +8.1868¢ — 8 + g
Comparingwith
£ (A) = (4+0.25)6=45+1.515+0.937514+0.31251°+0.058612+0.00586.1+0.000244
[0.0002]
0.0059
0.0583
0.3068

0.8722
| 1.104

The full-dimensional estimator equation:
§=(Z—GE)£+Gy+§u

we can obtain G=

0000 0 -0.000244] [0.0002] [03187e6]
1 000 0 —0.0058 | |0.0059 0
01000 -0058 |, |0.0583 0
= X+ y+ u
00100 -03125 0.3068 0
00010 -09375 0.8722 0
00001 -15 | [1w04] | o |

Exercises

6.1 Determine whether the following systems can realize arbitrary pole assignment with
state feedback:

M x=[l Z}HHM
31 0
L4 2 1
2) x=[0 _2:|x+[0]u
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1 0 0 10
(3) #=|0 =2 1 |x+|0 1|u
0 0 2] |00

[0 1 0 0 000
.10 0 1 0 0 01
4) x= x+ u
0 0 0 1 010
-2 -4 -§ <5 1 00

6.2 Consider a single-input continuous-time linear time-invariant system

.12 1
= x+| |u
31 0
Try to find a state feedback matrix k& which makes the closed-loop eigenvalues
A==2+j, b=-2-].
6.3 Given the transfer function of a SISO continuous-time linear time-invariant system

1
G = 619

try to find a state feedback matrix k& which makes the closed-loop eigenvalues 4 =-2,
Bk, 3=,

6.4 Given a single-input linear time-invariant system

0 0 0 1

1 6 0 (x+|0|u
0 1 -12 0

try to find a state feedback matrix u =-Kx which makes the closed-loop eigenvalues
AM==2, h==1+j, B=-1-j.

6.5 Consider a continuous-time linear time-invariant system
A 0
X = X+ u
0 1 1
2 0
= x
o 1

Try to find an output feedback matrix f which makes the closed-loop eigenvalues be
A ==2, 2 =—4.
6.6 Consider the following fourth-order system
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21 0 O 0
. 102 0 O 1
x= x+| . |u
00 -2 0 1
00 0 -2 1

Determine state feedback matrics to place the closed-loop system poles at:
M) M==2, h=-2, 3=-2, i3==-2
Q) A=-3, L=-3, h=-3, l3=-2
B M=-3, 1=-4, 3=-3, 4=-3
6.7 Consider a continuous-time linear time-invariant system
1 10 0 0
x=[0 1 Ofx+|1 O |u
0 0 2 0 -1

Try to find the state feedback matrix to place the closed-loop eigenvalues at A" = -2,
A=-1+j2, A3 =-1-j2.

6.8 Given the transfer function of a SISO continuous-time linear time-invariant system
(s+2)(s+3)
(s+D)(s-2)(s+4)

try to determine if there exists a state feedback matrix k& which can make the closed-loop

go(s)=

transfer function as
s+3

ﬂ”=u+m@+@

If does, find a state feedback matrix k.
6.9 Design a full-dimensional state estimator with eigenvalues to be —r,—2r(»>0) for

<[o o[l
y=[1 0lx

6.10 Design a reduced-dimensional state estimator with eigenvalues to be —4 and —5for

the state equation below

the state equation below

010
x=[{0 0 1|x+|0|u

000
y[lOO]x
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